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Why	move	atoms	around?

To	sample the	population	of	configurations	accessible	to	
an	equilibrium	system	at	non-zero	temperature
– More	important	for	“soft	matter”	than	hard	materials.
– Thermodynamic	observables	are	averaged	properties.

To	study	time	evolution of	an	out-of-equilibrium	system	
toward	equilibrium
– E.g.	crystal	growth,	molecular	self-assembly

To	study	driven	non-equilibrium	processes	
– E.g.	active	matter,	crack	propagation,	radiation	damage

Some	notation

Concerned with systems of classical particles in three dimensions with Hamiltonian,

where we have some model U for the potential energy of the system.

Today we’re concerned only with the behaviour of the system in the canonical ensemble. 
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Monte	Carlo	simulation

Equilibrium	and	detailed	balance

Global balance equation 

Must be satisfied if detailed balance is imposed
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Monte	Carlo	moves

Split probability of moving from old to new coordinates into two parts

i.e. probability of attempting a move and the probability of accepting it

Which to satisfy detailed balance requires
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For symmetric moves, e.g. displacing a randomly selected atom by a random distance 
between 0 and  Δrmax in a random direction 
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One choice for the acceptance probability which satisfies this is
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The resulting sequence of configurations is known as a Markov Chain.

The probability of generating configuration n+1 from configuration n does not depend on 
any of the earlier configurations n-1, n-2…
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dU W (U) exp [−βU ]

F = −kBT lnZ

W (U)

P (U) =
W (U)
Z

exp (−βU)

λ
(
rN

)

λA

λB

F (λ)

λ

rNnew = rNold + ξ∆rN

rNold → rNnew

P
(
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)
= Patt
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)
= min

{
1, exp

[
βU
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More	complex	moves

Figure 5.3: Depiction of the torsion angle in the butane model, bond length and
angle are fixed so the rotation is on a circle with axis r̂

23

.

Figure 5.4: Depiction of the torsion angle in the butane model looking top-down
onto the r̂

23

axis.
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Change a bond angle 
by a random amount

Change a dihedral angle by 
a random amount

Example	- Lennard-Jones	fluid

Work in scaled units

kB = 1, ε = 1, σ = 1

Energy measured in units of ε
Temperature measured in units of ε

Demo

• Equilibration
• Tuning move sizes for optimal efficiency
• Estimating uncertainties when working with correlated data

Molecular	Dynamics	simulation
Equations of motion

χ = 1.07

β (U) = ∂S (U) /∂U

λ
(
rN

)
= U

(
rN

)

mi
∂2ri (t)
∂t2

= −∇riU
(
rN (t)

)
− γmi

∂ri (t)
∂t

+
√

2γkBTmiRi (t)

⟨Ri (t)⟩ = 0 ⟨Ri (t)Ri (t
′)⟩ = δ (t− t′)

S (U) = βkB ⟨U⟩+ kB lnZ

T = Tf

βfF (U)

∆F (U)

βf∆F (U)

U/ϵ

kA→B

kB→A

ṙi = pi/mi (1a)
ṗi = −∇riU

(
rN

)
(1b)

Conserve the Hamiltonian (total energy)
H (�1, �2, �3 . . . �N) = H

(
�N

)

H
(
�N

)
= U

(
�N

)
+

N∑

i=1

�2i
2mi

Q =
1

N !h3N

∫ ∞

−∞

∫ ∞

−∞
��N��N ���

[
−βH

(
�N , �N

)]
.Dynamics are exactly those realised by an isolated system

Microcanonical (NVE)	dynamics



3

Let f be some function of the positions and momenta of the atoms

defines Liouville operator

This equation has a well-known solution

χ = 1.07

β (U) = ∂S (U) /∂U

λ
(
rN
)
= U

(
rN
)

mi
∂2ri (t)
∂t2

= −∇riU
(
rN (t)

)
− γmi

∂ri (t)
∂t

+
√

2γkBTmiRi (t)

⟨Ri (t)⟩ = 0 ⟨Ri (t)Ri (t
′)⟩ = δ (t− t′)

S (U) = βkB ⟨U⟩+ kB lnZ

T = Tf

βfF (U)

∆F (U)

βf∆F (U)

U/ϵ

kA→B

kB→A

ṙi = pi/mi (1a)
ṗi = −∇riU

(
rN
)

(1b)

ḟ =

Nf∑

j=1

q̇j
∂f

∂qj
+ ṗj

∂f

∂pj
= iL̂f, (2)

where the index j runs over all degrees of freedom represented by the generalised co-ordinates qj , and pj are the
corresponding conjugate momenta. This defines the Liouville operator L̂. The soluƟon to equaƟon 2 is obviously

f (t) = exp
(
iL̂t
)
f (0) . (3)

f
[
rN (t) , pN (t)

]
= exp

(
iL̂t
)
f
[
rN (0) , pN (0)

]
, (4)

with

iL̂ = ṙ
∂

∂r
+ ṗ

∂

∂p
= iL̂r + iL̂p (5)

Which defines the time evolution operator. 

To rationally approximate this, we split the Liouville operator

Numerical	integration

Consider the casewhere f depends only on a single coordinate rwith nomomentumdependence. Now iL̂ = iL̂r.
If the Ɵme evoluƟon operator exp

(
iL̂rt

)
is applied to f at Ɵme t = 0

exp
(
iL̂rt

)
r = exp

(
ṙ
∂

∂r
t

)
f [r (0)] . (6)

Expanding the exponenƟal as a series

exp
(
iL̂
)
r =

[
1 + ṙ (0) t

∂

∂r
+

(ṙ (0) t)2

2!

∂2

∂r2
+ . . .

]
f [r (0)] , (7)

results in the Taylor expansion for f [r (0) + h] where h = ṙ (0) t.
The applicaƟon of the the operator exp

(
iL̂rt

)
has evolved the coordinate r through a Ɵme t, which is true for

any number of coordinate dependencies. Similarly the applicaƟon of exp
(
iL̂pt

)
will evolve the momenta.

This leads to the conclusion that the applicaƟon of the operators exp
(
iL̂rt

)
and exp

(
iL̂pt

)
to the phase space

vector � defining the posiƟon and momentum of each degree of freedom, will evolve each component through Ɵme.
For non-commuƟng operatorsA and B,

exp (A+ B) ̸= exp (A) exp (B). (8)

Therefore
exp

(
iL̂t
)
̸= exp

(
iL̂rt

)
exp

(
iL̂pt

)
. (9)

Instead the TroƩer idenƟty is used,
e(A+B) = lim

P→∞

(
eB/2P eA/P eB/2P

)P
. (10)

Time evoluƟon operator is discreƟsed by making the connecƟon ∆t = t/P , the Ɵme-step used in integraƟng our
equaƟons of moƟon. For a small Ɵme-step this will give large P making the TroƩer expansion a good approximaƟon.
This leads to the following form for the total Ɵme evoluƟon operator.

exp
(
iL̂t
)
=

[
exp

(
iL̂p∆t

2

)
exp

(
iL̂r∆t

)
exp

(
iL̂p∆t

2

)] t
∆t

(11)

where the order of operaƟon is from right to leŌ in the usual way. ApplicaƟon of the operator in the square brackets
once per Ɵme-step evolves the system of parƟcles. Following through the operaƟons for a single Ɵme-step, using only
the first-order term in the expansion, the following sequence is obtained.

• p
(
t+ 1

2∆t
)
= p (t) + ∆t

2 ṗ (t)

• r (t+∆t) = r (t) + ∆t
m p
(
t+ 1

2∆t
)
= r (t) + ∆t

m p (t) + 1
2m∆t2ṗ (t)

• p (t+∆t) = p
(
t+ 1

2∆t
)
+ ∆t

2 ṗ (t+∆t)
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where the order of operaƟon is from right to leŌ in the usual way. ApplicaƟon of the operator in the square brackets
once per Ɵme-step evolves the system of parƟcles. Following through the operaƟons for a single Ɵme-step, using only
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ḟ =
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ṙj ·∇rj + ṗj ·∇pj

)
f = iL̂f (12)
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iL̂r + iL̂p

)
(13)

Numerical	integration

i.e. expansion to first order captures the exact time evolution at fixed momentum p

Similarly                    evolves momenta at fixed forces 

Consider the casewhere f depends only on a single coordinate rwith nomomentumdependence. Now iL̂ = iL̂r.
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Time evoluƟon operator is discreƟsed by making the connecƟon ∆t = t/P , the Ɵme-step used in integraƟng our
equaƟons of moƟon. For a small Ɵme-step this will give large P making the TroƩer expansion a good approximaƟon.
This leads to the following form for the total Ɵme evoluƟon operator.
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where the order of operaƟon is from right to leŌ in the usual way. ApplicaƟon of the operator in the square brackets
once per Ɵme-step evolves the system of parƟcles. Following through the operaƟons for a single Ɵme-step, using only
the first-order term in the expansion, the following sequence is obtained.
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✟✟✟✟✟✟✟
(ẋ (0) t)2

2!

∂2

∂x2
+ . . .

]
x (0) , (14)

The two operators         and        do NOT commute, since updating positions changes forces 
(rate of change of momentum) and updating momenta changes rate of change of position   

Suggests an operator which evolves positions 

Consider the case where f depends only on a single coordinate r with no momentum dependence. Now iL̂ =

iL̂r. If the Ɵme evoluƟon operator exp
(
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)
is applied to f at Ɵme t = 0
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results in the Taylor expansion for f [r (0) + h] where h = ṙ (0) t.
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ṙj ·∇rj + ṗj ·∇pj
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ṙj

∂

∂ri
+ ṗj

∂

∂pj

)

= iL̂r + iL̂p (5)

χ = 1.07

β (U) = ∂S (U) /∂U

λ
(
rN
)
= U

(
rN
)

mi
∂2ri (t)
∂t2

= −∇riU
(
rN (t)

)
− γmi

∂ri (t)
∂t

+
√

2γkBTmiRi (t)

⟨Ri (t)⟩ = 0 ⟨Ri (t)Ri (t
′)⟩ = δ (t− t′)

S (U) = βkB ⟨U⟩+ kB lnZ

T = Tf

βfF (U)

∆F (U)

βf∆F (U)

U/ϵ

kA→B

kB→A
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where the index j runs over all degrees of freedom represented by the generalised co-ordinates qj , and pj are the
corresponding conjugate momenta. This defines the Liouville operator L̂. The soluƟon to equaƟon 2 is obviously
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Velocity	Verlet Algorithm
Use Trotter factorisation

Consider the casewhere f depends only on a single coordinate rwith nomomentumdependence. Now iL̂ = iL̂r.
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results in the Taylor expansion for f [r (0) + h] where h = ṙ (0) t.
The applicaƟon of the the operator exp

(
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)
has evolved the coordinate r through a Ɵme t, which is true for

any number of coordinate dependencies. Similarly the applicaƟon of exp
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)
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Instead the TroƩer idenƟty is used,
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(
eB/2P eA/P eB/2P

)P
. (10)

Time evoluƟon operator is discreƟsed by making the connecƟon ∆t = t/P , the Ɵme-step used in integraƟng our
equaƟons of moƟon. For a small Ɵme-step this will give large P making the TroƩer expansion a good approximaƟon.
This leads to the following form for the total Ɵme evoluƟon operator.
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where the order of operaƟon is from right to leŌ in the usual way. ApplicaƟon of the operator in the square brackets
once per Ɵme-step evolves the system of parƟcles. Following through the operaƟons for a single Ɵme-step, using only
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being valid for small timesteps .

i.e. we can approximate the action of the exact time evolution operator with
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where the order of operaƟon is from right to leŌ in the usual way. ApplicaƟon of the operator in the square brackets
once per Ɵme-step evolves the system of parƟcles. Following through the operaƟons for a single Ɵme-step, using only
the first-order term in the expansion, the following sequence is obtained.

• pj

(
t+ 1

2∆t
)
= pj (t) +

∆t
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(ẋ (0) t)2

2!

∂2

∂x2
+ . . .

]
x (0) , (14)

Consider the case where f depends only on a single coordinate r with no momentum dependence. Now iL̂ =
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where the order of operaƟon is from right to leŌ in the usual way. ApplicaƟon of the operator in the square

brackets once per Ɵme-step evolves the system of parƟcles. Following through the operaƟons for a single Ɵme-step,
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results in the Taylor expansion for f [r (0) + h] where h = ṙ (0) t.
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and exp

(
iL̂pt

)
to the phase space

vector � defining the posiƟon and momentum of each degree of freedom, will evolve each component through Ɵme.
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Instead the TroƩer idenƟty is used,
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(
eB/2P eA/P eB/2P

)P
. (10)

Time evoluƟon operator is discreƟsed by making the connecƟon ∆t = t/P , the Ɵme-step used in integraƟng our
equaƟons of moƟon. For a small Ɵme-step this will give large P making the TroƩer expansion a good approximaƟon.
This leads to the following form for the total Ɵme evoluƟon operator.
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∆t = t/P (12)
where the order of operaƟon is from right to leŌ in the usual way. ApplicaƟon of the operator in the square

brackets once per Ɵme-step evolves the system of parƟcles. Following through the operaƟons for a single Ɵme-step,
using only the first-order term in the expansion, the following sequence is obtained.
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Algorithms	derived	in	this	way	are	symplectic – they	preserve	the	
configurations	which	are	accessible	from	any	other	configuration	– a	
necessary	condition	for	obeying	the	global	balance	equation.

The	dynamics	are	exactly	those	of	a	shadow	Hamiltonian which	
differs	from	the	real	Hamiltonian	by	a	constant	which	depends	on	
the	timestep.

It	is	better	to	simulate	a	slightly	wrong	system	exactly,	than	to	
simulate	the	correct	system	with	an	error	which	grows	with	time.

Velocity	Verlet Algorithm

Rarely	interested	in	isolated	systems.

Instead	modify	equations	of	motion	to	simulate	coupling	to	the	rest	
of	the	universe	(i.e.	a	heat	bath).

Resulting	system	should	generate	samples	distributed	according	to	
equilibrium	statistics.

How	one	simulates	this	coupling	is	a	modelling	choice	– all	choices	
lead	to	fictitious	dynamics.	Once	can	only	achieve	“correct”	
dynamics	of	a	subsystem	by	explicitly	simulating	the	atoms	which	
couple	it	to	its	environment.

Thermostats Nosé-Hoover	equations
exp

(
iL̂t
)
x =

[
1 + ẋ (0) t

∂

∂x
+

✟✟✟✟✟✟✟
(ẋ (0) t)2

2!

∂2

∂x2
+ . . .

]
x (0) , (14)

ṙi = pi/mi (15a)

ṗi = −∇riU
(
r3N
)
− ps

Q
pi (15b)

ṡ = ps/Q (15c)

ṗs =
N∑

i=1

p2
i /mi − 3NkBT (15d)

Popular	and	sometimes	correct	method	of	coupling	to	heat	bath

Coupling	parameter	Q	is	a	modelling	choice
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Langevin dynamics

P
(
�Nold → �Nnew

)
= 
��

{
1,

��

[
−βU

(
�Nnew

)]

��
 [−βU (�Nold)]

}

P
(
�Nold → �Nnew

)
= 
��

{
1,

W (Uold)

W (Unew)

}

H (Ui) → H (Ui) + 1W (Ui) → fW (Ui)

f →
√

f

λ0λ1λ2λ3λ4λ5λ6t

P (λ0 → λ1) =
Nsuccess

Ntrials
=

3

5

ΦA
0 =

��
� ���������
�
� ��	��

PAkA→B = ΦA
0

n−1∏

i=0

P (λi → λi+1)

P (U) = W (U)
Z

1

W (U) = const.

U → {Ui}

f = e = 2.71828 . . .

W (Ui) = 1H (Ui) = 0i

f < fmin

χ = 1.07

β (U) = ∂S (U) /∂U

λ
(
�N

)
= U

(
�N

)

mi
∂2�i
∂t2

= −∇�iU
(
�N

)
− γmi

∂�i
∂t

+
√

2γkBTmiRi (t)

⟨Ri (t)⟩ = 0 ⟨Ri (t) < Ri (t
′)⟩ = δ (t− t′)

P
(
�Nold → �Nnew

)
= 
��

{
1,

��

[
−βU

(
�Nnew

)]

��
 [−βU (�Nold)]

}

P
(
�Nold → �Nnew

)
= 
��

{
1,

W (Uold)

W (Unew)

}

H (Ui) → H (Ui) + 1W (Ui) → fW (Ui)

f →
√

f

λ0λ1λ2λ3λ4λ5λ6t

P (λ0 → λ1) =
Nsuccess

Ntrials
=

3

5

ΦA
0 =

��
� ���������
�
� ��	��

PAkA→B = ΦA
0

n−1∏

i=0

P (λi → λi+1)

P (U) = W (U)
Z

1

W (U) = const.

U → {Ui}

f = e = 2.71828 . . .

W (Ui) = 1H (Ui) = 0i

f < fmin

χ = 1.07

β (U) = ∂S (U) /∂U

λ
(
�N

)
= U

(
�N

)

mi
∂2�i (t)
∂t2

= −∇�iU
(
�N (t)

)
− γmi

∂�i (t)
∂t

+
√

2γkBTmiRi (t)

⟨Ri (t)⟩ = 0 ⟨Ri (t) < Ri (t
′)⟩ = δ (t− t′)

P
(
�Nold → �Nnew

)
= 
��

{
1,

��

[
−βU

(
�Nnew

)]

��
 [−βU (�Nold)]

}

P
(
�Nold → �Nnew

)
= 
��

{
1,

W (Uold)

W (Unew)

}

H (Ui) → H (Ui) + 1W (Ui) → fW (Ui)

f →
√

f

λ0λ1λ2λ3λ4λ5λ6t

P (λ0 → λ1) =
Nsuccess

Ntrials
=

3

5

ΦA
0 =

��
� ���������
�
� ��	��

PAkA→B = ΦA
0

n−1∏

i=0

P (λi → λi+1)

P (U) = W (U)
Z

1

W (U) = const.

U → {Ui}

f = e = 2.71828 . . .

W (Ui) = 1H (Ui) = 0i

f < fmin

χ = 1.07

β (U) = ∂S (U) /∂U

λ
(
�N

)
= U

(
�N

)

mi
∂2�i (t)
∂t2

= −∇�iU
(
�N (t)

)
− γmi

∂�i (t)
∂t

+
√

2γkBTmiRi (t)

⟨Ri (t)⟩ = 0 ⟨Ri (t)Ri (t
′)⟩ = δ (t− t′)

Uses	stochastic	equation	mimicking	the	effect	of	many	small	
collisions	with	light	particles	in	some	background	medium.

Coupling	parameter	γ is	a	modelling	choice

For	large	γ dynamics	are	overdamped – direction	of	motion	random	
and	biased	toward	direction	of	force,	but	not	influenced	by	
momentum.

Beware	of	pathogenic	cases!

Ergodicity

Nosé-Hoover Nosé-Hoover
chain

Langevin

Example	- Lennard-Jones	fluid

Work in scaled units

kB = 1, ε = 1, σ = 1

Energy measured in units of ε
Temperature measured in units of ε

Demo

• LAMMPS
• Repeat of earlier MC calculation


