CY900 - Second-order inhomogeneous differential equations

T. R. Walsh

1. Variation of parameters

In this section, ways to get solutions of 2nd order odes with variable coefficients
are covered - not a million miles away from the integrating factor approach for 1lst-order
equations. Given a 2nd order ode with variable coefficients,

az(2)y" + a1 (x)y’ + ao(x)y = g(x) (1)

first start with putting this equation into standard form by dividing through both sides by
as(x), e.g.
y"+ P(z)y + Qz)y = f(z) (2)

Now suppose you know two functions that are solutions of the homogeneous counter-
part of equation(2), called y; and yo, such that, e.g

y; + P(x)y; + Q(x)y1 = 0 (3)

and similarly for y,. We now ask the question: is it possible to construct a particular solution
of equation (1), y,, of the form:

Yp = y1(z)u1(z) + y2(2)us(z) 7 (4)
Taking first and second derivatives of y, yields
l/;, = yju; +y1u; and (5)
Yp = Y1ty + yiun + yous + Yaus (6)
where to obtain equation(5), we also had to demand that
U Y1 + upYs = 0 (7)
By substituting the expressions in equations (5) and (6) into equation (2), we get

y, + P(x)y, + Q(2)y, = wily] + P(x)yy + Q(2)y1] + ualys + P(x)ys + Q(x)ya] + yiu] + yous

Now, since the expressions in square brackets are zero (e.g. see equation (3)], the equation
above becomes

Yo T P(@)y, + Q@)yy = yiui + youy (8)

= f() (9)



Equations (7) and (9) consitute a set of linear equations, which can be solved (for u}

and u}) via Cramer’s Rule, i.e. u{ = ¥ and u} = %2, where W is the Wronskian

Y1 Y2
yi Y
and W is defined as
0 Yo
f@) v
and W, is defined as
Y 0
y1 f(2)

To find u; and us, all you have to do is integrate v} and u!, (sometimes this has to be done
numerically).

Example: Using variation of parameters, find the total solution to the ode:
y' =3y +4y = (x4 1)e* (10)
The y. solution (which you should have no problems in obtaining) is
Yo = 1™ + cpze™® (11)

The Wronskian is therefore e**, and therefore

Uq:_W:_x -z (12)
and L wm

Integrating equations (12) and (13) lead to u; = —5”3—3—§ and uy = 5”2—2+3:. Substituting
these expressions into equation(4) yields

23 2, 72 \
= (g —5)e"+ (5 ’ 14
o=~ =)+ (G +adae (1)

x> x?
= (g + 5)6% (15)
and gives the total solution
3 2

y = 1 + core®® + (% + :%)62“c (16)

Exercises: Find the solutions to the following odes.

1. y//_2y/+y:w2e_i1
2. 4y" + 36y = cosec(3x)
3. zy" — (x+ 1)y’ + y = 22 , given that y; and y, are known: y; = e and y, =z + 1



