


Stables - categories
-

G will always be an co - cat .

Def : . An object x EG is euro obj . if it its

initial end terminal
=
I

• 8 is pointed if
it contains a zero obj

=

Rink : et
"

E e full subcategory spurned by zero obi
is contractible

. Ceil
"

→ Do as an acyclic
item f.bet - on )



Def : F : b→D between two pointed a- cats .

is reeked
if it preserves zero obis

Fon
*
Leo

,
D) E Funke

,
D)

Detlef e be pointed
,

OEG e zero object . Atingle in b

is e diagram f
x → y

of the form t LP
°
→ t .

We Sey thet this triage is exeat if it is a pullback
( ⇒ p admits e fibre)

=
=

We say that it is coexect if it is e prs¥t
=



( f edats ecofibre )

Rink : A triangle cousin of fdlauydete :

is a pair . of morphisms fix-' y , pig -07
in b

it ) A 2- simplex
a

representing a composition
of feud p .

iii ) t 2- simplex E÷z veprsuhy e wvllhtpz
of h .

⇒ A trieyh is a functor
F : A-xD

'
→ G



Def : let e be pointed . e is 8¥ if
it Every morphism admits after & cofbre

it) Emry triage is epvshatc-s.se pull
beck

Det : A factor F : e →D between stable coed- is

if it is reduced & preseres exeat & coat triangles .

Fun
# (e

,
D ) E Fun (G ,

D ?

-
--

constructions CRE )
-



Consett : let e be pointed sit . every morphism admits after .

Denote by Mile Fanciest
,
e ) the full

subcategory spanned by exeat triangles of the fam
⇒

x → o

L f
( pullback,

reside
° →I

→ e

da is given by composition with

de

"

the inclusion 12% still ↳Stxst
.



Feat : de is a
trowel fibration ( Prop . 4.3.2 .

IS HIT)

tenure: Trivial fibration
have RCP ( levelwise

inhesion)

Hence , they admits
sections

of→ x
t

.

.
-

'I travel

Y = Y

let Se : e. → to be a section of de (
des, -

- Id )

we define the beep functor

Dei doo se :
E→ of→ e .



Constr : If G is pointed out every morphism
rodents e

cofisre

ME e Ents
'

xD! e ) spewed by Get
triangle a -30g Cpushot)

d U

o→g
do

µ
>
→
e

→ e
de

h th 's case do is trivial f
-breton

=D let so be a
section of do

& we defile

-2g : de so : b → MZ→ e



RMI : x EE ⇒ Eeoc is cadent of the diagram
O← se →

0

Dex is a limit of the diagram
0am→

O

Macovei : t coexact triangle
n→ o yields to htpyeg .

I e

to
→ y Fief 's

isoniqve
!

H erect ofrieugk ~
£

a -so a
ai Dex

b
tf →y



Rink : If G ds sit . Duey morphism admits e fibre &

co f.bere ⇒ Ze
,
he defer on adj .

If C is stable ⇒
. Eee

, de en egvirebne
o & inverse to each other .

indeed : If G is Stehle ⇒ TE -- not

→ Eg re - dao Seo doo Se. = dis,
= Id

.

-
N

Id

By off of Ze the triangle dex →of
iscoexed

to → Zero"



Bj def . of Rg Rex → I is exeat ⇒
coexect

to→ a

er

=D we heal an equaled Zedek
→ K

"

count of Heady
"

Rezek →0 a →o

L &

f f
ereboth erect eco

exact

to → Zea o -520'

e

⇒ x→ Seizea

" unit of the adj
"

.



Tri¥s
let 8 be stable is - cat .

Read: A triangulated category ,
is an

additive category C

together with an oukoeq . -2 :C→C

ad a collection of distinguished boughs

× Is y Ist -4 Ex in C

Thet here to seksfgexions .

Rink : Ze : no Ce)
→ hole ) is well tofu

and is en equivalence .



Ee is such that we here ahtpg quiche
e

Tlepetzex , y )
→ r tlepelxcg )

"

Nepela.ly)
- Nopd " ,o→¥ )

1in ( Mepelx , o)

Nepela,# Mepeiayi )
= r Mepelxig)

"



⇒ Ze is en eg . on hole) let zs.tn Eft -- x

MepnodejiD-aoflepecx.gs ) e sto (teepee , y ) )

I to Thepetty DE Iz
( Repetto)

-

Deff. we say that

x Es qts t ↳Tex is e dist. trough in hog

if there exists a diagram



~

at, y → 0
µ G SA

t 5h it
° → t

→ w

is F. I represents Efl , ISI -
"t ) every square is coexect (⇒ theater rectangle is

coexect
~

Egrets w
.

iii ) Nh : z →W represents
'

the htpy class of
the

composition : 2- → Text w .



Thin: let e be e
still s - cot . Then Ze and out

clean of dash .
tri eyes just defied endow holes

with a triangulated structure .

Preet : ( att Lurie )

Lemire : If
x Is y → o is edgren in G

t g t h t
o → Z → W

=D a
t
y
Es z zeal is dust. in hole )

h
'
is the composition of h ad Eek -2W -

-
h
'
is n

' composed with - id thepnocejzea . Teal)



II axiom of they .

Eet . : f- every morphism f is part

of e disk. triangle

x
-4
y
Es wZ→h Eea .

C issleble ⇒ f admits a cof.hr

a-4g -so
we t

to
→Z T

' w

the two square
are pushed ⇒ se is the ocher rectangle

=P WE Zeek

D
.



Boperhiesofshe-bk-aetldfeep.beStehle -

IIF is erect

Feud : F:@ →D functor .. Tfee :# IF preserves
Zero bj

& pushat

iii ) " I pullbeak

Thin : ee hes fonte limits
talents

=p F :b →Discreet ⇒
it preserve fmcolmt

NoH : Cette catfncolim
⇐

" fan hurts
'

.

tfntelycoaomphlepowte stat
them . . 8 pointed : Tfee : is @ is Stehle

in
.

) Every morphism
edmtsecofbveaed

Ee Os en eg
.



iii ) Every morphism edenAs
e fibre

& re vs ou eg .

pooed : ca e HA

-
-

stabilization
CofE " e cel. *

fan colin

l

ist cheri tee bday Ze buy en
evidence

£: is this inclusion Cet
"
e-Cat!

" own

part of en edjuetian
?

Cen we sbes.be an f.ntegcocompht pointed seat ?

letEx e Cefn
Gm



Constr : tf e is pouted with finite
weirdos

Ee as well defied

GCE's = colin ( e. Eee
Eee → .

- 7

Constr : e pointed
with fate hunts

⇒Me as well defied .

•Cri
'

I = hm ( eerie Eee
Ee

. - )

Det:# be no -
alt . A prespecfvm obj .

me is e functor

X i N (21×2) → G Srt . Hit ;
Xli

, is is zero

Obi hee



Pspce ) C- Functional , G )

D- n we have e proj . Pspce ) →
B

X t Xcn , n )
Xcu) .

In we have e diagram

Xen ) → Xcnirti)
=D

We have morphisms

L L radii.Texas
→ xcutc)

D= Hht 's n) -slants) ga
.

.

Xca, → Rex
Catt)

.

Eef .. Spee ) C- Pspce ) is the fell sheet. of

prespectrum obj s. t . pm is eneguvebe
An



Prof : If G is pointed ad with fate hurts

Spee) - CERT .

Idf: LX
, } together with q

.
X
,
I Rehan

Vn

Def : X : N xx ) -38

(n , b)↳ Xn Uzo

↳ o no D

Thin : if fishes fonte limits end is pointed
⇒ Sp CG ) is

stable .

proof:L i. 4.2.18 HA )
.



Then-ueto-fspe.de
let s be the s -cat of Speas

i.e .
S -

- Nsl kens

S* E fun (rt ,S ) the full subcategory of morphisms

fix -y s .L x is
terminal in S

.

Def : A spectrum is an obj on Spc ⇐ Sp .

The : Sp as stable .

Stan = smallest sheet . of S which aint terminal

obtect * and. is closed under fate counts .

E is well defined St: → SAI .



Define : Stig - cabin ( Sfm Es SEI E . .
- y

Feet: Sp is stable ⇐ SE rs
stable

We just
"

show
"

thet Stf is stable .

To do so we need to glow that every poshout spare

is a pullback .

Fed : Every pushout in SI
"

re obtained from a pushout

XW →a

yd → zh
" s¥ "



B.letters -Messy them : If we here e pusher of
-

Speas w→a

d l
y → z

Where w→ y is r-connected

w→ x is s - connected

w→ hepull ↳ ¥ ) is rts
- t connected

.

She -2 nurses the connectivity e pushrod square
in Stan is epodeback .



Excisvefowl

Def : let G ,
D be pointed p - cat

.

sit
.

8 has fonte

counts D has fate link .

F : G →D e factor is EX Cosme of
=

Sends pushers to pull beak .

Ex
,
Ce

,
DJ E Fun ( KD )

Felt : V pointed * -et. with f. h
cdimts D

Font'T SEE
,
D) Is D

F i→ FCS)



If D is stable

⇒ Exc . Cs!;D )E Font:cdGlI,D) ED .

"

Exa
.
(5¥

.
- ) : steeds - cat

→
steel -eet

"
is
"
the ideitity

"

op

tf ee hes finite links =p
Exe

*
Ls¥

.

G ) -46

But
.

Execs!"
,
G ) admits fmte buts

caeupukthelwise)

Exc
*
CSI

,
- ) : Cet.fm/im9



Prep: If Gecetatnlm ⇒ E=Ex*Cs¥? 8 ) is slobber .

Proof : we need to show thot re
is euegunelvoe .

Bodi Deff ) C - I = ( Reff > K- I

↳ we can define EE ⇐ E → E

F t Fo Eglin

EE is an inverse of RE

Ioteei S
"
→ *

f
ICT) → to

L is e pus
hot

&
Shi. ' anger → f t

*→ a o → Fcsuty

pullback bc F
is excisvve .



=p
We were an eg .

FCI) -5 re FCS
" '

) = Def (Es Csn ))

= @eoFo-zse.m)
Csny

=

@EEe7CF3CIJExclstI-Sisenotherrregofstebil.z!'aj
"

.

a pombe complete
N -cat .

By formal eyuuent Exc (stil . e) = Spice )
F 1→

was FCS
"

)
q "

D
"

.




