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Ramsey numbers I

Write G→_H if in every red- blue edge - colouring of G there
is a monochromatic ( red or blue) copy of H .
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Ramsey numbers I

Write G if in every red- blue edge - colouring of G there
is a monochromatic ( red or blue) copy of H .

oB⑧

Eg. Rs -1, K, • ••

,
but Ka→ Ks .

0000 ⑧⑧



122

Shoham Letzter Size-Ramsey numbers of powers of tight paths 8 March 2021

Ramsey numbers I

Write G→_H if in every red- blue edge - colouring of G there
is a monochromatic ( red or blue) copy of H .

BOO

Eg. Rs -1, K, • ••

,
but Ra→ Ks .

BBB 00

The Ramseynu-mb.ir r CH) of H is

r CH) - min { n : kn→ H} .
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Ramsey numbers I

Write G→_H if in every red- blue edge - colouring of G there
is a monochromatic ( red or blue) copy of H .

oB⑧

E.g. Rs -1, K,
•• ••

,
but Ra→ Kz . So r (Ks) -- G .

BOBO ⑧⑧

The Ramseynu-mb.ir RIH) of H is

RCH) - min { n : kn→ H} .
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Ramsey numbers I

Write G if in every red- blue edge - colouring of G there
is a monochromatic ( red or blue) copy of H .

oB⑧

E.g. Rs -1, K,
•• ••

,
but Ra→ Kz . So r (Ks) -- G .

0000

The Ramseynu-mb.ir RIH) of H is

RCH) - min { n : kn→ H} .

Equivalently , NHK min { IGI : G→ It} .
9

#vs in G
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Geren Er-Gyarfois
'
67 : rcpgn-1,1=137--11 . MgqpBgg%

path of length n F FI)
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Size - Ramsey numbers 2

Geren Er-Gyarfa's
'
67 : rcpgnt , ) - ¥+1 . BfffqpBgg%

path of length n y FEY
Definition ( Erd 'o's -Faudree - Rousseau- Schelp '72) .

The sRabeer TCH) of His
FIH) - min { ECG) : G→ H} .
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Size - Ramsey numbers 2

Geren Er-Gyarfa's
'
67 : rcpnt , ) - ¥+1 . BfffqfBggg•9path of length n y FEY

Definition ( Erd 'o's -Faudree - Rousseau- Schelp '72) .

The sRamser TCH) of His
FIH) - min { ECG) : G→ H} .

Erd 'o's ' 81 : Is TCR)=oCn2) ? Is TCR) = wins?
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Size - Ramsey numbers 2

Geren Er-Gyarfa's
'
67 : rcpnt , ) - ¥+1 . BfffqfBggqgapath of length n y FEY

Definition ( Erd 'o's -Faudree - Rousseau- Schelp '72) .

The sRamser TCH) of His
FIH) - min { ECG) : G- H} .

Erd 'o's ' 81 : Is TCR)=oCn2) ? Is TCR) = wins?

Beck '
83 : F (Pn) = Ocn) !
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Size - Ramsey numbers 2

Geren Er-Gyarfa's
'
67 : rcpnt , ) - ¥+1 . BfggSggqg9path of length n y FEY

Definition ( Erd 'o's -Faudree - Rousseau- Schelp '72) .

The sRamber TCH) of His
FIH) - min { ECG) : G- H} .

Erd 'o's ' 81 : Is TCR)=oCn2) ? Is TCR) = wins?

Beck '
83 : F (Pn)=0Cn) !

Best bounds : 3.75 n EF ( Pn) E 74N .

Bal -DeBiasi o ' 20
? "

Dudek -Pratat '

17
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Powers of paths 3

Clemens-Jenssen - Kobayakawa- Morrison -Mota - Reding-Roberts 19
'
:

Fl : Fl Pne ) = Oln) .
(fixed) 9

fth power of Pn
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Powers of paths 3

Clemens-Jenssen - Kobayakawa- Morrison -Mota - Reding-Roberts 19
'
:

Fl : ftp.e/=Olnl . p3
(fixed) 9 6

Ith power of Pn • ② ② ⑧ ⑧ •

(H' is the graph on VCH) with edges { uv : distr,camel} .)
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Powers of paths 3

Clemens-Jenssen - Kobayakawa- Morrison -Mota - Reding-Roberts 19
'
:

Fl : T( Pne ) = Oln) . p3
(fixed) 9 6

Ith power of Pn • ② ② ⑧ ⑧ •

(He is the graph on VCH) with edges { uv : distr,camel} .)

Gs→H : in every s- colouring of G there is a mono Ho-

g

edge - colouring with s colours
The s FIH) of H is :

min { ECG ) : GISH } .
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Powers of paths 3

Clemens-Jenssen - Kobayakawa- Morrison -Mota - Reding-Roberts 19
'
:

Fl : Fl Pne ) = Oln) . p3
(fixed) 9 6

Ith power of Pn • ② ② ⑧ ⑧ •

(He is the graph on VCH) with edges { uv : distr,camel} .)

G→ H : in every s- colouring of G there is a mono Ho-

g

edge - colouring with s colours
The s FIH) of H is :

min { ECG ) : GISH } .

Han -Jenssen- Kobayakawa -Mota -Roberts
'
20: VI.s : rT(Pn4=O(n) .
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Bounded degree trees 4

Ramdev- Liebenau- Wood - Yepremyan ' 19 :

Vl
,
s : for every treeT on n vs with max deg E b : TCTd)= 0cm .
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Bounded degree trees 4

Ramdev- Liebenau- Wood - Yepremyan ' 19 :

Vl
,
s : for every treeT on n vs with max deg E b : TCTd)= 0cm .

Berger- Kobayakawa -MaeSaka-Martins -Mendonga-Mota- Parczyk
'
19 :

V-l.gs : for every treeT on n vs with max deg E b : TsfTl )= 0cm .
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Bounded degree trees 4

Ramdev- Liebenau- Wood - Yepremyan ' 19 :

Vl
,
s : for every treeT on n vs with max deg E b : FCTd)= 0cm .

Berger- Kobayakawa -MaeSaka-Martins -Mendonga-Mota- Parczyk
'
19 :

V-l.gs : for every treeT on n vs with max deg E b : TsfTl )= 0cm .

The above results do not general ise to bounded degree graphs .

Riedl - Szemeresdi '00 : there is a family { Hn} where Hn is an
n-vx graph with max deg 3 and FfHn)=D(n clog n)

"60) .
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Subdivisions 5

The#division of a graph F is the graph obtained from F by
replacing each edge by a path of length q .
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Subdivisions 5

The#division of a graph F is the graph obtained from F by
replacing each edge by a path of length E .

.

.

. ÷ .

.

i

,

i i
•

,
,

,

-

i

-

.
.

-

i i

F s - subdivision
of F
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Subdivisions 5

The#division of a graph F is the graph obtained from F by
replacing each edge by a path of length E .

.

.

. ÷ .

.

i

,

i i
•

,
,

,

-

i

-

.
.

-

i i

F s - subdivision

Draganic- Krivelevich - Nenadou '20: off

* Fs
,s, g : for every g-subdivision H of a graph with max degree E s

sit
. IHE n : BIH) In""E) .
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Subdivisions 5

The#division of a graph F is the graph obtained from F by
replacing each edge by a path of length E .

.

.

. ÷ .

.

i

,

i i
•

,
,

,

-

i

-

.
.

-

i i

F s - subdivision

Draganic- Krivelevich - Nenadou '20: off

* Fs
,s, g : for every g-subdivision H of a graph with max degree E s

sit
. IHE n : BIHKoin""E) .

* tis
,s Fc : for every L- subdivision H of a graph with max degree ES
sit . IHI -n and LZ c. log n: TslHkOln) .
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invited the study of size -Ramsey numbers of hypergraphs .
( G →sH and RICH) naturally extend to hypergraphso)
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Hypergraphs G

Dudek- LaFleur-Mubayi -REDI ' 17 :
invited the study of size -Ramsey numbers of hypergraphs .
( G →sH and rich) naturally extend to hypergraphso)

The tightr-uniformpathp.nl" on n vs is the r-uniform graph on {Ui , - , un}
whose edges are sets of r consecutive Vso

. • • . • . • pls)
7-



122

Shoham Letzter Size-Ramsey numbers of powers of tight paths 8 March 2021

Hypergraphs G

Dudek- LaFleur-Mubayi -Rodi ' 17 :
invited the study of size -Ramsey numbers of hypergraphs .
( G →sH and RICH) naturally extend to hypergraphso)

The tightr-uniformpathp.nl" on n vs is the r-uniform graph on {Ui , - , un}
whose edges are sets of r consecutive Vso

. • • . • . . pls)
7-

Dudek- LaFleur-Mubayi -Rodi ' 17 : Is TCR
"' ) Cnl?
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Hypergraphs G

Dudek- LaFleur-Mubayi -REDI ' 17 :
invited the study of size -Ramsey numbers of hypergraphs .
( G →sH and rich) naturally extend to hypergraphso)

The tightr-uniformpathp.nl" on n vs is the r-uniform graph on {Ui , - , un}
whose edges are sets of r consecutive Vso

. • • . • . • pls)
7-

Dudek- LaFleur-Mubayi -Rodi ' 17 : Is TCR
"' ) Cnl?

Lu-Wang
'
17: T( Pn"') = Of cnlognlrh ) .
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Hypergraphs G

Dudek- LaFleur-Mubayi -Rodi ' 17 :
invited the study of size -Ramsey numbers of hypergraphs .
( G→sH and rich) naturally extend to hypergraphso)

The tightr-uniformpathp.nl" on n vs is the r-uniform graph on {Ui , - , un}
whose edges are sets of r consecutive Vso

. • • . . . • pls)
7

Dudek- LaFleur-Mubayi -Rodi ' 17 : Is ftp.crt/=OCn1?

Lu-Wang
'
17: T( Pn"') = Of cnlognlrh ) .

Han- Kobayakawa - L . -Mota -Parczyk '20 : TCR'34=041 .
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Our results 7

The lth power (Pn
'r'll of Pn"' is
-

the r-graph on {u. . -, un} whose edges
are r- subsets of rtl- l consecutive vs . go.ojahgggoyy.ae . • re 32
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Our results 7

The lth power (Pn
'r'll of Pn"' is
-

the r-graph on {u. . -, un} whose edges
are r- subsets of rtl- l consecutive vs . go.ogahgggoyy.ae . • re 32

Thru ( L. , Pokrovsky , Yepremyan ' 21-1) o tr, s, l : Fsl (Pn
"'ll)= 0cm .
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Our results 7

The lth power (Pn
'r'll of Pn"' is
-

the r-graph on {u. . -, un} whose edges
are r- subsets of rtl- l consecutive vs . go.ojahgggoyy.ae . • re 32

Thru ( L. , Pokrovsky , Yepremyan ' 21-1) o tr, s, l : Fsl (Pn
"'ll)= 0cm .

Thin ( L. , Pokrovsky , Yepremyan ' 21-1) o tr, s, l ,I : for every treeT

on n us with max degree Es: Fs ( Rr (Te)) = 01h) .
-

r- cliques inTl
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Our results 7

The lth power (Pn
'r'll of Pn"' is
-

the r-graph on {u. . -, un} whose edges
are r- subsets of rtl- l consecutive vs . oosoe.got@ggoyyoeoo.re 32

Thru ( L. , Pokrovsky , Yepremyan ' 21-1) o tr, s, l : Fsl (Pn
"'ll)= 0cm .

Thin ( L. , Pokrovsky , Yepremyan ' 21-1) o tr, s, l ,I : for every treeT

on n us with max degree es: Fs (Erft) = 01h) .
r- cliques inTil

Thur ( L. , Pokrovsky , Yepremyan
' 21-1) o Hs

,
l
,a Fc : for every H on n vs

which is the L- subdivision
,
where Lzclogn , of a graph with max deg Eb :

Fs (He)= Oln) .
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[ for us : there is an edge between every two large sets
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Setup for previous proofs 8

Pick G an expander on an) vs with Max deg 0111 .
[ for us : there is an edge between every two large sets

( such G can be obtained by removing large deg vs from GCN, p)
with p - Oct) and N-Oln) .)
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Setup for previous proofs 8

Pick G an expander on Ocn) vs with Max deg 0111 .
[ for us : there is an edge between every two large sets

(Such G can be obtained by removing large deg vs from GCN, p)
with p - Oct) and N-Oln) .)

consider Gk(B) = the graph obtained from Gk by blowing up
each vx u by a clique on B vs denoted Blu) .

B{NRppFBqg
÷ ; :* : ÷.

.

:*
:: Minassian ."

G
'

ABB aMB⑥qg
G'(B)
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Fix an S- colouring of Gk (B) .
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Overview of previous proofs 9

Fix an S- colouring of GHB) .

⑧qgBus 's:giee:c.hu?eYsii::aiarsemonoqaqEqAa#$qm
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Overview of previous proofs 9

Fix an S- colouring of Gk (B) .

⑧qgBus 's:
e

:c.hu?Yah;.saiargemonoqqaqqggg#q
.

Wlog , B' lui is blue for 2 Is of u c- VIG) .

BB
BB
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Overview of previous proofs 9

Fix an S- colouring of Gk (B) .

By Ramsey , each Blu) has a large mono
BITTEN

subclique B'cut C-Blu) . ⑥µ$
Wlog , B' lui is blue for 7 I of u c- VIG) . Mr

AM

Remove all vs except those in B' la) where B' lui is blue .
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Overview of previous proofs 9

Fix an S- colouring of Gk (B) .

But 's:3.%: e.aihu.BYY.gs
a large mono ⑧TFE

.

*K
W log , B

'
lui is blue for 7 I of u c- VIG) .

Remove all vs except those in B' tu) where B
'
lui is blue .

Try to connect the Blu) to form required mono path I tree/ power
of path or tree .
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Overview of previous proofs 9

Fix an S- colouring of Gk (B) .

But 's:3.%: jail, Beijing:
a large mono METTE

.

*K
W log , B

'
cu) is blue for 7 I of u c- VIG) .

Remove all vs except those in B' la) where B' lui is blue .

Try to connect the Blu) to form required mono path I tree/ power
of path or tree .

If fail
,
aim to exploit the sparsity of blue edges . . .
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consider

.IE:1?!inom..&qqpF.ga&l.&.§.mmm
so

:*:*
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New ingredient : stronger Ramsey lemma 20

:÷÷÷i÷÷÷÷÷÷÷÷÷::*:*:÷. m.im?::.::.::..m.
with Huub sit . in iiiiii ijidiiit.is?Byu,,
v.u then e of have the same " '°"

o.qq.pqfftgg.GL#..!pp
"

m Baker
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New ingredient : stronger Ramsey lemma 10

:÷÷÷÷÷÷i÷÷÷÷÷÷::*:*:÷. m.mn:7?i::.::.:a
with Kunis sit . in uijiiiiiiireesiijdiiit.is?Byu,
Vu then e af have the same colon

⇐÷:c:3.ae?:::i:n::::e:o::.:qY.B.&$r:
""

applications , so won't shrink too much . BAY MAKER
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Looking for tight walks II

Lemma
.
H hypergraph , OCH) - OCD . Bbb .

For every S- colouring of H (B) FBYUIEBCU)
with IB.lu/--b sit . in UB

'

cu) if ten B' lulls IfnB'cut

Vu then e af have the same colour .
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Looking for tight walks II

Lemma
.
H hypergraph , OCH) - OCD . Bbb .

For every S- colouring of H (B) FB'lu7EB(u)
with IB

'

lull -- b sit . in UB
'

cu) if ten B' lulls IfnB'cut

Vu then e af have the same colour .

Want to show : Fs ( (R' r'll) --Ocn) .
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Looking for tight walks II

Lemma
.
H hypergraph , ofH) - OCD . Bbb .

For every S- colouring of H (B) FB
'

tu) EBlu)

with IB
'

lust -- b sit . in UB
'

cu) if Ien B' lulls IfnB'cut

Vu then e af have the same colour .

Want to show : Fs ( (R' r'll) --Ocn) .

Enough to find r- uniform H with Ecn) edges
and max deg OCD whose every S- colouring
has a Ith power of a tight walk on n vs
where each vx repeats OCD times .
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Looking for tight walks II

Lemma
.
H hypergraph , OCH) -- OCD . Bob . ••

H
•••

For every S- colouring of HLB) FB
'

cu)EB(u)
••

with IB
'

lull - b sit . in UB
'

tu) if ten B' lulls IfnB'cu,
•••

••

••

Vu then e af have the same colour .
••

•• ••

Want to show : Fsc # 'r'll) -- och) . MktBqpMpp
Enough to find r- uniform H with Ecm edges ⑨kh⑨Mf*N#AB
and max deg OCD whose every s- colouring

BAM BHEEMA
has a lth power of a tight walk on n vs
where each vx repeats OLD times .
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Looking for tight walks II

Lemma
.
H hypergraph , OCH) -- OCD . Bs> b . ••

H
•••

S- colouring of H (B) FB
'

tu) EBlu)
••

For every ••

with IB
'

lull - b sit . in UB
'

cu) if ten B' lust IfnB'cu,
•••

••

Vu then e af have the same colour .
••

•• ••

Want to show : Fsc # 'r'll) -- och) . MhBxgyTkpp
Enough to find r- uniform H with Ecn) edges ③kh②Mf*N#•BM
and max deg OCD whose every s- colouring

BBM &B%kB¥BB
has a eth power of a tight walk on n vs sw.Yffrgpuhsoff.IT?LhBcu,
where each vx repeats OLD times . ahnavdeedsgaesmeotosoaume type
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Looking for tight walks II

Lemma
.
H hypergraph , OCH) -- OCD . Bs> b . ••

H
•••

For every S- colouring of H (B) FB
'

cu)EB(u)
••

with IB
'

lull -- b sit . in UB
'

cu) if ten B' lust IfnB'cu,

"

t.B.tn
then e af have the same colour .

••
•• ••

Want to show : Fsc (R' r'll) -- och) . BhBxghTkpp
Enough to find r- uniform H with Ecn) edges ③kh②⑧$M#•BM
and max deg OCD whose every s- colouring

BBM &BNBB¥BB
has a eth power of a tight walk on n vs sw.Yffrgpuhsoff.IT?LhBcu,
where each vx repeats OLD times . ahhavdeedsgaesmeotosoaume type
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Looking for tight walks 21

Lemma
.
H hypergraph , OCH) - OCD . Bs> b . g••

H
•••

For every S- colouring of H (B) FB
'

cu)EB(u)
••

with IB
'

lull -- b sit . in UB
'

cu) if ten B' lust IfnB'cu,t.B.tn
then e af have the same colour .

•• '
•• ••

Want to show : Fsc (Phir'll) --Ocn) . RAMANATHAN
Enough to find r- uniform H with Ecm edges ③k⑧②Nf*N&••BM
and max deg OCD whose every s- colouring

MAN MEGAERA
has a eth power of a tight walk on n vs sw.Yffrgpuhsofr.IT?LhBcu,
where each vx repeats OLD times . ahnavdeedsgaesmeotosoaume type
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Sketch of our proof for r=2 12

Consider an S- colouring of GKCB) .

By Ramsey lemma from previous slide , ④.qqEFTJT§qy¥§:Bggg
may assume that the us in Bcci are twins . ggg qpp@*
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Sketch of our proof for r=2 12

Consider an s- colouring of GHB) . g*pqp*BMpp
By Ramsey lemma from previous slide , t.gg#N@D.*kh
may assume that the us in Bcci are twins . qq.pk q.qfNBE.mg

Define auxiliary colouring of Gk :
o

o

* colour un by c i
''

short
''

ooo

* power of a'fat starting
" 'IIF

•

•

...

.

•

•

:::
l vs in Beus and ending with l vs in Bed . o

a
•

* ow ,
colour ur grey .
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Long mono path 13

Suppose (Us- un) is a red path in the auxiliary colouring of Gk.
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Long mono path 13

Suppose (Us- un) is a red path in the auxiliary colouring of Gk.

⇒ F short red Ith powers of paths uz uz Q2 uz Uy Us

Qi starting with l vs in Buri) m⇒m a

%# E- m%
and ending with l vs in Bluitt . Q2 Qs Qy
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Long mono path 13

Suppose (Us- un) is a red path in the auxiliary colouring of Gk.

⇒ F short red Ith powers of paths uz uz Q2 uz Uy UI

Qi starting with l vs in Bari) m⇒m a

%# IS m%
and ending with l vs in Bluitt . Qz Qs Qy

Because all us in Bali) are identical , U2 U2 Us 44 Us

may assume that the last e us
in a⇐a#€a

Qi are the first vs in Qin . Qi
Q
' Q, Q4
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Long mono path 13

Suppose (Us- un) is a red path in the auxiliary colouring of Gk.

⇒ F short red Ith powers of paths uz uz Q2 uz Uy UI

Qi starting with l vs in Buri) m⇒m a

%# IS m%
and ending with l vs in Bluitt . Qz Qs Qy

Because all us in BCUi) are identical
,

U2 U2 Us 44 Us

may assume that the last e us
in K¥•⇒a#h¥a

Qi are the first vs in Qiu .

⇒ I Ith power of a red walk on n vs , with few repetitions .
f v c-Qi then dist (Ui ,4=011) .
his can happen for ON Ui 's .)
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Many grey cliques 14

tenma . If there is no non-grey mono Pu in the auxiliary colouring ,
then there are disjoint grey Kt 's that cover most vs.

←
large constant

② so

• so •

•

a • so Gk
•

•

°

• • •

°

•

•

.

.

.

.

.

.
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Many grey cliques 14

tenma . If there is no non-grey mono Pu in the auxiliary colouring ,
then there are disjoint grey Kt 's that cover most vs.

←
large constant

⑨ 0

• so •

•

a • a Gk
•

•

°

• • •

°

⑨ D

②

⑦

⑧

0

mm GKCB)
ma:#

'

mm mm
mm mama ma:#

'

ma
ma:#

'

ma mmmm
MM MM mm

man.at#gma.7E*a
MM MM

no short mono lth powers
/

of paths between small blobs
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Many grey cliques 14

tenma . If there is no non-grey mono Pu in the auxiliary colouring ,
then there are disjoint grey Kt 's that cover most vs.

←
large constant

⑨ 0

By a variant of Ramsey lemma , may assume: . . .

•

. • . Gk
•

•

°

• • •

°

Mbf so so

* all "2-level blobs
" look like this : ME"#E9M •

•

.

.

.

.

MM MM

(colours between and in small blobs are distinct
,

mm GKCB)
otherwise there would be a mono lth power mail.IM mm

mm mama ma:*.amof path between small blobs). Maitra mm mm
mm mm mm

man.at#gma.7E*m
MM MM

no short mono lth powers
/

of paths between small blobs
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Many grey cliques 14

tenma . If there is no non-grey mono Pu in the auxiliary colouring ,
then there are disjoint grey Kt 's that cover most vs.

←
large constant

② 0

By a variant of Ramsey lemma , may assume: . . .

•

. • . Gk
•

•

°

• • •

°

Mbf so so

* all "2-level blobs
" look like this : ME'¥#m •

.

.

.

.

.

MM MM

(colours between and in small blobs are distinct
,

mm GKCB)
otherwise there would be a mono lth power mail.IM mm

mm mama ma:*.amof path between small blobs). Maitra mm mm
MM MM mm

mm mm -

* all edges between any two
"2- level blobs

" minting MAHIM
MM MM

have the same colour. no short mono eth powers
/

of paths between small blobs
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Next iterations 15

Similarly , find

* mono dth power of a walk on n vs (with few repetitions) , or
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Next iterations 15

Similarly , find

* mono dth power of a walk on n vs (with few repetitions) , or

*
"

3- level blobs" as follows covering most vs .
-mama no mono lth power of path

a.
Thin#mi - - -

mama:*:
'

ma .ME#F← starting and ending in a small blob
i 7mi#im' 'm.miM¥m or starting and ending in distinctmini:*! -

main:#ma
'

small blobs but same medium blob
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Next iterations 15

Similarly , find

* mono dth power of a walk on n vs (with few repetitions) , or

*
"

3- level blobs" as follows covering most vs .
mamma no mono lth power of path

ma.im#aimami*maimmmaFmim*F← starting and ending in a small blobt.im#mii-mami7*g or starting and ending in distinctmmF¥mM -
mini:#E small blobs but same medium blob

mm

mania.ee#iE=mamE7**ig
By a variant of the Ramsey lemma , may assume ma

"" "" "" *

mania.ee#iE--=miinEf*EiE-mamiFE*
all

"

3-level blobs" look like this (all colours are distinct) : *
mm
"" * ""

maim'E¥Mw⇐mEm7¥¥Mw
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Next iterations 15

Similarly , find

* mono dth power of a walk on n vs (with few repetitions) , or

*
"

3- level blobs" as follows covering most vs .
mamma no mono lth power of path

•.im#aimami*mdamaFmiF*F← starting and ending in a small blobt.im#mii-mami7.*g or starting and ending in distinctmmF¥! -
main:#E small blobs but same medium blob

mm

mania.ee#iE=mamiiFE*ig
By a variant of the Ramsey lemma , may assume ma

"" "" "" *

mania.ee#iE--=MhiaEf*EiE-mamiFE*
all

"

3-level blobs" look like this (all colours are distinct) : *
mm
"" * ""

mania'E¥Mmii⇐mmi7¥¥Mw
After ESti iterations

,
find required power of a walk .
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Ordered trees 16

A d-ary ordered tree of height h is a complete d-ary tree of height h ,

along with an ordering of its leaves obtained from a planar

drawing of the tree with all leaves on a line .
•

ordered 3-ary tree of height 3 : • • •

(leaves ordered left-to-right)
• • • • • • • • •

•
/•
• • • • •

!
• •
!

⑧ • • • •
/•
• •
!
• • • • •

/•
•

•

• • •

← not an ordered tree
• • • • • • • • •

ooo
!

⑧ ooo • ⑧ oooo
!

• •

!
⑧ oooo • • ooo • • ooo

!
⑧ ooo • ⑧ ooo

/•
•
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Using ordered trees to model leveled blobs 17

We model
"
h- level blobs" by the leaves of ordered d-ary trees of height h ,

•

• • •

• • • • • • • • •

y
•

/•
• • • • •

/•
• •

/•
• • • • •

/•
• •

/•
• • • • •

/•
•

I

DO 00 ⑧ BO Bo ⑧ BO BO ⑧ BO Bo ⑧ Bo Bo ⑧ BO BO ⑧ BO Bo ⑧ o⑧ Oo ⑧ BO BO ⑧
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Using ordered trees to model leveled blobs 17

We model
"
h- level blobs" by the leaves of ordered d-ary trees of height h ,

•

• • •

• • • • • • • • •

y
•

/•
• • • • •

/•
• •

/•
• • • • •

/•
• •

/•
• • • • •

/•
•

I

Bo Bo ⑧ BO Bo ⑧ BO BO ⑧ BO Bo ⑧ Bo Bo ⑧ BO Bo ⑧ BO Bo ⑧ Bo Bo ⑧ BO Bo ⑧

and use the natural correspondence between t - sets of leaves and

ordered subtrees with t leaves .
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Using ordered trees to model leveled blobs 17

We model
"
h- level blobs" by the leaves of ordered d-ary trees of height h ,

•

• • •

• • • • • • • • •

y
•

/•
• • • • •

/•
• •

/•
• • • • •

/•
• •

/•
• • • • •

/•
•

I

Bo Bo ⑧ BO Bo ⑧ BO BO ⑧ BO Bo ⑧ Bo Bo ⑧ BO Bo ⑧ BO Bo ⑧ Bo Bo ⑧ BO Bo ⑧

and use the natural correspondence between t - sets of leaves and

ordered subtrees with t leaves .
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Using ordered trees to model leveled blobs 17

We model
"
h- level blobs" by the leaves of ordered d-ary trees of height h ,

•

• • •

• • • • • • • • •

y
•

/•
• • • • •

/•
• •

/•
• • • • •

/•
• •

/•
• • • • •

/•
•

I

Bo Bo ⑧ BO Bo ⑧ BO BO ⑧ BO Bo ⑧ Bo Bo ⑧ BO Bo ⑧ BO Bo ⑧ Bo Bo ⑧ BO Bo ⑧

and use the natural correspondence between t - sets of leaves and

ordered subtrees with t leaves .
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Sketch of our proof for r 73 18

Uj •

In step j : .
.

•
O

•

* Uj EVCG) large , •
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Sketch of our proof for r 73 18

Uj •

In step j : .
.

•
0

•

* Uj E VIG) large , •U

* Tjlu) is a dj - ary ordered tree Tjlul

of height j , rooted at u,
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Sketch of our proof for r 73 18

Uj •

In step j : .
.

•
0

•

* Uj EV(G) large , •U

* Tj lui is a dj - ary ordered tree Tjlul

of height j , rooted at u,

* no short mono lth power of tight path starting and ending at disjoint
l- sets of leaves in Tj (u) corresponding to isomorphic ordered trees

( in the r- graph whose edges are r- sets of leaves whose roots
are cliques in Gki ) .
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Ramsey lemma for ordered trees 19

Lemme . T ordered D-ary tree of height h ,Dad .
For every s-colouring of r- sets of leaves of T, there is a d-ary
subtree T

'
ET of height h , set . r- sets of leaves of T

'

corresponding
to isomorphic ordered trees have the same colour.
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Ramsey lemma for ordered trees 19

Lemme . T ordered D-ary tree of height h ,Dad .
For every s-colouring of r- sets of leaves of T, there is a d-ary
subtree T

'
ET of height h , set . r- sets of leaves of T

'

corresponding
to isomorphic ordered trees have the same colour.

•

• • •

• • • • • • • • •

•
/•
• • •aBgfg→hyN↳ • •

/•
• • • • •

/•
• •

/•
• • • • •

/•
•
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Ramsey lemma for ordered trees 19

Lemme . T ordered D-ary tree of height h ,Dad .
For every s-colouring of r- sets of leaves of T, there is a d-ary
subtree TET of height h , set . r- sets of leaves of T

'

corresponding
to isomorphic ordered trees have the same colour.

•

ooo

• • •

⑧ ⑧ • • • B B B • • •

so • ⑧ •
!
• • •aBFfg→hp¥• • •

!
⑧ • • • •

!
• •
!
• • • • •

/•
•



122

Shoham Letzter Size-Ramsey numbers of powers of tight paths 8 March 2021

Ramsey lemma for ordered trees 19

Lemme . T ordered D-ary tree of height h ,Dad .
For every s-colouring of r- sets of leaves of T, there is a d-ary
subtree TET of height h , set . r- sets of leaves of T

'

corresponding
to isomorphic ordered trees have the same colour.

•

ooo

• • •

⑧ ⑧ • • • B B B • • •

so • ⑧ •
!
• • •aBFfg→hp¥• • •

!
⑧ • • • •

!
• •
!
• • • • •

/•
•
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Ramsey lemma for ordered trees 19

Lemme . T ordered D-ary tree of height h ,Dad .
For every s-colouring of r- sets of leaves of T, there is a d-ary
subtree TET of height h , set . r- sets of leaves of T

'

corresponding
to isomorphic ordered trees have the same colour.

•

•

ooo ⑧ ⑧ ⑧
⑧ @ •

⑧ ⑧ ⑧ ⑧ ⑧ ⑧ • • • • • • • • •

so • • o o ⑧ ⑧ ⑧ •
•

/•
• • •tBzfzByN÷ • •

/•
• • • • •

/•
• •

/•
• • • • •

/•
•
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Ramsey lemma for ordered trees 19

Lemme . T ordered D-ary tree of height h ,Dad .
For every s-colouring of r- sets of leaves of T, there is a d-ary
subtree TET of height h , set . r- sets of leaves of T

'

corresponding
to isomorphic ordered trees have the same colour.

•

•

ooo ⑧ ⑧ ⑧
⑧ @ •

⑧ ⑧ ⑧ ⑧ ⑧ ⑧ • • • • • • • • •

so • • o o ⑧ ② • •
•
!

⑧ • •tBzfz→yN↳ • •
!

⑧ • • • •
/•
• •
!

⑧ • • • •
!
•

By this lemma :

may assume
that edges corresponding to isomorphic ordered

forests have the same colour .
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Auxiliary colouring 20

Define auxiliary colouring of Gkiti :
colour

g •
ordered tree on l leaves

* colour Uv (c.S) if there is a short c- coloured Ith power of path
from an S- copy in Tich) to an

S-
copy in Tjcvlo

, ,)
* ow colour Uv grey .
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Auxiliary colouring 20

Define auxiliary colouring of Gkit ' :
colour

g •
ordered tree on l leaves

* colour Uv (c.S) if there is a short c- coloured lth power of path
from an S- copy in Ficus to an

S-
copy in Tjcvlo

, ,)
* ow colour Uv grey .

Suppose 3- non grey mono Pn , in colour (
red

, S) .

•Us • U2 •Uz •My

s Mmm mm mmm
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Auxiliary colouring 20

Define auxiliary colouring of Gkiti :
colour

a •
ordered tree on l leaves

* colour Uv (c.S) if there is a short c- coloured Ith power of path
from an S- copy in Ficus to an

S-
copy in Tjcvlo

, ,)
* ow colour Uv grey .

Suppose 3- non grey mono Pn , in colour (
red

, S) .

•Us • U2 •Uz •My • U , • U2 • U] • Uy

⇒
s Mmm mm mm

q
mmmm mmmm mum

using assumption that edges corresponding. to
isomorphic ordered forests have same colour
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No long non- grey path 21

If F no non -grey mono R, then there are many disjoint grey Kd, + ,
's .
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No long non- grey path 21

If 3- no non -grey mono R, then there are many disjoint grey Kd, + ,
's .

⇒ F many structures like this:

grey Kdjtit' v
• u

no short mono Ith power of
• •

tight path between copies
• •

of S in different trees
,
AS
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No long non- grey path 21

If Tino non -grey mono R, then there are many disjoint grey Kdµ+ , 's .
⇒ F many structures like this: u

.

@ 0

grey kdj.tl ,
• u

• • } Iti tu)no short mono Ith power of
• •

• @

tight path between copies
of S in different trees

,
VS no short mono Ith power of tight

path between disjoint copies of S, its



122

Shoham Letzter Size-Ramsey numbers of powers of tight paths 8 March 2021

No long non- grey path 21

If F no non -grey mono Pu, then there are many disjoint grey Kof, +, 's .
⇒ F many structures like this: u

.

@ 0

grey kdj.tl ,
• u

• • ) Iti tu)no short mono Ith power of
0

tight path between copies
• •

of S in different trees
,
VS no short mono lth power of tight

path between disjoint copies of S, its

femme . T ordered d- ary tree of height h . h , d s> r, s , l .
For every S- colouring of r-sets of leaves Fmono lth power of tight path on 3L us
starting and ending at disjoint copies of some ordered trees one leaves .
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No long non- grey path 21

If F no non -grey mono Pu, then there are many disjoint grey Kd;+, + ,
's .

⇒ F many structures like this: u
.

@ 0

no short mono eth pow
!!!!

Kd
"""

I • he
• • } It , Iu)

tight path between copies
• •

of S in different trees
,
VS no short mono lth power of tight

path between disjoint copies of S, its

Lemme . T ordered d- ary tree of height h . h , d s> r, s , l .
For every S- colouring of r-sets of leaves Fmono lth power of tight path on 3L us
starting and ending at disjoint copies of some ordered trees one leaves .

⇒ After E h steps find the required power of a walk .
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Open problems 22

* Best bounds on TCR) : 3.75 n EFCPn) E 74N .

Improve these bounds .
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Open problems 22

* Best bounds on FCR) : 3.75 n EFCPn) E 74N .

Improve these bounds . Dudek -Pratat ' ice krivelevich ' 19

d d
* Best bounds for s colours : recon)=Ts (Pn) = Ols- logs n) .
Which bound is closer to the truth?
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Open problems 22

* Best bounds on F(Pu) : 3.75 n EFCPn) E 74N .

Improve these bounds . Dudek -Pratat ' la krivelevich ' 19

d d
* Best bounds for s colours : recon)=Ts (Pn) = Ols- logs n) .
Which bound is closer to the truth?

* Conj ( REDI - Szemeiredi
'
00 ) : to>3 FE >o :

n
't's max{ TCH) : lHI=h , ACHI ES} End

-E
.
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Open problems 22

* Best bounds on F(Pu) : 3.75 n EFCPn) E 74N .

Improve these bounds . Dudek -Pratat ' ice krivelevich ' 19

d d
* Best bounds for s colours : recon)=Ts (Pn) = Ols- logs n) .
Which bound is closer to the truth?

* Conj ( Rod I - Szemere'di
'
00 ) : to>3 FE >o :

n
't's max{ TCH) : lHI=h , ACHI ES} End

-E
.

& d

open proved by Kobayakawa - Riedl- Schact - Szemereidi ' Ii for Es 's
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Open problems 22

* Best bounds on Ffpn) : 3.75 n EFCPn) E 74N .

Improve these bounds . Dudek -Pratat ' ice krivelevich ' 19

d d
* Best bounds for s colours : DCs'n) =Ts (Pn) = Ols- logs n) .
Which bound is closer to the truth?

* Conj ( REDI - Szemere'di
'
00 ) : Foz3 FE >o :

n
't's max{ TCH) : lHI=h , ACHI ES} End

-E
.

& d

open proved by Kobayakawa - Riedl- Schact - Szemereidi ' Ii for Es 's
(best lower bound : REDI - Szemere'd i ' 00 : nflogn)E ) .
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Open problems 22

* Best bounds on FCR) : 3.75 n EFCPn) E 74N .

Improve these bounds . Dudek -Pratat ' ice krivelevich ' 19

d d
* Best bounds for s colours : DCs'n) =Ts (Pn) = 015 logs n) .
Which bound is closer to the truth?

* Conj ( Rod I - Szemere'di
'
00 ) : to>3 FE >o :

n
't's max{ TCH) : lHI=h , ACHI ES} End

-E
.

& d

open proved by Kobayakawa - Riedl- Schact - Szemereidi ' Ii for Es 's
(best lower bound : REDI - Szemere'd i ' 00 : nflogn)E ) .

Is T ( nxn grid) = 01h21 ? Clemens -Miralaei - Reding- Schacht- Taraz
'

19 : Oln""") .
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Open problems 22

* Best bounds on FCR) : 3.75 n EFCPn) E 74N .

Improve these bounds . Dudek -Pratat ' la krivelevich ' 19

d d
* Best bounds for s colours : DCs'n) =Ts (Pn) = Ols- logs n) .
Which bound is closer to the truth?

* Conj ( Rod I - Szemere'di
'
00 ) : to>3 FE >o :

n
't's max{ TCH) : lHI=h , ACHI ES} End

-E
.

& d

open proved by Kobayakawa - Riedl- Schact - Szemereidi ' Ii for Es 's
(best lower bound : Reid l - Szemere'd i ' 00 : nflogn)E ) .

Is T ( nxn grid) = 01h21 ? Clemens -Miralaei - Reding- Schacht- Taraz
'

19 : Oln""") .

Ithhaannkkyyoouuffoorrlliisstteenniinngg !!


