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Abstract

This thesis presents an e�cient relaxation method for calculating the eigen-

values and eigenfunction of the angular Teukolsky equation or - through a trivial

change of variables - the spin-weighted spheroidal di�erential equation. These so-

lutions can then be used to calculate the full spin-weighted spheroidal harmonics.

The aim is to relax from the analytically know spin-weighted spherical harmonics

to the spin-weighted spheroidal harmonics.

The spin-weighted spheroidal di�erential equation has two regular singularities

at x = ±1. The Frobenious method is used to construct a valid in�nite series

solutions at each of the two regular singular points. These are then combined

together to give a representation where the singular behaviour at x = ±1 has

been factored out. The relaxation method is then used in this representation since

it being without any singular behaviour it is far more numerically tractable.

Boundary conditions at x = ±1 were also constructed by again using the

Frobenious method and imposing the demand of regularity at these points. The

relaxation method can then be applied to solve this two-point boundary value

problem in this representation. This relaxation method reduces the problem to

that of solving a system of linear equations. However, these equations have a very

particular structure that will allow the total computation e�ort required to solve

the system to be greatly reduced by using a special type of matrix solver. An

example of one of these matrix solvers is presented as a proof of concept.

This relaxation method is then used to successfully calculate the solutions to

the spin-weighted spheroidal di�erential equation and its special cases. These

solutions are then used to calculate the full harmonics by including the solution

to the azimuthal equation.
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Introduction

1 Introduction

1.1 The angular Teukolsky equation

Teukolsky obtained a partial di�erential equation (PDE) describing the dynamic

gravitational, electromagnetic, scalar and neutrino �eld perturbations of a Kerr black

hole [1]. When separating the PDE (in terms of Fourier modes) in Boyer-Linquist

coordinates (the s = 0 also arises in the separation of the wave equation in �at space).

The angular ordinary di�erential equation from this separation is[
1

sin θ

d

dθ

(
sin θ

d

dθ

)
+ c2 cos2 θ − 2cs cos θ − (m+ s cos θ)2

sin2 θ
+ s+A

]
S (θ) = 0 (1.1)

where θ ∈ [0, π]. This second order ordinary di�erential equation (ODE) - which shall

henceforth be referred to as the angular Teukolsky equation - has two regular singular

point on the boundaries of this interval, one at the θ = 0 pole and the other at θ = π

pole: these regular singular points constitute boundary conditions. The parameter s is

the so called spin-weight (or helicity) of the wave �eld, which can take on integer and

half integer values; the parameter m is the azimuthal separation constant which can

take on integer values; and c is a �spheroidicity� parameter which can take on complex

values, i.e. c ∈ C. It is related to the frequency of the Fourier mode.

For a given choice of the parameter A, a solution S (θ) which satis�es equation

1.1 and its boundary conditions is called an eigenfunction corresponding to A. The

constant A is then called the eigenvalue. There is no guarantee that a solution/ei-

genfunction S (θ) will exist for any arbitrary choice of the parameter A. Indeed, the

requirement of regularity at the boundaries restricts the acceptable values of A into a

discrete set which will be labelled by discrete parameter l. Speci�cally, l is an integer

such that |m| ≤ l, which corresponds to the standard spherical harmonic parameter

when c = 0. Furthermore, the values of A that can possibly satisfy equation 1.1 and its

boundary conditions depend on the choice of the parameters s, m and c. As such, the

eigenvalue and eigenfunction will be labelled to re�ect this, i.e. sAlmc and sSlmc (θ) res-

pectively. Once the parameters s, m and c have been �xed, �nding the values of sAlmc

for which there exists a non-trivial function sSlmc (θ) that satis�es equation 1.1 is a

Sturm-Liouville problem. Speci�cally, a parametric two-point boundary value problem.

1.2 Spin-weighted spheroidal harmonics

With the change of variable x = cos θ the angular Teukolsky equation becomes[
d

dx

((
1− x2

) d

dx

)
+ c2x2 − 2csx− (m+ sx)2

1− x2
+ s+ sAlmc

]
sSlmc (x) = 0 (1.2)

1



Introduction

Figure 1.1: The relationship between spin-weighted spheroidal harmonics and its va-
rious special cases.

where the interval θ = [0, π] has been mapped onto the interval x ∈ [−1,+1]. Besides

reducing the visual complexity, putting the angular Teukolsky equation in this form -

which will be referred to as the spin-weighed spheroidal di�erential equation - removes

the trigonometric functions which would be computationally costly to evaluate. When

c = 0 the spin-weighted spheroidal di�erential equation reduces to the spin-weighted

spherical di�erential equation; when s = 0 it reduces to the spheroidal di�erential

equation; and when both c = 0 and s = 0 it reduces to the spherical di�erential

equation which is perhaps more commonly known as the associated Legendre di�eren-

tial equation: when m = 0 this too reduces further to be the Legendre di�erential

equation. When the solutions to the spin-weighted spheroidal; spin-weighted spherical;

spheroidal; and spherical di�erential equations, are multiplied by eimφ - coming from

the solution of azimuthal Teukolsky equation - the spin-weighted spheroidal harmo-

nics sSlmc (θ, φ); spin-weighted spherical harmonics sYlm (θ, φ); spheroidal harmonics

Slmc (θ, φ); and spherical harmonics Ylm (θ, φ), are obtained respectively (where the

variable θ has been momentarily restored for sake of explicitly showing the dependence

of harmonics on both the polar angle θ and the azimuthal angle φ). The relationship

between the equations and their respective harmonics can clearly be seen in Figure 1.1.

It should be noted that throughout this thesis the solutions to the spin-weighted

spheroidal, spin-weighted spherical and spheroidal di�erential equations may be refer-

red to as spin-weighted spheroidal, spin-weighted spherical and spheroidal harmonics

respectively - even though they have not been multiplied by eimφ: this is an slight

abuse of terminology and is technically incorrect, however, it is common throughout
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Introduction

the literature on these equations. It is accepted since once the solution of the angular

ODE has been obtained, it is trivial to obtain the harmonic via multiplication of that

solution by eimφ - the problem of �nding the harmonics is essentially the same as the

problem of �nding the solutions to the angular equations.

1.3 Motivation

The spin-weighted spheroidal harmonics arise in many physical situations, e.g.

nuclear modelling, signal processing, electromagnetic wave propagation, light scatte-

ring, quantum �eld theory in curved space-time and studies of D-branes in string theory.

However, it is its applicability to black hole perturbation theory that is the main in-

terest of this thesis. Hence, why it has been discussed in reference to the Teukolsky

equation. With this in mind, the notation and reference to the physical values will be in

the context of black hole perturbation theory. For a more detailed development and the

Teukolsky equation and the general theory around the topic of black hole perturbation

theory see [2].

Despite the fact that the angular Tuekolsky equation was derived in the early

seventies, very little analytical or numerical work has been done on the spin-weighted

spheroidal harmonics. The most substantial numerical work thus far has done in [3].

There is substantially more analytical (e.g. [4], [5], [6], [7] and [8]) and numerical work

(e.g. [9] and [10]) for the spheroidal harmonics. There is also a substantial amount of

analytical work covering spin-weighted spherical harmonics (e.g. [11]) although there

is not so much numerical work although there are some (e.g. [12]).
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2 Relaxation method

2.1 Numerical methods for two-point boundary value problems

Two-point boundary value problems are typically considerably more di�cult to

solve numerically than initial value problems. When dealing with an initial value

problem, there is a su�ciently well speci�ed solution on one boundary - the initial values

- and numerical integration alone can be used to evolve the solution until the other

boundary - the �nal boundary - is reached. That is, all of the necessary information

needed to �nd the unique solution is contained on the initial boundary, hence one can

numerically integrate from that boundary until a value at the �nal boundary to obtain

a unique solution. However, in two-point boundary value problems the solution is not

completely speci�ed at either of the boundaries, but rather is partially speci�ed on

each of the the two boundaries - there is no sense of an initial or a �nal boundary. The

information required to specify a unique solution is split between the two boundaries

and as such numerical integration alone cannot be used to evolve a solution from one

boundary to the other: trying to do so will result in non-unique solutions. Rather, some

kind of iterative procedure is generally required. This is perhaps not surprising, since

information required to specify the unique solution is spread out over two boundaries:

there must be communication between the two boundaries in order �nd the unique

solution. It is for this reason that two-point boundary value problems are typically

more di�cult than equivalent initial value problems: at least they generally require

considerably more computational e�ort.

Shooting methods

The shooting method is perhaps best described as a somewhat naïve method.

One boundary is selected to be treated as though it is an initial boundary. Then

at this nominated initial boundary, an estimate (or guess) is made of the missing

information necessary for a unique solution. Numerical integration is then used to

evolve a trial solution to the other, nominated �nal, boundary. The values this trial

solution speci�es at this nominated �nal boundary is then compared to the known

value of the partial solution at this boundary. Based on this comparison the estimate

of the missing information at the nominated initial boundary is then in some way

re�ned. This re�nement is essentially a multidimensional optimisation problem, which

is itself a multidimensional root �nding problem. This process is iterated until the

numerical values of the solution speci�ed at the �nal boundary matches the known

values at this boundary su�ciently well. The somewhat unusual name comes from the

analogy between this algorithm and a marksman improving his or her accuracy with
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each shot when shooting at a target based on feedback from preceding shots. If the

initial estimate of the missing information at the nominated initial boundary is a good

estimate, the shooting method will converge quickly.

Potential re�nements of this method that include multiple shooting methods,

where multiple estimates or �shots� are made - not necessarily from just one nomina-

ted initial boundary, but rather from multiple points, typically in parallel. Mulitple

shooting methods also include shooting to intermediate values. In the above argument

one boundary condition was nominated to be treated as though it was an initial point,

however, the choice of the boundary point to be nominated is in many ways arbitrary.

Hence, one could shoot from both boundaries simultaneously and aim to meet at an

intermediate �tting point where some continuity condition must be met. Another re�-

nement could be based on the choice of numerical iteration scheme used in the shooting

method. As such, a higher order numerical integration routine or perhaps a method

that is better suited to the particular di�erential equation in hand - e.g. a variable

step-size numerical integration method, say - would be obvious re�nements.

Relaxation methods

As already stated, relaxation methods are generally more complicated then the

shooting methods - at least, conceptually if not in practice. In a relaxation method,

rather than just trying to improve on an estimate of some missing information at the

nominated initial boundary and taking another �shot� iteratively - one starts with

an entire trial solution and aims to update and improve all points of the numerical

solution simultaneously. That is, it is not just missing information at a nominated

initial boundary that is updated, but rather the entire numerical solution at every

point is improved with each iteration, including the missing values at the boundaries.

For this reason, relaxation will reward a good initial or trial solution with speedy

convergence.

To start with the ODE is typically split up into a series of coupled ODEs. These

coupled ODEs are then approximated with �nite di�erence equations (FDEs) on a grid

covering the range between the boundaries. The trial solution is then introduced - this

gives a value for each of the dependant variables in the coupled equations at each point

on the grid. These values, this trial solution, will in general not satisfy the FDEs,

nor in general will it satisfy the boundary conditions. The relaxation method aims to

re�ne all of the values at each of the grid points and boundaries simultaneously with

each iteration. To this end, iteration consists of updating all of the values at each

point slightly, in such a way that they all come closer to satisfying the relevant �nite

di�erence equations at each point.
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An obvious way of improving the relaxation method would be to use higher order

�nite di�erence approximations. Another re�nement is to assign grid points in a more

intelligent manner: the exact choice of the location of the grid points is arbitrary,

although it will a�ect the ability of the method to approximate the solution. As such,

they could in some way be assigned dynamically to capture the most important sections

of the numerical approximation most accurately.

Collocation method

Collocation methods will not be discussed in detail here, however, they are com-

monly used to solve two-point boundary value problems and so merit a mention. In

collocation methods, a �nite dimensional space of functions is chosen - typically the

basis functions would be polynomials of some kind. A grid of points on the domain

of the problem is de�ned. The constraint that a potential solution from the �nite

dimensional space of functions must satisfy the ODE at each of the grid points - the

collocation points - and its two boundary conditions is then imposed. Now, provided

the dimension of the solution space is equal to the number of grid points (including

the boundary points) this will result in a system of linear equations for the coe�cients

of the solution vector in the solution space. If orthogonal polynomials are used and

the collocation points are the roots to the orthogonal polynomials, then the method is

known as the orthogonal collocation method.

Relationship between methods

As will be seen in section 2.2, the relaxation method will essentially reduce to

the problem of �nding the solution to system of linear algebraic equations, which can

be represented succinctly as a matrix. It will turn out that this matrix will be of a

particular form: an almost block diagonal (ABD) matrix. However, this form is not

particular to relaxation methods.

In the relaxation method, a numerical grid over the domain of the problem is

de�ned. Neighbouring grid points will be in some way coupled to each other. If this

coupling is done to, say, �rst order using only the immediate neighbouring points, then

it involves coupling pairs of (square) Jacobian matrices together at each point: the

coupling of pairs of Jacobian matrices will result in the linear system having the ABD

structure. This will be developed in detail in section 2.2.

Now consider the shooting method, in particular, multiple shooting methods.

Consider de�ning a numerical grid on the domain of the problem and perform a multiple
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shooting method from each of the points to their neighbour on, say, their right hand

side. Now, say the numerical integration scheme in the shooting method uses a step

size that is equal to the distance between the neighbours. Multiple shooting requires

that certain continuity conditions are then met at each end point, hence, e�ectively

the points have coupled together in much the same way as in relaxation method. This

will result in an ABD matrix structure. Vice versa, the relaxation method could be

interpreted as a multiple shooting method where the shots are over one mesh interval

using a one step numerical integration method. The point being, that despite their

di�erences these methods are closely related. This is discussed in greater detail in [13].

Choice of method

As can be seen above, there are several techniques for solving for the eigensystem.

Numerical Recipes [14] provides a cavalier, yet amusing, rule of thumb, that if one

is unsure of the method to use then �shoot �rst, and only then relax �. However, this

thesis presents a relaxation method for solving the parametric two-point boundary value

problem that arises when solving the spin-weighted spheroidal di�erential equation 1.2.

This choice of method will now be rationalised.

While individual solutions are of some practical interest, the far more interesting

problem - from a mathematical perspective - is that of understanding the behaviour of

these individual solutions as the underlying parameters of the spin-weighted spheroidal

di�erential equations are varied. In particular, the dependence of the eigensystem on

the �spheroidicity� parameter c, which is most generally complex. The main goal of this

thesis is to present an e�cient solver for the eigensystem as the parameter c is varied

along a chosen path of discrete jumps in the complex plane - i.e. cnew = cold + ∆c - as

opposed to merely solving for one individual solution. Provided the discrete jumps ∆c

are kept reasonably small then the change in the eigensystem should not be substantial.

As mentioned above, relaxation will reward a good trial solution with speedy conver-

gence. Hence, relaxation is an ideal method since the old eigensystem for cold provides

an ideal trial solution for a relaxation to the new eigensystem for cnew = cold + ∆c.

Furthermore, in the c = 0 case - i.e. spin-weighted spherical harmonics - the eigensys-

tem can be easily obtained analytically. This provides a natural starting point for any

chosen path for c in the complex plane. The ability to integrate around the Riemann

surface for the value c is the end goal of this complex solver. This would provide a

method of discerning the topology of the Riemann sheet. This knowledge could provide

motivation, insight and intuition on the problem of calculating spin-weighted spheroidal

harmonics.
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2.2 Relaxation method for two-point boundary value problems

The necessary equations for the relaxation method are now developed. The aim

of the relaxation method is to solve for N values at each of the M mesh points located

at xk for k = 0, 1, . . . ,M − 1 with x0 being the left hand boundary point and xM−1

being the right hand boundary point: hence, in total there are M × N unknowns.

On the right hand boundary at xM−1 there are n1 equations coming from the directly

from the boundary conditions on that point while on the left hand boundary at x0

there are n2 = N − n1 equations: hence there are a total of N equations coming from

the boundary conditions. In this implementation, only �rst order �nite di�erences will

be used to approximate the solution on the internal mesh points, as such points will be

coupled in pairs by the FDEs. Higher order �nite di�erences could be used; this would

couple more points together and increase the accuracy of the numerical approximation,

however it also increases the complexity of the implementation.

For a grid of size M there are a total of M − 1 couplings between pairs of

points; each coupling provides N di�erential equations. As such, there are a total of

N × (M − 1) equations coming from the �nite di�erencing of the di�erential equation

on the grid. Putting this together with the N equations from the boundary points

gives a total of N × (M − 1) +N = M ×N equations for M × N unknown values.

The equations are now developed in detail.

Finite di�erencing scheme

Consider the set of di�erential equations, labelled by j, at each point xk on the

interior of the grid, i.e. excluding the boundary conditions,

dyj,k
dx

= fj (xk, yj) ,
k = 1, 2, ... ,M − 2

j = 0, 1, ... , N − 1
. (2.1)

The one step trapezoidal method is then used to couple pairs of points on the grid

yj,k − yj,k−1 =
hk
2

[fj (xk, yj,k) + fj (xk−1, yj,k−1)] ,
k = 1, 2, ... ,M − 1

j = 0, 1, ... , N − 1
, (2.2)

where hk := xk − xk−1. Rearranging yields

Ej,k (yj,k, yj,k−1) := yj,k − yj,k−1 − (xk − xx−1) fj
(
xk − xk−1

2
,
yj,k − yj,k−1

2

)
= 0,

k = 1, 2, ... ,M − 1

j = 0, 1, ... , N − 1
. (2.3)

These are the (M − 1)N equations coming from the �nite di�erencing process.
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Boundary conditions

At the left hand boundary there are n2 = N − n1 equations

Ej,0 (yj,0) := BCleft

j (x0, yj,0) = 0, j = n2, n2 + 1, ..., N − 1, (2.4)

while on the right hand boundary there are n1 equations

Ej,M (yj,M−1) := BCleft
j (xM−1, yj,M−1) = 0, j = 0, 1, ..., n2 − 1. (2.5)

Hence, in total there are n1 + n2 = N equations coming from the boundaries. Combi-

ning these with the �nite di�erence equations yields N × (M − 1) +N = M ×N equa-

tions in total, as required. The labelling convention perhaps seems unusual. However,

this labelling will produce the ABD matrix structure which is advantageous.

Multidimensional Newton method

TheseMN equations should be satis�ed by a solution to the set of coupled ODEs

and the boundary conditions. However, as discussed in section 1.1, there is no solution

to the boundary value problem a priori. Hence, a guess solutions will be used as

though it is a solution. The N values of this trial solution at each of the M grid points

will in general not satisfy the set of equations that have been developed. However,

the multidimensional Newton method will be used to improve the MN trial values

in such a way that they should all satisfy the MN equations. The multidimensional

Newton method is not the only algorithm that could be utilised for this process but it

is the algorithm presented. This updating process will be applied in a gradual iterative

manner so the the trial solution improves and converges on to the actual solution. A

convergence rate control value will determine the size of the updates that are applied.

This is an important feature: if too large of update was applied to the trial solution

at each iteration then the algorithm might not converge smoothly or could even fail to

converge. A tolerance value will be used to control when the iteration process should

halt and present the approximate numerical solution.

Consider the derivatives of the MN equations in each of their MN unknown

values. A natural way to present these partial derivatives would be in matrix form.

The partial the derivatives of the MN equations in MN unknown values will yield a

square matrix of size MN ×MN . The aim of this algorithm is to in some way utilise

the knowledge of these partial derivatives to improve the solutions of each equation

with each iteration.

First consider the multidimensional Taylor expansion of the FDEs 2.3 to �rst

9



Relaxation method

order in their dependent variables;

Ej,k (yj,k + ∆yj,k,yj,k−1 + ∆yj,k−1) ≈ Ej,k (yj,k, yj,k−1) . . .

. . .+

N−1∑
n=0

∂Ej,k
∂yn,k

∆yj,k +

N−1∑
n=0

∂Ej,k
∂yn,k−1

∆yj,k−1
k = 1, 2, ... ,M − 1

j = 0, 1, ... , N − 1
. (2.6)

The aim is to improve the current trial values yj,k with the addition ∆yj,k so that

the �rst order expansions of the equations are simultaneously satis�ed. That is,

Ej,k (yj,k + ∆yj,k,yj,k−1 + ∆yj,k−1) = 0 for the appropriate choice of the values ∆yj,k

for k = 1, 2, . . . ,M − 1 and j = 0, 1, . . . , N − 1: the problem is to obtain the appro-

priate values ∆yj,k.

Knowing that Ej,k (yj,k + ∆yj,k,yj,k−1 + ∆yj,k−1) should equal zero, it is required

that

Ej,k (yj,k, yj,k−1) = −
N−1∑
n=0

∂Ej,k
∂yn,k

∆yn,k −
N−1∑
n=0

∂Ej,k
∂yn,k−1

∆yn,k−1
k = 1, 2, ... ,M − 1

j = 0, 1, ... , N − 1
.

(2.7)

Equivalently this can be rewritten as

Ej,k (yj,k, yj,k−1) =−
2N−1∑
n=N

∂Ej,k
∂yn−N,k

∆yn−N,k −
N−1∑
n=0

∂Ej,k
∂yn,k−1

∆yn,k−1

=−
2N−1∑
n=N

Sj,n∆yn−N,k −
N−1∑
n=0

Sj,n∆yn,k−1
k = 1, 2, ... ,M − 1

j = 0, 1, ... , N − 1

(2.8)

where

Sj,n+N =
∂Ej,k
∂yn,k

and Sj,n =
∂Ej,k
∂yn,k−1

n = 0, 1, ..., N − 1.

Applying the same argument to the boundary equations 2.4 - which only depend

on the values yj,0 for j = n2, n2 + 1, . . . , N − 1 - yields

Ej,0 (yj,0) = −
2N−1∑
n=N

Sj,n∆yn−N,0 j = n2, n2 + 1, ..., N − 1 (2.9)

where

Sj,n+N =
∂Ej,0
∂yn,0

n = 0, 1, ..., N − 1.

Similarly, applying the argument again to equation 2.5 - which only depend on the

values yj,M−1 for j = 0, 1, . . . , n2 − 1 - yields

Ej,M (yj,M−1) = −
N−1∑
n=0

Sj,n∆yn,M−1 j = 0, 1, ..., n2 − 1 (2.10)

10



Relaxation method

(a)

(b)

Figure 2.1: Almost block diagonal matrices (ABD): (a) shows the general form of ABD
matrices, while (b) shows the special form of ABD matrices that typically arise from
two-point boundary value problems.

where

Sj,n =
∂Ej,M
∂yn,M−1

n = 0, 1, ..., N − 1.

Equations 2.8-2.10, which are linear in ∆yj,k , must be solved simultaneously to

�nd the values of ∆yj,k - hence, a matrix must be inverted. For a large number of

equations and/or grid points this task could be computational non-trivial, however,

the structure of equations 2.8-2.10 yields a matrix of a very particular form. This

structure can be exploited to greatly reduce the computational e�ort required to invert

that matrix.

Almost block diagonal matrix structure

The matrix is an almost block diagonal (ABD) matrix - which are a subset of

staircase matrices. In the most general ABD matrices there may be non-zero blocks

of di�ering sizes; at most, each column intersects two successive blocks; the overlap

between blocks is not necessarily constant; and each diagonal entry must lie in a block:

see �gure 2.1a. However, two-point boundary value problems produce an even more

restricted ABD form in which the blocks E1,E2 . . . ,EM−1 are all of the same size -

N × 2N in the problem at hand; the overlap between blocks is constant and is equal to

the number of rows in E0 plus the number of rows in EM - that is, N in total for this

problem: see �gure 2.1b. Blocks E1,E2 . . . ,EM−1 correspond to equation 2.8, while

blocks E0 and EM correspond to equations 2.9 and 2.10 respectively.

11
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Although this structure is quite particular, it is hardly surprising that it has

arisen in this two point boundary value problem. Equations 2.8-2.10 couple pairs of

points xk and xk−1 together. This splits the matrix into vertical bands of width N ,

each corresponding to a point on the grid, as is shown at the bottom of Figure 2.1b and

the top of equation 2.11. As such, it is perhaps more natural to think of each of the

blocks E1,E2 . . . ,EM−1 as pairs of blocks of size N
2 side by side, i.e. Ek = Ak,1 ?Ak,2

for k = 1, 2, . . . ,M − 1 where ? denotes that the matrices have been concatenated: see

equation 2.11.



x0︷︸︸︷ x1︷︸︸︷ . . . . . . xM−1︷︸︸︷
E0

A1,1 A1,2

A2,1 A2,2

. . .
. . .

AM−1,1 AM−1,2

EM





∆y0

∆y1

∆y2
...

∆yM−1

∆yM


=



C0

C1

C2

...

CM−1

CM


, (2.11a)

With this change of viewpoint, the dependence of the structure of the matrix on the

grid is now more explicit. Each of the square blocks Ak,{1,2} are Jacobian matrices,

hence equation 2.11 corresponds to a system of coupled Jacobian matrices at each of

the points xk for k = 1, 2, . . . , . . . ,M − 1. The two boundary blocks, E0 and EM ,

correspond to partially complete Jacobians - since the boundary conditions are only

partially speci�ed at each boundary point. In detail,

Ak,1 =


∂E0,k

∂y0,k−1
· · · ∂E0,k

∂yN−1,k−1

...
. . .

...
∂EN−1,k

∂y0,k−1
· · · ∂EN−1,k

∂yN−1,k−1

 =


S0,0 · · · S0,N−1
...

. . .
...

SN−1,0 · · · SN−1,N−1

 ,

Ak,2 =


∂E0,k

∂y0,k
· · · ∂E0,k

∂yN−1,k

...
. . .

...
∂EN−1,k

∂y0,k
· · · ∂EN−1,k

∂yN−1,k

 =


S0,N · · · S0,2N−1
...

. . .
...

SN−1,N · · · SN−1,2N−1

 ,

E0 =


∂En2,0

∂y0,0
· · · ∂En2,0

∂yN−1,0

...
. . .

...
∂EN−1,0

∂y0,0
· · · ∂EN−1,0

∂yN−1,0

 =


Sn2,0 · · · Sn2,N−1
...

. . .
...

SN−1,0 · · · SN−1,N−1

 ,

EM =


∂E0,M

∂y0,M−1
· · · ∂E0,M

∂yN−1,M−1

...
. . .

...
∂En2−1,M

∂y0,M−1
· · · ∂En2−1,M

∂yN−1,M−1

=


S0,0 · · · S0,N−1
...

. . .
...

Sn2−1,0 · · · Sn2−1,N−1

 , (2.11b)
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Ck= −
(
E0,k (y0,k, y0,k−1) · · · EN−1,k (yN−1,k, yN−1,k−1)

)T
, ∆yk=

(
∆y0,k · · · ∆yN−1,k

)T
,

C0= −
(
En2,0 (y0,0) · · · EN−1,0 (yN−1,0)

)T
, ∆y0=

(
∆yn2,0 · · · ∆yN−1,0

)T
,

CM=
(
E0,M (y0,M−1) · · · En2−1,M (yN−1,M−1)

)T
, ∆yM=

(
∆y0,M−1 · · · ∆yn2−1,M−1

)T
.

(2.11c)

where k = 1, 2, . . . ,M − 1. The ABD structure - which was introduced without justi-

�cation at the start of this section - is explicitly clear now in these equations.

As previously mentioned, this ABD structure can be exploited to greatly reduce

the computational e�ort required to invert this matrix and this is an important feature

of the method presented in this thesis. Since the relaxation is an iterative procedure

with an inversion of the above matrix required at each iteration, any speed-up in the

matrix inversion will greatly speed-up the relaxation method as a whole. An e�cient

ABD matrix will be presented momentarily, but �rst the iterative process will be dis-

cussed in detail.

Iteration

Once the correction values ∆yj,k have been found - that is, the matrix has been

inverted - they must be utilised to improve the approximate solution yj,k. A convergence

rate control value r will determine the size of the updates that are applied, that is,

ynewj,k = yoldj,k + r∆yj,k. It would perhaps be tempting to apply the entire correction

in one go (i.e. r = 1), however, this will in general not satisfy the solution to the

equations to the desired accuracy since the correction values were calculated via linear

approximations of the non-linear equations. Hence, an iterative procedure should be

applied to approach the solution of the full non-linear equations. A tolerance value

errconv should be used to control when the iteration process should halt, that is, reaches

the desired accuracy. Furthermore, the linear approximation at yj,k may not su�ciently

capture the behaviour of the equations at yj,k + ∆yj,k. As such, convergence could

potentially become an issue since a linear approximation is assumed to be su�cient

when it may not necessarily be su�cient at capturing the behaviour of the equations.

The value r aims to somewhat mitigate these problems. It should be chosen in such a

way that it controls the size of the updates so that they remain within an annulus of

yj,k where the linear approximation remains reasonably valid.

In order to choose an appropriate value for r then there must be an estimate the

validity of the linear approximation. Hence, there must be an estimate of the potential

size of the error. There is no unique or special way of making this estimate, however in

the implementation presented, the average of the absolute value of relative magnitude
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of the corrections ∆yj,k is used as an error estimate, i.e.

errnorm =
1

MN

N−1∑
j=0

M−1∑
k=0

|∆yj,k|
scalej

, (2.12)

where scalej is a measure of the typical size of the values yj,k for a particular family of

values denoted by j. The convergence rate parameter c is then taken to be

r =
r control

max (errnorm, r control)
, (2.13)

where r control is a further parameter supplied by the user. When errnorm > r control

then only a fraction of the corrections ∆yj,k are used and so it is hoped the value ynewj,k

has remained within an annulus of yj,k where the linear approximation is reasonably

valid. If err < rcontrol then the entire correction is applied. Once the value of errnorm

falls below the tolerance parameter errconv the relaxation process is complete: the

algorithm should be halted before iterating again and the values of the eigensystem

should be returned.

E�cient block-diagonal matrix solvers

Any algorithm for inverting the matrix is su�cient to invert an ABD matrix.

However, as mentioned above, this ABD structure can be exploited to greatly reduce

the computational e�ort required to invert that matrix. For example, regular Gaussian

elimination and back-substitution could be used to invert this matrix, however, this

would be a foolhardy endeavour as using Gaussian elimination would introduce matrix

�ll-in, which would ruin any potential computational speed-up that might be gained

from the ABD structure - any ABD solver should aim to minimise if not completely

avoid �ll-in. For a substantial discussion of ABD matrix solvers (including parallel

solvers), and in particular, the even more restricted subset of ABD matrices that arise

in two-point boundary value problems, see [15].

The ABD matrix solver used in this thesis, as a proof of concept, is a modi�ed

form of Gaussian elimination which aims to minimise matrix �ll-in. This method is

based on an ABD solver found in Numerical Recipes [14, pp. 966-970]. However, it

has been modi�ed so that it utilises GNU Scienti�c Library (GSL) data types [16].

This solver aims to minimise the total number of operations required. In addition, by

minimising the total number of matrix coe�cients that must be stored at each iteration,

the solver has relatively small memory footprint in comparison to other matrix solvers.

Rather than operating on the matrix as a single block, the modi�ed Gaussian

elimination runs along the stairwell of blocks and - along with some housekeeping -
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performs Gaussian elimination on each of the blocks sequentially. This will reduce the

matrix to a series of ones on the diagonal and a limited number of non-zero entries

in the regions of overlap between the coupled Jacobian matrices - the housekeeping

mentioned above is the storage of these few non-zero entries. Back-substitution can

then be used to obtain the solution. The entire process consists of four main processes:

1. using results from the previous block to reduce certain elements in the current

block to zero in the region of overlap between the two block (see the subroutine

red);

2. Gaussian elimination of the current to reduce the remaining elements of the left-

most square sub-block to an identity matrix (see subroutine pinvs);

3. storage of the limited number of remaining non-zero entries on the right of the

current matrix for use in back-substitution (see subroutine pinvs);

4. and back-substitution (see subroutine bksub).

Starting in the top left corner of the ABD matrix, the solver starts on step 2 and then

iterates through steps 1-3 until the entire ABD matrix has been reduced; step 4 is then

used to yield the solution: this process is implemented by the routine Solvde. For

full details about the algorithm used see [14, pp. 966-970]. To see the GSL modi�ed

algorithm used in this implementation, see the code found in the appendix.

Applying the relaxation method

Thus far, the relaxation method for general two-point boundary value problems

has been described with particular attention paid to the structure of the matrix that

must be solved upon each iteration of the algorithm. An ABD matrix of partial deriva-

tives must be supplied to the algorithm by the user. These partial derivatives will come

from the grid of �nite di�erence equations on the domain of the problem and from the

boundary conditions. The user must also supply an initial guess solution at the start

of the relaxation process. The user will also specify some parameters to control the

convergence of the algorithm as well as the halting of the algorithm.

It is now time to turn to the speci�c problem at hand, that is, the numerical

evaluation of the spin-weighted spheroidal harmonics. In the next section, the speci�c

details of utilising the algorithm outlined in this section, to the spin-weighted spheroidal

di�erential equation and its boundary conditions will be developed.
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3 Implementation

3.1 The Frobenius Method

The �rst step that shall be undertaken is to investigate the behaviour of the

spin-weighted spheroidal di�erential equation 1.2 near its singular points at x = ±1.

The Frobenius method provides a way of constructing in�nite series solutions of second

order ODEs in the region near regular singular points. This then allows the singular

behaviour to be factored out. This will provide a representation that is numerically

more tractable then the original equation.

First, consider the singular point at x = −1. The aim is to factor out the singular

behaviour at this singular point by constructing a power series z− (x) that is valid near

x = −1. As such, consider the series

sSlmc (x) = (1 + x)k− sz
−
lmc (x) (3.1a)

= (1 + x)k−
∞∑
λ=0

a−λ (1 + x)λ (3.1b)

=
∞∑
λ=0

a−λ (1 + x)k−+λ (3.1c)

where the exponent k− and the coe�cients a−λ have yet to be determined. Here a0 6= 0

as it is chosen to be the coe�cient of the the lowest non-vanishing term of the series.

In this series the dependent variable is now sz
−
lmc (x) as opposed to sSlmc (x).

This trial is then inserted into the spin-weighted spheroidal di�erential equation

1.2, i.e.[
d

dx

((
1− x2

) d

dx

)
+ c2x2 − 2csx− (m+ sx)2

1− x2
+ s+ sAlmc

]
(1 + x)k− sz

−
lmc (x) = 0.

(3.2)

Every term in this result can be expanded trivially in terms of (1 + x). From the

uniqueness of power series, the coe�cients of each power of (1 + x) must individually

be equal to zero. In particular, the term of the lowest power in the series must equal

zero: it will be of order O
(

(1 + x)−1
)
and its coe�cient is[

a−0
(m− s)2

2
− 2a−0 k

2
−

]
= 0. (3.3)

Since it has been chosen that a−0 6= 0, the uniqueness of power series demands that the

regular solution has

k− =
|m− s|

2
. (3.4)
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This equation, which as was seen, comes from the coe�cient of the lowest term in the

power series expansion of equation 3.2 and the demand of uniqueness of power series

representation, is known as the indicial equation. Hence, a value for k− in equations

3.1 has been obtained.

Similarly, the Frobenius method can be applied to construct a series solution

sz
+
lm (x), which is valid near the singular point at x = +1;

sSlmc (x) = (1− x)k+ sz
+
lmc (x) (3.5a)

= (1− x)k+
∞∑
λ=0

a+λ (1− x)λ (3.5b)

=
∞∑
λ=0

a+λ (1− x)k++λ . (3.5c)

In this series the dependent variable is now sz
+
lm (x) as opposed to sSlm (x). It is then

inserted into the spin-weighted spheroidal di�erential equation 1.2, i.e.[
d

dx

((
1− x2

) d

dx

)
+ c2x2 − 2csx− (m+ sx)2

1− x2
+ s+ sAlmc

]
(1− x)k+ sz

+
lmc (x) = 0.

(3.6)

This time, every term can be expanded trivially in terms of (1− x). In particular, the

term of the lowest power will be will be of order O
(

(1− x)−1
)
and its coe�cient is[

a+0
(m+ s)2

2
− 2a+0 k

2
+

]
= 0, (3.7)

and so the indicial equation gives the value of k+ to be

k+ =
|m+ s|

2
. (3.8)

Thus far, for each series, only the indicial equation has been found - that is,

the demand of the uniqueness of a power series representation being applied to the

coe�cient of the lowest order term in the power series expansions of equations 3.6 and

3.2. However, the uniqueness of power series actually demands that the coe�cients of

every term in each of the power series expansions must individually be equal to zero.

Demanding that these coe�cients each individually go to zero allows recursion relations

between the coe�cients aλ to be developed for both series. Hence, with this in mind,

consider the term of the second lowest order in the expansion of equation 3.2, which is

the term of O (1); its coe�cient is

a−1

(
16k− + 8k2− − 2

(
−4 +m2 − 2ms+ s2

) )
. . .

. . .+ a−0

(
4sAlmc + 4c2 − 4k− − 4k2− −m2 + 4s+ 8cs− 2ms+ 3s

2
)

= 0. (3.9)

17



Implementation

Similarly, the term of the second lowest order in the expansion of equation 3.6, which

is the term of O (1); its coe�cient is

a+1

(
16k+ + 8k2+ − 2

(
−4 +m2 + 2ms+ s2

) )
. . .

. . .+ a+0

(
4sAlmc + 4c2 − 4k+ − 4k2+ −m2 + 4s− 8cs+ 2ms+ 3s

2
)

= 0. (3.10)

These relations can be developed into relationships between the solution/eigenfunction;

its derivative; and its eigenvalue, at each of the boundaries - and they will be utilised

to this end in the next section. Now, one could continue to develop the recursion

relations for coe�cients of even higher order terms, however, equations 3.9 and 3.10

will be su�cient for the present need.

3.2 Change of dependent variable

Combining the power series 3.1 and 3.5 into one new power series szlm (x) yields

a power series in which the singular behaviour at x = −1 and x = +1 has been factored

out:

sSlmc (x) = (1 + x)k− (1− x)k+ szlmc (x) (3.11)

The idea is to use this function szlmc (x) to do the numerical ground work via a change of

dependant variable from sSlmc (x) to szlmc(x). It should be numerically more tractable

than any regular power series representation of sSlmc (x) since the singular points have

now been factored out.

A new ODE

With this in mind, the series solution 3.11 is inserted into the spin-weighted

spheroidal di�erential equation 1.2 which yields an ODE in the new dependent variable

szlmc (x), that is{(
1− x2

) d2

dx2
− 2 [k+ − k− + x (1 + k+ + k−)]

d

dx

+
[
sAlm + s(s+ 1) + c2x2 − 2csx− (k+ + k−)(k+ + k− + 1)

]}
szlmc (x) = 0 (3.12)

where the insertion 0 = m2 + s2 − 2k2+ − 2k2− has been used to reduced the ODE to

this succinct form1. It is this ODE that will be transformed into an FDE, hence this

equation will lead on to equation 2.8 to be used in the relaxation process.

1For further details about the reduction to this succinct form see the appendix.
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Boundary conditions on the new ODE

Having developed the ODE in this new dependent variable szlmc (x), a set of

boundary conditions in this variable must also be developed. Consider the x = −1

boundary: from equations 3.11 and 3.1a it can be seen that

sz
−
lmc (x) = (1− x)k+ szlmc (x), (3.13)

which can be series expanded about (1 + x), yielding

sz
−
lmc (x) = 2k+szlmc|x=−1 . . .

. . .− 2k+−1
(
k+szlmc|x=−1 − 2sz

′
lmc|x=−1

)
(1 + x) +O

(
(1 + x)2

)
. (3.14)

By the uniqueness of power series and by comparing equation 3.14 to equation 3.1b, it

is required that

a−0 = 2k+szlmc|x=−1, a−1 = k+szlmc|x=−1 − 2sz
′
lmc|x=−1, (3.15)

hence

a−1
a−0

=
sz
′
lmc|x=−1

szlmc|x=−1
− k+

2
. (3.16)

Finally, by making use of equation 3.9 and rearranging, a boundary condition at x = −1

is obtained

sz
′
lmc|x=−1

szlmc|x=−1
=

(
−4sAlm − 4c2 + 4k− + 4k2− +m2 − 4s− 8cs+ 2ms− 3s

2

16k− + 8k2− − 2 (−4 +m2 − 2ms+ s2)
+
k+
2

)
.

(3.17)

Mutatis mutandis, a boundary condition at x = −1 is also obtained

sz
′
lmc|x=+1

szlmc|x=+1

=

(
4sAlm + 4c2 − 4k+ − 4k2+ −m2 + 4s− 8cs+ 2ms+ 3s

2

16k+ + 8k2+ − 2 (−4 +m2 + 2ms+ s2)
− k−

2

)
.

(3.18)

Normalisation condition

At this point, a numerically tractable second order ODE (equation 3.12), along

with two boundary conditions on this ODE (equations 3.17 and 3.18), have been de-

veloped. However, this is an eigenvalue problem; the parameter sAlm is undetermined.

As such, implicitly there will be another �rst order ODE, namely the ODE arising from

the eigenvalue problem

dsAlm
dx

= 0, (3.19)

which allows the eigenvalue sAlm to be determined. Now when the second order ODE

is split into two coupled �rst order ODEs, there will be three �rst order ODEs and
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only two boundary conditions - which would be a problem. However, a third boun-

dary condition arises from the fact that any constant multiple of a solution is itself a

solutions. As such, there is freedom to choose a normalisation for the solution - this

normalisation will act as the third boundary condition.

The particular choice of normalisation is not important, all that matters is that

once chosen, the entire function adheres to the same chosen normalisation. As such,

any one point on the domain could be chosen and any value of the function at that

point could be speci�ed, and this could be used as the normalisation condition - such

is the freedom of this normalisation condition. However, the normalisation condition

chosen here is that the function sSlmc (x) - the spin-weighted spheroidal harmonics -

has the same limiting behaviour as sYlm (x) - the spin-weighted spherical harmonics -

as x→ +1. This has two slight advantages over an arbitrary choice: �rstly, it is similar

to a common, recognisable normalisation convention of a closely related function; and

secondly, the scale of the function sSlmc (x) is predictable when using this normalisation

condition. This is useful as the typical scale of the function sSlmc (x) will be required

a priori for the multidimensional Newton method (see equation 2.12). This choice of

this normalisation condition leads to the following boundary condition at x = +1

lim
x→1

(1 + x)−k− (1− x)−k+ sSlmc (x) = lim
x→1

(1 + x)k− (1− x)k+ sYlm (x)

:= γr. (3.20)

The analytic value of γr will be calculated in a later section (see equation 3.44), but

for now it is not required.

3.3 The numerical method

The second order ODE 3.12 is split into two �rst order ODEs and the eigenvalue

problem - equation 3.19 - is posed, i.e.

y0 := z (x) , y1 :=
dz

dx
, y2 := sAlm,

with

y′0 = y1, (3.21a)

y′1 =
1

(1− x2)

{
2
[
k+ − k− + x (1 + k+ + k−)

]
y1

+
[
y2 + s(s+ 1) + c2x2 − 2csx− (k+ + k−)(k+ + k− + 1)

]
y0

}
, (3.21b)

y′3 = 0. (3.21c)

20



Implementation

The boundary condition, equation 3.17, at x = −1 in this notation is

y1
y0

=

(
−4y2 − 4c2 + 4k− + 4k2− +m2 − 4s− 8cs+ 2ms− 3s

2

16k− + 8k2− − 2 (−4 +m2 − 2ms+ s2)
+
k+
2

)
, (3.22a)

while at x = 1, equations 3.18 and 3.20, they are

y1
y0

=

(
4y2 + 4c2 − 4k+ − 4k2+ −m2 + 4s− 8cs+ 2ms+ 3s

2

16k+ + 8k2+ − 2 (−4 +m2 + 2ms+ s2)
− k−

2

)
. (3.23a)

y0 = lim
x→1

(1 + x)k− (1− x)k+ sYlm (x) := γr. (3.23b)

At this point, the numerically tractable equations for the boundary value problem have

been speci�ed. These equations must now be turned into �nite di�erence equations so

that the relaxation method can be applied.

Equations on the mesh

First, the numerical grid on the domain should be speci�ed. For simplicity, a

uniform grid of M mesh points on the interval x = [−1,+1] will be used, hence

xk = kh− 1, k = 0, 1, ...,M − 1, (3.24)

where h = 2/ (M − 1). On the interior points xk for k = 1, 2, . . . ,M − 1 equation 3.21a

gives

E0,k = y0,k − y0,k−1 −
h

2
(y1,k + y1,k−1) , (3.25a)

where the one step trapezoidal method (equation 2.2) has been used to convert the

ODE into an FDE. Equation 3.21b gives

E1,k = y1,k − y1,k−1 −
h(

1− x2κ
) {2

[
k+ − k− + xκ (1 + k+ + k−)

]
y1,κ

+
[
y2,κ + s(s+ 1) + c2x2κ − 2csxκ − (k+ + k−)(k+ + k− + 1)

]
y0,κ

}
, (3.25b)

where

xκ =
xk + xk−1

2
, y0,κ =

y0,k + y0,k−1
2

, y1,κ =
y1,k + y1,k−1

2
, y2,κ =

y2,k + y2,k−1
2

.

Finally, equation 3.21c yields

E2,k = y2,k − y2,k−1. (3.25c)
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At x = −1 there is one boundary condition, equation 3.22a, which gives

E2,0 = y1,0 − y0,0

(
−4y2,0 − 4c2 + 4k− + 4k2− +m2 − 4s− 8cs+ 2ms− 3s

2

16k− + 8k2− − 2 (−4 +m2 − 2ms+ s2)
+
k+
2

)
,

(3.26a)

while at x = +1 there are two equations: equation 3.23a gives

E0,M = y1,M −y0,M

(
4y2,M + 4c2 − 4k+ − 4k2+ −m2 + 4s− 8cs+ 2ms+ 3s

2

16k+ + 8k2+ − 2 (−4 +m2 + 2ms+ s2)
− k−

2

)
;

(3.27a)

and equation 3.23b gives

E1,M = y0,M − γr. (3.27b)

S-matrix of partial derivatives

Now, recall the matrix of partial derivatives Si,j in equations 2.11. In particular,

these partial derivatives arise from equations 2.8 - 2.10. In these equations N = 3, that

is, there is a set of three coupled equations at each of the M points in the mesh - this

can be explicitly seen in equations 3.21.

First, consider equation 2.8, which corresponds to the �nite di�erence couplings

on the interior of the grid points xk for k = 1, 2, . . . ,M − 1. Here the label j can take the

values j = 0, 1, . . . , N − 1 while the label n can take on values n = 0, 1, . . . , 2N − 1. In

particular, since N = 3, the label j can take the values j = 0, 1, 2 while the label n can

take on values n = 0, 1, . . . , 6 . This leads to the N × 2N matrices Ek = Ak,1 ?Ak,2

which have already been discussed in relation to equations 2.11. Equation 2.8 and

equation 3.25a give

S0,0 = −1, S0,1 = −h
2
, S0,2 = 0,

S0,3 = 1, S0,4 = −h
2
, S0,5 = 0; (3.28a)

equation 2.8 and 3.25b give

S1,0 = − h

2
(
1− x2κ

) [y2,κ + s(s+ 1) + c2x2κ − 2csxκ − (k+ + k−)(k+ + k− + 1)
]
,

S1,1 = −1− h(
1− x2κ

) [k+ − k− + xκ (1 + k+ + k−)
]
, S1,2 = − h

2
(
1− x2κ

)y0,κ,
S1,3 = S1,0, S1,4 = 2 + S1,1, S1,5 = S1,2; (3.28b)

while equation 2.8 and 3.25c give

S0,0 = 0, S0,1 = 0, S0,2 = −1,

S0,3 = 0, S0,4 = 0, S0,5 = 1. (3.28c)
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Next, consider equation 2.9, which corresponds to the boundary conditions at

x = −1. Here the label j can take the values j = n2, n2+1, . . . , N − 1 while the label

n can take on values n = 0, 1, . . . , N − 1. In particular, since N = 3 and there is only

one equation at this boundary, i.e. n1 = 1 =⇒ n2 ≡ N − n1 = 2. Hence, j = 2 while

n = 0, 1, . . . , 3 and so equations 2.9 and 3.26a give

S2,3 = −

(
−4y2,0 − 4c2 + 4k− + 4k2− +m2 − 4s− 8cs+ 2ms− 3s

2

16k− + 8k2− − 2 (−4 +m2 − 2ms+ s2)
+
k+
2

)
,

S2,4 = 1, S2,5 =

(
4y0,0

16k− + 8k2− − 2 (−4 +m2 − 2ms+ s2)

)
. (3.29a)

Consider equation 2.10, which corresponds to the boundary conditions at x = +1.

Here the label j can take the values j = 0, 1, . . . , n2 − 1 while the label n can take on

values n = 0, 1, . . . , N − 1. In particular, since N = 3 and n2 = 2, the possible values

for the indices are j = 0, 1 and n = 0, 1, . . . , 3 and so equations 2.10 and 3.27a give

S0,3 = −

(
4y2,M + 4c2 − 4k+ − 4k2+ −m2 + 4s− 8cs+ 2ms+ 3s

2

16k+ + 8k2+ − 2 (−4 +m2 + 2ms+ s2)
− k−

2

)
,

S0,4 = 1, S0,5 =

(
−4y0,M

16k+ + 8k2+ − 2 (−4 +m2 + 2ms+ s2)

)
, (3.30a)

while equations 2.10 and 3.27b give

S1,3 = 1, S1,4 = 0, S1,5 = 0. (3.30b)

By now all of the necessary equations have been found and the S matrix of partial

derivatives has been completely speci�ed in this new dependent variable. However,

there are still several details to be discussed. In particular, the initial guess solution

for the relaxation process.

3.4 Initial trial solution

Analytic values for spin-weighted spherical harmonics

As previously mentioned in section 2, the spin-weighted spherical harmonics, that

correspond to c = 0, will be used as the starting point for any path in the complex c

plane. Both the eigenfunctions sYlm (x) and corresponding eigenvalues sλlm are known
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Figure 3.1: The solution to the spin-weighted spherical di�erential equation sYlm (θ, φ)
(left) and its derivative sY

′
lm (θ, φ) (right) for s = 2, l = 7 and m = 3.

analytically for c = 0. Speci�cally the eigenfunctions are given by

sYlm (x) = (−1)m+l−s

√
(l +m)! (l −m)! (2l + 1)

(l + s)! (l − s)! 4π

[
sin

(
cos−1 (x)

2

)]
. . .

. . .
l−s∑
r=0

{
(−1)−r

(
l − s
r

)(
l + s

r + s−m

)[
cot

(
cos−1 (x)

2

)]2r+s−m}
(3.31)

while the corresponding eigenvalue is given by

sλlm = l (l + 1)− s (s+ 1) . (3.32)

The derivative of the eigenfunction will also be need for the initial guess

dsYlm
dx

= (−1)m+l−s

√
(l +m)! (l −m)! (2l + 1)

(l + s)! (l − s)! 4π
. . .

. . .
l−s∑
r=0

{
(−1)−r

(
l − s
r

)(
l + s

r + s−m

)[
− (lx+ l +m− 2r − s)

2
√

1− x2
. . .

[
cot

(
cos−1 (x)

2

)]2r+s−m
sec

(
cos−1 (x)

2

)
sin

(
cos−1 (x)

2

)2l−1]}
. (3.33)

Now, it should be noted that here the generalised de�nition of the binomial coe�cient

(
n

k

)
=


n!

k! (n− k)!
for 0 ≤ k < n,

0 otherwise,

(3.34)
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is being used. An example of a spin-weighed spherical harmonic can be seen in Figure

3.1.

Change of dependent variable

The analytical results above give sSlmc (x) for c = 0 - i.e. sYlm (x). However,

the numerical work will not be performed on the variable sSlmc (x), but rather on the

variable szlmc (x) from equation 3.11. Hence, a change of dependent variable must be

performed on sYlm (x) so that the initial guess in also in the correct dependent variable.

Clearly, for sYlm (x) the change is trivial

sylm (x) = (1 + x)−k− (1− x)−k+ sYlm (x), (3.35)

where sylm (x) is to sYlm (x) as szlmc (x) is to sSlmc (x). For the derivative, the change

is also trivial

dsylm
dx

= (1− x)−1 (1 + x)−1 [k+ (1 + x)− k− (1− x)] sYlm (x)

+ (1− x)−1−k+ (1 + x)−1−k−
(
1− x2

) dsYlm
dx

. (3.36)

However, equations 3.35 and 3.36 are not de�ned at x = ±1, hence the following limits

must be calculated

lim
x→−1 s

ylm (x)= lim
x→−1

(1 + x)−k− (1− x)−k+ sYlm (x), (3.37a)

lim
x→+1

sylm (x)= lim
x→+1

(1 + x)−k− (1− x)−k+ sYlm (x). (3.37b)

If these limits are evaluated then it is trivial to �nd the value of the derivative at the

boundary by using the boundary conditions, i.e. equations 3.17 and 3.18.

To calculate the limits, �rst consider the following half angle expressions

cos

(
θ

2

)
=

√
1 + cos θ

2
=

√
1 + x

2
, (3.38)

sin

(
θ

2

)
=

√
1− cos θ

2
=

√
1− x

2
, (3.39)

where the fact that x = cos (θ) has been used. These half angle expressions allow

equation 3.31 to be expressed in terms of x and hence equation 3.35 can be written as

sylm (x) = (1 + x)−k− (1− x)−k+ (−1)m+l−s

√
(l +m)! (l −m)! (2l + 1)

(l + s)! (l − s)! 4π(
1− x

2

)l (1 + x

1− x

)(s−m)/2 l−s∑
r=0

{
(−1)−r

(
l − s
r

)(
l + s

r + s−m

)(
1 + x

1− x

)r}
. (3.40)
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This form allows the limiting behaviour to be determined much more readily, however

there is a caveat. For the sake of argument, consider the zeroth term in the series

expansion of this expression about x = −1, which might be assumed to pertain to the

r = 0 term in the sum - this zeroth order term would be equal to the limit at x = −1

- i.e.

lim
x→−1 s

ylm (x) = (−1)l 2[−k+−(m−s)/2]
√

(l +m)! (l − s)! (2l + 1)

(l −m)! (l + s)! 4π

1

(m− s)!
. (3.41)

However, examining equation 3.40 reveals the assumption that r = 0 pertains to the

zeroth order term, is not a good assumption since this would only be true if m ≯ s .

When m > s the second binomial coe�cient in equation 3.40 is equal to zero: hence,

the r = 0 term does not pertain to the zeroth order term in the series expansion. In

this case all terms up to the term r = m− s will be zero due to this binomial, and so

r = m− s pertains to the zeroth order term, i.e.

lim
x→−1 s

ylm (x) = (−1)[l−s+m]
2[−k+−(s−m)/2]

√
(l + s)! (l −m)! (2l + 1)

(l − s)! (l +m)! 4π

1

(s−m)!
.

(3.42)

Hence, in full for the sake of clarity

lim
x→−1 s

ylm (x) = lim
x→−1

(1 + x)−k− (1− x)−k+ sYlm (x)

=


(−1)l 2[−k+−(m−s)/2]

√
(l +m)! (l − s)! (2l + 1)

(l −m)! (l + s)! 4π

1

(m− s)!
; if m > s,

(−1)[l−s+m]
2[−k+−(s−m)/2]

√
(l + s)! (l −m)! (2l + 1)

(l − s)! (l +m)! 4π

1

(s−m)!
; otherwise.

(3.43)

For the x = +1 boundary there is a similar situation, that is, a similar branching into

two separate cases - depending on the values of the parameters - which is induced by

the presence of the binomial coe�cients

lim
x→+1

sylm (x) = lim
x→1

(1 + x)−k− (1− x)−k+ sYlm (x)

=


(−1)m 2[−k−−(s+m)/2]

√
(l + s)! (l +m)! (2l + 1)

(l − s)! (l −m)! 4π

1

(s+m)!
; if m > −s,

(−1)s 2[−k−−(s+m)/2]

√
(l − s)! (l −m)! (2l + 1)

(l + s)! (l +m)! 4π

1

(−s−m)!
; otherwise.

(3.44)

The value of this limit will also be used for the value of γr which was introduced in
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equation 3.20 and also appears in equations 3.23b and 3.27b.

3.5 Return to the original dependent variable

At this point, a matrix of partial derivatives has been developed and an initial

guess has also been speci�ed. Convergence parameters discussed in section 2.2 must

also be chosen, however, these are relatively trivial. Hence, all of the necessary deve-

lopments required to enable the application of the the relaxation method - as described

in detail in section 2 - on the new dependent variable szlmc (x) have been made. This

relaxation process should yield a solution in the dependent variable szlmc (x) as well as

the derivative of this function sz
′
lmc (x). As such, an inverse transformation to return

to the original dependent variable sSlmc (x) for both szlmc (x) and sz
′
lmc (x). However,

trivially

sSlmc (x) = (1 + x)k− (1− x)k+ szlmc (x), (3.45)

while

dsSlm
dx

= (1− x)−1−k+ (1 + x)−1−k−
{

(1− x)k+ (1 + x)k−[
k+ (1 + x)− k− (1− x)

]
sYlm (x) +

(
1− x2

)} dszlm
dx

. (3.46)

And so the spin-weighed spheroidal harmonics sSlmc (x) can be recovered from the end

result of the relaxation process in the dependent variable szlmc (x). An example of the

di�erence between the two dependent variables can seen in Figure 3.2.
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Figure 3.2: A comparison between the solutions the spin-weighted spheroidal di�eren-
tial equation in the di�erent dependent variables: sSlmc (x) (left) and sS

′
lmc (x) (right)

in Figure 3.2a; and szlmc (x) (left) and sz
′
lmc (x) (right) in Figure 3.2b, for s = −1

,l = 3, m = 2 and c = 4.
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c=0    λ=18.00
c=3    λ=14.03
c=6    λ=5.53
c=9    λ=−15.41
c=12  λ=−54.32
c=15  λ=−111.30

Figure 4.1: The solution the spin-weighted spheroidal di�erential equation sSlmc (x)
(left hand plot) and sS

′
lmc (x) (right hand plot) for s = −2, l = 4 and m = 1 for various

values of c. Both of these plots were generated from the output of the C -code presented
in the appendix, i.e. gives the derivative for free.

4 Conclusions

4.1 Results

The method described above was coded up in C and can be found in the appendix.

In its current form the code can cannot evaluate the eigensystem for general complex

values of c but rather only pure real or, through a minor change, (�ip four signs in

the code) pure imaginary values. However, the way it has been coded means that

altering it to take general complex c arguments should be trivial: by changing all of

the relevant real GSL data types to their complex equivalent should allow the code to

take complex c arguments. There is a caveat however: changing to GSL data types

also entails changing all of the relevant basic C operators - i.e. �+�, �−�, �∗�, �/� etc.
- to the corresponding GSL operator for complex data types and this trivial change is,

in practice, rather �ddly. This could be done by hand or perhaps with the assistance

of a regular expression �nd and replace tool of some kind, e.g. [17].

The typical number of iterations required for the multi-dimensional Newton me-

thod to converge is highly dependent on the selected values of the parameters s, l, m

and c. In particular non-zero s and large c can fail to converge in a reasonable amount

of time. The code is fast: given most values small of c, say c = 10, the code will relax

to the solution in approximately 1 second. Large values of c will take longer. The

memory footprint of the program is negligible: circa 0.5 megabytes for a grid of about

500 points. Figure 4.1 shows an example of the output of code.
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This output can then easily be combined with the azimuthal solution - i.e. mul-

tiplied by eimφ - to form the harmonics. Figures 4.2-4.7 contain plots of the absolute

value of the, generally complex, harmonics for various values of the parameters, i.e.

|sSlmc (θ, φ)|. In particular, for each of the �gures the value of l starts at the top where

l = 1 and increases by 1 on each lower tier. The value of m starts at left hand side

where m = 0 and increases by 1 in each column. This leads to the triangular layout

of the plots since |m| ≤ l (only positive values of m are plotted). The value of s and c

will be speci�ed individually for each �gure. The colour red corresponds to the positive

values of the harmonics while the colour blue corresponds to the negative values of the

harmonics.

4.2 Future work

The numerical method could be improved in several ways. First consider the

allocation of the grid points on the domain, i.e. equation 3.24. This allocation could

be improved by assigning the grid uniformly in θ rather than uniformly in x. This

would improve accuracy of the method near the poles (see Figure 4.5). Better yet, the

assignment could be done dynamically - that is, use an adaptive mesh that changes

with each iteration in order to capture the most important section of the solutions most

accurately . Indeed, Numerical Recipes [14, pp. 981, 982] contains as scheme for doing

just this that would be suitable for this problem.

An adaptive integration method for the size of the discrete steps in the complex

c plane would also be a sensible improvement. For some values of the parameters, a

very large jump in c could be taken safely in one go while for others even sensibly small

steps might prove too large. Hence, an adaptive integration method in the complex c

plane would make the method both more robust and considerably faster.

The code has only been written for integer values of s. An extension to half integer

s values would allow the algorithm to calculate spin-weighed spheroidal harmonics for

fermionic �eld perturbations.

Of course, a very obvious change to make would be to improve the ABD matrix

solve. No attempt was made to �nd the best of fastest ABD solver currently available.

Given that the ABD matrix solver is where the bulk of the necessary computations are

performed, any improvement here will drastically improve the codes speed. Improved

methods - including parallel methods - can be found in [15].
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Figure 4.2: Spherical harmonics |Ylm (θ, φ)|, i.e. the spin-weighted spheroidal harmo-
nics with s = 0 and c = 0.

31



Conclusions

Figure 4.3: Spheroidal harmonics |Slmc (θ, φ)| with c = 4, i.e. the spin-weighted sphe-
roidal harmonics with s = 0.
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Figure 4.4: Spheroidal harmonics |Slmc (θ, φ)| with c = 12, i.e. the spin-weighted
spheroidal harmonics with s = 0.
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Figure 4.5: Spheroidal harmonics |Slmc (θ, φ)| with c = 20, i.e. the spin-weighted
spheroidal harmonics with s = 0. Numerical artefacts are clearly present here in the
m = 0 harmonics, particularly at the poles. Using a numerical grid uniform in θ rather
than x would signi�cantly reduces this since the x uniform grid is less dense near the
poles than at the equator.
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Figure 4.6: Spin-weighted spherical harmonics |sYlm (θ, φ)| with s = −1, i.e. the spin-
weighted spheroidal harmonics with c = 0.

35



Conclusions

Figure 4.7: Spin-weighted spheroidal harmonics |sSlmc (θ, φ)| with s = −1 and c = 4.
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Appendix

Preface to the C -code

Consider equation 3.11

sSlmc (x) = (1 + x)k− (1− x)k+ szlmc (x).

If this series solution is inserted into the spin-weighted spheroidal di�erential equation

1.2 in a computation algebra package like say Mathematica, then equation 3.12 is not

the result that immediately follows, rather{(
−1 + x2

)2 d2

dx2
+ 2

(
−1 + x2

)
(x− k− (1− x) + k+ (1 + x))

d

dx[
−Ax2 +A− c2x4 + c2x2 + 2csx3 − 2csx+ k2− (x− 1)2 + k−(2k+ + 1)

(
x2 − 1

)
+k2+ + k+x

2 − k+ −m2 − 2msx− s2x2 − sx2 + s
]}

szlmc (x) = 0,

is obtained. Now, this can be expressed equivalently as{(
1− x2

) d2

dx2
− 2 [k+ − k− + x (1 + k+ + k−)]

d

dx

+
[
sAlm + s(s+ 1) + c2x2 − 2csx− (k+ + k−)(k+ + k− + 1)

]}
szlmc (x) = 0,

where the insertion 0 = m2 + s2 − 2k2+ − 2k2− has been used to reduced the ODE to

this succinct form. However, this tidy form was not found until near the end of this

thesis. As such, it is not this tidy form that has been used in the C-code but rather

the top expression. This is a trivial distinction as the corresponding calculations occur

automatically in the C-code.

In this form equation 3.25b becomes

E1,k = y1,k − y1,k−1 −
h(

1− x2κ
)2
{

2
[
k+ − k− + xκ (1 + k+ + k−)

(
1− x2κ

)]
y1,κ

+
[
k+ +m2 − s+ 2csx+ 2msx+ x2

(
−c2 − k+ + s (1 + s)− 2csx+ c2x2

)
− k2+ (1 + x)2 − k2− (1− x)2 + k− (1 + 2k+)

(
1− x2

)
− y2,κ + x2y2,κ

]
y0,κ

}
.
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And equations 3.28b become

S1,0 = − h

2
(
1− x2κ

)2 [k+ +m2 − s− k2− (1− x)2 + 2csx+ 2msx− k2+ (1 + x)2

+ k− (1 + 2k+)
(
1− x2

)
+ x2

(
−c2 − k+ + s (1 + s)− 2csx+ c2x2

)
− y2,κ + x2y2,κ

]
,

S1,1 = −1− h(
1− x2κ

) [k+ − k− + xκ (1 + k+ + k−)
]
, S1,2 =

h

2
(
1− x2κ

)y0,κ,
S1,3 = S1,0, S1,4 = 2 + S1,1, S1,5 = S1,2.

And again, it was in this form that equations were coded up, as opposed to the form

equations presented in the thesis.
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C-code

SWSH.c

1 #include <stdio.h>

2 #include <stdlib.h>

3 #include <math.h>

4

5 #include <windows.h>

6

7 #include <gsl/gsl_errno.h>

8 #include <gsl/gsl_vector.h>

9 #include <gsl/gsl_matrix.h>

10 #include <gsl/gsl_sf_legendre.h>

11

12 #define NE 3

13 #define M 401

14 #define NB 1

15 #define NSI NE

16 #define NYJ NE

17 #define NYK M

18 #define NCI NE

19 #define NCJ (NE-NB+1)

20 #define NCK (M+1)

21 #define NSJ (2*NE+1)

22

23 int mm = 0, ll = 1, ss = 0;

24 long double h = 0.0, cc = 0.0, anorm = 0.0, kn = 0.0, kp = 0.0, tar = 0.0;

25 long double anorml = 0.0, anormr = 0.0;

26 gsl_vector_long_double *x;

27

28

29 /* =====================================================================

30 * Custom Rank 3 Array... not supported by default GSL

31 * ===================================================================== */

32

33 long double cf_gsl_3dmatrix_get

34 (gsl_matrix_long_double **ptr_vec,int i, int j, int k)

35 {

36 return gsl_matrix_long_double_get(ptr_vec[i],j,k);

37 }

38

39 void cf_gsl_3dmatrix_set

40 (gsl_matrix_long_double **ptr_vec,int i, int j, int k, long double x)

41 {

42 gsl_matrix_long_double_set(ptr_vec[i],j,k,x);

43 }

44

45 gsl_matrix_long_double **cf_gsl_3dmatrix_alloc

46 (int num_i, int num_j, int num_k)

47 {

48 int p;

49 gsl_matrix_long_double **ptr_vec

50 = malloc((size_t) num_i*sizeof(gsl_matrix_long_double)-1);

51 for (p=1;p<=num_i;p++)

52 ptr_vec[p] = gsl_matrix_long_double_alloc(num_j,num_k);
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53 return ptr_vec;

54 }

55

56 void cf_gsl_3dmatrix_free

57 (gsl_matrix_long_double **m, int num_i)

58 {

59 int p;

60 for (p=1;p<=num_i;p++)

61 gsl_matrix_long_double_free(m[p]);

62 free(m+1);

63 }

64

65 /* ===================================================================== */

66

67

68 /* =====================================================================

69 * Functions for Block Diagonal Solver

70 * ===================================================================== */

71

72 int pinvs

73 (int ie1, int ie2, int je1, int jsf, int jc1, int k,

74 gsl_matrix_long_double **c, gsl_matrix_long_double *s)

75 {

76 int js1, jpiv, jp, je2, jcoff ,j ,irow ,ipiv ,id ,icoff ,i;

77 long double pivinv, piv, dum, big;

78 gsl_vector_int *indxr;

79 gsl_vector_long_double *pscl;

80

81 indxr = gsl_vector_int_alloc(ie2-ie1+1);

82 pscl = gsl_vector_long_double_alloc(ie2-ie1+1);;

83

84 je2 = je1 + ie2 - ie1;

85 js1 = je2 + 1;

86

87 for (i=ie1;i<=ie2;i++)

88 {

89 big = 0.0;

90 for (j=je1;j<=je2;j++)

91 if (fabsl(gsl_matrix_long_double_get (s, i-1, j-1)) > big)

92 big = fabsl(gsl_matrix_long_double_get(s, i-1, j-1));

93 if (big == 0.0) {

94 GSL_ERROR("Singular matrix - row all 0, in pinvs",GSL_ESING);

95 }

96 gsl_vector_long_double_set(pscl,i-ie1,1.0/big);

97 gsl_vector_int_set(indxr,i-ie1,0);

98 }

99 for (id=ie1;id<=ie2;id++)

100 {

101 piv = 0.0;

102 for (i=ie1;i<=ie2;i++)

103 {

104 if (gsl_vector_int_get(indxr,i-ie1) == 0)

105 {

106 big = 0.0;

107 for (j=je1;j<=je2;j++)
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108 {

109 if (fabsl(gsl_matrix_long_double_get(s, i-1, j-1)) > big)

110 {

111 jp = j;

112 big = fabsl(gsl_matrix_long_double_get(s, i-1, j-1));

113 }

114 }

115 if (big*gsl_vector_long_double_get(pscl,i-ie1) > piv)

116 {

117 ipiv = i;

118 jpiv = jp;

119 piv = big*gsl_vector_long_double_get(pscl,i-ie1);

120 }

121 }

122 }

123 if (gsl_matrix_long_double_get(s, ipiv-1, jpiv-1) == 0.0)

124 GSL_ERROR("Singular matrix in routine pinvs",GSL_ESING);

125 gsl_vector_int_set(indxr,ipiv-ie1,jpiv);

126 pivinv = 1.0/gsl_matrix_long_double_get(s, ipiv-1, jpiv-1);

127 for (j=je1;j<=jsf;j++)

128 gsl_matrix_long_double_set(s, ipiv-1, j-1,

129 gsl_matrix_long_double_get(s, ipiv-1, j-1)*pivinv );

130 gsl_matrix_long_double_set(s, ipiv-1, jpiv-1, 1.0 );

131 for (i=ie1;i<=ie2;i++)

132 {

133 if (gsl_vector_int_get(indxr,i-ie1) != jpiv)

134 {

135 if (gsl_matrix_long_double_get(s, i-1, jpiv-1))

136 {

137 dum = gsl_matrix_long_double_get(s, i-1, jpiv-1);

138 for (j=je1;j<=jsf;j++)

139 gsl_matrix_long_double_set(s, i-1, j-1,

140 gsl_matrix_long_double_get(s,i-1,j-1)

141 -dum*gsl_matrix_long_double_get(s,ipiv-1,j-1) );

142 gsl_matrix_long_double_set(s, i-1, jpiv-1, 0.0 );

143 }

144 }

145 }

146 }

147 jcoff = jc1 - js1;

148 icoff = ie1 - je1;

149 for (i=ie1;i<=ie2;i++)

150 {

151 irow = gsl_vector_int_get(indxr,i-ie1) + icoff;

152 for (j=js1;j<=jsf;j++)

153 cf_gsl_3dmatrix_set(c,irow,j+jcoff,k,

154 gsl_matrix_long_double_get(s, i-1, j-1));

155 }

156 gsl_vector_long_double_free(pscl);

157 gsl_vector_int_free(indxr);

158 return GSL_SUCCESS;

159 }

160

161 void red

162 (int iz1, int iz2, int jz1, int jz2, int jm1, int jm2, int jmf,
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163 int ic1, int jc1, int jcf, int kc, gsl_matrix_long_double **c,

164 gsl_matrix_long_double *s)

165 {

166 int loff, l, j, ic, i;

167 long double vx;

168 loff = jc1 - jm1;

169 ic = ic1;

170 for (j=jz1;j<=jz2;j++)

171 {

172 for (l=jm1;l<=jm2;l++)

173 {

174 vx = cf_gsl_3dmatrix_get(c,ic,l+loff,kc);

175 for (i=iz1;i<=iz2;i++)

176 gsl_matrix_long_double_set(s, i-1, l-1,

177 gsl_matrix_long_double_get(s,i-1,l-1)

178 -vx*gsl_matrix_long_double_get(s,i-1,j-1) );

179 }

180 vx = cf_gsl_3dmatrix_get(c,ic,jcf,kc);

181 for (i=iz1;i<=iz2;i++)

182 gsl_matrix_long_double_set(s, i-1, jmf-1,

183 gsl_matrix_long_double_get(s,i-1,jmf-1)

184 -vx*gsl_matrix_long_double_get(s,i-1,j-1) );

185 ic += 1;

186 }

187 }

188

189 void bksub

190 (int ne, int nb, int jf, int k1, int k2, gsl_matrix_long_double **c)

191 {

192 int nbf, im, kp, k, j, i;

193 long double xx;

194 nbf = ne - nb;

195 im = 1;

196 for (k=k2;k>=k1;k--)

197 {

198 if (k == k1)

199 im = nbf + 1;

200 kp = k + 1;

201 for (j=1;j<=nbf;j++)

202 {

203 xx = cf_gsl_3dmatrix_get(c,j,jf,kp);

204 //printf("\nxx = %Lf ", xx);

205 for (i=im;i<=ne;i++)

206 cf_gsl_3dmatrix_set(c,i,jf,k,

207 cf_gsl_3dmatrix_get(c,i,jf,k)

208 -xx*cf_gsl_3dmatrix_get(c,i,j,k));

209 }

210 }

211 for (k=k1;k<=k2;k++)

212 {

213 kp = k + 1;

214 for (i=1;i<=nb;i++)

215 cf_gsl_3dmatrix_set(c,i,1,k,cf_gsl_3dmatrix_get(c,i+nbf,jf,k));

216 for (i=1;i<=nbf;i++)

217 cf_gsl_3dmatrix_set(c,i+nb,1,k,cf_gsl_3dmatrix_get(c,i,jf,kp));
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218 }

219 }

220

221 /* ===================================================================== */

222

223

224 /* =====================================================================

225 * Matrix structure for block diagonal solver. s[i][j] valuea are the

226 * typically non-zero entries in the matrix.

227 * ===================================================================== */

228

229 void difeq

230 (int k, int k1, int k2, int jsf, int is1, int isf, int indexv[],

231 int ne, gsl_matrix_long_double *s, gsl_matrix_long_double *y)

232 {

233 long double tempx, tempy0, tempy1, tempy2, alpha,beta,gamma;

234 if (k == k1)

235 {

236 /* x(-1) boundary */

237 gsl_matrix_long_double_set(s,2,2+indexv[1],

238 -(

239 (

240 -4.0*gsl_matrix_long_double_get(y,2,0) -4.0*powl(cc,2.0)+4.0*kn

241 +4.0*powl(kn,2.0)+mm*mm-4.0*ss-8.0*cc*ss+2.0*mm*ss-3.0*ss*ss

242 )

243 /(

244 16.0*kn+8.0*kn*kn-2.0*(-4.0+mm*mm-2.0*mm*ss+ss*ss)

245 )

246 -kp/2.0

247 )

248 );

249 gsl_matrix_long_double_set(s,2,2+indexv[2],

250 1.0

251 );

252 gsl_matrix_long_double_set(s,2,2+indexv[3],

253 4.0*gsl_matrix_long_double_get(y,0,0)

254 /(16.0*kn+8.0*kn*kn-2.0*(-4.0+mm*mm-2.0*mm*ss+ss*ss))

255 );

256 gsl_matrix_long_double_set(s,2,jsf-1,

257 gsl_matrix_long_double_get(y,1,0)

258 -gsl_matrix_long_double_get(y,0,0)

259 *(

260 (

261 -4.0*gsl_matrix_long_double_get(y,2,0) -4.0*powl(cc,2.0)+4.0*kn

262 +4.0*powl(kn,2.0)+mm*mm-4.0*ss-8.0*cc*ss+2.0*mm*ss-3.0*ss*ss

263 )

264 /(

265 16.0*kn+8.0*kn*kn-2.0*(-4.0+mm*mm-2.0*mm*ss+ss*ss)

266 )

267 -kp/2.0

268 )

269 );

270 }

271 else if (k > k2)

272 {
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273 /* x(+1) boundary */

274 gsl_matrix_long_double_set(s,0,2+indexv[1],

275 -(

276 (

277 4.0*gsl_matrix_long_double_get(y,2,M-1)+4.0*powl(cc,2.0) -4.0*kp

278 -4.0*powl(kp,2.0)-mm*mm+4.0*ss-8.0*cc*ss+2.0*mm*ss

279 +3.0*powl(ss,2.0)

280 )

281 /(

282 16.0*kp+8.0*powl(kp,2.0) -2.0*(-4.0+mm*mm+2.0*mm*ss

283 +powl(ss,2.0))

284 )

285 +kn/2.0

286 )

287 );

288 gsl_matrix_long_double_set(s,0,2+indexv[2],

289 1.0

290 );

291 gsl_matrix_long_double_set(s,0,2+indexv[3],

292 -4.0*gsl_matrix_long_double_get(y,0,M-1)

293 /(16.0*kp+8.0*kp*kp-2.0*(-4.0+mm*mm+2.0*mm*ss+ss*ss))

294 );

295 gsl_matrix_long_double_set(s,0,jsf-1,

296 gsl_matrix_long_double_get(y,1,M-1)

297 -gsl_matrix_long_double_get(y,0,M-1)

298 *(

299 (

300 4.0*gsl_matrix_long_double_get(y,2,M-1)+4.0*powl(cc,2.0) -4.0*kp

301 -4.0*powl(kp,2.0)-mm*mm+4.0*ss-8.0*cc*ss+2.0*mm*ss

302 +3.0*powl(ss,2.0)

303 )

304 /(

305 16.0*kp+8.0*powl(kp,2.0) -2.0*(-4.0+mm*mm+2.0*mm*ss

306 +powl(ss,2.0))

307 )

308 +kn/2.0

309 )

310 );

311 gsl_matrix_long_double_set(s,1,2+indexv[1],

312 1.0 );

313 gsl_matrix_long_double_set(s,1,2+indexv[2],

314 0.0 );

315 gsl_matrix_long_double_set(s,1,2+indexv[3],

316 0.0 );

317 gsl_matrix_long_double_set(s,1,jsf-1,

318 gsl_matrix_long_double_get(y,0,M-1)-anormr );

319 }

320 else

321 {

322 /* Internal points */

323 gsl_matrix_long_double_set(s, 0, indexv[1]-1,

324 -1.0 );

325 gsl_matrix_long_double_set(s, 0, indexv[2]-1,

326 -0.5*h );

327 gsl_matrix_long_double_set(s, 0, indexv[3]-1,
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328 0.0 );

329 gsl_matrix_long_double_set(s, 0, 2+indexv[1],

330 1.0 );

331 gsl_matrix_long_double_set(s, 0, 2+indexv[2],

332 -0.5*h );

333 gsl_matrix_long_double_set(s, 0, 2+indexv[3],

334 0.0 );

335 tempx = (gsl_vector_long_double_get(x,k-1)

336 +gsl_vector_long_double_get(x,k-2))/2.0;

337 tempy0 = (gsl_matrix_long_double_get(y,0,k-1)

338 +gsl_matrix_long_double_get(y,0,k-2))/2.0;

339 tempy1 = (gsl_matrix_long_double_get(y,1,k-1)

340 +gsl_matrix_long_double_get(y,1,k-2))/2.0;

341 tempy2 = (gsl_matrix_long_double_get(y,2,k-1)

342 +gsl_matrix_long_double_get(y,2,k-2))/2.0;

343

344 gsl_matrix_long_double_set(s, 1, indexv[1]-1,

345 -h

346 *(

347 (1.0/(2.0*powl(1.0-tempx*tempx ,2.0)))

348 *(

349 kp+mm*mm-ss-kn*kn*powl(1.0-tempx ,2.0)

350 +2.0*cc*ss*tempx

351 +2.0*mm*ss*tempx

352 -kp*kp*powl(1+tempx ,2.0)

353 +kn*(1.0+2.0*kp)*(1.0-tempx*tempx)

354 +tempx*tempx

355 *(

356 -powl(cc,2.0)-kp+ss*(1.0+ss)

357 -2.0*cc*ss*tempx+powl(cc,2.0)*tempx*tempx

358 )

359 -tempy2

360 +tempx*tempx*tempy2

361 )

362 )

363 );

364 gsl_matrix_long_double_set(s,1,indexv[2]-1,

365 -1.0-(h*(kp-kn*(1.0-tempx)+tempx+kn*tempx))/(1.0-tempx*tempx)

366 );

367 gsl_matrix_long_double_set(s,1,indexv[3]-1,

368 (h*(1.0-tempx*tempx)*tempy0)/(2.0*powl(1.0-tempx*tempx ,2.0))

369 );

370 gsl_matrix_long_double_set(s,1,2+indexv[1],

371 gsl_matrix_long_double_get(s,1,indexv[1]-1) );

372 gsl_matrix_long_double_set(s,1,2+indexv[2],

373 2.0+gsl_matrix_long_double_get(s,1,indexv[2]-1) );

374 gsl_matrix_long_double_set(s,1,2+indexv[3],

375 gsl_matrix_long_double_get(s,1,indexv[3]-1) );

376 gsl_matrix_long_double_set(s,2,indexv[1]-1,

377 0.0 );

378 gsl_matrix_long_double_set(s,2,indexv[2]-1,

379 0.0 );

380 gsl_matrix_long_double_set(s,2,indexv[3]-1,

381 -1.0 );

382 gsl_matrix_long_double_set(s,2,2+indexv[1],
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383 0.0 );

384 gsl_matrix_long_double_set(s,2,2+indexv[2],

385 0.0 );

386 gsl_matrix_long_double_set(s,2,2+indexv[3],

387 1.0 );

388 gsl_matrix_long_double_set(s,0,jsf-1,

389 gsl_matrix_long_double_get(y,0,k-1)

390 -gsl_matrix_long_double_get(y,0,k-2)

391 -0.5*h*(gsl_matrix_long_double_get(y,1,k-1)

392 +gsl_matrix_long_double_get(y,1,k-2)) );

393 gsl_matrix_long_double_set(s,1,jsf-1,

394 gsl_matrix_long_double_get(y,1,k-1)

395 -gsl_matrix_long_double_get(y,1,k-2)

396 -h

397 *(

398 (1.0/powl(1.0-tempx*tempx ,2.0))

399 *(

400 2.0*(kp-kn*(1.0-tempx)+tempx+kp*tempx)*(1.0-tempx*tempx)*tempy1

401 +tempy0

402 *(

403 kp+mm*mm-ss-kn*kn*powl(1.0-tempx ,2.0)

404 +2.0*cc*ss*tempx

405 +2.0*mm*ss*tempx

406 +tempx*tempx

407 *(

408 -powl(cc,2.0)-kp+ss*(1.0+ss)

409 -2.0*cc*ss*tempx+powl(cc,2.0)*tempx*tempx

410 )

411 -kp*kp*powl(1.0+tempx ,2.0)

412 +kn*(1.0+2.0*kp)*(1.0-tempx*tempx)

413 -tempy2

414 +tempx*tempx*tempy2

415 )

416 )

417 )

418 );

419 gsl_matrix_long_double_set(s,2,jsf-1,

420 gsl_matrix_long_double_get(y,2,k-1)

421 -gsl_matrix_long_double_get(y,2,k-2) );

422 }

423 }

424

425 /* ===================================================================== */

426

427

428 /* =====================================================================

429 * Block Diagonal Solver

430 * ===================================================================== */

431

432 int solvde

433 (int itmax, long double conv, long double slowc, long double scalv[],

434 int indexv[], int ne, int nb, int m, gsl_matrix_long_double *y,

435 gsl_matrix_long_double **c, gsl_matrix_long_double *s, FILE *fp)

436 {

437 int ic1, ic2, ic3, ic4, it, j, j1, j2, j3, j4, j5, j6, j7, j8, j9;
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438 int jc1, jcf, jv, k, k1, k2, km, kp,nvars;

439 long double err, errj, fac, vmax, vz;

440 gsl_vector_long_double *ermax_gsl;

441 gsl_vector_int *kmax_gsl;

442

443 kmax_gsl = gsl_vector_int_alloc(ne);

444 ermax_gsl = gsl_vector_long_double_alloc(ne);

445

446 k1 = 1;

447 k2 = m;

448 nvars = ne*m;

449 j1 = 1;

450 j2 = nb;

451 j3 = nb + 1;

452 j4 = ne;

453 j5 = j4 + j1;

454 j6 = j4 + j2;

455 j7 = j4 + j3;

456 j8 = j4 + j4;

457 j9 = j8 + j1;

458 ic1 = 1;

459 ic2 = ne - nb;

460 ic3 = ic2+1;

461 ic4 = ne;

462 jc1 = 1;

463 jcf = ic3;

464 for (it=1;it<=itmax;it++)

465 {

466 k = k1;

467 difeq(k,k1,k2,j9,ic3,ic4,indexv,ne,s,y);

468 pinvs(ic3,ic4,j5,j9,jc1,k1,c,s);

469 for (k=k1+1;k<=k2;k++)

470 {

471 kp = k - 1;

472 difeq(k,k1,k2,j9,ic1,ic4,indexv,ne,s,y);

473 red(ic1,ic4,j1,j2,j3,j4,j9,ic3,jc1,jcf,kp,c,s);

474 pinvs(ic1,ic4,j3,j9,jc1,k,c,s);

475 }

476 k = k2 + 1;

477

478 difeq(k,k1,k2,j9,ic1,ic2,indexv,ne,s,y);

479 red(ic1,ic2,j5,j6,j7,j8,j9,ic3,jc1,jcf,k2,c,s);

480 pinvs(ic1,ic2,j7,j9,jcf,k2+1,c,s);

481 bksub(ne,nb,jcf,k1,k2,c);

482 err = 0.0;

483 for (j=1;j<=ne;j++)

484 {

485 jv = indexv[j];

486 errj = vmax = 0.0;

487 km = 0;

488 for (k=k1;k<=k2;k++)

489 {

490 vz = fabsl(cf_gsl_3dmatrix_get(c,j,1,k));

491 //printf("\nvz = %Lf k = %d j = %d", vz, k, j);

492 if (vz > vmax)

xi



Appendix

493 {

494 vmax = vz;

495 km = k;

496 }

497 errj += vz;

498 }

499 err += errj/scalv[jv];

500 gsl_vector_long_double_set(ermax_gsl ,j-1,

501 cf_gsl_3dmatrix_get(c,j,1,km)/scalv[jv]);

502 gsl_vector_int_set(kmax_gsl ,j-1,km); // j-1 NR -> GSL indexing

503 }

504 err /= nvars;

505 fac = (err > slowc ? slowc/err : 1.0);

506 for (jv=1;jv<=ne;jv++)

507 {

508 j = indexv[jv];

509 for (k=k1;k<=k2;k++)

510 gsl_matrix_long_double_set (y, j-1,k-1,

511 gsl_matrix_long_double_get(y,j-1,k-1)

512 -fac*cf_gsl_3dmatrix_get(c,jv,1,k));

513 }

514 /*

515 printf("\n%8s %9s %9s\n","Iter.","Error","FAC");

516 printf("%6d %12.6Lf %11.6Lf\n",it,err,fac);

517 printf("%8s %8s %14s\n","Var.","Kmax","Max. Error");

518 for (j=1;j<=ne;j++)

519 printf("%6d %9d %14.6Lf \n",indexv[j],

520 gsl_vector_int_get(kmax_gsl ,j-1),

521 gsl_vector_long_double_get(ermax_gsl ,j-1));

522 */

523

524 if (err < conv) {

525 gsl_vector_long_double_free(ermax_gsl);

526 gsl_vector_int_free(kmax_gsl);

527 return GSL_SUCCESS;

528 }

529 }

530 GSL_ERROR("Too many iterations in SOLVDE",GSL_EMAXITER);

531 }

532

533 /* ===================================================================== */

534

535

536 /* =====================================================================

537 * Spin-Weighted Spherical Harmonics

538 * ===================================================================== */

539

540 unsigned long fac(int n)

541 {

542 if (n < 0)

543 GSL_ERROR("\n\nFactorial function input domain error.\n",GSL_EDOM);

544 if (n == 0)

545 return 1;

546 return (n*fac(n-1));

547 }
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548

549 unsigned binomial(int n, int k)

550 {

551 if (k > n || n < 0 || k < 0)

552 return 0;

553 else if (k == 0 || k == n)

554 return 1;

555 else

556 return binomial(n-1,k-1)+binomial(n-1,k);

557 // return fac(n)/fac(n-k)*fac(k); FACTORIALS!!

558 }

559

560 long double Yslm(int s, int l, int m, long double x)

561 {

562 long double ans;

563 long double theta = acosl(x);

564 long double sum = 0;

565 int r;

566 for(r=0;r<=l-s;r++)

567 sum += binomial(l-s,r)*binomial(l+s,r+s-m)

568 *pow(-1.0,l-r-s)*powl(1.0/tanl(theta/2.0) ,2.0*r+s-m);

569 ans = pow(-1.0,m)

570 *sqrtl((fac(l+m)*fac(l-m)*(2*l+1))/(fac(l+s)*fac(l-s)*4.0*M_PI))

571 *powl(sinl(theta/2.0) ,2.0*l)*sum;

572 return ans;

573 }

574

575 long double Pslm(int s, int l, int m, long double x)

576 {

577 return sqrt((4.0*M_PI*fac(l+m))/((2.0*l+1.0)*fac(l-m)))

578 *Yslm(s,l,m,x);

579 }

580

581 long double YslmPrime(int s, int l, int m, long double x)

582 {

583 long double ans;

584 long double theta = acosl(x);

585 long double sum = 0;

586 int r;

587 for(r=0;r<=l-s;r++)

588 sum += binomial(l-s,r)*binomial(l+s,r+s-m)*powl(-1.0,l-r-s)

589 *(

590 (

591 -(l+m-2.0*r-s+l*x)*powl((1.0/(tanl(theta/2.0))),-m+2.0*r+s)

592 *(1.0/(cosl(theta/2.0)))*powl(sinl(theta/2.0) ,-1.0+2.0*l)

593 )/(2.0*sqrt(1.0-powl(x,2.0)))

594 );

595 ans = powl(-1.0,m)

596 *sqrtl((fac(l+m)*fac(l-m)*(2*l+1))/(fac(l+s)*fac(l-s)*4.0*M_PI))

597 *sum;

598 return ans;

599 }

600

601 long double PslmPrime(int s, int l, int m, long double x)

602 {

xiii



Appendix

603 return sqrt((4.0*M_PI*fac(l+m))/((2.0*l+1.0)*fac(l-m)))

604 *YslmPrime(s,l,m,x);

605 }

606

607 long double xm1xp1YslmLimitL(int s, int l, int m)

608 {

609 if (m > s)

610 {

611 return powl(2.0,-fabsl(m+s)/2.0+(s-m)/2.0)

612 *powl(-1.0,l)

613 *sqrtl((fac(l-s)*fac(l+m)*(2*l+1))/(fac(l+s)*fac(l-m)*4.0*M_PI))

614 *1.0/fac(m-s);

615 }

616 else

617 {

618 return powl(2.0,-fabsl(m+s)/2.0-(s-m)/2.0)

619 *powl(-1.0,l-s+m)

620 *sqrtl((fac(l+s)*fac(l-m)*(2*l+1))/(fac(l-s)*fac(l+m)*4.0*M_PI))

621 *1.0/fac(s-m);

622 }

623 }

624

625 long double xm1xp1PslmLimitL(int s, int l, int m)

626 {

627 return sqrt((4.0*M_PI*fac(l+m))/((2.0*l+1.0)*fac(l-m)))

628 *xm1xp1YslmLimitL(s,l,m);

629 }

630

631 long double xm1xp1YslmLimitR(int s, int l, int m)

632 {

633 if (m > -s)

634 {

635 return powl(2.0,-fabsl(m-s)/2.0-(s+m)/2.0)

636 *powl(-1.0,m)

637 *sqrtl((fac(l+s)*fac(l+m)*(2*l+1))/(fac(l-s)*fac(l-m)*4.0*M_PI))

638 *1.0/fac(s+m);

639 }

640 else

641 {

642 return powl(2.0,-fabsl(m-s)/2.0+(s+m)/2.0)

643 *powl(-1.0,s)

644 *sqrtl((fac(l-s)*fac(l-m)*(2*l+1))/(fac(l+s)*fac(l+m)*4.0*M_PI))

645 *1.0/fac(-s-m);

646 }

647 }

648

649 long double xm1xp1PslmLimitR(int s, int l, int m)

650 {

651 return sqrt((4.0*M_PI*fac(l+m))/((2.0*l+1.0)*fac(l-m)))

652 *xm1xp1YslmLimitR(s,l,m);

653 }

654

655 /* ===================================================================== */

656

657
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658 /* =====================================================================

659 * I/O Functions

660 * ===================================================================== */

661

662 void output_slm(int s, int l, int m, long double c, FILE *fp)

663 {

664 fprintf(fp,"%d %d %d %Lf.19",s,l,m,c);

665 fprintf(fp,"\n");

666 }

667

668 void output_x(gsl_vector_long_double *x, FILE *fp)

669 {

670 int i;

671 for(i=0;i<=M-1;i++)

672 fprintf(fp,"%.19Lf ",gsl_vector_long_double_get(x,i));

673 fprintf(fp,"\n");

674 }

675

676 void output_y(gsl_matrix_long_double *y, FILE *fp)

677 {

678 int i;

679 for(i=0;i<=M-1;i++)

680 fprintf(fp,"%.19Lf ",gsl_matrix_long_double_get(y,0,i));

681 fprintf(fp,"\n");

682 for(i=0;i<=M-1;i++)

683 fprintf(fp,"%.19Lf ",gsl_matrix_long_double_get(y,1,i));

684 fprintf(fp,"\n");

685 }

686

687 void output_SWSH(gsl_matrix_long_double *y, FILE *fp)

688 {

689 int i;

690 for(i=0;i<=M-1;i++)

691 fprintf(fp,"%.19Lf ",

692 powl(1.0-gsl_vector_long_double_get(x,i),kp)

693 *powl(1.0+gsl_vector_long_double_get(x,i),kn)

694 *gsl_matrix_long_double_get(y,0,i)

695 );

696 fprintf(fp,"\n");

697 for(i=0;i<=M-1;i++)

698 fprintf(fp,"%.19Lf ",

699 -powl(1.0-gsl_vector_long_double_get(x,i),-1.0+kp)

700 *powl(1.0+gsl_vector_long_double_get(x,i),-1.0+kn)

701 *

702 (

703 (

704 -kn+kp

705 +kn*gsl_vector_long_double_get(x,i)

706 +kp*gsl_vector_long_double_get(x,i)

707 )

708 *gsl_matrix_long_double_get(y,0,i)

709 -(1.0-powl(gsl_vector_long_double_get(x,i),2.0))

710 *gsl_matrix_long_double_get(y,1,i)

711 )

712 );
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713 fprintf(fp,"\n");

714 }

715

716 /* ===================================================================== */

717

718

719 /* =====================================================================

720 * Spheroidal Harmonics

721 * ===================================================================== */

722

723 int main()

724 {

725 /* Declaration and allocation */

726 int itmax,k,indexv[NE+1];

727 long double conv,deriv,fac1,fac2,q1,slowc,scalv[NE+1];

728 gsl_matrix_long_double *s;

729 gsl_matrix_long_double *y;

730 gsl_matrix_long_double **c;

731

732 FILE *data;

733 FILE *slm;

734 data = fopen("Sfroid_test.txt", "w");

735 slm = fopen("slm.txt", "w");

736

737 x = gsl_vector_long_double_alloc(M);

738 y = gsl_matrix_long_double_alloc(NYJ,NYK);

739 s = gsl_matrix_long_double_alloc(NSI,NSJ);

740 c = cf_gsl_3dmatrix_alloc(NCI,NCJ+1,NCK+1);

741

742 /* Solver Parameters */

743 itmax = 2000;

744 conv = 5.0e-6;

745 slowc = 1.0;

746 h = 2.0/(M-1);

747

748 printf("\nenter s l m\n");

749 scanf("%d %d %d",&ss,&ll,&mm);

750

751 kn = fabsl(mm-ss)/2.0;

752 kp = fabsl(mm+ss)/2.0;

753

754 printf("\nEnter c (long double) or 999 to cancel\n");

755 double windows_work_around;

756 scanf("%Lf",&windows_work_around);

757 tar = windows_work_around;

758 cc = 0.0;

759

760 /* Index to swap rows/columns to prevent zero pivot

761 * elements / singular matrix */

762 indexv[1]=1;

763 indexv[2]=2;

764 indexv[3]=3;

765

766 anorml = xm1xp1PslmLimitL(ss,ll,mm);

767 anormr = xm1xp1PslmLimitR(ss,ll,mm);
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768

769 if ( fabsl(anorml) > fabsl(anormr) )

770 anorm = anorml;

771 else

772 anorm = anormr;

773

774 /* Interior IC based on associated Legendre polynomials. This is

775 * largely unchanged */

776 for (k=1;k<=(M-2);k++)

777 {

778 gsl_vector_long_double_set(x,k,

779 (k)*h-1.0

780 );

781 gsl_matrix_long_double_set(y,0,k,

782 powl(1.0-gsl_vector_long_double_get(x,k),-kp)

783 *powl(1.0+gsl_vector_long_double_get(x,k),-kn)

784 *Pslm(ss,ll,mm,gsl_vector_long_double_get(x,k))

785 );

786 gsl_matrix_long_double_set(y,1,k,

787 powl(1.0-gsl_vector_long_double_get(x,k),-1.0-kp)

788 *powl(1.0+gsl_vector_long_double_get(x,k),-1.0-kn)

789 *

790 (

791 powl(1.0-gsl_vector_long_double_get(x,k),kp)

792 *powl(1.0+gsl_vector_long_double_get(x,k),kn)

793 *(

794 -kn+kp

795 +kn*gsl_vector_long_double_get(x,k)

796 +kp*gsl_vector_long_double_get(x,k)

797 )

798 *gsl_matrix_long_double_get(y,0,k)

799 +(1.0-powl(gsl_vector_long_double_get(x,k),2.0))

800 *PslmPrime(ss,ll,mm,gsl_vector_long_double_get(x,k))

801 )

802 );

803 gsl_matrix_long_double_set(y,2,k,ll*(ll+1)-ss*(ss+1));

804 }

805

806 /* IC at x(-1) */

807 gsl_vector_long_double_set(x,0,-1.0);

808 gsl_matrix_long_double_set(y,0,0,anorml);

809 gsl_matrix_long_double_set(y,2,0,ll*(ll+1)-ss*(ss+1));

810 gsl_matrix_long_double_set(y,1,0,

811 gsl_matrix_long_double_get(y,0,0)

812 *(

813 (

814 -4.0*gsl_matrix_long_double_get(y,2,0) -4.0*powl(cc,2.0)+4.0*kn

815 +4.0*powl(kn,2.0)+mm*mm-4.0*ss-8.0*cc*ss+2.0*mm*ss-3.0*ss*ss

816 )

817 /(

818 16.0*kn+8.0*kn*kn-2.0*(-4.0+mm*mm-2.0*mm*ss+ss*ss)

819 )

820 +kp/2.0

821 )

822 );
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823

824 /* IC at x(1) */

825 gsl_vector_long_double_set(x,M-1,1.0);

826 gsl_matrix_long_double_set(y,0,M-1,anormr);

827 gsl_matrix_long_double_set(y,2,M-1,ll*(ll+1)-ss*(ss+1));

828 gsl_matrix_long_double_set(y,1,M-1,

829 gsl_matrix_long_double_get(y,0,M-1)

830 *(

831 (

832 4.0*gsl_matrix_long_double_get(y,2,M-1)+4.0*powl(cc,2.0) -4.0*kp

833 -4.0*powl(kp,2.0)-mm*mm+4.0*ss-8.0*cc*ss+2.0*mm*ss

834 +3.0*powl(ss,2.0)

835 )

836 /(

837 16.0*kp+8.0*powl(kp,2.0) -2.0*(-4.0+mm*mm+2.0*mm*ss

838 +powl(ss,2.0))

839 )

840 -kn/2.0

841 )

842 );

843

844 output_slm(ss,ll,mm,cc,slm);

845 output_x(x,data);

846 output_SWSH(y,data);

847

848 /* Scaling for convergence rate control */

849 scalv[1] = fabsl(anorm);

850 if (gsl_matrix_long_double_get(y,1,M-1) > fabsl(anorm))

851 scalv[2] = gsl_matrix_long_double_get (y,1,M-1);

852 else

853 scalv[2] = fabsl(anorm);

854 if (gsl_matrix_long_double_get(y,2,M-1) > 1.0)

855 scalv[3] = gsl_matrix_long_double_get(y,2,M-1);

856 else

857 scalv[3] = 1.0;

858

859 while(1){

860 if (windows_work_around == 999 || cc >= tar){

861 output_SWSH(y,data);

862 cf_gsl_3dmatrix_free(c,NCI);

863 gsl_matrix_long_double_free(s);

864 gsl_matrix_long_double_free(y);

865 fclose(data);

866 fclose(slm);

867 printf("\nc = %.2Lf lambda = %.15Lf mathematica = %.15Lf\n",

868 cc,gsl_matrix_long_double_get(y,2,0),

869 gsl_matrix_long_double_get(y,2,0)-powl(cc,2.0));

870 return 0;

871 }

872

873 cc += 0.1;

874

875 solvde(itmax,conv,slowc,scalv,indexv,NE,NB,M,y,c,s,data);

876 // printf("\nc = %.2Lf lambda = %.15Lf mathematica = %.15Lf\n",

877 // cc,gsl_matrix_long_double_get(y,2,0),
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878 // gsl_matrix_long_double_get(y,2,0)-powl(cc,2.0));

879

880 // printf("\nEnter c (long double) or 999 to finish\n");

881 }

882 }
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