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Key Insights 

Connections on frame bundles describe how local 
frames twist as we move across a manifold, with 
curvature capturing global geometric structure. By 
imposing symmetry, 𝐺	-invariant connections arise, 
linking geometry to group actions.

On the base is an  𝑛-dimensional 
manifold: a space such that if you 
zoom in enough, it is 
diffeomorphic to an 𝑛-
dimensional Euclidean space, ℝ!.	

A principal 𝑮-bundle is a smooth 
manifold, 𝑃, with a free right action of 
a Lie group 𝐺 and a smooth 
surjection 𝜋: 𝑃	 → 𝑀, onto the base 
manifold, such that for each 𝑥	 ∈ 𝑀 
there exists a neighbourhood𝑈 ⊂ 𝑀	
with 𝜋"# 𝑈 = 𝑈	×	𝐺	.

A frame bundle is a principal 𝐺𝐿(𝑛,ℝ)-bundle 
𝐹𝑀 =	∐$∈&{ 𝑒#, … , 𝑒! : 𝑒#, … , 𝑒!  basis of 
𝑇$𝑀}.	The group 𝐺𝐿 𝑛,ℝ 	acts on frames by 
change of basis: 

𝑒#, … , 𝑒! ⋅ 𝐴 = (?
'(#

!
𝑣'𝐴'#, … ,?

'(#

!
𝑣'𝐴')),

	
for any 𝑣#, … , 𝑣! ∈ 𝐹𝑟*+ 𝑀 $ , 𝐴 ∈
𝐺𝐿 𝑛,ℝ .	Simply put, it is the space of all 
coordinate systems attached to each point of 
𝑀.

A connection is the non-unique 
prescription of how to move 
“horizontally” through the bundle, 
allowing comparison of fibres at different 
points. Technically, it is a Lie algebra-
valued 1-form 𝜔 ∈ Ω#(𝑃, 𝔤) such that 
1)	𝜔 𝑋# = 𝑋 for every fundamental 
vector field, and 2) 𝑅-

∗𝜔 = 𝐴𝑑 𝑔"# 𝜔 
for all 𝑔 ∈ 𝐺, where 𝑅- is the right action. 

The curvature of a connection is a Lie algebra 
valued 2-form, 𝐹 ∈ Ω/ 𝑃, 𝔤 , such that 𝐹 =
𝑑𝜔 + #

/
𝜔,𝜔 . It measures the obstruction to 

flatness, or the failure of parallel transport to 
return to the starting point. 

The base manifold is the 
complex projective line, ℂℙ!, 
which is diffeomorphic to the 
Riemann sphere, 𝑆", via one-
point compactification. 

The general fibra of  group 
𝑈 1 = e#$ ∈ ℂ": 𝜃 ∈ ℝ  (the 
circle group), acts on 𝑆% on the 
right via 

𝑤, 𝑧 ⋅ 𝑒&$ = (𝑤𝑒&$ , 𝑧𝑒&$)

The Hopf Bundle: 
This is a principal 𝑈 1 -bundle, where 𝑃 is 
the hypersphere, 𝑆% = {

}
𝑤, 𝑧 ∈ ℂ": 𝑤 " +

𝑧 " = 1 , equipped with the surjective map 
𝜋 𝑤, 𝑧 = ℂ ⋅ 𝑤, 𝑧 ⊆ ℂ".

Scan for more 
details!

The investigation began by defining the conditions under which a connection and 
curvature on the frame bundle of the Hopf bundle is invariant under the action of 
the Lie group 𝑈(1). 

Let 𝐹𝑟 𝑆0  denote the frame bundle of 𝑆0 whose points are the pairs 𝑝, 𝑒#, 𝑒/, 𝑒0 , for 𝑝 ∈ 𝑆0, and 𝑒#, 𝑒/, 𝑒0  
is an ordered basis of 𝑇1𝑆0. For every 𝜆 = 𝑒'2 ∈ 𝑈 1 , we have the map OR3: 𝐹𝑟 𝑆0 → 𝐹𝑟 𝑆0 ,
	 Q𝑅3 1, 5',5(,5) ≔ (𝑝 ⋅ 𝑧, ( 𝑑𝑅3 1𝑒#, 𝑑𝑅3 1𝑒/, 𝑑𝑅3 1𝑒0)), 
where 𝑑𝑅3 1: 𝑇1𝑆0 → 𝑇1⋅3𝑆0 is the differential of 𝑅3 at 𝑝.	In fact, this map Q𝑅3 defines a right 𝑈 1 -action on 
𝐹𝑟 𝑆0 . This action also commutes with the standard right action of 𝐺𝐿 3,ℝ  on frames, so each Q𝑅3 is a 
principal bundle automorphism of 𝐹𝑟(𝑆0) covering 𝑅3: 𝑆0 → 𝑆0.	
Keeping to the same notation as above, we can define a 𝑈 1 -invariant  connection 1-form 𝜔 ∈
Ω# 𝐹𝑟 𝑆0 , 𝔤𝔩 3, ℝ  to be such that for any 𝜆 ∈ 𝑈 1  we have
 Q𝑅3∗𝜔 = 𝜔. 
More geometrically, we can define an Ehresmann connection, a non-unique choice of horizontal 
distributions, to be 𝑈(1)-invariant if for every 𝜆 ∈ 𝑈 1  again, and any 𝑝 ∈ 𝐹𝑟 𝑆0 	

𝑑 Q𝑅3 1 𝐻1 = H7⋅3.	
That is this induced right action on the frame bundle preserves the horizontal distribution. A proof these 
definitions correspond can be followed via the QR code!
Finally, we look at what is means for the curvature 2-form, 𝐹 ∈ Ω/(𝐹𝑟 𝑆0 , 𝔤𝔩 3, ℝ ), to be 𝑈 1 -invariant. 
Given a fixed 𝑈 1 -invariant connection 1-form and any 𝜆 ∈ 𝑈 1 , the associated 𝑈(1)-invariant curvature 2-
form is Q𝑅3

∗	𝐹 = 𝑑( Q𝑅3
∗𝜔) + #

/
[ Q𝑅3

∗𝜔, Q𝑅3
∗𝜔] = d𝜔 + #

/
𝜔,𝜔 = 𝐹.

Using the Hopf analysis, we can generalize these 
definitions to the following case. Take an 𝑛-dimensional 
manifold 𝑀, and let 𝐺 be a Lie group acting smoothly on 
𝑀: 

Φ:𝐺	×𝑀 → 𝑀, 	 𝑔, 𝑥 ↦ 𝑔 ⋅ 𝑥.
The action of 𝐺	on 𝑀 lifts naturally to a left action on 
𝐹𝑟(𝑀) by the pushforward of frames:
OΦ- 𝑥, 𝑒#, … , 𝑒! = (𝑔 ⋅ 𝑥, 𝑑Φ- $

𝑒#, … , 𝑑Φ- $
𝑒!))	,

for any 𝑔 ∈ 𝐺. The induced action covers the action on 
the base space 𝜋 ∘ OΦ- = Φ- ∘ 𝜋; and commutes with 
the right 𝐺𝐿 𝑛,ℝ -action, OΦ- 𝑢 ⋅ 𝐴 = OΦ- 𝑢 ⋅ 𝐴; 
therefore, the frame bundle of 𝑀 is 𝐺-invariant. 
The Ehresmann connection is 𝐺-invariant if 

(𝑑OΦ-)1 𝐻- = 𝐻9:* 1 	 ∀	𝑔 ∈ 𝐺, 𝑝 ∈ 𝐹𝑟(𝑀).	
 A connection 1-form 𝜔 ∈ Ω# 𝐹𝑟 𝑀 , 𝔤  is 𝐺-invariant if 

OΦ-∗𝜔 = 𝜔	 ∀𝑔 ∈ 𝐺.
Given that 𝜔 is a 𝐺-invariant connection 1-form, a 𝐺-
invariant curvature 2-form 𝐹 ∈ Ω/(𝐹𝑟 𝑀 , 𝔤) is defined 
as follows 

OΦ-∗𝐹 = 𝑑 OΦ-∗𝜔 +
1
2
OΦ-∗𝜔, OΦ-∗𝜔 = 𝑑𝜔 +

1
2
𝜔,𝜔 = 𝐹.

The Hopf bundle visualised as expanding nested 
tor: under stereographic projection, the circles, 
𝑆!, in 𝑆% corresponding to points on 𝑆" form 
linked fibres lying on tori that grow and shrink 
between the poles of .	

This work explored how symmetry can simplify the 
study of connections and curvature on principal and 
frame bundles. By considering 𝐺-invariant structures, 
we saw that geometric quantities become easier to 
describe and compute, as the invariance conditions 
reduce the freedom in choosing a connection. 
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