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QUICK INTRO TO MACHINE LEARNING
• function fitting 
• infer a function based on data 
• many dimensions 
• good physical model is unknown/doesn’t exist 
• avoid overfitting by incorporating prior assumptions (smoothness) 
• pros:  

• automatic (sort of) 
• flexible 
• easy to expand with more data 
• error estimate 

• cons: 
• slow 
• result is not a physical model 
• little extrapolation 

• See David MacKay’s book: Information Theory, Inference and Learning Algorithms



QUICK INTRO TO MACHINE LEARNING
THE PROBLEM

f : Rd ! R unknown

Make predictions of f(x) given data points {x1,x2, . . . ,xN}
and (noisy) observations {y1, y2, . . . , yN}

Solutions: 
• linear interpolation 
• splines 
• fitting polynomials 
• neural networks 
• Gaussian Process regression
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NEURAL NETWORKS



f(x) = x
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NEURAL NETWORKS
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WEIGHT-SPACE VIEW

GAUSSIAN PROCESS REGRESSION
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FUNCTION-SPACE VIEW

GAUSSIAN PROCESS REGRESSION
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INTERATOMIC POTENTIALS
• Analytic potentials 

• fixed functional formula 

• based on physical understanding 

• few fixed parameters 

• fit to experimental and/or  
computational data 

• Machine learning potentials 

• flexible functional form 

• no physical motivation 

• data driven - mostly computational
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PES FITTING

• Represent a local neighbourhood configuration: “descriptor”, “fingerprint”, 
“feature vector”, “symmetry function” 
• Rotational, reflectional, translational and permutational invariance 
• Faithfulness - no two different configuration give the same representation 
• Continuous, differentiable and smooth 

• Fits are based on comparisons of configurations 
• Gaussian kernel 
• Dot-product kernel aka linear regression 
• Neural network kernel

atomic environment



GAUSSIAN PROCESS

• total energy is sum of local 
contributions 

• database of atomic 
configurations, evaluated by QM 

• minimise cost function 

• regularising: factor & norm 

• result: closed formula for 
coefficients
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ATOMIC DENSITY

⇢i(r) =
X

j

�(r� rij)

• Translational invariance 
• Permutational invariance 
• Translational invariance 
• Permutational invariance 
• Expanding into a basis 
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POWER SPECTRUM

For simplicity, omit radial dependence
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POWER SPECTRUM

• The Wigner D-matrices are unitary
Dl†Dl = I

• Construct an invariant
pl = c†l clpl = c†l cl

R̂!
⇣
c†lD

l†
⌘
Dlclpl = c†l cl

R̂!
⇣
c†lD

l†
⌘
Dlcl = c†l cl = pl

• Power spectrum elements are equivalent to 
Steinhardt Ql bond-order parameters 

• Higher order invariants (bispectrum) correspond 
to the Steinhardt Wl bond-order parameter



SMOOTH OVERLAP OF ATOMIC POSITIONS

• Overlap integral  

• Integrate over all rotations:  

• …[few pages of algebra]…  
 

• Final formula: dot-product of power spectra!
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KERNELS TO COMPARE SMALL CLUSTERS

Example: water dimer

• Representation: interatomic distances 

• 6 atoms - 15 interatomic distances 

• Symmetrise kernel function over symmetry group:
x = {rij}

K̃(x, x′) =
∑

p∈S

K(p(x), x′)



GP TO FIT MULTIPLE MODELS

• Example: total energy is 
sum of pair and triplets 

• each term is a GP itself 

• covariance is a sum pair 
and triplet covariances
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GP TO FIT MULTIPLE MODELS

Figure 1: A two-dimensional illustration of the atomic neighbour density function used in

SOAP. The white circle represents the radial cuto↵ distance.
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Figure 2: The two-body term in the Stillinger-Weber potential for silicon. The dashed line

represents the analytical answer, the solid line shows the GAP fit. The histogram above

corresponds to the input data to the fit.
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Figure 3: The three-body term in the Stillinger-Weber potential for silicon. We fixed the

two neighbours at 2.5 Å and 2.8 Å and varied the bond angle and plotted the sum of all three

interactions between the three atoms. The dashed line represents the analytical answer, the

solid line shows the GAP fit. The histogram above represents the input data to the fit.
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Fit of a two and three-body model on Si SW-data
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HOW TO GENERATE DATABASES

• Target applications: large systems 

• Capability of full quantum mechanics (QM): small systems

QM MD on “representative” small systems: 

sheared primitive cell ➝ elasticity 
large unit cell ➝ phonons 
surface unit cells ➝ surface energy 
gamma surfaces ➝ screw dislocation 
vacancy in small cell ➝ vacancy  
vacancy @ gamma surface ➝ vacancy near dislocation

Iterative refinement 
 

1. QM MD ➝ Initial 
database 
2. Model MD 

What is the acceptable validation protocol?  
How far can the domain of validity be 

extended? 



BUILDING A DATABASE FOR TUNGSTEN



IMPROVEMENT FOR TUNGSTEN

Errors relative to DFT



PEIERLS BARRIER FOR SCREW DISLOCATION GLIDE



VACANCY-DISLOCATION BINDING ENERGY

(~100,000 atoms in 3D simulation box)



WATER MODEL

• >2-body terms described by DFT or  

• >3-body terms described by SCME (with Thor Wikfeldt) 

• All data generated by MD 

• GAP1: DFT ➝ MP2 AVTZ (energies and forces) 

- 6000 configs < 4.5 Å , AMOEBA bulk phase 300K 

- 1000 configs < 6.0 Å , AMOEBA bulk phase 300K 

- 2000 configs confined dimers, DFT, 4000K 

• GAP2: MP2 ➝ CCSD(T) AVDZ/f12 (only energies) 

- 800 configs < 4.5 Å, AMOEBA bulk phase 300K 

- 500 configs < 6.0 Å, AMOEBA bulk phase 300K  



WATER DIMER ENERGY



WATER DIMER CORRECTIONS



CCSD(T) BLYP DMC Bowman BLYP+GAP

0.00 0.00 0.00 0.00 0.00

0.24 -0.59 0.33 0.46 0.15

0.70 -2.18 0.56 2.39 0.52

1.69 -2.44 1.53 4.78 1.77

[kcal / mol]

GAP error < 0.03 kcal/mol / H2O
(B3LYP optimised 
geometries from 
Tschumper)

WATER HEXAMER ENERGIES



[meV / H2O] Expt DMC±5 PBE0+vdWTS BLYP+GAP±3

Ih 0 0 0 0

II 1 -4 6 -5

IX 4 3 -3

VIII 33 30 76 30

0 5

Relative energies

error < 0.15 kcal/mol / H2O

ICE POLYMORPHS



ICE POLYMORPHS

[Å3 / H2O] Expt DMC PBE0+vdWTS BLYP+GAP

Ih 0 0 0 0

II -7.1 -7.0 -6.2 -6.7

IX -6.4 -6.0 -6.5

VIII -12.0 -12.2 -10.2 -11.9

0 1.0

Relative volumes

error < 5%



LIQUID RDF



STRUCTURE MATCHING
Work with Michele Ceriotti and Sandip De

• goal: compare structures - molecules or bulk 

• use local, atomic descriptors/kernels to 
create a global kernel (SOAP) 

• compute covariance matrix for all atom 
pairings 

• build global kernel 

• use “kit” of atoms to compare different 
number of atoms

This journal is© the Owner Societies 2016 Phys. Chem. Chem. Phys.

then the rotationally invariant power spectrum is given by

pðXÞb1b2 l ¼ p

ffiffiffiffiffiffiffiffiffiffi
8

2lþ1

r X

m

cb1lm
" #y

cb2lm: (5)

Collecting the elements of the power spectrum into a unit-length
vector p̂(X), the SOAP kernel is shown39 to be given by

k(X,X0) = p̂(X)%p̂(X0) (6)

eventually leaving a definition of the distance as

dðX;X0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2p̂ðXÞ % p̂ðX0Þ

p
(7)

The SOAP kernel can be written in the form of a dot product,
therefore it is manifestly positive definite, which implies that
the distance function (7) is a proper metric.

2.2 From local descriptors to structure matching

The vectors that enter the definition of the environments are
defined in such a way that their dot product is the overlap of
(smoothed) atomic distributions. Given two structures with the
same number N of atoms, we can compute an environment
covariance matrix that contains all the possible pairings of
environments

Cij(A,B) = k(XA
i ,XB

j ). (8)

This matrix contains the complete information on the pair-wise
similarity of all the environments between the two systems.
Based on it, one can introduce a global kernel to compare two
structures or molecules. We will discuss and compare four
different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel
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" #
" #

% 1

N

X

j

p XB
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$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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• cheap to compute 

• equivalent to total energy kernel 

• not sensitive

AVERAGE STRUCTURAL KERNEL

This journal is© the Owner Societies 2016 Phys. Chem. Chem. Phys.
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different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel

!KðA;BÞ ¼ 1

N2

X

ij

CijðA;BÞ

¼ 1

N

X

i

p XA
i

" #
" #

% 1

N

X

j

p XB
j

$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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then the rotationally invariant power spectrum is given by

pðXÞb1b2 l ¼ p

ffiffiffiffiffiffiffiffiffiffi
8

2lþ1

r X

m

cb1lm
" #y

cb2lm: (5)

Collecting the elements of the power spectrum into a unit-length
vector p̂(X), the SOAP kernel is shown39 to be given by

k(X,X0) = p̂(X)%p̂(X0) (6)

eventually leaving a definition of the distance as

dðX;X0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2p̂ðXÞ % p̂ðX0Þ

p
(7)

The SOAP kernel can be written in the form of a dot product,
therefore it is manifestly positive definite, which implies that
the distance function (7) is a proper metric.

2.2 From local descriptors to structure matching

The vectors that enter the definition of the environments are
defined in such a way that their dot product is the overlap of
(smoothed) atomic distributions. Given two structures with the
same number N of atoms, we can compute an environment
covariance matrix that contains all the possible pairings of
environments

Cij(A,B) = k(XA
i ,XB

j ). (8)

This matrix contains the complete information on the pair-wise
similarity of all the environments between the two systems.
Based on it, one can introduce a global kernel to compare two
structures or molecules. We will discuss and compare four
different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel

!KðA;BÞ ¼ 1

N2

X

ij

CijðA;BÞ

¼ 1

N

X

i

p XA
i

" #
" #

% 1

N

X

j

p XB
j

$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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• find optimal permutations of the atoms (Hungarian 
algorithm) 

• positive definiteness not guaranteed (might not be used 
as a distance metric) 

• may be discontinuous



REGURALISED ENTROPY MATCH KERNEL
• best-match kernel 

• P is a doubly stochastic matrix 

• reformulate the problem to maximise 
information entropy for P 

• use regularisation 

• order N2 if using the Sinkhorn 
algorithm, efficient 

• 𝛾 in the limits of 0 and ∞ defaults to 
the best-match and average kernel

This journal is© the Owner Societies 2016 Phys. Chem. Chem. Phys.

then the rotationally invariant power spectrum is given by

pðXÞb1b2 l ¼ p

ffiffiffiffiffiffiffiffiffiffi
8

2lþ1

r X

m

cb1lm
" #y

cb2lm: (5)

Collecting the elements of the power spectrum into a unit-length
vector p̂(X), the SOAP kernel is shown39 to be given by

k(X,X0) = p̂(X)%p̂(X0) (6)

eventually leaving a definition of the distance as

dðX;X0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2p̂ðXÞ % p̂ðX0Þ

p
(7)

The SOAP kernel can be written in the form of a dot product,
therefore it is manifestly positive definite, which implies that
the distance function (7) is a proper metric.

2.2 From local descriptors to structure matching

The vectors that enter the definition of the environments are
defined in such a way that their dot product is the overlap of
(smoothed) atomic distributions. Given two structures with the
same number N of atoms, we can compute an environment
covariance matrix that contains all the possible pairings of
environments

Cij(A,B) = k(XA
i ,XB

j ). (8)

This matrix contains the complete information on the pair-wise
similarity of all the environments between the two systems.
Based on it, one can introduce a global kernel to compare two
structures or molecules. We will discuss and compare four
different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel

!KðA;BÞ ¼ 1

N2

X

ij

CijðA;BÞ

¼ 1

N

X

i

p XA
i

" #
" #

% 1

N

X

j

p XB
j

$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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then the rotationally invariant power spectrum is given by

pðXÞb1b2 l ¼ p

ffiffiffiffiffiffiffiffiffiffi
8

2lþ1

r X

m

cb1lm
" #y

cb2lm: (5)

Collecting the elements of the power spectrum into a unit-length
vector p̂(X), the SOAP kernel is shown39 to be given by

k(X,X0) = p̂(X)%p̂(X0) (6)

eventually leaving a definition of the distance as

dðX;X0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2p̂ðXÞ % p̂ðX0Þ

p
(7)

The SOAP kernel can be written in the form of a dot product,
therefore it is manifestly positive definite, which implies that
the distance function (7) is a proper metric.

2.2 From local descriptors to structure matching

The vectors that enter the definition of the environments are
defined in such a way that their dot product is the overlap of
(smoothed) atomic distributions. Given two structures with the
same number N of atoms, we can compute an environment
covariance matrix that contains all the possible pairings of
environments

Cij(A,B) = k(XA
i ,XB

j ). (8)

This matrix contains the complete information on the pair-wise
similarity of all the environments between the two systems.
Based on it, one can introduce a global kernel to compare two
structures or molecules. We will discuss and compare four
different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel

!KðA;BÞ ¼ 1

N2

X

ij

CijðA;BÞ

¼ 1

N

X

i

p XA
i

" #
" #

% 1

N

X

j

p XB
j

$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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then the rotationally invariant power spectrum is given by

pðXÞb1b2 l ¼ p

ffiffiffiffiffiffiffiffiffiffi
8

2lþ1

r X

m

cb1lm
" #y

cb2lm: (5)

Collecting the elements of the power spectrum into a unit-length
vector p̂(X), the SOAP kernel is shown39 to be given by

k(X,X0) = p̂(X)%p̂(X0) (6)

eventually leaving a definition of the distance as

dðX;X0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2p̂ðXÞ % p̂ðX0Þ

p
(7)

The SOAP kernel can be written in the form of a dot product,
therefore it is manifestly positive definite, which implies that
the distance function (7) is a proper metric.

2.2 From local descriptors to structure matching

The vectors that enter the definition of the environments are
defined in such a way that their dot product is the overlap of
(smoothed) atomic distributions. Given two structures with the
same number N of atoms, we can compute an environment
covariance matrix that contains all the possible pairings of
environments

Cij(A,B) = k(XA
i ,XB

j ). (8)

This matrix contains the complete information on the pair-wise
similarity of all the environments between the two systems.
Based on it, one can introduce a global kernel to compare two
structures or molecules. We will discuss and compare four
different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel

!KðA;BÞ ¼ 1

N2

X

ij

CijðA;BÞ

¼ 1

N

X

i

p XA
i

" #
" #

% 1

N

X

j

p XB
j

$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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then the rotationally invariant power spectrum is given by

pðXÞb1b2 l ¼ p

ffiffiffiffiffiffiffiffiffiffi
8

2lþ1

r X

m

cb1lm
" #y

cb2lm: (5)

Collecting the elements of the power spectrum into a unit-length
vector p̂(X), the SOAP kernel is shown39 to be given by

k(X,X0) = p̂(X)%p̂(X0) (6)

eventually leaving a definition of the distance as

dðX;X0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2p̂ðXÞ % p̂ðX0Þ

p
(7)

The SOAP kernel can be written in the form of a dot product,
therefore it is manifestly positive definite, which implies that
the distance function (7) is a proper metric.

2.2 From local descriptors to structure matching

The vectors that enter the definition of the environments are
defined in such a way that their dot product is the overlap of
(smoothed) atomic distributions. Given two structures with the
same number N of atoms, we can compute an environment
covariance matrix that contains all the possible pairings of
environments

Cij(A,B) = k(XA
i ,XB

j ). (8)

This matrix contains the complete information on the pair-wise
similarity of all the environments between the two systems.
Based on it, one can introduce a global kernel to compare two
structures or molecules. We will discuss and compare four
different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel

!KðA;BÞ ¼ 1

N2

X

ij

CijðA;BÞ

¼ 1

N

X

i

p XA
i

" #
" #

% 1

N

X

j

p XB
j

$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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then the rotationally invariant power spectrum is given by

pðXÞb1b2 l ¼ p

ffiffiffiffiffiffiffiffiffiffi
8

2lþ1

r X

m

cb1lm
" #y

cb2lm: (5)

Collecting the elements of the power spectrum into a unit-length
vector p̂(X), the SOAP kernel is shown39 to be given by

k(X,X0) = p̂(X)%p̂(X0) (6)

eventually leaving a definition of the distance as

dðX;X0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2p̂ðXÞ % p̂ðX0Þ

p
(7)

The SOAP kernel can be written in the form of a dot product,
therefore it is manifestly positive definite, which implies that
the distance function (7) is a proper metric.

2.2 From local descriptors to structure matching

The vectors that enter the definition of the environments are
defined in such a way that their dot product is the overlap of
(smoothed) atomic distributions. Given two structures with the
same number N of atoms, we can compute an environment
covariance matrix that contains all the possible pairings of
environments

Cij(A,B) = k(XA
i ,XB

j ). (8)

This matrix contains the complete information on the pair-wise
similarity of all the environments between the two systems.
Based on it, one can introduce a global kernel to compare two
structures or molecules. We will discuss and compare four
different approaches. All of them are meant to be normalized,
i.e. the given expressions for K(A,B) are to be divided byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðA;AÞKðB;BÞ

p
whenever the kernel is not normalized to

one by construction.
Average structural kernel. A first possibility to compare two

structures involves computing an average kernel

!KðA;BÞ ¼ 1

N2

X

ij

CijðA;BÞ

¼ 1

N

X

i

p XA
i

" #
" #

% 1

N

X

j

p XB
j

$ %" #

: (9)

One sees that %K can be computed inexpensively by just storing
the average SOAP fingerprint between all environments of
the two structures. This kernel is also positive-definite, being
based on a scalar product,42 and therefore induces a metric
!DðA;BÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& 2 !KðA;BÞ

p
. On the other hand, it is not a very

sensitive metric: two very different structures can appear to be
the same if they are composed of environments that give the
same fingerprint upon averaging.

Best-match structural kernel. Another possibility that has
been used previously with different kinds of structural finger-
prints23,34,43,44 is to identify the best match between the environ-
ments of the two structures,

K̂ðA;BÞ ¼ 1

N
max
p

X

i

Cipi ðA;BÞ (10)

which can be accomplished with an O(N3) effort using the Munkres
algorithm.45 The corresponding distance has the properties of a
metric, which means that it can still be safely used to assess the
similarity between structures and molecules. Unfortunately, this
‘‘best-match’’ kernel is not guaranteed to be positive-definite, which
makes it less than ideal for use in machine-learning applications.
Furthermore, the distance obtained by a best-match strategy is con-
tinuous, but has discontinuous derivatives whenever the matching of
environments changes. These problems can be solved or alleviated
by matching the environments based on a different strategy that
combines features of the average and the best-match kernels.

Regularized entropy match kernel. The best match problem
can also be stated in an alternative form, namely

K̂ðA;BÞ ¼ max
P2UðN;NÞ

X

ij

CijðA;BÞPij (11)

where U(N,N) is the set of N ' N (scaled) doubly stochastic
matrices, whose rows and columns sum to 1/N, i.e.P
i
Pij ¼

P
j
Pij ¼ 1=N. We can then borrow an idea that was

recently introduced in the field of optimal transport40 to
regularize this problem, adding a penalty that instead aims at
maximizing the information entropy for the matrix P subject to
the aforementioned constraints on its marginals. Such a
‘‘regularized-entropy match’’ (REMatch) kernel is defined as

K̂gðA;BÞ ¼ TrPgCðA;BÞ;

Pg ¼ argmin
P2UðN;NÞ

X

ij

Pij 1& Cij þ g lnPij

" #
;

(12)

where the regularization is given by an entropy term
EðPÞ ¼ &

P
ij
Pij lnPij . Pg can be computed very efficiently, with

O(N2) effort, by the Sinkhorn algorithm40 (see Appendix C).
For g - 0, the entropic penalty becomes negligible, and
K̂g(A,B) - K̂(A,B). For g - N, one selects the P with the least
information content that is one with constant Pij = 1/N2. Hence,
in this limit K̂g(A,B) - %K(A,B).

Permutation structural kernel. For the sake of completeness,
we also discuss a fourth option: rather than summing over all
possible pairs of environments, one can consider each pairing
of environments separately, and sum over all the N! possible
permutations that define the pairings. In order to kill off more
rapidly the combinations of environments that contain bad
matches, one can multiply the kernels that appear in each
pairing, and define a permutation kernel

"KðA;BÞ ¼ 1

N!

X

p

Y

i

Cipi ðA;BÞ ¼ permCðA;BÞ: (13)

This choice corresponds to the evaluation of the permanent of the
environment kernel matrix, and has some appeal as it is guaranteed
to yield a positive-definite kernel.46 The evaluation of the permanent
of a matrix, however, has combinatorial computational complexity.‡

‡ Although stochastic algorithms do exist to compute it to a desired precision in
polynomial time.47
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A remarkable observation in this analysis is the realization
that the presence of the cation catalyzed unexpected proton
transfer reactions that change the chemical structure of the
molecule. Configurations that underwent a chemical reaction
are clustered on one side of the map (Fig. 5), with further
internal structure reflecting the fact that SOAP-based structural
metrics treat on the same footing information on the chemical
bonding and on the conformational variability of the molecule.
It is again worth noting that by changing the cut-off value for
the SOAP descriptors, one can ‘‘focus’’ the structural metric on
different molecular features. A short cutoff of 2Å makes the
chemically different structures stand out more as outliers –
which would for instance be useful to detect automatically this
kind of unwanted transition in an automatically generated
dataset – while in contrast a longer cutoff would give more
importance to the difference between collapsed and extended
molecular conformers.

3.4 Mapping (al)chemical space

As a final example of the evaluation of a structural and
alchemical similarity metric, and its use to represent complex

ensembles of compounds, let us consider the QM7b database.25

This set of compounds contains 7211 minimum-energy structures
for small organic compounds containing up to seven non-
hydrogen atoms (C, N, O, S, and Cl), saturated with H to different
degrees. This database constitutes a small fraction of a larger
chemical library that contains millions of hypothetical structures
screened for accessible synthetic pathways.57

This is an extremely challenging dataset to benchmark a
structural similarity metric: molecules differ by the number of
atoms, chemical composition, bonding and conformation. To
simplify the description, we decided to use SOAP descriptors
with a cutoff of 3 Å, and to include H atoms in the environments
but not as environment centers, to simplify the description –
considering also that in the case of the arginine dipeptide this
choice did not prevent clear identification of isomers that only
differed by a proton transfer reaction. We used a best-match
strategy to compare configurations, and topped them up with
isolated atoms up to the maximum number of each species that is
present in the database. This effectively corresponds to choosing a
‘‘kit’’ (in other terms, a fully atomized reference state) starting from
which all of the compounds can be assembled.

Fig. 3 Sketch-map of 1274 crystalline and amorphous silicon structures obtained by sampling different phases from the phase diagram (disks),
polymorphs obtained by ab initio random structure search52 (+ signs) and by minima hopping53 (! signs). The color and size of the points vary according
to their atomic energy and atomic volumes, respectively. Regions of the plot which represents different phases have been outlined with dotted contours.

PCCP Paper

Pu
bl

is
he

d 
on

 0
4 

A
pr

il 
20

16
. D

ow
nl

oa
de

d 
by

 U
ni

ve
rs

ity
 o

f C
am

br
id

ge
 o

n 
27

/0
4/

20
16

 0
9:

03
:4

5.
 

View Article Online

• sketch map (see Ceriotti’s other work) of silicon structures 

• best-match kernel 

• 5 Å cutoff
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of atoms. On the other hand, one could foresee to encode
information on the ‘‘alchemical similarity’’ using one of the
many quantities chemists have used historically to rationalize
trends in reactivity across the periodic table. As an example,
we used the electronegativity Ea to define

kab = e!(Ea!Eb)2/2D2
(21)

where D is a parameter that determines how sensitive is the
alchemical kernel to differences in electronegativities. We used
D = 1 to generate the last set of maps in Fig. 7. The map now
separates out quite accurately regions with homogeneous stoi-
chiometry. Whereas when kab = dab the different ‘‘islands’’ were
roughly arranged according to a square grid pattern corresponding
to nO and nN along two orthogonal directions, now stripe-shaped

Fig. 7 Sketch-map representation of minimum-energy structures from a database of molecules containing up to 7 non-hydrogen atoms (C, O, N, S and
Cl), and saturated with hydrogen to varying degrees.25 Left-hand panels show the map colored according to the atomization energy as computed by
DFT. In the right-hand images, the points are colored according to the number of constituent C, O, N, and S atoms. The top row corresponds to an
alchemical kernel that treats all species as different, the middle row treats all the non-H atoms as the same species, whereas the bottom row introduces
an alchemical kernel that depends on the difference in electronegativity between species.
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environment information can be combined to provide a global
measure of (dis)similarity. An average kernel %K provides an
inexpensive strategy to do so, with a cost that scales linearly
with the size of the structures to be compared, but might under-
estimate the difference between two configurations – since in
principle two different structures might yield zero %D. Alterna-
tively, one can compute the local kernel between every possible
pair of environments (which itself involves a cost scaling with
the square of the number of environments), and then build a
compound kernel K̂ by finding the best-match permutation of
the environments – which gives a metric with a better resolving
power, but entails solving a cubic-scaling linear assignment
problem. Introducing an entropy regularization makes it possible
at the same time to reduce the size-scaling to quadratic, and
to obtain a better behaved, smoothly varying metric that inter-
polates – depending on the regularization parameter – between
the average and best-match limit.

This strategy to compare atomic configurations builds on
the very general notion that complex bulk and molecular
structures arise from the combination of local building blocks,
and can be applied seamlessly to systems as diverse as clusters,
bulk phases of an element, conformation of biomolecules
and an assembly of small chemical compounds with varying
atom kinds and numbers. At the same time, the structure of
the underlying SOAP kernels allows for very effective fine-
tuning. For instance, by choosing the cutoff radius over which
atomic densities are compared between environments, one
can make the metric more sensitive to the first-neighbor
chemical connectivity, or vice versa, include information on
the long-range conformation of flexible molecules. What is
more, it is possible to treat structural and alchemical com-
plexities on the same footing, by introducing an alchemical
similarity kernel that makes it possible to specify whether
atoms of different species should be considered completely
separate, or whether a notion of chemical distance (based e.g.
on the difference in electronegativity) should be introduced to
give different weights to substitutions between elements with
similar reactivity.

We also demonstrate that the straightforward application of
the REMatch–SOAP kernel to the ridge-regression evaluation of
molecular properties matches or outperforms all previously
presented approaches, reaching chemical accuracy in the
prediction of the atomization energies of a set of small organic
molecules. We believe that in this respect we are only scratching
the surface of the potential applications to machine-learning
of our kernels, since these results were obtained without using
any of the more sophisticated techniques (e.g. introducing
a hierarchy of models to capture the variance of properties
at different structural scales24) that have been shown to signifi-
cantly improve this kind of procedure when using other
structural descriptors.

The similarity metric we introduce could find application as
the workhorse of a number of simulation protocols, machine-
learning algorithms and data mining strategies. For instance, it
could be used to detect outliers in automated high-throughput
screenings of materials, to cluster similar configurations together,

and to accelerate the exploration of chemical and conformational
space of materials and molecules. Here, we show in particular
how it can be combined with a non-linear dimensionality
reduction technique such as the sketch-map, to give simple and
insightful two-dimensional representation of a given molecular or
structural dataset. As atomistic modelling adventures into larger-
scale structures, and unsupervised exploration of materials space,
maps such as these can provide a valuable tool to convey intuitive
information on complex structural and alchemical landscapes,
to rationalize structure–property relationships, and to predict
physical observables of novel compounds by training machine-
learning models to libraries of known materials.

SOAP kernel for multi-species
environments
Derivation of the multi-species kernel

Let us show how the alchemical kernel in eqn (18) can be
derived. The overlap kernel

~kðX;X0Þ ¼
ð
dR̂

ð
dr
X

aa0
kaa0raXðrÞr

a0
X0ðR̂rÞ

"""""

"""""

2

(23)

is first rewritten in terms of the expansion of the atomic density
functions (17)

~kðX;X0Þ ¼
ð
dR̂

X

aa0n
lmm0

kaa0 canlmðXÞ
# $y

Dl
mm0ðR̂Þc

a0
nlm0ðX

0Þ

"""""""

"""""""

2

; (24)

where we carried out the spatial integration. Expanding this
result, we obtain

~kðX;X0Þ ¼
ð
dR̂

X

aa0
nlmm0

kaa0 canlmðXÞ
# $y

Dl
mm0ðR̂Þc

a 0
nlm 0ðX

0Þ

$
X

bb0

n0l0
m00m000

kbb0c
b
n0l0m00ðXÞ D

l0

m00m000 ðR̂Þc
b0

n0l0m000ðX
0Þ

h iy
;

(25)

which allows us to integrate analytically over all possible
rotations R̂ and exploit the orthogonality relations of the
Wigner rotation matrices.

~kðX;X0Þ ¼
X

aa0nlmm0

bb0n0l0m00m00

8p2

2l þ 1
dll0dmm00dm0m000kaa0 canlmðXÞ

# $y
ca
0

nlm0ðX
0Þ

$ kbb0c
b
n0l0m00ðXÞ c

b0

n0l0m000ðX
0Þ

h iy

(26)

The final formula of the overlap kernel couples the radial,
angular, and species channels of the expansion coefficients
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