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• By probabilistic argument, ∃ (𝑁/2)-dim. subspace projectors 
Π1, … , Π𝐾 s.t. the states 𝜎𝑖 = 1 − 6𝜀

𝕀

𝑁
+ 6𝜀 ⋅

2Π𝑖

𝑁
satisfy 

tr Π𝑖𝜎𝑖 −
1

2
= 3𝜀 and tr Π𝑖𝜎𝑗 −

1

2
≤

𝜀
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May 26, 2023 - LSIT 2023 M.C.C., Info-theoretic upper and lower bounds in QML 4



Quantum Shadow Tomography Lower 
Bound – Proof
Setup: 
• 𝑁 = min{2𝑛 , log𝑀} and 𝐾 ∼ 𝑐𝑁2

• By probabilistic argument, ∃ (𝑁/2)-dim. subspace projectors 
Π1, … , Π𝐾 s.t. the states 𝜎𝑖 = 1 − 6𝜀

𝕀

𝑁
+ 6𝜀 ⋅

2Π𝑖

𝑁
satisfy 

tr Π𝑖𝜎𝑖 −
1

2
= 3𝜀 and tr Π𝑖𝜎𝑗 −

1

2
≤

𝜀

2
for all 𝑖 ≠ 𝑗.

Shadow tomography with accuracy 𝜀 allows to distinguish the 𝜎𝑖, 
thus extracts ≥ log𝐾 ∼ 𝑁2 bits of information.
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• Step 3: By looking at the spectrum, 𝑆 𝜎𝑖 ≥ ⋯ ≥ log𝑁 − 𝒪(𝜀2).
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𝑁2

𝜀2 = Ω
min 4𝑛,log 𝑀

𝜀2 . □
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Quantum Computational Learning Theory

• [6] used the “swiss army knife“ to show a quantum sample 
complexity lower bound for distribution-independent PAC 
learning that matches classical upper bounds up to log factors.

• [1] improved the “swiss army knife“ to get rid of the log factors.
• [6] also got rid of the log factors, albeit with a completely different proof.
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𝜀2  applies to 
arbitrary learning procedures (with entangled measurements).
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Outlook: Learning With Restricted 
Quantum Capabilities
• Shadow tomography lower bound Ω min 4𝑛,log 𝑀

𝜀2  applies to 
arbitrary learning procedures (with entangled measurements).
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