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Introduction

Small recap

o Let f(x,y,a) = y?® + a1y + azy — 2% — asx® — ayw — ag.

Given some a; € Q, we have a cubic curve £ : f = 0.
e E(Q) is the set of solutions (x,y) € Q? together with a point at infinity O.
@ Nonsingular points E(Q)" form a commutative group in a natural way.

@ O is the identity in this group: P+5 O = P for all P € E(Q).
We let [n] : E — E be multiplication by n in this group.

@ There are polynomials ¢, w, € Z[z,y,a]/{f(z,y,a)) for n € N with

il = (o= LSz 0 (o) € BQ@P)
wm+nwmfnw£ = wm+r'(/}m—r'(/1»,2l - ’L/)nJrrwnfrw?n (’I" <n< m)

o 1 = 1,99 =2y + a1 + as, V3,4 = some nastier polynomials.
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Introduction

Two definitions

Definition (EDS(A))

A sequence of integers {h, }nen is an EDS(A) if it satisfies hg = 0, hy = 1, ho
divides hy and the recurrence relation below: for any integer m > n > r, {hy, }nen
satisfies

hernhmfnhg = hm+rhm77’hi - hnfrhn+rh%1-
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Two definitions

Definition (EDS(A))
A sequence of integers {h, }nen is an EDS(A) if it satisfies hg = 0, hy = 1, ho
divides hy and the recurrence relation below: for any integer m > n > r, {hy, }nen

satisfies
hernhmfnhg = hm+rhm77’hi - hnfrhn+rh%1-

Definition (EDS(B))
Let £/Q be an elliptic curve over the rationals defined by a Weierstrass equation

with integer coefficients. For every n € N and P € E(Q), we write the

x-coordinate of nP
An(E, P)

~ BZ(E,P)
with A,,(E, P) and B, (E, P) two coprime integers and B, (E, P) > 0.
Then we call the sequence {B,,(E, P)},en an EDS(B).

x(nP)
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Two definitions

Definition (EDS(A))
A sequence of integers {h, }nen is an EDS(A) if it satisfies hg = 0, hy = 1, ho
divides hy and the recurrence relation below: for any integer m > n > r, {hy, }nen

satisfies
hernhmfnhg = hm+rhm77’hi - hnfrhn+rh%1-

Definition (EDS(B))
Let £/Q be an elliptic curve over the rationals defined by a Weierstrass equation

with integer coefficients. For every n € N and P € E(Q), we write the

x-coordinate of nP
An(E, P)

~ BZ(E,P)
with A,,(E, P) and B, (E, P) two coprime integers and B, (E, P) > 0.
Then we call the sequence {B,,(E, P)},en an EDS(B).

x(nP)

In general, EDS(A) # EDS(B).
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Complex multiplication

e Let F/C be an elliptic curve over the rationals defined by a Weierstrass
equation with integer coefficients, then End(FE) is always isomorphic to Z or
Z|w], an order in an imaginary quadratic field F.

@ When E/K has complex multiplicaton, it then makes sense for us to consider
[a]: E — E, multiplication by a € Z[w] in the group E(K)™.
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Complex multiplication

e Let F/C be an elliptic curve over the rationals defined by a Weierstrass
equation with integer coefficients, then End(FE) is always isomorphic to Z or
Z|w], an order in an imaginary quadratic field F.

@ When E/K has complex multiplicaton, it then makes sense for us to consider
[a]: E — E, multiplication by a € Z[w] in the group E(K)™.
@ Are the following sensible things to write down?

@ Define EDS(A) to be a sequence of elements in End(E) = Z|w] that satisfies
the recurrence relation

ha-&-ﬁha—ﬂh?y = ha+ﬁha77h?3 - hﬂ—whﬁ-&-whia o, B, € Z[w].

@ Let E/K be an elliptic curve defined by a Weierstrass equation with
coefficients in Ok and has complex multiplication by Z[w] C K. For every
a € Z|w] and P € E(K), we write the z-coordinate of aP

_ Aa(E7P)
HoP) = BaE Py

We call the sequence of elements {Bo(E, P)} ez an EDS(B).
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CM EDS(B)

CM EDS(B)

Let E/K be an elliptic curve defined by a Weierstrass equation with coefficients

in Ok and having complex multiplication by Z[w] C F'. For every a € Z[w] and
P € E(K), we write the z-coordinate of aP

Au(E, P)

“eP) = 5B py

We call the sequence of elements { Bo(E, P)}aczi.) an EDS(B)(?)
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CM EDS(B)

CM EDS(B)

Let E/K be an elliptic curve defined by a Weierstrass equation with coefficients

in Ok and having complex multiplication by Z[w] C F'. For every a € Z[w] and
P € E(K), we write the z-coordinate of aP

Au(E, P)

“eP) = 5B py

We call the sequence of elements { Bo(E, P)}aczi.) an EDS(B)(?)

@ An order of an imaginary quadratic field K need not be a unique factorisation
domain. However, we always have unique factorisation of ideals, so
{Ba(E, P)}aecziw) should be a sequence of ideals instead.
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Let E/K be an elliptic curve defined by a Weierstrass equation with coefficients

in Ok and having complex multiplication by Z[w] C F'. For every a € Z[w] and
P € E(K), we write the z-coordinate of aP

Au(E, P)

“eP) = 5B py

We call the sequence of elements { Bo(E, P)}aczi.) an EDS(B)(?)

@ An order of an imaginary quadratic field K need not be a unique factorisation
domain. However, we always have unique factorisation of ideals, so
{Ba(E, P)}aecziw) should be a sequence of ideals instead.

o A sequence {h, }nen is a divisibility sequence if h,, | h,, whenever m | n.
Hence, we should also index our CM EDS(B) by ideals of End(E).
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CM EDS(B)

Let E/K be an elliptic curve defined by a Weierstrass equation with coefficients
in Ok and having complex multiplication by Z[w] C F'. For every a € Z[w] and
P € E(K), we write the z-coordinate of aP

_ AL(E,P)
0= Baep)
We call the sequence of elements { Bo(E, P)}aczi.) an EDS(B)(?)

@ An order of an imaginary quadratic field K need not be a unique factorisation
domain. However, we always have unique factorisation of ideals, so
{Ba(E, P)}aecziw) should be a sequence of ideals instead.

o A sequence {h, }nen is a divisibility sequence if h,, | h,, whenever m | n.
Hence, we should also index our CM EDS(B) by ideals of End(E).

But when we write [a] P, we do not mean a ‘ideal-multiple’ of a point
(e.g. z([(2,1 4+ +/—5)]P) does not make sense)!!
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CM EDS(B)

Definition (Streng, 2008)

Let E/K be an elliptic curve with complex multiplication (i.e. End(E) is
congruent to an order in an imaginary quadratic field ). For a point P € E(K),
we define the coprime Op ideals A, and B, by

z(aP) = A,B.>.

The CM elliptic divisibility sequence associated to P is the sequence (Bgy)aco,
indexed by ideals a of O, given by

By =) _ B.

aca

Edison Au-Yeung Introduction to Divisibility Sequences for Elliptic Curves with Complex Multiplication 6/15



CM EDS(B)

For z(aP) = A, B2, the CM elliptic divisibility sequence associated to P is the
sequence (Bgy)acoy, indexed by ideals a of Op, given by

By =Y _ B.

aca

Lemma

Let o, 8 be elements in End(E), if a | 8, then B, | Bs (i.e. Bg C B, as ideals). J

@ For every discrete valuation v of K, we have v(B,) = mingecq ¥(Ba).
o Weak divisibility: if a | b, then B, | By.
e Strong divisibility: By1p = By + By.

o If a = aOp is a principal ideal, then we have B,o, = B,.
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Issues with CM EDS(B)

Choice of generator: In Q, there are only two units (£1), so we can always by
default choose B,, > 0. But this is not always the case for quadratic imaginary

fields (consider Q(i), Q(+/—3)) and sign does not make sense for complex
numbers.

Example: elliptic curve E/Q(i): y? = 2® — 2z with complex multiplication by
Zli]. EDS(B) generated by the point P = (—1,1) € E(Q(4)).

o z([L+i]P)=(—%,—2F2), 50 Biy; = (1 +1i) = (1 —i).

N2 . .
o z([24i]P) = (_ ((14:211_))27 (4211&1261_;90)' so Boyi = (2—1) = (1+ 20).

@ This makes it difficult to relate it to CM EDS(A).
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o CVEDS)
CM EDS(A)

Define EDS(A) to be a sequence of elements in End(E) = Z[w] that satisfies the
recurrence relation

hatsha-ph2 = haypha—hG —hg_yhahs, o, B,y € Zw](?)

@ Remember this recurrence relation comes from elliptic curve over Q: There
are polynomials ¥, w,, € Z[z,y,a]/{f(x,y,a)) for n € N with

lta) = (= LS 2 2 ) € BQ@P)

¢m+n¢m—n'¢)¢2« = ¢m+rwm—r¢i - wn+7“¢n—r¢72n (T <n< m)

@ When the elliptic curve has complex multiplication, do we still have the idea
of division polynomial and ‘a recurrence relation’?
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CM EDS(A)

Define EDS(A) to be a sequence of elements in End(E) = Z[w] that satisfies the
recurrence relation

ha+,8ha—6hf2y = ha-i—Bha—’yh% - hB—'yhﬁ+’Yh(2xa a,B,7 € Z[W]'

@ Recall an order of a quadratic imaginary field Z[w] is a rank 2 Z-module:
7P wZ.

e For P € E(K)™, [a]: E — E where o € Z[w], we interpret [o]P as a sum of
two points of integral multiple:

[@]P = [a + bw]P = [a]P + [b](wP).
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CM EDS(A)

Define EDS(A) to be a sequence of elements in End(E) = Z[w] that satisfies the
recurrence relation

ha+,8ha—6hf2y = ha-i—Bha—’yh% - hﬁ—vhﬁ+’yh<2xa a,B,7 € Z[W]'

@ Recall an order of a quadratic imaginary field Z[w] is a rank 2 Z-module:
7P wZ.

e For P € E(K)™, [a]: E — E where o € Z[w], we interpret [o]P as a sum of
two points of integral multiple:

[@]P = [a + bw]P = [a]P + [b](wP).

@ We want a ‘higher rank’ elliptic divisibility sequence via a recurrence relation.

@ Ideally, this recurrence relation is satisfied by a collection of rational functions
on elliptic curves.
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CM EDS(A) - Elliptic Net

Definition (Elliptic Net; Stange, 2007)

Let A be a free finitely-generated abelian group and R be an integral domain.
An elliptic net is any map W: A — R with W(0) = 0 and for any p,q,r,s € A,

W(p+q+s)W(p—qW(r+s)W(r)
+W(g+r+s)W(g—r)W(p+s)W(p)
+W(r+p+s)W(r—p)W(g+s)W(q) =0.

We identify the rank of W as the rank of the elliptic net.

This is indeed a generalisation of EDS(A):
take A=Z, p=m,q=n,r =r,s =0, then W is an EDS(A) by definition
(note that 11/(—wv) = — 117 (v)).

W (mA+n)W (m—n)W (r)24+W (n+r)W (n—r)W (m)* = W (m+r) 1V (m — )W (n)?
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CM EDS(A) - Elliptic Net

Definition (Elliptic Net; Stange, 2007)
Let A be a free finitely-generated abelian group and R be an integral domain.
An elliptic net is any map W: A — R with W(0) = 0 and for any p,q,r,s € A,
Wp+aq+s)W(p-—aqW(r+s)W(r)
+W(g+r+s)W(g—r)W(p+s)W(p)
+W(r+p+s)W(r—p)W(g+s)W(q)=0.

We identify the rank of W as the rank of the elliptic net.

Pick A = Z?. For a = a1 + aaw, B = B1 + Bow,y = Y1 + 2w € Z[w], take
p = ($1,52),q9 = (a1,a2),7 = (71,72) and s = (0,0) in the definition, then we
have

hatpha-ghy = hatyha—yhi — hpiyhgyhi.
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CM EDS(A) — Elliptic net and elliptic curves

Definition (Net polynomial and elliptic denominator net)

For an arbitrary field K, consider the polynomial ring

R, = Klzi,yili<i<el(zi — )7/ (f (@i, 9:))1<i<r

where f(x,y,a) = y* + a12y + a3y — 23 — asx? — ayx — ag,a; € K. Let
P = (Py,..,P.) € E(K)" and v = (v1,...,0,;) € Z". Then there exists rational
functions ¥, (P), ®,(P), Q,(P) € R, such that

®,(P) Qu(P
'v~P1)1P1+...+vrPT<W%EP;,\IJ%EP§>. (1)

The polynomial W,, is defined to be the v-th net polynomial, which is an elliptic
net.

In our case, r =2, P = (P,wP) € E(K)? and v is the vector notation of our
element in Z[w].
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Properties of elliptic nets

Question: if we express an element of End(E), @ = a+ bw in a vector/coordinate
form (a,b), can we define a sequence of polynomials 1, (P), indexed by O, as

Yatbw(P) = Uy (P)?

The net polynomials satisfy the following properties:

@ All the terms in the net polynomial are defined by the following initial
conditions:

o U, =1; Uae, = 2y; + a1z + a3 = P2(Py);
o Veite; =1, 7

N2
° \I/2ei+ej:2xi+mj—(z;_z:) — a1 (Zj yb)—l—ag i j.
Q Recall z(v- P) = 3“%113%’ for 1 < i < r we have

®,(P) = W%(P)x(Pz) —Vyie;(P)Vy—e, (P) (2)
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CM EDS(A)

Issues with elliptic net

@ 'Net polynomial’ ¥,, are elements of the polynomial ring
R, = K[z, yili<i<r[(zi — 2;) ' /{f (@i, yi))1<i<r, which makes them not
necessarily integral.
2
Vzeite; =22 + 25 = (%) o (i’ti) taxiF
Example: elliptic curve E/Q(i): y? = 2> — 2z with complex multiplication by
Z[i); elliptic net associated to E and the point P = (—1,1) and iP = (1,4).
, 2 8—7i)(8+7i
2]P + [2]iP = (_32(I+i)6’( 33(1)J(r39 )) W (22)(P) = _%'
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CM EDS(A)

Issues with elliptic net

@ 'Net polynomial’ ¥,, are elements of the polynomial ring

R, = K[z, yili<i<r[(zi — 2;) ' /{f (@i, yi))1<i<r, which makes them not
necessarily integral.

2

Voe,te; = 2w + x5 — (%:z) —a (i”_i) +ag, i # j.
Example: elliptic curve E/Q(i): y? = 2> — 2z with complex multiplication by
Z[i); elliptic net associated to E and the point P = (—1,1) and iP = (1,4).

, 2 8—Ti)(8+Ti
[2}P+ [2}@P = <_ 32(I+i)5’ : 33(11)J(r39 z)) ;@(2,2) (P) = _%'
@ It does not have as many useful properties as the the ordinary division
polynomials: for ¢, € Z[z,y,al/{f(z,y,a)),
o 2 (z) only depends on z for every n € Z.

o The polynomial /2 has degree n? — 1 and leading coefficient n?.

o Yinn(P) = $n(P)™ i (nP).
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