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Abstract

Mathematical transforms have been developed over
centuries for the purpose of reducing effort - Fourier
Analysis and the Laplace Transform to name but two.
Some are so familiar that we forget they are there,
e.g. logarithms. They are so useful that new ideas
follow on; for example fractional roots, digital filters
and convolution/deconvolution.



Go round it

Turn the handlebars a bit to the left

This starts you falling to the right, putting your centre
of gravity to the right

Now you turn slightly to the right and continue round
the curve, matching your speed to the angle of the
bike to the ground.

This Is counter-inmitval Tudkr wored; lealicekiyat  y
as a youngster.



Go round It

Short story

Two dogs see a bone in the next-door garden which is
fenced-off.

Dogl charges at the fence (closing in on the target) but
fails to get over it, he sits down and barks. He is
bar kihamgobld

/////

eééee(sound familiar?

Dog2 sets off along the fence, away from the target (a
dumb move according to Dogl who really considers it
counter-intuitiveé ) loookidr ngay frroh, arowa
é owreirthe @westtodneor theo. weers: t Hefiinals itn t
and traverses the fence and reaches the bone.



Go round It: the principle

Logarithms (Napier 1614)

Division Is very difficult, digital computers
c-a n'd0 t andl@g computefs can)

Subtraction is not easy, digital computers
can just do it. Fortunately logarithms allow
us to do division by arithmetic.

Process to divide two numbers:
A Take their logarithms (away from target)

A Subtract them (cross the fence)
A Take the anti-log (move to the target)




Go round it: the principle

Laplace transform (LT)

Algebra can be done by humans but solving
simultaneous differential equations is difficult.
Fortunately the LT allow us to solve linear
differential equations using algebra.

Process:
A Take their LT (away from target)
A Solve equations by algebra (cross the fence)

A Take the inverse LT (move to the target)



Introduction

The human body is so complex that all mathematical equations relating to it
are approximations (models) of varying accuracy and relevance.

When compounds are injected into the body via the blood stream they can
undergo a number of possible sequences, here are two.

1. They may stay mostly in the blood, not transferring to other parts of the
body, being eliminated from the blood by the liver and/or kidneys.

1-compartment model (open)

2. They may transfer readily into tissues; e.g. muscle and then be eliminated
by the liver/kidneys.

2-compartment model (open)

Transfers are governed by the Law of Mass Action



The law of mass action

This states that

A/te hae afwadh e pracdss owdwrs i€ hepeaderp vnohe ensysifod c c U r
reecaic presmt” present o.

It was first announced by Guldberg and Waage on 11" March 1864,
in Norway.

For pharmacokinetics this means that the transfer rates into
and out of compartments are related to the mass remaining.

The concept of drug concentration (the most readily
measurable variable) is accommodated by identifying a value
footlre valume of meoloucmempoerfnert. he Obl oodd c¢compa



Modelling

Consider the most general two-coomupracntonre mibde/ oirprevandus Mo dre/l
into compartment 1. Using LT, the transfer function for this system will be derived
and then, by convolution, the solution for other forms of input will be simply produced.

INPUT :
This system has a

cconmprarent ‘me’'nite 6| |
blood into which a drug is
added and from which it

is removed, and a

X1 X2 coonmprarent ‘me’'nite 01 i
rest of the body with

kin which it can exchange.

out

A 4

A

el



Differential equations

We can write differential equations for the two compartments,
and solve for x, the mass in compartment 1.

—Xl (k + kout)xl T kinX2 @INPUT

dt Kou

= koutxl ) kinX2 K, l i

Laplace transformed, with transforms of initial values included

sX - Xy =-(k, +k )X Ak X, @)
SX,- 0=k . X, - K. Xerreanen. )



Manipulating the LT equations: analysing compartment 1

_ Ky X (9
stk

By rearranging Eq.2 )(2(3)

Substituting in Eq.1 (S+ K, + kout).Xl(S) = X, tk,. kO;t+X|<1|:S)
(s+ky +Kou(SFKy )-X1(8) = (5+ Ky )Xo + Ky Koue X, (S)
(82 +(k,, +k, +k, )5tk K, )X, (5) = (S+Ky ) Kgerrorrerrrrenen Q)
(S"' /1)-(S+ /2)-X1(5) - (S+ Ki, )-Xo

where we shall assume /1 > /2

Xl(S) — (S+kin)'X0
(s+/,).(s+/,)

We need to take the LT inverse



Finding(j the Invirse by p?rtial fra(;tions
_'/+ki - /4t '/+ki - /5t
X (1) =F—— " x,.8 " +—= NIy g2
(' /1+/2) (' /2+/1)

This is done using either the cover-up rule or full manipulation.
Where it can be shown that /l > kin > /2

(/1' km) (kin' /2) - /ot

_ - /4t
X(t) = X € " + X8
(/1' /2) (/1' /2)
[.V.
10000
k ¢ Cpact
Typically /. © 10/, _ o e
: . g 100 e
in a practical case g o,
O
10 -
1 ‘ ‘ ‘
0 2 4 6
time (hr)




TheeVlasMalisnssocurve 0TI med cur ve

We can write the equation in the following form, X () = xO.(Ae' ' +Be /zt)

(/1- k) _(ko-75)
where, A= and B =
(/ / 2 ) (/ 1° / 2 )
Note A+B=1
[.V. .V
10000 10000
) ¢ Cpact \ ¢ Cpact
1000 \0 —— Cp pred 1000 | e —— Cp pred
= N ——— Search line = ——— Search line
E . E .
=y AN 2 e
< 100 - e S 1001 T e
8 . . ré P
@] * o <+
@) @)
10 + 10 4
1 1
0 2 4 6 8 0 2 4 6 8
time (hr) time (hr)

In this example x, = 2500, A = 0.94 and B = 0.06



Manipulating the LT equations: analysing compartment 2

To analyse compartment 2 we eliminate —
X,(t) using Eq.2, so from before SXZ - O _ I(out'Xl - kin 'X2

S+ K
Xl — Xz- ( km) then from Eq.3

0o

(S2 + (kel + kin + kout)S+ kin 'kel )Xl(s) - (S+ I'(in )XO
xz-(Sz + (Ko +kin tKoudSt ki Ky ) = Kour Xo

T endadlined ecribr isnie=dbefcsee ‘chtirhcemsiiciostheldifekeetialb e f o r
equation pair, so the roots

/ 11 / > (eigenvalues) are unchanged. Again by partial fractions

Kouto It oot t- =,%(0)- 0
/1 - /2)-(9 y ) t- 0,%()- 0

X, () = (



The transfer function

What have we achieved using the LT to study the 2-
compartment model with an instantaneous (bolus) input into
compartment 17?

Xl(S) — (S+ kin)'>(0
(s+/).(s+/,)

INPUT
In engineering terms X,(s) is the impulse
response to the instantaneous input X,, where
Kot
- 2
Xo  (s+/).(s+/,) T

o |

is the TRANSFER FUNCTION for the 2-
compartment open model.

One great advantage of the LT is the ease with
which new inputs can analysed. This will be shown
next.



Changing the input

Comncsriild ease ot sheROcCalster inof, ofaate ZgR O ORDER

It has the LT, ky/s found as follows

v

a Ky
Lic)= ke =[] =9/

time

The pharmaceutical equivalent to the zero order input is an INFUSION.

In the LT domain, once we know the transfer function, the LT for a new
form of input is obtained by simply multiplying (convolution), as follows,

LT for an INFUSION:- X (s) = (s+k.) | K,
(8+/,).(8+/;) s

This can be solved in two stages by Partial Fractions.

Note convolution in the time domain is much more complicated.



LT analysis of an infusion

First stage partial X.(S) = K, (/ - K. ) 1 N ko(km - /2) 1
fractions 1 (/ _/ ) S(S+/1) (/1_ /2) -S(S+/2)

Sovinviiimsguaviptesetvel thessyrwraelyy ofp/re e2sne. r . veecsid t h e
stage of partial fractions
_kol/i- ko) 8L 1 g+ko( ,) &1 g
/1(/1'/2).(3% (S+/1)+ /2 (E% (S+/2)
x ()= A (1o et)+BXo (- &4 s
/1 /2
Effortless!  For an infusion to time T
T time
Xl(t) = A/ﬁ -(1' e i )+ B/ﬁ (1' e /ZT) Now switch off the infusion at
1 2

t=T=a T alusivis't o f



Simplifying the analysis

Firstly the initial phase starts from zero with a
rate of k,, which it maintains throughout, while
the second infusion is offset by T and has a

Onegativeodo -kkpnfusion rate

The time shift of T is produced by means of

an exponential term KT

(

I

h e

time

0.s.0..doma

time




