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Identifiability issues
Sources and order they should be considered

Model Structure
Experiment — inputs (single or repeat dose, challenge test)

Experiment — time points
Experiment — measurement noise

Structural identifiability has consequences for experimental design
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Feedback Control Mathematical Model

® Describes the dynamics of cardiovascular drug action

® Main (physiologically based) features of:
1. Cardiovascular pathophysioiogy

2. Limited number of hemodynamic variables

® Developed based on assumption of:
1. Hemodynamic relationship
2. Regulation of the Arterial Pressure
(feedback control mechanism)

3. The dynamics of the drug

® Predict qualitative and quantitative Changes in mean
arterial pressure and cardiac output after drug

administration

® A non-linear overiy simplified model but too complex

for parameter estimation

® Lack of identifiability
Analysis performed by Amy Cheung
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PKPD Model
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PD Model

E__ model: Observation of:

E(t) — Emax Cp(t)

MAP(t) = RAP + SV - TPR(t) - HR(t)
EC,, +Cp(t) S(t)
PD model differential equations: Cp(t) = v,
co()
dHR(t) 1 o ~ HR(t) =
T (HR,, (1-a-U(1))) - HR(t) sV
dTPR® _ 1 dE®  TPR(t:
T (TPR,, (1- B-U (1)) +E()-TPR(t))- "
du) 1

dMAP(t
T:;(ac(MAP(t)—|\/|'°~Peq)+b("' dt()_u(t)]

Initial condition:

HR(0) = HR,,, TPR(0) =TPR,,, MAP(0) = MAP, ,
Cp(0)=0,CO(0) =q,U(0) =0, U .(0)=0,U,(0) =0

Unknown parameters:

a.f,7,7,,7y, aC, be, E ., ECyp, TPR,,, HR., MAP,, MAP(T)




Motivation: Findings in the original paper

*The parameters bc,tandT, were difficult to

\/ estimate.

* In the sensitivity analysis, these parameters were
showed to have little influence on the outcomes

+w  Mmeasured.

Suggested unidentifiability of those parameters and model



SIA of Parameters and Model

® A uniquely globally identifiable model

—> a unique set of parameter values can be

determined by the experiment.

® A Jocally identifiable model

—> there exists a finite sets of distinct parameter

values, which produce the same i/p — o/p.

® An unidentifiable model

—> there exists an infinite sets of parameter

values, which produce the same observed

behaviour.



Nonlinear System

A nonlinear system, is expressed in the form

below:

X(t, p) = T (x(t, p), p) +u(t)g(x(t, p), p)
y(t, p) = h(x(t, p), p)

X(0, p) =X, (P)



Similarity Transformation of Nonlinear systems

Assumed full controllability and observability of the system.

We seek:
/1()?1 X, Xs):(ﬂl’ﬂz ﬂs)

: OA(X)
() rank pe =n —(Ml ('Ml_
ii A(X,(P)) =X, OX OX,
(“) (X (p)) X (ai)(y() % — Xl .. .
F(A(R). D)= (%8 — = : :
(i) f(A(%).p) a(NX) (% P) oK o o
(V) 9(A(®.p)= 9(%, p) o%, O%.
(v) h(A(X), p) =h(X, p) .

Chappell, C., et al., Math. Biosci. 102:41-73 (1990)



Similarity transformation of nonlinear
polynomial systems

In general, for nonlinear ODEs

oA

f(A(X), p)= 655) F(K, P) e (iii)

but if:
1. f is polynomial in x

2. The observation function is linear

Then, it is sufficient to consider (for general inputs):

So,

Chappell, C., et al., Math. Biosci. 102:41-73 (1990)
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Original model equations

E__ model: Observation of:

E() = EE(;”“ cpt) AP(t) = RAP + SV - TPR(t) - HR(t)
s0 +Cp(t)
S(l)
PD model differential equations: Cp(t) = -
1
CO(t)
HR(t) = ——=
del?[(t) :Ti(HReq (1—a-U(t)))—HR(t) (t) SV
1

%:i(TPR (1-B-U@)+E®) -TPR())- di(t) TPR(t) - m
(2

v _1 dMAP(t)

%:;(ac(MAP(t)_MAQq)WLbC, dt( —U(t)j :

Initial condition:

~N

HR(0) = HR,,, TPR(0) =TPR,,, MAP(0) = MAP, ,
Cp(0) =0,C0(0) = q,U(0)=0, U .(0)=0, U ,(0)=0

Unknown parameters:

a,f,7,7,,T,, aC, bC, E o, ECgo, TPRq, HR,q, MAP, MAP(T)
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Cardiac Model: polynomial form

Cardiac PK/PD model rewritten to have polynomial S (t)
form and linear observation obs —|: v MAP(t) SV.HR(t):|
1
2
A(t) = M dose
\A 0
MAP(t) = sv.(TPR(t)- HR(t) + TPR(t) - HR(1)) 0
: 1 1
HR(t)=—[HR -(1—a-U )}—HR(t) -
e 1 d
‘1 d . x(0) = EC,, + f/)lse
NN S(t) S(t) 2
TPR(t) = T—{TPReq -(1— ﬂ-U2)+ Eax g A) —TPR(t)}— Emax ECs0 - AW RAP+svTPR, hHR,.
2 ' ' HR,,
U(t) = E[ac(MAP(t) - MAPeq j +bc-MAP(t) U (t)J TPR,,
T
0

States A and MAP are added to remove a rational polynomial and a nonlinear observation respectively. They are based upon the
following definitions:

1
ec,+>® and MAP()=sv-TPR(t)- HR(t)

1

At) =

This gives that:
S(t)
E(t)=E, ., — Al) 12

1



Results

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
.

R., =HR.,, TPR, =TPR., MAP,=MAP,, E.. =E.., ECyq=ECy,
i i 3 __ac-bc . bc-a 5 bc
T=1, 7,=1, T,=1, ac= , A=——, fB= ~ﬁ
: bc bc bc
. The \matrix obtained is:
1000000 0]
0100000 O e .
PK MODEL 0010000 0 R (T O R LUy
0001000 O B S
A=[0 000100 0
0000010 0 T e
PD MODEL 0000001 0 -~ 4, @ B be ac
o SRR e B e ac
0 00O0O0CO 0415, _______________
L "0
g /



Reparameterisation

Step 1:

Consider the Taylor series expansion on the similarity transformation
of the defining conditions (on inputs, ODE observations) in state
variables:

F(%p,p)=0
G(%,p,p)=0
H (% p,p)=0

Step 2:

Consider the Jacobian matrix of the partial derivatives of the Taylor
series coefficients:

P - RO
ﬁ%w)g%ww~$4w)
1 2 P
R o aRY Ry
—(p.p) ——(p.P) - ——(p.P)
op, op, op,
I ol 8GO
WD G - e
1 2 p
J(p)=| aGY aGcY Reig
A pvp - pvp — prp
ap1( ) aloz( ) . )
L PP . [P Mmoo
apl P, p) 6p1 p.p) - E}pl P, B)
1 2 p
R HeO e
P P, p P,
(P To(p) o ()

Step 3:

Substitution of the results from the structural identifiability analysis is then

applied to the row-reduced form of fp). Suppose that rank fp)= g<p, then
there exist (p-g) redundant parameters and a locally identifiable

reparameterisation with g parameters.

Step 4:

If fp) with rank {p)=q. Let N={n,, n,,... "P-q} span the null space of . Consider
any function ()(p)-> R which satisfied the condition

n-Vo=0, i=1,....,p—q
Then ((p) is a locally identifiable parameter of the system and

¢( pl""’ pp) = (¢l’ ""¢q)
is a locally identifiable reparameterisation of the system
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The possible solutions obtained from step 4 are as follow:

o(p,)=a-bc, ¢(p,)=p-bc, ¢(p3)=%

A new model with globally identifiable parameters: obs = |:
2
Vl
MAP(t) = sv.(TPR(t)- HR(t) + TPR(t) - HR(t) )
: 1
HR(t) :;[% {(1-¢,-U) |- HR()
5
. 1 S(t S(t
TRRW) = | gy (135U )+ 00 S A -TPRO) |- L A2
6 1 1
. 1 .
ut) = (p—[%(MAP(t) —g1)+MAP()-U (1) x(0) =
1 S(t)
At) = — 50" MAP(t) = sv-TPR(t) - HR(t), E(t)=g,- -A(t)
P+ Vi
h "
where ¢, =MAP,, @, =TPR,,, 0, = HR,,, @, = 7,0 = 7,9, = 7,,
»; = EC507(08 = Emaxv(ﬂg =0(-bC,(p10 =:B‘bcv(011 =%
This gives that:

P(P)=(00 0. 05,0y, s 05, Py oy P Pro s P11

Reparameterised Cardiac Model
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Conclusion

® Structural identifiability analysis has been performed on a nonlinear PK PD model.

® The unidentifiable parameters are: (X,B, ac and bc and hence model is unidentifiable
® Unidentifiable problem is solved by reparameterisation of the polynomial model

® The model was found to be rank deficient by one

® Core PD parameters such as Emax and EC50 can still be uniquely estimated

® Reparameterised model is globally identifiable

European [ournal of Pharmaceutical Sciences 46 (2012) 259-271
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Bootstrap Algorithm

« Non-parametric — Based upon data only
« Isvalid for nonlinear models
« Can measure prediction error
«  (Still fit log-transformed parameters)
« Basic algorithm:
1. Generate new data set randomly
2. Fit model to this new data set
3. Repeat x100-1000
4

Do stats on the resulting list of estimates



Bootstrap Algorithm

*Uncertainty in Parameter estimates

*We could keep repeating the study and look at what
variation of estimates we get

*Bootstrap Uncertainty
*Generate “new studies” by sampling from existing data

«Can sample on Observed Data or Residuals



Bootstrap Algorithm -
Observed

Here we sample the data set with replacement to obtain a new
data with the same number of observations

T |c T |c

1 |01 1 |01
2 |06 1 |01
3 |05 ‘ 3 |05
4 |02 4 |02
5 |0.07 5 0.7
6 |0.01 5 |0.07




Bootstrap Algorithm -
Residuals

U —




Example 1: Iv and po dosing

10

Plot 1: Profiles 1 2

= p1Eim
W Cplobs
= p2Eim
W Cp20bs

Parameter al %SE %SE (NS) %SE (S)
V1 7.56 8.06
CL 3.45 3.67
KA 17.9 14.3
F 21.2 20.8
z 3 4 7 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Time




log{Parameter)

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 Z 2.5 3
Theoretical Normal Quantiles

myi mCL mKa mF




The bootstrap
Empirical parameter distribution

Useful to get evaluation of SEs for globally identifiable model
Issue — if not identifiable parameters will be observed to vary very little!!
Issue — what happens if model is locally identifiable? Multimodal distribution?
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Profile likelihood

0.1
et a.09
0.025
50 0.0G
0.02 0.07
- 20 - -.0.08
é0.015 3 ;émo 0s
‘lD 04
0.01
= 0.03
0.005 10 0.02
0.01
5 10 15
S, (107* min™' # pU mi'")
Highly correlated (though Parameters generally
nonlinear not something FIM poorly determined

would pick up)
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Profile likelihood surface
Is there another minima outside of these pictures?

(a): structural non-identifiabilivy

ib): profile likelihood of (a)

1, 06)

(c): practical non-identifiabilivy

(d): profile likelihood of (c)

(e): parameters identifiable

ifi: profile likelihood of (e)

|dentifiability and observability analysis for experimental design in nonlinear

dynamical models

A.Raue, V. Becker, U. Klingmiiller, and .J. Timmer

Citation: Chaos 20, 045105 (2010); doi: 10.1063/1.3528102
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Profile likelihood for one parameter at a time

02 04 -2 0 2 -1 -0B 0.2 0.4 2.2 24 -2.2 -2 -2.4 22

Fig. 3. Black lines display profile likelihood versus parameter. The results for the original dataset are shown in the upper panel. The lower panel shows the
alteration of the profile likelihood, after taking into account the additional data. Calibrated parameter values @ are displayed by gray stars, thresholds for
simultaneous and pointwise |- confidence intervals by upper, respectively, lower dashed lines. Gray parabolas indicate the quadratic approximation used for
asymptotic confidence intervals. They are very flat for the structurally non-identifiable parameters. Discontinuities in the profile likelihood of p3 and p4 in the
upper panel stem from local minima that govern the profile likelihood in remote regions. Parameter values are given in orders of magnitude.

ORIGINAL PAPER " 5% issumcmacaninass

Systems biology

Structural and practical identifiability analysis
of partially observed dynamical models
by exploiting the profile likelihood

A. Raue'-*, C. Kreutz', T. Maiwald?, J. Bachmann®, M. Schilling®, U. Klingmiiller®
26 Author | 00 Month Year and J. Timmer4 ) 3 1



Multistart

Useful for finding good parameter values. Useful at looking at local
correlations. Useful for identifiability analysis?
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Fig. 4. Non-lnear dynamical model for the endocytosis of the
erythropoietin receptor (EPO receptor). The EPO receptor is constitu-
tively produced and internalized. EPO reversibly binds to the receptor
and thereby induces accelerated endocytosis. Internalized EPO may
either be recycled to the cytoplasm or undergo degradation before it is
recycled. It is assumed, that the internalized dissociated receptors are
degraded and that the degraded receptors do not interfere with the
dynamic of the system.
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Fig. 5. Scatterplot. Our algorithm for identifiability analysis identifies a
three parameter relation between ks, ks and k. The parameters lie on a
tilted hyperbola in the 3D parameter space. The model’s observation
functions are mvanant under parameter variations along the hyperbola,
ie. all points yield comparable x* values. In order to render the
constrained structure identifiable, one of the three parameters has to
be fixed.

ORIGINAL PAPER

Systems biology

Data-based identifiability analysis of non-linear dynamical models
S. Heng®, C. Kreutz, J. Timmer and T. Maiwald
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Parting words

Structural identifiability provides insight into parameter estimation problem. Could
have been done prior to estimation

‘Reparameterisation takes “problem” model and “fixes it” whilst retaining
mechanism or forcing fixing of parameter values

*Numerical vs Algebraic identifiability
Large versus infinity
*Reasons for identification issues: model vs experimental design

*“Proof” by simulation is not a proof
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Confidentiality Notice

This file is private and may contain confidential and proprietary information. If you have received this file in error, please notify us and
remove it from your system and note that you must not copy, distribute or take any action in reliance on it. Any unauthorized use or
disclosure of the contents of this file is not permitted and may be unlawful. AstraZeneca PLC, 2 Kingdom Street, London, W2 6BD, UK,
T: +44(0)20 7604 8000, F: +44 (0)20 7604 8151, www.astrazeneca.com
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