
On the Rates of Convergence for a

Deterministic Weak Invariance Principle

Author:

Nicolò Paviato � 1899104

Supervisor:

Prof. Ian Melbourne

Warwick Mathematics Institute

This dissertation has been submitted to the University of Warwick to ful�l the
requirements of the module MA917 - Summer Research Project



i



Abstract

This project regards rates of convergence for Donsker's Weak Invariance Principle

applied to dynamical systems. The only known reference to this matter is the one of

Antoniou and Melbourne, which uses an estimate based on the Skorokhod embedding

theorem. The �rst chapter expands the calculations of their paper in a simpli�ed set-

ting, giving rates of O(n−( 1
4
−γ)) for every γ > 0 in the Prokhorov metric for discrete-time

systems. Chapter two contains an original result, showing a martingale-coboundary de-

composition for Hölder observables in a continuous-time setting. The aim of this project

is to set the foundation to apply techniques of Courbot, in order to improve the estimates

and get also multi-dimensional rates.
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Introduction

Great interest is given to statistical properties of dynamical systems. Examples are

decay of correlations and rates of mixing, which are useful instruments to study long-

term behaviour. Another powerful tool from probability theory is the Central Limit

Theorem (CLT) which also �nds an application to deterministic cases. Let T : Λ →
Λ be a dynamical system endowed with a probability measure µ, invariant under the

transformation T . An observable v : Λ → R is a measurable function on the probability

space (Λ, µ) and therefore can be seen as a random variable. By mean of Birkho� sums

and because T is measure-preserving, we can interpret

vn =
n∑
j=0

v ◦ T n n ∈ N

as a sum of dependent, identically distributed real random variables. We note that for

every initial point x ∈ Λ the elements vn(x) are totally determined and therefore we are

applying probability theory to something not intrinsically random.

If we assume exponential decay of correlations for T and take a regular observable

v, we often have convergence in distribution of vn√
n
to a Gaussian random variable. It

is shown in [13] that the latter is true taking for example the doubling map T : [0, 1] →
[0, 1], Tx = 2x (mod 1) and v : [0, 1] → R Lipschitz. The main tool for the proof is a

decomposition of v which is done through the transformation T , writing v as

v = m+ χ ◦ T − χ. (1)

Here, χ is a L∞-function de�ned by a converging series and it is called the coboundary

of v. The function m is the martingale part ; this name is justi�ed because by Birkho�

sumsm can generate a martingale. That is why we call (1) themartingale-coboundary

decomposition of v: its power lies in reading the observable v as a sum of something

meaningful for the CLT, plus a negligible coboundary term.

In a similar way we consider a functional CLT, i.e. Donsker's Weak Invariance Principle

(WIP). The latter states convergence in distribution of a sequence of continuous paths

Wn ∈ C [0, 1] to a Wiener process. Unlike the general statement found in Billingsley [3],
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we use the dependent Birkho� sums vn de�ned above to generate

Wn(t) =
vnt√
n

for t =
k

n
and k ∈ {0, . . . , n},

with linear interpolation between the nodes k/n. The sequence {Wn}n∈N+ generates a

family of pushforward laws on C [0, 1] which converge to a Wiener measure. The latter is

the element of M1(C [0, 1]) with �nite-dimensional distributions on Rn coinciding with the

ones generated by a Brownian motion. The decomposition (1) plays again an important

role in the proof of the WIP, as can be seen in [13] for the doubling map.

These results are still true under more general hypotheses and �nd a wide range of

applications, for example in the convergence of fast-slow systems to solutions of stochastic

di�erential equations, as done in Antoniou's PhD thesis [1]. Both CLT and WIP are

true for non-uniformly expanding dynamical systems, using Hölder observables (see [2,

8, 9]). In particular for the WIP, Antoniou and Melbourne have used a generalized

martingale-coboundary decomposition described in [8], �nding in [2] a rate of convergence

of O(n−( 1
4

+r)) in the Prokhorov metric on M1(C [0, 1]), where r > 0 depends on the

regularity of the transformation. We remark that [2] is heretofore the only reference

available on rates for WIP applied to deterministic systems. The applied method is based

on the Skorokhod embedding theorem used by Kubilius in [11], and therefore cannot

yield a better rate than O(n−
1
4 ). In order to improve this result and especially �nd rates

for the multi-dimensional case, it is reasonable to start working in the continuum and

apply continuous-time martingales techniques; there are several papers in the probability

literature concerning this matter and the most promising rates are found in Courbot [6, 7].

References to papers with inferior rates can be found in Courbot [5, 10]. This project

aims to set the foundation for the application of these new techniques in a later PhD

thesis, which will lead to new rates of convergence for the deterministic case.

The �rst chapter of this project takes inspiration from [13]: it is an exposition of

existing work of [1, 2] in a simpli�ed setting, proving a rate of convergence for the WIP

of O(n−( 1
4
−γ)) for every γ > 0, valid for a discrete dynamical system. In section 1.1

we recall de�nitions and properties of the Koopman and transfers operators, assuming

some hypotheses on their actions upon Hölder observables. Then in section 1.2 we obtain

two martingale-coboundary decompositions: one for an observable v, and writing v =

m+ χ ◦ T − χ as in (1), the other for the observable v̆ = m2−
∫
m2. After showing some

properties of the respective martingale parts, section 1.3 uses Burkholder's inequality [4]

to prove some estimates which leave us in the right setting to apply ideas from [2]. The

main estimate from probability theory is borrowed from Kubilius [11], which shows the

decay of the Prokhorov distance between a Brownian motion and an additional sequence

of processes (that is close enough to Wn). Following this line of reasoning, we reach the
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desired rate in section 1.4.

The material found in chapter 2 is original work and is meant to be the starting point

for the improvement and extension of latter results. We consider here a semigroup of

measure-preserving transformation {Tt}t≥0 that replaces the iterated discrete-time map

T . We then develop this new setting, showing properties of the families of Koopman

and transfer operators. An essential step to move forward is to use Bochner integration

in place of Birkho� sums: therefore we recall shortly the theory, referring to [12, 15].

Given v Hölder continuous with zero mean, section 2.3 extends the decomposition (1) to

vt =
∫ t

0
v ◦ Ts ds with

vt = mt + χ ◦ Tt − χ, (2)

with new martingale and coboundary parts. Finally we show how mt can be interpreted,

generating a continuous-time martingale array similar to what obtained in the discrete

case. The decomposition (2) will be used for the next project to apply estimates of [6, 7],

eventually showing new rates for non-uniformly expanding dynamical systems and vector-

valued observables v : Λ→ Rd.
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Chapter 1

Rates of Convergence for Discrete

Dynamical Systems

This chapter considers a dynamical system T : Λ → Λ endowed with a probability

measure µ, for which Hölder observables satisfy the Weak Invariance Principle. Starting

with a short review of important tools like Koopman and transfer operators, it shows with

Proposition 1.4 how the transformation T induces a useful decomposition for Hölder func-

tions, which is the central tool to apply general results from probability. As a matter of

fact, we will see in section 1.3 how the �rst part of this decomposition carries "martingale"

properties. This chapter takes inspiration from [13], expanding its calculation under the

further assumption of exponential decay of Hölder norm for the iterated transfer operator.

Using Burkhorlder's inequality [4], we prove a series of inequalities connected to the

decomposition cited above, which lead eventually to the starting point to follow the ideas

exposed in Antoniou and Melbourne [2]. Following the steps of their paper (for which we

reported and adapted the proofs), we are able to prove for the WIP a rate of O(n−( 1
4
−γ))

for every γ > 0, using the Prokhorov metric.

1.1 Koopman and Transfer Operators

Consider a probability space (Λ,B, µ) and a measure-preserving transformation T : Λ→
Λ, i.e. such that the pushforward measure is T∗µ = µ. The bounded linear map

U : L1(Λ)→ L1(Λ) Uw := w ◦ T, (1.1)

is called the Koopman operator induced by T . It is known [13] that there exists a unique

bounded linear map P : L1(Λ)→ L1(Λ) such that∫
Λ

Pv w dµ =

∫
Λ

v Uw dµ, (1.2)
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for every v ∈ L1(Λ) and w ∈ L∞(Λ). P is known as the transfer operator (or Perron-

Frobenius operator). As a matter of fact ‖Uv‖∞ ≤ ‖v‖∞ which implies UL∞ ⊆ L∞.

Remark 1.1. The operators U and P preserve integrals: for every v ∈ L we have that

•
∫

Λ
Uv dµ =

∫
Λ
v ◦ T dµ =

∫
Λ
v dµ, because T is measure-preserving;

•
∫

Λ
Pv dµ =

∫
Λ
v U1 dµ =

∫
Λ
v dµ, where 1 is the constant function.

Lemma 1.2. Let U and P be the Koopman and transfer operators of a measure-preserving

transformation T : Λ→ Λ. Then

(a) PU = Id|L1;

(b) UP = E
[
· |T−1B

]
;

(c) UP = Id|L1 if T is invertible.

Proof. (a) By de�nition of P we have that for every v ∈ L1(Λ) and w ∈ L∞(Λ)∫
Λ

PUv w dµ =

∫
Λ

Uv Uw dµ =

∫
Λ

(vw) ◦ T dµ =

∫
Λ

vw dµ.

(b) To check the integral condition for any v ∈ L1(Λ) and B ∈ B, we use the invariance

of T , the fact that 1B ◦ T = 1T−1B and de�nition of P :∫
T−1B

UPv dµ =

∫
Λ

(Pv ◦ T )1T−1B dµ =

∫
Λ

(Pv 1B) ◦ T dµ

=

∫
Λ

Pv 1B dµ =

∫
Λ

v(1B ◦ T ) dµ =

∫
T−1B

v dµ.

Now, for �xed B ∈ B(R) and v ∈ L1(Λ), we see that UPv is T−1B-measurable,

(UPv)−1B = (Pv ◦ T )−1B = T−1
(
(Pv)−1B

)
∈ T−1B,

because Pv ∈ L1(Λ) is Borel measurable.

(c) If T is invertible, so is U with inverse U−1v = v ◦ T−1.

Then we have UP = UPUU−1 = UU−1 = Id.

Lemma 1.3. Take two probability spaces (Ω1,A1,P1), (Ω2,A2,P2) and a measure-preserving

map π : Ω1 → Ω2. Let X ∈ L1(Λ)(Ω2) and G ⊂ A a sub σ-algebra. Then

E
[
X ◦ π|π−1G

]
= E

[
X|G

]
◦ π.
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Proof. We need to verify the π−1G-measurability of the right-hand side and that it satis�es

the integral property of the conditional expectation. If A ∈ A, then E[X|G]−1A ∈ G by

the de�nition, and so the �rst condition follows. Then the integral condition∫
π−1A

E
[
X|G

]
◦ π dP1 =

∫
A

E
[
X|G

]
dP2 =

∫
A

X dP2 =

∫
π−1A

X ◦ π dP1

proves that E[X|G]◦π is a version of the conditional expectation on the left-hand side.

1.2 Two Martingale-Coboundary Decompositions

Consider now Λ to be a bounded metric space with distance dΛ, B is its Borel σ-

algebra, and µ a probability measure on (Λ,B). Take α ∈ (0, 1] and de�ne the space of

Hölder functions

C α :=
{
v : Λ→ R

∣∣∣ sup
s 6=t

|v(s)− v(t)|
dΛ(s, t)α

<∞
}

which is contained in L∞(Λ) because diam(Λ) < ∞. It is known that C α is a Banach

space using the norm

‖v‖α := ‖v‖∞ + sup
s 6=t

|v(s)− v(t)|
dΛ(s, t)α

= ‖v‖∞ +H(v),

where H(v) is the Hölder constant for v. Let C α
0 :=

{
v ∈ C α|

∫
Λ
v dµ = 0

}
. Take a

measure-preserving transformation T : Λ → Λ and consider the related Koopman (1.1)

and transfer (1.2) operators.

Let us assume two working hypotheses:

(A) UC α ⊆ C α and there exists K > 0 such that ‖Uv‖α ≤ K‖v‖α for every v ∈ C α;

(B) PC α ⊆ C α and there exist γ ∈ (0, 1), C > 0 such that for every v ∈ C α
0 (Λ), n ∈ N+

‖P nv‖α ≤ Cγn‖v‖α.

Since µ is a probability measure, the inclusions C α ⊂ L∞ ⊂ Lp are continuous for every

p ≥ 1, i.e.

‖v‖p ≤ ‖v‖∞ ≤ ‖v‖α,

for every Hölder function v. Furthermore, integral invariance expressed in Remark 1.1

together with (A) and (B) yield that UC α
0 ⊆ C α

0 and PC α
0 ⊆ C α

0 .

Assumption (A) is reasonable: as a matter of fact, if T is Lipschitz with constant L,
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we have for every v ∈ C α

∣∣Uv(x)− Uv(y)
∣∣ =

∣∣v(T (x)
)
− v
(
T (y)

)∣∣ ≤ H(v)
∣∣T (x)− T (y)

∣∣α ≤ H(v) Lα
∣∣x− y∣∣α

for every x, y ∈ Λ. This yields that H(Uv) ≤ Lα H(v) and therefore

‖Uv‖α = ‖Uv‖∞ +H(Uv) ≤ ‖v‖∞ + Lα H(v) ≤ max
(
1, Lα

)
‖v‖α.

By (B) we obtain a �rst martingale-coboundary decomposition for an observable v ∈ C α
0 .

Proposition 1.4. Let v ∈ C α
0 . Then there exist m,χ ∈ C α such that

v = m+ χ ◦ T − χ, (1.3)

with m ∈ kerP ∩ C α
0 . Furthermore there exist constants C ′, C ′′ > 0 (independent of v)

such that

‖χ‖α ≤ C ′‖v‖α, ‖m‖α ≤ C ′′‖v‖α.

Proof. Thanks to (B) we know that
∑∞

n=1 ‖P nv‖α ≤ C‖v‖α
∑∞

n=1 γ
n < ∞. This shows

that the sequence
{∑k

n=1 P
nv
}
k>0

is Cauchy and so by completeness we de�ne the function

χ :=
∞∑
n=1

P nv ∈ C α. (1.4)

We now de�ne m to our needs:

m := v − χ ◦ T + χ. (1.5)

By (A) we get that χ ◦ T = Uχ ∈ C α; therefore m ∈ C α because it is a sum of Hölder

functions.

Invariance of T yields m ∈ C α
0 :∫

Λ

m dµ =

∫
Λ

v dµ−
∫

Λ

χ ◦ T dµ+

∫
Λ

χ dµ = 0.

By Lemma 1.2 (a) PU = Id and since χ ◦ T = Uχ, then m ∈ kerP :

Pm = Pv − PUχ+ Pχ = Pv −
∞∑
n=1

P nv +
∞∑
n=2

P nv = 0.

To prove the inequalities we use (1.4) and assumption (B) to get

‖χ‖α ≤
∞∑
n=1

∥∥P nv
∥∥
α
≤ ‖v‖α C

∞∑
n=1

γn ≤ C ′‖v‖α, (1.6)
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with C ′ = C
∑∞

n=1 γ
n. By the triangle inequality applied on (1.5), together with assump-

tion (A) and �nally (1.6),

‖m‖α ≤ ‖v‖α + ‖Uχ‖α + ‖χ‖α ≤ ‖v‖α +KC ′‖v‖α + C ′‖v‖α = C ′′‖v‖α, (1.7)

with C ′′ = 1 + C ′ +KC ′.

The formula (1.3) is called martingale-coboundary decomposition of v and it is a central

tool in proving CLT and WIP. Henceforth we refer to m as the martingale part, whereas

χ is the coboundary of v. The name "martingale" is used because m ∈ C α
0 can be

used to construct a martingale di�erence array by mean of backward Birkho� sums, see

Proposition 1.9. Denote respectively with vn and mn the Birkho� sums of v and m.

Using (1.3) we can write

vn =
n−1∑
j=0

v ◦ T j =
n−1∑
j=0

m ◦ T j + χ ◦ T n − χ = mn + χ ◦ T n − χ, (1.8)

thanks to a telescopic sum. This representation leads to the following

Proposition 1.5. Let v ∈ C α
0 and let m ∈ C α

0 be de�ned in (1.5). Let vn and mn denote

Birkho� sums and call σ2 :=
∫

Λ
m2 dµ. Then for every n ∈ N+

σ2 =
1

n

∫
Λ

m2
n dµ = lim

k→∞

1

k

∫
Λ

v2
k dµ. (1.9)

Proof. The �rst equality of (1.9) is a consequence of an orthogonality property of m, i.e.

for every 0 ≤ i < j we have that∫
Λ

m ◦ T im ◦ T j dµ =

∫
Λ

(
m m ◦ T j−i

)
◦T i dµ

=

∫
Λ

m
(
m ◦ T j−i−1

)
◦T dµ =

∫
Λ

Pm m ◦ T j−i−1 dµ = 0,

because m ∈ kerP by Proposition 1.4. This property cancels out most terms of the

following sum which, together with T -invariance, leads to

∫
Λ

m2
n dµ =

∫
Λ

n−1∑
j=0

(
m ◦ T j

)2
dµ = n

∫
Λ

m2 dµ.

The �rst equality of (1.9) follows.

Applying the equality just proven, together with the triangle inequality and T -invariance

to (1.8), we get

∣∣n− 1
2‖vn‖2 − σ

∣∣ = n−
1
2

∣∣‖vn‖2 − ‖mn‖2

∣∣≤ n−
1
2‖vn −mn‖2 ≤ n−

1
2 2‖χ‖2.
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Therefore n−
1
2‖vn‖2 → σ for n→∞, which proves the second equality of (1.9).

To have some kind of control over m2, a second martingale-coboundary decomposition

is useful.

Proposition 1.6. Let m ∈ C α
0 and σ2 =

∫
Λ
m2 dµ. Then there exist m̆, χ̆ ∈ C α such

that

E
[
m2 − σ2|T−1B

]
= m̆+ χ̆ ◦ T − χ̆, (1.10)

with m̆ ∈ kerP ∩ C α
0 . Calling v̆ := E[m2 − σ2|T−1B], we have furthermore that there

exist constants C ′, C ′′ > 0 (independent of v̆) such that

‖χ̆‖α ≤ C ′‖v̆‖α, ‖m̆‖α ≤ C ′′‖v̆‖α.

Proof. The functionm de�ned in (1.5) is Hölder thanks to Proposition 1.4, hencem2 ∈ C α

because it is a product of Hölder functions, and then m2 − σ2 ∈ C α
0 . Therefore (A)

and (B) imply that UP (m2 − σ2) ∈ C α
0 , which is the left-hand side of (1.10) thanks to

Lemma 1.2(b). Hence we can apply Proposition 1.4.

We use the decomposition (1.10) to write the Birkho� sum v̆n as done in (1.8) for vn:

v̆n =
n−1∑
j=0

v̆ ◦ T j =
n−1∑
j=0

m̆ ◦ T j + χ̆ ◦ T n − χ̆ = m̆n + χ̆ ◦ T n − χ̆.

1.3 Martingales and Inequalities

Henceforth we show how the terms of both decompositions in the previous section are

controlled by the Hölder norm of v. Applying Burkholder's inequality [4], we will see in

Corollary 1.11 that Birkho� sums of the martingale parts grows as
√
n in every p norm

with p ≥ 2. This is the �rst step leading to the eventual rate of convergence for the WIP.

1.3.1 Background

De�nition 1.7. A sequence of random variables {Sn : n ∈ N+} is called a martingale

with respect to a �ltration {Fn : n ∈ N+} if for every n ∈ N+:

(i) Sn ∈ L1(Λ);

(ii) Sn is Fn-measurable;

(iii) E
[
Sn+1|Fn

]
= Sn.

Proposition 1.8. Consider a sequence of random variables {dk}k∈N+ ; requiring Sn =∑n
k=1 dk to be a martingale wrt a �ltration is equivalent to saying that

9



(a) E|dk| <∞ for every k ∈ N+;

(b) dk is Fk-measurable for every k ∈ N+;

(c) E
[
dk+1|Fk

]
= 0 for every k ∈ N+.

Proof. (a)⇒(i): By the triangle inequality (a) implies E|Sn| <∞ for every n ∈ N+.

(b)⇒(ii): Assuming (b) we have that Sn is Fn-measurable because it is a sum of Fn-

measurable random variables.

(i),(ii)⇒(a),(b): On the contrary, for k = 1 the result is trivial for S1 = d1; for k ≥ 2

since Sk is integrable and Fk-measurable for every k, so is dk = Sk − Sk−1, because it is

a sum of two integrable and Fk-measurable random variables, proving (a) and (b).

(c)⇔(iii): We have for every n ∈ N+

Sn = E
[
Sn|Fn

]
+E
[
dn+1|Fn

]
= Sn + E

[
dn+1|Fn

]
= E

[
Sn+1|Fn

]
if and only if E

[
dn+1|Fn

]
= 0.

Such {dk}k∈N+ is sometimes called a martingale di�erence sequence (brie�y MDS).

Our work does not focus directly on a MDS but, because of technical reasons, we deal

with a martingale di�erence array (brie�y MDA). The latter is a collection of random

variables {ξn,k}0≤k≤n together with a family of σ-algebras {Gn,k}0≤k≤n, increasing for every

n, such that for every n ∈ N+ and 1 ≤ k ≤ n:

• ξn,k ∈ L1(Λ);

• ξn,k is Gn,k-measurable;

• E[ξn,k|Gn,k−1] = 0.

Proposition 1.9. Let m ∈ kerP ∩ Lp with p ≥ 2. Call σ2 =
∫

Λ
m2 dµ and de�ne

ξn,k :=
1

σ
√
n
m ◦ T n−k Gn,k := T−(n−k)B (1.11)

for n ∈ N and 0 ≤ k ≤ n, where B is the Borel σ-algebra of Λ.

Then ξn,k is a MDA wrt Gn,k.

Proof. First of all we see that the σ-algebras are increasing: measurability of T implies

T−nB ⊆ T−n+1B ⊆ · · · ⊆ T−1B ⊆ B.

We have trivially that ξn,k is integrable and Gn,k-measurable for every n and k. Finally

switching T with the conditional expectation by Lemma 1.3 we get

σ
√
n E
[
ξn,k+1|Gn,k

]
= E

[
m ◦ T n−(k+1)|T n−kB

]
= E

[
m|T−1B

]
◦T n−(k+1) = 0,
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because E
[
m|T−1B

]
= UP (m) by Lemma 1.2(b), and m ∈ kerP .

1.3.2 Inequalities

We state some inequalities that apply to v ∈ C α
0 and its related martingale-coboundary

decompositions (1.3), (1.10). Denote vn, v̆n,mn, m̆n as the corresponding Birkho� sums,

for example vn :=
∑n−1

j=0 v ◦ T j.

Theorem 1.10 (Burkholder's inequality [4]). Let p ≥ 2 and suppose that Sn =
∑n

k=1 dk

is a martingale with dk ∈ Lp for k ≥ 1. Then there is a universal constant Cp > 0 such

that ∥∥max
1≤k≤n

|Sk|
∥∥
p
≤ Cp

(
max

1≤k≤n
‖dk‖p

)√
n

for all n ≥ 1.

Corollary 1.11. Let p ≥ 2. There exists C ′p > 0 such that∥∥∥max
0≤k≤n

|mk|
∥∥∥
p
≤ C ′p‖m‖p

√
n

for every m ∈ kerP ∩ Lp and n ∈ N+.

Proof. By Proposition 1.9 the array ξn,k = m ◦ T n−k is an MDA. It follows that for �xed

n ∈ N+ we can de�ne a MDS setting ξn,k = 0 for every k > n. This generates a martingale

to which Burkholder's inequality can be applied:∥∥∥∥max
0≤k≤n

∣∣∣ n∑
j=0

ξn,k

∣∣∣∥∥∥∥
p

≤ Cp

(
max

1≤k≤n

∥∥ξn,k∥∥p)√n. (1.12)

We note that:

mk =
k−1∑
j=0

m ◦ T j =
n∑
j=0

m ◦ T n−j −
n−k∑
j=0

m ◦ T (n−k)−j =
n∑
j=0

ξn,j −
n−k∑
j=0

ξn−k,j

for every k ∈ {0, . . . , n}, which yields

max
0≤k≤n

|mk| ≤ 2 max
0≤k≤n

∣∣∣n−k∑
j=0

ξn,j

∣∣∣ = 2 max
0≤k≤n

∣∣∣ n∑
j=0

ξn,j

∣∣∣.
Applying p-norms on both sides we see that

∥∥∥max
0≤k≤n

|mk|
∥∥∥
p
≤ 2

∥∥∥∥max
0≤k≤n

∣∣∣ n∑
j=0

ξn,k

∣∣∣∥∥∥∥
p

(1.13)

which is the left-hand side of (1.12).

11



On the other side,
∥∥ξn,k∥∥p = ‖m‖p by T -invariance; therefore, applying (1.12) to (1.13)

gives ∥∥∥max
0≤k≤n

|mk|
∥∥∥
p
≤ 2Cp‖m‖p

√
n.

The same procedure can be applied for every n ∈ N+ with the same universal constant

Cp from Burkholder's inequality. Hence we can conclude taking C ′p = 2Cp.

Proposition 1.12. Let p ≥ 2. Then there exists Kp > 0 such that∥∥∥max
0≤k≤n

|vk|
∥∥∥
p
≤ Kp‖v‖α

√
n

for every v ∈ C α
0 and n ∈ N+.

Proof. By decomposition (1.3) and the triangle inequality we have that∥∥∥max
0≤k≤n

|vk|
∥∥∥
p

=
∥∥∥max

0≤k≤n

∣∣mk+χ◦T k−χ
∣∣∥∥∥
p
≤
∥∥∥max

0≤k≤n
|mk|

∥∥∥
p
+
∥∥∥max

0≤k≤n

∣∣χ◦T k−χ∣∣∥∥∥
p
. (1.14)

Since χ ∈ L∞(Λ), then so is max0≤k≤n |χ ◦ T k|, and therefore∥∥∥max
0≤k≤n

∣∣χ ◦ T k − χ∣∣∥∥∥
p
≤
∥∥∥max

0≤k≤n

∣∣χ ◦ T k∣∣∥∥∥
∞

+ ‖χ‖∞ ≤ 2‖χ‖∞ (1.15)

Using the fact that m ∈ kerP we can apply Corollary 1.11 to (1.14), together with (1.15).

Since ‖χ‖∞ ≤ ‖χ‖α and ‖m‖p ≤ ‖m‖α, we conclude by Proposition 1.4 that∥∥∥max
0≤k≤n

|vk|
∥∥∥
p
≤ Cp‖m‖p

√
n+2‖χ‖∞ ≤ CpC

′′‖v‖α
√
n+2C ′‖v‖α =

(
CpC

′′+
2C ′√
n

)
‖v‖α

√
n.

The statement is hence proved taking Kp = CpC
′′ + 2C ′.

Proposition 1.13. Let p ≥ 2. There exists K̆p > 0 such that∥∥∥∥∥max
0≤k≤n

∣∣∣k−1∑
j=0

E
[
m2 − σ2|T−1B

]
◦ T j

∣∣∣∥∥∥∥∥
p

≤ K̆p‖v‖2
α

√
n,

for every v ∈ C α
0 and n ∈ N+, where m = m(v) is de�ned in (1.5) and σ2 =

∫
Λ
m2 dµ.

Proof. We notice that Corollary 1.11 can be applied to the martingale part m̆ ∈ kerP .

By Proposition Proposition 1.12, taking v̆ = E [m2 − σ2|T−1B] in place of v we �nd some

Kp > 0 such that ∥∥∥max
0≤k≤n

|v̆k|
∥∥∥
p
≤ Kp‖v̆‖α

√
n. (1.16)
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We are left to estimate the Hölder norm of the conditional expectation v̆ which can be

written as UP (m2 − σ2) from Lemma 1.2(b). Using together assumptions (A) and (B)

(because m2 − σ2 ∈ C α
0 ) we get

‖v̆‖α =
∥∥UP(m2 − σ2

)∥∥
α
≤ K

∥∥P(m2 − σ2
)∥∥

α
≤ KCγ

∥∥m2 − σ2
∥∥
α
, (1.17)

for constants K,C > 0 and γ ∈ (0, 1). Propositions A.1 and A.2 give us that ‖m2‖∞ ≤
‖m‖2

∞ and H(m2) ≤ 2‖m‖∞H(m); therefore by the triangle inequality

‖m2 − σ2‖α ≤ ‖m2‖α + ‖σ2‖α = ‖m2‖∞ +H(m2) +

∫
Λ

m2 dµ

≤ ‖m‖2
∞ + 2‖m‖∞H(m) + ‖m‖2

∞ = 2‖m‖∞
(
‖m‖∞ +H(m)

)
≤ 2‖m‖2

α ≤ 2C ′′‖v‖2
α,

(1.18)

using the second inequality of Proposition 1.4. Finally, applying (1.17) and (1.18) to (1.16)

we get the statement with K̆p = 2KpKCC
′′γ.

For a v ∈ C α
0 we take its martingale part m ∈ kerP ∩ C α

0 found in (1.5) and obtain

a MDA ξn,k like in (1.11). Our aim is to use Proposition 1.13 to estimate the second

moments of ξn,k. Let us de�ne the array Vn,k for n ∈ N and 0 ≤ k ≤ n,

Vn,k :=
k∑
j=1

E
[
ξ2
n,j|Gn,j−1

]
, (1.19)

where Gn,k := T−(n−k)B. By Lemma 1.3 we can rewrite Vn,k as

Vn,k =
1

σ2n

k∑
j=1

E
[
m2 ◦ T n−j|T−(n−j+1)B

]
=

1

σ2n

k∑
j=1

E
[
m2|T−1B

]
◦T n−j. (1.20)

Proposition 1.14. Fix p ≥ 2. Then there exists Cp > 0 such that∥∥∥∥max
0≤k≤n

∣∣∣Vn,k − k

n

∣∣∣∥∥∥∥
p

≤ Cp‖v‖2
α

σ2
√
n
,

for every v ∈ C α
0 and n ∈ N+, where Vn,k is the array de�ned in (1.19).

Proof. Denote with v̆ = E[m2−σ2|T−1B] and with v̆n its Birkho� sum. By formula (1.20)

and letting j start from 0 we get

Vn,k −
k

n
=

1

σ2n

k−1∑
j=0

v̆ ◦ T n−j−1 =
1

σ2n

(
v̆n − v̆n−k

)
.

Therefore |Vn,k − k
n
| ≤ σ−2n−1(|v̆n| + |v̆n−k|). Passing to the max, applying p-norms and
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using Proposition 1.13, we get∥∥∥∥max
0≤k≤n

∣∣∣Vn,k − k

n

∣∣∣∥∥∥∥
p

≤ 2

σ2n

∥∥∥max
0≤k≤n

|v̆k|
∥∥∥
p
≤ 2K̆p‖v‖2

α

σ2
√
n

.

We conclude taking Cp = 2K̆p.

1.4 Rates of Convergence

The following section regards the convergence rate in the Prokhorov metric of a se-

quence of probability measures on C [0, 1] to a Wiener measure. The sequence of laws is

de�ned by pushforward measures generated by deterministic processes {Wn}n∈N+ , which

are obtained by iteration of a dynamical system T . We always require that the Koopman

and transfer operators of T satisfy the assumptions (A) and (B) displayed in section 1.2.

The methods and techniques adopted follow the paper of Antoniou and Melbourne [2],

which proved a similar rate for non-uniformly expanding dynamical systems. This gen-

eral setting doesn't always satisfy our working assumptions, especially the preservation

of Hölder property by the transfer operator P . Indeed our advantage is that the various

term of the martingale-coboundary decomposition (1.3) are in C α, and so they lie in every

Lp because of boundedness of Λ.

Let v ∈ C α
0 with Birkho� sums vn for n ∈ N+. We de�ne Wn ∈ C [0, 1] as the function

such that

Wn(t) =
vnt√
n

for t =
j

n
, 0 ≤ j ≤ n, (1.21)

with linear interpolation between the nodes j/n. We show that the law induced by Wn

(starting from µ ∈ M1(Λ)) on the space of continuous functions, converges weakly to a

Wiener measure induced by a Brownian motion with variance σ2 =
∫

Λ
m2 dµ, where m is

the martingale part of v de�ned in (1.5). We estimate the rate of convergence through a

distance de�ned on the space of probability measures M1

(
C [0, 1]

)
.

De�nition 1.15. Given X and Y random variables taking values into a metric space

(S, dS), we de�ne the Prokhorov distance π1 on the space of probability measures M1(S):

π1(X, Y ) = π1

(
L (X),L (Y )

)
:= inf

{
ε > 0 | P

(
X ∈ A

)
≤ P

(
Y ∈ Aε

)
+ε for all closed A ⊂ S

}
,

where Aε is the ε-neighbourhood of A,

Aε :=
⋃
f∈A

{g ∈ S : dS(f, g) < ε}.
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We take S = C [0, 1] with dS the uniform distance given by the in�nity norm.

Theorem 1.16 ([2, Theorem 2.2]). Suppose v ∈ C α
0 and consider Wn ∈ C [0, 1] as de�ned

in (1.21). Then for every γ > 0 there is a constant C > 0 such that

π1(Wn,W ) ≤ Cn−( 1
4
−γ),

for all n ∈ N+.

1.4.1 Preliminaries

Before proving Theorem 1.16, we need �rst to show the same rate of convergence for

a sequence of processes {Xn ∈ C [0, 1] : n ∈ N+} de�ned similarly to Wn. Fix v ∈ C α
0 and

consider the related MDAs ξn,k found in (1.11) and Vn,k found in (1.19). For n ∈ N+, we

partition the interval [0, 1] into n+ 1 random nodes

tk :=
Vn,k
Vn,n

, 0 = t0 < t1 < · · · < tn = 1,

using the notation Vn,0 := 0. We de�ne the process Xn : Λ→ C [0, 1],

Xn(t) =
k∑
j=1

ξn,j =
1

σ
√
n

k∑
j=1

m ◦ T n−j, for t =
Vn,k
Vn,n

, (1.22)

with linear interpolation in between. We see that Xn(0) = 0 and Xn(1) =
∑n

j=1 ξn,j.

The central tool from probability theory to estimate the Prokhorov distance between

Xn and B, a standard Brownian motion on C [0, 1], is the following.

Theorem 1.17 (Kubilius [11, Theorem 1]). Let Xn be the process de�ned in (1.22) by

using ξn,k of (1.11) and take δ ∈ [0, 3
4
] ∪ {1}. There is a constant C > 0 such that

π1(Xn, B) ≤ Cλ| log λ|,

where λ = λ1 + λ2 and

λ1 = inf
0≤ε≤1

{
ε

1
2 + E

[ n∑
j=1

|ξn,j|2+2δ
1{|ξn,j |>ε}

] 1
3+2δ
}

;

λ2 = inf
0≤ε≤1

{
ε+ P

(
|Vn,n − 1| > ε2

)}
.

Notation. Henceforth we will use the notation an � bn for two positive sequences if

there exists a constant C > 0 such that an ≤ Cbn for every n ∈ N+.
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Lemma 1.18 ([2, Lemma 4.3]). Let v ∈ C α
0 and let X be the process de�ned in (1.22).

Then for every γ > 0 there exists C > 0 such that

π(Xn, B) ≤ Cn−( 1
4
−γ),

for every n ∈ N+.

Proof. Fix γ > 0 and choose p ≥ 4 such that 1
2p
≤ γ. We are going to show that there

exists C > 0 such that π(Xn, B) ≤ Cn−r, with r = p−2
4p

. For this purpose, we consider λ1

and λ2 de�ned in Theorem 1.17 as function of n and prove that

λ1 � ‖v‖r
′

αn
−r1 λ2 � ‖v‖r

′′

α n
−r2 , (1.23)

for some r′, r′′ > 0, r1 = p−2
4p−6

, and r2 = p
4p+2

.

Assuming (1.23) true we have that λ2 � n−r1 (since r2 ≥ r1), and hence λ = λ1 + λ2 �
n−r1 . Applying Theorem 1.17 we get that

π1(Xn, B)� λ |log λ| � n−r1| log n−r1 | � n−r1 log n, (1.24)

because the function x 7→ x| log x| is increasing in (0, e−1] and for n large enough

0 < λ ≤ const n−r1 ≤ e−1.

Because r1 > r, we can chooseK > 0 such that log n ≤ Knr1−r for every n ∈ N+: therefore

n−r1 log n ≤ Kn−r for every n ∈ N+ and the statement of the theorem is proven.

Estimate for λ1 � Fix δ = 1. By T -invariance we evaluate

Eµ
[ n∑
j=1

|ξn,j|4 1{|ξn,j |>ε}
]
=

1

σ4 n
Eµ
[
|m|41{|m|≥εσ√n}

]
, (1.25)

for any ε ∈ [0, 1]. We know that the martingale part m ∈ C α
0 ⊂ Lp and |m|4 ∈ Lp/4.

Since p
4
and p

p−4
are conjugate exponents, we can apply Hölder inequality and obtain

Eµ
[
|m|41{|m|≥εσ√n}

]
≤ ‖m‖4

pµ
(
|m| ≥ εσ

√
n
) p−4

p

≤ ‖m‖4
p

( ‖m‖pp
εpσpnp/2

) p−4
p

=
‖m‖pp(

εσ
√
n
)p−4

(1.26)

where we have applied Markov's Inequality µ[|m| > a] = µ[|m|p > ap] ≤ E|m|p
ap

, with

16



a = εσ
√
n > 0. Combining (1.25) and (1.26) we obtain

Eµ
[ n∑
j=1

|ξn,j|4 1{|ξn,j |>ε}
]
≤

‖m‖pp
σp n

p
2
−1εp−4

that used in the de�nition of λ1 yields

λ1 ≤ inf
0≤ε≤1

{
ε

1
2 +

[ ‖m‖pp
σp n

p
2
−1εp−4

] 1
5
}
.

We have that ε
5
2 =

‖m‖pp
σp np/2−1εp−4 when

ε = ε∗ :=

(
‖m‖p

σn(p−2)/2p

) 2p
2p−3

=

(
‖m‖p
σ

) 2p
2p−3

n(p−2)/(2p−3) =

(
‖m‖p
σ

) 2p
2p−3

n−2r1 .

Note that ε∗ ∈ [0, 1] for n large enough. Therefore, by the second inequality of Proposi-

tion 1.4 we get

λ1 � ε
1
2
∗ =

(
‖m‖p
σ

) p
2p−3

n−r1 � ‖v‖p/(2p−3)
α n−r1 .

Call r′ := p
2p−3

> 0 to conclude the �rst inequality of (1.23).

Estimate for λ2 � By Markov's inequality and then Proposition 1.14,

µ
(
|Vn,n − 1| > ε2

)
= µ

(
|Vn,n − 1|p > ε2p

)
≤

∥∥Vn,n − 1
∥∥p
p

ε2p
�
(
‖v‖2

α

ε2
√
n

)p
.

Therefore by de�nition of λ2 we can write

λ2 � inf
0≤ε≤1

{
ε+
‖v‖2p

α

ε2p n
p
2

}
.

We have that ε = ‖v‖2pα
ε2p np/2

when

ε = ε∗ :=

(
‖v‖2

α√
n

) p
2p+1

= ‖v‖2p/(2p+1)
α n−r2 .

Note that ε∗ ∈ [0, 1] for n large enough. In conclusion,

λ2 � ε∗ = ‖v‖2p/(2p+1)
α n−r2 .

Call r′′ := 2p
2p+1

> 0 to prove the second inequality of (1.23).

The process Xn in (1.22) is determined on the nodes tk =
Vn,k
Vn,n
∈ [0, 1], which position

depend on Λ. The array Vn,j ≥ 0 de�ned in (1.19) is non-decreasing in j; therefore, for
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�xed k ∈ {0, . . . , n} we have that

Vn,k =
Vn,k
Vn,n

Vn,n ≤ tVn,n ≤ Vn,k+1,

for every t ∈ [tk, tk+1]. On the other hand, given t ∈ [0, 1], the integer k = kt ∈ {0, . . . , n}
satis�es the relation

Vn,k ≤ tVn,n ≤ Vn,k+1. (1.27)

The following proposition, found in [2, Proposition 4.4] gives us a control over the growth

of k as a function of n and t.

Proposition 1.19. Let k be de�ned as above. For every p ≥ 2 there exists C > 0 such

that ∥∥∥ sup
t∈[0,1]

∣∣k − bntc∣∣∥∥∥
p
≤ C
√
n,

where we have used the �oor function bntc := sup{s ∈ N : s ≤ nt}.

Proof. Fix p ≥ 2. Writing Ṽn,k := nVn,k − k, inequality (1.27) give us that

nṼn,k + k ≤ tṼn,n + nt ≤ Ṽn,k+1 + k + 1,

for every t ∈ [0, 1] and n ∈ N+. Applying the latter we get

k − nt ≤ tṼn,n − Ṽn,k ≤ 2 max
j≤n
|Ṽn,j|

k − nt ≥ tṼn,n − Ṽn,+k1 − 1 ≥ −2 max
j≤n
|Ṽn,j| − 1.

These inequalities imply that

|k − bntc| ≤ |k − nt|+ 1 ≤ 2 max
j≤n+1

|Ṽn,j|+ 2 = 2n max
j≤n+1

∣∣Vn,j − j

n

∣∣+ 2.

Hence by Proposition 1.14∥∥∥ sup
t∈[0,1]

∣∣k − bntc∣∣∥∥∥
p
≤ 2n

∥∥∥max
j≤n+1

∣∣Vn,j − j

n

∣∣∥∥∥
p

+ 2� n‖v‖2
αn
− 1

2 + 1� n
1
2 .

1.4.2 Passing to Wn

The strategy to complete the proof of Theorem 1.16 is as follows: �rst of all, we

consider Proposition 1.20 from probability theory to estimate the Prokhorov distance

between two random paths; then we use it and Proposition 1.21 to prove Lemma 1.22;

�nally, using the two lemmas together, we conclude the proof of the main theorem.
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Proposition 1.20 ([2, Proposition 4.5]). Let Y, Y ′ ∈ C [0, 1] be random paths de�ned on

a common probability space. Let ε0, ε1 > 0 and q ≥ 1. Then

(a) If P
(
‖Y − Y ′‖∞ ≥ ε0

)
≤ ε1, then π1(Y, Y ′) ≤ max{ε0, ε1}.

(b) If
∥∥‖Y − Y ′‖∞∥∥q ≤ ε0, then π1(Y, Y ′) ≤ ε

q/(q+1)
0 .

Proof. (a) By De�nition 1.15 it is su�cient to prove that for every A ⊂ [0, 1] closed

P
(
Y ∈ A

)
≤ P

(
Y ′ ∈ Aε0∨ε1

)
+ ε0 ∨ ε1,

using the notation ε0 ∨ ε1 = max{ε0, ε1}. By the hypothesis we have

P
(
Y ∈ A

)
− ε0 ∨ ε1 ≤ P

(
Y ∈ A

)
− P

(
‖Y − Y ′‖∞ ≥ ε0

)
≤ P

(
Y ∈ A, ‖Y − Y ′‖∞ < ε0

)
≤ P

(
Y ∈ A, Y ′ ∈ Aε0

)
≤ P

(
Y ′ ∈ Aε0

)
≤ P

(
Y ′ ∈ Aε0∨ε1

)
,

where we have used the fact P(E) − P(F c) ≤ P(E ∩ F ) for every pair of events in

C [0, 1].

(b) By Markov's inequality and the assumption we know that for every δ > 0

P
(
‖Y − Y ′‖∞ ≥ δ

)
= P

(
‖Y − Y ′‖q∞ ≥ δq

)
≤

∥∥‖Y − Y ′‖∞∥∥qq
δq

≤ εq0
δq
.

In particular, if δ is such that δ = (ε0/δ)
q, i.e. δ = ε

q/(q+1)
0 , then we have that

P
(
‖Y − Y ′‖∞ ≥ δ

)
≤ δ = ε

q/(q+1)
0 ,

and the results follows from (a).

Proposition 1.21 ([2, Proposition 4.6]). De�ne for v ∈ C α and n ∈ N+

Zn := max
0≤i,`≤b

√
nc

∣∣∣∑̀
j=0

v ◦ T j
∣∣∣ ◦ T ib√nc.

Fix a, b ∈ N such that a ≤ b ≤ n. For every p ≥ 2 there exists Cp > 0 such that

∣∣∣∣ b−1∑
j=a

v ◦ T j
∣∣∣∣ ≤ Zn

(
b− a√
n− 1

+ 3

)
and ‖Zn‖p ≤ Cp‖v‖α n

1
4

+ 1
2p ,

for all v ∈ C α, n ∈ N+.

Proof. Fix a, b as above and n ∈ N+. Choose `1, `2 ∈ N such that 0 ≤ `1 ≤ `2 ≤ b
√
nc,

greatest such that `1b
√
nc ≤ a and `2b

√
nc ≤ b. It follows that (`1 + 1)b

√
nc > a which
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yields −`1 < −a/b
√
nc+ 1. Then

`2 − `1 ≤
b− a
b
√
nc

+ 1 ≤ b− a√
n− 1

+ 1.

It follows that ∣∣∣∣∣
b−1∑
j=a

v ◦ T j
∣∣∣∣∣ ≤ (`2 − `1 + 2)Zn ≤

(
b− a√
n− 1

+ 3

)
Zn

that proves the �rst inequality.

Using the de�nition of Zn and the fact that T is measure-preserving

∫
Λ

|Zn|p dµ ≤
b
√
nc∑

i=0

∫
Λ

(
max

0≤`≤b
√
nc
|v`|
)p
◦ T ib

√
nc dµ =

b
√
nc∑

i=0

∫
Λ

max
0≤`≤b

√
nc
|v`|p dµ

≤
√
n

∫
Λ

max
0≤`≤b

√
nc
|v`|p dµ.

Raising to the power of 1
p
we obtain

‖Zn‖p) ≤ n
1
2p

∥∥∥ max
0≤`≤b

√
nc
|v`|
∥∥∥
p
� n

1
2p b
√
nc

1
2‖v‖α ≤ n

1
4

+ 1
2p‖v‖α,

applying �nally Proposition 1.12.

Let us de�ne the linear operator

g : C [0, 1]→ C [0, 1], (gu)(t) := u(1)− u(1− t). (1.28)

Lemma 1.22 ([2, Lemma 4.7]). Fix v ∈ C α
0 and consider σ2 de�ned in (1.9). Let Wn be

as in (1.21) and Xn in (1.22). For every γ > 0 there exists C > 0 such that

π1(g ◦Wn, σXn) ≤ Cn−( 1
4
−γ).

Proof. Fix γ > 0 and choose p ≥ 2 such that 1
2p
≤ γ. We are going to show that there

exists C > 0 such that π1(g ◦Wn, σXn) ≤ Cn−r, with r = p−2
4p

.

For every t ∈ [0, 1] we have that

g ◦Wn(t)− σXn(t) =
1√
n

(n−1∑
j=0

v ◦ T j −
bn(1−t)c∑
j=0

v ◦ T j −
k∑
j=1

m ◦ T n−j
)

+ En(t)

=
1√
n

( n−1∑
j=n−bntc

v ◦ T j −
k∑
j=1

m ◦ T n−j
)

+En(t),
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where

En(t) =
(
Xn(t)−Xn(tk)

)
+
(
Wn(1− t)−Wn(bn(1− t)c/n)

)
is the sum of interpolation errors of Xn andWn. This term is negligible, because ‖En‖∞ ≤
2n−

1
2‖v‖∞ for every n ∈ N+. Since by formula (1.8) we can write

k∑
j=1

m ◦ T n−j = mn −mn−k = vn − vn−k − χ ◦ T n + χ ◦ T n−k,

we obtain

∣∣g ◦Wn(t)− σXn(t)
∣∣ ≤ 1√

n

∣∣∣∣ n−1∑
j=n−bntc

v ◦ T j −
n−1∑
j=n−k

v ◦ T j − χ ◦ T n + χ ◦ T n−k
∣∣∣∣+ ‖En‖∞

≤ |V ′n(t)|+ 1√
n

(∣∣χ ◦ T n−k − χ ◦ T n∣∣+
2√
n
‖v‖α,

de�ning the piecewise constant process V ′n(t) = 1√
n

∑n−k+1
j=n−bntc v ◦ T j.

Recall that we have k as function of t. We have by Proposition 1.4∥∥∥ 1√
n

sup
t∈[0,1]

∣∣χ ◦ T n−k − χ ◦ T n∣∣∥∥∥
p−1
≤ 2√

n
‖χ‖α �

‖v‖α√
n

We reason now using the �rst inequality of Proposition 1.21 and with Cauchy-Schwarz,∥∥∥ sup
t∈[0,1]

∣∣V ′n(t)
∣∣∥∥∥
p−1
≤ n−

1
2

∥∥∥Zn((n 1
2 − 1)−1 sup

t∈[0,1]

|bntc − k|+ 3
)∥∥∥

p−1

≤ n−
1
2‖Zn‖2(p−1)

∥∥∥(n
1
2 − 1)−1 sup

t∈[0,1]

|bntc − k|+ 3
∥∥∥

2(p−1)

� n−
1
2‖Zn‖2(p−1)

(
n−

1
2

∥∥ sup
t∈[0,1]

|bntc − k|
∥∥

2(p−1)
+ 3
)
.

Using now Proposition 1.19, followed by the second inequality of Proposition 1.21 we get∥∥∥ sup
t∈[0,1]

∣∣V ′n(t)
∣∣∥∥∥
p−1
� n−

1
2‖Zn‖2(p−1) � n−

1
4
p−2
p−1 . (1.29)

Combining now these estimates we obtain∥∥∥ sup
t∈[0,1]

∣∣g ◦Wn(t)− σXn(t)
∣∣∥∥∥
p−1
� n−

1
4
p−2
p−1 .

We conclude by Proposition 1.20(b)

π1(g ◦Wn, σXn)� n−
1
4
p−2
p−1

p−1
p = n−r.
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Observation (about the function g). We have just proved something very similar to

what stated in Theorem 1.16, but with an auxiliary function g : C [0, 1]→ C [0, 1] de�ned

in (1.28). Let W be a Wiener process with variance σ2 found in (1.9) and let B be a

standard Brownian motion. We get that W is invariant under g, i.e.

(gW )(t) = W1 −W1−t =d W = σB. (1.30)

This is because

• (gW )(0) = 0;

• For �xed 0 ≤ s ≤ t ≤ 1, we have (gW )(t)− (gW )(s) = W1−s −W1−t =d N (0, t− s)

• For �xed k ∈ N+ and 0 ≤ t1 < · · · < tk ≤ 1, the increments

(
W1−t1 −W1−t2

)
,
(
W1−t2 −W1−t3

)
, . . . ,

(
W1−tk−1

−W1−tk
)

are independent.

We see now that for every u, v ∈ C [0, 1] and t ∈ [0, 1],

|(gu)(t)− (gv)(t)| ≤ |u(1)− v(1)|+ |u(1− t)− v(1− t)| ≤ 2‖u− v‖∞.

Passing to the supt∈[0,1] we get that g is Lipschitz with Lip(g) ≤ 2. Whitt shows

in [14, Theorem 3.2] that the rate of convergence in the Prokhorov metric is preserved

under the action of Lipschitz maps. As a matter of fact, for every pair of random paths

X, Y ∈ C [0, 1],

π1

(
g(X), g(Y )

)
≤ Lip(g) π1(X, Y ). (1.31)

If now we consider a function u ∈ C [0, 1] such that u(0) = 0, then

g
(
gu
)
(t) = g

(
u(1)− u(1− t)

)
=
(
u(1)− u(0)

)
−
(
u(1)− u(1− 1 + t)

)
= u(t), (1.32)

and therefore g ◦ g = Id on the subspace {f ∈ C [0, 1] : f(0)=0}.

Proof (of Theorem 1.16). Fix γ > 0. We are going to show that π1

(
Wn,W

)
� n−( 1

4
−γ).

By (1.30)and the triangle inequality we get for every n ∈ N+,

π1

(
g(Wn), g(W )

)
= π1

(
g(Wn), σB

)
≤ π1

(
g(Wn), σXn

)
+ π1

(
σXn, σB

)
� n−( 1

4
−γ),

combining Lemma 1.18 and Lemma 1.22. Since W (0) = Wn(0) = 0, we can use (1.32)
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and �nally, by (1.31) (because Lip(g) ≤ 2),

π1

(
Wn,W

)
= π1

(
g(g ◦Wn), g(g ◦W )

)
≤ 2π1

(
g ◦Wn, g ◦W

)
� n−( 1

4
−γ).
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Chapter 2

Extension to the Continuum

The previous Chapter 1 showed how, starting with a discrete dynamical system T : Λ→
Λ, it is possible to prove a rate of convergence for the Weak Invariance Principle. In order

to �nd a better estimate and prove a similar result for d-dimensions, it is reasonable to

extend the previous setting to continuous time, eventually to use estimates from Cour-

bot [6, 7] for continuous-time martingales.

To start moving in this direction, we have to substitute the discrete transformation T

with a family {Tt}t≥0 which preserves the probability measure on Λ, acting as a semigroup

in t, mimicking the behaviour of iterations T n for n ∈ N. Still, this has to be thought as

the evolution of a dynamical system Tt : Λ → Λ, for which we can de�ne Koopman and

transfer operators.

2.1 Semigroups of Operators

Suppose (Λ,B, µ) a probability space. Consider a family of measure-preserving trans-

formation {Tt : Λ → Λ|t ≥ 0} and suppose that T0 = Id and Tt ◦ Ts = Tt+s for every

t, s ≥ 0. The latter says that Tt is a semigroup wrt maps composition. We deduce that

T−1
t B ⊆ T−1

s B for every 0 ≤ s ≤ t: as a matter of fact

T−1
t B =

(
Ts ◦ Tt−s

)−1
B = T−1

t−s
(
T−1
s B

)
⊆ T−1

s B,

by measurability of Tt−s. Let now {Ut : L1(Λ) → L1(Λ)|t ≥ 0} and {Pt : L1(Λ) →
L1(Λ)|t ≥ 0} be the families of Koopman and transfer operators for Tt, i.e.

Utv := v ◦ Tt
∫

Λ

Ptv w dµ =

∫
Λ

v Utw dµ

for every v ∈ L1(Λ), w ∈ L∞(Λ), and t ≥ 0.

Proposition 2.1. The families Ut and Pt are semigroups.
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Proof. For every v ∈ L1(Λ) we have for Ut

U0v = v ◦ T0 = v ◦ Id = v, Ut(Usv) = v ◦ Ts ◦ Tt = v ◦ Tt+s = Ut+sv.

For every v ∈ L1(Λ) and w ∈ L∞(Λ) we have for Pt∫
Λ

P0v w dµ =

∫
Λ

v U0w dµ =

∫
Λ

vw dµ,

∫
Λ

Pt(Psv) w dµ =

∫
Λ

Psv Utw dµ =

∫
Λ

v Us(Utw) dµ =

∫
Λ

v Ut+sw dµ =

∫
Λ

Pt+sv w dµ.

Suppose now Λ a bounded metric space with a Borel probability measure µ . The

notation (C α, ‖·‖α) with α ∈ (0, 1] indicates as usual the Banach space of Hölder functions

on Λ and C α
0 denotes its subspace with mean 0. Let us assume some working hypotheses

that can be thought as continuous versions of (A) and (B) made in section 1.2:

(A′) We have UtC α ⊆ C α and there exists K ≥ 1 such that ‖Utv‖α ≤ K‖v‖α for every

v ∈ C α and t ∈ [0, 1].

(B′) We have that PtC α ⊆ C α and there exist C, a > 0 such that for every v ∈ C α
0 (Λ)

and t ≥ 0

‖Ptv‖α ≤ Ce−at‖v‖α.

Similarly with what was explained before Proposition 1.4, assumption (A′) is implied by a

uniform Lipschitz condition of transformations {Tt}t∈[0,1]. This is a reasonable equivalent

with the discrete dynamical system of section 1.2. Furthermore we have by induction

Proposition 2.2. Assuming (A′), then for every t ∈ [j − 1, j], j ∈ N+ and v ∈ C α

‖Utv‖α ≤ Kj‖v‖α.

Proof. Let us reason by induction on j.

j = 1 � assumption (A′);

j 7→ j + 1 � Take t ∈ [j, j + 1], then

‖Utv‖α = ‖Ut−1U1v‖α ≤ Kj‖U1v‖α ≤ Kj+1‖v‖α,

because t− 1 ∈ [j − 1, j].
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Remark 2.3. Since K ≥ 1, this implies ‖Utv‖α ≤ Kj‖v‖α for every t ∈ [0, j]. The same

could be restated using the ceiling function dte := inf{s ∈ N : s ≥ t} as

‖Utv‖α ≤ Kdte‖v‖α,

for every t ≥ 0.

Remark 2.4. Lemma 1.2 is true for every t ≥ 0; therefore, for every 0 ≤ s ≤ t

PtUs =Pt−sPsUs = Pt−s,

UtPs =Ut−sUsPs = E
[
· |T−1

s B
]
◦ Tt−s.

2.2 Bochner Integration

In order to extend discrete Birkho� sums of v ∈ C α to the continuum, we need to

de�ne an integration wrt to t that will be used for the functions Utv, Ptv : [0,∞) → C α.

Our choice is to work with Bochner integral for which we refer to [15, pag.132] and [12,

Appendix E]. Given T ≥ 0 we consider the interval [0, T ] endowed with Lebesgue measure.

We call f : [0, T ]→ X a simple function taking values in the Banach space X if it can be

expressed for every t ∈ [0, T ] as

f(t) =
k∑
j=1

fj1Ej(t),

for f1, . . . , fk ∈ X, and E1, . . . , Ek a measurable partition of [0, T ]. Its integral is the

element of X de�ned as

X 3
∫ T

0

f(t) dt :=
k∑
j=1

µ(Ej)fj.

We say that a function f : [0, T ] → X is strongly measurable if there exists a sequence

{fn}n∈N+ of simple functions such that for almost every t ∈ [0, T ],

fn(t)
X−→ f(t),

for n → ∞. Finally, a strong measurable function f : [0, T ] → X is called Bochner

summable, if there exists a sequence of simple functions {fn}n∈N+ such that∫ T

0

∥∥fn(t)− f(t)
∥∥ dt

n→∞−−−→ 0,
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where the latter is a standard Lebesgue integral. In this case we can de�ne

X 3
∫ T

0

f(t) dr := lim
n→∞

∫ T

0

fn(t) dr

which converge in X thanks to the summability condition.

Proposition 2.5. GivenX a Banach space, F : X → X a bounded linear operator, T ≥ 0

and a Bochner summable function f : [0, T ]→ X, then

(1) F

∫ T

0

f(t) dt =

∫ T

0

(Ff)(t) dt.

(2)

∥∥∥∥∫ T

0

f(t) dt

∥∥∥∥ ≤ ∫ T

0

‖f(t)‖ dt.

2.3 A Continuous-Martingale Decomposition

This section provides a continuous-time equivalent to what found in Proposition 1.4.

Given v ∈ C α
0 , we are after a martingale-coboundary decomposition with some modi�ca-

tions to �t the setting established in section 2.1. Our previous discrete-time transforma-

tion T : Λ→ Λ has now become the family {Tt}t≥0 that consequently requires a continuous

equivalent of Birkho� sums of v, too. The function vt will be de�ned in terms of a time-

integral that is interpreted the Bochner sense. Theorem 2.8 decomposes each vt into a

function mt (connected to a martingale), plusd a coboundary term χ. Proposition 2.12

shows �nally how for every t ≥ 0 we can use mt to construct a continuous-martingale

array Mt,s.

In order to give sense to time-integrals
∫ t

0
Urv dr and

∫ t
0
Prv dr and apply proper-

ties (1) and (2) of Proposition 2.5, we suppose that the functions Usv, Psv : [0, t] → C α

are Bochner summable for every v ∈ C α and t ≥ 0. We remark that most of this section

is rigorous, but some calculations are formal due to lack of time and will be sorted out

later. Similarly, some hypotheses could be dropped or adapted to future speci�c cases

that we are going to consider.

De�nition 2.6. Let v ∈ C α and let Tt be a semigroup of transformations as above. For

every t ≥ 0 we de�ne the function vt : Λ→ R as

vt :=

∫ t

0

v ◦ Ts ds =

∫ t

0

Usv ds. (2.1)

Remark 2.7. Bochner summability of s 7→ Usv guarantees that vt is well de�ned for every

t ≥ 0 and that vt ∈ C α. Furthermore, if v ∈ C α
0 we can reason by Fubini (‖Usv‖∞ ≤ ‖v‖∞)
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and Tt-invariance to obtain vt ∈ C α
0 for every t ≥ 0,∫

Λ

vt dµ =

∫ t

0

∫
Λ

v dµ ds = 0.

Theorem 2.8. Let v ∈ C α
0 , vt de�ned in (2.1) and let Tt be a semigroup of measure-

preserving transformations. There exist χ ∈ C α and m : [0,+∞)→ C α such that

vt = mt + χ ◦ Tt − χ, (2.2)

for every t ≥ 0. Furthermore mt −ms ∈ kerPt ∩ C α
0 for every t ≥ 0 and s ∈ [0, t].

Proof. For every t ≥ 0 let us de�ne the function χt : Λ → R as χt :=
∫ t

0
Psv ds which is

de�ned pointwise in Λ thanks to continuity assumed in (B′). By Bochner summability we

get χt ∈ C α for every t ≥ 0. Furthermore,using Proposition 2.5(2), we get by (B′) that

there exists a constant C > 0 such that, given 0 ≤ s ≤ t,

∥∥χt − χs‖α =

∥∥∥∥∫ t

s

Prv dr

∥∥∥∥
α

≤
∫ t

s

∥∥Prv∥∥α dr ≤ C‖v‖α
∫ t

s

e−ar dr

=
C

a
‖v‖α

(
e−as − e−at

) s,t→∞−−−−→ 0.

By completeness of C α there exsits χ = limt→∞ χt :=
∫∞

0
Psv ds ∈ C α.

Fix now t ≥ 0 and de�ne mt : Λ→ R as

mt := vt − χ ◦ Tt + χ. (2.3)

Decomposition (2.2) follows. By (A′) and Bochner summability we get that both χ ◦ Tt
and vt belong to C α, therefore mt is Hölder as well. In addition, using Tt-invariance and

Remark 2.7 we obtain for every t ≥ 0,∫
Λ

mt dµ =

∫
Λ

vt dµ−
∫

Λ

χ ◦ Tt dµ+

∫
Λ

χ dµ = 0,

because v ∈ C α
0 . Thereofre mt ∈ C α

0 , too.

Fix now s, t ∈ [0,∞) such that s ≤ t. Let us show thatmt−ms ∈ kerPt. By formula (2.3),

de�nition (2.1) and additivity of integrals

mt −ms = vt − vs − χ ◦ Tt + χ ◦ Ts =

∫ t

s

Urv dr − Utχ+ Usχ.
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Changing variable r 7→ r − s we get∫ t

s

Urv dr =

∫ t−s

0

Us+rv dr.

Therefore applying Pt to mt −ms and using Remarks 2.4 and 2.5 (1)(2),

Pt(mt −ms) = Pt

∫ t−s

0

Us+rv dr − PtUtχ+ PtUsχ =

∫ t−s

0

Pt−s−rv dr − χ+ Pt−sχ.

By Proposition 2.5(1) we have that for every h ≥ t− s,

Pt−sχh − χh =

∫ h

0

Pt−s+rv dr −
∫ h

0

Prv dr =

∫ h

t−s
Prv dr −

∫ h

0

Prv dr = −χt−s.

Therefore Pt−sχ− χ = χt−s by continuity of Pt−s, and we can conclude

Pt(mt −ms) =

∫ t−s

0

Pt−s−rv dr −
∫ t−s

0

Prv dr = 0,

by a change of variable r 7→ t− s− r.

Corollary 2.9. There exists a constant C ′ ≥ 0 such that

‖χ‖α ≤ C ′‖v‖α

for every v ∈ C α
0 and t ≥ 0.

Proof. By Proposition 2.5(2) applied to χt =
∫ t

0
Psv ds and assumption (B′) we get

‖χt‖α ≤
∫ t

0

‖Prv‖α dr ≤ C‖v‖α
∫ t

0

e−ar dr = C
1− e−at

a
‖v‖α ≤ C ′‖v‖α

with C ′ = C/a. By continuity of the norm, we get for t→∞ the condition for χ.

De�nition 2.10. A family of integrable random variables {Xt : t ≥ 0} together with a

�ltration {Ft : t ≥ 0} is called a continuous-time martingale if for every t, h ≥ 0

• Xt is Ft-measurable;

• E [Xt+h|Ft] = Xt.

The same de�nition can be extended to martingale arrays of the type {Xs : 0 ≤ s ≤ t}
with �ltrations {Fs : 0 ≤ s ≤ t} for t ≥ 0.
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Fix v ∈ C α
0 and a semigroup of transformations Tt as above. De�ne for every t ≥ 0 a

continuous time array {Mt,s}0≤s≤t together with a �ltration array {Gt,s}0≤s≤t:

Mt,s :=
mt −mt−s

σt
√
t

Gt,s := T−1
t−sB, (2.4)

where σ2
t :=

∫
Λ
m2
t dµ and B is the Borel σ-algebra over Λ.

Remark 2.11. Consider v ∈ C α and for every t ≥ 0 let vt be de�ned in (2.1). We

suppose that for every 0 ≤ s ≤ t the function vt− vt−s is T−1
t−sB-measurable. As a matter

of facts we obtain an integral summing backwards,

vt − vt−s =

∫ t

t−s
v ◦ Tr dr =

∫ s

0

v ◦ Tt−r dr,

using a change of variable r 7→ t− r. This integral plays the role of continuous equivalent
of
∑k

j=1 v ◦ T n−j which satis�ed T−(n−k)B-measurability for the iterated transformation

T .

Proposition 2.12. For every t ≥ 0, the array {Mt,s}0≤s≤t de�ned in (2.4) is a continuous-

time martingale array.

Proof. For every 0 ≤ s ≤ t, the T−1
t−sB-measurability of Mt,s follows from Remark 2.11:

σt
√
tMt−s = mt −mt−s = vt − vt−s +

(
χ ◦ Ts + χ

)
◦ Tt−s.

Fix t ≥ 0 and choose r, s ∈ [0, t] such that 0 ≤ r ≤ s ≤ t. Using Remark 2.4 we have that

σt
√
t E [Mt,s −Mt,r|Gt,r] = E

[
mt−r −mt−s|T−1

t−rB
]

= Ut−rPt−r(mt−r −mt−s) = 0,

because t− r ≥ t− s and by Proposition 2.2 (mt−r −mt−s) ∈ kerPt−r.

The martingale Mt,s of (2.4) is the continuous equivalent of the one obtained by sum-

mation of ξn,k, the discrete MDA de�ned in Proposition 1.9. As a matter of fact, taking

v ∈ C α
0 and denoting with m its martingale part deriving from the discrete dynamical

system T : Λ→ Λ of section 1.2, we have for k, n ∈ N+, with k ≤ n,

1

σ
√
n

k∑
j=1

m ◦ T n−j =
1

σ
√
n

(n−1∑
j=0

m ◦ T j −
n−k−1∑
j=0

m ◦ T j
)

= mn −mn−k,

where mn is the Birkho� sum of m and σ2 =
∫

Λ
m2. We see that this is consistent with

de�nition ofMt,s. As already stated in the introduction, this new continuous-time setting

looks promising to eventually apply techniques of Courbot [6, 7], in order to improve and

extend rate estimates of chapter 1 to vector-valued observables v : Λ→ Rd.
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Appendix A

Some Results

The following are technical results which are used in the proof of Proposition 1.13.

Because of their generality and non-particular relevance with the topics discussed in chap-

ter 1, they are presented in this appendix.

Proposition A.1. Let
(
Ω,A, µ

)
be a measure space.

If f, g ∈ L∞(Ω), then fg ∈ L∞(Ω) and ‖fg‖∞ ≤ ‖f‖∞‖g‖∞.

Proof. W have that |f(x)g(x)| = |f(x)||g(x)| ≤ ‖f‖∞‖g‖∞ for almost every x ∈ Ω, then

we conclude.

Proposition A.2. Let (S, dS) be a metric space, α ∈ (0, 1] and f, g : S → R be bounded

α-Hölder functions, with Hölder constants H(f) and H(g). Then fg is α-Hölder and

H(fg) ≤ ‖f‖∞H(g) + ‖g‖∞H(f).

Proof. For every x 6= y ∈ S we have

∣∣f(x)g(x)− f(y)g(y)
∣∣ ≤ ∣∣f(x)g(x)− f(x)g(y)

∣∣+
∣∣f(x)g(y)− f(y)g(y)

∣∣
≤ ‖f‖∞

∣∣g(x)− g(y)
∣∣+ ‖g‖∞

∣∣f(x)− f(y)
∣∣ ≤ ‖f‖∞H(g) dS(x, y)α + ‖g‖∞H(f) dS(x, y)α

=
(
‖f‖∞H(g) + ‖g‖∞H(f)

)
dS(x, y)α.

This yields

H(fg) = sup
s 6=t

|fg(x)− fg(y)|
dS(x, y)α

=≤ ‖f‖∞H(g) + ‖g‖∞H(f).
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