
Week 9: Surfaces and Surface Integrals

Introduction

We have seen surfaces a few times already, as graphs
of functions of two variables and as level sets of
functions of three variables. We now approach sur-
faces through parametrisations - extending the ideas
from parametrised curves. You will see many simil-
arities both to parametrised curves from Part I and
to coordinate transformation from last week.

9.1 Parametric Surfaces

Recall that a curve in R3 is parameterised by a
continuous map from an interval in R into R3.

r : [a, b]→ R3

By extension, a surface S in R3 is parameterised
by a continuous map from a region in Ω in R2 into
R3, that is

r : Ω ⊆ R2 → R3

We think of the region Ω getting mapped to the
surface in R3.

In terms of components, we write

r(u, v) =(x(u, v), y(u, v), z(u, v))

with (u, v) ∈ Ω

We say that

S = {r(u, v)|(u, v) ∈ Ω}

is a parametric surface and is given parametric-
ally by parameters (u, v) in the region (or domain)
Ω.

Comments

• One must put conditions on r, or its com-
ponent functions x(u, v), y(u, v), and z(u, v),
to guarantee niceness of the surface. We will
not focus on this, but implicitly assume that
the component functions are differentiable,
except possibly at the boundaries of Ω. Self
intersections are ruled out by requiring r to
be injective, except at the boundaries of Ω.



Week 9 100

• One often draws and analyses surfaces in terms
of individual parameterised curves correspond-
ing to the parameters u and v separately. For
example, one fixes v to some value v0 and var-
ies u. r(·, v0) is a parameterised curve in S.
We call this a u-curve. There is a family of
these since the value v0 can be varied. Sim-
ilarly there is a family of v-curves. These
curves are sometimes collectively called grid
curves.

• It is not sufficient to specify the mapping alone,
one must specify the parameter domain Ω.

Similarly to what we encountered with mul-
tiple integration, in the simplest case Ω will
be rectangle [a, b]× [c, d] ∈ R2. More complex
domains, for example of the form,

Ω = {(u, v)|a ≤ u ≤ b, g1(u) ≤ v ≤ g2(u)}

can easily be dealt with.

• Just as with curves in multiple segments, some
surfaces of interest (see examples) will be most
naturally specified as several distinct pieces,
each with their own domain and parametrisa-
tion.

• The parametric representation of a surface S
is not unique.

• Finally, be aware that many of the deriva-
tions and formulas that follow are similar to
those encountered last week with coordinate
transformations. There are important differ-
ences, however. Coordinate transformations
are mappings between spaces of the same di-
mensions, R2 → R2 or R3 → R3. Paramet-
rised surfaces are mappings between spaces of
different dimension, R2 → R3.

Examples

As with parametrised curves, one best learns how
to parametrise surfaces by working through many
examples.

Unit sphere We obtain the parametrisation for
the unit sphere by putting r = 1 in the transform-
ation into spherical coordinates:

r(u, v) = (cosu sin v, sinu sin v, cos v) .



101 MA134 Geometry and Motion

Here Ω = [0, 2π] × [0, π]. We could of course have
labelled the parameters as (θ, φ) rather than (u, v).

r(θ, φ) = (cos θ sinφ, sin θ sinφ, cosφ) .

This is more natural and generally preferred when
a parametrisation is closely connected with partic-
ular coordinate system. If we restrict φ to take
values in [0, π/2], we obtain a parametrisation of
the upper unit hemisphere.

Another parametrisation of this hemisphere, not
based on spherical coordinates, is given by:

r(u, v) = (u, v,
√

1− u2 − v2), u2 + v2 6 1 .

Cylinder of radius R This is obtained by using
cylindrical coordinates. We put r = R and let z
vary over any range, [0, h] for example, obtaining

r(θ, t) = (R cos θ,R sin θ, t) (θ, t) ∈ [0, 2π]× [0, h]

Cylinder of radius R with end caps Frequently
one wants to consider surfaces that are closed (fully
enclose some volume). For example, a cylinder with
end caps. In this case we would specify the surface
in 3 pieces, S1, S2 S3, where S1 would be the above
cylinder and S2 and S3 would be disks:

r2(r, θ) = (r cos θ, r sin θ, 0) (r, θ) ∈ [0, R]× [0, 2π]

r3(r, θ) = (r cos θ, r sin θ, h) (r, θ) ∈ [0, R]× [0, 2π]

Surfaces of revolution Consider a function f :
[a, b] → R+. The graph of f is a curve {(x, y)|x ∈
[a, b], y = f(x) > 0}. Now extend to R3 and gener-
ate a surface by rotating the graph of f about the
x axis. This surface is given parametrically by

r(x, θ) =
(
x , f(x) cos θ , f(x) sin θ

)
,

(x, θ) ∈ [a, b]× [0, 2π]

Torus We obtain our parametrisation by taking
a circle C = {(0, a + b cosu, b sinu) | 0 6 u 6 2π}
of radius b and centred at (0, a, 0) in the y-z plane,
0 < b < a, and rotating it about the z-axis:

r(u, v) =
(
(a+ b cosu) cos v, (a+ b cosu) sin v, b sinu

)
where v ∈ [0, 2π] is the angle in the x-y plane meas-
ured from the x-axis.
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Graph The graph of f : Ω ⊂ R2 → R is a surface
parametrised by:

r(u, v) =
(
u, v, f(u, v)

)
.

The hemisphere f(u, v) =
√

1− u2 − v2 above was
such an example.

9.2 Tangent Plane and Normal to a Sur-
face

We have already touched on this when discussing
partial derivatives. In the case of a parametrised
surface we have grid curves from which we can eas-
ily obtain the tangent plane and normal vector at
a given point on a surface.

Tangent plane

Consider a particular u-curve r(·, v0) on a surface
S. We know from our study of parametrised curves
that differentiating this with respect to u will give a
vector tangent to the curve. Here the derivative will

be a partial derivative. Thus
∂r

∂u
(u0, v0) is tangent

to the u-curve. Since the curve is in S, this vector
will be tangent to S at point r(u0, v0). Likewise
∂r

∂v
(u0, v0) will be another vector tangent to S at

r(u0, v0).

These two vectors form a basis for the tangent
plane to S at r(u0, v0). That is any point in the
plane tangent to S at r(u0, v0) can be represented
by a linear combination of these two vectors, plus
the point r(u0, v0) itself. We can express the pos-
ition vector of every point of the tangent plane at
r(u0, v0) as

p(h, k) = r(u0, v0) + h
∂r

∂u
(u0, v0) + k

∂r

∂v
(u0, v0) ,

where (h, k) ∈ R2. Note, the plane is itself a para-
metrised surface: p is a mapping R2 → R3 here
written with parameters (h, k).

Normal vector

Frequently one does not express as plane via a para-
metrisation as above, but in terms of the normal
vector. In any case the normal vector to a surface
plays an important in the calculus of surfaces.

From our previous calculations for the tangent
plane we know that the vector

n =
∂r

∂u
× ∂r

∂v
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is perpendicular to both
∂r

∂u
and

∂r

∂v
. This vector

is thus normal to S at r(u, v). It is perpendicu-
lar to any vector in the tangent plane. Of course
there are infinitely many normals because we can
multiply the above vector by any constant and ob-
tain another normal. Normalising the normal in
the above calculation gives a unit normal vector.
In fact there are two possible unit normal vectors
to a surface at a point

The two unit normal vectors to a surface at a
point are

n = ±

∂r

∂u
× ∂r

∂v∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥
In practice, either it will not be important which
of these two vectors to use, or else it will be clear
which one to choose. For a closed surface it is com-
mon to choose the outward-pointing normal.

From the normal vector at a point r0 on the
surface, one can write an expression for the tangent
plane as

P = {r ∈ R3 |n · (r− r0) = 0}

9.3 Surface Area

Given a parameterised surface S, we would like to
find the area of the surface. That is we want to
compute something like

¨
S
dS

where dS is an infinitesimal element of surface area.

The approach follows closely our previous treat-
ment double integrals in generalised coordinates.
Let r(u, v), (u, v) ∈ Ω be a parametrisation of S.
To integrate over the surface, we perform a double
integral over Ω.

¨
S
→
¨

Ω

What we need to work out what is infinitesimal ele-
ment of surface area dS, in terms of an infinitesimal
area du dv in Ω.

Proceed as we did for double integrals in gen-
eralised coordinates. Consider a small rectangle in
Ω of width ∆u and height ∆v. This gets mapped
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by r to a “curved parallelogram”, which is well ap-
proximated by the parallelogram based at r(u0, v0)
and with sides

r(u0 + ∆u, v0)− r(u0, v0) ≈ ∂r

∂u
(u0, v0)∆u

r(u0, v0 + ∆v)− r(u0, v0) ≈ ∂r

∂v
(u0, v0)∆v.

The area ∆S of the surface is given approxim-
ately by the area of the small parallelogram. Then,
using the fact that the magnitude of the cross product
of two vectors is the area of the parallelogram formed
by them, we have

∆S ≈
∥∥∥∥∂r

∂u
∆u× ∂r

∂v
∆v

∥∥∥∥ =

∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥∆u∆v

or since ∆u∆v is the area ∆A in Ω,

∆S =

∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥∆A

Thus giving the differential of surface area

dS =

∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥ dA
We have dropped the explicit dependence on the
point in question, (u0, v0), but you should under-
stand that in general the partial derivatives on the
right-hand-side are functions of (u, v), and hence so
is dS.

Do not confuse this with similar expressions from

generalised coordinates. Here
∂r

∂u
and

∂r

∂v
is each a

three-component vector. In our treatment of two-
dimensional integration in generalised coordinates,
we had two two-component vectors.

Using this expression for dS we have

Area of S = A(S) =

¨
S
dS

=

¨
Ω

∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥ dA
where in practice the double integral over Ω is car-
ried out by usual iterated integration over u and v
is some suitable order.

One can show that the area of S is independent
of the parametrisation of S. The proof is simply
an exercise in the use of the change of variables
formula.
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9.4 Surface Integrals

Given a continuous scalar function f : R3 → R and
a surface S in R3, we can evaluate f at a each
point on S. Thus we have a real value associated
to each point on S and we can integrate this over
the surface. Rather than again going through all
the arguments of summing up pieces and taking
the limit as the number of pieces goes to infinity,
we simply state the unsurprising result

Given a parametrisation r : Ω → R3 of a surface S
the surface integral of f over S is

¨
S
f dS =

¨
Ω
f
(
r(u, v)

) ∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥ dA
Remarks:

• When f takes the value 1 everywhere, (or equi-

valently is just left out), the integral

¨
S
f dS =

¨
S
dS

and so reduces to the previous formula for the
area of S.

• We have given the definition assuming that f
was defined in a region of R3 containing the sur-
face. In practice, all that is required is that f
be defined on the surface. Such situations arise
naturally in practice.

• In the case where S is a closed surface, one often
writes ‹

S
fdS

to indicate specifically that the surface is closed.

9.5 Flux Integrals

Given a three-dimensional vector field v : R3 → R3

and a surface S in R3, one commonly wishes to
calculate the flux of v though S . This is defined
to be the surface integral

Flux of v through S =

¨
S

(v · n) dS

where n is a unit normal vector to S whose direc-
tion will be set by the context.

Flux integrals are particular surface integrals in
which f = v ·n. Notice that this f is an example of
a function that is only defined on the surface; it has
no meaning except in conjunction with the surface.
Since v · n is just a scalar, flux integrals are in
principle just a particular case of surface integrals.
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However, the algebra works out in a particular way
to simplify the calculations.

As always, we will evaluate flux integrals by re-
sorting to some parametrisation of S.

¨
S

(v · n) dS =

¨
Ω

(v · n)

∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥ dA
Recalling our expression of the unit normal vector
n this can be written

¨
Ω

v ·
±∂r

∂u
× ∂r

∂v∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥
∥∥∥∥∂r

∂u
× ∂r

∂v

∥∥∥∥ dA
= ±

¨
Ω

v ·
(
∂r

∂u
× ∂r

∂v

)
dA

Hence to find the flux of v through a surface S we
evaluate:

The flux of v through a surface S is obtain via

¨
S

(v · n) dS = ±
¨

Ω
v ·
(
∂r

∂u
× ∂r

∂v

)
dA

The direction of n, and hence the choice of ±, will
be specified for any given problem.

Orientation

In our definition of the flux integral we implicitly
assumed that we had a well-defined normal vector
at each point of S. This sometimes fails. One way
it can fail is that S has corners. For example, along
the edges of a cube. The tangent plane and normal
vector are not defined at corners. In most practical
cases it is clear how to divide the surface into finite
number of pieces where each piece has a well defined
normal and the normals in the different pieces have
a sensible relationship with one another, e.g. the
normals on all faces of a cube can be taken in the
outward direction.

A more serious problem arise for certain sur-
faces that cannot be oriented. You are probably
familiar with a Möbius strip. Such a surface has
only one side. This means that if one picks one of
the two possible unit normal vectors at a point and
then tries to vary that vector continuously over the
surface, the choice will fail even though the surface
is perfectly smooth. We can only consider orient-
able surfaces in the computation of flux integrals.
Precise definitions of these concepts will appear in
later modules.


