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1 Introduction to Dynamical Models

Difference equations

A difference equation (or an iterated map) can be written as

xn+1 = f(xn),

where xn is the value of a variable x at some time n, and f is a function that describes the
relationship between the value of x at time n and n+ 1. This equation can be analysed using a
simple geometric interpretation, called the cobweb construction below. Given an initial condition
x0, draw a vertical line until it intersects the graph of f : that height is given by x1. Then return
to the horizontal axis and repeat the procedure to get x2 from x1.

Differential equations

Differential equations describe the evolution of systems in continuous time (whereas iterated
maps - in discrete time). A system of ordinary differential equations (ODEs):

ẋ1 = f1(x1, ..., xn),
...

ẋn = fn(x1, ..., xn).

Here ẋi ≡ dxi/dt.

A single ODE is a mathematical equation for an unknown function of one independent variable
that relates the values of the function itself and of its derivative. In general, ODEs define the
rates of change of the variables in terms of the current state. To solve a system of ODEs means
to find continuous functions x1(t),..., xn(t) of the independent variable t that, along with their
derivatives, satisfies the system of equations.
Autonomous systems: fi(x1, ..., xn); nonautonomous systems: fi(x1, ..., xn, t).
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1.1 First-order systems

ẋ = f(x)

Reminder: Linear ODE

ẋ = −x
τ
, x(0) = x0.

Solution: x(t) = x0e−t/τ

One of the most basic techniques of dynamics is to interpret a differential equation as a vector
field.

Example 1. ẋ = sinx
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Fixed points and stability

A solution x(t) of differential equation starting from the initial condition x0 is also called a
trajectory. The fixed points (equilibrium solutions, steady-states) are defined by f(x∗) = 0.

• A fixed point is defined to be stable if all sufficiently small disturbances away from it damp
out in time.

– If all solutions of the dynamical system that start out near an equilibrium point x∗

stay near x∗ forever, then x∗ is Lyapunov stable.

– More strongly, if all solutions that start out near x∗ converge to x∗, then x∗ is asymp-
totically stable.

– The notion of exponential stability guarantees a minimal rate of convergence.

• If disturbances grow in time a fixed point is defined to be unstable.

Example 2. Find all fixed points and classify their stability

ẋ = x2 − 1

.

Example 3. Population Growth: Classify the fixed points of the logistic equation

Ṅ = rN

(
1− N

K

)
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Linear stability analysis

Let x∗ - a fixed point and η(t) = x(t)− x∗ - a small perturbation.

η̇ = f(x∗ + η)

Reminder: Taylor series of f about the point x∗

f(x) =
∞∑
n=0

f (n)(x∗)
(x− x∗)n

n!
,

where f (k)(x∗) is the kth derivative of the function f evaluated at x∗.

Then f(η + x∗) = f(x∗) + f ′(x∗)η + O(η2)⇒

η̇ = f ′(x∗)η

• η(t) grows exponentially if f ′(x∗) > 0 ⇒ x∗ - unstable

• η(t) decays exponentially if f ′(x∗) < 0 ⇒ x∗ - stable

Local existence and uniqueness (in R)

Example 4.
ẋ = x1/3 x(0) = 0

The point x = 0 is a fixed point, so one solution is x(t) = 0 for all t. Also∫
dx

x1/3
=

∫
dt⇒ 3

2
x2/3 = t + C

Initial data ensures C = 0 so x(t) = (2t/3)3/2. The co-existence of solutions (non-uniqueness)
is due to the fact that x1/3 is not continuously differentiable.

Theorem: Consider the initial value problem (IVP)

ẋ = f(x), x(0) = x0

Suppose that f is continuously differentiable on an open interval I ⊂ R with x0 ∈ I. Then the
IVP has a solution x(t) on some interval (−τ, τ) about t = 0 and the solution is unique.

Example 5.
ẋ = 1 + x2, x(0) = 0

∫
dx

1 + x2
=

∫
dt⇒ tan−1 x = t + C

Initial data ensures C = 0 so x = tan t and only exists for −π/2 < t < π/2. This is an example
of blow-up where x(t) reaches ∞ in finite time.

As we have seen, all flows on a line either approach a fixed point or diverge to ±∞. In essence
overshoot and damped oscillations can never occur in a first order system. It is never possible
to have periodic motion for the first order system ẋ = f(x), x ∈ R, f : R → R. (Motion on a
circle may however lead to periodic motion).
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Potentials

For a dynamical system ẋ = f(x), the potential V (x) is defined by

f(x) = −dV

dx
.

Numerical simulation of dynamical systems

This is a vast subject in its own right. It is a powerful means of obtaining insight into the
behaviour of nonlinear dynamical systems (thanks to cheap high speed computers) by obtaining
approximate solutions to problems that are analytically intractable.

Euler’s method Given a dynamical systems ẋ = f(x) and a known solution at time t we
approximate the solution at time t + ∆t by x(t + ∆t) where

x(t + ∆t) = x(t) + f(x(t))∆t

Introducing the notation xn = x(tn) where tn = n∆t we have the following iterative scheme

xn+1 = xn + f(xn)∆t

Improved Euler method One problem with the Euler method is that it estimates the derivative
ẋ only at the left end of the time-interval between tn and tn+1. A better approach is to use the
average derivative across this interval. First construct the estimate x̃n+1 ≈ xn + f(xn)∆t and
then take the average of f(xn) and f(x̃n) and use that to construct the next step in the iterative
scheme. The improved Euler method is then given by

x̃n = xn + f(xn)∆t the trial step

xn+1 = xn +
1

2
[f(xn) + f(x̃n)]∆t

This scheme tends to a smaller error E = |x(tn) − xn| for a given step-size ∆t. For the (first
order) Euler method E ∝ ∆t, whilst for the (second order) modified Euler E ∝ (∆t)2.

An accurate and commonly used scheme is the so-called fourth-order Runge-Kutta scheme:

xn+1 = xn + ∆t

[
1

6
k1(n) +

1

3
k2(n) +

1

3
k3(n) +

1

6
k4(n)

]
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where

k1(n) = f(xn)

k2(n) = f(xn +
1

2
∆tk1(n))

k3(n) = f(xn +
1

2
∆tk2(n))

k4(n) = f(xn + ∆tk3(n))

Rather than developing code from scratch it is useful to work with a tried and tested piece of
software such as XPPAUT.

Dynamical Systems Software

From the home-page of Hinke Osinga at http://www.enm.bris.ac.uk/staff/hinke/dss/ (but not
up-to-date)

1. AUTO 2000 is a software package for continuation and bifurcation problems in ordinary
differential equations.

2. BOV-method Nonpublic software for the computation of normally hyperbolic invariant man-
ifolds in discrete dynamical systems.

3. CANDYS QA Computer Analysis of Nonlinear Dynamical Systems Qualitative Analysis. A
software package for numerical bifurcation analysis of dynamical systems.

4. CONTENT 1.5 is designed to perform simulation, continuation, and normal form analysis
of dynamical systems. The current version supports bifurcation analysis of ODE’s, iterated
maps, and evolution PDE’s in the unit interval.

5. DDE-BIFTOOL is a Matlab package for numerical bifurcation analysis of delay differential
equations with several fixed discrete delays.

6. DsTool is a toolkit for exploring dynamical systems. It can do simulation of diffeomorphisms
and ODE’s, find equilibria and compute their one-dimensional stable and unstable manifolds.

7. Dynamics is designed for the exploration of two-dimensional maps, both diffeomorphisms
and noninvertible maps.

8. Dynamics Solver is intended to solve initial and boundary-value problems for continuous and
discrete dynamical systems. It is possible to draw phase-space portraits, Poincaré maps,
Lyapunov exponents, cobweb diagrams, histograms and bifurcation diagrams.

9. GAIO is experimental software for the approximation of invariant sets and invariant measures
in dynamical systems.

10. Geomview is an interactive program written at the Geometry Center for viewing and ma-
nipulating geometric objects in three dimensions, or in three three-dimensional projections
of four dimensional space.

11. Global Manifolds 1D Software for globalizing one-dimensional stable and unstable manifolds
for maps in R2

12. Global Manifolds 2D Nonpublic software for globalizing two-dimensional stable and unstable
manifolds for maps in R3
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13. Multifario is a set of subroutines and data structures for computing manifolds of dynamical
systems.

14. PDECONT 1.01 This code implements some Newton-Picard single shooting algorithms for
the continuation of periodic solutions of large-scale problems. The method tries to exploit
the fact that many systems have only low-dimensional dynamics. Although the primary
goal was the computation of periodic solutions of PDE’s, the code can also be used for
large ODE systems.

15. Phaser is a universial simulator for dynamical systems that provides a powerful, yet inviting,
computing environment specifically crafted for the graphical and numerical simulations of
differential and difference equations, from linear to chaotic.

16. Strong (Un)Stable Manifolds Software for computing one-dimensional strong stable and
unstable manifolds for vector fields.

17. XPP/XPPAUT is a package for simulating and numerically solving dynamical systems. XPP
can handle Differential equations, Delay equations, Volterra integral equations, Discrete
dynamical systems, Markov processes, and Bifurcations.

In addition

• PyDSTool (XPPAUT alternative in Python, http://www2.gsu.edu/∼matrhc/PyDSTool.htm)

• MATCONT (a graphical Matlab package, http://www.matcont.ugent.be/)

Y Timofeeva
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