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\\The Traveling Salesman Problem (TSP)

» G = (V,E) :undirected graph
> {: E — R>( : edge lengths

TSP: start = end \ Path TSP: start = end

Find shortest connected sub(multi)graph s.t.: Find shortest connected sub(multi)graph s.t.:
. Jeven YveV\ {s,t} ,
deg(v)iseven Vv eV . s {odd Vo € {s,t} .
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kOur main result

Let A be a-approx for TSP and lete > 0. = 3 (a + £)-approx A for Path TSP.

» A performs strongly polynomially many elementary operations and oracle calls to A.

» A calls A only on instances that are subgraphs of original instance.
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approx factor
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The reduction




\\A canonical reduction idea

Compute a-approx A(G') for TSP and add shortest s-¢ path P ;.
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A ical e A
Compute a-approx A(G') for TSP and add shortest s-¢ path P ;. \\ canonical fe d

Basic observation:  [¢((OPTrgp) — ¢(OPT)| < dist(s,t) .

=  ((AG)UP,;) < a-L(OPTygp) + dist(s,t) < o £(OPT) + (1 + o) - dist(s, t)
< a-¢(OPT) + 2« - dist(s, ) .

Gives (1 + &)a-approx for Path TSP if dist(s, t) < £ - /(OPT).

£
2
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A ical o F
Compute a-approx A(G') for TSP and add shortest s-¢ path P ;. \\ canonicalireduclINEES

Basic observation:  [¢((OPTrgp) — ¢(OPT)| < dist(s,t) .

=  ((AG)UP,;) < a-L(OPTygp) + dist(s,t) < o £(OPT) + (1 + o) - dist(s, t)
< a-4(OPT) + 2« - dist(s, t) .

Gives (1 + ¢)a-approx for Path TSP if dist(s, ) < 5 - £(OPT). What if dist(s, £) is large?
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\Warm-up: Reducing to dist (s,t) < (% + 6)£(OPT)
Assume dist(s, t) > (3 + 0) £(OPT).

[Blum, Chawla, Karger, Lane, Meyerson, Minkoff, 2007], [Traub & Vygen, 2018]

Warm-up phase I: Assume instance is graphic (¢ = 1).

r Example of OPT Y L= {veV:dist(s,v) <i}

s-t cuts contain odd number

of OPT-edges.

= [6(L;) NOPT | =1or
|6(L;)NOPT| >3 .

= #L; with 1 OPT-edge
> 1 (3dist(s,t) — |OPT)
> 35|OPT| .

!
1
1
1
1
1
1

Can use dynamic program (DP) to “guess” === from left to right and recurse on resulting subinstances.
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\Warm-up: Reducing to dist (s,t) < (% + 6)£(OPT)

Assume dist(s, t) > (3 + 0) £(OPT).

[Blum, Chawla, Karger, Lane, Meyerson, Minkoff, 2007], [Traub & Vygen, 2018]

Warm-up phase II: General instance (¢ € Rgo).

- Example of OPT
O

\

Lo Ly Ly L3 Ly Ls Lg L
Yo YL, YL, YLz YL, YLs Yre YL,

(L;,y;):: optimal dual sol to shortest
s-t path problem:

» (L;);: chain of s-t cuts,

> yr, € RZO Vi o,

> ZyLi = dist(s, t) ,

> Z yi <lle)Vec E .
i:e€0(L;)

—> ((mmm) > 250(OPT) .

Again, recursive DP to “guess” === guesses %6-fraction of (OPT) of Path TSP in each iteration.
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\Enumerating over larger cuts to handle small dist (s, t)

Consider OPT-edges in cuts L; with [§(L;) N OPT| < %:
— ifdist(s,t) > £ - ((OPT) = ((mmm) > <. ((OPT) .

We want to use again DP to “guess” wmm .
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\Enumerating over larger cuts to handle small dist (s, t)

Consider OPT-edges in cuts L; with [§(L;) N OPT| < %:
— ifdist(s,t) > £ - ((OPT) = ((mmm) > <. ((OPT) .

We want to use again DP to “guess” .

Key challenge
Subproblems are not Path TSP problems anymore!

10/17



Definition: Interface ® = (I,T,C)

> T CICV with|T|even,

» C C 2: partition of I.

We call |I] the size of ®.

\\<I>-tours: Capturing subproblems

Cy
{o,.O} : T

Cy o:T
(Yi‘l

(z = {1(717 (727 (737 (:14}

Definition: ®-tour F' C E
» T = odd(F), ie., FisaT-join,

» F' connects each vertex to I,

» C € C lie in same conn. comp. of (V, F).
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\\From ®-tours with T' = () to TSP

Theorem [TVZ, 2020]

Given: » «a-approx A for TSP on subgraphs of G, (1 + €)-approx for &-TSP can

> interface & = (1, T = 0,C). be computed in |V|O(%) time.
»e>0.
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Algorithm .A; for ®-tours
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-¢(OPTy) .

B~ m

— UFUJ)< (145)-a(l(OPTe) +20(J)) = (1+ ¢)a-approx if £(J) <
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\Guessing edges when £(J) is large

Opt. dual sol (L;, y;); of min T-join problem satisfies:
» (L;);: laminar family of T-cuts,
> yr, €R5o Vi,
> >y, =L4(J),
> Zi:ceé(Li) yr, < lle)Vee E .

We use DP to “guess” OPT-edges (and interfaces) in
cuts L; with |[6(L;) N OPT| < &.

= ((wmm) > . ((OPT) .
» DP “follows” laminarity of guessed cuts (- - -).

» Interface sizes of subproblems (when recursing)
increase by factor O(1).
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Putting things together to approximate ®-tours

Get (1 + e)a-approx using
TSP algo and adding J.

no Use DP to guess OPT-edges
— | of total length > £ - /(OPT)
and recurse on subproblems.

-
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: min T-join shorter than £ -fraction of opt.
4
(O: min T-join longer than §-fraction of opt.

°f I I £°

OQO

AﬁOO :

0000

interface # possible time to
size: |1| interfaces per approx each
subproblem O-instance
2 1 O
o) nO(%) n0(&)
o) w0 o)

total length of
OPT-edges in
subproblems

¢(OPT)
<(1-

§) L(OPT)

< (1-¢£)*¢(OPT)



(O min T-join shorter than £ -fraction of opt. interface # possible time to total length of

L L . size: |1| interfaces per approx each OPT-edges in
: min T'-join longer than £ -fraction of opt.
O: mi ot 9 4 ! P subproblem O-instance subproblems
‘l
1
©) 2 1 noM ¢(OPT)
1
1

1) no(2) 2°(F) < (1-¢)eoPT)

Q

O O O O O O O o) n (k) n°(F) < (1-2)?nopPT)

N

At recursion depth O (£ log 1), impact of O-instances becomes negligible.

. — Use 4-approx based on Jain’s iter. rounding.
—> Overall (1 4 ¢)a-approx for Path TSP.
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\_ Conclusions

3 (a + ¢)-approx A for

Let A be a-approx for TSP andlete > 0. — : -
®-TSP with constant-size interfaces.

= (1.4 + £)-approx for Graph Path TSP, improving on prior 1.497-approx.

> Extension to Asymmetric Path TSP? (There is reduction to (2« + £)-approx by [Feige, Singh, 2007].)

» Extension to 7T'-tours?
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