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Machine Learning

@ Machine Learning is the study of algorithms that can learn from data

Regression
Given D = {x1,...,Xn, t1,...,ty}, find a model that allows us to accurately estimate the response of any
input.

v
Clustering
Given data D = {x1,...,xy} and some fixed number of clusters K, assign each data point to a cluster so

that points in each cluster are close together.

The Clutter Problem

Given data D = {x1, ..., Xy} comprising of a noisy signal that is immersed in clutter, recover the original signal
0 i.e. determine E[6] and p(D). Observations are drawn from p(x|0) = (1 — w)N (x|0, 1) + wN/ (x|0,al).
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Classical Approach to Regression

Linear Model

Use a linear model f defined over M + 1 linearly independent basis functions ¢o(x), . .., ¢m(x) with weights
wo, ..., Wm

f(X7 W) = Z Wm¢m(x)'

v

Tikhonov Regularisation

1 A
E(w) = Sllow — el + 5 lwlP,

w” = argminE(w) = (&' & + \I) o ¢t.
w

Response ¢
Response (
Response ¢

Input = Input = Input

C. Bishop (2006), D. Calvetti et al. (2007)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/RegressionRegCurveFit.py
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Statistical Approach to Regression

Bayes Theorem

(61D — PP1O)R(®)

Likelihood and Prior

We expect that an observation to satisfy

e}
Il
ho)
A

t = f(x, w)+mn,
where 77 denotes mean centered Gaussian noise with precision parameter 3. Thus the likelihood function is
defined as

N
p(tlx, w, B) = T[N (talw $(xn), 7).
n=1
p(w|a) = N(w|0,0711).

A,

Posterior

Inp(w|, x, t, o, B) = —72(1',, —w $(x))? — w Tw + const.

v

R. Kass (1995)
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https://www.stat.washington.edu/raftery/Research/PDF/kass1995.pdf

Bayesian Approach to Regression

Predictive Distribution

p(t|x, ¢, 0, B) = /p(t|w)p(w|x, t, o, B)dw = N(t|m;q5(x), o-i,(x)),

where

Ty = % + &(x)T Snp(x),

Syl=al+po" o,
my = ﬁSNd)Ty.

=)

Response ¢
Response ¢
Response ¢

|
._‘

Input = Input = Input «

@ 'More Bayesian' if « is treated as a random variable, but analytically intractable.
@ Classical integration methods are not suitable for high dimensional probability density functions.

C. Bishop-(2006)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/RegressionBayesianCurveFit.py
https://www.springer.com/us/book/9780387310732
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Monte Carlo Integration

Monte Carlo Estimate

E¢[q(6)] = /q(O)f(G)dG ~ %Z q(X,) where X, % £(8).

N

n=1

g(®
——
—w(8)

Importance Sampling Estimate

N P
Ea(O)] ~ 5 D w(Z)a(Zy) where Z, % g(6).

n=1

5/1a0)1 = [ a(0) L"; 5(0)d6 = [ a(@)w(6)s(6)d0

Self-Normalised Importance Sampling Estimate

N s
Er[q(0)] ~ ﬁ(z) > W(Z,)q(Z,) where Z,, % g(6).

m=1

n=1

October 13, 2015 11 / 44
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Monte Carlo Integration for the Clutter Problem

Define importance weights
f(0) _ p(DI0)p(60) _
&(0) p(6)

w(6) = p(DI6).

Expectation (SNIS) and Evidence ('Vanilla’ MC)

N
> Xup(D|X,) where X, % p(6),

1
Epom)0] * <=~
2 b ,'Y,zl p(Dle) il

N "
P(D) = Eyo)[p(DIO)] ~ 1 D~ p(DIX,) where X,  p(@).

n=1

.

— 0% ~
10 =
"\ ] w0

“”(

hatn o 07 0 o7 0 Rt o 07 0 o7 0
Number of samples N Number of samples N

[p(01D)]
\
I

Absolute error in
~
_i 3
Absolute error in p(

T. Minka (2001a), J. Liu (2008)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClutterImport.py
http://research.microsoft.com/en-us/um/people/minka/papers/ep/minka-thesis.pdf
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Markov Chain te Carlo

@ A discrete Markov chain is defined as a series of random variables Z(1), ... z(M
p(Z(M)|Z(1), L Z(M*U) - p(z(M)‘z(M*U)_
@ Draw new sample from proposal distribution and accept with probability

M-1)y _ r(2)g(zM~1) |2)
A(Z|1Z ) = min {17 FZM1))5z1 2T,

Algorithm 1 Metropolis-Hastings
e 0 0
Initialise Z(®) = {Z .. §<)}
for M=1,...,T do
Draw Z ~ g(-|zM-1)

: f(Z2)g(zM-1 |z
Compute A(Z|ZM~1) = min {17 f(Z<M)g1§)g(2|Z(‘M)1 )
With probability A(Z|Z"~1) set Z(M) = Z, otherwise set Z(M) = z(M—1)
end for

Algorithm 2 Gibbs Sampling

Initialise Z{¥),..., Z®
for M=1,...,T do
draw Z{ ~ Zy 2D,z
draw ng) ~ Zz‘ng)’ngfl), o Z(KM—I)

draw Z{M ~ z, |z 2
end for
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Gibbs Sampling for Clustering

Likelihood for GMM

N K
p(Dlp, X, ) = H Z kN (%0l b, Zic)-

n=1 k=1

Introduce Latent Variables

p(zok = 1|mk) = 7k,
N K
s

=1

p(z|w) = P
n=1 k

Joint Distribution for GMM (Augmented)

p(D, Z, T [y z) = p('DIZ, s My )p(Zlﬂ')p(ﬂ')p( )p(z)

p(Dlp, X, z) = HHN(XHHkvzk)an

n=1 k=1

K
p()p(X) = [ [N (k] mo, Vo)IW(Ek| Wo, w),
k=1

p(7) = Dir(7|exo).

<
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Gibbs Sampling for Clustering

Full Conditionals

kN (Xn| e, Zk)
P(zok = 1|xp, py B, ) =
! nee TN (xn g, )

3

p(m|z) = Dir(w|ex,),
P(1i|Zks 2, x) = N (| mi, Vi),
P(Zklpey, 2y x) = IW(Zk| Wi, i),

Cluster mean «

2000 4000 6000 8000 10000
Number of samples

Cluster mean :

8000 10000

0 2000 4000 6000
Number of samples

K. Murphy (2012)
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(WCPM)


http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClusteringGibbs.py
http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClusteringGibbs.py
http://mitpress-ebooks.mit.edu/product/machine-learning
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Laplace Approximation

Seek to approximate probability density function p(z) of the form p(z) = 1f(z).

Inf(z) = Inf(zo) + (z — 20)" VIn £(2)],—z, + %(z — 20) V'V In (2)|zz4 (2 — 20),
V(2)|zz, = 0.

Laplace Approximation

q(z) = N(z|z9,A™"), where A= —VV In f(2)|2=z9

-1

p(z) o exp(—2%/2)0(20z + 4), where o(t) = (1+e )

0.8

0.6

o4
=

0.2

0.0

R. Kass et al. (1995), C. Bishop_(2006)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/SigmoidApproximations.py
https://www.stat.washington.edu/raftery/Research/PDF/kass1995.pdf
https://www.springer.com/us/book/9780387310732

EM Algorithm (GMM)

Want to find mode of GMM

N K
Inp(Dlre, 1y E) = > In { D mN (ol E) }-
n=1 k=1

MLE of p, is
1N
= nk )Xn s
= "2:;7(2 k)%n
where
N
Ny = Z'Y(an)a
n=1
TN (%n| 1, Tic)
Y(znk) = W
Zj:l N (xn|1j, X))
MLE of Xy is
1N
-
I = ka Z'Y(an)(xn = ) (X0 — )
n=1

A. Dempster et al. (1977), C. Bishop (2006)
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http://web.mit.edu/6.435/www/Dempster77.pdf
https://www.springer.com/us/book/9780387310732

EM Algoririthm (GMM)

The maximisation for 7 is constrained to ZkK:I 7k = 1 so find MLE of

K
Inp(D|m, p, Z)+)\(Zﬂ'k — 1),

k=1

which yields the following

Algorithm 3 EM GMM

Initialise poy, Xy, my fork =1,..., K
repeat
E Step: Evaluate responsibilities

N (xn g, )

V) = e
TE ) w N (xnluj. X))
M Step: Define
N
Ni = > v(zpk)s
=1
then update parameters
1N
pE = — > v(Zk)xn,
N n=1
. N
-
Tp= — > (@) (Xn — ) (xn — mg)
Nic n=1

Nk
= —.

until convergence
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EM Algorithm (GMM)

Link to code / .mp4
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClusteringEM.py
http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Animations/EM.mp4
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Variational Inference

KL Divergence

Choose a proxy function (@) and optimise 8 so that g is as close fit as possible to p. One such approach is to
minimise

KL@allp) =~ [ a@)in %de.

1

p(z) o exp(—2z°/2)5(20z + 4), where o(t) = (1+ e *)~

0.8

0.6
Zo.4
<

0.2

C"QZ -1 0 1 2 3 4

H. Attias (2000), Z. Ghahramani et al. (1999), C. Bishop (2006)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/SigmoidApproximations.py
http://www.gatsby.ucl.ac.uk/publications/papers/03-2000.pdf
http://www.cse.buffalo.edu/faculty/mbeal/papers/nips99.pdf
https://www.springer.com/us/book/9780387310732

Variational Inference

(D, 6) a(0)
0= [ a0 25 56 %

Inp(D) = In ;Z? /m” (mm

p(D, 6) P(ID) o
7/ q(8)In (0) 9 4o — / q(8)In ®
= £(q) + KL(ql|p)-

Minimising the KL divergence is equivalent to maximising the lower bound

_ p(D, 6)
aw-/«mm?@rw,

Lowerbound Evidence Approximation
It may be shown that
KL(ql||p) > O.

hence p(D) may be approximated using
Inp(D) > L(q),
p(D) — expL(q) as KL(ql|p) — 0.
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Mean Field Approximation

Mean Field Approximation

Assume q(0) can be expressed in factorised form

M
a(0) = [T am(6m)-
m=1
Mean Field Lowerbound

M M M
2@ = [ TTa@nn =526 = [ T] a@n){1np(P,0) = > ina(6n)}d0
m=1 m=1 m=1

[Ty a(6m)

M

= [ q(8 In p(D, 0 0,m)d0, Yd8; — [ q(8;)Inq(8,)de;

[a@p{ [ I atom) } [ a8y q(8;)d8; + const
m#j

= [ a(6)Ensln p(D, 6)1d6; — [ a(6;)1n (6,)d6); + const

= —KL(q(8))|| exp Eny[in p(D, 8)]) + const.

Mean Field Minimised KL Divergence

In g (6;) = Emylin p(D, 0)] + const.
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Variational Inference GMM

Target Posterior

p(D7 Z, T0y Ly A) = p(D|Z, ™, My /\)p(zlﬂ')p(ﬂ')p(ul/\)p(/\)

"

Zn x,

O

N

A
Conjugate Prior
p(n|A)p(N) = Hp(uk\/\k) HN(uk\Mm (BoAk) " YW(AK|Wo, vo).
k=1 k=1

Joint Distribution
p(D; z, p, N, ) o

N K K
(H LT (mN (xaliss, Ak))’"k> - Dir(re|ao) - [T N (b mo, By M)W (A Wo, vo).

n=1 k=1 k=1
v
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Variational Inference GMM

Mean Field Approximation

q(z, ™, u, N) = q(2)q(m, p, N),

Mean Field Minimised KL Divergence

In qj*(Oj) = EpIn p(D, 0)] + const.

Expression for Responsbilities

N K
Ing*(z) = Z Z Znk In ppk + const,

n=1 k=1
where
1 D 1 T
In ppx = E[In 4] + EE[IH [A]] = Bl In2m — EE;L;(,I\,( [(x, = ) "M — )]s
which can be used to give an expression of the responsibilities
Pnk
rnk = E[Zﬂk] = =K _ -
Z;(:I Pnj

(WCPM) October 13, 2015 2



Variational Inference GMM

Define
N
Ny = Z nks
n=1

N
_ 1
Xk = ﬁk E rnkXn,

n=1

1 N
Si=1r 37 r(x, — %) (xn — %) -
k

n=1

Expression for Model Parameters

Ing” (7, p, A) = E;[In p(D, 2, 7, p, N)] + const.
By inspection

K
a(m, p, A) = q(m)q(, A) = q(m) [ T almees Ac),

k=1

g(|a) = Dir(r|ar),
" (e = N (i mi, (Behe) ™),
q" (Ae) = W(N| Wi, ).

(WCPM) October 13, 2015 28 / 44



Variational Inference GMM

Expressions for Model Parameters
ak = ag + Nk, Bk = Bo + Nk and v = vo + N,
1
my = — (Bomo + NiXy),
Bk

BoNk ,_

5o+ Ny (%, — mo)(Zk — mo)” .

W, =W, + NSk +

| A\

Expressions for Responsbilities

By ng [, = 10) T N0 — )] = vic(xn — mi) T Wi(xy — my) + DB,

In 7y = E[ln |mx|] = (k) — Zak

v +1
InAx = E[In |A¢]] = E 11;(“7) +DIn2+In W,
i=1

\

Mixing Coefficients

v
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Variational Inference GMM

Algorithm 4 Variational Bayes GMM
Initialise 7, i, A, m, W, Bo, 1, g
repeat
E Step: Compute the responsibilities as follows

D
- E - %k("n - ’"k)TWk(Xn - "'k)},
o).

InAy = ZD: (w(%lﬂ)) £ DIn2+In W],
i=1

£1/2
Fok O ﬁkl\i/ exp{

M=

In = (o) ﬂu(

=
Il

1

M Step: Update model parameters as follows

N
1 - .

Sk = I E Fok(xn = Xi)(xn — %) 7,
k n=1

akx = ag + Nk, Bk = Bo + Ng and v = 1 + N,
my = B, (Bomo + NiXy),

_ _ Ne - -
Wk1:W01+Nk5k+ BoNe (kamu)(xk*mo)-r,

Bo + Ni

until convergence

(WCPM)




Variational Inference GMM

Link to code / .mp4
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClusteringVB.py
http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Animations/VBGMMAlphaSmall.mp4

Variational Inference GMM

Link to code / .mp4
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClusteringVB.py
http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Animations/VBGMMAlphaLarge.mp4

Variational Inference GMM Lowerbound

Lowerbound

Z/// q(z,m, py N) In p(D zm A }d‘rrdp.dl\

q(z, 7, py A

= E[In p(Dy Z, T, Ky )] - ]E[In q(z, Ty My A)]
= E[In p(D|z, p, N)] + E[In p(z|7)] + E[In p(7)] + E[In p(e2, A)]
— Elin 4(2)] — E{in g()] — E[in (s, A)].

-300
-320 %

|
LIrnt,

ou A WN

0 5 10 15 20 25 30 35 40
Iteration Number
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClusteringVBLowerboundEvolve.py

Variational Inference GMM Model Selection

Model Selection with Lowerbound

_ KIp(DIK)
P(KID) = < Ty

where

p(D|K) = exp L(K).

Alternative View

Lm(K) =~ L(K)+ InK!.

- -
l‘-’l'
E E ‘
3 il s v
o o
2 + 2
5 5
E » z
4 + —
- » -
»
it
i 2 3 4 5 6 i 2 3 4 5 6

Number of components Number of components

A. Corduneanu (2001), C. Bishop (2006), K._Murphy (2012)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClusteringVBLowerboundPlots.py
http://research.microsoft.com/pubs/67239/bishop-aistats01.pdf
https://www.springer.com/us/book/9780387310732
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Expectation Propagation

Minimise Reverse KL Divergence

q(0)
p(e|D)

KL(plla) = = [ p(6ID)In

p(z) o exp(—2z/2)c(20z + 4), where o(t) = (1+e )7L,

0.8

0.6
0.4

=

0.2

0.0!

T. Minka (2001a), T. Minka (2001b)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/SigmoidApproximations.py
http://research.microsoft.com/en-us/um/people/minka/papers/ep/minka-thesis.pdf
http://research.microsoft.com/en-us/um/people/minka/papers/ep/minka-ep-uai.pdf

Expectation Propagation
Exponential Family
q(6) = h(0)g(n) exp{n" u(6)},

Reverse KL Divergence for Exponential Family

KL(pllq) = /p(e) In {%}de

= / p(6){ Inp(6) — In (h()g(n)) — n” u(6) }d6

=—Ing(n) — nT]Ep(g)[u(O)] + const.

Minimised Reverse KL Divergence for Exponential Family

—Vng(n) = Eye)[u(0)],
i.e. when
Eq0)[u(0)] = Epe)[u(6)]-

Difficult, as trying to taking expectation w.r.t. unknown posterior.
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Expectation Propagation

Assumed Form of Joint Distribution

P(e» D) = H fn(0)7

v

Approximating Distribution

An approximating posterior belonging to the exponential family is sought of the following form where Z is a
normalisation constant

a(0) = 2 T #(0).

@ The idea is to refine each factor factor f, by making the approximating distribution
q(6) = 7&) [ (0).
J#n
a closer approximation to

() [ fi(0).

in
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Expectation Propagation

@ To proceed, factor n is first removed from the approximating distribution by

\negy — 9(0)
0= 76

@ A new distribution is defined by
1
P"(8) = = £:(8)q""(6),

with normalisation constant

Z, = / £,(6)q\"(6)d6.

@ The factor £, is updated such that the sufficient statistics of q are matched to those of p".

Algorithm 5 Expectation Propagation

Initialise approximating factors f,(8)
Initialise approximating function q(8) o< [, 2(8)
repeat
Choose a factor f,,(@_) for refinement
Set q\"(8) = q(6)/F:(6)
Set sufficient statistics of ¢"®(8) to those of ¢\"(8)f,(8) including Z = [ q\"(0)f,(8)d6
Set #,(0) = Z,q""(0)/q\"(8)

until convergence
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Expectation Propagation for the Clutter Problem

Factorised Posterior Distribution

f(0) = (1 — w)N(x,]0, 1) + wN(x,)0,al) forn=1,...,N
£(6) = N(6]0, af)

V.

Approximating Distribution

Taken to be an isotropic Gaussian of the form

q(0) = N(6|m, vi),

@ g is treated as a product of N + 1 approximating factors

N
q(6) < [ (0.
n=0

@ The factors have been defined as follows where factor Fn has scaling constant s,, mean m, and variance
Vol
7.(8) = 5N (81m, val),
in terms of a scaled Gaussian distribution.
@ The approximating distribution is therefore Gaussian
q(0) = N(0|m, vI).
@ p(D) ~ [ q(0)d0 is obtained using results for Gaussian products.
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Expectation Propagation for Clutter Problem

Algorithm 6 Expectation Propagation for the Clutter Problem
Initialise the prior factor f5(8) = N (610, bl)
Initialise the remaining factors ﬁ., =1,vy=00,m, =0
Initialise the approximating function m = 0,v = b
repeat
for n=1,...,N do
Remove the current factor from q(8)

O

m\" = m+ v, V\"(m - m,).

Evaluate the new posterior q(6) by matching sufficient statistics
Zy = (1 — w)N (xa|m\", (v\" + 1)I) + wN (x40, al),

pr =1 ZN(xs[0. 1),

m:m\"+p,,v7\n(x,,—m\").
vin 41 '
\ny2 \ny2 _ m\n|2
e W A~ m
R v v i ISR D(v\7 + 1)

Evaluate and store the new factor f,(8)
=y )

m, =m\" + (v, +v\")(V\") "1 (m — m\"),
B Z,
T N(m|m\n, (v, + v\

Sn

end for
until convergence

(WCPM)




Expectation Propagation for the Clutter Problem

f(0)
f(0)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClutterEPIterationPlots.py
http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClutterEP.py

Summary of Methods for the Clutter Problem
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T. Minka (2001a), T. Minka (2001b)
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http://www.zabaras.com/Publications/PDFiles/THESES/LouisEllam/MSc/Software/ClutterPlot.py
http://research.microsoft.com/en-us/um/people/minka/papers/ep/minka-thesis.pdf
http://research.microsoft.com/en-us/um/people/minka/papers/ep/minka-ep-uai.pdf

Further Reading and Acknowledgments

MSc Dissertation

@ L. Ellam.

Approximate Bayesian Inference for Machine Learning.
The MSc dissertation may be downloaded from here.

Software

The Python code for implementing the various algorithms reported in this presentation may be obtained by
clicking on the respective figures. All software and datasets may be obtained in zip form from here.
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