
Fourier transform of tempered distributions

1 Test functions and distributions

As we have seen before, many functions are not classical in the sense that they cannot be
evaluated at any point. For example, a function in Lp is an equivalence class of functions,
and one can change its value at any point without changing the function itself. In fact,
an Lp function can be defined as a linear functional on its dual space Lq.

Let D = D(Rd) denote the space of functions in C∞c (Rd) with the following notion of
convergence: a sequence ϕn converges to ϕ in D if there exists a compact set K such that
ϕ and all ϕn’s vanish outside K, and all derivatives of (ϕn−ϕ) converges to 0 uniformly.
It is clear that D is a linear space. A distribution is a continuous linear map from D to C.
The space of distributions is the dual of D, denoted by D′ = D′(Rd). We say a sequence
of distributions {Tn} converges to T in D′ if for every ϕ ∈ D, we have

Tn(ϕ)→ T (ϕ).

It is clear that a distribution is defined via its effects on D, and this is the reason why
elements in D are called test functions. Any locally integrable functions are distributions.
In fact, if f ∈ L1

loc, then Tf defined by

Tf (ϕ) =

∫
Rd
ϕ(x)f(x)dx

is a distribution. But on the other hand, not all distributions have representatives in
classical function space, and a primary example is the so-called Dirac delta function,
defined by

δ(ϕ) = ϕ(0).

It assigns every test function ϕ its value at 0. One can easily verify that this is indeed a
distribution. Another example is the one-dimensional function 1

x
, which is not integrable

near 0. Nevertheless, one can still define a distribution pv( 1
x
) by setting

pv(
1

x
)(ϕ) =

∫ +∞

0

1

x

(
ϕ(x)− ϕ(−x)

)
dx.

Here, the notion pv stands for principal value.
One major advantage of distribution over usual functions is that they can be differ-

entiated as many times as we want. To see how to define the derivative of a distribution
T , let us first suppose T is given by a smooth function f , so we have

T (ϕ) =

∫
Rd
ϕ(x)f̄(x)dx.

1



A reasonable definition of T ′ should meet the requirement that the effect of DjT should
be given by Djf . Since ϕ is smooth with compact support, an integration by parts yields∫

ϕ(x)(Dj f̄)(x)dx = −
∫

(Djϕ)(x)f̄(x)dx,

which suggests us to define DjT by

(DjT )(ϕ) = −T (Djϕ).

We see that Djϕ is again smooth and has compact support, so DjT is also a well-defined
distribution. This is called the weak derivative or distributional derivative of T .

For any multi-index α = (α1, · · · , αd) with αj’s being non-negative integers, the dif-
ferentiation operator Dα is defined by

Dαϕ =
∂α

∂xα1
1 · · · ∂x

αd
d

ϕ.

One could then repeat the above integration by parts to define

Tα(ϕ) := (−1)|α|T (Dαϕ),

where |α| = α1+· · ·+αd counts the number of times of integrating by parts. Furthermore,
differentiation is a continuous operation, as can be seen by

(DαTn)(ϕ) = (−1)|α|Tn(Dαϕ)→ (−1)|α|T (Dαϕ).

The Dirac delta distribution on R is the derivative of the Heaviside function

H(x) =

{
1, x ≥ 0
0, x < 0

, (1.1)

which is easy to check by definition. Also, the distributional derivative of log |x| is pv(1/x).
Finally, one should keep in mind that it is in general not possible to define multipli-

cations between distributions.

2 Schwartz space and tempered distributions

The space D(Rd) of test functions have all the nice properties, but unfortunately it is
not closed under Fourier transform. As you may remember, the Fourier transform of a
compactly supported function cannot have compact support, unless it is identically 0.
For this reason, we would introduce a new space of test functions, namely the Schwartz
space S(Rd). It consists of smooth functions on Rd whose derivatives of all order decay
faster than any polynomials. More precisely, ϕ ∈ S(Rd) if

‖ϕ‖α,β := sup
x∈Rd
|xα(Dβϕ)(x)| < +∞

for all multi-indices α and β with components non-negative integer valued. Or equiva-
lently, we have |xα(Dβϕ)(x)| → 0 as x→ +∞.
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The topology on S is given by the following notion of convergence: ϕn → ϕ in S
if ‖ϕn − ϕ‖α,β → 0 for all α, β. Similar as the definition of a distribution, a tempered
distribution is then defined as a continuous linear functional on S, with the obvious notion
of weak convergence as before. The space of tempered distributions is denoted by S ′(Rd).

Not all distributions are tempered distributions. For example, the function e|x|
2

is
locally integrable and is hence a distribution, but it is not a tempered distribution (think
of why).

Here is the first theorem about the Schwartz space S.

Theorem 1. If ϕ ∈ S, then its Fourier transform ϕ̂ also belongs to S.

In fact, if ϕ ∈ S, one can integrate by parts as many time as one wants to obtain that
ϕ̂ decays faster than any polynomials. Also, it is easy to see that ϕ̂ is smooth and one
has

(Dαϕ̂)(ξ) =

∫
Rd

(−2πix)αϕ(x)e−2πiξ·xdx,

which is again the Fourier transform of another Schwartz function (−2πix)αϕ(x) and thus
also decays faster than any polynomials. This shows the Fourier transform ϕ̂ is again an
element in S. With a little more effort, one can also show that the Fourier transform
map F : S → S is a continuous bijection.

We now turn to defining the Fourier transform for elements in S ′(Rd). In the case
f ∈ S ′ is a smooth function, then the multiplication formula says∫

ϕ ˆ̄fdx =

∫
ϕ̂f̄dx.

This suggests us to define the Fourier transform of any element T ∈ S ′ as

T̂ (ϕ) := T (ϕ̂). (2.1)

It can be easily checked that T̂ is also an element in S ′. Also, one can define in a similar
way for element T ∈ S ′ another tempered distribution S such that Ŝ = T . This shows
the Fourier transform map is also a bijection from the space of tempered distributions to
itself.

We now look at the Fourier transforms of the distributions 1 and δ. By definition, we
have

δ̂(ϕ) = δ(ϕ̂) = ϕ̂(0) =

∫
ϕ(x)dx = 1(ϕ);

1̂(ϕ) = 1(ϕ̂) =

∫
ϕ̂(ξ)dξ = ϕ(0) = δ(ϕ),

which verifies our relation δ̂ = 1 and 1̂ = δ.
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3 Poisson’s equation

Another very important example of tempered distribution is the function

g(x) = |x|−d+α,

where α ∈ (0, d). This function is smooth everywhere except having an integrable singu-
larity at the origin. It is not in Lp for any p, but it belongs to S ′, and thus has a Fourier
transform. Formally, by scaling, we see

ĝ(λξ) =

∫
|x|−d+αe−2πiλξ·xdx = λ−αf̂(ξ),

which suggests ĝ(ξ) ∼ |ξ|−α, again a tempered distribution that does not belong to Lp

for any p. We now make a rigorous justification according to the definition above, and
also get the explicit value of the proportional constant.

Let T be the tempered distribution given by the function f(x) = |x|−d+α, and T̂ be
its Fourier transform defined as (2.1). If the formal relation

f̂(ξ) = C|ξ|−α (3.1)

holds, then the distribution T̂ should be given by the function f̂ . Thus, in order to justify
(3.1), it suffices to prove∫

Rd
|x|−d+αϕ̂(x)dx = C

∫
Rd
|x|−αϕ(x)dx.

To start, we again use our familiar Gaussian function and have the multiplication formula∫
Rd
e−π|x|

2tϕ̂(x)dx = t−
d
2

∫
Rd
e−π|x|

2/tϕ(x)dx,

which holds for every t > 0. Here, we have taken advantage of the fact that the Fourier
transform of e−π|x|

2
is itself. Now, multiply both sides by tλ−1 with λ to be determined

later, and integrate t from 0 to +∞, we get∫
Rd
ϕ̂(x)

(∫ +∞

0

tλ−1e−π|x|
2tdt

)
dx =

∫
Rd
ϕ(x)

(∫ +∞

0

tλ−1− d
2 e−π|x|

2/tdt

)
dx. (3.2)

The main goal to introduce the new integration variable t is to get the correct power of
|x| out of the integral. This suggests us to take λ = d−α

2
. Combining this choice of λ

with the expression of Gamma function

Γ(λ) =

∫ +∞

0

tλ−1e−tdt,

and integrating t out, we see (3.2) is simplified to

π−
d−α
2 Γ
(
(d− α)/2)

∫
Rd
|x|−d+αϕ̂(x)dx = π−

α
2 Γ(α/2)

∫
Rd
|x|−αϕ(x)dx.

This verifies the relation

̂| · |−d+α(ξ) = Cα,d|ξ|−α,

4



with the constant given by Cα,d = π
d
2
−αΓ(α/2)/Γ(d−α

2
).

The case of particular interest is d ≥ 3 and α = 2, as the inverse transform of − 1
4π2|ξ2|

is the Green’s function of the Laplacian. In this case, the above statement says the
Fourier transform of the function (viewed as a tempered distribution)

K(x) = −
Γ(d

2
− 1)

4π
d
2

· |x|−d+2

is exactly − 1
4π2|ξ|2 for d ≥ 3. In fact, if we consider the equation

∆u = f

on Rd with d ≥ 3, then we can take the Fourier transform in spacial variables to get

−4π2|ξ|2û(ξ) = f̂(ξ),

and taking the inversion Fourier transform according to the calculations above suggests
that the solution could be written as

u = K ∗ f.

Again, applying ∆ to both sides, the left hand side becomes f by definition, and the right
hand side equals

∆(K ∗ f) = (∆K) ∗ f = f,

which suggests the relation ∆K = δ. This leads to the concept of a fundamental solution.

Definition 2. Let L be a partial differential operator given by

L =
∑
|α|≤n

aαD
α,

where aα’s are constant coefficients. A fundamental solution of L is a distribution T such
that LT = δ.

Note that the fundamental solution is not unique, as one can always add a constant and
obtain another fundamental solution. The notion of fundamental solution is important
in the sense that the map

T : S → S, f 7→ T ∗ f

gives an ’inverse’ to the operator L. Indeed, one can easily verify the relation LT =
TL = id. If T is a fundamental solution of L, then u = T ∗ f is a real solution to the
equation Lu = f .

We now rigorously justify that the function K(x) = − 1
4π|x| is a fundamental solution

of ∆ in d = 3 dimensions. We need to show that

〈∆K,ϕ〉 := 〈K,∆ϕ〉 = ϕ(0).
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Since K is smooth everywhere except the origin, we consider the domain Ω given by

Ω =
{
x : ε < |x| < R

}
with R large enough such that ϕ vanishes outside R

2
. Integration by parts gives∫

Ω

K∆ϕdx =

∫
Ω

∆Kϕ+

∫
∂Ω

K · ∂ϕ
∂~n

dS −
∫
∂Ω

∂K

∂~n
· ϕdS,

where ~n is the outward normal direction, and the largeness of R suggests we only need to
consider the inner sphere of radius ε as ∂Ω. The first term is identically 0 as ∆K = 0 away
from the origin. The second one is O(ε) as K(x) = O(1/ε) on ∂Ω, while |∂Ω| = 4πε2. So
it also vanishes as ε→ 0. As for the third one, one can easily compute ∂K

∂~n
, and obtain a

limit ϕ(0) as ε→ 0. The case for d > 3 dimensions is essentially the same. We have thus
verified that

K(x) = −
Γ(d

2
− 1)

4π
d
2

· |x|−d+2

is a fundamental solution of ∆ in d ≥ 3 dimensions.
However, the above argument fails as soon as d = 2, as |ξ|−2 is not locally integrable

in two dimensions, and thus does not define a tempered distribution. Nevertheless, by
the same integration by parts arguments, we see that

K(x) =
1

2π
log |x|

is a fundamental solution of ∆ in d = 2, and this locally integrable function gives a well
defined tempered distribution. The question then is what is its Fourier transform. It
turns out that it is a renormalised version of |x|−2, defined as

R(|x|−2)(ϕ) :=

∫
|x|≤1

ϕ(x)− ϕ(0)

|x|2
dx+

∫
|x|>1

ϕ(x)

|x|2
dx.

It is easy to verify this distribution coincides with |x|−2 when applied to test functions
ϕ that vanishes at 0. Also, we see that the renormalised distribution R(|x|−2) could be
written as

R(|x|−2) = T (|x|−2)−∞ · δ,

where this ’∞’ is formally given by
∫
|x|≤1
|x|−2dx. One might wonder why the cutoff is

chosen to be 1; in fact, one can choose any positive real number as a cutoff, and the effect
is just adding a finite quantity C to the ’∞’. To see how large this∞ is, we approximate
|x|−2 by |x|−2+λ and send λ→ 0. We can do it in the general case d. Fix a test function
ϕ, we write

I(λ) =

∫
Rd
|x|−d+λϕ(x)dx

=
Ad
λ
· ϕ(0) +

∫
|x|≤1

|x|−d+λ
(
ϕ(x)− ϕ(0)

)
dx+

∫
|x|>1

|x|−d+λϕ(x)dx,
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where Ad is the area of the unit sphere in d dimensions. Multiplying λ on both sides and
send λ→ 0, we see that

R(|x|−d) =
(
λI(λ)

)′|λ=0, (3.3)

the first-order term in the Taylor expansion of λI(λ) near λ = 0. We are now ready to
verify the relation

l̂og | · | ∼ R(|x|−2).

First, for λ > 0, we have∫
R2

|x|−λϕ̂(x)dx = C(λ)

∫
R2

|x|−2+λϕ(x)dx = C(λ)I(λ),

where C(λ) = λ
2π

+ C ′λ2 +O(λ3). Differentiating both sides with respect to λ, and then
evaluate at λ = 0, we obtain (by using (3.3))∫

R2

ϕ̂(x) log |x|dx = − 1

2π

(∫
|x|≤1

ϕ(x)− ϕ(0)

|x|2
dx+

∫
|x|>1

ϕ(x)

|x|2
dx

)
+ 2πC ′ϕ(0).

This shows that the Fourier transform of 1
2π

log |x| is the renormalised distribution

− 1

4π2
R(|x|−2) + C ′δ,

where C ′ is the coefficient of the second order Taylor expansion of C(λ). The appearance
of C ′ indicates the cutoff in defining R(|x|−2) is some other real number instead of 1.

Finally, we prove that the fundamental solution of the heat operator L = ∂t−∆ is the
function F (t, x) which equals the heat kernel Ht(x) for t ≥ 0, and 0 for negative values
of t. To see this, let us first note that the distribution LF is defined via

(LF )(ϕ) := −〈F, (∂t + ∆)ϕ〉,

where the integration is understood to be in both space and time. Thus, we have

(LF )(ϕ) = − lim
ε→0

∫
t≥ε

∫
Rd
Ht(x)ϕ(t, x)dxdt.

Fix positive ε, using integration by parts and the relation ∂tH = ∆H, we get

−
∫
t≥ε

∫
Rd
H(∂t + ∆)ϕdxdt = −

∫
Rd

(∫
t≥ε

∂

∂t
(Hϕ)dt

)
dx

=

∫
Rd
Hε(x)ϕ(ε, x)dx.

Since ϕ ∈ S(R1+d), we have

sup
x
|ϕ(ε, x)− ϕ(0, x)| → 0

as ε → 0. Also, Hε approximates the delta function (in space), so the last line above
converges to ϕ(0, 0) as ε→ 0, which shows LF = δ.
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