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For a function f: {0,1}" — {0, 1}", denote by Uy the unitary |z, y) — |z, (y © f(x))).

(a) Suppose n = 1. Show how to build a circuit that computes the unitary |z) —
(—1)/@) |2} (known as the phase oracle). You may use Z gates, ancilla qubits initial-
ized to |0), and two Uy gates. You must ensure that any ancilla qubits return to the
state |0) so that they can be safely discarded. Prove that your circuit is correct.
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(b) Suppose now (and for the remaining parts of this question) that n = 2. The gate S
maps |0) — |0) and |1) > i |1). Show that S? = Z.
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(c) Show how to build a circuit that computes the unitary that maps |z) — i 2/@1+/@)z |z},
where f(z), f(z), are the first and second bits of f(x), respectively. You may use
S gates, ancilla qubits initialised to |0), and two U gates. You must ensure that any
ancilla qubits return to the state |0) so that they can be safely discarded. Prove that
your circuit is correct.

C 06 015 R R108)
OY

;4@,%»
ﬁt{f Oy [ D442 e
1 = |xq2lxsy ]i;(x)1©\/1>‘¥(&>a@7‘°>

%) (09




(d) Design a circuit that determines whether f is constant or one-to-one. You may use:

* any number of qubits initialized to |0),

* Hadamard (H) gates,

» S gates,

* measurements in the computational basis, and
* two Uy gates.

Prove that your circuit is correct.
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