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Minimum weight cycle

Also known as the girth

OPT = length of the minimum weight cycle (MWC).

N
4 A

Sum of all edge weights in the cycle




Minimum weight cycle

Also known as the girth

OPT = length of the minimum weight cycle (MWC).

N
4 A

Sum of all edge weights in the cycle

[Cycle C is £-approximation of MWC }—)[ Lengthof C < £ - OPT }
A
Goal: Compute this in the CONGEST model of distributed computing.
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* MWC and RP have some similarities.

In CONGEST, they are particularly interesting because their optimal round complexities
do not fall into the common complexity classes: (D), ®(\n + D), B(n).

. @(nz/?’ + D) is the tight round complexity bound for unweighted directed RP.

Chang, Chen, Dey, Mishra, Nguyen and Sanchez [PODC 2025]
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Variants

* There are four variants of the MWC problem:

[Unweightedw ( Undirected }

[Weighted J [ Directed }

e Our focus: Weighted + Undirected.

We briefly discuss the remaining cases near the end of the talk.



Previous bounds

* There are four variants of the MWC problem:

[UnweightedW ( Undirected }

[Weighted J [ Directed J

e Our focus: Weighted + Undirected. >

Prior work:

» (2 + e)-approximation: 0(n?/3 + D)
e (2 — e)-approximation: Q(n)

 Any approximation: Q(+/n)

~
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Manoharan and Ramachandran [PODC 2024]



Main guestions

* There are four variants of the MWC problem:

_ ) ( _ Main questions:
[Unwelghted Undirected } +  Can we close this gap?
 What is the tight round-approximation tradeoff?
[ Weighted J [ Directed J
\4 N\

Prior work:

» (2 + e)-approximation: 0(n?/3 + D)
e (2 — e)-approximation: Q(n)

 Any approximation: Q(+/n)

e Our focus: Weighted + Undirected. >

J

Manoharan and Ramachandran [PODC 2024]




Improving the approximation factor by —©(1/logn) only increases the round complexity by a constant factor.

Our results

|
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New upper bound. (k + 1)-approximation: O(n¥*1/k+1) 4 D) for any real k > 15 1.62. }
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Improving the approximation factor by —©(1/logn) only increases the round complexity by a constant factor.

Our results

Y
[New upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

Improving the round complexity at the
cost of a worse approximation ratio.

/Prior work: \ A

» (2 + e)-approximation: 0(n?/3 + D)
e (2 — e)-approximation: Q(n)
 Any approximation: Q(+/n)

N /
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T \gher lower bound

Conditioning on the Prior work:
Erdos girth conjecture. e (2 + €)-approximation: 0(n2/3 + D)
e (2 — e)-approximat
 Any approximation: Q(+/n)
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Improving the approximation factor by —©(1/logn) only increases the round complexity by a constant factor.

Our results
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[New upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

$ Theymatchatk = 2,3,4,5, ...

[New lower bound. (k + 1 — €)-approximation: Q(n**V/(k+D) 4 D) for any integer k > 1. ]

T

Conditioning on the
Erdos girth conjecture.




The guiding tradeoft

[New upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

$ Theymatchatk = 2,3,4,5, ...

[New lower bound. (k + 1 — €)-approximation: Q(n**V/(k+D) 4 D) for any integer k > 1. J

\ Both upper and lower bounds are due
to this congestion-dilation tradeoff.

Congestion: the amount of information G
needed to cross some edge.

he guiding tradeoff: h

 Congestion: a1*1/k

o * Dilation: n/a
Dilation: the number of hops between the min {a1+1/k n n/a} _ G(n(kﬂ)/(z,cﬂ))/

sender and the receiver of some message. \_ «a
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* H = any a-vertex graph with girth > 2k + 2 and Q(al*1/k) edges.

* Create two subgraphs G; and G, of H. Add an infinite-weight overlay tree over this
graph to shrink the diameter to O (logn).

Both subgraphs encode an |E(H)| € Q(a!*1/*)-bit string.
1 < existence of an edge
* 0 < non—existence of an edge

Claim: (k + 1 — €)-approximate MWC requires
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Distinguishing between OPT < 2 and OPT > 2k + 2 For each vertex in G; and its corresponding vertex in G,
add a zero-weight path of @(n/a) hops connecting them.
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Lower bound

The existence is guaranteed by the Erdos girth conjecture.
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* H = any a-vertex graph with girth > 2k + 2 and Q(al*1/k) edges.

* Create two subgraphs G; and G, of H. Add an infinite-weight overlay tree over this
graph to shrink the diameter to O (logn).

Both subgraphs encode an |E(H)| € Q(a!*1/*)-bit string.
1 < existence of an edge
* 0 < non—existence of an edge

:.

Claim: (k + 1 — €)-approximate MWC requires
solving set-disjointness over the two strings.

T Y
Distinguishing between OPT < 2 and OPT > 2k + 2 For each vertex in G; and its corresponding vertex in G,
add a zero-weight path of @(n/a) hops connecting them.
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The existence is guaranteed by the Erdos girth conjecture.

|

* H = any a-vertex graph with girth > 2k + 2 and Q(al*/k) edges.

* Create two subgraphs G; and G, of H. Add an infinite-weight overlay tree over this
graph to shrink the diameter to O (logn).

Both subgraphs encode an |E(H)| € Q(a!*1/*)-bit string.
1 < existence of an edge
* 0 < non—existence of an edge

Claim: (k + 1 — €)-approximate MWC requires
solving set-disjointness over the two strings.

f

Distinguishing between OPT < 2 and OPT = 2k + 2 For each vertex in G; and its corresponding vertex in G,
add a zero-weight path of @(n/a) hops connecting them.




Two ways to solve set-disjointness:

I_O\Ne r b oun d * Use the overlay tree — congestion: () (0(1+71c/10g n).

* Go along the long paths — dilation: Q(n/a).
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Two ways to solve set-disjointness:

I_O\Ne r b oun d * Use the overlay tree — congestion: () (0(1+71c/10g n).

* Go along the long paths —dilation: Q(n/a).
A

ﬁ(n(k“)/(z"“) + D) lower bound

A

Y

Claim: (k + 1 — €)-approximate MWC requires -
solving set-disjointness over the two strings. T

he guiding tradeoff: A

1+1/k

* Congestion:
T * Dilation: n/a
Distinguishing between OPT < 2 and OPT > 2k + 2 min {al"‘l/k + n/a} — @(n(k+1)/(2k+1))/

N
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Partitioning the vertex set into low-diameter clusters.




Upper bound

* Key idea: Using low-diameter decompositions.

N y
Y

Partitioning the vertex set into low-diameter clusters.

* Intuition:
e Suppose OPT = 2d.
« Suppose there is a cluster of radius at most (k + 1)d containing the MWC.

N y
Y

Distance from the cluster center to any point is at most (k + 1)d.

f

Not just vertices but also any
intermediate point on an edge.
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* Suppose there is a cluster of radius at most (k + 1)c/i containing the MWC.
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rooted at the cluster center s.
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Upper bound

* Key idea: Using low-diameter decompositions.

N y
Y

Partitioning the vertex set into low-diameter clusters.

* Intuition:
e Suppose OPT = 2d.
* Suppose there is a cluster of radius at most (k + 1)6 containing the MWC.

N
. l
Consider the SSSP tree T of the cluster .
There is a non-tree-edge
rooted at the cluster center s. _ :
e = {u, v} in the cluster.

!

Can find a (k + 1)-approximation of MWC just by considering cycles with only one non-tree-edge.

Weight of cycle<2-(k+1)d < (k+ 1) - OPT



U p pe I bOU N d [Next: Construct such a clustering. }

* Key idea: Using low-diameter decompositions.

\ J
Y

Partitioning the vertex set into low-diameter clusters.

* Intuition:
e Suppose OPT = 2d.
* Suppose there is a cluster of radius at most (k + 1)6 containing the MWC.

N
. l
Consider the SSSP tree T of the cluster .
There is a non-tree-edge
rooted at the cluster center s. _ :
e = {u, v} in the cluster.

!

Can find a (k + 1)-approximation of MWC just by considering cycles with only one non-tree-edge.

Weight of cycle<2-(k+1)d < (k+ 1) - OPT



MPX clustering

Miller, Peng, and Xu [SPAA 2013]

~

-

Weighted MPX clustering:
* Each vertex v grows an SSSP tree at time —0,,.

e : kd
* 0, follows the exponential distribution with mean —

* Each vertex joins the cluster of the first SSSP tree that hits it.
k * The propagation time of SSSP tree along an edge equals its weight. J




MPX clustering

Miller, Peng, and Xu [SPAA 2013]

~

Weighted MPX clustering:
* Each vertex v grows an SSSP tree at time —0,,.

e : kd
* 0, follows the exponential distribution with mean —

* Each vertex joins the cluster of the first SSSP tree that hits it.
K * The propagation time of SSSP tree along an edge equals its weight. /

Claim: With probability Q(n‘l/"), the clustering has the desired properties.

i

Repeating for O(nl/"") times suffice for (k + 1)-approximation of MWC.



Implementation

Known tradeoff for (1 4+ €)-approximate
undirected weighted SSSP:
* Congestion: «

% Dilation: n/«a )

Becker, Forster, Karrenbauer, Lenzen [DISC 2017]

Claim: With probability Q(n‘l/k), the clustering has the desired properties.

l

Repeating for O(nl/k) times suffice for (k + 1)-approximation of MWC.



Implementation O(nt+D/2k + D)

]

’\ . ) 4 )
Known tradeoff for (1 + €)-approximate Tradeoff for (k + 1)-approximation of MWC:
undirected yvelghted SSSP: . Congestion: a - n'/k
* Congestion: a * Dilation: n/a

& Dilation: n/a y N j

Becker, Forster, Karrenbauer, Lenzen [DISC 2017]

Claim: With probability Q(n‘l/k), the clustering has the desired properties.

i

Repeating for O(nl/k) times suffice for (k + 1)-approximation of MWC.



Caveat

Known tradeoff for (1 + €)-approximate
undirected weighted SSSP:
* Congestion: «

% Dilation: n/«a )

Becker, Forster, Karrenbauer, Lenzen [DISC 2017]

We need a the approximate SSSP to be tree-like.

Rozhon, Haeupler, Martinsson, Grunau, Zuzic [STOC 2023]



Implementation

We are not done yet!

How to tighten the upper bound?

<

O'(n(k+1)/2k + D)

]

Tradeoff for (k + 1)-approximation of MWC:

 Congestion: a - n'/k

* Dilation:n/a

~

J

0 (n(k+D/C@+D) 4 )

-
The guiding tradeoff:

e Congestion: a1+1/k
* Dilation: n/a

\

J




Implementation — O(nt+D/2k + D)

]

Tradeoff for (k + 1)-approximation of MWC:
 Congestion: a - n'/k
* Dilation:n/a

~

/

We are not done yet!

How to tighten the upper bound? _
O(n(k+1)/(2k+1) + D)

]

Solution: Handle long-hop and ~ ™
short-hop cycles separately, using The guiding tradeoff:
n/a as the threshold. « Congestion: a'*1/k

* Dilation: n/a

N \_ Y,




Short-hop cycles — 0(nt**1/2k + D)

]

For cycles of at most n/a hops, e ™~
using rounding + BFS, the Tradeoff for (k + 1)-approximation of MWC:
congestion is reduced to n'/¥. <  Congestion: a - n'/k

* Dilation:n/a

J

<

v ~
v O(n(k+1)/(2k+1) + D)
< nk+D/2k+1) \when k > — =~ 1.62 T

4 )
The guiding tradeoff:

e Congestion: a1+1/k
* Dilation: n/a

N N J




Long-hop cycles — 0(nt**1/2k + D)

What about long-hop cycles? e T ~
Tradeoff for (k + 1)-approximation of MWC:

It suffices to improve the number of SSSP * Congestion: a - nl/*

computation from 0(n'/) to 0(a'/¥). K. Dilation: n/a )

Solution sketch: Modify MPX to initiate <
an SSSP tree only from the O(a)

randomly sampled vertices. Why this is ’O'(n(k+1)/(2k+1) + D)
fine? Intuitively, for long-hop cycles, with
high probability there will be Q.(1) T
sampled vertices on the cycle. fThe guiding tradeoff: )
A lot of technical details omitted... * Congestion: alt1/k

* Dilation: n/a

\ \_ J
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Y
[New upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

$ Theymatchatk = 2,3,4,5, ...

[New lower bound. (k + 1 — €)-approximation: Q(n**V/(k+D) 4 D) for any integer k > 1. ]

T

Conditioning on the
Erdos girth conjecture.
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Y
[New upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

$ Theymatchatk = 2,3,4,5, ...

[New lower bound. (k + 1 — €)-approximation: Q(n**V/(k+D) 4 D) for any integer k > 1. J

T Take-away message: MIPX is the right tool to

tackle the MWC problem in the CONGEST model.
Conditioning on the

Erdos girth conjecture. In the sense that it
yields tight bounds.



Improving the approximation factor by —©(1/logn) only increases the round complexity by a constant factor.

Summary

Y
[New upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

$ Theymatchatk = 2,3,4,5, ...

[New lower bound. (k + 1 — €)-approximation: Q(n**V/(k+D) 4 D) for any integer k > 1. J

T Take-away message: MIPX is the right tool to
tackle the MWC problem in the CONGEST model.

Conditioning on the and beyond

Erdos girth conjecture.

Some implications: (via known results for (1 + €)-approximate undirected weighted SSSP)
e O0(mn'/¥)-work 0(1)-depth parallel algorithm.
«  0(n'/*)-round broadcast congested clique. <—— Optimal!



Possible extension to directed graphs?

* There are four variants of the MWC problem:

[Unwe'ghted3><( Undirected }
{ ( J What about directed graphs?

Weighted J L Directed

e Our focus: Weighted + Undirected.

N J
Y

B(n(kr/(2k+D) 4 p)




Possible extension to directed graphs?

* There are four variants of the MWC problem:

[Unweightedw ( Undirected } Conjecture: Our approach also extends to directed
graphs, and ©(n**1/(2k+1) 4 D) js also the tight bound.

{Weightedj { Directed J What about directed graphs?

e Our focus: Weighted + Undirected.

N J
Y

B(n(kr/(2k+D) 4 p)




Possible extension to directed graphs?

Our lower bound extends to directed graphs immediately.

V

Conjecture: Our approach also extends to directed
graphs, and ©(n**1/(2k+1) 4 D) js also the tight bound.

A

Upper bound: Replace MPX with some directed version
of the clustering?



Improving the approximation factor by —©(1/logn) only increases the round complexity by a constant factor.

Independent work

Y
[New upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

$ Theymatchatk = 2,3,4,5, ...

[New lower bound. (k + 1 — €)-approximation: Q(n**V/(k+D) 4 D) for any integer k > 1. J

T Independent work: “Girth Approximations in the CONGEST Model”
Conditioning on the by Shiri Chechik, Gur Lifshitz, Doron Mukhtar [PODC 2026]
Erdos girth conjecture.
N
‘e Same lower bound. A

« Upper bound: O(n(k+1D/2k+1) 4 p)
* Higher approximation ratio: 2k — 1 + o(1)
* Only forintegers k.



Improving the approximation factor by —©(1/logn) only increases the round complexity by a constant factor.

Independent work

Y
ENew upper bound. (k + 1)-approximation: O(n*V/k+1) 4 D) for any real k > 1+2\/§ ~ 1.62. }

$ Theymatchatk = 2,3,4,5, ...

[New lower bound. (k + 1 — €)-approximation: Q(n**V/(k+D) 4 D) for any integer k > 1. J

T Independent work: “Girth Approximations in the CONGEST Model”
Conditioning on the by Shiri Chechik, Gur Lifshitz, Doron Mukhtar [PODC 2026]
Erdos girth conjecture. A N
8 Unweighted undirected: O0(n'/f + D) rounds. /v same lower bound. h
* f-approximation « Upper bound: O(n{k+1D/Zk+1) 4 p)
« Directed: 0(n?/ + D) rounds. « Higher approximation ratio: 2k — 1 + o(1)
e 2-approximation (unweighted) * Only for integers k.

* (2 + e)-approximation (weighted)



Open problems

[ Exact W (Unweightedw (Undirectedw ( MWC }
[ApproximateJ [Weighted J [ Directed J [ RP }

Determine their optimal round complexities.
« Many of these problems do not fall into the common complexity classes: ©(D), ©(v/n + D), 0(n).

Can we get universally-optimal algorithms?



Open problems

[ Exact W (Unweightedw ( Undirected W ( MWC }

[ApproximateJ [Weighted J [ Directed J [ RP }

Determine their optimal round complexities.
« Many of these problems do not fall into the common complexity classes: ©(D), ©(v/n + D), 0(n).

Can we get universally-optimal algorithms?

Thank you!
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