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Introduction

Small recap

e Let E/K be an elliptic curve defined over a number field K with the short
Weierstrass equation:

Eap:y*=2+A2+BABcK

e E(K) is the set of points (z,y) € K? that lie on E, together with a point at
infinity O. They form a finitely generated additive group.

@ O is the identity in this group: P+ O = P for all P € E(K).
We let [n] : E — E be multiplication by n in this group and consider

MP=P+...+P.
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How many integral points are there?
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Edison Au-Yeung Methods for studying integral points on elliptic curves 3/18



Introduction

How many integral points are there?

Theorem (Siegel, 1929)

Let E/K be an elliptic curve defined by a Weierstrass equation, then
{P € E4p(K): 2z(P) € O} is a finite set.

Conjecture (Lang)

Let E/K be an elliptic curve, and choose a quasi-minimal Weierstrass equation
for E/K: y?> = 2 + Az + B. Then there exists a constant C, depending only on
K, such that

#{(l‘,y) S EA,B(OK)ZZ y2 = ;1;3 + Ax + B} < Crank(E(K))'
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Introduction

How many integral points are there?
Theorem (Siegel, 1929)

Let E/K be an elliptic curve defined by a Weierstrass equation, then
{P € Eap(K): x(P) € Ok} is a finite set.

Conjecture (Lang)

Let E/K be an elliptic curve, and choose a quasi-minimal Weierstrass equation

for E/K: y?> = 2 + Az + B. Then there exists a constant C, depending only on
K, such that

#{(z,y) € Eap(Ok)?: y* = 2® + Az + B} < Crank(EE)),

@ Quasi-minimal: the discriminant is minimised subject to the condition that
A, B are integral; 62 divides A(E4 p).

e Consider E: y? = 23 + Ax + B, P = (x,y) € E(Z), via change of variable
= dzxa y/ = d3y7
then P' = (2/,y') € E4(Z), Eq: y* = 23 + Ad*x + BdS.
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Introduction

How many integral points are there?

Theorem (Siegel, 1929)

Let E/K be an elliptic curve defined by a Weierstrass equation, then
{P € Esp(K): z(P) € Ok} is a finite set.

Conjecture (Lang)

Let E/K be an elliptic curve, and choose a quasi-minimal Weierstrass equation
for E/K: y?> = 23 + Ax + B. Then there exists a constant C, depending only on
K, such that

#{(x,y) S EA,B(OK)ZZ y2 = 3 +A$+B} < Crank(B(K))

Two possible bounds that one can give:
© Number of integral points, i.e. #{(z,y) € Ea5(Ok)?: y*> = 2° + Az + B},
@ Largest value of n such that [n]P is an integral point (P has to be a

non-torsion, integral point).
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Known results — number of integral points

o Silverman (1987): < O(1)(1+r2nk(E)(1+9) where § is the number of primes
of K such that the j-invariant of E is non-integral (i.e. multiplicative
reduction)

o Hindry-Silverman (1988): < x O(1)(1+rank(E))os/ic \where o is the
Szpiro ratio of F/K, measuring the extent to which the discriminant is
divisible by large powers (here we assume o/ is bounded from above) .
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of K such that the j-invariant of E is non-integral (i.e. multiplicative
reduction)

o Hindry-Silverman (1988): < x O(1)(1+rank(E))os/ic \where o is the
Szpiro ratio of F/K, measuring the extent to which the discriminant is

divisible by large powers (here we assume o/ is bounded from above) .

o Helfgort-Venkatesh (2006): < O(1)*(®)(log |A[)? - 1.3372nK(E/Q) | y(n)
denotes the number of distinct prime factors of n.

o Alpdge-Ho (2020): < 2rank(E/K) [Lejam) <4L%(E)J + 1)
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Known results — number of integral points

o Silverman (1987): < O(1)(1+r2nk(E)(1+9) where § is the number of primes
of K such that the j-invariant of E is non-integral (i.e. multiplicative
reduction)

o Hindry-Silverman (1988): < x O(1)(1+rank(E))os/ic \where o is the
Szpiro ratio of F/K, measuring the extent to which the discriminant is

divisible by large powers (here we assume o/ is bounded from above) .

o Helfgort-Venkatesh (2006): < O(1)*(®)(log |A[)? - 1.3372nK(E/Q) | y(n)
denotes the number of distinct prime factors of n.

o Alpsge-Ho (2020): < 2rank(E/K) [Lejam) <4L%(E)J + 1)
All the above results have very large O(1) constants!
e Silverman/Hindry-Silverman: ~ 10'°

o Alpdge-Ho: 72" ~ 10100

Edison Au-Yeung Methods for studying integral points on elliptic curves 4/18



Known results — size of the multiple of an integral point

@ Ingram (2009): there is an absolute constant C' such that for all
quasi-minimal elliptic curves E/Q, there is at most one value of
n > CM (P)'6 such that [n]P € E(Z), P a non-torsion integral point in
E(Q). Furthermore, this value n is prime.

M(P) = the smallest constant m such that [m]P has non-singular reduction
modulo all primes.
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@ Ingram (2009): there is an absolute constant C' such that for all
quasi-minimal elliptic curves E/Q, there is at most one value of
n > CM (P)'6 such that [n]P € E(Z), P a non-torsion integral point in
E(Q). Furthermore, this value n is prime.

M(P) = the smallest constant m such that [m]P has non-singular reduction
modulo all primes.

@ Stange (2016): similar result but the bound now only depends on the ratio of
heights h(E)/h(P).
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Known results — size of the multiple of an integral point

@ Ingram (2009): there is an absolute constant C' such that for all
quasi-minimal elliptic curves E/Q, there is at most one value of
n > CM (P)'6 such that [n]P € E(Z), P a non-torsion integral point in
E(Q). Furthermore, this value n is prime.

M(P) = the smallest constant m such that [m]P has non-singular reduction
modulo all primes.

@ Stange (2016): similar result but the bound now only depends on the ratio of
heights h(E)/h(P).

For elliptic curves with integral j(E), M(P) < 12, so Ingram’s result says that in
this case n ~ 100 potentially...

Edison Au-Yeung Methods for studying integral points on elliptic curves 5/18



Known results — special cases

But in the case of quadratic twists, we have much better bounds/explicit

results...? Let E4 5: y? = 2 + Az + B be our elliptic curve, then the quadratic
twist of E by D is Ep: y?> = 2% + D?Ax + D3B.
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Known results — special cases

But in the case of quadratic twists, we have much better bounds/explicit

results...? Let E4 5: y? = 2 + Az + B be our elliptic curve, then the quadratic
twist of E by D is Ep: y?> = 2% + D?Ax + D3B.

@ Ingram (2009): specialise to congruent number curves: for the curve
Eop:y?> =23+ B, (N square-free integer),

#{n € N: [n]P € E_n2(Z), P non-torsion} < 2.

o Ghadermarzi (2023): specialise to Mordell's curves: for the curve
Eop:y?> =13+ B,

#{n € N: [n]P € Ey g(Z), P non-torsion} < 4.
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Known results — special cases

But in the case of quadratic twists, we have much better bounds/explicit
results...? Let E4 5: y? = 2 + Az + B be our elliptic curve, then the quadratic
twist of E by D is Ep: y?> = 2% + D?Ax + D3B.

@ Ingram (2009): specialise to congruent number curves: for the curve
Eop:y?> =23+ B, (N square-free integer),

#{n € N: [n]P € E_n2(Z), P non-torsion} < 2.
o Ghadermarzi (2023): specialise to Mordell's curves: for the curve

Eop:y?> =13+ B,

#{n € N: [n]P € Ey g(Z), P non-torsion} < 4.

o Chan (2024)2 #E—N270(Z) < (3'8)rank(E7N2y0(Q)).

o Choi (2024): for sufficiently large |D| (depending on A, B),
#Ep(Z) < 427k(Ep(Q)
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Comparison of methods - Silverman/Hindry-Silverman

Silverman (1987): Given a Weierstrass model E4 p: y* = 2® + Az + B, both
results for #{(z,y) € Ea p(Ok)?: y*> = 23 + Az + B} depend on #E (K )tors
and the ratio
h([A, B,1])
min{i(P): P € E4 5(K), P non-torsion}
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Comparison of methods - Silverman/Hindry-Silverman

Silverman (1987): Given a Weierstrass model E4 p: y* = 2® + Az + B, both
results for #{(z,y) € Ea p(Ok)?: y*> = 23 + Az + B} depend on #E (K )tors
and the ratio
h([A, B,1])
min{i(P): P € E4 5(K), P non-torsion}
Hindry-Silverman (1988):

o Canonical height is the sum of local heights, so compute lower bounds of the
local heights instead, which gives h(P) > 1/ (30g/x).
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Comparison of methods - Silverman/Hindry-Silverman

Silverman (1987): Given a Weierstrass model E4 p: y* = 2® + Az + B, both
results for #{(z,y) € Ea p(Ok)?: y*> = 23 + Az + B} depend on #E (K )tors
and the ratio
h([A, B,1])
min{i(P): P € E4 5(K), P non-torsion}
Hindry-Silverman (1988):

o Canonical height is the sum of local heights, so compute lower bounds of the
local heights instead, which gives h(P) > 1/ (30g/x).

@ The bounds above only apply to [n]P with
n > (200E/K)4[K: Q]lOQUE/K,
then use the fact that the canonical height on E/K is a quadratic form:

h([n]P) = n?h(P).
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Overview of Ingram’s method

Ingram (2009): for a non-torsion integral point P, there is an absolute constant C
such that for all minimal elliptic curves E/Q, there is at most one value of
n > CM(P)'% such that [n]P € E(Z). Furthermore, this value n is prime.

@ Show that if n larger than O(M'9), then n must be prime.
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Overview of Ingram’s method

Ingram (2009): for a non-torsion integral point P, there is an absolute constant C
such that for all minimal elliptic curves E/Q, there is at most one value of
n > CM(P)'6 such that [n]P € E(Z). Furthermore, this value n is prime.

© Show that if n larger than O(M*°), then n must be prime.

o FiInd upper and lower bounds for h(P): Silverman provides a lower bound for
h(P) (P € E(K) non-torsion) and |h(P) — Sh(z(P))| < 2h(E).

o There are polynomials ¢n, ¥n,wn € Z[z,y] for n € N with
On wWn
P = bl = (5.
The polynomial 1), is usually referred as the n-th division polynomial.
o The roots of the polynomial 12 are the n—torsion points:

n(@P)=n®  [] [|=(P)-2(@)
QeEn]\{O}
Edison Au-Yeung
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Overview of Ingram’s method

Ingram (2009): for a non-torsion integral point P, there is an absolute constant C
such that for all minimal elliptic curves E/Q, there is at most one value of
n > CM(P)'6 such that [n]P € E(Z). Furthermore, this value n is prime.

© Show that if n larger than O(M %), then n must be prime.

@ Find an upper bound on n (in terms of h(E)) using linear forms in elliptic
logarithm.

o Under the isomorphism E(C) = C/A, P — z, z is called the elliptic logarithm
of P (note: P = (p(2), ¢'(2))).

e The linear form is Ly m(z,w) = nz + mw, w is the real period of E.

o We will need to find an upper bound for L, n,(z,w): if [n]P is integral, then
Ly m(z,w) is very small (for lower bound, this is by David (1995)).
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Overview of Ingram’s method

Ingram (2009): for a non-torsion integral point P, there is an absolute constant C
such that for all minimal elliptic curves E/Q, there is at most one value of
n > CM(P)'6 such that [n]P € E(Z). Furthermore, this value n is prime.

© Show that if n larger than O(M*°), then n must be prime.

@ Find an upper bound on n (in terms of h(E)) using linear forms in elliptic
logarithm.

@ Gap principle: if there are two large values nj, ny such that [n;] P is integral,
then we can construct a function f(z,y) such that f(nq,ns) is very small.
Primality guarantees the lower bound does not vanish.
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Sharper result

© Better results for congruent number curves and Mordell’s curves:

E_pn2p: y? =23 — N2z, Eyp: y* =2® + B.

@ These two curves have much sharper lower and upper bounds for ﬁ(P) and
h(P) — h(x(P)) respectively.

e For h(P) — h(z(P)), one can analyse elliptic divisibility sequence and division
polynomials to get better bounds.
o Example: for E_p2 o: y? = 23 — N2z, [n]P integral, using Ingram’s bounds:

o Generally: log || < n>M(P)*log |A(E)],
h(P) <log(n) + (£ M(P)* +2) h(E)

2 ~
o E_y2 gt log|¢n| < "5 log|2N], h(P) < log(n) + 3 log(N) + 5 log(2)
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What's next?

@ There are improvements of the big constant for number of integral points,
from 100 to 107 (but by separating out rank(E) from O(1), one can bound
the average and get new results on moments).
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What's next?

@ There are improvements of the big constant for number of integral points,
from 100 to 107 (but by separating out rank(E) from O(1), one can bound
the average and get new results on moments).

e Can consider quadratic twists E': 3% = 23 + Adxz? + Bd®, results are more
explicit.
Conjecture (Lang)

Let E/K be an elliptic curve, and choose a quasi-minimal Weierstrass equation
for E/K: y?> = 2 + Az + B. Then there exists a constant C, depending only on
K, such that

#{(S&?J) € EA’B(OK)QZ y2 = g3 + Ax + B} < Crank(E(K))
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What's next?

@ There are improvements of the big constant for number of integral points,
from 100 to 107 (but by separating out rank(E) from O(1), one can bound
the average and get new results on moments).

e Can consider quadratic twists E': 3% = 23 + Adxz? + Bd®, results are more
explicit.

Conjecture (Lang)

Let E/K be an elliptic curve, and choose a quasi-minimal Weierstrass equation
for E/K: y?> = 2 + Az + B. Then there exists a constant C, depending only on
K, such that

#{(S&?J) € EA’B(OK)QZ y2 = g3 + Ax + B} < Crank(E(K))

What if we apply Ingram’s method to Z-linear combination of points

TL1P1 + TL2P2 + ...+ nTPT?
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What's next?

To apply Ingram’s method, we need the following:
@ A ‘division polynomial’ for linear combinations of points
@ Being able to bound h(z(ni1 Py + ... +n.P.)) =log|z(ni Py + ...+ n.P)l.

© Lower and upper bounds for elliptic logarithms.
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Future work and current progress

Available tools — ‘division polynomials’

e For P € E(K), there are polynomials ¢,,, ¥, w, € Z[z,y] for n € N with

[n]P = [ (2, y) = (j‘; ;;)

The polynomial 1, is usually referred as the n-th division polynomial
(associated to E).

o It turns out that we also have similar rational functions for Z-linear
combination of points.

Net polynomials (rank 2) (Stange, 2009)
For Py = (z1,51), P2 = (22,y2) € E(K), there exists rational functions ¥, ),

@) Qmin) € Klz1, 22,91, yo][(22 — x1)71], known as net polynomials, such
that

(Ml Py + ] Py = <<I>(m,n)(P1,P2) ) (P, P2)> |

W, (PP W, (P o)

(m;n)
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Future work and current progress

Available tools — ‘division polynomials’

@ Roots of ¥, (z) are {z(Q) € K: [n]P = O}:

va)=n> ] |e—2(Q)

QeEM\{O}

@ Roots of W(, »y(P1, P2) are {(z(Q1), 2(Q2)) € K?: [m]Q1 + [n]Q2 = O}.
i.e. W(,, ) (P1, P2) vanishes on a 1-dimensional locus ([m]P + [n]Q = O),
generally infinitely many solutions...
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Future work and current progress

Available tools — ‘division polynomials’

@ Roots of ¥, (z) are {z(Q) € K: [n]P = O}:

va)=n> ] |e—2(Q)

QeEM\{O}

@ Roots of \Il(m,n)(Plv P2) are {(‘T(Ql)ax(QQ)) € Kz: [m]Ql + [n]Q2 - O}
i.e. W(,, ) (P1, P2) vanishes on a 1-dimensional locus ([m]P + [n]Q = O),
generally infinitely many solutions...

@ We chose to focus on elliptic curves with complex multiplication: this is
somewhere between rank 1 and rank 2
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Future work and current progress

Setting—complex multiplication

e Let F/C be an elliptic curve over the complex numbers defined by a
Weierstrass equation with integer coefficients, then End(FE) is always
isomorphic to Z or Z[r] = {a + br: a,b € Z}, an order in an imaginary
quadratic field F.
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Future work and current progress

Setting—complex multiplication

e Let F/C be an elliptic curve over the complex numbers defined by a
Weierstrass equation with integer coefficients, then End(FE) is always
isomorphic to Z or Z[r] = {a + br: a,b € Z}, an order in an imaginary
quadratic field F.

@ When E/K has complex multiplicaton, it then makes sense for us to consider
[a]: E — E, multiplication by « € Z[r] in the group E(K).

e Example: E: y? = 23 — 352 + 98 has complex multiplication by
Zlr) =z [,

rl(.y) = ( ( ) <7(+1_—)2>> T <1 : M»

i.e. we choose P = P, P, = [7]P and consider [m]P + [n|[T]|P = [m + n1]|P.
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Future work and current progress

What we have so far...

@ Ingram’s bound: for P, [n]P € E(K) integral,
log |1n| < n?M(P)?log |A(E)|.
@ This comes from an anlaysis of the extent of the cancellation in the fraction

z(nP) = ¢ /12, i.e. the quantity min (v (Y2(P)), v (¢,,(P))) , v some
valuations (an explicit formula by Cheon and Hahn, 1998).
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Future work and current progress

What we have so far...

@ Ingram’s bound: for P, [n]P € E(K) integral,

log | < n®M(P)*log|A(E)|.

@ This comes from an anlaysis of the extent of the cancellation in the fraction
z(nP) = ¢ /12, i.e. the quantity min (v (Y2(P)), v (¢,,(P))) , v some
valuations (an explicit formula by Cheon and Hahn, 1998).

@ We have an explicit formula for
min (y (\I'%n’m)(P, [T]P)) V(P (P, [T]P))) (Au-Yeung, 2025), based on
Cheon and Hahn's work
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Future work and current progress

What we have so far...

@ Ingram’s bound: for P, [n]P € E(K) integral,

log | < n®M(P)*log|A(E)|.

@ This comes from an anlaysis of the extent of the cancellation in the fraction

z(nP) = ¢ /12, i.e. the quantity min (v (Y2(P)), v (¢,,(P))) , v some
valuations (an explicit formula by Cheon and Hahn, 1998).

@ We have an explicit formula for

min (y (\I'%n’m)(P, [T]P)) V(P (P, [T]P))) (Au-Yeung, 2025), based on

Cheon and Hahn's work

o We believe for P,[7]|P,[m + n7|P € E(K) Og-integral,

?
log [ ¥ (,my | < 810M (P)*(Nm(m + n7) + 1)(1 + Nm(7))* log |A(E)|
Part of the method did not assume complex multiplication!
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Future work and current progress

What we have so far...

Ingram’s height bound: if P € E(Q) is an integral point of infinite order, and
suppose that [n]P is integral for some n > 2, then

|z(P)| < 240n” exp (?M(P)%(E)) , and

h(P) <logn + (1361\4(13)2 + 2) h(E).
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Future work and current progress

What we have so far...

Ingram’s height bound: if P € E(Q) is an integral point of infinite order, and
suppose that [n]P is integral for some n > 2, then

|z(P)| < 240n” exp (?M(P)%(E)) , and

h(P) <logn + (1361\4(13)2 + 2) h(E).

Our current height bound: if P, [7]P € E(K) are integral points of infinite order,
and suppose that [«]P is integral with Nm(«) > 2, then
? .
|z(P)| < 28N 3240 Nm(a) BY ., exp (1620M (P)*(1 + Nm(7))*) , and

h(P) § 2log By, + % log (Nm(a) + 1) + [1620M (P)*(1 4+ Nm(7))* + 4] h(E).
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