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Summary

This report investigates various aspects of modelling a composite ma-

terial using randomly packed cylinders in 3d space. In particular it

considers: simulating configurations of non-intersecting cylinders; gen-

erating weighted networks from such simulations, including calculation

of minimal cylinder separation distances; estimating the conductance or

resistivity of such a network. This is based on work carried out during

the ESGI165 Study Group at Durham University, April 2021.
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1 Introduction

1.1 Background and problem

An aspect of Peratech’s sensing technology relies upon understanding connectivity prop-

erties of collections of cylindrical objects (i.e. particles) placed in a box. To this end, the

company have posed the following problem.

1.1.1 The initial question

A configuration of a finite number of identical, uniform density cylinders are placed in

a box B ⊂ R3 of arbitrary length, width, and depth. For this initial question, let us

suppose that the configuration is given; we will come back to the problem of generating

the configuration and its properties later on. The cylinders cannot overlap, and have

identical diameter D and length L. The centre of mass (X,Y, Z) and rotation (θ, φ) of

each cylinder is known. Rotations around the cylinder axes are irrelevant to this problem,

due to symmetry, leading to only the five degrees of freedom above.

Figure 1. An illustration of a single cylinder described by (X,Y, Z, θ, φ).

Two cylinders are said to have a connection if the minimum distance between them is

smaller than a cut-off length, lc. If a connection exists, we write dmin for the minimum

distance between the objects. This also defines two nodes, one on each object, which

are the points achieving this minimum distance.1. Note that this gives rise to a finite

collection of nodes, resulting from all connected pairs of cylinders in the box. Nodes

corresponding to “adjacent cylinders” also come with a natural associated distance. We

1 Suppose that the configuration is such that these nodes are uniquely defined
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call this collection of nodes (and associated distances) the network generated by the

configuration.

Question

Given a list of (X,Y, Z, θ, φ) for each cylinder in the configuration, what is the most

efficient way to produce the network above. That is, to give a complete description

of the associated nodes, edges and distances. Peratech advised that a Python script

demonstrating this process would be an ideal way to convey a successful solution of this

problem.

1.1.2 Additional questions

• Using the network described above, or otherwise, how can global connectivity prop-

erties of the cylinder configurations be (efficiently) described?

• Peratech are also interested in simulating the cylinder configurations themselves. The

final question is thus to consider methods for generating such configurations, given some

information on desirable properties.

1.2 Group structure and outline

This problem attracted a large team, and the working group naturally divided into four

distinct subsets. The results of these are described separately in Sections 2, 3, 4 and 5

below.

• Section 2 considers, broadly speaking, the initial question described above. In fact, the

main challenge here turns out to be the calculation of precise minimal distances between

given pairs of cylinders.

• Section 3 then addresses the question of calculating certain global connectivity proper-

ties of the configuration of cylinders. Numerical and analytical approaches are discussed,

as well as two separate models corresponding to different assumptions on the material

being represented by the cylinders.

• Section 4 is based on the problem of generating cylinder configurations. It also de-

scribes a method for generating the network given the cylinders, using an existing MAT-

LAB toolbox.

• Finally, Section 5 describes a somewhat different perspective on the overall problem,

focusing on average quantities based on a homogenisation assumption.
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2 Networks from cylinder configurations

This first section focuses on converting a configuration of cylinders in a three-dimensional

box of arbitrary size into a network configuration. This translation is done by:

• considering those cylinders whose minimal separation distance dmin is lower than a

certain threshold lc to be connected;

• adding two connected nodes to the network for each such pair, corresponding to the

two points at minimal distance on these cylinder surfaces;

• associating this pair of connected nodes with the corresponding minimal distance;

and

• further connecting any two nodes that belong to the same cylinder.

The first natural step to address in this task is to compute the minimal distances

between cylinders. This ended up taking most of the working time during the ESGI study

group, and the final step of converting spatial configurations to network configurations

was not completed. With more time at our disposal, it would have been possible to

combine our distance-computing algorithm with a spatial trees approach to efficiently

produce network configurations.

Before moving to the main problem studied in this section, which is the generation

of a function to compute the minimal distance between cylinders, we briefly discuss

how to optimise the network generation once such a function is given. Let us consider a

uniform distribution of cylinders within a three-dimensional box; computing the distance

between each cylinder in the box and all the others requires a considerable amount of

time. However this is unnecessary since most of the cylinders are far from one another,

with distance between them bigger than the cut-off length lc. To optimise the problem

it is reasonable to split the original box, in which the cylinders are located, into smaller

sub-boxes of size L′. We say that a cylinder belongs to a certain sub-box, let call it sub-

box (1), if the centre of mass of the cylinder is located inside (1). We can then properly

tune the parameter L′ in a way such that cylinders lying in boxes that do not touch

each other are automatically at a distance greater than the cut-off length lc. As a result,

for the given sub-box (1), we only need to compute the distance of the cylinders in (1)

from one another and the distance between the cylinders in (1) and those living in the

26 sub-boxes surrounding (1).

To properly tune the sub-box length L′ we present the following argument. Suppose

there are two cylinders of length L and radius R with centres of mass O1 and O2 in

two non-neighbouring boxes (1) and (3) as depicted in Figure 2. In this configuration

the shortest distance that can be reached between the two cylinders maintaining their

centres of mass in the boxes (1) and (3) is given by

dmin = L′ − 2

√(L
2

)2

+R2

which corresponds to the red line in Figure 2. We tune the box size L′ by requiring that

such minimal distance cannot be smaller than the cut-off length lc. This is achieved by

choosing the length L′ for the sub-box to satisfy

L′ ≥ lc + 2

√(L
2

)2

+R2.
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Figure 2. Minimum distance between two cylinders in boxes that do not touch each

other.

In this manner, it is possible to considerably reduce the number of cylinder distance

calculations required. As mentioned previously, we did not write any code for this during

the study group, but believe it should be relatively straightforward compared to the

distance calculation problem that we did address.

This leads us onto the core of the section, which is the implementation of a function

to compute the minimal distance between cylinders. In the following subsections we will

describe the algorithm we coded. The overall structure is partially based on the one

suggested in [1].

2.1 Overview of the algorithm

A cylinder in a three-dimensional space is identified by its radius, R, and by the positions

of the end points of its symmetry axis. It can therefore be represented by 3 elements

(R,a,b); in this case R represents the radius of the cylinder while a and b are the

coordinates in R3 of the symmetry axis end points. We will refer to the surface parallel

to the cylinder axis as the cylinder shell, while the rest of the surface is made of two

disks, whose boundaries are two circles. The present program receives as input data a

pair of cylinders (R1,a1,b1) and (R2,a2,b2), defined as above, and returns as an output

the minimum distance between them together with the pair of points on their surfaces

achieving this minimal distance, that will correspond to the nodes of the network.

To produce such a minimum distance, and the corresponding nodes, we prepared four

different sub-functions:

• Line-line distance,

• Line-circle distance,

• Circle-disk distance,

• Circle-circle distance,

which are called in the algorithm to find out the minimum value.

The logic we followed is summarized in the flow chart of Figure 3, which we will now

describe in more detail. The first step is to compute the line-line distance between the
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Compute the minimum distance
between the two cylinder
symmetry axes l1 and l2

If the two points achieving
the minimum distance lie

inside the two axes Output:
minimum distance
and node positions

If one point P1 lies on
one extremum of the axis
and the other is internal

Pick up the circle C1
constructed on the end point P1

Compute the line-circle
distance between the circle C1

and the axis l2

Output: minimum distance
and node positions

If both the points P1 and P2 are
at the extremes of the axes

Pick up the circle/disk C1/D1 and C2/D2
constructed on the end points P1 and P2

Compute circle-disk-distance(C1,D2)
Compute circle-disk-distance(C2,D1)

If the minimum distance point
lies inside the disk

Output: minimum distance
and node positions

If the minimum distance point
does not lie inside the disk

Compute Circle-circle distance(C1,C2)

Output: minimum distance
and node positions

Figure 3. Flow chart of the algorithm for the computation of the minimal distance be-

tween a pair of cylinders and the associated nodes.

two axes of the cylinders, which leads to three possible distinct outcomes, depending on

the location of the minimal distance points.

a) If the minimal distance points lie within the interior of both axes, the two cylinders

are then in a configuration such that the minimal distance is reached between the two

cylinder shells. This is easily computed by taking the already computed minimal line-

line distance and subtracting the two radii from it. See the left-most path indicated on

Figure 3, and also Section 2.2 below for more details.
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b) If one of the minimal distance points coincides with an extreme of the corresponding

cylinder axis, and the other lies within the interior of the other axis, then the minimal

distance is reached between the circle centered on the point lying on the extreme, and

the shell of the second cylinder. This case is then computed using the line-circle distance

function and subtracting the radius of the cylinder from this result.

c) If both minimal distance points coincide with extremes of the cylinder axes, then the

minimal distance is achieved either between one disk and one circle centered on these

extremes, or between the two circles centered on these same extremes. To discriminate

between these two cases, the circle-disk distance function is executed for both combina-

tions of disk and circle. This function returns the point of minimum distance between the

circle and the plane of the disk, together with its projection on the plane and the distance

between these two. If the projection on the plane of the minimum distance point lies in-

side the disk, then the distance produced by the previous function also corresponds to the

minimum distance between the two cylinders. If, instead, the minimum distance point

lies outside of the disk for both circle-disk pairs, it means that the minimum distance

between cylinders must be computed with the remaining circle-circle distance function.

In the following subsections we describe our implementation of the four distance func-

tions, alongside some theoretical explanation of these.

2.2 Line-line distance

Consider two finite line segments in three-dimensional Euclidean space, L(a,b), L(c,d) ⊂
R3, which are given by their respective endpoints, (a, b), (c, d) ∈ R3 × R3. We assume

that both line segments are nonempty and do not intersect, i.e. a 6= b, c 6= d and

L(a,b) ∩ L(c,d) = ∅. In the context of our problem we think of both line segments as

the axes of two respective cylinders with common radius R > 0. We are interested in

computing the minimal distance between L(a,b) and L(c,d) as well as the pair of critical

points (p, q) ∈ L(a,b)×L(c,d) at which this minimal distance is attained. Figure 4 depicts

this situation.

As mentioned in the previous subsection, knowing the points p, q associated with the

minimal distance between two cylinder axes will help us to find the overall minimal

shell-to-shell distance between the cylinders. Indeed in case (a) above, when both critical

points p and q fall into the interior parts of their respective line segments, the distance

vector p − q is perpendicular to the directions of both line segments b − a and d − c. If

this is the case, then we can easily find the minimal shell-to-shell distance between both

cylinders by computing ‖p − q‖ − 2R. The associated critical points on both cylinder

shells can further be found via

pshell = p+R
(q − p)
‖q − p‖

, qshell = q +R
(p− q)
‖p− q‖

.

On the other hand, if one or both of the points p, q coincide with an endpoint of a line

segment, then we are in scenario (b) or (c) above, and a different method will be needed

to calculate the shell-to-shell distance between the cylinders. These cases are treated

in the following subsections, and corresponds to the right half of Figure 3. The critical

points p, q which describe the minimal distance between the axes of two cylinders thus
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Figure 4. The points p, q which minimise the Euclidean distance between two finite line

segments L(a,b) and L(c,d) in R3.

deliver a first high-level criterion which can be used to determine which computational

path to follow in our algorithm for the computation of the minimal shell-to-shell distance

between two cylinders.

To determine the shortest distance between L(a,b) and L(c,d), we start by parameter-

ising both line segments via

L(a,b) = {a+ λ(b− a) | λ ∈ [0, 1]}, L(c,d) = {c+ µ(d− c) | µ ∈ [0, 1]}.

We can then define a function

f : [0, 1]2 → R>0, f(λ, µ) = ‖(a+ λ(b− a))− (c+ µ(d− c))‖2,

which describes the squared Euclidean distance between two points on our line segments

as a function of their associated parameter values. Finding the critical points (p, q) which

minimise the distance between both line segments can thus be reduced to the problem

of minimising f over its domain [0, 1]2. We first simplify f by using standard properties

of the scalar product in R3:

f(λ, µ) = ‖(a+ λ(b− a))− (c+ µ(d− c))‖2 =

〈a+ λ(b− a))− (c+ µ(d− c)) | a+ λ(b− a))− (c+ µ(d− c))〉 =

〈λ(b− a) + µ(c− d) + a− c | λ(b− a) + µ(c− d) + a− c〉 =

‖b− a‖2λ2 + ‖d− c‖2µ2 + 2〈b− a | c− d〉λµ +

2〈b− a | a− c〉λ+ 2〈a− c | c− d〉µ+ ‖a− c‖2 =:

θ1λ
2 + θ2µ

2 + θ3λµ+ θ4λ+ θ5µ+ θ6.

This calculation reveals that f is a two-dimensional polynomial in λ and µ with constant

coefficients θ1, ..., θ6 ∈ R. Since f is a continuous function on the compact domain [0, 1]2,
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there must exist at least one critical point (λp, µq) ∈ [0, 1]2 which minimises f . It is

feasible to find (λp, µq) using solely analytical methods. To do so,

• we collect the corner points of the domain {(0, 0), (0, 1), (1, 0), (1, 0)} as candidate

points for (λp, µq),

• we look for minimisers of f when restricted to the sides of its domain {(λ, 0) | λ ∈
(0, 1)}, {(λ, 1) | λ ∈ (0, 1)}, {(0, µ) | µ ∈ (0, 1)}, {(1, µ) | µ ∈ (0, 1)} and collect these

minimisers (if they exist) as candidate points for (λp, µq),

• we look for a minimiser of f when restricted to the interior of its domain (0, 1)2 and

collect it (if it exists) as a candidate point for (λp, µq), and

• we compute the value of f at all previously collected candidate points for (λp, µq)

and define the point with the lowest value to be a global minimiser (λp, µq) of f .

To find the potential minimiser of f when restricted to the side {(λ, 0) | λ ∈ (0, 1)},
we compute

d

dλ
f(λ, 0) = 0 ⇐⇒ 2λθ1 + θ4 = 0 ⇐⇒ λ = − θ4

2θ1
.

If − θ4
2θ1
∈ (0, 1), then we collect (− θ4

2θ1
, 0) as a candidate point for (λp, µq), otherwise

we ignore it due to it lying outside of the feasible set [0, 1]2. We further identify the

potential candidate points (− θ3+θ4
2θ1

, 1), (0,− θ5
2θ2

), (1,− θ3+θ5
2θ2

) by analogously investigating

the other three sides {(λ, 1) | λ ∈ (0, 1)}, {(0, µ) | µ ∈ (0, 1)}, {(1, µ) | µ ∈ (0, 1)} of the

square [0, 1]2.

To identify the potential candidate point in the interior of the domain (0, 1)2, we need

to solve

∇f(λ, µ) = 0.

This results in the following linear system:

2θ1λ+ θ3µ+ θ4 = 0,

θ3λ+ 2θ2µ+ θ5 = 0.

By studying the determinant 4θ1θ2−θ2
3 of the matrix associated with this linear equation,

one can show that the system is degenerate if and only if the line segments L(a,b) and

L(c,d) are parallel. In this case, the (then non-unique) global minimiser (λp, µq) can always

be chosen to lie on one of the sides or corners of the domain [0, 1]2 and one can thus

ignore the interior points (0, 1)2. However, if the linear system above is not degenerate

then its explicit solution can be found using Cramer’s rule:

λ =
θ3θ5 − 2θ2θ4

4θ1θ2 − θ2
3

, µ =
θ3θ4 − 2θ1θ5

4θ1θ2 − θ2
3

.

One needs to check whether this solution lies in (0, 1)2 and if this is indeed the case then

one has to collect it as a candidate point for (λp, µq).

The above procedures result in a maximum number of nine candidate points for the

global minimiser (λp, µq) of f on [0, 1]2. Computing the value of f at each candidate point

and setting the point with the lowest value to be (λp, µq) finally delivers the critical points

p = a+ λp(b− a) ∈ L(a,b), q = c+ µq(d− c) ∈ L(c,d),
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which minimise the distance between L(a,b) and L(c,d). Consequently, the minimal dis-

tance between both line segments can simply be obtained by calculating ‖p− q‖.
A computationally efficient Python-implementation of this method for the computation

of the points p, q associated with the shortest distance between two line segments in three

dimensional space can be found in the GitHub repository associated with this project.

2.3 Line-circle distance

In principle, the shortest distance between a line and a circle can be computed in a very

similar way to that between two line segments. This is because both objects in each pair

are two-dimensional sets in a three-dimensional space, and therefore a point on an object

in each pair can be stated in terms of one parameter (typically arc length). The Euclidean

distance between a pair of points on each object can then be given as a function of two

parameters, thus forming the basis of a multivariable optimisation problem.

Rather than starting with first principles, we outline the shortest circle-line distance

result as provided in [2], which in turn considers the shortest distance between a point

and a circle as given in [3].

Figure 5. A diagram illustrating the geometry behind the point-circle calculation, taken

from [2].

The shortest distance d between the point and the circle as shown in Figure 5 is given

by

d2 = R2
a + |Ca −P|2 − 2Ra|P−Ca − (Na · (P−Ca) ·Na)| (2.1)

Parametrising the line segment as P(t) = r0 + td, and substituting this into equation

(2.1), one can recover the square of the distance between the points on the line and circle

that minimise this distance. That is,

f(t) = a6t
2 + a5t+ a4 + a3

√
a2t2 + a1t+ a0, (2.2)
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where the coefficients are given by

a6 = M, ·M a5 = 2,D ·M a4 = |D|2 +R2
a, (2.3)

a3 = −2Ra, a2 = |E|2, a1 = 2E · F, a0 = |F|2, (2.4)

and

D = B−Ca, E = M− (Na ·M)Na, F = D− (Na ·D) ·Na. (2.5)

The minimum distance can then be found by minimising f(t) in equation (2.2). This can

be done numerically by applying, for example, the Newton-Raphson method to f ′(t).

This is because we are looking for where f ′(t) = 0, that is, where is f(t) minimised.

As well as incorporating the above approach into Python, we developed an interactive

diagnostic tool in a package called GeoGebra (www.geogebra.org). This is an educational

tool designed for maths teachers in secondary schools, but it can also be used to develop

applets for other purposes. In particular, as shown in Figure 12, we managed to use

this platform in order to compile an app allowing the user to move around points in

order to change the geometry of the lines and/or circles, and generate test cases with

coordinates, radii and approximate shortest distances and critical points. The reason

for the approximate nature of the shortest distances from this package is because it

is not optimised to be able to perform calculations in more than one dimension; in

particular, optimisation problems involving more than one variable. To rememdy this,

we used GeoGebra’s in-built spreadsheet functionality to take a finite number of sample

points on each curve, and then compute the distance between them for all possible

combinations of parameters on each curve. Although this was found to work well for

numerous test cases, including when the circle and line intersect, this coarse numerical

approach is likely to break down in cases where the circles have very large radius, as

the sample points will become further apart. Despite these limitations, this diagnostic

tool was highly useful in checking the Python code that was developed, and being able to

easily generate cases where the shortest distance was known. This was positively received

by our contacts at Peratech, and this tool in particular could be useful for the developers.

2.4 Circle-disk distance

In this part we discuss how to calculate the distance between a circle and a disk or two

disks in three-dimensional Euclidean space. We first explain the definition of 3d circles

and disks, and then present how to calculate the shortest distance between one disk

and one circle analytically. At the end we present optimised methods using vectors to

calculate the distance numerically. The pseudo-algorithm is presented at the end of this

subsection.

A disk in three dimensions is defined as the following set,

{x ∈ R3, (x−C) · n̂ = 0, |x−C| ≤ r}, (2.6)

where C ∈ R3 is the vector for the disk circle centre, n̂ is the normal vector of the disk

surface, and r > 0 is the scalar of disk radius.

A circle in three dimensions is defined as the following set,

{x ∈ R3, (x−C) · n̂ = 0, |x−C| = r}, (2.7)

www.geogebra.org
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Figure 6. Graph of a 3d disk.

where C is the vector for the circle centre, n̂ is the normal vector of the circle surface,

and r is the scalar of the circle radius.

All of those points that are defined by the set (2.6) form a 3d disk as shown in Fig (6).

Additionally, all of those points that satisfy (2.7) form a 3d circle as shown in Fig (7).

Figure 7. Graph of a 3d circle.

Now let us suppose that we have the two objects: a disk as in (2.6) with C =: Cd, n̂ =:

n̂d, r =: rd and a circle as in (2.7) with C =: Cc, n̂ =: n̂c, r =: rc. In order to find the

minimal distance between the two, we will rotate and translate our system so that the

disk is centred at the origin and lying in the x, y plane. This is illustrated in Figure (8).

Let us denote by xd,xc the sets (2.6),(2.7) respectively, with C = 0 and n̂ = (0, 0, 1)T

in both cases, and radii rd, rc respectively. Our disk and circle can then be described in

the original coordinates by:

Cd = R1xd + Cd (2.8)

Cc = R2xc + Cc, (2.9)

where R1 is the rotation matrix that takes (0, 0, 1)T to n̂d and R2 takes (0, 0, 1)T to

n̂c.

Therefore, to rotate the system as in Figure (8), we need to do a translation by −Cd

followed by the rotation RT1 . In the new coordinate system, the disk and the circle are

thus described as follows:
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Figure 8. Rotate and translate the original coordinates so that the new origin is located

at the disk centre and the new z-axis points in direction n̂d.

C
′
d = xd (2.10)

C
′
c = RT1 R2xc +RT1 (Cc − Cd) (2.11)

Having done this rotation, we now need to consider 3 main cases as shown in Figure

(9). The projection of the lowest point of the circle to the plane of the disk determines the

existence of the shortest distance. The ideal case is shown in a) of Figure (9), where the

projection of the circle overlaps with the disk and the lowest point is projected within the

disk. The shortest distance is then zlow.However, even when the projection of the circle

overlaps with part of the the disk, we might not have the lowest point projected within

the disk, as shown in b) of (9). When this happens, we can swap the circle and disk and

use the analysis from a) to find the new shortest distance. When the projection of the

circle does not overlap with the disk at all, we need to call the circle-circle algorithm to

calculate the shortest distance. This is shown in c).

The analytical approach will be combining the calculation shown in equations (2.9),

(2.8), (2.11) and (2.10). However, doing this numerically requires the construction of

mesh points, and this is fairly costly in computing. We use the geometrical features of

circles and disks to find the high point and the low point as follows in (2.13) and (2.14):

v = rc
(n̂c × n̂d × n̂c)

||n̂c × n̂d × n̂c||
(2.12)

xhigh = Cc + v, (2.13)

xlow = Cc − v, (2.14)

where v gives the radius vector pointing from the circle centre to highest point xhigh,

so the vector for xhigh can be obtained by adding v to the centre Cc. The coordinate of

xlow can be obtained by subtracting v from Cc.

The pseudo code for the circle-disk distance algorithm is as follows:
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Figure 9. Three cases for finding the shortest distance between a circle (white colour)

and a disk (grey colour). Case a): the circle has the lowest point projected within the disk

radius, in this case zlow is the shortest distance. Case b): the highest point is projected

within the disk, but the shortest point is outside. Then we need to swap circle and the

disk to find the distance like in case a). Case c): all of the points from the circle after

projection are outside of the disk. In this case we need to use the circle-circle algorithm

to find the shortest distance.

(1) Check if the Circle and the Disk are parallel:

• if Cc is projected on Cd, dmin = zc;

• if Cc is not projected on Cd but within the disk, dmin = zlow;

• if Cc is not projected within the disk, call circle-circle distance.

(2) else if xlow is projected within the disk: dmin = zlow,

(3) else if xlow is not projected within the disk but the xhigh is, then call the function

by swapping the circle and disk objects.

(4) else if neither xlow nor xhigh are projected within the disk, call circle-circle distance.

Along with the shortest distance, the location of the two points on the circle and the

disk are calculated and returned as outputs. All of the codes are implemented in the

method distanceCircleDisk(C2), which is in the class circle in the Python file ob-

jects3D.py. The input C2 is considered as the circle and the object is the disk. By calling

C1.distanceCircleDisk(C2), we will receive a flag (True or False) indicating whether

the shortest distance was found or not.

When the flag returns True, the shortest distance is found and the two location points
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are returned in the output. If flag returns False, we need to swap the disk and circle

by calling C2.distanceCircleDisk(C1). If still shortest distance is not found, the algo-

rithm will call the next method distanceCircleCircle, which will be explained in the

following subsection.

2.5 Circle-circle distance

In the general algorithm for the computation of the distance between two cylinders, this is

the last item. More precisely, when we are in a configuration where the closest objects are

the endpoints of the axis for both cylinders, we fall in the disk-disk distance computation.

If we confirm in this case that there is no overlap between both disks2, we fall in the case

where we have to compute the distance between two circles in three-dimensional space.

In order to implement this computation, we were mostly inspired by the results of [2,

Section 2], that we summarise here.

The configuration, represented in the Figure 10, is the following: in the (O, x, y, z)

frame, we have two circles Ca and Cb of same radius r, with respective centres defined by

the vectors Ca and Cb, and respective normal (and normalised) vectors n̂a and n̂b. We

denote by û and v̂, two vectors perpendicular to n̂b such that (n̂b, û, v̂) is an orthonormal

basis of R3. Any point of the circle Cb can be parametrised using a variable t ∈ [−π, π),

by

X(t) = Ca + r [cos(t)û + sin(t)v̂]

The formula that gives the minimal distance d between a circle Ca and a point P,

computed in [3] and recalled by [2], is the following:

d =

√
r2 + |Ca −P|2 − 2r |P−Ca − [n̂a · (P−Ca)] · n̂a| (2.15)

In the case P = X(t), plugging this into (2.15) we get the distance squared as a function

of t. More precisely we have the following function f(t) := d2(t):

f(t) = a9 cos t+ a8 sin t+ a7

+ a6

√
a5 cos2 t+ a4 sin2 t+ a3 cos t+ a2 sin t+ a1 cos t sin t+ a0

(2.16)

where the coefficients ai, i = 1, . . . , 9 are defined as follows:

a9 = 2rCb · û− 2rCa · û
a8 = 2rCb · v̂ − 2rCa · v̂,
a7 = 2r2 + Ca ·Ca + Cb ·Cb − 2Ca ·Cb,

a6 = −2r,

a5 = − (rn̂a · û)
2

a4 = − (rn̂a · v̂)
2

a3 = 2rCb · û− 2rCa · û− 2r (n̂a ·Cb − n̂a ·Ca) n̂a · û
a2 = 2rCb · v̂ − 2rCa · v̂ − 2r (n̂a ·Cb − n̂a ·Ca) n̂a · v̂,
a1 = −2r2n̂a · ûn̂a · v̂,
a0 = r2 + Cb ·Cb + Ca ·Ca − 2Ca ·Cb − (n̂a ·Cb − n̂a ·Ca)

2

(2.17)

2 In the correctly translated and rotated frame, as described in the section before.
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Figure 10. Detailed configuration of two circles Ca and Cb for which we want to compute

the minimal distance d, obtained respectively between the points Ma and Mb of those

circles.

The aim now is to find the global minimum of the function f that will correspond

to the minimal distance between the circles. For that, the usual technique would be to

compute the derivative f ′(t) and simply find its zeros. What happens nevertheless is that

when we compute f ′ and do to the usual trigonometric-to-polynomial change of variable

Z = cos(t), sin(t) =
√

1− Z2, we end up getting a function that has a denominator of

the following form: √
a2

√
1− Z2 + a0 + · · ·

And at the same time terms proportional to Z2 in the numerator. The usual trick to solve

f ′(Z) = 0 in this kind of situation is to square until no roots are left. In our situation, this

means that we would have to square twice, which would lead to a polynomial of degree

8 in Z. Properly eliminating the square roots and solving numerically the 8th−degree

polynomial being cumbersome3 and leading to numerical losses, we decided to use the

special numerical technique proposed by [2, Section 2.1].

The idea behind this technique consists, morally, of solving f(t) = 0 instead of f(t) =

fmin where fmin is the global minimum of f . This is simpler since we do not require the

3 One quick attempt at eliminating the square roots in the general case through use of Gröbner
basis techniques in Mathematica ended up taking too much time to be efficient.
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explicit derivative of f ; having only factors proportional to Z outside of its root4, will

lead to a polynomial of degree 4 instead of 8 when we get rid of the roots. More precisely,

these are the steps that we have to undertake to find the minimum of f :

• Find one minimum tm of f , it doesn’t matter which one, on the interval I = [−π, π).

Indeed, by construction f will be well-defined on this interval and furthermore, f =

f(cos t, sin t) is 2π−periodic, so we can restrain to the interval I. In Python, we use

the method minimize of the function optimize from the package scipy to find such a

minimum.

• Shift the function f by D := f(tm) by defining the function g(t) := f(t)−D.

• Since by construction g has a double zero at t = tm, we can make a change of variables

g(t)
Z=cos(t)−→ P4(Z) where P4 := g ◦ arccos is polynomial of degree 4. The explicit form of

this polynomial is given in [2] and is of the following form:

P4(Z) = b4Z
4 + b3Z

3 + b2Z
2 + b1Z + b0

Where the bi, i = 0, . . . , 4 are given by:

b4 = c26 + c25
b3 = 2c1c5 + 2c4c6
b2 = c21 − c25 + 2c3c6 + c24
b1 = −2c1c5 + 2c3c4
b0 = c23 − c21

(2.18)

And the ci, i = 1, . . . , 6 are given by:

c1 = 2a8 (a7 −D)− a2
6a2

c2 = a2
6a4

c3 = (a7 −D)
2 − a2

6a0 + a2
8 − a2

6a4

c4 = 2a9 (a7 −D)− a2
6a3

c5 = 2a9a8 − a2
6a1

c6 = −a2
8 + a2

6a4 + a2
9 − a2

6a5

(2.19)

• Now, since P4 admits a double zero at Zm = cos(tm), we actually only need to find

both zeros of

P2 =
P4

(Z − Zm)2
,

which can be done very easily numerically5. There are two possibilities at this point:

◦ If we find no real solutions to P2(Z) = 0, it means that we already reached the global

minimum, since that means that the second minimum is above the t−axis. Therefore,

tm is the minimum of f that we were searching for.

◦ If we find two distinct roots Za and Zb
6, this means that the actual global minimum

4 Using the same change of variables Z = cos t as before.
5 In order to carry the polynomial division of P4 by (Z − Zm)2 in Python, we use the numpy

function polydiv, and then to find the roots in the form of a numpy array, we use the function
roots.

6 Given that we are in a configuration where we exclude parallel overlapping circles, a case
that is treated in the circle-disk distance case, we can’t have another double root, i.e. two
different but equal minimal distances.



Peratech 19

is located in the interval [Za, Zb], so we can actually search for it, using for instance

once more the minimize method of the optimize function with a different starting

point, say ta := arccos(Za).

• In any case, we call the real global minimum tmin, and plugging it into f(t) gives us

back d =
√
f(tmin). The whole procedure is illustrated schematically for the case when

the first minimum is local in the figure 11.

Figure 11. Schematic representation of the numerical computation of the minimum of f

In our case, we are nevertheless also interested in the points Ma and Mb of the circles

Ca and Cb respectively that attain this minimum distance. For the circle Cb, this is simply

the point Mb with the same coordinates as the vector X(tmin). For the circle Ca, in order

to find this point, we have to compute a normal vector ŵ perpendicular to n̂a that is in

the same plane as n̂a and X(tmin), since the point to minimise the distance on Ca will

obviously be one that is the closest to Mb. Using cross products, we have that

ŵ =
n̂a ×X(tmin)× n̂a

‖n̂a ×X(tmin)× n̂a‖

Finally, the minimal point Ma on Ca is defined by the coordinates of the vector Ca +rŵ.

All this procedure is implemented in the method distanceCircleCircle of the class

circle in the Python code. In order to compute the minimum distance between two

circle objects c1 and c2, it suffices to simply call c1.distanceCircleCircle(c2) in the

Python console upon execution of the objects3d.py script.
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2.6 Results and Conclusion

Results

In the overview section, we have explained how these four functions described above may

be combined to give us the shortest distance between two cylinders in three-dimensional

Euclidean space. Towards the end of the study group, we tested our algorithm with

special cases. We calculated the distance between some random cylinders provided by

Peratech and compared our result to the black box model used in the simulation group,

which will be explained in Section (4).

We have also provided a case visualisation tool in GeoGebra which allows us to visualise

special cases that we are interested in.One example is shown in Figure (12). This tool

was developed and used in testing our algorithm.

Figure 12. An illustrated interactive applet developed in GeoGebra (www.geogebra.org)

which can be used to generate test cases for the circle-line distance.

Conclusion and Further work

• We have developed a fully working software to calculate distances, but this still needs

to be combined with a spatial trees approach to generate the final desired network. We

have no visualisation tools to present as yet.

• We also developed interactive tools for individual case analysis and case testing. The

interactive tool could be extended to cylinders for a better result.

www.geogebra.org
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• We tested our algorithm on input data, in small amounts due to the time limit. As

such, it remains to be tested on big input data, and it would also be desirable to develop

a fast model to access the data.

• To use the software we have developed, we still need to couple a Visualisation tool to

present the calculated results in 3D network.

• Currently the tools we have developed are available on a private Github repository

because it was designed for Peratech. The status of this is to be discussed with Peratech.
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3 Electric conductivity of the network

In the previous section we described how to measure distances between nearby cylin-

ders in a non-overlapping configuration, to form a network. In fact, the configuration

of cylinders is a model for a material whose resistance/conductance (when a potential

difference is applied between two sides of the box) is a quantity of interest. Thus, the

next problem is to actually use the obtained network to analyse electric flow through the

material represented by the cylinders. This can be broken into two steps (see Figure 13):

(1) understanding the current-voltage characteristic between all pairs of cylinders (see

Section 3.1 and 3.2),

(2) using it to find net current-voltage characteristic between cathode and anode for the

entire network (see Section 3.3).

Figure 13. Illustration of two step procedure for calculating conductance.

Of course we must make some assumptions about the material that the cylinders are

representing (to be discussed), but given this, the two steps above ultimately allow us to

find the conductivity of the material for any configuration of cylinders. By applying it to

multiple realisations of cylinder configurations, one can estimate the expected variance

between produced samples and find properties of the material (such as cylinder aspect

ratio), which increase the variance.

For most of the project we assumed that cylinders are located in a poorly conducting

medium of a constant conductivity which is many orders of magnitude lower than the

conductivity of the cylinders. Therefore, in the first approach we assumed that cylinders

are perfect conductors and medium between them satisfies Ohm’s law with very low, but

constant conductivity. This approach is summarised in Section 3.1.

In the second part of this project, we investigated the resistance under the rather

different assumption that the medium between the cylinders is insulating. Insulating

materials typically have a nonlinear current-voltage characteristic and do not conduct

electricity at all unless a certain (very high) voltage is applied to their ends. We discuss

the consequences of this characteristic in Section 3.2.

3.1 Resistance between two cylinders in low conductive medium

3.1.1 Mathematical model

Let us consider two cylinders is an arbitrary configuration relative to one another. Let the

voltage between the cylinders by V , i.e. electric potential φ on the first cylinder can be

assumed to be φ
∣∣∣
Γ1

= V and potential on the second cylinder φ
∣∣∣
Γ2

= 0. Now we assume
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that the medium satisfies Ohm’s law, i.e. J = σE, where J is the current density, σ is

a constant conductivity and E = ∇φ is an electric field. If we consider an electrostatic

potential, then since ∇ · J = 0, the electric field φ has to satisfy the Laplace equation:

∆φ = 0 (3.1)

After solving above equation for φ we can find the current between the cylinders by

integrating the current density flux J·n over any surface surrounding one of the cylinders.

Here n is a normal vector to the surface. For the integration surface we can also pick

an infinite plane between cylinders, since the current density disappears in infinity. The

current is given by:

I =

"
S

J · ndS =

"
S

σ∇φ · ndS. (3.2)

Knowing the potential difference V (set at the start) and resultant electric current I be-

tween the cylinders, one can find the resistance between them as R = V
I (or conductance

as G = I
V ). Since the Laplace equation is linear, φ can be scaled with V and therefore

electric current I will be proportional to V . As a result the current-voltage characteristic

will be described using a proportional relationship with a constant resistance R.

Unfortunately, analytic solutions of the Laplace equation are known only in few simple

cases, and the solution in the case of two cylinders in an arbitrary configuration almost

certainly does not exist. Therefore the full solution was obtained using numerical meth-

ods. However, an analytic approximation was also developed for a region where cylinders

are close to each other; this was in high agreement with the numerical results.

3.1.2 Numerical approach

The numerical solutions were obtained in OpenFoam (https://www.openfoam.com/), an

open source CFD (Computational Fluid Dynamics) software based on the C programming

language, designed for solving PDEs using the finite volume method. Its utilities allow

the user to create meshes for irregular geometries, refine them in regions of interest,

solve the Laplace equation and visualise the solution, and it also offers a range of post-

processing tools, for example for integrating the solution over specified region. The mesh

was generated using blockMesh and SnappyHexMesh OpenFoam utilities, the first of

which allows one to generate a mesh of a desired size, and the second to cut out cylinders

from the domain and refine the mesh around their edges and around the intersection,

in order to obtain precise results in these regions. The electric potential is found using

ElectrostaticFoam built-in OpenFoam solver with charge density ρ set to 0. The solver

was additionally was modified to calculate ∇φ automatically. Visualisations and post-

processing was done in the Paraview software.

The numerical procedure is illustrated in Figure 14. Note that since we have to con-

strain our geometry to finite size we have to set an additional boundary condition on

the geometry’s outer boundary, which in this case is von Neumann boundary condition

∇φ|wall = 0, which represents the fact that no significant current should be observed

https://www.openfoam.com/
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Figure 14. Numerical procedure used to calculate electric current between two cylinders

in OpenFoam.

far away from the cylinders ”intersection” (by intersection we mean the region where

cylinders are closest to one another).

To understand the impact of cylinder configuration on the resistance between them

we designed a series of numerical tests. In the first series we considered two cylinders

perpendicular to each other in the x-y plane and varied the distance between them along

the z-direction. The cylinders have diameter 1 and length 10, and the distance between

them was changed from 0.02 to 1. A non-dimensional case was considered with potential

difference V = 1 and medium conductance σ = 1. The results are presented in Figure 15.

As one might have expected the current between the cylinders decreases as distance

between them increases. It, however, decreases slowly, linearly with a logarithm of dis-

tance at least for distances (< 1) much smaller than the length of the cylinders (10). The

electric density field value near the cylinder “intersection” drops quickly with distance.

However, intensity in other parts of the field (characteristic cross representing regions

close to one of the cylinders) is not significantly impacted by the distance. Looking at the

electric field lines (see 3rd image in Figure 14) one can see that this long-distance interac-

tion comes from field lines spanning wide distances away from the cylinder intersection.

If there was another cylinder in this region (which in volume fraction 5− 20% is almost

certain) it would affect the field lines’ structure and therefore change the current flowing

between the cylinders. In such a case it is not possible to represent the cylinder struc-

ture using a network of independently considered resistances between pairs of cylinders,

and other approaches should be used (such as homogenisation methods as discussed in

Section ...).

In the second series we kept the distance between the cylinders constant (0.2) and

rotated one relatively to another. All angles between cylinder axes were considered, from

0◦ to 90◦. The results are presented in Figure 16. As the angle between the cylinders
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Figure 15. Dependence between the distance L between two cylinders and electric current

flowing between them.

Figure 16. Dependence between the angle φ between two cylinders and electric current

flowing between them.

decreases the surface area of the region close to both cylinders increases, and consequently

the total current increases as well. It is highest when the cylinders are parallel to each

other. Therefore, unlike in the initial problem formulation, not only distance between the

cylinders matters, but also their relative orientation.

There is a third degree of freedom in cylinder orientation, namely the shift of one
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cylinder along its axis direction. This however was not investigated in detail since we

expect significant effect of this shift only when 1) cylinder are parallel to each other,

or 2) the distance between the cylinders in constraint by their length (e.g. when they

point at each other tip-to-tip). As long as the aspect ratio of both cylinders and cut-off

distance are small both scenarios are unlikely to occur.

3.1.3 Analytic approximation

Figure 17: Illustration of

analytic approach.

The main disadvantage of the numerical approach is the

time required to generate mesh and compute the current be-

tween any two cylinders. Therefore during the study group

we developed an analytic approximation of the field near

the cylinder intersection region. We made two assumptions

here (see Figure 17):

(1) Electric field lines in this region are parallel to each

other and perpendicular to cylinder axes.

(2) The surface of the cylinders may be approximated

using parabolas.

Assumption 1 is confirmed by numerical results. Assumption 2 is not necessary, but is

accurate near closest contact point and allows us to find analytic expression for current

between the cylinders. These assumptions may be taken to be valid within some distance

κR around the intersection (where κ is a parameter of the order of magnitude of 1).

Considering geometry and axes’ orientation from the first series of numerical experiments

one can write the equation for the surface of the first cylinder as z1(x, y) = −L2 −
1

2Rx
2

and the surface of the second cylinder as z1(x, y) = L
2 + 1

2Ry
2. Therefore the distance

between the cylinders if ∆z = L+ 1
2R

(
x2 + y2

)
. The resulting current density is:

J(x, y) =
V

∆z
=

1

L+ 1
2R (x2 + y2)

(3.3)

or

J(r, θ) =
1

L+ r2

2R

(3.4)

in polar coordinates. This result is consistent with the current around r = 0 obtained

using full 3D numerical simulation (see Figure 18). It is not valid for r � R, where: 1)

the decay rate of the current with distance should be faster, 2) we can observe additional

current resulting from long-distance cylinder interactions along axial direction, which is

not predicted by approximated model due to its assumptions.

Integration of this current density over the circle of region κR using polar coordinates

gives:

I ≈ σ
ˆ κR

0

2πrdr

L+ r2

2R

= 2πRσ

ˆ L+ 1
2κ

2R

L

dξ

ξ
= 2πRσ ln

(
1 +

κ2R

2L

)
(3.5)

Here we used the substitution ξ = L+ r2

2R , dξ = rdr
R . This allows one to evaluate short-
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Figure 18. Comparison of current density predicted by 3D numerical simulation and

analytic approximation valid near r = 0 for two close perpendicular cylinders. The value

of current density was compared along diagonal direction and axial direction. The second

includes characteristic high current density along one of the cylinder, which corresponds

to long-distance interaction between cylinders.

distance interactions between the cylinders, but does not include long distance ones, the

simple flow (3.3) not properly describing slow rate of current decay with distance. To

evaluate this we recommend using functions fitted to numerical results instead. (The

numerical calculations for larger distances need only be done for one “typical” case of

the cylinders being close together.)

3.2 Resistance between two cylinders in an insulating medium

3.2.1 Mechanisms for electron flow

Insulating media such as resin, unlike the low-conductive medium analysed in the pre-

vious section, do not conduct electric current unless we apply a very high voltage (the

so called breakdown voltage), and therefore do not satisfy the relation J = σE on which

previous results were based. If the conductive cylinders are located within such a medium

there are three possible mechanisms for electron flow between them [4]:

(1) If the potential gradient is higher than a certain value, the insulator atoms may

become ionised and realised free electrons may cause current flow.

(2) If the distance between cylinders is very small (of order of magnitude of 1nm,

possibly down to the order of magnitude of size of molecules) we may observe a tunnelling

current, due to electrons tunnelling through the potential barrier.

(3) If there is a contact between the cylinders the electrons can pass between them

directly, without a need to pass through the insulating medium.
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The first mechanism might seem least likely considering the fact that non-zero con-

ductance is observed even for small voltages applied between the cathode and anode,

although it must be recognised that the gaps are very narrow so there might still be sig-

nificant voltage gradients. There are models in the literature, which describe the electron

flow through similar composite materials as a result of both 2nd and 3rd mechanisms [5].

(Assuming perfectly smooth circular cylinders, quick calculations indicate to get current

flow between two touching ones, they would need at least contact along a line parallel

to their axes. Contact at a point on their curved surfaces with the axes not parallel, for

example, appears to give infinite resistance.)

However, note that for those mechanisms to take place cylinders have to be very close to

one another (< 1nm). Such small distances between the cylinders are hardly ever observed

in configurations generated numerically in Section 4 (which for a volume density of 5%

are of the order of magnitude of 100nm). In such configurations we should not observe

any flow through the bulk of material. The typical separation distance between nearest

cylinders may greatly reduce for higher volume density. If the typical distances are still

higher than expected, one should focus on better understanding the production process

of the material and especially factors which may cause the cylinders to keep close to one

another (such as imperfection of mixing process or potential adhesion forces between the

cylinders located very closely to each other).

3.2.2 Mathematical model for electron tunnelling

If there is direct contact between the cylinders (mechanism 3rd) but it does not create a

shortcut from cathode to anode it is safe to assume that the potential across the entire

material is constant and potential drops will only occur at the locations where electrons

have to tunnel through narrow gaps between cylinders. In this section we outline the

physical model describing the tunnelling current between two model surfaces separated

with an insulating layer based on paper by Peng Zhang from 2015 [6].

Figure 19. Metal-insulator-metal

tunnelling junction with key pa-

rameters impacting current den-

sity J1 and J2 are marked on the

figure. [6]

Figure 20. Current density as

a function of applied gap volt-

age Vg, for two gold electrodes

separated by a vacuum gap

of width D = 1nm, at T =

300K. [6]

Figure 21. Current

density Jnet as a

function of vacuum

gap size D, for var-

ious applied volt-

ages Vg. [6]
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The metal-insulator-metal junction is presented in Figure 19. The metal electrodes

have Fermi level EF and work function W . The insulator thin film has electron affinity

X, relative permittivity εr, and thickness D. The applied voltage bias is Vg, the effective

potential between the electrodes is φ(x). We are interested in finding the current density

J1 emitted from the cathode. All of these quantities affect the size of the energy barrier

Φ(x) that electrons need to cross. More details on this relationship can be found in

the source paper. Let’s consider an electron of longitudinal energy Ex (normal to the

surface) trying to pass through this barrier. The probability for that is given by the

WKBJ approximation:

D(Ex) = exp

[
−2

~

ˆ x2

x1

√
2m [Φ(x)− E(x)]dx

]
(3.6)

where x1 and x2 are the two roots of equation Ex − Φ(x) = 0. The current density

tunnelling through the barrier from electrode 1 to the right is calculated by:

J1 = e

ˆ +∞

−∞
N1(Ex)D(Ex)dEx (3.7)

where N1(Ex)dEx is the total number of electrons inside electrode 1 with longitudinal

energy between Ex and E + dEx impinging on the surface of electrode 1 across a unit

area per unit time. It is calculated using the free-electron theory of metal as:

N1(Ex) =
mkBT

2π2~3
ln

[
1 + exp

(
−Ex − EF

kBT

)]
(3.8)

where, with kB and T being the Boltzmann constant and the absolute temperature,

respectively.

Potential Φ(x) was evaluated by authors of [6] over a range of junction parameters.

Figure 20 presents an example current density-voltage characteristics. The obtained non-

linear function in low and high voltage limits can be fitted to two earlier models, namely

the Simmons model and Child-Langmuir (CL) law, respectively. The CL law states that

current density is proportional to V
3/2
g , while the Simmons model, derived using an ap-

proach similar to that presented above, gives a proportional relation between J and Vg in

a small voltage limit. This sounds very promising from the point of view of the material

investigated in this study, since the conductivity is being measured using relatively small

voltage, which is additionally distributed among many gaps between cylinders. In such

case we may assume that a linear Ohm-like relationship still holds.

However the electron tunnelling current density is much more distance sensitive than in

the low-conductivity model presented in Section 3.1. The impact of insulating gap width

on current density is presented in Figure 21. The decrease of current is relatively slow

for extremely small gaps (� 1nm), however it drops significantly around a gap size of

1nm. This means that we should not expect to observe any current until the cylinders are

almost touching each other. In this case the electrons are practically passing only through

the small gap between the cylinders. This allows us to use a similar approximation to the

one presented in Section 3.1.3, namely expressing J(D) as a function of distance between

the cylinder, and we estimate the total current by:
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I ≈ 2π

ˆ κR

0

J(D = L+
r2

2R
)rdr. (3.9)

For example we may consider approximating the dependence between electron tun-

nelling density and gap width using exponential function J(D) = J0 exp (−αD). This

case corresponds to a rectangular energy barrier Φ(x) = const. and approximately re-

flects the behaviour of J(D) shown in Figure 21. In this case we get:

I ≈ 2πJ0

ˆ ∞
0

exp

(
−α

(
L− r2

2R

))
rdr =

2πRJ0

α

ˆ ∞
αL

exp (−ξ) dξ =
2πRJ0

α
exp (−αL)

(3.10)

Here we used substitution ξ = αL + α r2

2R , dξ = αrdr
R . Note that we used ∞ as upper

limit unlike in (3.5), since impact of J(D) is negligible everywhere apart from the nearest

neighbourhood of cylinder intersection point, and therefore the limit of integration not

have significant impact on estimated current I.

One can try using the exponential model presented above to run preliminary conduc-

tivity simulations, however it is important to stress that to obtain a more accurate I(L)

function one should use Simmons formula presented in [6], formulated in a paper by John

Simmons from 1963 [7].

We also note here that the approach in Section 3.1.3, taking current flow and field lines

to be all approximately parallel, and normal to the conductors’ surfaces near where they

are closest, can be applied for general non-linear relations between current density and

electric field. (It might be interesting to know if any experiments could be carried out,

varying the applied voltage somewhat, to test for (non-)linearity of the current/voltage

relation.)

3.3 Resistance of cylinder network

Suppose the previous analysis yields a network which will be represented by a directed

graph of i = 1, 2, . . . ,m nodes and j = 1, 2, . . . , n edges. Each edge j is specified as

pointing from a start node sj to a terminal node tj . The weights analysis also provides

a resistance rj for each edge (which we will assume is ohmic in the first instance). Note

that we will assume that each node-pair is joined by either 0 or 1 edges. The point of this

construction is that we can represent the current on each edge by the scalar xj , where a

change in sign denotes a change in the direction of the current. Note that we can assume

without loss of generality that the adjacency matrix is upper triangular — that is we

assume the positive current direction for each edge points from the lower numbered node

to the higher numbered node (sj < tj for all j).

It is best to summarise the network structure by the matrix B, which is an m × n
node-edge incidence matrix. We set bij = +1 if edge j points into node i (that is, if

tj = i), bij = −1 if edge j points out of node i (that is, if sj = i), and 0 otherwise.

Current conservation at any given interior node i can then be expressed in the form∑
j bijxj = 0. Generally, we will write Bx = s, where x is the vector of all edge currents

and s is a source vector — which has non-zero elements at boundary nodes of the network
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where current is either created or destroyed — these are specified as part of the boundary

conditions of the problem, described shortly.

There are then two (equivalent) formulations of Kirchoff’s laws to consider. 1. In the

first, the key variables are the node potentials Vi. These are prescribed at some of the

boundary points but are unknown (and to be solved for) in the interior of the network.

They are coupled to the currents by the edges, so that for edge j, we have Vtj−Vsj = xjrj
(that is, ‘V = IR’), and the edge currents must also satisfy the conservation constraints

at each node. However, it is well-known that the best approach computationally is rather

2. to work in a current-oriented formulation. The Kirchoff currents turn out to minimise

energy dissipation, so we should seek to minimise f := xTRx, where R := diag(r) is the

Hessian matrix with the resistances rj arranged along its diagonal. This minimisation is

subject to Bx = s, as before.

But how do we prescribe source and sink currents at the boundaries of the network?

The best way is to establish a group of source nodes that constitute the anode (and

a corresponding group of sink nodes that constitute the cathode). We then specify a

total source current by I by introducing a dummy node of source strength I, which is

connected by a set of dummy edges of zero resistance to each of the real source nodes.

The real source nodes satisfy conservation constraints (flow in equals flow out) and the

solution of the minimisation problem will naturally distribute current across the real

source nodes in the correct way. The same device is used for the sink nodes (and the

dummy sink must have the same strength I).

To complete the picture, we assign an arbitrary potential to the source nodes (0 say).

Each edge will have a corresponding voltage drop rjxj which gives a kind of edge length.

As if by magic, we then find that the distance (in voltage terms) between any two nodes

in the network is path-independent, so that each node has a well-defined voltage. Further,

all sink nodes will have the same voltage, thus the potential difference across the network

is obtained. Since the current was prescribed, the effective impedance is determined.

Quadratic programs (QPs) with linear constraints, like that we have constructed here,

have many applications and consequently have been intensively explored by the numeri-

cal analysis community. There are many efficient general purpose solvers available, and

in this project we used the quadprog function in Matlab’s optimisation toolbox. Since

the matrices B and diag(r) are mostly made up of zeroes, very large problems can be

tackled quickly by using a sparse linear algebra implementation. Note that for non-ohmic

resistances, the objective functional is no longer quadratic: the Matlab set-up would be

similar but would require the more general fmincon function.

As a simple example of what can be achieved, Figure 22 presents a 2D synthetic

network built with a Delaunay triangulation on randomly distributed nodes. The anode

is made up of the 6 nodes on the left and the cathode of the six nodes on the right. Edge

resistances here have been modelled as proportional to the length of the edge squared.

The thickness of each edge indicates the (solved) current through it — note the relatively

small number of high current paths that dominate, similar to force chains in granular

media contact problems. The shade of each node denotes its potential: which gradually

drops from left to right and of course, so that all nodes in the anode (resp. all nodes

in the cathode) have the same value. The computation shown here takes only a fraction
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of a second, and the extension to 3D networks with perhaps tens of thousands of nodes

(cylinders) is entirely tractable.

Figure 22. Current flow through a random 2D graph from the anode (nodes on left) to

the cathode (nodes on right). The shading of each node denotes its potential.
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4 Cylinder simulations

This subsection describes the outcomes of a working subgroup aiming to provide code

for the simulation of a series of long, non-intersecting, cylinders or radius R and length

L located in some domain Ω ⊂ R3. Given the radius, length, domain size and volume

fraction, the first goal is to generate positions and orientations of the cylinders such

that there are no intersections. From this point, the second goal is to produce a network

where the resistance distance between two nodes of a graph is akin to treating the graph

as a grid of resistors with a resistance equal to the provided weight. Our weights will

be given by minimal distances between cylinders, which we compute using a (non-open

source) MATLAB function. However, these could alternatively be calculated using the

code discussed in Section 2.

For the first goal, it is of particular importance to create realistic configurations of

cylinders efficiently. With large numbers of cylinders, say N , detecting intersections is

an O(N2) operation. Currently, Peratech employs a physics simulator, giving cylinders a

random initial velocity and allowing the system to evolve. The most pressing constraint

is the volume fraction, the fraction of space occupied by cylinders.

The naive O(N2) approach is to simply place cylinders in the domain randomly and

then check to see if that cylinder intersects the boundary of the domain or any other

cylinder.

This approach can be improved by considering a spatial tree type approach to im-

prove the search for intersections. (This method is also considered in Section 2, although

for a slightly different purpose). We partition the domain into cubes with side length

2
√
L2 +R2. It is then sufficient to only check for collisions with cylinders in cubes adja-

cent to the cube containing the cylinder in question.

4.1 Simulating Packed Configurations

4.1.1 Naive spatial tree type approach

There are various algorithms that can pack cylinders into a domain, ranging from the

iterative approach described here to a molecular dynamics approach, where cylinders

are simulated with repulsive physics and allowed to move freely about one another, see

[8, 9, 10].

To produce realistic, useful configurations of cylinders we turned to MATLAB’s

Robotics Toolbox package. This provided a number of black-box functions that en-

abled fast prototyping of code. The two most relevant are collisionCylinder which

generates cylinders with particular sizes, orientations and positions and checkCollision

which checks if two cylinders intersect, and also provides information on distances be-

tween cylinders (as well as the closest points between them) if there is no collision.

We realise that these are not open source functions, but hope that the general idea

can be of use. Furthermore, much of the work in Section 2 is focused on computing

the minimum distance between two cylinders. This process could be used to check for

collisions between cylinders and replace checkCollision.

The naive algorithm to produce packed configurations is outlined in the flowchart in

Figure 23. We first specify the size of the domain, the radius R and length L of the
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cylinder as well as the desired volume fraction Vfrac. The volume fraction specifies the

number of cylinders through

Vfrac =
Vcyl

D1D2D3
=

NLπR2

D1D2D3

or equivalently

N =

⌈
VfracD1D2D3

πLR2

⌉
. (4.1)

where D1, D2, D3 are the dimensions of the domain. Note that (4.1) is not valid if L, 2R >

maxD1, D2, D3 as the cylinders will not fit. Furthermore, one should note that for the

cylinders considered here (where the ends of the cylinders are flat circles), the maximum

volume fraction that the cylinders can achieve is 90.69%, see https://en.wikipedia.

org/wiki/Circle_packing.

The domain is partitioned into cubes with side length 2
√
L2 +R2. Therefore two cylin-

ders cannot touch if they reside in boxes with 1 or more empty boxes between them. This

is illustrated in Figure 24.

Figure 23. Flow diagram of the iterative packing approach.

We then randomly generate a cylinder with center (x, y, z) inside the domain and

https://en.wikipedia.org/wiki/Circle_packing
https://en.wikipedia.org/wiki/Circle_packing
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Figure 24. Spatial tree type approach to the search algorithm

random orientation (θ, φ). The angles θ and φ are the standard polar and azimuthal

angles in spherical polar coordinates. We also record the box coordinates of the centre

of the cylinder.

A cylinder may not intersect with any other cylinders. The brute force approach is

to check with each other cylinder in the domain. However, this is an O(N2) operation.

Instead we check all 27 surrounding boxes with Chebyshev distance ≤ 1. While this does

not reduce the complexity, it greatly reduces the pre-factor. The cylinder must also be

checked for intersections with the edge of the domain. If there are no collisions then the

cylinder is added to the configuration. If there are collisions then the cylinder is discarded

and a new one generated.

After each cylinder is added to the configuration we compute the volume fraction. If

this has been reached, the algorithm terminates and outputs an N × 5 list of cylinder

configurations (x, y, z, θ, φ). A plot of the output is shown in Figure 30.

4.1.2 Refined Spatial Tree Type Approach

The refined spatial tree approach adapts Figure 24. For very slender cylinders (L� R)

of a fixed volume, the partitioning boxes may get large (since they must be of length

2
√
L2 +R2 or greater). This requires checking many other cylinders. Instead we partition

the domain into smaller boxes of size not smaller than (cutoff distance) + 2R.

In this case, for each cylinder we obtain a list of boxes which are intersected by the

centre line of the cylinder (dark green in Figure 25). We need only compare with cylin-

ders with centre lines that intersect the neighbouring boxes (light green). This method

improves the algorithm for slender cylinders, at the cost of memory as it is required to

store all the indices of the boxes intersected by each cylinder.

This was demonstrated during the study group by dividing the domain into a different

number of boxes and checking how it impacts: 1) the number of selected cylinders for

which the distance need to be measured, 2) computational time required to run the refined

spatial tree algorithm and 3) total allocated memory by the program. The results are

presented in Figure 26. Note that the number of spatial cells neighbouring each cylinder

increases linearly with n, but the average number of cylinders per cell decreases as n−3.
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Therefore the average number of neighbouring cylinders decreases as n · n−3 = n−2 and

therefore so does the algorithm computational complexity, therefore it is beneficial to use

the refined spatial tree approach over the naive one.

4.1.3 Overcrowding

The algorithm outlined in 4.1.1 and Figure 23 can suffer from ‘overcrowding’. In fact,

for large volume fractions there is no room for the cylinder to be placed. The algorithm

will not halt in this case and an upper limit on the number of trial cylinders is required.

Typically, we saw the algorithm begin to struggle around a volume fraction 5%. This is

an issue that is suffered by all random, fixed placement algorithms. There is simply not

enough room to place the cylinders.

4.1.4 Hierarchical Spatial Tree Approach

In the hierarchical tree approach, we subdivide the domain using a Octree data struc-

ture, in which each internal node has exactly eight children. Their are generally used

to partition a three-dimensional space by recursively subdividing it into eight octants.

Each internal node represents a sub-box, while its eight children are uniform sub-boxes

obtained after a further refinement. The refinement of a specific branch of a tree stops

when only one or zero cylinders are found within the refined sub-box, that becomes a leaf

of the overall tree. To summarize, we compose the Octree by doing the following steps:

(1) Divide the initial box into eight boxes

(2) If any box has more than one cylinder then divide it further into eight boxes. Do

not divide the box if zero or one cylinder is contained in it

(3) Repeat the process until all the boxes contain one or zero cylinders

A visual representation of the data structure is given in Figure 27. One would then

perform collision checks with neighbouring boxes.

Figure 25. Refined spatial tree type approach to the search algorithm, where N denotes

the number of subdivisions.
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Figure 26. Dependence between the number of selected candidates, computational and

memory of refined spatial tree algorithm depending on the number of cells into which

the domain is divided. All the quantities are normalised to 1.

Figure 27. Left: Recursive subdivision of a cube into octants. Right: The corresponding

octree.

Advantages

By traversing the nodes using depth-first search, only the cylinders that share a com-

mon parent node can be processed for collision detection. Furthermore, in case we are

interested in a physical simulation, all the cylinders lying on other inner nodes can be

viewed as a single element located at barycentre of that box. Other applications of Octree

involve 3D computer graphics games and nearest neighbor search [11, 12].
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4.2 Results and Comparison

The time taken for the algorithm in 4.1.1 to run was very dependent on the domain

size, the cylinder size and the desired volume fraction. As mentioned in 4.1.3, for high

volume fractions the naive approach may take a long time or even not finish. Comparison

between time taken on our machines is unlikely to be of much use.

Figure 28. Left: Example 1 data from Peratech. Right: Data produced by the algorithm

in 4.1.1.

Data was provided by Peratech in the form of N cylinders with position and orientation

vectors (x, y, z, v1, v2, v3). The orientation is assumed to be specified by a unit vector

point in the direction of the symmetry axis of the cylinder. It was also assumed the

cylinder dimensions are L = 10 and R = 0.5.

The distributions of the (X,Y, Z, θ, φ) are shown in 28. For the example data given by

Peratech, we notice that the φ and θ are not distributed uniformly. Compare this with

the data from 4.1.1 where all the variables are uniformly distributed. The preferential

choice of angles could be due to a number of factors depending on the data generation.

If the data was generated by randomly picking the unit vector (v1, v2, v3), then this may

result in a non-uniform distribution of φ and θ. The distribution could also be a result

of the physics simulation. By packing more cylinders into the domain and forcing others

out of the way some order is likely to arise.

Without knowing more about the physical system, it is hard to say what the true

distribution should be. For large volume fractions a non-uniform distribution of angles

is to be expected.

4.3 Network Creation

Given the final configurations of cylinders with no intersections, we are able to create a

network with nodes and edges representing the cylinders and its neighbours, respectively.

The network is generated from an EdgeTable with the following information:

A NodeTable must be also provided, which contains the center of coordinates of each

cylinder. Both tables are first stored in a .csv file and then imported in Python. We

use open source software NetworkX for the subsequent analysis [13]. We convert into a
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Figure 29. Plot of cylinders generated using Example1.csv data file, assuming a radius

of 0.5, and length of cylinders of 10.

Figure 30. Plot of cylinders generated during study group using own generation methods,

assuming a radius of 0.5, and length of cylinders of 10. The volume fraction is 0.05.

Figure 31. EdgeTable for cylinder configuration. The first two columns denote the label

of the adjacent cylinders. The Weight is given by the distance between the first cylinder,

at the point (X1,Y1,Z1), and the second cylinder, at the point (X2,Y2,Z2). Note that a

2 cylinders might have multiple entries due to the distance of different points on both

the surface of the 2 cylinders whose distance is below the threshold.

network a cylinder configuration having the following properties: radius R = 0.5, length

L = 10.00, volume fraction vf = 0.05.

For sake of visualization, we decide to represent each cylinder as a single node and we
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consider only edges with other cylinders with minimum weight. The nodes are labelled

according to the NodeTable, while each edge has the attributes given by the EdgeTable.

The NetworkX package provides built-in algorithms for the computation of the shortest

path distance and the resistance distance between two nodes of a graph (i.e. treating the

graph as a grid of resistors with a resistance equal to the provided weight). The two

combined algorithm will be used to determine the overall resistance of the network.

The computation of the network resistance is performed according to the following

steps:

(1) Create a ’dummy’ anode and cathode to represent the electrical circuit at the center

of two opposite faces of the box (in figure 32 anode and cathode are located at x = 0

and x = 100).

(2) Connect both anode and cathode to the nearest nodes according to a threshold

distance. The weight assigned to the edges must be infinitesimal (e.g. 1× 10−12).

(3) Find the shortest path between anode and cathode, in order to obtain the minimum

network resistance.

A visual representation of the synthetic network is given in Figure 32.

Figure 32. Network representing the configuration of generated cylinders. The red and

black nodes represent the anode and the cathode of the electrical circuit. The green nodes

are the closest to them and linked by an infinitesimal weight. The thick blue edges connect

anode and cathode via the shortest path, so that the overall resistance is minimal. We

also remark that the thickness of the other edges is proportional to their weights.
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Figure 33. Depiction of the Molecular Dynamic Packing algorithm, i.e. the inflation of

cylinders with time coupled with repulsive dynamics to avoid collisions.

4.4 Further Work

First and foremost, we should emphasise the importance of simulating a realistic cylinder

distribution for any practical application. Indeed, the network topology is vital, as similar

networks (with same sized cylinder/cylinder resistances) can give rise to significantly

different overall conductances.

This is a clear direction for future work, but proceeding effectively would require much

more specific information about the formation of the particle mixture and the interactions

between particles.

In terms of efficiency, we note that the algorithms discussed simulate tightly packed

cylinders in some domain via iteratively generating and checking collisions of cylinders.

It is likely that this is not the optimal way to generate tightly packed cylinder configura-

tions, and indeed alternative approaches to similar packing algorithms have been used.

Such alternative approaches are the so-called Molecular Dynamic Packing and Monte-

Carlo Packing methods, the former being inspired by molecular dynamics. For further

details, see [10, 8, 9] and references therein.

4.4.1 Molecular Dynamic Packing

A brief overview of the molecular dynamic packing algorithm will be provided here.

Consider a domain Ω = [0, D1] × [0, D2] × [0, D3] for some D1, D2, D3 > 0 that we

want to fill with cylinders of length L and radius R such that the volume occupied by

the cylinders, Vcyl is some given portion of D1D2D3. To satisfy this volume occupation,

also often called, volume fraction Vfrac, we require N cylinders, given by Equation 4.1.

Thus, assume we are provided with domain and cylinder dimensions, and are asked

to generate a cylinder packing that achieves a given volume fraction Vfrac, i.e. requires

the use of N cylinders. Consider now some given time frame [0, T ] partitioned into M

steps, i.e. [0, T ] :=
⋃M
i=1[ti−1, ti], and begin (at time t = 0) by generating a sequence of N

cylinders of radius R0 and length L in random positions within Ω, where R0 � 1 is very

small (best to choose R0 as small as possible, i.e. equal to machine precision, to avoid

collisions between cylinders in the initial generation). If R0 is chosen small enough, this

should yield, quite efficiently, a simulation of non-intersecting cylinders occupied within

the given domain, and if not, one can repeat the generation until a non-intersecting

configuration is obtained. The main idea of this method of cylinder generation is to

provide each cylinder with repulsion physics, by which we mean that the cylinders are
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now made to repel one another under some given potential φ, which is primarily infinitely

repulsive at zero, and weakly repulsive at a distance. One could for example use the

Lennard-Jones potential to achieve this, although the choice of potential is up to the

stakeholder.

Once repulsive physics between the cylinders have been implemented, at their given

radius R0, allow the cylinders to repel one another and re-position themselves for t1
amount of time. Then at t1, inflate slightly the cylinders to a new radius R1, chosen small

enough such that intersections between cylinders do not occur. The cylinders should again

now be allowed to repel one another and re-position themselves until time t2 and then

inflated again to a radius R2. Repeating this process M times, where at each time ti, the

cylinders are inflated to a radius Ri := R0 + (R−R0)i
M , where finally at time tM = T , a

cylinder configuration satisfying a given volume fraction should be obtained. See Figure

33 for a depiction of the physics. See also Figure 34 for a flowchart of the process.

Advantages

The main pitfall of the previous iterative packing algorithm implemented is that as the

volume fraction is increased, the domain of feasible positions for new cylinders, with

each new placed cylinder, dramatically decreases and thus makes it difficult and compu-

tationally expensive to find a viable position. Through experimentation we have deduced

that the iterative packer struggles to achieve volume fractions greater that 5% within

a feasible time frame. Indeed, this is where the advantages of the molecular dynamic

approach lie. Since the required number of cylinders to achieve a given volume fraction

are all already placed within the domain, no new positions have to be found, and thus

as long as cylinder-repulsion physics have been well implemented, any feasible required

volume fraction can be achieved.

Difficulties and Possible Problems

The main difficulties with this approach is that it is much more complex to implement

than the iterative solver. The difficulties in the implementation lie in providing cylinders

with repulsive physics. It is relatively straight froward to implement repulsive physics

with spherical balls due to the axisymmetry of the repulsive potential, although the

elongation of such spheres into cylinders makes this step difficult, since we not only have

to have repulsion from the barycentres of the cylinders, but also along its whole length.

One way to approximate this behaviour could be to fix to the ends and centre of each

cylinder a repulsive sphere, each connected by some infinitely strong and inflexible bond,

where one could increase the number of spheres within the cylinder to obtain better

approximations on the repulsive physics.

Furthermore, by requiring that the cylinders repel one another, some underlying physics

and possible attraction between the real world cylinders that we’re trying to simulate

may be lost. This could be accounted for by choosing a suitable repulsion potential φ.



Peratech 43

Figure 34. Flowchart of the Molecular Dynamic Packing approach.

4.4.2 Monte Carlo Packing

The Monte-Carlo Packing method follows a similar approach to the Molecular Dynamical

Packing method, although instead of slowly inflating cylinders and allowing them to repel

one another, one would simply perturb the rotation and position of cylinders that are

intersecting until no intersection is detected. This, although simple to implement, is

suspected to only work effectively for small volume fractions, and will have the same

bottleneck as the iterative packer implemented above, i.e. in collision checking.
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5 A Homogenised Model

In this section we discuss briefly an alternative approach in which the material is ho-

mogenised and general properties are derived in terms of averaged quantities. This will

not provide a precise value for the conductance of a particular configuration of the cylin-

ders within the box but, given that the exact arrangement of the cylinders is not easy to

establish, this approach may still offer some useful insights.

5.1 The Conductance of the Homogenised Model

Some useful work has been done on conductive networks of carbon nanotubes [14] and we

will follow these ideas here. A ’random stick’ network model has been used to estimate

the electrical conductivity of a film containing carbon nanotubes by [15] which shows how

conductance depends on the number of inter-particle contacts. When the conductance

across a junction between two particles (or cylinders) is much higher than the conduc-

tance along a cylinder, they show that a good approximation for the conductance across

a box of volume V is Gjnj where nj is the number of junctions in the box and Gj is the

conductance at a junction.

To determine nj , we can appeal to the paper [16] which provides an estimate for nj
when there are a large number N of cylinders of length L and diameter D in V . The

arrangement of the cylinders in the material is characterised by a probability density

function P (X,Y, Z, θ, φ) which represents the probability of a cylinder with centre at

(X,Y.Z) having an orientation (θ, φ) in spherical polar coordinates. Then

nj l
2DN2L2

V
I(X,Y, Z) (5.1)

where I is the orientation factor which can be calculated if P is known. If we assume

that the cylinders are randomly oriented in space then P = 1
2π and I = π

4 . It may also

be more convenient to work with the volume fraction f of cylinders in the material in

which case

nj l
16f2

π2D3
V I. (5.2)

The factor Gj could be estimated from the calculations contained in Section 3.1 or it

may be more practical to determine it by experiment.

Finally the conductance σ across the sample of length h in the Z-direction can be

calculated by integrating so that

σ =

ˆ h

0

Gj

(
16f2

π2D3
I

)
dZ. (5.3)

In this formula f and I could depend on X,Y, Z and h may depend on X,Y so that the

value of σ may depend on X,Y . We will discuss the variability of the material briefly in

the next section.

5.2 Non-uniformities in the Material

The material is manufactured via a multistage procedure (mixing, deposition, evapora-

tion), and each of the individual processes will affect the position of the cylinders within
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the sample. In particular, the deposition process will affect the orientation of the cylin-

ders within the sample and the evaporation process will tend to change the orientation

and the volume fraction of the cylinders particularly near the surface of evaporation.

The paper [17] describes a mathematical model of paint drying and shows that the

free surface can become non-planar and hence h will depend on X,Y . The most likely

cause for this is the dependence of the surface tension on the concentration of the solvent

which creates an instability. This theory is developed further in [18] and [19]. The effect

of the cylinders will also have an effect on the surface during the evaporation process

and [20], which considers the evaporation of a multi-component fluid and how colloidal

particles respond to these instabilities, may be helpful here.

We mention finally the possibility that the raw material may include bundles of parallel

cylinders and that the mixing process may not be strong enough to tear all such bundles

apart. When this happens the number of cylinders used to estimate the the number of

junctions in formula (5.1) should be the number of separate cylinders plus the number

of clumped cylinders and this may be significantly smaller than the total number of

cylinders N .
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6 Conclusion

In summary, progress was made during the study group on all aspects of the problem

mentioned in the introduction.

With respect to the initial question of network/distance generation, a fully working

programme to calculate exact minimal distances between two cylinders in R3 has been

written, which turned out to be a non-trivial mathematical problem. Moreover, a detailed

recommendation for converting these distances into a complete network given the cylinder

configuration is given in Section 2. In Section 4 a pre-existing MATLAB function for such

distance calculations and network generation is also identified.

Various methods for generating configurations of non-intersecting cylinders are dis-

cussed in Section 4, alongside analysis and recommendation as to the benefits and draw-

backs of each. Having said this, the importance of generating a model with realistic

features should be emphasised, and this was not possible during the working group due

to the limited information available.

Perhaps the most theoretical part of this report is contained in Section 3, which pro-

vides a detailed methodology for calculating overall material conductance, based on var-

ious different underlying assumptions of the material represented by the cylinder con-

figurations. Combining this analysis with experimental data should enable Peratech to

enhance their understanding of the mechanisms that are contributing most to conduc-

tance within their material.

Finally, a somewhat different, “top down”, approach to estimating conductance based

on homogenisation is described in Section 5. Several recommendations for future inves-

tigation and relevant literature are also indicated in this section.
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