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Motivation - PDEs on Surfaces

PDEs on surfaces arise in various areas, for instance
> materials science: enhanced species diffusion along grain boundaries,

> cell biology: phase separation on biomembranes, diffusion processes on plasma
membranes,

> fluid dynamics: surface active agents.
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Numerical methods are based on:
> parametrisation of the surface (eg graph),

> level set representation,

v
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v

this talk: intrinsic approach, approximation of the surface by triangulated surfaces
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[ Dziuk 1988 |: elliptic problem,
[ Dziuk, Elliott 2007 | (2 papers): parabolic problem (stationary/evolving surface).

advection dominated problem / hp-adaptive refinement
~~ DG methods.




Outline

1. Notation and Setting

2. DG Approximation

3. Convergence Proof

4. Numerical Tests



Outline

1. Notation and Setting



Some Notation

> Hypersurface: I C R3 compact, smooth, simply connected, oriented, no boundary.
Signed distance function: d : U — R with U a thin tube around T.

Unit normal: v(§) = Vd(¢), £eT.

> Projection of R3 onto the tangent space Tl Eer:

PE)=1-v()®v(E), £cT.

v

v

> Surface gradient: For any function n: U — R,

Vrn = Vn—Vn-vv = PVn = (Din, Dan, D3n).



Strong Problem Formulation

Laplace-Beltrami operator:
3
Arn:=Vr-(Vrn) = D;Dm.
i=1

Strong problem: For a given function f : I — R, find v : I — R such that

—Aru+u=fFfinT.



Strong Problem Formulation

Laplace-Beltrami operator:
3
Arn:=Vr-(Vrn) = D;Dm.
i=1

Strong problem: For a given function f : I — R, find v : I — R such that

—Aru+u=fFfinT.

For weak formulation: Integration by parts formula on surfaces:

/nVr~v:—/(v-Vrn+nvw)+/ nv-p
r r ar

where p: outer co-normal of I on OI', k: mean curvature vector.



Weak Problem Formulation

Sobolev spaces:
H™(M) :={u e LA(N) : V2ue L3T) V|a| < m}

with corresponding norm

lal<m

1/2
ey = ( > V?uniz(r)) .

Problem (Pr): Find u € V := HY(I') such that

/Vru-Vrv+uvdA:/fv dA, Yv e V.
r r



Weak Problem Formulation

Sobolev spaces:
H™(M) :={u e LA(N) : V2ue L3T) V|a| < m}

with corresponding norm

lal<m

1/2
ey = ( > V?uniz(r)) .

Problem (Pr): Find u € V := HY(I') such that

/Vru-Vrv+uvdA:/fv dA, Yv e V.
r r

Theorem (Aubin 1982)

If f € L2(T) then there is a unique weak solution u € V to (Pr) which satisfies

lullery < CllFllizry:-
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2. DG Approximation



Triangulated Surfaces

» [ is approximated by a polyhedral surface I', composed of planar triangles K.

r

> The vertices siton I = Ty is its linear interpolation.

> Th: Associated regular, conforming triangulation i.e.

= J Kn

Kh€Th




DG Setting

DG space:
Vi = {v, € L2(T) vh|Kh € PY(Ky) VKh € Tp}.
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DG Setting

DG space:
V= {Vh € L2(rh) : Vh|K,, € Pl(Kh) VK € 77,}

This space allows for jumps across edges, to be penalised in the DG method.

> Set of edges: &p.
» Unit conormals: ”h+' n, to K;r, K, oney€ Ep.

> Trace values: v = v, for v, € V.
A hlokck h € Vh
DG norm:
2 2 2 P -1 - 12
|uh|1,h = Z ”uh”HI(Kh)v |uh|*,h = Z heh HU/T — Uy ||L2(eh)7
Kh€Th en€Ey

2 . 2 2
lunllpg(r,) = lunlt,n + lunli b



DG Problem
Problem (PL’G) Find up, € V}, such that

aIQ,,G(uh» Vh) = / favy dAp Vv € V),
Th

where f, is related to f (later) and

DG
afC (up,vh) = > / Vr,un - Vr, Ve + upviy dAp
Kn€Th

- /(uhfu SV =y

epn€Ep

- Z /(Vh -v) (Vrhuh '”ﬁ—VFhU;

en€ER

+ 3 / Bey (4 — 4y )(vi — v ) dsh

en€Ep

with Be, ~ ha".

. n;) dsh

. n;) dsp,



DG Problem
Problem (PL’G) Find up, € V}, such that

aPhG(uh, Vh) = / favy dAp Vv, € Vy
Th
where f, is related to f (later) and

DG
afC (up,vh) = > / Vr,un - Vr, Ve + upviy dAp
Kn€Th

— Z /(”h —uy (Vrhvh cnf = Vv, -ny) dsy

en€ER

- Z /(Vh -v,) (Vrhuh ~nh+—Vrhu;~n;) dsp,
en€€p

+ 3 / Bep(uf — u) )i = viy) 5
ep€ER

with Be, ~ ha".

Interior penalty method [ Arnold 1982 |: If Be, = wehh;hl and we, big enough
then arDhG is coercive, and there is a unique solution u, € V}, to problem (PPhG) with

lluslloe(ryy < Clifall2(r,)



DG Problem: Remark
[ Arnold 1982 ] (classical) IP method:

DG —
ar, (uh, Vh) = Z Vrhuh . Vrh vhp + upvy dAp
Kp€Th* Kn

_\1 _
-3 [ )T -y
€h

enEER

- Z /(Vh _Vh) (Vrh“:'”;_vrh”;

ep€E)
+3  Bate —e = )
enEER
[ Arnold et al. 2002 ] (standard) IP method:

are (un, vi) = Y / VrpUn - Vr,vh + upvy dAp
KnETh

- n;) ds

- n;") dsp

1 _
_ Z /(uh nf 4+ un)- E(VFhV;r"'Vrth ) dsp,

ene€y

- Z / (vt —vyny ) (Vrhuh+ + Vr,u, ) dsp

ep€€)y

+Z/135’h (uy iy 4wy ) - (v g+ vy, ) dsn

enEeE,



The Lift

Goal: Compare u € H?(T) solving (Pr) with up € V} solving (PrDhG), but, Z T.

Lift: For n: 'y, — R define
n'(€) = n(x)

where

x = &+ d()V(€)




The Lift

Goal: Compare u € H?(T) solving (Pr) with up € V} solving (PrDhG), but, Z T.

Lift: For n: 'y, — R define

1'(€) = n(x)

where

x = &+ d()V(€)

One-to-one relation between I and 'y, write

x = x(&) or £ =¢(x)-

Right hand side:
Define f, so that fh/ =fonT.



Lifted Objects

» Lifted triangles: K| = ¢(Kj) C T.

» Conforming triangulation 7/,

r={J K.

1 |
Kh€Ty

> Lifted edges: e} := &(en) € &),



Lifted Objects

> Lifted triangles: K] = £(Kj) CT.

» Conforming triangulation 7/,

r={J K.

1 |
Kh€Ty

> Lifted edges: e} := &(en) € &),

Lifted DG space:
V)= {v} € () : V(&) = vi(x(€)) with some v;, € V},},
norm:

12 - 12 -1y 0+ L=12
IIVh“DG(r) T Z HVhHHl(KL) + Z heL IIVI-, —V ”Lz(e;,)
KleT] ehegl



DG Bilinear Form on I

Consider

|—DG(u, v) = / Viu-Vrv+uv dA
KieT!

_ Z /(u (Vrv -n+—V|—v7-n7) ds

e, 68’
- Z / (vt —v™ (Vru -nt —VruT -n7) ds
eleel
+ Z / B ( ut —uT) (vt —v7T) ds
ehegl

» Unit conormals to K;;*' and K/I1_ on
e,’7 € 5,’,: nt =—n" e T,l.

> Penalty parameters 3, :=
h




Convergence Statement

Theorem (Dedner, M., Stinner 2012)
Let u € H?(T') and up, € Vj, denote the solutions to (Pr) and (PPhG), respectively.
Denote by uL S V,f the lift of u, onto I'. Then

llu = uhllizgry + hllu = ujlipery < CHNIFll2qry-



Outline

3. Convergence Proof
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Outline of the Proof
1. Starting:
llu = uplipery < llu = éhllo(ry + léh — uhllp(r), B = lhu interpolate.
2. Interpolation estimate | Dziuk 1988 |:
o= B lloe) = lu = Shllqry < Chllullery (< ChlIFlzy)-
3. Using coercivity in Vli:
Clidh — upllbery < aPC(Dh — uh, dh — up)
= af® (¢ — u, ¢, — up) + P (u — uj, &, — up).
4. Using boundedness in H?(T") + V}:
af® (¢h — u, & — up) < Ch(ll6h — ullpe(ry + P llullwz(ry) 64 — uhllpe(r)-
5. Estimating variational crime error:
af® (u— up, @), — up) < CH(|F || 2y |8 — uhlloe(ry-
6. Concluding:

llu—upllpe(ry < (L+ O)Igh = ullpry + Clull iy + CH I Fll2ry < ChIIFll2ry-



Coercivity and Boundedness: Inverse Estimate

3. Using coercivity in V,i:

1)1 ! 12 DG (I Il /
Cllon — uplipg(ry < ar” (Dh — up, b5 — up)
= aP®(dh — u, ), — up) + P (u — uj, &) — up).

4. Using boundedness in H?(I) + V/:

aP® (¢h — u, ¢p — up) < Ch(Il6h — ullpe(ry + B llullmz(ry) 164 — uhlloe(r)-

Lemma (Inverse Estimate)
Let w € H*(T') and w] € V. Let K| € T,l. Then for sufficiently small h,

197 (w + Wiy < € (*llVr(WJr A ) .



Coercivity and Boundedness: Inverse Estimate

3. Using coercivity in V,i:
Iy 40 12 DG 4l Il I
Cllon — uplipg(ry < ar” (Dh — up, b5 — up)
= aP®(Bh — u, dh — up) + afC (u— up, ¢ — up).

4. Using boundedness in H?(I) + V/:
aP® (¢h — u, ¢p — up) < Ch(Il6h — ullpe(ry + B llullmz(ry) 164 — uhlloe(r)-

Lemma (Inverse Estimate)
Let w € H*(T') and w] € V. Let K| € T,l. Then for sufficiently small h,

197 (w + Wiy < € (*llVr(WJr A ) .

Proof.

Trace theorem and a standard scaling argument on Kj € Ty, lift estimate onto
K] € T, using result in [ Demlow 2009 | and apply geometric estimates.



Variational Crime Error: Geometric Estimates

5. Estimating variational crime error:

af® (u— up, ¢, — up) < CH||fll 2y 64 — uhllpe(r)

ar (u — uj, wy)

1
Z / (Rh— Vruh VrWh+(6 — )ULWA—F(]'_E) )‘—W/7 dA
h

KleT,!
1
+Z/I(ul —ul) (er (0" = Pl — dH)n}f
/ ;e e;,
CAS

— Vw0 - %P(l — dH)n")) ds
en

1 1
+ >0 / - w,’;)i(vrug+ (nt = 6—P(I — dH)n}")

e
e, EEI h h

~Vru (7 — ip(/ - dH)n’;))ds
h



Variational Crime Error: Geometric Estimates

5. Estimating variational crime error:

af® (u— up, ¢, — up) < CH|[fll 2y 64 — uhllpe(ry-

Lemma (Dziuk 1988 and Giesselman & Mueller 2012)

lldll oo ry < Ch?,

[|1— 5hHLoo(r) < CH?, Sp ¢ local area change, 5pdA, = dA,
lv — vl oo (ry < Ch, v,V . unit normals on T and 'y,
11— 5e,,||L00(8/)) < Ch2, de, : local length change, de, ds, = ds,
h

[[n— P”L“Loo(g'/') < CH?,
[P — Rillioo(ry < CH? where Ry, := ép(/ — dH)P,(I — dH)
with H=V?d and P, = | — v, @ vp.
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4. Numerical Tests



Software

Distributed and Unified Numerics Environment

> All simulations have been performed using the Distributed and Unified Numerics
Environment (DUNE).

> Initial mesh generation made use of 3D surface mesh generation module of the
Computational Geometry Algorithms Library (CGAL).

> Further information about DUNE and CGAL can be found respectively on
http://www.dune-project.org/ and http://www.cgal.org/



Test Problem on Unit Sphere

Surface Helmholtz equation:

—Aru+u="f

. ‘ {3
on the unit sphere iy

e NN
e,

r={xeRk®: |x| =1}
The right-hand side f is chosen such that
u(x1, x2, x3) = cos(2mx1) cos(2mx2) cos(2mx3)

is the exact solution.




EOCs for Sphere Test Problem

Elements h Ly-error Ly-eoc | DG-error | DG-eoc
623 0.223929 0.171459 5.07662
2528 0.112141 0.0528817 1.70 2.64273 0.94
10112 0.0560925 0.0146074 1.86 1.3151 1.01
40448 0.028049 0.00378277 1.95 0.653612 1.01
161792 0.0140249 | 0.000957472 1.98 0.325961 1.00
647168 0.00701247 | 0.000240483 1.99 0.162822 1.00




Visualisation, Sphere Test Problem

Can easily work with non-conforming grid:

f \,3
ﬁ‘\/fu.

[
i




Test Problem on Dziuk Surface

Solve the Helmholtz equation
on the Dziuk surface

Fr={xeR®: (xx—x2)P° +x3+xZ=1}.
The right-hand side f is chosen such that
u(x) = x1x2

is the exact solution.

T T
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EOCs for Dziuk Surface

Elements h Ly-error Lr-eoc DG-error DG-eoc
92 0.704521 0.243493 0.894504
368 0.353599 0.0842372 1.53 0.490805 0.87
1472 0.176993 0.0268596 1.65 0.263808 0.90
5888 0.0885231 | 0.00637826 2.07 0.135162 0.97
23552 0.0442651 | 0.00171047 1.90 0.0685366 0.98
94208 0.022133 0.00041636 2.04 0.0343677 1.00
376832 0.0110666 | 0.00010427 2.00 0.0171891 1.00
1507328 | 0.0055333 | 2.60734e-05 2.00 0.0085934 1.00




Test Problem on Enzensberger-Stern Surface

Solve the Helmholtz equation
on the Enzensberger-Stern surface

F={xeR3: 400(x°y? +y?22 + x*2°) - (1 - x> —y> - 2?)*  —40=0.}

The right-hand side f is again chosen such that
u(x) = x1x2 is the exact solution.




EOCGCs for Enzensberger-Stern Surface

Elements

h Lo-error Ly-eoc DG-error DG-eoc
2358 0.163789 0.476777 0.998066
9432 0.0817973 0.175293 1.44 0.472241 1.08
37728 0.040885 0.0160606 3.45 0.150144 1.65
150912 0.0204411 0.00139698 3.52 0.0703901 1.09
603648 0.0102204 | 0.000338462 2.04 0.0347345 1.02
2414592 0.00511 7.86713e-05 2.10 0.0172348 1.01

Tricky: The computation of the lifted points £(x) when refining the surface.
The EOC rates thus are a bit more volatile.




Other Choices for the Conormals

Generalise the bilinear form:

§PhG(uh,vh) == Z /

_,\1 _
(u; —u, )E(Vrhvh+ -nt Vr,vy, - ne,) dsh

ep
ep€Ep Y Ch
-1 + _
DN N )E(Vrhuh e, = Vil - ne,) dsp o+
en€EL " Ch
Choice n;h n:h Description
1 n, —n, planar (non-sym)
2 n, ny [ Arnold 1982 | (sym pos-def)
Lip— —nt Lot _p—
3 f(n_ n'jr) f(n'jr n"_) averaged (sym pos-def)
Lo —ah)l | 13af —mp)]
4 —n} —n, [ Arnold et al. 2002 | (sym pos-def)




Comparison of Choices

Ratio of DG errors w.r.t benchmark error for different normal choices (conforming)
1.

Ratio of L2 errors w.r.t benchmark error for different normal choices (conforming)
19

?
13 /

Ratio
S

Ratio of L2 and DG errors for the test problem on the Enzensberger-Stern surface,
benchmark is the analysed choice 2.



Comparison of Choices

Ratio of L erfors w..t benchmark error for different normal choices (conforming) 1Ftano of DG errors w.r.t benchmark error for different normal choices (conforming)
19 :
o
185— ~+ Choice 3 13 /
/
1.7 \
\
16 \
15
° \
5 14 \
] \
&
13 N
~
12
14
1 ! B g =]
09l " N 0.95— =
10° 10° 10

Ratio of L2 and DG errors for the test problem on the Enzensberger-Stern surface,
benchmark is the analysed choice 2.

The [ Arnold et al. 2002 | (standard) IP method did not converge!
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Conclusion
> The (classical) IP method from [ Arnold 1982 | can be 'lifted to surfaces’.

> A priori error analysis requires estimation of additional terms
in comparison with [ Dziuk 1988 |.

> The expected order of convergence is obtained and observed.

> Numerics suggest that the (standard) IP method from [ Arnold et al. 2002 |
cannot be 'lifted to surfaces’.
> Open: Analysis for nonconforming meshes,
higher order methods (extend [ Demlow 2009 [),
hp-adaptive a posteriori error analysis and refinement
(extend [ Demlow & Dziuk 2008 | and [ Houston et al. 2007 ).

= whlloiry <C( D2 IRz coe oy + 1/ Bon Lo,
Kn€Th

1/2
+ higher order geometric terms) .

Thanks for your attention!
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