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Level-k Thinking
No Limit Hold ’em: Theory and Practice – David Sklansky
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What do they think I think they have?

What do they think I have?

What do they have?

What do I 
have?

No 
thinking.



Level-k Thinking

• Game theory is the study of strategic decision making i.e. outcome 
depends on your own and others’ actions.

• Standard tool for prediction of outcomes is Nash Equilibrium (given 
the action of others, no one has an incentive to deviate).

• But Nash Equilibrium assumes that 1. all players are rational and 2. 
the players assume that all other players are rational.
• Experimental data violates the NE predictions in several cases.

• Level-k model tries to address these issues.
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Level-k Thinking

Level-k reasoning is defined recursively (Stahl and Wilson, 1994 and 
Nagel, 1995)

• level-0 or L0 players are nonrational and choose either the most 
salient strategy or choose randomly.

• L1 assumes all other players are L0 and chooses the strategy which 
best responds to L0 type.

• L2 assumes all other players are L1 and chooses the strategy which 
best responds to L1 type.

……………………..

• Lk assumes all other players are L(k-1) and chooses the strategy which 
best responds to L(k-1) type.
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Level-k Thinking
No Limit Hold ’em: Theory and Practice – David Sklansky

25/07/2019 5

What do they think I think they have?

What do they think I have?

What do they have?

What do I 
have?

No 
thinking. Level-0

Level-1

Level-2

Level-3

Level-4



The Beauty Contest Game – Keynes (1936)

Consider a game in which participants are asked to choose a number 
between 0 and 100 (inclusive). Whoever chooses closest to the 2/3 of 
the average wins a prize. 

Which number do you choose?  
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The Beauty Contest Game – Keynes (1936)

• Suppose everyone picks 100. Then 2/3 of the average = 67
• So the best response is to pick 67

• Now what if others pick < 100
• The best response would be to never guess above 67

• If we assume that all players are rational and each player 
knows the other are rational, then no one will pick a 
number above 67
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The Beauty Contest Game – Keynes (1936)

• Now say everyone picks below 67, 2/3 of 67 = 45
• So the best response is to pick <45

• But assuming rationality, everyone will pick less than 45!
• So now the best response is to pick less than 2/3 of 45 = 30

• …..and so on

• This iterated elimination of weakly dominated strategies 
gives the Nash Equilibrium choice which is 0

• In this case p=2/3. For any value of p<1, the NE is 0
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Nagel (1995)
The author proposes that:

• The reference point or starting point is 50 rather than 100. 

• The process is driven by iterative, naive best replies rather than by an 
elimination of dominated strategies. 

• The iteration process is finite and not infinite (bounded rationality).

• The modal choices are around iteration step 2 (L2), and the majority 
of observations remain below step 3 (L3). 
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50 2/3*50 = 33.33 2/3*33.33 = 22.3 2/3*22.3 = 14.9

Level-0            Level-1            Level-2             Level-3



Nagel (1995)
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P = 2/3



Nagel (1995)
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P = 4/3



Gill and Prowse (2014)

• Paper examines if cognitive ability can affect learning in a level-k 
game (Beauty Contest).

• Subjects were divided into groups of 3 – own matched high ability, 
own matched low ability and cross matched.

• Each group played 10 rounds of the beauty contest game with 
feedback.

• More cognitively able subjects chose numbers closer to equilibrium 
and converged more frequently to equilibrium.
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Gill and Prowse (2014)
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11-20 Money Request Game – Arad and 
Rubinstein (2012)
You and another player are playing a game in which each player
requests an amount of money. The amount must be (an integer)
between 11 and 20 pounds. Each player will receive the amount he/she
requests. A player will receive an additional amount of 20 pounds if
he/she asks for exactly one pound less than the other player.

What amount of money would you request?
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11-20 Money Request Game – Arad and 
Rubinstein (2012)

Amount Requested Level Reason

20 0 Salient/ Intuitive 
choice

19 1 Best responds to L0

18 2 Best responds to L1
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What is the NE of the game?



11-20 Money Request Game – Arad and 
Rubinstein (2012)
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The vast majority of subjects (74 percent) chose the actions 17–18–19 which 
correspond to 1–2–3 levels of reasoning, respectively, whereas in 
equilibrium they should have been chosen by only 45 percent of the 
subjects.



11-20 Money Request Game – Arad and 
Rubinstein (2012)
You and another player are playing a game in which each player
requests an amount of money. The amount must be (an integer)
between 11 and 20 pounds. Each player will receive the amount of
money he/she requests. A player will receive an additional amount of
20 pounds if:

(i) he/she asks for exactly one pound less than the other player

or

(ii) he/she asks for 20 pounds and the other player asks for 11 pounds.

What amount of money would you request?
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11-20 Money Request Game – Arad and 
Rubinstein (2012)
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11-20 Money Request Game – Arad and 
Rubinstein (2012)
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• In the basic version, a player who chooses 20 cannot receive the bonus, whereas in this 
version they can (if the other player chooses 11). Thus, choosing 20 is even more 
attractive and justifiable than before. Hence, more people choose 20 here compared to 
the basic version.

• However, the proportion of subjects who used a strategy in the range of 17–19 did not 
change significantly; it only increased from 74 percent to 79 percent, 19 being the most 
frequently chosen.

• Enhancing the L0 strategy induced subjects who used level-k reasoning to use fewer 
steps of iterative reasoning.

• Many potential level-k types recognized the enhanced status of L0, expected it to be 
chosen frequently, and thus chose the L1 strategy.



Costa-Gomes and Crawford (2006)

• Subjects were randomly and anonymously paired and asked 
to play a series of 2-person guessing games.

• N= 88

• Each player had to play 16 rounds, with a new partner every 
round.

• There was no feedback after rounds– no learning.
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Costa-Gomes and Crawford (2006)

• In each decision situation, each person has their own 
• TARGET (0.5, 0.7, 1.3, or 1.5), 

• LOWER LIMIT (100 or 300), and 

• UPPER LIMIT (500 or 900).

• A player’s payoff is higher the closer their guess is to target times the 
partner’s guess.

• A subject’s guess is not required to be between their limits, but 
guesses outside the limits are automatically adjusted up to the lower 
or down to the upper limit as necessary.
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Costa-Gomes and Crawford (2006)

• There are 2 players i and j who make simultaneous guesses xi and xj.

• Each player i has a lower limit ai and an upper limit bi, but players 
don’t have to guess within the limits.

• Player i’s adjusted guess, yi = R(ai, bi; xi) = xi if xi   ∈ [ai, bi]
• yi = ai if xi < ai,

• yi = bi if xi > bi

• Each player i also has a target, pi, and their payoff is higher, the closer 
the adjusted guess is to target times the partner’s adjusted guess.
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Costa-Gomes and Crawford (2006)

• The distance between player i’s adjusted guess and their target times 
player j’s adjusted guess, ei = | yi – piyj|

• Player i’s payoff s i is given by:

s i = max{0, 200 - e i} + max{0, 100 - e i /10}

• Smaller the value of e i higher the payoff

• Their equilibrium adjusted guesses are determined by their lower 
limits when      p ipj < 1, or their upper limits when p i pj > 1
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Costa-Gomes and Crawford (2006)

Example of a round,
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Player Lower Limit (ai) Upper Limit (bi) Target (pi)

i 300 500 0.7

j 100 900 1.5

p ipj = 0.7*1.5 = 1.05 >1, player i’s equilibrium guess is at their upper limit 
500, and player j’s is at their best response to 500 of 750, below their 
upper limit.



Costa-Gomes and Crawford (2006)

Example of a round,
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Player Lower Limit (ai) Upper Limit (bi) Target (pi)

i 300 900 0.7

j 100 900 1.3

p ipj = 0.7*1.3 = 0.91 <1, player i’s equilibrium guess is at their lower limit 
300, and player j’s is at their best response to 300 of 390.



Costa-Gomes and Crawford (2006)

• L0 type chooses uniform random over the feasible choices

• L1 best responds to L0

• L2 best responds to L1

• And so on

• Equilibrium type plays the equilibrium strategy
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Costa-Gomes and Crawford (2006)

• Of the 88 subjects in the main treatments, 43 made guesses that 
complied exactly with one type’s guesses in from 7 to 16 of the games 
(20 L1 players, 12 L2 players, 3 L3 players, and 8 Equilibrium players).

• The other 45 subjects made guesses that conformed less closely to a 
type, but econometric estimates of their types are also concentrated 
on L1, L2, L3, and Equilibrium, in roughly the same proportions.
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Figure: “FINGERPRINTS” OF 12 APPARENT L2 SUBJECTS
Note: Only deviations from L2’s guesses are shown.



Coricelli and Nagel (2009)

• Human Condition: Each participant of a group of 10 was asked to 
choose an integer between 0 and 100

• Computer Condition: One participant chose one number between 0 
and 100 and a computer algorithm chose uniform randomly (and 
independently of the multiplier parameter) numbers between 0 and 
100.

• Whoever guessed a number closest to p (for eg p =2/3) times the 
average of all choices won 10 Euros.

• The hypothesis is that the computer condition should invoke low 
levels of reasoning compared to the human condition.
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Coricelli and Nagel (2009)

• To be able to identify brain activity related to mental calculation most 
likely involved when making a choice in the game, subjects were 
asked to asked to perform calculation tasks in which subjects were 
asked to multiply a given parameter or the square of a parameter 
with a given integer.

• Functional MRI (fMRI) was used for this.
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Coricelli and Nagel (2009)
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• During the experiment 
subjects were asked to lie 
in the scanner.

• The scanner could track 
the signal throughout the 
brain.



Coricelli and Nagel (2009)

• When a brain area becomes more active it consumes more oxygen.

• Changes in blood flow and blood oxygenation in the brain are indirect 
measures of neural activity

Blood Oxygention Level Dependent (BOLD) signal
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Coricelli and Nagel (2009)
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Coricelli and Nagel (2009)

• Subjects took longer when choosing a number in the human 
condition than in the computer condition.

• In both conditions, choosing took more time than in a control 
condition when they were asked to pick a random number between 0 
and 100.

• Most choices in the human condition were between level 1 and level 
3  and only 5% were higher than level 3.
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Coricelli and Nagel (2009)

• The level of reasoning was measured using the quadratic distance 
between actual choices and the different theoretical values (L1, L2, 
L3, etc.).

• Each player was categorised according to 3 categories (based on 
choices in the human condition): random behaviour and low level (L1) 
and high level of reasoning (L2 or higher).
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Coricelli and Nagel (2009)

• The low level subjects behaved similarly against the computer or 
humans.

• The high level subjects behaved as level 1 in the computer condition 
but chose higher levels of reasoning (level 2 or more) in the human 
condition.
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Coricelli and Nagel (2009)

• There was enhanced brain activity in the medial prefrontal cortex 
(mPFC), rostral anterior cingulate cortex (rACC), superior temporal 
sulcus (STS), posterior cingulate cortex, and bilateral temporo-parietal 
junction (TPJ) when subjects made choices facing human opponents 
rather than a computer.

• The activity in the medial prefrontal cortex related to the contrast 
human vs. computer was significant only for the subjects classified as 
high level.
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Coricelli and Nagel (2009)
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Coricelli and Nagel (2009)
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The activity in the MPfC is correlated (r = 0.67, P = 0.005) with measure of Strategic 
IQ (the mean quadratic distance between own choices and winning number of each 
trial); the lower the QD the closer to the winning number.
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