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More Compartmental Modelling

Q Linear (time-invariant) compartmental models

@ No inflows (homogeneous)
@ With inflows (inhomogeneous)
@ Four basic (sub)systems

9 Nonlinear compartmental models

ND Evans

@ Some Examples
@ Pseudo Steady State Approximation
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Following definitions relate to compartmental model diagrams:

Definition

A compartmental model is (SC) if, for any
two compartments i and j, there exists a path fromito j, and a
path fromj toi.

Definition
A compartmental model is (OC) if there is a
path from any compartment to a compartment with an outflow.

-

Definition

A is a subset of compartments that is outflow-closed and
there are no transfers/paths to compartments outside of the
trap.
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Example 1 (Drug distribution, 2 compartments). Widely used in
pharmacokinetics (PK) to analyse distribution of drug after injection
into blood:

Example 2 (Drug distribution, 3 compartments). Also widely used
in PK to analyse distribution of drug after injection into the blood:

|
agz a1
A — ——
azy a2
ao1
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No inflows (homogeneous)

Linear (time-invariant) compartmental models . )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Linear (time-invariant) compartmental models
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

General n compartment linear model

toffrom other | """ toffrom other
compartments e —u e compartments
Aoi K Aoj
Since system linear: f;(q(t),t) = aj , and
q(t) =Aq(t) +1(t) 1)
where
da(t) a1 az ... an
d2(t) ay azxp ... az
avy = . [LA= T 7 T ai=—(a0it+)_ &)
: : : .o o
an(t) an1 an2 ... am
Constants a; are , with units [T]~%; and for

outflows, ay;, called
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

General n compartment linear model

ki
—_——— - — —————
to/from other to/from other
compartments compartments
. ——— - e . ————
Ki
k\e kJE

Since system linear: fi(q(t),t) = aj = k;, and

q(t) = Aq(t) +1(t) ¢y

where

da(t) ki ko ... kmp

dz(t) kiz ka2 ... kn2
am)=| . A= T T T k= (ke k)

: L Lo T

Qn(t) k1n k2n s knn

Constants k; are , with units [T]~1; and for

outflows, k;e, called
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

No inflows (homogeneous)
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Spectral/modal analysis

In the absence of inflows linear compartmental model is:

q(t) =Ad(t),  q(0) =do. 2

If A has n distinct eigenvalues A1, Ao, ..., An (Av; = \jvj), then
any sum of exponentials

n
qt) = > civiet
i=1

is a general solution of (2). The particular solution starts at q,
namely:

q(0) =) _civi =do.
i—1
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Matrix exponential

We can also write the particular solution in terms of the initial
state ¢(0) and the matrix exponential of A:

n
q(t) =>_civieM =e*qo, 3)
i—1

where

t2 '
eAt:|n+tA+§A2+---+ﬁAr+-~-

Eigenvalues of compartmental models (i.e., of A) must satisfy:
@ No eigenvalue can have a positive real part;
@ There can be no purely imaginary eigenvalues;
@ Model has a trap if and only if A has a zero eigenvalue.
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Behaviour of exponentials

For a fixed \ consider behaviour of exponential term: e

gives constant term == : : ‘

2.5f 1

Time
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Behaviour of exponentials

For a fixed \ consider behaviour of exponential term: e

gives constant term 3

—A\=0
—A>0

gives exponential 25
rise (unstable)
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Behaviour of exponentials

For a fixed \ consider behaviour of exponential term: e

gives constant term S -
. . —A\>0
gives exponential 250 —) <0 §

rise (unstable)

gives exponential
decrease (stable)

Half-life: 7

[
=
o
o

eM=2 = 7r=-"1In2
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Behaviour of exponentials

For a fixed \ consider behaviour of exponential term: e

gives constant term = ‘ o ‘
. X —}\1>0 ,"
gives exponential 25[ <0 1
rise (unstable) -- -2,
2H===2XA, ',' : : ]
gives exponential
decrease (stable) <o LS} 1
Half-life: 7 1
1 1 osf s i
AT . .
eV =- = 7=—-—-In2
2 A
0 ; hibL LT T = =
0 2 4 6 8 10
Time
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Reversible hydrolysis of anti-cancer agent topotecan (TPT) can
be modelled via a two-compartment model:

Ko

O—®

ke

Rate constants correspond to first order processes for opening
of lactone ring (L — H) and ring-closing (H — L).
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Reversible hydrolysis of anti-cancer agent topotecan (TPT) can
be modelled via a two-compartment model:

Ko

O—®

ke

Rate constants correspond to first order processes for opening
of lactone ring (L — H) and ring-closing (H — L).

au(t) = —koqL(t) + keqn(t), qL(0)=d
au (t) = Kodr(t) — keqn(t), q.(0) =0

_ (ko ke
A= )

and so
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Reversible hydrolysis of anti-cancer agent topotecan (TPT) can
be modelled via a two-compartment model:

Ko

O—®

ke

Rate constants correspond to first order processes for opening
of lactone ring (L — H) and ring-closing (H — L).

au(t) = —koqL(t) + keqn(t), qL(0)=d
au (t) = Kodr(t) — keqn(t), q.(0) =0
and so

_ (ko ke _
A_<k0 —kc> det(AMl —A) =0
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Reversible hydrolysis of anti-cancer agent topotecan (TPT) can
be modelled via a two-compartment model:

Ko

O—®

Rate constants correspond to first order processes for opening
of lactone ring (L — H) and ring-closing (H — L).

au(t) = —koqL(t) + kean(t), qL(0)=d
au (t) = Koqr(t) — keQn(t), qc(0) =0
and so

ko —ke
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Reversible hydrolysis of anti-cancer agent topotecan (TPT) can
be modelled via a two-compartment model:

Ko

O—®

Rate constants correspond to first order processes for opening
of lactone ring (L — H) and ring-closing (H — L).

au(t) = —koqL(t) + kean(t), qL(0)=d
au (t) = Koqr(t) — keQn(t), qc(0) =0
and so

A=K Ko ) Ger( = A) = 22 (ko + ko)A
ko —ke
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + k¢)
Eigenvectors: (Al —A)v =0

)\ + ko _kc V]_ o O
—ko A + kc V2 N O
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + k¢)
Eigenvectors: (Al —A)v =0

(%, &) () - ()

A=0
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + k¢)

Eigenvectors: (Al —A)v =0

ko —kc Vl . 0 .
(5 E)-Q) — e

A=0
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + k¢)

Eigenvectors: (Al —A)v =0
A=0

ko —ke viy (O ) (Ke
<—ko ke ) (V2> = (O) —> E-vector: <k0>

ND Evans University of Warwick 24-Mar-14 Compartmental Modelling



No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + ke)

Eigenvectors: (Al —A)v =0

ko —kc V_’]_ . O _ . kC
(—ko ke ) (V2> = (O) —> E-vector: <k0>

A = —(ko + kc)
)\ + ko _kc V]_ _ O
—ko A'i_ kc V2 N O

A=0
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + ke)

Eigenvectors: (Al —A)v =0

(—kﬁo _klzc) (x;) = (g) —  E-vector: (t;)
A= —(ko +ke)
(G =) (%) =)

A=0
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + ke)

Eigenvectors: (Al —A)v =0

ko —kc V_’]_ . O _ . kC
(—ko ke ) (V2> = (O) —> E-vector: <k0>

A = —(ko + kc)

_kC _kC Vl _ 0 _
(k50 (4)=(0) = w=re

A=0
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Eigenvalues: A =0, A = —(ko + ke)

Eigenvectors: (Al —A)v =0

_ (0 [ Ke

= (O) —> E-vector: <k0>
0 (1

= <0> —> E-vector: <_ 1)

A=0

ko - kc V 1
—ko ke V2

A = —(ko + kc)

- kc - kc Vl
- ko - ko V2
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Eigenvalues: A =0, A = —(ko + ke)

Eigenvectors: (Al —A)v =0
_ (0 [ Ke
= (O) —> E-vector: <k0>
A = —(ko + kc)
—kc —kc Vl _ 0 _ . 1
<—k0 —k0> <v2> = <0> —> E-vector: <_1)
Initial conditions:
d\ c Ke i 1
0/ t\k, 2 -1

A=0

ko - kc V 1
—ko ke V2
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Eigenvalues: A =0, A = —(ko + ke)
Eigenvectors: (Al —A)v =0
A=0

ko —kc V_’]_ . O _ . kC
(—ko ke ) (V2> = (O) —> E-vector: <k0>

A = —(ko + kc)

—kc —kc Vl _ 0 _ . 1
<—k0 —k0> <v2> = <0> —> E-vector: <_1)

Initial conditions:

dy _ d (k) dk (1
0) ke+ko \Ko) = ke+ko \—1
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Solution is

a(t) ke'\ Lot 1\ L~ (kotke)t
e%+c g (kotke
an(t) 2\~
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Solution is

qL(t) _ d ke 4 dke 1 e*(ko+kc)t
qH (t) kc + ko kO kc + ko _1
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No inflows (homogeneous)

Linear (time-invariant) compartmental models ) )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Solution is

qu(t)y _ _d Ke Ko o (Koot
an(t) ke + ko | \Ko
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Solution is

au(t) d Ke Ko o (Koot

= +
aH (t) kc + ko I(0 —kc

For example (ko = 2,k = 3,d = 5)

5 T T T

L
—aqy,

Amount
N
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No inflows (homogeneous)

Linear (time-invariant) compartmental models i )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

With inflows (inhomogeneous)
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

General case

In the presence of inflows linear compartmental model given by:
q(t) =Aq(t) +1(t),  a(0)=do, (4)

and

t
q(t) = el +/ ert=9)|(s) ds.
0

Probably the most common forms for the inputs in
pharmacokinetics:
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Impulsive input

Also called in applications; corresponds to giving
specific amount, d, in a negligible amount of time att = 7.

Att = 7 = 0 easiest to include in initial conditions:

q(0) =qo +d,
and treat as homogeneous.

Ifatt = 7 # O treat as homogeneous model for 0 <t < 7 such
that g, = q(7); and then as homogeneous model for
T =t — 7 > 0 starting at

q(t) =9, +d.
Multiple impulsive inputs (at times 7;) handled similarly:

q(7i41) = dn +di.
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Scalar example: Single input

Consider a single compartment model subject to an impulsive
input of size d attimet = 7. For 0 <t < 7 we have

q(t) = —aq(t), q(0)=gqo = q(t) =qgoe .
Then fort > 7:
a(t) = —aq(t), q(r)=doe " +d
= q(t) = (qoe ® +d)e a7,

Hence the full general solution is given by:

qoe & 0<t<r
q(t) = { ° —at —a(t—7) :
goe * +de t>r1
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Scalar example: Multiple inputs

For multiple impulsive inputs, of size dj attime r (i = 1...m), it
can be shown that the general solution is given by:

qoe_at 0<t<n
qoe_at + dle‘a(“Tl) mnt<mn
q(t) = { qoe @ +die at-m) 4 de ) 1 <t <1

Joe~@ + 3, die~at-m) Tm < t.

i.e., sum of the homogeneous model starting from qo and the
sum of the impulse responses for the inputs.
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Constant input

Solution with constant infusion at a certain rate, ie u(t) = d:
t
G =Aq()+d  — q(t) = eMqo +/ eA=S)g ds.
0

Suppose eigenvalues \; of A are distinct. Then there are
constants cq1, ..., €1y and €1, ..., Coy Such that

n n
do=» cyuvi and d=> cyvi,
i=1 i=1

where v; are eigenvectors corresponding to ;. Then solution of
compartmental model with constant input is given by:

n t n
i—1 o \ &
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Constant input

Solution with constant infusion at a certain rate, ie u(t) = d:
t
q(t) =Aq(t)+d —  q(t)=eMqo +/ e”t=s)d ds.
0

Suppose eigenvalues ); of A are distinct. Then there are
constants cq1, ..., C1np and Coq, ..., Con Such that

n n
do=Y_cyv; and d=> cyv;,
i=1 i=1

where v; are eigenvectors corresponding to ;. Then solution of
compartmental model with constant input is given by:

q(t) = z_”: <<Cli + C;') vieht — C)\Ziivi> :
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Now suppose active form of TPT ke
added as continuous infusion:
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Now suppose active form of TPT ke
added as continuous infusion: @
Solution given by: ko

t
q(t) = ciavieMi4cpov 2eA2t+/ (021v 1e21(8) 4 ooy zeAZ(t‘s)> ds
0
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Now suppose active form of TPT ke
added as continuous infusion: @
Solution given by: ko

t
q(t) :/ (c21v1eAl(t_s) +c22v2eA2(t‘S)> ds
0
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Now suppose active form of TPT ke
added as continuous infusion: @
Solution given by: ko

t
q(t) = / (czlvl 1 czzvzeAZ(t‘S)> ds
0
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Now suppose active form of TPT ke
added as continuous infusion: @
Solution given by: ko

Ke 1 1 1 (ko )t>
t)=c t C — e o TKc
q(t) 21 <k0> + C22 <_1) (ko ke kot ke
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

Now suppose active form of TPT ke
added as continuous infusion: @
Solution given by: ko

— L Ke ; Ko _ a—(kotke)t
0=k [<k0>t+ko+kc (_ko> (1-e )
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Example: Topotecan Hydrolysis

1)

Now suppose active form of TPT t ke

added as continuous infusion: @
Solution given by: ko

d kc> 1 ( Ko > —(ko+ke)t
t) = —— t+7 <1_e(0+c)>
0=k Kk Ko 1Ko \—ko
For example: k, = 2,k; = e
3,d = 5 51.5—
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No inflows (homogeneous)

Linear (time-invariant) compartmental models . )
( ) P With inflows (inhomogeneous)

Four basic (sub)systems

Four basic (sub)systems
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Linear compartmental models can be decomposed into isolated
subsystems of four types:

Systems with no inflows, but at least one outflow
(NIO); in addition, they are outflow-connected (OC).

Asymptotic behaviour: All compartments decay to 0
exponentially: 0 only steady state (& asymptotically stable)

Systems with inflows (10) & outflow-connected (OC).

For constant input u(t) = d, system approaches non-zero
steady state:
q = _Ailda

and if eigenvalues of A are distinct, then:

q(t)zzn:<(01i+i\2ii)vieAit_‘i\ziivi> R _z_n:
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Systems with no inflows & no outflows (NINO), but
strongly connected (SC); they are themselves traps.

The system (exponentially) approaches a steady state
a* = (a3,...,qz)T", such that

Since there are no inflows or outflows the total amount in the
system remains constant, Ao = > [ ; - say.

Use this to replace equation for first compartment to get:
Hg* =M = (Ag,0,...,0)"
where H is nonsingular. The steady state is then given by

q* =H"IM.
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No inflows (homogeneous)
With inflows (inhomogeneous)
Four basic (sub)systems

Linear (time-invariant) compartmental models

Systems with inflows & no outflows (INO), & strongly
connected (SC). Unless inflow is bounded system continues to
grow.

If inflow is bounded system approaches steady state of
NINO(SC) case, with total amount equal to initial amount in
system plus total inflow.

Example (Parent-Metabolite Model for Bromosulphthalein).

»U/ Parent Metabolite
I .
K12 ka4
—
@ — ‘—@
ka1 Ka3
k3e
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Some Examples

Nonlinear compartmental models Pseudo Steady State Approximation

Nonlinear compartmental models
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Some Examples
Nonlinear compartmental models Pseudo Steady State Approximation

Nonlinear compartmental models

Transfers between compartments can depend on
@ time
@ vector of rate constants k
@ amounts in the compartments
so that rate of change of amount in compartment i is

+qu ).k, 1) gj(t). )

where

fi(a(t),k,t) = — [ foi(a(t),k,t) +pr

Jsél
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Some Examples
Nonlinear compartmental models Pseudo Steady State Approximation

Example: Topotecan kinetics

Only active form TPT_ binds to nuclear DNA target & so
important to monitor activity of drug from injection to target

« B = Br L]
kap(t)
ke
Kem Kom Kee koo Kl
Kdh
k Cytoplasm /

Dose consists of bolus input of active drug administered into
extracellular medium.
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Some Examples
Nonlinear compartmental models Pseudo Steady State Approximation

Example: Facilitated Diffusion

Facilitated diffusion is one of simplest mechanisms for
transporting material across cell membrane.

Eg: consider entry of glucose into red blood cells:

Extracellular Membrane Intracellular

k

S+ +S

ko
K[|« K []
K
CS : >CS
k1
State 2 : State 1

Could assume reactions very fast compared with transfer of
substrate across membrane; ie in equilibrium (a
assumption/approximation).
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Some Examples
Nonlinear compartmental models Pseudo Steady State Approximation

Steady states

Consider nonlinear compartmental model:

Gi() =h(t)+ > fi(at),k,t)gt). (6)
i—1
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Some Examples
Nonlinear compartmental models Pseudo Steady State Approximation

Steady states

Consider nonlinear compartmental model:

q(t) =F(a(t),k,t)a(t) +1(t) =f(q(t).k, ) +1(t)  (6)

where F is compartmental matrix of f;
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Steady states

Consider nonlinear compartmental model:

q(t) =F(a(t),k,t)a(t) +1(t) =f(q(t).k, ) +1(t)  (6)

where F is compartmental matrix of f;

Definition

An or g for (6), with
corresponding steady state inflow I, occurs if and only if

0=q(t) =f(q(t),k,t) +1(t).
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1

q(t) =f(a(t), k,t) +1(t)
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1

G(t) +a(t) =F(G(t) +aq(),k, 1) +1(t) +1(t)
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1

q(t) =@ +a().k,t) + i) +1(t)
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1
qt) = (4 +a(t),k,t) +1i(t) +1(t)
We can write f as:

f(4+q(t),k,t)=f(q4,k,t) +Aq(t) +...
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1
qt) = (4 +a(t),k,t) +1i(t) +1(t)
We can write f as:

f(4+q(t),k,t)=f(q4,k,t) +Aq(t) +...

where
ofy  ofy ofy
b g
A=—_—=|%% % fn evaluated at §
aq : : S
Ofn Ofn Ofn.
gqy  Jdd2 " O0n
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1
q(t) =f(d.k,t) + Ag(t) +i(t) +1(t)
We can write f as:

f(4+q(t),k,t)=f(q4,k,t) +Aq(t) +...

where
ofy  ofy ofy
b g
A=—_—=|%% % fn evaluated at §
aq : : S
Ofn Ofn Ofn.
gqy  Jdd2 " O0n
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1

q(t) = Ag(t) +1(t)
We can write f as:

f(4+q(t),k,t)=f(q4,k,t) +Aq(t) +...

where
ofy  ofy ofy
b g
A=—_—=|%% % fn evaluated at §
aq : : S
Ofn Ofn Ofn.
gqy  Jdd2 " O0n

ND Evans University of Warwick 24-Mar-14 Compartmental Modelling
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Linearisation: Stability

Consider small perturbations: q = § + g and | =1 +1

q(t) = Ag(t) +1(t)
We can write f as:

f(4+q(t),k,t)=f(q4,k,t) +Aq(t) +...

where

o o o
O

o (mE o E

A= = |90 9% 9t evaluated at §

ofe : Pt
Ofn Ofn Ofn.
dqr 942 " 0O0n

Eigenvalues of A determine stability of steady state
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Pseudo Steady State Approximation

Consider an enzyme mediated reaction:

S+E4ES E+P.

k_1

Let xg denote concentration of S, xp conc. of P, xg conc. of E
& Xc conc. of intermediate (ES). Applying
corresponding state-space model is:

Xs = —KiXsXg + K_1Xc

Xp = KoXc

Xg = —kixsXg + (k_1 + k2) Xc

Xc = —Xg = KixsXe — (K_1 +k2) ¢

Note that these equations are not in compartmental form.
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Quasi Steady State Assumption

Conservation Law:
Xc+XE:0 = Xe = €p — Xc
so we can eliminate a variable (xg).

Suppose that enzyme bit of reaction “fast” compared to overall
reaction:

Xc = 0 = KkixsXg — (K_1 +k2) Xc
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Quasi Steady State Assumption

Conservation Law:
Xc+XE:0 = Xe = €p — Xc
so we can eliminate a variable (xg).

Suppose that enzyme bit of reaction “fast” compared to overall
reaction:

Xc = 0 = epkixs — (k_1 + k2 + KiXs) Xc
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Nonlinear compartmental models Pseudo Steady State Approximation

Quasi Steady State Assumption

Conservation Law:
Xc+XE:0 = Xe = €p — Xc
so we can eliminate a variable (xg).

Suppose that enzyme bit of reaction “fast” compared to overall
reaction:

Xc = 0 = epkixs — (k_1 + k2 + KiXs) Xc
€oKiXs _ ©€oXs

—— X = =
c k,]_ + k2 + k]_XS Km + Xs
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Quasi Steady State Assumption

Conservation Law:
Xc+XE:0 = Xe = €p — Xc
so we can eliminate a variable (xg).

Suppose that enzyme bit of reaction “fast” compared to overall
reaction:
Xc = 0 = epkixs — (k_1 + k2 + KiXs) Xc
_ €oKiXs _ ©€oXs
- k,1+k2+k1X5 N Km + Xs
where Ky = (k—l + kz)/kl, let Vi = egks:

— Xc
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Quasi Steady State Assumption

Conservation Law:
Xc+XE:0 = Xe = €p — Xc
so we can eliminate a variable (xg).

Suppose that enzyme bit of reaction “fast” compared to overall
reaction:
Xc = 0 = epkixs — (k_1 + k2 + KiXs) Xc

- eok]_XS _ €oXg
- k,1+k2+k1X5 N Km + Xs
where Ky = (k—l + kz)/kl, let Vi = egks:

VmXs
Km + Xs

— Xc

Xp = %g = —
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