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Probability Distributions for Discrete Variables

I Probability Distribution assigns a probability to each possible
value of the variable

I Each probability is between 0 and 1
I Sum of all probabilities is equal to 1

0 ≤ P(y) ≤ 1 and
∑

all y P(y) = 1
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Example

y P(y)

0 0.01
1 0.03
2 0.60
3 0.23
4 0.12
5 0.01

Total 1.0

Table: Probability Distribution of y = Ideal Number of Children for a
Family (Agresti and Finally, 2014, p. 76)
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Probability Distributions for Continuous Variables

I Probabilities are assigned to intervals of numbers
I Probability for any interval is between 0 and 1
I Probability of the interval containing all possible numbers

equals 1
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Example

I Probability equals a particular area under the probability
distribution
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Parameters to Describe Probability Distributions

I Parameter values are the values measures would assume, in the
long run, if a randomised experiment or random sample
repeatedly took observations on the variable y

I Mean: Sum of possible outcomes times their probabilities

µ = ΣyP(y) = E (y)

I This is also called the expected value
I Standard Deviation: is denoted by the Greek letter sigma (σ)
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The Normal Distribution

I Probably the most useful and most frequently used distribution
I Has a familiar bell shape
I It is even useful when the sample data are not bell shaped
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The Normal Distribution – Definition

“The normal distribution is symmetric, bell shaped, and
characterised by its mean µ and standard deviation σ. The
probability within any particular standard deviations of µ is the
same for all normal distributions. This probability equals 0.68 within
1 standard deviation, 0.95 within 2 standard deviations, and 0.997
within 3 standard deviations.” (Agresti and Finlay, 2014, p. 79)
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z-values

I For the normal distribution, for each fixed number of z , the
probability of falling within z standard deviations of the mean
depends only on the value of z .

I This is the area under the curve between µ− zσ and µ+ zσ

I For example: the probability is 0.68 for z = 1
I z does not need to be a whole number
I Many inferential methods use z-values, so we will encounter

this again
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z-scores

I The z-score for a value y of a variable is the number of
standard deviations that y falls from µ. It equals

z = Observation−Mean
Standard Deviation = y−µ

σ

I This is what you will usually find in normal tables.
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Normal Right Tail Probabilities
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An Example

I Marks on QS101

I Assume µ = 60 and σ = 10
I A mark of 45 has a z-score of z = y−µ

σ = −1.5
I Look up z = 1.5 in the normal table
I Value is 0.93319
I This means that fewer than 7% (1− 0.93319) of the marks are

below 45
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Extra Special: The Standard Normal Distribution

I The standard normal distribution is the normal distribution
with a mean µ = 0 and standard deviation σ = 1

I Then µ+ zσ = 0 + z(1) = z

I Therefore, the number falling z standard deviations above the
mean is simply the z-score
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Why Sampling Distributions?

I We have now learned about probability distributions
I We have also assumed that we know the distribution in

question
I This is rarely the case in practice
I Therefore, in practice we make inferences about the

parameters of these distributions
I Probability distributions with fixed parameter values are useful

for many of these inferential methods
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Definition

I A sampling distribution of a statistic is the probability
distribution that specifies probabilities for the possible values
the statistic can take (Agresti and Finlay, 2014, p. 87)
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Examples of Statistcs

I Sample mean
I Sample proportion
I Sample median
I . . .
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The Sample Mean

I The sample mean is usually denoted ȳ

I In practice, we do not know how close it falls to the population
mean µ, because we don’t know µ

I We can predict, however, how close it will fall
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The Sample Mean (contd.)

I The sample mean ȳ is a variable, because its value varies from
sample to sample we draw

I It fluctuates around the true mean of the population µ
I The mean of the sampling distribution ȳ equals µ
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The Standard Error

I The standard deviation of the of ȳ of the sampling distribution
is called the standard error

I It is denoted as σȳ
I We could take samples repeatedly to find σȳ out, or we can

use a simple formula:

σȳ = σ√
n

where n is the sample size.
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Example

I Assume we want to know about the average age at Warwick
I The population distribution has µ = 36 and σ = 10
I We take a sample of n = 100
I Therefore, σȳ = σ√

n
= 10√

100
= 1
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Sampling Error

I This process naturally involves an error, because we only
sample part of the population

I This error is called the sampling error
I Due to the formula σȳ = σ√

n
it decreases with increasing

sample size n.
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The Central Limit Theorem

I Whatever the shape of the population distribution, the
sampling distributions of ȳ become increasingly bell shaped
with increasing n
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The Central Limit Theorem (contd.)
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The Central Limit Theorem (contd.)

I For random sampling with a large sample size n (usually
n = 30 is sufficient), the sampling distribution of the sample
mean ȳ is approximately a normal distribution. (Agresti and
Finlay, 2014, p. 93)
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Recap on Terminology

Population Distribution This is the distribution from which we
select the sample. It is usually unknown. We can
make inferences about its characteristics, such as the
parameters µ and σ that describe its centre and
spuread. The population size is usually denoted as N.

Sample Data Distribution This is the distribution of data that we
actually observe; that is the sample observations
y1, y2, . . . yn. We can describe it by statistics such as
the sample mean ȳ and sample standard deviation s.
The larger the sample size n, the closer the sample
data distribution resembles the population
distribution, and the close the sample statistics such
as ȳ fall to the population parameters such as µ
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Recap on Terminology

Sampling Distribution of a statistic: This is the probability
distribution for the possible values of a sample
statistic, such as ȳ . A sampling distribution describes
the variability that occurs in the statistic’s value
among samples of a certain size.
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