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Introduction

Small recap

o Let E//K be an elliptic curve defined over a number field K with the
following Weierstrass equation:

E:y® 4+ a1zy + asy = 2° + asz® + asx + ag.

e E(K) is the set of points (z,y) € K? that lie on E, together with a point at
infinity O. They form a commutative group in a natural way.

@ O is the identity in this group: P+ O = P for all P € E(K).
We let [n] : E — E be multiplication by n in this group.
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Introduction

Small recap

o Let E//K be an elliptic curve defined over a number field K with the
following Weierstrass equation:

E:y® 4+ a1zy + asy = 2° + asz® + asx + ag.

e E(K) is the set of points (z,y) € K? that lie on E, together with a point at
infinity O. They form a commutative group in a natural way.

@ O is the identity in this group: P+ O = P for all P € E(K).
We let [n] : E — E be multiplication by n in this group.

@ There are polynomials ¢,,, ¥, w, € Z[x,y, a] for n € N with
On Wy
wm-l—nwm—nw? = ¢m+r¢m—r¢721 - wn+r¢n—rw72n (’/‘ <n< m)

@ The polynomial 1, is usually referred as the n-th division polynomial
(associated to E).
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Introduction

n-th division polynomials

Properties:

© Recurrence relation: the n-th division polynomials satisfy the recurrence
relation

wmﬁ-nwm—nwz = wm—&-rwm—rwi - wn-i-rwn—rw?n (7“ <n< m)
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Introduction

n-th division polynomials

Properties:

© Recurrence relation: the n-th division polynomials satisfy the recurrence
relation

wmﬁ-nwm—nwz = wm—ﬁ-rwm—rwi - wnﬂ-rwn—rw?n (T <n< m)

@ Chain rule: Y, (P) = ¥, (mP)™ (P).
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Introduction

n-th division polynomials

Properties:

© Recurrence relation: the n-th division polynomials satisfy the recurrence
relation

wmﬁ-nwm—nwz = wm—ﬁ-rwm—rwi - wnﬂ-rwn—rw?n (T <n< m)

@ Chain rule: Y, (P) = ¥, (mP)™ (P).

© Relation to z: the n-th division polynomials satisfy

wnerql)nfm

T = z(nP) — z(mP).
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Introduction

n-th division polynomials

Motivation:

o It is used in Schoof’s algorithm to count the number of points in E(F,),
which is a polynomial time

o A faster way to compute z([n]P).
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Introduction

n-th division polynomials

Motivation:
@ It is used in Schoof’s algorithm to count the number of points in E(F,),
which is a polynomial time

o A faster way to compute z([n]P).

@ A tool to study problems related to integral points on elliptic curves (e.g.
what is a bound for the size of n such that [n]P is integral?)

Recall that the n-th division polynomial is directly related to the
x—coordinate of a point: for P € E(K) (K has class number 1),
_ On o Ap

=2 ged(A,, B?) =1.

x([n]P)_@_Bﬁ’
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Introduction

n-th division polynomials

Motivation:

@ It is used in Schoof’s algorithm to count the number of points in E(F,),
which is a polynomial time

o A faster way to compute z([n]P).

@ A tool to study problems related to integral points on elliptic curves (e.g.
what is a bound for the size of n such that [n]P is integral?)

Recall that the n-th division polynomial is directly related to the
x—coordinate of a point: for P € E(K) (K has class number 1),
_ On o Ap

=2 ged(A,, B?) =1.

x([n]P)_@_Bﬁ’

e Denote g, (P) = min (v (¥2(P)),v (¢n(P))), v a valuation associated to
a prime.
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Introduction

Common valuation

Cheon and Hahn (1998): described the sequence of valuation recursively
Let F be an elliptic curve over any field K, define the subset

Eo(K)={P e E(K)|P mod p is non-singular in E(F,)}

where p is the prime with the finite valuation v, I, denotes the field Ok /pOk.
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Introduction

Common valuation

Cheon and Hahn (1998): described the sequence of valuation recursively
Let F be an elliptic curve over any field K, define the subset

Eo(K)={P e E(K)|P mod p is non-singular in E(F,)}
where p is the prime with the finite valuation v, I, denotes the field Ok /pOk.
@ It is known that E(K)/Ey(K) is a finite group.

@ r(p,P) == order of P in E(K)/Ey(K), so r(p, P) is the smallest positive
integer such that [r]P is non-singular mod p.
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Common valuation of division poilynomials

Common valuation—explicit formula

Theorem (Cheon and Hahn, 1998)

Let E be an elliptic curve defined by a Weierstrass equation with coefficients in
Ok . Let P be a non-torsion point of E(K) and assume v(z(P)) > 0. Let
r=r(p,P)>1andn >0, then g, ,(P) is asymptotically equal to a quadratic
function. More precisely,

ut?, ifn =tr,

Py WP)) )
9. (P) 4ﬂt2i2(2’/ <¢7__k(p) TR i —otr £k with 1< k <1,
+ 2v(¢Yr(P)),
(1)

where 1 = g, ,(P).

v

Recall that g, ,, (P) = min (v (Y2(P)) , v (¢n(P))).
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Common valuation of division poilynomials

Common valuation—explicit formula

Proof strategy:

o Comparing the valuations of the terms in the recurrence relation

¢mr+kwmr—k = wmr+lwmr—1wz - wk+lwk—lw72nr (1 S k § 7‘)

and prove the valuation for o441
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Common valuation of division poilynomials

Common valuation—explicit formula

Proof strategy:
o Comparing the valuations of the terms in the recurrence relation
vk Cmr—k = Pmrs1Pmr 108 — Vep1 Ve 1¥p, (1< k<)
and prove the valuation for o441
@ Heavy use of properties of division polynomials, especially for the case of v,
On(P) = 2(P)i(P) = Yni1(P)n-1(P);

Yo (P) = 61 (P)™ o (r P);
Gmr(P) = tn(P)™ 1 (rP),
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Common valuation of division poilynomials

Common valuation—explicit formula

Proof strategy:

o Comparing the valuations of the terms in the recurrence relation
vk Cmr—k = Pmrs1Pmr 108 — Vep1 Ve 1¥p, (1< k<)
and prove the valuation for o441
@ Heavy use of properties of division polynomials, especially for the case of v,
Pn(P) = 2(P)Y3(P) = Yny1(P)hn1(P);
Yo (P) = 61 (P)™ o (r P);
Gur(P) = 0r(P)*™ o (rP),

@ By substituting ¥3(P) = (2y + a17 + agz)? with 423 + box? + byx + bg, we
cna always reduce the dependence on y and therefore ¢/2, ¢,,(x) € Z[a][z].

n?

@ We can also use properties of polynomials, such as the degree of the
polynomial

Edison Au-Yeung C luati. of division poly ials at points on elliptic curves 7/23




- el
Complex multiplication

o Let E//C be an elliptic curve over the rationals defined by a Weierstrass
equation with integer coefficients, then End(FE) is always isomorphic to Z or
Z|w] = {a+bw: a,b € Z}, an order in an imaginary quadratic field F.

@ When E/K has complex multiplicaton, it then makes sense for us to consider
[a]: E — E, multiplication by a € Z[w] in the group E(K).
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Complex multiplication

o Let E//C be an elliptic curve over the rationals defined by a Weierstrass
equation with integer coefficients, then End(FE) is always isomorphic to Z or
Z|w] = {a+bw: a,b € Z}, an order in an imaginary quadratic field F.

@ When E/K has complex multiplicaton, it then makes sense for us to consider
[a]: E — E, multiplication by a € Z[w] in the group E(K).

@ Do we also have a rational function on E//K that accounts for these extra
CM points while still satisfying the three properties:

© Recurrence relation: the n-th division polynomials satisfy the recurrence
relation

¢m+n¢m—n¢3 = ¢m+r¢m—rwi - 'l,bn-&-r'lﬁn—rwgn (7” <n< m)

@ Chain rule: Ynm(P) = v (mP)YT (P).
© Relation to x: the n-th division polynomials satisfy

wn+mwn—m

HERE = z(nP) — x(mP).
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Net polynomials

Net polynomials
Definition (Net polynomial — rank 2; Stange, 2007)
For an arbitrary field K, consider the polynomial ring

R, = K[z, yili<i<rl(@i — 23) 7/ (@i, 9i) )1<i<rs
G,QLL'% —aux; —ag,a; € K. Let

where f(zi,y:) =y + a1ziy; + azy; — a7 —
P = (P, P,) € E(K)? and v = (v1,v2) € Z". Then there exists rational
functions ¥, (P), ®,(P), Q,(P) € R, such that
®y(P) Q(P)
-P = P P = . 2
0P = ir = (G ) @)

The polynomial W, is defined to be the v-th net polynomial.

9/23
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Net polynomials

Net polynomials
Definition (Net polynomial — rank 2; Stange, 2007)
For an arbitrary field K, consider the polynomial ring

R, = K[z, yili<i<rl(@i — 23) 7/ (@i, 9i) )1<i<rs
G,QLL'? —aux; —ag,a; € K. Let

where f(zi,y:) =y + a1ziy; + azy; — a7 —
P = (P, P,) € E(K)? and v = (v1,v2) € Z". Then there exists rational
functions ¥, (P), ®,(P), Q,(P) € R, such that
®y(P) Q(P)
-P = P P = . 2
0P = ir = (G ) @)

The polynomial W, is defined to be the v-th net polynomial.
In our case, we fix a point P € F(K) and pick P, = P, P, = [w]P. Then we have
w

9/23

v+ P =uv P + v|w]P = [v1 + vaw] P, v1 + vow € Z[w].

Is at points on elliptic curves
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Net polynomials

Properties of of net polynomials — recurrence relation

Stange has shown that the net polynomials do satisfy the following recurrence
relation:

\I’p-s-q‘llp—q‘l'g = ‘I’p+r‘l’p—r\1/121 - ‘I/q-i-r‘l'q—rq/fr

Compare with the rank 1 case:

wm—knwm—nwg = wm—krwm—rwi - wn—&-rwn—rw?n (T <n< m)
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Net polynomials

Properties of of net polynomials — recurrence relation

Stange has shown that the net polynomials do satisfy the following recurrence
relation:

\I’p-s-q‘llp—q‘l'g =Vpir¥pr 1 5=

PR (A R

Compare with the rank 1 case:
wm—knwm—nwg = wm—krwm—rwi - wn—&-rwn—rw?n (T <n< m)

We identify Z[w] as a rank 2 Z-module: for
a=aj + aw, S = P14 Paw,y =71 + Yaw € Z[w], we take
p=(B1,02),q = (c1,2) and 7 = (71, 72).
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Net polynomials

Properties of of net polynomials — recurrence relation

Let {e1,ea} be the standard basis of Z2. All the terms in the net polynomial are
defined by the following initial conditions:

o U, =V, =V, 4, =1;
0 Uy, =2y1 +a1x1 + a3 = Yo(Pr);
0 Uy, =2ys + a122 + a3 = Yo (P);

2
© Wae,te, = 201 + 2 — (L*yl) —a (7”2*’“) + az;

T2—T1 T2—T1

o Similar for ¥ae, e,
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Net polynomials

Properties of of net polynomials — recurrence relation
Let {e1,ea} be the standard basis of Z2. All the terms in the net polynomial are
defined by the following initial conditions:

o U, =T, =TV, 4o, =1;

o Uy, =2y1 +arx1 + az = YPo(P1);

0 Wae, = 2ys + a1x2 + az = VY2(FPa);

2
© Wae,te, = 201 + 2 — (L*yl) —a (7”2*’“) + az;

T2—T1 T2—T1
o Similar for ¥ae, e,

@ The factor (z; — z;)~" comes from the elliptic curve point addition formula:
let E be an elliptic curve given by the Weierstrass equation

E: y2+a1xy+a3y:x3+a2m2+a4x+a6
If P, 7é:|:P2, then

2
x(P1+P2):<y2 yl) +al<y2 y1>—a2—$1—9€2
To — I T2 — T
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Net polynomials

Properties of net polynomials — relation to x

Recall z(v - P) = 2y (P)
Q Foranyv,uecZ’,

\Il'u+u \Ijv—u

z(v-P)—z(u-P)=— 7z

where z(v - P) represents the z-coordinate of the point v - P.

Q Fori=1,2,

Dy (P) = V3 (P)2(P) = Vyie; (P)Vye,(P).

Compare with rank 1 case: for z([n|P) = f:((g))z,

© (nP) — a(mP) = Ve,

(2] ¢n(P) = x(P)wr%(P) —1/}n+1(P)1/Jn71(P)-
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Net polynomials

Properties of net polynomials — chain rule

In the rank 1 case, we have
G (P) = 0 (P)™ 4, (r P);
Gmr(P) = Pr(P)?™ $y0 (rP).

In a more general rank 2 setting, instead of chain rule, Stange proved that we can
perform ‘change of basis’.

Edison Au-Yeung C. luati of division poly ials at points on elliptic curves 13/23




Net polynomials

Properties of net polynomials — chain rule

In the rank 1 case, we have

2
wmr(P) = wr(P)m 'wm(rp);
Gmr(P) = 0p(P)*™ G (rP).
In a more general rank 2 setting, instead of chain rule, Stange proved that we can
perform ‘change of basis’. For our specific case of CM, this is a bit simpler and

still can be understood as chain rule. Let « = a + bw, f = ¢ + dw € Z[w], then
the chain rule is

2

Vap(P) = Va(aP)Wa(P) MW 00 (P)T =MW (4 4 0y (P)

(Recall the initial conditions of net polynomials: we require
\1161 = \1162 = \11614-62 = 1')
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Net polynomials

Notion of non-singular reduction

Cheon and Hahn: described the sequence of valuation recursively
Let E be an elliptic curve over any field K, define the set

Ey(K)={P € E(K)|P mod p is non-singular in E(F,)}

where p is the prime with the finite valuation v, IF, denotes the field O /pOk. It
is known that E(K)/Ey(K) is a finite group.

Proposition
Ey(K) is a Z|w]-submodule of E(K).

Example: E: y? = 2% + 22 — 32 + 1 over the field Q(v/—2), CM by Z[/-2].
o A=512=(v=2)*
@ The point P = (—1,2) is singular mod /=2, but not [2]P = (

@ The point [\/—2] P= (%, 2\/1_72) is not singular either.

[eeJEN]

).

5
1
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Net polynomials

Notion of non-singular reduction

Cheon and Hahn: described the sequence of valuation recursively
Let E be an elliptic curve over any field K, define the set

Eo(K)={P e E(K)|P mod p is non-singular in E(F,)}

where p is the prime with the finite valuation v, F, denotes the field O /pOx. It
is known that E(K)/Eq(K) is a finite group.

Proposition
Ey(K) is a Z]|w]-submodule of E(K).

Assume K has class number 1, then we define r(p, P) := annihilator of P in
E(K)/Ey(K).
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Local height function

In simple terms: a local function that sums up to the canonical height function
h(-), hence measuring the arithmetic complexity of a point P € E(K).
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Local height function

In simple terms: a local function that sums up to the canonical height function

h(-), hence measuring the arithmetic complexity of a point P € E(K).

Proposition

Let K be a number field, E/K be an elliptic curve. Then for all P,Q € E(K)
with P,Q, P £ @ # O, the Néron height function A: E(K) \ {O} — R satisfies
the quasi-parallelogram law

AP +Q)+ AP = Q) = 2A(P) + 2X(@) + v(e(P) — (Q)) - gr(A)

Corollary

For any non m-torsion point P, with m € Z,

A([mIP) = m2A(P) + v(4 (P)) — 1—12(m2 — (A,
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Net polynomials

Local height function

Proposition

Let A be the discriminant of this equation. Then the Néron local height function
A: E(K)\ {O} — Ris given by the formula

A(nP) = %max{z/(x(np)*l),O} + i1/(A)

= %max{QV(wn(P)) —v(én(P)),0} + %V(A), for all P € Ey(K).

v
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Local height function

Proposition

Let A be the discriminant of this equation. Then the Néron local height function
A: E(K)\ {O} — Ris given by the formula

A(nP) = %max{z/(x(np)*l),O} + i1/(A)

= %max{QI/(’zZJ,L(P)) —v(dn(P)),0} + %V(A), for all P € Ey(K).

v

Hence, results for the local height function = results for the division polynomials.
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Net polynomials

Local height function and elliptic net
Proposition [Au-Yeung, 2025+]

Let E be an elliptic curve defined over a number field L, v = (a,b) € Z2. Let
P = (P,Q) € E(K)?. If v is the finite place associated to the prime p, then the
normalised Néron local height function (A(P) := A(P) — 5v(A)) satisfies

Av- P) = a®X(P) + B*A(Q) +ab (\(P+Q) = A(P) = A(@) + (¥ (P)) ,

where W, ;) is the elliptic net polynomial evaluated at v = (a, b).

Proof strategy:

e Prove by induction and using the fact that A(P) = A(—P).
@ Use the quasi-parallelogram law in the inductive step.
@ Relation to z: for any v, u € Z2,

\I/'u-i-u \Ij'u—u

P P) = (u P) = ——thret,
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Local height function and elliptic net

Corollary [Au-Yeung, 2025+]

Let E/K be an elliptic curve defined over a number field K with complex
multiplication by an order Z[w] in a quadratic imaginary field F' C K. For any

a = a+ bw € Z|w] and any non-torsion points P = (P,wP) € E(L)?, if v is the
finite place associated to the prime p, we have

M[a]P) = a®X(P)4+b*X\(wP)+ab <X([1 + w]P) — \(P) — ;\(wP))+V(\I/(a7b)(P)),

where W, 3 is the elliptic net polynomial evaluated at v = (a,b), the vector
notation for elements in Z[w].

Compare with the original formula:
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Net polynomials

Finiteness of local height values

Proposition

Let E/K be an elliptic curve with complex multiplication by Z[w], which is
assumed to be a PID. For a non torsion point P in E(K)\ Eo(K) with ann(P) in
the Z]w]-module E(K)/Ey(K), let v be a finite place in K such that P mod v
has additive singularity. Let r E ann( ). Then for any a = a + bw ¢ ann(P), we
have

AM[o]P) =X ([@P),a=a mod r.

Example: E: y? = 2% 4+ 2% — 3z + 1 over the field Q(v/—2), CM by Z[/—2].
o A=512=(vy=2)*
@ The point P = (—1,2) is singular mod /=2, but not
V= P=(} 2F)
o We have A\(P) = A(P + [nv/—2]P) = 2log(2) for all n € Z
o A([VIIP) = 5log(2), A([4v/"2]P) = 1310(2)
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Net polynomials

Finiteness of local height values

Proposition

Let E/K be an elliptic curve with complex multiplication by Z[w], which is
assumed to be a PID. For a non-torsion point P in E(K)\ Eo(K) with ann(P) in
the Z|w]-module E(K)/Eq(K), let v be a finite place in K such that P mod v
has additive singularity. Let € ann(P). Then for any a = a + bw ¢ ann(P), we
have

A[a]P) =X ([@]P),a=«a mod r.

Proof strategy:

@ Semi-stable reduction theorem: there exists a field extension such that the
elliptic curve has good reduction everywhere.

@ Consider an extension of the valuation and by analysing change of
coordinate, we conclude with the local height function being invariant under
field extension.
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Explicit formula for CM net polynomials

Our main results require the following assumptions:
@ A number field K with class number 1 (so O is a PID)

o E/K an elliptic curve defined by a Weierstrass equation with coefficients in
Ok

e E/K has complex multiplication by an order Z[w] in a quadratic imaginary
field F

@ Zlw]isaPIDand FC K

o We consider a non-torsion point P € E(K) with bad reduction modulo a
prime
D, (P) A

v (0]P) = = ([a+ blP) = G2 = B

A, and B2 coprime.
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Explicit formula for CM net polynomials

Theorem (Au-Yeung, 2025+)

With the above assumptions, let P be a non-torsion point of E(K) that is
singular modulo v (so v(x(P)) > 0). Let (r) be the annihilator of P in the
Z|w]-module E(K)/Ey(K), & = a + bw € Z[w], then

(a® — ab)p + (6% — ab)pe, + (ab) 1+, if z = ar € (r).
gt = o (255) « 8] e (525) < ]
+(a? — ab)p + (b2 — ab)pew + (ab)p1 4w, ifz=ar+B8¢&(r).

(3)

where 1 = g, (P), ttw = Grww(P), 11w = gr(l—!—w),u(P)-
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Explicit formula for CM net polynomials

Case l: z=ar e (r),a=a+bw

9o (P) = (a® = ab)p + (b* — ab) ey + (ab)p1 1
@ Use of chain rule:

2 2
Vor(P) = Ua(rP)U,(P)* "W, (P)" W, (140 (P).
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Explicit formula for CM net polynomials

Case l: z=ar e (r),a=a+bw

9o (P) = (a® = ab)p + (b* — ab) ey + (ab)p1 1
@ Use of chain rule:

2 2
Vor(P) = Ua(rP)U,(P)* "W, (P)" W, (140 (P).

@ Apply the local height formula to the point [r]P: v (Uq(rP)) =
A ([0]rP) — a?A(rP) — b X([w]r P) — ab (X(u +wrP) — A(rP) — X([w]rp)).

Edison Au-Yeung C. luati of division poly ials at points on elliptic curves 21/23




Explicit formula for CM net polynomials

Case l: z=ar e (r),a=a+bw

9o (P) = (a® = ab)p + (b* — ab) ey + (ab)p1 1
@ Use of chain rule:

2 2
Vor(P) = Ua(rP)U,(P)* "W, (P)" W, (140 (P).

@ Apply the local height formula to the point [r]P: v (U4 (TP)) =
A([a]rP) = a*A(rP) ~ PA(w]rP) — ab (A(1 + wlrP) = A(rP) = A([w]rP) ).

@ The point rP is non-singular mod v, so we can use
< 1 1
ArP) = 7 max {v(@(rP)™"),0} = 7 nax {2v(¥,.(P)) — v(2,.(P)),0}
to evaluate the valuations at [r] P, [rw]P, [r(1 + w)]P, [ar]P.
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Explicit formula for CM net polynomials

Case ll: z=ar+ 8¢ (r)

@ Original formula: for n = 2tr £ k with 1 <k <,

Current formula: for z = ar £ 8 & (r),
o sl(aits) ] o (nit) o]
(a® — ab)p + (b% — ab)pes + ab p1 o

@ Our new formula is an extension of Cheon and Hahn's formula, so it should
retain similar structure. Here we talk about how 4yt comes from n = tr.

@ We are now considering two points: P and [w]P.
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Explicit formula for CM net polynomials

Casell: z=ar+ B & (r)

gz (P) = 2v (Vg) £ 2a {u (\p\f‘jg) + g] 49 {l, (%ﬂ_s) n u?w}

+ (a® — ab)u + (b* — ab)pe + abpitw

o Local height formula:
M[a]P) = a®X(P)+b*\(wP)+ab (X(u + w|P) — A(P) — X(wp))+u (o (P))
Apply this to to [2]P = [ar + S|P, [8]P, [r — 5]P and [rw — §]P.
o Forany a = a+ bw ¢ ann(P), r € ann(P), we have
A([a]P) = A ([r £ a]P).

This allows us to cancel A ([r — 8]P) and X ([3]P), and similarly for
[rw — B]P and [B]P.
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