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Abstract

This project regards rates of convergence for Donsker’s Weak Invariance Principle
applied to dynamical systems. The only known reference to this matter is the one of
Antoniou and Melbourne, which uses an estimate based on the Skorokhod embedding
theorem. The first chapter expands the calculations of their paper in a simplified set-
ting, giving rates of O(n_(i_”) for every v > 0 in the Prokhorov metric for discrete-time
systems. Chapter two contains an original result, showing a martingale-coboundary de-
composition for Holder observables in a continuous-time setting. The aim of this project
is to set the foundation to apply techniques of Courbot, in order to improve the estimates

and get also multi-dimensional rates.
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Introduction

Great interest is given to statistical properties of dynamical systems. Examples are
decay of correlations and rates of mixing, which are useful instruments to study long-
term behaviour. Another powerful tool from probability theory is the Central Limit
Theorem (CLT) which also finds an application to deterministic cases. Let T: A —
A be a dynamical system endowed with a probability measure y, invariant under the
transformation 1. An observable v : A — R is a measurable function on the probability
space (A, ) and therefore can be seen as a random variable. By mean of Birkhoff sums

and because T' is measure-preserving, we can interpret
n
Uy = E vol™ neN
§=0

as a sum of dependent, identically distributed real random variables. We note that for
every initial point x € A the elements v, (x) are totally determined and therefore we are

applying probability theory to something not intrinsically random.

If we assume exponential decay of correlations for T" and take a regular observable
v, we often have convergence in distribution of \”/—% to a Gaussian random variable. It
is shown in [13| that the latter is true taking for example the doubling map 7': [0,1] —
[0,1], Tz = 2z (mod 1) and v: [0,1] — R Lipschitz. The main tool for the proof is a

decomposition of v which is done through the transformation 7', writing v as
v=m+xoTl —x. (1)

Here, x is a L*>®-function defined by a converging series and it is called the coboundary
of v. The function m is the martingale part; this name is justified because by Birkhoff
sums m can generate a martingale. That is why we call (1) the martingale-coboundary
decomposition of v: its power lies in reading the observable v as a sum of something

meaningful for the CLT, plus a negligible coboundary term.

In a similar way we consider a functional CLT, i.e. Donsker’s Weak Invariance Principle
(WIP). The latter states convergence in distribution of a sequence of continuous paths

W, € €[0,1] to a Wiener process. Unlike the general statement found in Billingsley |3],



we use the dependent Birkhoff sums v,, defined above to generate

Unt k
Wi(t) = — for t=— and ke{0,...,n},
=" . {0,....n}
with linear interpolation between the nodes k/n. The sequence {W, },cn+ generates a
family of pushforward laws on €[0, 1] which converge to a Wiener measure. The latter is
the element of .#/ (%[0, 1]) with finite-dimensional distributions on R" coinciding with the
ones generated by a Brownian motion. The decomposition (1) plays again an important

role in the proof of the WIP, as can be seen in [13] for the doubling map.

These results are still true under more general hypotheses and find a wide range of
applications, for example in the convergence of fast-slow systems to solutions of stochastic
differential equations, as done in Antoniou’s PhD thesis [1]. Both CLT and WIP are
true for non-uniformly expanding dynamical systems, using Holder observables (see |2,
8, 9]). In particular for the WIP, Antoniou and Melbourne have used a generalized
martingale-coboundary decomposition described in [8], finding in [2] a rate of convergence
of O(n~(i*t) in the Prokhorov metric on .#(%[0,1]), where r > 0 depends on the
regularity of the transformation. We remark that [2] is heretofore the only reference
available on rates for WIP applied to deterministic systems. The applied method is based
on the Skorokhod embedding theorem used by Kubilius in [11], and therefore cannot
yield a better rate than O(n_i). In order to improve this result and especially find rates
for the multi-dimensional case, it is reasonable to start working in the continuum and
apply continuous-time martingales techniques; there are several papers in the probability
literature concerning this matter and the most promising rates are found in Courbot [6, 7|.
References to papers with inferior rates can be found in Courbot [5, 10]. This project
aims to set the foundation for the application of these new techniques in a later PhD

thesis, which will lead to new rates of convergence for the deterministic case.

The first chapter of this project takes inspiration from [13]|: it is an exposition of
existing work of [1, 2| in a simplified setting, proving a rate of convergence for the WIP
of O(n’(iﬂ)) for every v > 0, valid for a discrete dynamical system. In section 1.1
we recall definitions and properties of the Koopman and transfers operators, assuming
some hypotheses on their actions upon Hélder observables. Then in section 1.2 we obtain
two martingale-coboundary decompositions: one for an observable v, and writing v =
m+ xoT — x as in (1), the other for the observable © = m? — ['m?. After showing some
properties of the respective martingale parts, section 1.3 uses Burkholder’s inequality [4]
to prove some estimates which leave us in the right setting to apply ideas from [2]. The
main estimate from probability theory is borrowed from Kubilius [11], which shows the
decay of the Prokhorov distance between a Brownian motion and an additional sequence

of processes (that is close enough to W,,). Following this line of reasoning, we reach the



desired rate in section 1.4.

The material found in chapter 2 is original work and is meant to be the starting point
for the improvement and extension of latter results. We consider here a semigroup of
measure-preserving transformation {7;}:>o that replaces the iterated discrete-time map
T. We then develop this new setting, showing properties of the families of Koopman
and transfer operators. An essential step to move forward is to use Bochner integration
in place of Birkhoff sums: therefore we recall shortly the theory, referring to [12, 15].
Given v Hoélder continuous with zero mean, section 2.3 extends the decomposition (1) to
v = fotv o T, ds with

vy =my +x ol — X, (2)

with new martingale and coboundary parts. Finally we show how m; can be interpreted,
generating a continuous-time martingale array similar to what obtained in the discrete
case. The decomposition (2) will be used for the next project to apply estimates of [6, 7],
eventually showing new rates for non-uniformly expanding dynamical systems and vector-

valued observables v: A — R,



Chapter 1

Rates of Convergence for Discrete

Dynamical Systems

This chapter considers a dynamical system T: A — A endowed with a probability
measure 4, for which Holder observables satisfy the Weak Invariance Principle. Starting
with a short review of important tools like Koopman and transfer operators, it shows with
Proposition 1.4 how the transformation 7" induces a useful decomposition for Holder func-
tions, which is the central tool to apply general results from probability. As a matter of
fact, we will see in section 1.3 how the first part of this decomposition carries "martingale"
properties. This chapter takes inspiration from [13], expanding its calculation under the

further assumption of exponential decay of Hélder norm for the iterated transfer operator.

Using Burkhorlder’s inequality [4], we prove a series of inequalities connected to the
decomposition cited above, which lead eventually to the starting point to follow the ideas
exposed in Antoniou and Melbourne [2]. Following the steps of their paper (for which we
reported and adapted the proofs), we are able to prove for the WIP a rate of O(n_(i”))

for every v > 0, using the Prokhorov metric.

1.1 Koopman and Transfer Operators

Consider a probability space (A, £, 1) and a measure-preserving transformation 7: A —

A, i.e. such that the pushforward measure is T, = p. The bounded linear map
U: LYA) = L'(A)  Uw=woT, (1.1)

is called the Koopman operator induced by T'. Tt is known [13| that there exists a unique
bounded linear map P: L'(A) — L'(A) such that

/Pv wd,u:/v Uw dy, (1.2)
A A
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for every v € L'(A) and w € L>®(A). P is known as the transfer operator (or Perron-

Frobenius operator). As a matter of fact ||Uv||o < ||v]|oo Which implies UL> C L.
Remark 1.1. The operators U and P preserve integrals: for every v € L we have that
o [(Uvdu= [,voTdu= [, vdu, because T is measure-preserving;
o [, Pvdu= [,vUldu= [, vdu, where 1 is the constant function.

Lemma 1.2. Let U and P be the Koopman and transfer operators of a measure-preserving

transformation T: A — A. Then
(a) PU = 1Id|;,;
(b) UP=E[ - |T'4B|;
(¢c) UP = Id|,, if T is invertible.

Proof. (a) By definition of P we have that for every v € L'(A) and w € L®(A)

/PUU wdu:/UU de,u:/(vw)onu:/vwd,u.
A A A A

(b) To check the integral condition for any v € L'(A) and B € %, we use the invariance
of T, the fact that 1z 0T = 1p-15 and definition of P:

/ UPvd,u:/(onT)llTle,u:/(Pv Ig)oTdu
T-1B A A
:/Pvlleu:/v(ﬂBoT)du:/ vdu.
A A T-1B
Now, for fixed B € #(R) and v € L'(A), we see that UPv is T~ %-measurable,
(UPv)™'B= (PvoT)'B=T""((Pv)"'B)e T"'4,

because Pv € L'(A) is Borel measurable.

(¢) If T is invertible, so is U with inverse U 'v = vo T~ 1.
Then we have UP = UPUU ' =UU! = Id.
[

Lemma 1.3. Take two probability spaces (1, A1, Py), (Qa, Az, Py) and a measure-preserving
map 7: Qy — Qo. Let X € LY(A)(Q) and G C A a sub o-algebra. Then

E[X on|n™'G] = E[X]|G] o .



Proof. We need to verify the 7~ !G-measurability of the right-hand side and that it satisfies
the integral property of the conditional expectation. If A € A, then E[X|G]*A € G by

the definition, and so the first condition follows. Then the integral condition

1A A A 1A

proves that E[X|G]o is a version of the conditional expectation on the left-hand side. [

1.2 Two Martingale-Coboundary Decompositions

Consider now A to be a bounded metric space with distance d,, & is its Borel o-
algebra, and u a probability measure on (A, %). Take a € (0,1] and define the space of

Holder functions

u(s) —v(t)]
o (s, D) <°°}

which is contained in L*(A) because diam(A) < oco. It is known that €* is a Banach

¢ = {UZA—)R

space using the norm

v(s) = v(t)]
[0]la = [[v]]oo + sup

— . — ||V oo_'_%/u,
v NP o] (v)

where H(v) is the Holder constant for v. Let € == {v € ¢°| [,vdu = 0}. Take a
measure-preserving transformation 7: A — A and consider the related Koopman (1.1)

and transfer (1.2) operators.
Let us assume two working hypotheses:
(A) UE™ C €* and there exists K > 0 such that [|Uv||, < K||v], for every v € €%

(B) PE™ C € and there exist v € (0,1), C' > 0 such that for every v € €*(A), n € N*

[P 0]le < Cy*[J0]a-

Since u is a probability measure, the inclusions €“ C L*> C L” are continuous for every
p>1,ie.
[ollp < [lvllee < llv]la;

for every Holder function v. Furthermore, integral invariance expressed in Remark 1.1
together with (A) and (B) yield that U%§* C 65" and P6g C 65"

Assumption (A) is reasonable: as a matter of fact, if T is Lipschitz with constant L,



we have for every v € €¢

Ue) — Un(w)| = |o(T(2)) — o(T()] < HO|T() ~ T)|" < Hw) L* [x— "

for every x,y € A. This yields that H(Uv) < L® H(v) and therefore

1Uv]la = U]l + H(U) < 0]l + L* H(v) < max(L, L) [v]|a.

By (B) we obtain a first martingale-coboundary decomposition for an observable v € 6.

Proposition 1.4. Let v € €5'. Then there exist m, y € €“ such that

v=m+xoT —x,

(1.3)

with m € ker P N 6. Furthermore there exist constants C’,C” > 0 (independent of v)

such that
”XHa < C/”U“av “mHa < C”HUHQ.

Proof. Thanks to (B) we know that > > [|[P"v|lo < Cllv|la Y oo, 7™ < oo. This shows

that the sequence {Zi:l P”v}k>0 is Cauchy and so by completeness we define the function

X = iP"v € 6.

n=1

We now define m to our needs:

m:=v—yxoTl+x.

(1.4)

(1.5)

By (A) we get that x o T = Ux € €*; therefore m € €* because it is a sum of Holder

functions.

Invariance of T yields m € 65"

/mdu:/vdu—/Xonu—i-/Xdu:O.
A A A A

By Lemma 1.2 (a) PU = Id and since x o T = Uy, then m € ker P:

Pm:PU—PUx+PX:Pv—ZP”v—|—ZP"v:0.
n=1

n=2

To prove the inequalities we use (1.4) and assumption (B) to get

Ixlla < Y _J1P™0]],, < ol €D 4" < C[[0]las
n=1 n=1

(1.6)



with C" = C' "2, 4" By the triangle inequality applied on (1.5), together with assump-
tion (A) and finally (1.6),

lmlla < olla + 1UX[la + lIxlla < lvlla + KCvlla + Cllolla = C7lv]la; (1.7)

with C" =1+C"+ KC'. O]

The formula (1.3) is called martingale-coboundary decomposition of v and it is a central
tool in proving CLT and WIP. Henceforth we refer to m as the martingale part, whereas
X is the coboundary of v. The name "martingale" is used because m € %3 can be
used to construct a martingale difference array by mean of backward Birkhoff sums, see
Proposition 1.9. Denote respectively with v, and m, the Birkhoff sums of v and m.

Using (1.3) we can write

— n—1
:ZUoTj:ZmoTj+XoT”—X:mn+XoT”—X, (1.8)
— =

thanks to a telescopic sum. This representation leads to the following

Proposition 1.5. Let v € 6" and let m € €§* be defined in (1.5). Let v, and m,, denote
Birkhoff sums and call 0 := [, m?du. Then for every n € N*

/m dp = hm E vE dp. (1.9)

Proof. The first equality of (1.9) is a consequence of an orthogonality property of m, i.e.
for every 0 < i < 7 we have that

/moTimoTjd,u:/(mmoTj_i)oTid,u

A A

:/m(moTjil)onu:/PmmoTjildu:O,
A A

because m € ker P by Proposition 1.4. This property cancels out most terms of the

following sum which, together with T-invariance, leads to

n—1
id:/E: szd:/Qd.
/Am " Ajzo(mo ) 1 nAm U

The first equality of (1.9) follows.

Applying the equality just proven, together with the triangle inequality and T-invariance
o (1.8), we get

_1 _1 _1 1
[0z valla = 0| = n72[[[oall2 = [Imall2| < 772 Jon = mallz < n722)x]-

8



Therefore n=2||v, |2 — o for n — oo, which proves the second equality of (1.9). O

To have some kind of control over m?2, a second martingale-coboundary decomposition

is useful.

Proposition 1.6. Let m € 6§ and ¢° = [, m*dp. Then there exist 1,y € € such
that
E[m® —o*|T'Bl=m+xoT — ¥, (1.10)

with m € ker PN % Calling ¢ = E[m? — o?|T'%], we have furthermore that there
exist constants C’,C” > 0 (independent of ©) such that

IXlla < C[6lla; NIlla < C[[0]]a-

Proof. The function m defined in (1.5) is Hélder thanks to Proposition 1.4, hence m? € €
because it is a product of Holder functions, and then m? — o2 € 6. Therefore (A)
and (B) imply that UP(m? — %) € 6§, which is the left-hand side of (1.10) thanks to
Lemma 1.2(b). Hence we can apply Proposition 1.4. ]

We use the decomposition (1.10) to write the Birkhoff sum v,, as done in (1.8) for v,:

n—1 n—1
Up=3 90T/ =Y moTl+{oT" - =1h,+XoT" —X.
j=0 =0

1.3 Martingales and Inequalities

Henceforth we show how the terms of both decompositions in the previous section are
controlled by the Holder norm of v. Applying Burkholder’s inequality [4], we will see in
Corollary 1.11 that Birkhoff sums of the martingale parts grows as y/n in every p norm

with p > 2. This is the first step leading to the eventual rate of convergence for the WIP.

1.3.1 Background

Definition 1.7. A sequence of random variables {S,: n € Nt} is called a martingale
with respect to a filtration {%,,: n € N*} if for every n € NT:

(i) Spe L'(A);
(ii) S, is .Z,-measurable;
(ili) E[S,+1|F] = Sa.

Proposition 1.8. Consider a sequence of random variables {dj}ren+; requiring S, =

Y p—; di to be a martingale wrt a filtration is equivalent to saying that



(a) El|dx| < oo for every k € NT;
(b) dy is Fr-measurable for every k € NT;
(¢) Eldyi1]|-Z%]= 0 for every k € N*.

Proof. (a)=-(i): By the triangle inequality (a) implies E|S,| < oo for every n € NT.
(b)=-(ii): Assuming (b) we have that S,, is .%,-measurable because it is a sum of .%,-
measurable random variables.

(i),(ii)=(a),(b): On the contrary, for k£ = 1 the result is trivial for S; = dy; for k > 2
since Sy is integrable and .%;-measurable for every k, so is dp = Sy — Si_1, because it is
a sum of two integrable and .%)-measurable random variables, proving (a) and (b).
(c)<(iii): We have for every n € NT

if and only if E[d,41].%,]= 0. O
Such {dj }ren+ is sometimes called a martingale difference sequence (briefly MDS).

Our work does not focus directly on a MDS but, because of technical reasons, we deal
with a martingale difference array (briefly MDA). The latter is a collection of random
variables {&, i fo<k<n together with a family of o-algebras {G,, i }o<k<n, increasing for every
n, such that for every n € N* and 1 < k < n:

14 gn,k € Ll(A);
o &, is G, p-measurable;

° E[éﬂ,k’gn,kfl] =0.

Proposition 1.9. Let m € ker PN L? with p > 2. Call 6° = [, m* du and define

1
o = ——=mo T " Gog =T P (1.11)

v

for n € N and 0 < k < n, where A is the Borel o-algebra of A.
Then &, is a MDA wrt G, .

Proof. First of all we see that the o-algebras are increasing: measurability of T" implies
T"BCT "™ ABC-- - CT'BC A

We have trivially that &, is integrable and G, y-measurable for every n and k. Finally

switching 7" with the conditional expectation by Lemma 1.3 we get
O-\/H E [gn,k—i-l |gn,k} =E [m o) Tn_(k+1) ’Tn_k%} =K [m|T_1¢@} OTn_(k—H) = 07

10



because E[m|T~'%]|= UP(m) by Lemma 1.2(b), and m € ker P. O

1.3.2 Inequalities

We state some inequalities that apply to v € 6§ and its related martingale-coboundary
decompositions (1.3), (1.10). Denote v,,, 0, m,, m, as the corresponding Birkhoff sums,

for example v, =3 "5 voT7.

Theorem 1.10 (Burkholder’s inequality [4]). Let p > 2 and suppose that S, = >} _, dy
is a martingale with dy, € LP for k > 1. Then there is a universal constant C, > 0 such
that

H max |Sk|Hp < Cp(lrél]?gl ||dk||p)\/ﬁ

1<k<n

for alln > 1.

Corollary 1.11. Let p > 2. There exists C;, > 0 such that

< !
e [my| < Cjllmll,v/n

for every m € ker PN LP and n € NT.

Proof. By Proposition 1.9 the array &, = m o T" % is an MDA. Tt follows that for fixed
n € NT we can define a MDS setting &, = 0 for every k& > n. This generates a martingale

to which Burkholder’s inequality can be applied:

e[ o] = O enel) v 12
j=
We note that:
k—1 n n—k n n—=k
my = ZmoTj = ZmoT”fj — ZmoT("fk)fj = Z&L] — an—kd
j=0 j=0 j=0 j=0 Jj=0

for every k € {0,...,n}, which yields

= 2 max

max |mg| < 2 max
0<k<n

0<k<n 0<k<n

n—k
>
5=0
Applying p-norms on both sides we see that

max
0<k<n

(1.13)

max ]mk]H <2
0<k<n P

p

jz:fﬁﬁ
=0
which is the left-hand side of (1.12).

11



On the other side, ||&,, kH ||m||, by T-invariance; therefore, applying (1.12) to (1.13)

gives

max |mk|H < 20, |mll,v/7.
p

0<k<n

The same procedure can be applied for every n € N with the same universal constant
C, from Burkholder’s inequality. Hence we can conclude taking C, = 2C;,.
m

Proposition 1.12. Let p > 2. Then there exists K, > 0 such that

max [oel|| < Kylloflav/m
p

0<k<n
for every v € €§* and n € N*.

Proof. By decomposition (1.3) and the triangle inequality we have that

<

max
0<k<n

T H 1.14
| ax [xo T = x| - (1.14)

= oz rctxe®

’Inax
0<k<n

Since x € L>®(A), then so is maxg<x<, |x 0 T*|, and therefore

max [x o T || + Il < 2lIxloc (1.15)

0<k<n

max |XoTk
0<k<n

Using the fact that m € ker P we can apply Corollary 1.11 to (1.14), together with (1.15).
Since || x|l < |IX||a and ||m]|, < ||m||a, we conclude by Proposition 1.4 that

max fonl | < Cylmllp v/t 2l < GO o/t 20 el = (G,C"+

0<k<n

f)nvu Vi

The statement is hence proved taking K, = C,C" + 2C".

Proposition 1.13. Let p > 2. There exists [v(p > () such that

ZE m? — | T B) o TV||| < K,|jv|2v/n,

p

max
0<k<n

for every v € 65" and n € N*, where m = m(v) is defined in (1.5) and 0* = [, m*dy.

Proof. We notice that Corollary 1.11 can be applied to the martingale part m € ker P.

By Proposition Proposition 1.12, taking v = E [m? —

K, > 0 such that

o?|T~1 %] in place of v we find some

max ym” < K, ||/ (1.16)
p

0<k<n

12



We are left to estimate the Holder norm of the conditional expectation ¥ which can be
written as UP(m? — ¢?) from Lemma 1.2(b). Using together assumptions (A) and (B)

(because m? — o2 € 65*) we get
[Bla = [lUP(m* = o*)|, < K[|P(m* = o) ||, < KCy[jm* = o*|, (1.17)

for constants K,C > 0 and v € (0,1). Propositions A.1 and A.2 give us that ||m?||. <
lm||%, and H(m?) < 2||m||.oH(m); therefore by the triangle inequality
Im?* = o?[lo < Im®[la + ll0®]la = [m*]lsc + H(m /m dp

1.18
< mll2 + 2lm o Hm) + [mllZ = 2llmlloe (Il + H(m)) (1.18)
< 2l|m|2 < 20"||v]?,

using the second inequality of Proposition 1.4. Finally, applying (1.17) and (1.18) to (1.16)
we get the statement with f(p =2K,KCC"y. O

For a v € 63 we take its martingale part m € ker P N 6§ found in (1.5) and obtain
a MDA &, like in (1.11). Our aim is to use Proposition 1.13 to estimate the second
moments of &, ;. Let us define the array V,,, forn € Nand 0 <k <mn,

k
Vn,k = ZE[SZVj’gn,j—l}a (119)
j=1

where G, == Tk 2. By Lemma 1.3 we can rewrite V), ;, as

k k
1 e | ) .
Vo = o LB o TN E]= 0 S R (1.20)

Proposition 1.14. Fix p > 2. Then there exists C}, > 0 such that

max
0<k<n

k C 2
] <G
a?\/n

for every v € 6§ and n € N*, where V,,;, is the array defined in (1.19).

Proof. Denote with ¢ = E[m?—c?|T %] and with 1, its Birkhoff sum. By formula (1.20)
and letting j start from 0 we get

k 1 » 1
v _ = 9 ?’L—j—l I Y
Vik — = jEO voT = (Un Un_k).
Therefore |V, ), — £| < 07207 (|0,] + |0n—k|). Passing to the max, applying p-norms and
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using Proposition 1.13, we get

k 2 21, ||v]|2
max |V, p — —’ < —— || max [7]|] < %.
0<k<n nljl, = o*nllosk<n P o%\/n

We conclude taking C), = 2.f(p.

1.4 Rates of Convergence

The following section regards the convergence rate in the Prokhorov metric of a se-
quence of probability measures on [0, 1] to a Wiener measure. The sequence of laws is
defined by pushforward measures generated by deterministic processes {W,, }en+, which
are obtained by iteration of a dynamical system 7. We always require that the Koopman
and transfer operators of T satisfy the assumptions (A) and (B) displayed in section 1.2.
The methods and techniques adopted follow the paper of Antoniou and Melbourne [2],
which proved a similar rate for non-uniformly expanding dynamical systems. This gen-
eral setting doesn’t always satisfy our working assumptions, especially the preservation
of Holder property by the transfer operator P. Indeed our advantage is that the various
term of the martingale-coboundary decomposition (1.3) are in €%, and so they lie in every

L? because of boundedness of A.

Let v € 6y with Birkhoff sums v, for n € N*. We define W,, € €0, 1] as the function
such that

Wot) = fort=2, 0<j<n, (1.21)

NZD n

with linear interpolation between the nodes j/n. We show that the law induced by W),
(starting from p € #1(A)) on the space of continuous functions, converges weakly to a
Wiener measure induced by a Brownian motion with variance ¢ = [, m*du, where m is
the martingale part of v defined in (1.5). We estimate the rate of convergence through a

distance defined on the space of probability measures .#; (%[O, 1])

Definition 1.15. Given X and Y random variables taking values into a metric space

(S,ds), we define the Prokhorov distance m on the space of probability measures . (.S):
m(X,Y) =m(ZL(X),Z(Y))=inf{c > 0|P(X € A)<P(Y € A°)+e for all closed A C S},
where A® is the e-neighbourhood of A,

A= J{g € S:ds(f.9) <<}
feA

14



We take S = %[0, 1] with dg the uniform distance given by the infinity norm.

Theorem 1.16 (|2, Theorem 2.2|). Suppose v € 65* and consider W,, € €[0,1] as defined
in (1.21). Then for every v > 0 there is a constant C > 0 such that

(W, W) < C’n*(iﬂ),

for alln € NT,

1.4.1 Preliminaries

Before proving Theorem 1.16, we need first to show the same rate of convergence for
a sequence of processes {X,, € €[0,1]: n € NT} defined similarly to W,,. Fix v € €* and
consider the related MDAs &, found in (1.11) and V,, found in (1.19). For n € N*, we
partition the interval [0, 1] into n + 1 random nodes
Vn,k

tk::Vn7n7 0:t0<t1<"'<tn:1,

using the notation V;, o := 0. We define the process X,,: A — %[0, 1],

k k
1 , Vo
Xn(t) - an,j = O'—\/ﬁ Zm o) Tn_], for t = v ’k7 (122)
j=1 j=1 n

3

with linear interpolation in between. We see that X,,(0) = 0 and X,,(1) = > 7, . ;.

The central tool from probability theory to estimate the Prokhorov distance between

X,, and B, a standard Brownian motion on %[0, 1], is the following.

Theorem 1.17 (Kubilius [11, Theorem 1]). Let X,, be the process defined in (1.22) by
using &y, of (1.11) and take § € [0, 3] U {1}. There is a constant C' > 0 such that

m1(Xn, B) < CA|log A,

where X = A\; + Ay and

n 1
: L 2426 )
R CRE oL T g
j:

o= inf {e+P(|Von—1]>¢€%)}.

0<e<1

Notation. Henceforth we will use the notation a, < b, for two positive sequences if

there exists a constant C' > 0 such that a, < Cb, for every n € N*.

15



Lemma 1.18 (|2, Lemma 4.3]). Let v € 6§ and let X be the process defined in (1.22).
Then for every v > 0 there exists C' > 0 such that

(Xn, B) < O™,

for every n € N*.

Proof. Fix v > 0 and choose p > 4 such that QLp < 7. We are going to show that there

exists C' > 0 such that 7(X,, B) < Cn™", with r = %. For this purpose, we consider \;

and Ay defined in Theorem 1.17 as function of n and prove that

AN < ||v||;,n_7’1 Ay K ||v|]g”n_r2, (1.23)

—2
for some ', r" >0, ry = 2= and r, =

p
1p—6> ipt2 -

Assuming (1.23) true we have that Ay < n~" (since ro > r1), and hence A = A\ + Ay <
n~". Applying Theorem 1.17 we get that

m(Xn, B) € Alog \| < n™"|logn ™" < n~ " logn, (1.24)
because the function z — x|log x| is increasing in (0,e¢!] and for n large enough
0<A<const n ™ <el

Because r; > r, we can choose K > 0 such that logn < Kn™~" for every n € NT: therefore

n " logn < Kn~" for every n € N and the statement of the theorem is proven.

Estimate for A\; — Fix 6 = 1. By T-invariance we evaluate

E, {Z IS
j=1

1
4
ﬂ{lﬁn,jl>s}} = i, [\m!41{|m|zsoﬁ}]: (1.25)

for any ¢ € [0,1]. We know that the martingale part m € €& C L? and |m|* € LP/4.

Since £ and ﬁ are conjugate exponents, we can apply Holder inequality and obtain

p—4
Eu[\m’ﬂﬂmgw\/ﬁ}} < |lmlisp(Im| > eov/n) @
< [md Imlz N llml (1.26)
= P Z_:]oo-]onp/Q o (EO’ n)p—4
where we have applied Markov’s Inequality pllm| > a] = u[m[P > a?] < El:;lf"7 with

16



a = ¢eoy/n > 0. Combining (1.25) and (1.26) we obtain

X [mll}
Zléml Hensl>e | S — =35

that used in the definition of \; yields

We have that €3 = %4 when

Imll, \== [ lml, )= ], 7
o (Al N e \ T 2y /(2p-3) _ (1T )T
e () - () e ()

Note that €, € [0,1] for n large enough. Therefore, by the second inequality of Proposi-
tion 1.4 we get

1

.
1 2p—3
A\ < el = (@) n < ||U||I;/(2p—3)n—r1.
Call r" := 355 > 0 to conclude the first inequality of (1.23).

Estimate for A\, — By Markov’s inequality and then Proposition 1.14,

p
i (Vo =1 > %) = p |V — 1P > %) < HV"’”_lnp < [vlia p'
n,n n,n ~ 52}7 52\/ﬁ

Therefore by definition of A\ we can write

. [
Ao < inf <e+ = 0.
0<e<1

5217 n2

We have that ¢ = ” ”ap/Q when

P

H'UHQ 2+t 2p/(2p+1), —

e=¢" = ( = ||v||?/ P+ Dy 2,
Vv “

Note that ¢* € [0, 1] for n large enough. In conclusion,

Dy L &* = HUHip/@pH)nﬂ"z_
Call r" == £~ +1 > 0 to prove the second inequality of (1.23). O
The process X, in (1.22) is determined on the nodes ¢}, = KZZ € [0, 1], which position

depend on A. The array V,,; > 0 defined in (1.19) is non-decreasing in j; therefore, for

17



fixed k € {0,...,n} we have that

‘/n,k

n,n

Vn,k =

Vn,n S tvn,n S Vn,kJrla

for every t € [tg, tx11]. On the other hand, given ¢ € [0, 1], the integer k = k; € {0,...,n}
satisfies the relation
Vn,k < tvn,n < Vn,k+1- (127)

The following proposition, found in [2, Proposition 4.4] gives us a control over the growth

of k as a function of n and ¢.

Proposition 1.19. Let k& be defined as above. For every p > 2 there exists C' > 0 such
that

sup [k — ||| <OV,

te(0,1]

where we have used the floor function |nt] :=sup{s € N:s <nt}.

Proof. Fix p > 2. Writing Vnk = nV,r — k, inequality (1.27) give us that
n‘A//vn,k: + k S t‘/}n,n +nt S vn,k—i—l + k + ]-7
for every t € [0,1] and n € N*. Applying the latter we get

k—nt <tV — Vax < 2max |V,
j<n

k=nt > tVon = Vo — 1> —2max |V, - 1.
sn

These inequalities imply that
/|

|k —[nt]] < |k —nt][+1<2 max |‘~/nj|+2=2n max}an—— + 2.
J<n+1 ’ j<n+1 ’ n

Hence by Proposition 1.14

9 _1 1
+2 < njvljin"2 +1 K ne.

sup |k — [nt]|
te(0,1]

< 2n
p

J
max ’Vn,j — —}
j<n+l n'lp

1.4.2 Passing to W,

The strategy to complete the proof of Theorem 1.16 is as follows: first of all, we
consider Proposition 1.20 from probability theory to estimate the Prokhorov distance
between two random paths; then we use it and Proposition 1.21 to prove Lemma 1.22;

finally, using the two lemmas together, we conclude the proof of the main theorem.

18



Proposition 1.20 (|2, Proposition 4.5]). Let Y, Y’ € €[0, 1] be random paths defined on
a common probability space. Let 9,1 > 0 and ¢ > 1. Then

(a) EP(]Y —Y'[loc > £0) < &1, then my(Y,Y”) < max{eo, e1}.
(b) If HHY — Y'”oqu < &g, then (YY) < 53/(Q+1).

Proof.  (a) By Definition 1.15 it is sufficient to prove that for every A C [0, 1] closed
P(Y € A) <P(Y' € A%V) + g Ve,
using the notation g¢ V €; = max{eg, 1 }. By the hypothesis we have

P(Y € A) —eoVer P(Y € A) = P(IIY =Yl 2 20) SP(Y € A, Y = Y|l < )
<SP(Y € 4,Y € A%) <P(Y' € A°) <P(Y' € A=),

where we have used the fact P(F) — P(F°) < P(E N F) for every pair of events in
¢0,1].

(b) By Markov’s inequality and the assumption we know that for every 6 > 0

MY—Y%A3<§
R - 57

P(lY =Y’ 2 0) =P(Y = Y'||%, = 87) <
In particular, if § is such that § = (g0/6), i.e. 6 = 2™ then we have that
P(]Y - Yl 2 6) < 6 =/,

and the results follows from (a).

Proposition 1.21 (|2, Proposition 4.6]). Define for v € €“ and n € N*

¢
Z’UoTj o Tilvnl,

J=0

Z, = max
0<i,(<|v/n]

Fix a,b € N such that a < b < n. For every p > 2 there exists C}, > 0 such that

b— 1,1
= Zn( . " 3) and HZan < CpHU”a nfr%?

for all v € €~ n € N*.

Proof. Fix a,b as above and n € N*. Choose ¢1,¢, € N such that 0 < ¢; < {5 < [/n],
greatest such that ¢1[v/n| < a and ¢3|/n| < b. It follows that (¢; +1)|\/n| > a which
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yields —¢; < —a/[v/n] + 1. Then

62—£1<b_—a+1< b—a

STl S Ve

It follows that

b—1
b—a
jZ:;’UOT] (62—614-2)2 <(\/ﬁ_1—|—3>Zn

that proves the first inequality.
Using the definition of Z,, and the fact that 7" is measure-preserving

RV Lvn]
Zn|P dp < TVl qp = / Pq
fvt i< Z/ s ) o T = 5 [ juf dp

<\/n max |vpPd
_\/_ A0<e<>\<fju‘ H-

Raising to the power of i we obtain

1
1Znlpy < e

max_ |vy

| < B VRl < 0F 5 o],
0<e<[v/n] P

applying finally Proposition 1.12.

Let us define the linear operator

g: €|0,1] — %[0, 1], (gu)(t) = u(l) —u(l —t).

(1.28)

Lemma 1.22 (|2, Lemma 4.7|). Fiz v € € and consider o* defined in (1.9). Let W, be

as in (1.21) and X,, in (1.22). For every v > 0 there exists C' > 0 such that

m1(goW,,0X,) < Cn—(%—w)_

Proof. Fix v > 0 and choose p > 2 such that - s =7 We are going to show that there

exists C' > 0 such that m(go W,,,0X,) < Cn™" Wlth r= p4p2.

For every t € [0, 1] we have that

goWy(t) — o X,(t) =

1
Vn =0 =0
1 n—1 k
:T( Z voTj—ZmoT"_j)—i—En(t),
n j=n—|nt] Jj=1

20

n—1 [n(1-t)] k
(Svor= 3 ver =S mor ) 4500
j=1



where

En(t) = (Xa(t) = Xa(tr)) + (Wa(l = 1) = Wa([n(1 — )] /n))

is the sum of interpolation errors of X,, and W,,. This term is negligible, because || E,, |0 <

2072 ||v|| s for every n € NT. Since by formula (1.8) we can write

k
> “m o T =y — My = vy — Vg — X0 T" + x o T" ¥,
s

we obtain

n—1

Z voT — ZvoTj—XoT”—i—XOT"*k—i—HEnHOO

] =n—|nt| j=n—k

<O+ = (o = xo |+

‘g<3l@%(t)-— o Xn( <i —

\/—Ilvllm

defining the piecewise constant process V!(t) = \/iﬁ Z;::fintj voT.

Recall that we have k as function of . We have by Proposition 1.4

0]

\/—HXHa <

H sup‘XOT”k—XoT”}
ntE[OI]

We reason now using the first inequality of Proposition 1.21 and with Cauchy-Schwarz,

1

n 2

IN

Zn((n% —1)7" sup |[nt] — k| +3)
te(0,1]

<0 H | Zallagpy ||(0F = 1) sup [Lnt] — k] + 3]
te[0,1]

sup |V, (t)]
tel0,1]

p—1 p—1

2(p—1)

«Ln-~ 2HZ l|2p— 1)(n 2H sup |[nt] —k\HQ —i—3>

Using now Proposition 1.19, followed by the second inequality of Proposition 1.21 we get

p—2
sup |V, (t ‘H <nz||Z, l2p-1) < nir (1.29)
t€[0,1]

Combining now these estimates we obtain

_1lp=2
<Kn 4r-1,
p—1

sup ‘gOW t) — o X, (1)]
te[0,1]

We conclude by Proposition 1.20(b)

m(go Wy, 0X,) < ity =
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]

Observation (about the function g). We have just proved something very similar to
what stated in Theorem 1.16, but with an auxiliary function ¢ : €[0, 1] — €[0, 1] defined
in (1.28). Let W be a Wiener process with variance o found in (1.9) and let B be a

standard Brownian motion. We get that W is invariant under g, i.e.
(GW)(t) =W, = Wiy =¢ W =0B. (1.30)
This is because
. (gW)(0) =0;
e For fixed 0 < s <t <1, we have (gW)(t) — (gW)(s) = Wi_s — Wiy =g N(0,t — s)
e For fixed k e Nt and 0 <t; < --- < ¢, <1, the increments

(Wl—t1 - Wl—tg)a (Wl—tz - Wl—tg)a seey (Wl—tk,l - Wl—tk)

are independent.

We see now that for every u,v € €[0,1] and ¢ € [0, 1],
[(gu)(t) = (g0)(O)] < [u(l) = v(D)]+ |u(l =) = v(l = )] < 2[lu - V]|

Passing to the sup,c; we get that g is Lipschitz with Lip(g) < 2. Whitt shows
in [14, Theorem 3.2| that the rate of convergence in the Prokhorov metric is preserved
under the action of Lipschitz maps. As a matter of fact, for every pair of random paths
X,Y € €0, 1],

m (9(X),g(¥)) < Lip(g) m(X.Y). (1.31)

If now we consider a function u € €[0, 1] such that «(0) = 0, then

g(gu) () = g(u(1) —u(l — 1)) = (u(1) —u(0)) — (u(l) —u(l —1+1¢t)) =u(t), (1.32)
and therefore g o g = I'd on the subspace {f € €[0,1] : f(0)-0}.

Proof (of Theorem 1.16). Fix v > 0. We are going to show that m (Wn, W) < n G,

By (1.30)and the triangle inequality we get for every n € Nt
T (g(Wn)v g(W)> =T (g(Wn)v UB) S 1 (g(Wn)v UXn) + m (UXna UB) < n_(%_7)7

combining Lemma 1.18 and Lemma 1.22. Since W (0) = W,,(0) = 0, we can use (1.32)
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and finally, by (1.31) (because Lip(g) < 2),

(-7
< Y
7"-I(M/mvv) :Wl(g(gOWn)ag(gOW)) SQWI(QOngOW) n
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Chapter 2
Extension to the Continuum

The previous Chapter 1 showed how, starting with a discrete dynamical system 7: A —
A, it is possible to prove a rate of convergence for the Weak Invariance Principle. In order
to find a better estimate and prove a similar result for d-dimensions, it is reasonable to
extend the previous setting to continuous time, eventually to use estimates from Cour-

bot |6, 7] for continuous-time martingales.

To start moving in this direction, we have to substitute the discrete transformation T
with a family {7} };>¢ which preserves the probability measure on A, acting as a semigroup
in ¢, mimicking the behaviour of iterations 7™ for n € N. Still, this has to be thought as
the evolution of a dynamical system T;: A — A, for which we can define Koopman and

transfer operators.

2.1 Semigroups of Operators

Suppose (A, B, 1) a probability space. Consider a family of measure-preserving trans-
formation {T;,: A — A|t > 0} and suppose that Ty = Id and T, o Ty = T}, for every
t,s > 0. The latter says that T; is a semigroup wrt maps composition. We deduce that
T, % C T7' %A for every 0 < s < t: as a matter of fact

T,'%B = (T.oT, ) B =T\ (T,'B) C T2,

by measurability of T, ;. Let now {U;: L'(A) — L'(A)|t > 0} and {P;: L'(A) —
L*(A)|t > 0} be the families of Koopman and transfer operators for T}, i.e.

Uw =voT; /Ptv wd,u:/vUtwd,u
A A

for every v € LY(A), w € L*®(A), and t > 0.

Proposition 2.1. The families U; and P, are semigroups.
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Proof. For every v € L'(A) we have for U,
Uw=voTly=vold=w, U(Ugv) =voTsoTy =voT s =Upg,v.

For every v € L'(A) and w € L=(A) we have for P,

/ng wdu:/v Uowdu:/vwdu,
A A A

/Pt(Psv) wdp = / P,v Upw dp :/v Us(Uyw) dp :/U Uppswdp = / P v wdp.
A A A A A

]

Suppose now A a bounded metric space with a Borel probability measure . The
notation (€%, ||-||») with « € (0, 1] indicates as usual the Banach space of Holder functions
on A and €' denotes its subspace with mean 0. Let us assume some working hypotheses

that can be thought as continuous versions of (A) and (B) made in section 1.2:

(A’") We have ;&% C €~ and there exists K > 1 such that ||Uw]l, < K||v||o for every
vEE*and t €[0,1].

(B’) We have that B,%* C € and there exist C,a > 0 such that for every v € €§*(A)
and ¢t >0
1Pvllo < CeJv]a-

Similarly with what was explained before Proposition 1.4, assumption (A’) is implied by a
uniform Lipschitz condition of transformations {7}}cp,1j. This is a reasonable equivalent

with the discrete dynamical system of section 1.2. Furthermore we have by induction

Proposition 2.2. Assuming (A’), then for every t € [j — 1,5], j € Nt and v € €
1Ulla < K7[v]|a

Proof. Let us reason by induction on j.
j =1 — assumption (A’);

jr—>j3+1 -Taket € [j,j+ 1], then
[Uwlla = 1Ualivlla < K[| U)o < K7 0o,

because t — 1 € [j — 1, j].
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Remark 2.3. Since K > 1, this implies ||Usv||o < K7||v||, for every t € [0,7]. The same
could be restated using the ceiling function [¢] := inf{s € N: s > t} as

10wlla < KM v]la,

for every t > 0.

Remark 2.4. Lemma 1.2 is true for every t > 0; therefore, for every 0 < s <t

RﬁUs :Pt—sPsUs = Pt—57
UPy =U;_U;Ps =E | - [T, "B o T,_,.

2.2 Bochner Integration

In order to extend discrete Birkhoff sums of v € €“ to the continuum, we need to
define an integration wrt to ¢ that will be used for the functions Uv, Pw: [0,00) — €.
Our choice is to work with Bochner integral for which we refer to [15, pag.132] and [12,
Appendix E|. Given T" > 0 we consider the interval [0, 7] endowed with Lebesgue measure.
We call f:[0,T] — X a simple function taking values in the Banach space X if it can be
expressed for every t € [0, 7] as

f(t) = Zf]]lE](t),

for fi,...,fr € X, and FEy,..., Ex a measurable partition of [0,7]. Its integral is the
element of X defined as

X5 / £0)dt = 3" (B,

We say that a function f: [0,7] — X is strongly measurable if there exists a sequence

{fn}nen+ of simple functions such that for almost every ¢ € [0, 7],

X

fu(t) = (1),

for n — oo. Finally, a strong measurable function f: [0,7] — X is called Bochner

summable, if there exists a sequence of simple functions { f,, },en+ such that

T
/0 1£a(6) — F(1)]] dt 2= 0,
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where the latter is a standard Lebesgue integral. In this case we can define
T

T
X 9/ f(t)dr = lim fn(t)dr
0 0

n—oo
which converge in X thanks to the summability condition.

Proposition 2.5. Given X a Banach space, F': X — X a bounded linear operator, 7" > 0
and a Bochner summable function f: [0,7] — X, then

T
0

1) F / F(t)dt = / (F)(t)dt.

/ Tf(t)dtH < [ isopa

2.3 A Continuous-Martingale Decomposition

(2)

This section provides a continuous-time equivalent to what found in Proposition 1.4.
Given v € 6§, we are after a martingale-coboundary decomposition with some modifica-
tions to fit the setting established in section 2.1. Our previous discrete-time transforma-
tion 7' : A — A has now become the family {7} },>( that consequently requires a continuous
equivalent of Birkhoff sums of v, too. The function v; will be defined in terms of a time-
integral that is interpreted the Bochner sense. Theorem 2.8 decomposes each v; into a
function m; (connected to a martingale), plusd a coboundary term y. Proposition 2.12
shows finally how for every ¢ > 0 we can use m; to construct a continuous-martingale

array M; ;.

In order to give sense to time-integrals f(f U,vdr and fot P.wdr and apply proper-
ties (1) and (2) of Proposition 2.5, we suppose that the functions Ugv, Pv: [0,t] — €
are Bochner summable for every v € €“ and t > 0. We remark that most of this section
is rigorous, but some calculations are formal due to lack of time and will be sorted out
later. Similarly, some hypotheses could be dropped or adapted to future specific cases

that we are going to consider.

Definition 2.6. Let v € ¥ and let T; be a semigroup of transformations as above. For

every t > 0 we define the function v;: A — R as

t t
v = / voT,ds = / Usvds. (2.1)
0 0

Remark 2.7. Bochner summability of s — U,v guarantees that v, is well defined for every
t > 0 and that v; € €*. Furthermore, if v € 6§ we can reason by Fubini (||Usv]|oc < [|v]|c0)
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and T}-invariance to obtain v, € 6§ for every ¢ > 0,

t
/Utd,u://vd,uds:o.
A 0o Ja

Theorem 2.8. Let v € 6§, v defined in (2.1) and let Ty be a semigroup of measure-

preserving transformations. There exist x € €* and m: [0,400) — € such that
vp=my+ x0T, —x, (2.2)

for every t > 0. Furthermore my; — mg € ker P, N 6§ for every t > 0 and s € [0,1].

Proof. For every t > 0 let us define the function x;: A — R as x; = fg P,vds which is
defined pointwise in A thanks to continuity assumed in (B’). By Bochner summability we
get x; € € for every t > 0. Furthermore,using Proposition 2.5(2), we get by (B’) that
there exists a constant C' > 0 such that, given 0 < s <'t,

t t t
/Prvdr §/||PrvHadr§CHvHa/ e "dr

C
= —folla(em = ™) =5
a

HXt - Xs”a =
0.

By completeness of ¢ there exsits y = lim;_,o Xt == fooo Poods € €.

Fix now ¢t > 0 and define m;: A — R as
my ::’Ut—XOE—i—X. (23)

Decomposition (2.2) follows. By (A’) and Bochner summability we get that both y o T;
and v; belong to €%, therefore m, is Holder as well. In addition, using T;-invariance and

Remark 2.7 we obtain for every ¢ > 0,

/mtduz/vtdu—/xoTtdwr/deZO,
A A A A

because v € €*. Thereofre m; € 65", too.

Fix now s,t € [0, 00) such that s < ¢. Let us show that m;—mg € ker P,. By formula (2.3),
definition (2.1) and additivity of integrals

t
mt—mszvt—vs—xoTt—l—XOTs:/ Uwdr — Uyx + Ugx.
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Changing variable r — r — s we get

t t—s
/ Uvdr = / Usyrvdr.
S 0

Therefore applying P, to m; — m, and using Remarks 2.4 and 2.5 (1)(2),

t—s t—s
Pt(mt - ms) - Pt/ US+TU dT - PtUtX + PtUsX = / Pt—s—rv dT’ - X + Pt—sX'
0 0

By Proposition 2.5(1) we have that for every h >t — s,

h h h h
P sxn— xn = / P g vdr — / Poydr = / Poudr— / Pouodr = —xi_s.
0 0 t—s 0

Therefore P,_sx — x = Xx:—s by continuity of P,_g, and we can conclude

t—s t—s
P,(my —my) = / P _,vdr— / Pwdr =0,
0 0

by a change of variable r — t — s —r. ]

Corollary 2.9. There exists a constant C' > 0 such that
HXHa < C/Hv”a

Jor every v € 65 and t > 0.
Proof. By Proposition 2.5(2) applied to x; = fg P,vds and assumption (B’) we get

1 — e
— llvlla < Clv]la

t t
Ixilla < / 1Pl dr < Cllolla / e dr = C
0 0

with C" = C'/a. By continuity of the norm, we get for ¢ — oo the condition for y.
]

Definition 2.10. A family of integrable random variables {X; : ¢ > 0} together with a

filtration {F; : t > 0} is called a continuous-time martingale if for every t,h > 0
e X, is F;-measurable;
[ J ]E [Xt+h|ft] — Xt-

The same definition can be extended to martingale arrays of the type {X; : 0 < s <t}
with filtrations {F : 0 < s <t} for t > 0.
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Fix v € 65" and a semigroup of transformations 7; as above. Define for every ¢ > 0 a

continuous time array {M; ;}o<s<: together with a filtration array {Gy s fo<s<::

my — Mi—s -1
M,, = T G =T .5, 2.4
t, O't\/% t, t ( )

where o7 := [, m} dp and 2 is the Borel o-algebra over A.

Remark 2.11. Consider v € € and for every t > 0 let v; be defined in (2.1). We
suppose that for every 0 < s < t the function v, —vy_g is Tt__lsﬁ—measurable. As a matter

of facts we obtain an integral summing backwards,

t s
vt—vt8:/ voTrdr:/ voly_,.dr,
t—s 0

using a change of variable r — ¢t —r. This integral plays the role of continuous equivalent
of Zle v o T™ 7 which satisfied T~ ("% Z-measurability for the iterated transformation
T.

Proposition 2.12. For every t > 0, the array { M, s }o<s<: defined in (2.4) is a continuous-

time martingale array.

Proof. For every 0 < s < t, the T,_} %-measurability of M, follows from Remark 2.11:
TNVEM, g =My — My g = Vs — Vs + (X oT, + X) oT,_,.
Fix t > 0 and choose r, s € [0,¢] such that 0 < r < s < ¢. Using Remark 2.4 we have that
oVt B[My s — My, |Gey) = E [myr — my_ | T,2,B) = Up_y Pr_y(my—y — my—y) = 0,
because t — r >t — s and by Proposition 2.2 (m;_, — my;_,) € ker P,_,.. O

The martingale M, ; of (2.4) is the continuous equivalent of the one obtained by sum-
mation of &, j, the discrete MDA defined in Proposition 1.9. As a matter of fact, taking
v € 6§ and denoting with m its martingale part deriving from the discrete dynamical
system T: A — A of section 1.2, we have for k,n € NT, with k < n,

k n—1 n—k—1
1 : 1 , .
— moT”j:—< moT7 — moTJ>:mn—mnk,

where m,, is the Birkhoff sum of m and o? = [, m*. We see that this is consistent with

A
definition of M, ;. As already stated in the introduction, this new continuous-time setting
looks promising to eventually apply techniques of Courbot [6, 7|, in order to improve and

extend rate estimates of chapter 1 to vector-valued observables v: A — R
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Appendix A

Some Results

The following are technical results which are used in the proof of Proposition 1.13.
Because of their generality and non-particular relevance with the topics discussed in chap-

ter 1, they are presented in this appendix.

Proposition A.1. Let (Q, A, ,u) be a measure space.
If f,g € L>(€2), then fg € L*(Q) and || fgll, < [Ifllscllglloc-

Proof. W have that |f(x)g(z)| = |f(z)|lg(z)| < || flloollg]lee for almost every x € €, then

we conclude. O

Proposition A.2. Let (S, ds) be a metric space, « € (0,1] and f,g: S — R be bounded
a-Holder functions, with Holder constants H(f) and H(g). Then fg is a-Holder and

H(fg) < [[fllcH(g) + gl ().

Proof. For every x # y € S we have

|f(@)g(z) = fF)gw)| < |f(@)g(x) — fF@)g(w)| + |f(@)g(y) — f()g())
< fllselg(@) = 9@)| + llgllo| f(2) = fFW)] < N fllsH(g) ds(z,9)* + gl (f) ds(z, )

= (Il (g) + lgllcH(f)) ds(z,y)*.
This yields

|f9(z) — fa(y)|
st dg(x,y)”

=< [[FllcH(g) + llgllecFH(f).
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