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Connections on frame bundles describe how local
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= on a Frame Bundle over a Symmetric Base Manifold

curvature capturing global geometric structure. By
Imposing symmetry, ¢ -invariant connections arise,

Rachel Haddad linking geometry to group actions.
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The investigation began by defining the conditions under which a connection and
curvature on the frame bundle of the Hopf bundle is invariant under the action of
the Lie group U(1).

The Hopf bundle visualised as expanding nested
tor: under stereographic projection, the circles,
S, in S3 corresponding to points on S form
linked fibres lying on tori that grow and shrink
between the poles of .

Bundle Geometry

The Hopf Bundle:

This is a principal U(1)-bundle, where P is
the hypersphere, S3 = {(w, z) € C%: |w|? +
|z|? = 1}, equipped with the surjective map

The curvature of a connectionis a Lie algebra -
I t(w,z) =C- (w,z) € C>.

valued 2-form, F € Q?(P, g), suchthat F =
dw + % |lw, w]. It measures the obstruction to

flatness, or the failure of parallel transport to
return to the starting point.

A connection is the non-unique
prescription of how to move P
“horizontally” through the bundle,

allowing comparison of fibres at different

points. Technically, it is a Lie algebra- ; e

valued 1-form w € Q1 (P, g) such that

1) a)(X#) = X for every fundamental ,
The general fibra of group
U(1) = {e'? € C%:0 € R} (the
circle group), acts on S3 on the
right via
(w, z) - e = (we'?, ze'?)

* The base manifold is the
- _ ~1
vector field, and 2) (Rg) w=A4d(9g™)w N complex projective line, CP?,
forall g € G, where R is the right action. which.is-eh orphic to the ¢
. o w, S2 via one-
A frame bundle is a principal GL(n, R)-bundle point compactification.

-1
FM = [l,eyi(eq, ...,e): (eq, ..., €5) basis of
T,M}. The group GL(n,R) acts on frames by
change of basis:

n

n
(e, ...,ep) A= (z ViAi, ,z V;Ajj),
i=1 =1

forany (vq,...,v,) € Frg (M), A €

GL(n,R). Simply put, it is the space of all
coordinate systems attached to each point of
M.

Let Fr(S3) denote the frame pbundle of S3 whose points are the pairs (p, (eq, €5, 63)), forp € S3, and (eq, e,, 3)
is an ordered basis of T,,S3. For every 1 = e'? € U(1), we have the map Ry: Fr(S3) - Fr(S?),

Rl(p,(el,ez,eg)):z (p-z, ((dRA)pel’ (dRA)pQZJ (dRA)pQS))’
where (dR;),: T,S® = T,.,53 is the differential of R, at p. In fact, this map R, defines a right U(1)-action on
Fr(S3).This action also commutes with the standard right action of GL(3, R) on frames, so each R; is a
principal bundle automorphism of Fr(S3) covering R;: S3 — S3.
Keeping to the same notation as above, we can define a U(1)-invariant connection 1-form w €
A principal G-bundle is a smooth % (Fr(S3), al(3, R)) to be such thatforany A € U(1) we have
manifold, P, with a free right action of
a Lie group ¢ and a smooth
surjectionm: P — M, onto the base
manifold, such that foreachx € M
there exists a neighbourhood U ¢ M
witht }(U) = U X G .

On the base is an n-dimensional
manifold: a space such that if you
zoom in enough, itis

diffeomorphic to an n-
dimensional Euclidean space, R".

Riw = w.
More geometrically, we can define an Ehresmann connection, a non-unique choice of horizontal
distributions, to be U(1)-invariant if for every A € U(1) again, and anyp € Fr(S3)
(dR;), (H,) = Hy.
That is this induced right action on the frame bundle preserves the horizontal distribution. A proof these
definitions correspond can be followed via the QR code!

Finally, we look at what is means for the curvature 2-form, F € Q(Fr(S3), gl(3, R)), to be U(1)-invariant.
Given a fixed U(1)-invariant connection 1-form and any A € U(1), the associated U(1)-invariant curvature 2-

formis (R,) F = d((R)) ) + % [(Ry) w, (R)) »] = dw + % [w,w] = F.

G— Fr (M)«— GL(n,R)

General Framework

Using the Hopf analysis, we can generalize these
definitions to the following case. Take an n-dimensional
manifold M, and let G be a Lie group acting smoothly on
M:

d:G XM - M, (g,x) » g x.
The action of G on M lifts naturally to a left action on
Fr(M) by the pushforward of frames:

U(1l) — «—GL(n, R) ég(x, (eq, ...,en)) = (g - x, (dCDg)xel, (dq)g)xen))'

forany g € G. The induced action covers the action on
the base space 1w o @, = @, o 1; and commutes with
the right GL(n, R)-action, ®,(u - A) = &, (u) - 4;
therefore, the frame bundle of M is G-invariant.
The Ehresmann connection is G-invariant if

dd,), (Hy) = Hg, ) Y9 EG,pE€Fr(M).
A connection 1-form w € QY (Fr(M), g) is G-invariant if

a);w = w Vg € G.

Given that w is a G-invariant connection 1-form, a G-
invariant curvature 2-form F € Q*(Fr(M), g) is defined
as follows

O F = d(CDga)) + E[Cbgw, Cbga)] =dw + E[a), w]=F.

Key Insights

This work explored how symmetry can simplify the
study of connections and curvature on principal and
frame bundles. By considering G-invariant structures,
we saw that geometric quantities become easier to

describe and compute, as the invariance conditions
reduce the freedom in choosing a connection.
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