
MA134 Geometry and Motion
Examples Sheet 1

Answers to Part B questions must be handed in to your supervisor via the pigeon loft by
2pm Thursday, January 18th, 2018 (week 2).

You are encouraged to check your sketches using software (e.g. Wolfram Alpha or Matlab).

Part A. Easier practice questions to be done first. Not to be handed in for marking.

1. Sketch graphs of the function f(x) = xα for 0 < x < 2, when α is −3,−1,−0.0001, 0, 0.0001, 1, and 3.

2. Sketch the curves parametrised by

r(t) = (t4, t2), t ∈ R r(t) = t(sin t, cos t), t ∈ R
r(t) = (t5, t3), t ∈ R r(t) = (1, 3 cos t, sin t), t ∈ [0, 2π)

Use an arrow to indicate the direction in which t increases. In most cases you cannot show the whole
curve. Just show a representative portion.

3. Sketch the curves parametrised in polar coordinates by

(r, θ) = (sin t, t), t ∈ [0, π] (r, θ) = (et/2π, t), t ∈ [−2π, 2π]

Note that each of these parametrisations can be written as r = f(θ). Identify the geometric shape of the
curve from the first example.

4. Parameterise the circle in the plane whose centre is (−1,−1) and radius is
√

2 in polar coordinates.

5. Give a parametrisation of the ellipse that is centred on the point (2, 2), has semi-major axis from the
centre to the point (4, 2), and has semi-minor axis from the centre to the point (2, 3). (If you do not
know what semi-major and semi-minor axes are, consult https://en.wikipedia.org/wiki/Ellipse.)

B. Questions for credit

6. Sketch the curves parameterised by

(a) r(t) = (t2, t3), t ∈ R (b) r(t) = t cos t i + |t| sin t j, t ∈ R

(c) r(t) =
1 + e−t

1 + 2e−t
(cos t,− sin t), t ∈ R (d) r(t) = cos(t) i + sin(t) j + t2 k, t ∈ R

In cases where you cannot show the whole curve, just show a representative portion. Use arrows to
indicate the direction in which t increases. These sketches must be accompanied by brief explanations
(one or two sentences and/or a small calculation) justifying their shapes; no credit will be given for a
sketch with no explanation. For each curve state, with justification, whether or not it is embedded and
whether or not it is closed.

7. Find a parameterisation of the curve traced by a marked point on the perimeter of a unit circle that is
rolling counter-clockwise and without slippage around a fixed unit circle centred at the origin. Assume
that the point (1, 0) belongs to the curve. This curve is called a cardioid. Hint. Using the no-slippage
condition, draw a careful sketch for the configuration of circles such that the angle between the line



connecting the origin and the point of contact and the x-axis is t. The position vector of the marked
point is the sum of the position vector a of the centre of the rolling circle and the vector b connecting
the centre of the rolling circle and the marked point. Calculate the components of a and b from your
sketch.
Shifting the co-ordinate system by one unit to the right (so that the fixed circle is centered at the point
(−1, 0)), one can use your answer to find the following polar paremeterisation of the cardioid:

(r, θ) = (2− 2 cos t, t), t ∈ [0, 2π],

see https://en.wikipedia.org/wiki/Cardioid for details. Use the polar parameterisation to sketch
the cardioid. Pay particular attention to the segment of the curve near the origin.

8. (a) Sketch the plane curve parameterised by

r(τ) = (2 + cos(3τ)) cos(2τ) i + (2 + cos(3τ)) sin(2τ) j, τ ∈ [0, 2π]

Find the points of self-intersection.

(b) The curve in part (a) can be viewed as a two-dimensional projection of a three-dimensional embedded
curve called the trefoil knot:

r(τ) = (2 + cos(3τ)) cos(2τ) i + (2 + cos(3τ)) sin(2τ) j + sin(3τ)k, τ ∈ [0, 2π]

Show explicitly that the curve does not self-intersect. Reproduce the sketch from part (a), that is a
2D sketch with only the x and y coordinates, but indicate with gaps where the 3D curve passes over
itself as seen from the positive part of z axis.

C. More exercises.
(They should not be handed in for marking.)

10. Sketch the curves parameterised by

(a) r(t) = cos(4t)i + tj + sin(4t)k, t ∈ R,

(b) r(t) = cos(t)i + sin(t)j + sin(5t)k, t ∈ R,

(c) r(t) = cos(t)i + sin(t)j + log(t)k, t > 0.

11. At what points does the helix

r(t) = sin t i + cos t j + tk

intersect the set of points (sphere) satisfying

x2 + y2 + z2 = 5?

12. Two particles move in space along the curves

r1(t) = (t, t2, t3) r2(t) = (1 + 2t, 1 + 6t, 1 + 14t).

Do the particle paths intersect? Do the particles collide (arrive at the same point at the same time)?

13. Give a parametrisation of the ellipse that is centred on the point (2, 2), has semi-major axis from the
centre to the point (4, 4), and has semi-minor axis from the centre to the point (1, 3).
(Hints: First do Q5. Then, if you know now to rotate using matrix multiplication, use this. Otherwise,
begin with the parametrisation of a unit circle r(t) = (cos(t + π/4), sin(t + π/4)) and manipulate it as
necessary.)


