Chapter 6: MWDS and the theory of computation

�

0:’6�DQG�WKH�WKHRU \�RI� FRPSXWDWLRQ

As described in the introduction to the thesis, this cha pter sets out to illustrate how MWDS can potentially be viewed as providing empirical roots for logical constructions. This agenda is only appr opriate if the distinction between MWDS and classical progra mming is presumed to be funda mental in character. For convenience, this cha pter is written fr omthis perspective and is acknowledged to ma ke controversial claims.

There are two quite different wa ys to inter pret computer use. The classical theor y of computation accounts for interaction with computers in ter ms of algorithms and for ma l models of state and automata [HU79]. The sema ntics of MWDS has an entirely different basis in which the key emphasis is upon the computer as a physical artefact and on experientially mediated interpretation of huma n-computer interaction (cf. Section 2.2). Beynon [Bey99] argues the case for a non- logicist foundation for AI that stems fr om such experientially mediated inter pretations, and discusses the significa nce of languages and logics within this fra mework. This chapter develops a practical case study to demonstrate the relationship between MWDS and the classical theor y of computation explicitly.

The key concept in our case study is the `data structure´. A data structure ser ves two purposes: it ca n be viewed as a physical artefact that metaphorically represents computer ma nipulation of data; it is also used to fra me state transitions within a computer pr ogra m(cf.

Section 5.3.1). Our specific focus in this chapter is upon the heap data structure and its application in the heapsort algorithm. The two main sections of the cha pter address:

· the use of MWDS to constr uct a model of the heap data structure as a physical artefact

(such as a lecturer might draw on a blackboard when intr oducing heapsort);

· how a for mal account of heapsort, based on Dijkstra´s Weakest Precondition (WP) for ma lism can be inter preted in ter ms of the definitive Hea p model 1 .

6.0 Over view

Section 6.1 introduces the heap structure and the conventional hea psort pseudo code. This is followed by a discussion of the development of the Heap model based on the obser vationoriented a nd a gent- oriented paradigm provided by MWDS. The model building is closely linked to the kind of experimental analysis that might have led to the discovery of heapsort, and the model is gradually developed in a ma nner similar to that discussed in [SRCB99]. The definitive

Heap model supplies the basis for a non-standard implementation of hea psort, centred on the representation of state as observed a nd experienced by the modeller. This ca n be viewed as an

ADM Heapsort device that has different characteristics from a conventional heapsort pr ogra m.

Section 6.2 relates the experiential view of hea psort associated with the ADM Heapsort device to a for mal specification of the hea psort algorithm using Dijkstra´s WP for malism [Dij76].

The integration of infor mal a nd for mal views of heapsort within the Heap model is addressed in subsection 6.2.1, where we show how the states in the heapsort pr ocess that are characterised by pre- and post-conditions in WP can be inter preted and visualised in the Hea psort device. The characteristics of the Heapsort device as a non-standard model of heapsort are discussed in subsection 6.2.2. In the final subsection (6.2.3), we consider the relationship between MWDS and the classical theory of computation, using heapsort as a case study. This involves construing the different ways in which hea psort is perfor med by the ADM Heapsort device and by a conventional heapsort progra m.

6.1 Introduction to the heapsort algorithm

Heapsort is one of the classic sorting methods, which was pr oposed by Willia ms [Will64] in

1964. The heapsort pr ocess is closely related to TREESORT introduced by Floyd [Floyd64] because the process uses the concept of a tree structure to perfor msorting. It can sort an array of

N elements in place in O (N log N) steps [SS93]. Its run-time is competitively fast compared to other sorting algorithms such as Bubblesort, which requires O (N 2 ) steps.

1 Some material in this section is drawn from [BRS00]

Chapter 6: MWDS and the theory of computation

In the heapsort process, all pr ocedures operate on single wor d items, stored as elements indexed from 1 to N in an array a . The elements of the array can be represented by a binary tree

(cf. Figure 6-1). In this representation, the element a[1] is at the root of the tree and the left a nd right children of the tree node associated with the element a[ i] are associated with the elements a[2i] and a[2i+1] respectively. A binary tree with values attached to its nodes is a heap [SS93] if the value attached to each node is greater than or equal to the values attached to its children.

Within such a tree, a node is said to be heap satisfied (or equivalently to satisfy the heap condition ) if the value attached to it is greater than or equal to the values attached to its children.

If we identify the array a with its representation as a binary tree, we can regard a as a heap if the elements in the array a are such that a[ i]

³ a[j] for 2 £ j £ N , i = j/2 . If a is a hea p, then a[1] is

the greatest element of the array. In studying hea psort, the dual order relation on array values

defined by x £ ´ y if and only if x ³ y is of interest.

Figure 6- 1 : Anarray as a heap

Figure 6-1 illustrates how the hea p data structure serves as a physical artefact. The

characteristics of the heap structure, as depicted in Figure 6-1, and as inter preted by an observer,

are not accurately reflected in the sta ndard computer imple mentation of the heap data structure.

For instance, a student following an exposition of the heap concept based on Figure 6-1 as a

blackboard dia gra mwill inter pret `exchanging the elements a[3] and a[6] ´ as `violating the heap

condition at node 3´ and `rendering the array a no longer a heap´ at one and the sa me time. That

is to say, the properties of the heap as a physical artefact enable the observer to experience these

three state changes as one (cf. Section 6.1.2).

6.1.1 Conventional implementation of heapsort

The hea psort algorithm is conventionally implemented as a procedural progra m. Heapsort wor ks

in two phases. First, it arranges the elements being sorted into a heap , a complete binary tree in

70 47 56 32 3 20 16 a[1] a[2] a[3] a[4] a[5] a[6 ] a[ 7 ]

1

2 3

4 5 6 7

Heap satisfied

70

47 56

32 3 20 16

Chapter 6: MWDS and the theory of computation

which the value of each node is larger tha n the values of each of its children. Second, it

repeatedly removes the root (i.e. the largest value a mong the elements) fr om the hea p, sets it

aside, and reestablishes the heap property, repeating this until the heap is empty.

Box 6-1 displays the pseudo code for the heapsort pr ocess as it applies to an array a

with N elements. As explained above, the array a is interpreted as a tree by placing the r oot

node at position 1, and for each node at position i , placing its left child at position 2i , and its

right child at position 2i+1 . The heapsort method is based on maintaining a heap on the array

values.

Box 6- 1 : The pseudo code for the heapsort process

The pseudo code shown in Box 6-1 illustrates that the heap is built from the bottom-up by

calling the subr outine Shuffle ( lo , hi ). The Shuffle procedure goes thr ough every parent (i.e. a[k] )

node and exa mines whether such a node is heap satisfied; if not, then it ca n be ma de heap

satisfied by swapping the element of the parent node with the element of one or other of its

children, whichever has the greater value.

Once the entire tree is heap satisfied, the greatest element is at the root. The heap

extraction process is progressed by swapping the element at the r oot with the last element of the

tree and then reducing the index n (initially N ) by 1. This reduces the size of the tree by 1 so that

it now becomes n-1 . At this stage, the entire tree ma y not be heap satisfied. The Shuffle pr ogra m proc Heapsort {

n:=N;

k:=(N+1)/2; # Heap establishm ent

while (k ¹ 1) {

k:=k-1;

Shuffle ( k,N);

} # Array a is heap (at this point)

while (n ¹ 0) { # Sort extraction

a:= swap (1,n); # swap the elem ent 1 and n

n:=n-1; # reduce the size of heap

Shuffle (1,n); # repair the heap

}

}

proc Shuffle ( lo,hi) {

k:=lo; # CAND is lazy ANDevaluation and CORis lazy ORevaluation

while ((left(k) £ hi) CAND (a[k]<a[left(k)])) COR((right(k) £ hi) CAND(a[k] < a[right(k)]))

{ if (right(k)>hi) COR (a[left(k)] ³ a[right(k)]) # where left(k) is the left child of k

then m:=left(k); # and right(k) is the right child of k

else if (right(k) £ hi) CAND(a[left(k)] £ a[right(k)])

then m:=right(k);

end if

a:= swap ( k,m);

k:=m;

}

}

Chapter 6: MWDS and the theory of computation

is called to ma ke the heap satisfied. The pr ocess is repeated until n equals 1 and the elements in

the array a are then sorted.

The hea psort progra mspecified in Box 6-1 can be regarded as a progra mdevice (in the

sense introduced in Chapter 5) that outputs a set of elements (input by the user) in sorted order. In

particular, it has those characteristics of a device identified in Section 5.3.1 that are associated

with its status as an efficient implementation of sorting which (e.g.) minimises the number of

obser vations and comparisons of the elements to be sorted. MWDS supplies an alternative

appr oach to describing the heapsort process, which focuses on representing the obser vables that

capture the state of the heap with reference to dependency and agency. This will be discussed in

the next section.

6.1.2 T he structure of the definitive Heap model

MWDSappr oaches the representation of state a nd algorithms in a n unusual way. An algorithm is

interpreted as a generic pattern of reliable interaction a mongst agents operating within a space for

agent action fra med by a definitive representation of state (cf. Figure 2-17). When we inter pret

hea psort in this way, the heap data structure for ms an integral part of the representation of the

state that is the focus for state changing and obser vation by all the releva nt agents. This is the

motivation behind the development of the definitive Heap model. It is helpful to conceive the

entire development of the Heap model and its application to hea psort as the elaboration of a

constr ual of agent interaction following a n appropriate pattern within an appr opriate action space

such as depicted in Figure 2-17.

Figure 6-2 depicts the definitive Heap model that is derived by obser ving the way in which

the array and heap data structures in Figure 6-1 can be used in combination as a physical artefact

in teaching students the concept of a heap. In this context, the heap viewed as a physical artefact

supplies the referent for the MWDS activity. The model is developed by identifying the

obser vables and dependencies to which the students´ attention needs to be drawn. These include

the way in which array elements correspond to tree nodes, the significa nt order relations between

elements at parent-child (but not child-child) nodes of the tree, and the status of the heap

condition at each node. In this context, Figure 6-1 is not to be interpreted as a static diagra msuch

as might a ppear in a textbook, but as a blackboard sketch to be interactively revised and

annotated by the lecturer so as to draw out all the key obser vables and interactions that are

involved in understanding the concept of a heap. As discussed in Section 2.2.1 in connection with

Chapter 6: MWDS and the theory of computation

Figure 2-10, the difference between the student and the lecturer in their relation to Figure 6-1 is

in their implicit knowledge of the relevant interactions and observables.

Figure 6- 2 : A screenshot of the definitive Heap model

Describing heapsort in ter ms of interactions with the definitive Heap model leads to a n

abstract state-based model of the algorithm that is mor e easily apprehended and interpreted than a

traditional progra m. In a conventional implementation of hea psort, the actual state cha nging

activity exhibited by the progra mis more complex, and involves inter mediate states that have no

interpretation in the abstract view. For instance, when two values ha ve been exchanged, a

procedure will typically have to be invoked in or der to update the status of the heap str ucture.

The inter mediate state that exists prior to this update is a n artefact of the implementation that has

no counter part in the abstract description of heapsort [Bey98a, BRSW98].

The definitive Heap model as depicted in Figure 6-2 is open to interaction outside the

pattern of state changes associated with the heapsort algorithm. For insta nce, the modeller can

exchange any pair of ele ments, ca n substitute any value at any node a nd relocate the position of

nodes in the tree arbitrarily. This reflects the character of the space for agent action depicted in

Figure 2-17, which rema ins open even though the definitive Hea p model is embedded in its state.

Further elaboration a nd extension of the Heap model is required to fra me the patter ns of agency

and state cha nge that are followed in heapsort. Three sta ges in developing the heap model will be investigated in the context of this extension:

1. Constr ucting a visual model of a heap with which the user ca n experiment in or der to understand the heap concept.

2. Constr ucting state-based models to represent the sta ges in the hea psort pr ocess, allowing the user to trace the steps involved in heap-building and sort extraction thr ough a sequence of ma nual operations.

3. Introducing automatic mechanisms to carry out the appropriate sequence of steps.

It would be possible to give an account of the model constr uction that deals with issues 1,

2, and 3 in sequence, but this is not the most appr opriate method of organisation to adopt. Fr om the MWDS perspective, the most effective wa y to present the model construction is to introduce the underlying concepts systematically as they might ha ve been encountered in the discover y of the heapsort algorithm. For insta nce, a suitable account of hea psort addresses the following issues in turn:

· Building the basic definitive Heap model (cf. Figure 6-2).

· Identifying techniques for establishing the heap condition at ever y node of the tree.

· Generalising the heap representation to associate array inter vals with tree segments.

· Identifying the pattern of heap transfor ma tion that is characteristic of heapsort.

The development of the model ca n accordingly be divided into four distinct parts. These are first: the construction of a visual model of a heap, second: the establishment of the hea p condition (control and agency), thir d: heap generalisation (associating tree segments with array intervals) and fourth: the construction of state-based models of the heapsorting pr ocess.

Constructing a visual model of a heap

It is necessary for the user 2 who inspects the model to first understand the relationship between the disposition of elements in the array and the geometr y of the associated tree. In Figure 6-2, the first element in the array is represented by the root of the tree, and the elements indexed by 2i and

2i+1 in the array are represented as the left a nd right children of the node, representing the array element indexed by i . The user can interact with the model ma nually. To ma ke this correspondence accessible to the user, a dependency is established between the values of the array and the elements of the tree, so that cha nging the value of an array element simultaneously cha nges the value of the corresponding node.

Figure 6- 3 : The geometrical representations of the array and the associated tree

Figure 6-3 illustrates how the geometric components of the visual construction are defined. The DoNaLD variables such as elt1 , elt2 and v1 , v2 define the visual representation of the geometrical elements in the array and the variables such as p1 , p2 , c1 , c2 and lab1 , lab2 define the visual representation of the geometrical elements in the tree.

The visualisation of the value of elements both in the array and the tree is linked thr ough variables such as val1 , val2 and val3 as shown in Figure 6-3. The values of the label variables v1 , v2 and v3 (respectively, lab1 , lab2 and lab3 ), which are used to visualise the value of elements in the array (respectively, in the tree) depend upon the values of the variables val1 , val2 and val3 .

2 In thiscontext, the neutral term `user´ is adopted to refer to human interpretersplaying a number of

% donald point elt1, elt2, ...

label v1, v2, v3, ...

...

point p1, p2, p3, ...

circlec1, c2, c 3, ...

label lab1, lab2, lab3, ...

...

% eden val is [12,6,14,98 ... ];

val1 is val[1];

val2 is val[2];

...

% donald elt1 = (SW +N1) div 2 # (NW , SW ), (N1, S1), (N2, S2) are pairs of elt2 = (S1+N2) div 2 # endpoints for vertic al lines in the array

...

p1 = {500, 900} p2 = {p1.1-3*wid, p1.2-len} # wid and len are the horizontal and vertic al p3 = {p1.1+3*wid, p1.2-len} # s eparation distanc es between tree nodes

...

c1 = circle(p1, radius) c2 = circle(p2, radius) # radius is the ra dius of thecircleat eac h node

...

% eden

_ v1 is label( str(var1), _elt1); /* the definition f or a DoNaLD label variablev1 */

_ lab1 is label( str(val1), _p1); /* the definition f or a DoNaLD label variablelab1 */

�

12 6 14 98 4 43 1 32 26 elt1 v1

NW

SW

N1

S1 12

p1 p2 lab1 lab2 c3

6 14

98 43

32

To model observations of this nature in a definitive script requires variables to represent the index and value of each node, to record the or der relationship (<, =, >) on each edge of the tree, and to register whether the heap condition holds at each node. There is a set of variables to ma intain these relationships. For instance, the following are exa mples of definitions to record the state of the heap condition at each node.

hc1 is (val1 >= val2) &&(val1 >= val3);

hc2 is (val2 >= val4) &&(val2 >= val5);

hc3 is (val3 >= val6) &&(val3 >= val7);

In MWDS, additional dependencies can rea dily be intr oduced to establish suitable visual conventions for representing the abstract conditions. For instance, the circle representing each node is coloured to reflect whether or not the hea p condition is satisfied, and the lines connecting nodes are coloured to reflect the or der relationship between them (<, =, >). The following definitions are used to define the colour of circles so that they indicate the status of the heap condition at each node.

A_c1 is ^color=~ // hc1? BLUE: RED ;

A_c2 is ^color=~ // hc2? BLUE: RED ;

A_c3 is ^color=~ // hc3? BLUE: RED ;

Blue circles indicate hea p satisfied nodes a nd circles are otherwise red.

Establishing t he heap condition: Control and Agency

At this stage of development of the Heap model, the user can ma nually exchange the i -th and j - th elements in the array via a simple procedure exc ( i , j ) in order to explore hea p building strategies.

This ma nual interaction can reflect different degrees of understanding of the heap concept. For instance, with the visualisation convention for the hea p condition in place, the user ca n learn how to establish a heap by following a set of abstract rules based solely on the perceived colours of nodes and edges in the diagra m.

Because user interaction with the model is unrestricted, it addresses issues broader than those encountered in a narrow study of the heapsort procedur e as it appears in a conventional progra m. A user, who wants to understand heapsort can explore what it means for a tree to be a hea p by assigning arbitrary values to some variables. A simple technique used to establish the hea p condition at every node is to repeatedly exchange the value at a node with that of a child that has a greater value, until no such exchange ca n be made. A set of definitions to recor d the different roles such as understanding the definitive Heap model or learning about heapsort index of the child with a greater value at each node i ca n also be intr oduced. Exa mples of appr opriate definitions are as follows:

ixgtch1 is (val2>val3)? 2: 3; /* the index of the child with the greater value */ ixgtch2 is (val4>val5)? 4: 5;

ixgtch3 is (val6>val7)? 6: 7;

The intr oduction of such obser vables is associated with issues of contr ol and agency that are complementary to the simple state of model. Such obser vables are concer ned with a particular goal for ma nipulation of the tree model, for instance establishing the heap condition at node i .

They ca n be used to fra me the actions of a utomatic agents at a later stage in the development of the model.

The above discussion is primarily concer ned with the constr uction of the definitive Heap model. The next section will consider the further refinement and extension of the model for application in the heapsort process.

6.1.3 Introducing agency to the model

In or der to refine the model for application in the heapsort process, it is necessary to deal with the inter mediate structures that arise in building a nd extracting elements fr om heaps. This involves intr oducing bounds on the segment of the array within which the hea p condition is assessed.

Heap generalisation: Associating tree segments wit harray intervals

Two obser vables are defined as bounds ( first and last ). Definitions in the model are modified to take account of whether the indices of nodes referenced lie between these two bounds. A new set of definitions for deter mining whether the indices lie in the predefined range is added as follows:

inhp1is (first<=1)&&(1<=last)? 1: 0 ; /* does index 1 lies between first and last? */ inhp2is (first<=2)&&(2<=last)? 1: 0;

inhp3is (first<=3)&&(3<=last)? 1: 0;

The definition of the heap condition, a nd of the child with greater value at node i then have to be revised a nd modified as follows:

hc1 is (!inhp1)|| (inhp1 &&(!inhp2 || (inhp2&&(ord12>=0)) && (!inhp3|| (ord13>=0))));

hc2 is (!inhp2)|| (inhp2 &&(!inhp4 || (inhp4&&(ord24>=0)) && (!inhp5|| (ord25>=0))));

ord12 is (val1>val2)?1 : (val2<val1)?-1: 0; /* comparethe valuebetween node 1 and2 */

� ixgtch1 is (!inhp3)? 2: (val2 > val3)? 2: 3;

ixgtch2 is (!inhp5)? 4: (val2 > val3)? 4: 5;

The attributes of edges and nodes are likewise modified to reflect me mbership of the hea p:

A_c1 is ^ color=~ ((inhp1)? (( hp1)? BLUE: RED):WHITE);

All these modifications can be stored in a separate file and included at any point to transfor m a simple Heap model to a more complex variant. (This ma y be especially useful when tr ying to trace errors in scripts, ma king it possible to carry out experiments in two different contexts.)

One of the advantages of MWDS is that it allows experimentation with a wide variety of objectives. It is possible to explore the effect of changing the range of the hea p and the values at nodes both in order to test that the correct definition of the heap condition has been developed, and in order to confir m that the concept of restricting the heap to an array interval is correctly understood.

Constructing state-based models of heapsort process

Once the model of the heap described above has been constr ucted, it becomes possible to ma nually trace the steps in the heapsort algorithm. The algorithm consists of a two-stage pr ocess as depicted in Box 6-1. The first stage is the establishment of the heap. In this context, the obser vable first , which ranges fr om 8 down to 1, is the counter part of the variable k in Box 6-1.

The second stage is the sort extraction. In this context, the observable last , which ranges fr om 15 down to 1, is the counterpart of the variable n in Box 6-1. The extraction of an element fr om the hea p is perfor med by decrementing the observable last and exchanging the value indexed by the for mer value of last with the value at the root (see the action outsort in Box 6-2).

Figure 6- 4 : Agents to automate heapsort

The model of the hea p at this sta ge admits all the transformations that the user needs in order to simulate the heapsort algorithm by a systematic pr ocess of exchanging values at nodes following a predeter mined protocol, and changing the range of indices in the hea p under consideration. The introduction of agents to perfor mthe hea psort pr ocess automa tically is of interest. In intr oducing this automa tion, the idea is to define an agent to maintain the hea p

first--;

last--;

outsort heapmake

maintainheap i condition at each node and two extra agents to decrease the values of the first and last variables

(cf. Figure 6-4).

Figure 6-4 can be viewed as a multi-agent constr ual of heapsort as a pattern of interaction within an action space of the kind depicted in Figure 2-17. The agents (symbolised by huma n faces and huma n figures as in Figure 6-4 and corresponding to a gents such as A and B in Figure

2-17) are constr ued as monitoring the obser vables assigned to them. If the values of these variables are not appr opriate, the a gent ta kes action to adjust them. This can lea d to the propagation of changes. When one agent per for ms an action, this may affect another agent´s obser vation so that this agent has to a djust its obser vables which ma y in turn affect a nother´s state. The scripts for these agents depicted in Figure 6-4 can be seen in Box 6-2.

Box 6- 2 : Edenactions to represent the automatic agents in heapsort

In Box 6-2, the agent m aintainheap i has the task of ma king the i -th node hea p satisfied by exchanging the value at node i with the value at the node ixgtch i . The triggering variables, such as hc1 , hc2 and next, are signals for each agent. If the heap condition at a particular node is not satisfied, the agent which is responsible for that node has to act to ma ke the node heap satisfied again.

proc maintainheap1: hc1, next { if (! hc1 && next==1) { /* exc will s wap the */ exc(1, ixgtch1); /* element at pos ition (e.g. 1)* / next=0; /* and another pos ition (e.g. ixgtch1) */

}

} proc maintainheap2: hc2, next { if (! hc2 && next==1) { exc(2, ixtc h1);

next=0;

}

}

...

proc nextstep: heapwin_mous e{ if ( heapwin_mous e[2]==4 && next==0) next++;

} proc heapmake: next { if (next && first>1 && is_heap) { /* initially first=8 */ first--; next=0; /* and last=15 */

} /* is _heap c hec ks the heap c ondition f or an entire */

} /* tree c orresponding to thevalue of first and last */ proc outs ort: next { if (first==1 && next && is_heap) { last--; exc (1, last+1);

next=0;

}

}

The agent heapm ake takes care of the establishment of the heap and outsort does the sort extraction. They can be viewed as contr ol agents whose actions gover n the interaction of the other agents and direct the entire process.

6.2 Relating experiential and formal views of heapsort

We can regard the definitive Heap model together with the agents introduced in the previous section (cf. Figure 6-4 and Box 6-2) as an ADM Heapsort artefact. Pr ovided that we respect the standard patter ns of interaction that are characteristic of hea psort, it can also be viewed as an

ADM Heapsort device (cf. Cha pter 5).

6.2.1 Integrating the Heap model with a formal specification

It is of interest to relate the non-standard development of the ADM Heapsort device described above to a mor e traditional appr oach to the development of a standard pr ocedural heapsort progra m( or ` Heapsort pr ogra mdevice´ in the sense of Chapter 5). One such a ppr oach is the

Weakest Precondition (WP) for mal method, intr oduced by Dijkstra [Dij76], which can be used to derive a pr ocedural pr ogra mfr om a for ma l specification. An extract from a suitable for mal specification for a heapsort progra mis shown in Box 6-3. The pseudo code for such pr ogra mis given in Box 6-1. The extract in Box 6-3 is the specification of the sort extraction phase in the hea psort.

In Box 6-3, the key concepts in the specification are the pre- and post-conditions of the hea psort progra m, and the loop variant and invariant for the sort extraction. The post-condition describes the state we want the computer to ha ve after the pr ogra m(or piece of progra m) has been executed. The pre-condition describes the assumptions that the initial state must satisfy in order for the pr ogra m(or piece of pr ogra m) to operate correctly. Taken together, the loop variant and invariant guarantee ter mination and correctness of the sort extraction phase.

The for ma l specification for the hea psort pr ocess can be interpreted as specifying significant and characteristic states in the execution of any implementation of heapsort. In any implementation, there must be a point at which a heap is established on the array A (cf. the assertion of { heap(1, n)} in Box 6-3), and a point at which the largest element has been extracted etc. Because of the abstract pr ogra m-independent nature of the for mal specification, it refers to states and operations that ca n be inter preted with reference to the physical array and tree artefacts upon which the concept of hea psort is based (cf. Figure 6-1). The full specification for the hea psort process is included in Appendix B. All the variables and relationships in the for mal specification of heapsort refer to observables that have commonsense inter pretations in ter ms of these artefacts. This enables us to integrate the for mal specification with the ADM Heapsort device.

Box 6- 3 : A formal specificationfor the heapsort process cited from [BRS00]

The concept behind the extension of the Heapsort device is to include obser vation associated with the for mal specification of hea psort. Such observation supplies an abstract trace of the heapsorting process as it might be inspected by a mathematician. The extended Heapsort device is depicted in Figure 6-5. The left-ha nd pa nel displays the current state of execution of a hea psort. The execution is in the heap establishment phase and the element a[3] is just about to be intr oduced. The right-hand panel takes on a different for maccor ding to which phase (Heap establishment or Sort extraction) of the heapsort algorithm is currently being inspected, and the values of invariants and variants are monitored as the algorithm is executed. The panel is divided vertically so that the left- hand part displays the relevant conditions, variants and invariants drawn from the for mal specification in Box 6-3 and the right- hand part displays the current values of the associated variables and predicates.

PRE : N ³ 1

POST :( " i , j · 1 £ i £ j £ N Þ a ( i) £ a ( j )) Ù a = perm ( a 0 ) heap( lo,hi) Û ( " i,j · ( lo £ i £ j £ hi Ù $ k · k >0 Ù i = j div 2 k ) Þ a ( i ) £ a ( j ))

{ PRE } n : = N ;

^ establish heap (1, n )~

{ heap (1, n )} Loop variant is n.

do n ¹ 0 ® { Q } Loop invariant is Q, defined:

^ swap a (1) and a ( n )~ (0 £ n £ N ) Ù heap (1, n ) Ù n : = n ˘1; ( " i,j · n +1 £ i £ j < N Þ a ( i ) £ a ( j )) Ù

^ re-establish heap (1, n )~ ( " i,j · 1 £ i £ n < j £ N Þ a ( i ) £ a ( j ))

{ Q } od

{ POST }

a index 1 N n + 1

sorted unsorted all LHSelem ents £ all RHSelem ents

� �

Figure 6- 5 : Anextended versionof heapsort wit hits formal specification

In the current state of the execution ( with reference to the pseudo code in Box 6-1), the

Shuffle procedure has just been invoked (with k = first = 3) in the heap establishment phase. In the right-ha nd pa nel of Figure 6-5, the top segment (respectively, the bottom segment) displays the current status of the loop variant and invariant for heap establishment (respectively, the

Shuffle procedure).

In Figure 6-5, the variants and invariants of the specification are treated as observables in their own right, and are linked to the mor e primitive observables attached to the Hea psort device.

Strictly speaking, this mode of observation of the Heapsort device is only a ppr opriate in a restricted context for use, since it presumes that heapsorting activity is in pr ogress, and ma kes references to observables concerned with control issues. For insta nce, each invariant is expressed as a predicate whose truth- value is dependent on the current state, as deter mined by the present status of both data and control. In practice, inspection of the current status of variants and invariants can be useful in interpreting more general interaction with the Heapsort device viewed as an ADM artefact (cf. Chapter 5).

                                                                          Formal annotation

Shuffle

6.2.2 T he Heapsort device as a non-standard heapsort model

The Heapsort device together with its for mal annotation, as depicted in Figure 6-5, can be used in
a number of ways. The for ma l annotation serves as an instr ument that monitors the state of the
device in relation to its role in heapsorting, and gives additional insight into the interpretation of
the observables associated with its control (e.g. first  and last ). As depicted in Figure 6-5, there
are two possible modes of interaction. In the a utomatic mode, the user clicks on the Heap
representation window and the hea psort proceeds automatically step-by-step, at each step
perfor ming the action which is displayed at the foot of the right panel. In the semi-automatic
mode, the user takes over the r oles of the agents heapm ake  and outsort  in Box 6-2; only the
agents m aintainheap

                                                                i
                                                                    from Box 6-2 are present in the device, and they are adapted to respond to
mouse clicks in the neighbour hood of the appr opriate node. The possible a pplications for the

Heapsort device with the for ma l annotation in nor mal use include:

             ·  Learning about hea psort: the for mal specification can be used to confir m that the

                         hea psorting process is indeed being correctly followed;

             ·  Learning about the for mal specification: the heapsorting process ma y serve as a worked

                         exa mple for the pur pose of confir ming the accuracy of the for ma l specification.

                    As is the case with the ADM Jugs device studied in Cha pter 5, ma ny modes of interaction
beyond nor ma l use are possible with the ADM Heapsort device. For insta nce, the values of
elements in a n array can be changed while the heapsort is in pr ogress. The impact of such
cha nges depends upon the current status of the element reassigned and the nature of the value
assigned to it. An analysis of the possibilities is useful in understanding the relationship between
the ADM Heapsort device a nd a conventional heapsort progra m device and illustrating further
potential applications for the Heapsort device:

             ·  Scenario 1: The assignment of a new value to an array element during the execution of

                         heapsort does not disrupt the sorting process and respects the observables associated

                         with the formal specification .

                         For instance, in the context of Figure 6-5, swapping a[1]  and a[2]  will not affect the

                         outcome of the sort nor does it affect the validity of invariants.

             ·  Scenario 2: The assignment of a new value to an array element during the execution of

                         heapsort temporarily disrupts the sorting process and invalidates pre-conditions and/or

                         loop invariants associated with the formal specification

                         For instance, in the context of Figure 6-5, swapping a[4]  and a[8]  will invalidate the

                         pre-condition for the Shuffle pr ocedure, but the Heapsort device will invoke the agents

                         ma intainhea p3 and ma ntainheap4 (cf. Box 6-2) to restore the hea p condition at nodes 3

                         and 4, after which the sorting will pr oceed nor mally.

             ·  Scenario 3: The assignment of a new value to an array element during the execution of

                         heapsort disrupts the sorting process fatally and permanently violates predicates

                         associated with the formal specification including the post-condition for the sort.

                         For instance, neither the traditional heapsort algorithm nor the Heapsort device sorts

                         successfully if we swap the last two elements in the array after they ha ve already been

                         extracted from the heap.

                    Scenario 1 suggests ways of using the enha nced Hea psort device to explore the extent to
which the traditional hea psort algorithm ca n cope with inter ference fr om its envir onment. The
post-condition for the hea psort specification in Box 6-3 includes a clause (viz. a =  perm(a0) ) that
prevents the arbitrary assignment of values to the array elements during execution. The standard
hea psort algorithm will sometimes still operate successfully in a more general context where the
values of array elements are subject to be reassigned during the execution but the post-condition
only requires that they are correctly sorted on ter mination. Possible scenarios include, for
instance, reassigning the largest element in the array to a larger value after it has been extracted
or multiplying all the values in the array by a positive number.

                    Scenario 2 highlights the fact that the agents in the Heapsort device (cf. Box 6-2) and the
progra m contr ol in the Hea psort progra m device pr ocess the elements of the array differently.

Without interference from the environment, the agents follow the standard patter n for
ma intaining the heap condition that is observed in the heapsort process, but they ca n also ada pt to
interference to a limited degree. For insta nce, they are always able to establish a heap despite any
finite a mount of interference in the heap establishment phase.

                    Scenario 3 suggests a natural way in which the observation of invariants and variants
attached to the for ma l specification ca n be used to counteract the effects of random changes to
the values to be sorted during the heapsort process. To illustrate this, we have created a variant of
the Hea psort device in which such cha nges prompt the model to deter mine the optimal point to
which the heapsort pr ocess has to be rewound. In this way, obser vation of the for mal
specification is used as a powerful for m of meta-contr ol that would nor mally entail intelligent
action on the part of the user.

6.2.3 Construals of heapsort

The above discussion of the Hea psort device, and the related discussions in Chapter 5, highlight
the significant distinction between MWDS and traditional techniques for progra mming and
specification.

                    The enhanced ADM Heapsort device described in this chapter can be regarded a construal
of heapsort developed using MWDS (cf. Figure 2-17). The three key ingredients in this constr ual
are the definitive Hea p model (cf. Figures 6-2 and 6-3), which is embedded in the underlying
definitive script that deter mines the space for agent action, the a gents and obser vations that are
involved in perfor ming the sorting activity (cf. Figure 6-4 and Box 6-2), and the particular
patterns of action invocation associated with the hea psort  process (cf. Boxes 6-3 and 6-1). The

ADM Heapsort device offers cognitive support in understanding how all three ingredients work
together subject to specific assumptions about the environment for interaction.

                    A crucial distinction between the ADM Heapsort device and more conventional
animations of heapsort [GDL, 3DHPweb] lies in the physical nature of the ADM artefact and the
open-ended quality of possible interaction with it. The function of constr ual can only be ser ved
by a model that ca n be tested beyond the limits of any preconceived and circumscribed range of
interaction. If our for mal specification is flawed, it is still important that it ca n be incorporated in
the model. If the hea psort process is not correctly followed, there must be scope to reflect this
deviation. More generally, a complete understanding of the hea psort process ˘ if indeed there is
such a thing ˘ stems fr om insight into the way in which the process relies upon its context. In
developing this insight, it is valuable ˘ if not essential ˘ to ha ve scope for experimental
interaction.

                    The characteristics of a gents in the ADM heapsort device are `continuous´ obser vation and
primitive actions (cf. the m aintainheap

                                                                                                                        i
 agents in Box 6-2). In contrast, a procedural pr ogra m
such as heapsort acts as an agent that observes its input and thereafter acts upon its output by
blindly following a sequence of actions selected fr om a complex patter n of possible actions
accor ding to the given input (cf. the Shuffle pr ocedure in Box 6-1). In effect, the progra m is an
agent that per for ms one large discrete observation and executes one of a large number of possible
complex actions. The prior activity that is involved in conceiving such a pr ogra m is essentially
concerned with construal. The preconceived pattern of possible sequences of action that underlies
a progra m (cf. the Shuffle procedure in Box 6-1) is derived by identifying ver y closely
circumscribed regions within a space of agent interaction and anticipating all the necessary
obser vation and action that will be required of each agent (cf. the m aintainheap
i
 agents in Box

6-2). This typically dema nds strong assumptions about the stability of the environment, the
reliability of actions and the predictability of their effects. MWDS, as depicted in Figure 2-17,
can offer a framewor k for this constr ual.

                    The role of data structures and for mal specification techniques in progra ms is to bring
coherence to the inter mediate states associated with its possible sequences of action. This
involves identifying generic sequences of action that can be viewed as atomic (e.g. operations on
a data structure) and characteristics of states that guarantee the validity of actions (e.g. pre-
conditions in a for mal specification). In combination, these techniques help to ensure that the
state within the pr ogra m is interpretable for pur poses of analysis and that there is a
correspondence between actions within the progra m and atomic operations on the data structure
viewed as a physical artefact (cf. Box 6-3 and Figure 6-1). Other for mal specification techniques
characterise possible action sequences in more abstract terms, for instance, as traces (cf. the use
of CSP in Figure 5-14) or in ter ms of state-transition patterns (cf. the use of a statechart in Figure

3-17).

                    In this thesis, we have been able to relate several different for malisms for specification a nd
progra mming, viz. statecharts, CSP, WP and data structures, to MWDS. Each of these
for ma lisms has been inter preted as relating to different types of agency, observation and patterns
of actions that can be represented in an ADM artefact. This suggests that MWDS has the
potential to address a number of topical themes in theoretical computer science:

               ·  combining different for mal and semi-for mal appr oaches to system development to

                           provide a more coherent a nd complete account of the syste m being constr ucted (cf.

                           [HJ98], [AGT99]);

               ·  relating for mal methods a nd cognitive concerns (cf. [LV96], [Vinter98]);

               ·  developing a broader foundational fra mework within which to study computation in the

                           context of current and emer ging computer applications.