Sequences and Series

Michael Cavaliere

Week 6

Class Content

Definition. For a sequence (a,) and a € R, (a,) — a if for all € > 0, there is some N € N such that
la, — a| < € forevery n > N.
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Definition. For a sequence (a,), (a,) — oo if for all A > 0, there is some N € N such that a, > A for

every n > N.
Similarly, (a,) — —oo if for all A < 0, there is some N € N such that a, < A for every n > N.
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Question 1

Use the definition of convergence to show that the sequence a, = F”l converges to 1 as n = oo.

Solution To prove that (a,) — 1, we need to show that for every € > 0, there is some N € N such
that |a, — 1| < € for every n > N.



Let € > 0. By definition,
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Let N € N where N > % Then, foralln > N
1
lap — 1] < =
n
< L (since n > N)
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N
1
<e (sinceNzg)

Hence, (a,) — 1.

Theorem. /f (a,) — a and (b,) — b, then
e (a,+ b,) = a+ b (sum rule)
e (apb,) — ab (product rule)
o (2) — § ifb#0 (quotient rule)

Theorem (Sandwich Rule). For sequences (a,), (b,) and (c,), if (a,) — L and (c,) — L and there is
some N € N such that a, < b, < ¢, for all n > N, then (b,) — L.

Question 2

Find the limits of the following sequences:

__ 2n%+3n
1. a,= FEE)
__ 3n’+ncosn
2. ap = 2n(n—3)
Solution

1. By definition,
o — 2n? + 3n
n3 + n?
242
1+ 41

Since (1) =0, (2) — 0 and () — 0 by the product rule. This implies that (2 + 2) — 0 and
(1+ 1) — 1 by the sum rule. Hence, by the quotient rule, (a,) — 0.
2. By definition,
o, 3n? 4+ ncosn
" 2n(n—-3)
~ 3n?+ncosn
~ 2n2—6n
_gpem
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Since (1) = 0, (2) — 0 by the product rule.

Since —1 < cosn < 1, _71 < 22E < % for all n € N. Since (%) — 0 and (_71) — 0, this implies
that (“2%) — 0 by the sandwich rule.

This implies that (3 + €22) — 3 and (2 — %) — 2 by the sum rule. Hence, by the quotient rule,
(an) — %

Definition. For a sequence (ay), the corresponding series is the sum
oo
>
k=1

Definition. For a sequence (ax) and S € R,

[e)
Sa-s
k=1
if the sequence of partial sums (S,) — S where
Sn = dk
k=1

Theorem (Sum Rule). For series Yy~ 1 ax and > ;- bi, if Y poq ax and > ;- bi both converge, then
> ey (ak + bx) converges.

Theorem (Null Sequence Test). The series > ;- ax only converges if (ax) — 0.
Theorem (Comparison Test). For series Y~ ax and Y~ by, if
® a,, by >0 forall k eN
e a, < Mby forall k e N and M >0
e > 77 | bk converges
then >"77, ax converges. Similarly, if
® a, b >0 forall k eN
® a > Mby forall k e N and M >0
o > 7. by diverges
then Y v, ax diverges.
Theorem (Ratio Test). For a series >, ; ax, if(|ag—:1|) — L, then
o ifL <1, .2, ax converges
o ifL>1,3 2, a diverges
Theorem (Alternating Series Test). For a sequence (ay), if
e a, >0 forall ke N
o (ay) is decreasing
e (ay)—0

then >"32(—1)kax converges.



Question 3
Which of the following series are convergent?
L Yoo, T
2. 220:1(_1)”
3.0, G
40w
5. Yy

6. Zoc \/ﬁ+2

— 3
=1 .31

Solution

L
<kl

1. Convergent, using the sum rule. Let a, = % and b, = e}

1 1 nP+n

ap+b,=—=+—==
T I K] ns

Since Y 021 an and Y77, b, both converge, the series converges.

N

. Divergent, using the null sequence test. Let a, = (—1)". Since (a,) is not convergent, the series
diverges.

3. Convergent, using the alternating series test. Let a, = -, so (a,) is decreasing and (a,) — 0,
and so the series converges.

4. Convergent, using the ratio test. Let a, = % SO

n! 1

(n+1)! n+1

dn+1
an

Since (ﬁ) — 0, the series converges.

5. Divergent, using the ratio test. Let a, = 3—; o)
ant1| 3nt1p
dn o 3”(/7 + 1)
~3n
Con+1
3
- 1
1+
Using the sum rule and the quotient rule, (1il) — 3, so the series diverges.
6. Divergent, using the comparison test. Let a, = i’”f o)
n2+

\/ﬁ+2_1+%

n?+1  n+ s

2
1+W
2n

1

~2n

Since a, > 2(%) for every n € N and 377 ; £ diverges, the series diverges.



Additional Questions

1. Use the definition of convergence to show that (ﬁ) — 0 as n— oo.

Solution By definition, (%) — 0 if for all € > 0, there is N € N such that for all n > N,
lan| < €.

Let € > 0 and take N € N such that N > 6% Then, for all n > N,

1
lan| =
n
1 .
< — (since n > N)
N
. 1
<eg (since N > 8—2)

so (ﬁ) — 0.

2. Use the triangle inequality and the definition of convergence to show that if (a,) — a and (a,) — b,
then a = b (i.e. that limits of sequences are unique).

Solution If (a,) — a, then by definition, for all € > 0, there is Ny € N such that for all n > Ny,
la, —al <e.

If (a,) — b, then by definition, for all € > 0, there is N> € N such that for all n > N, |a,— b| < €.
By the triangle inequality,

la—bl=l|a—a,+a,— bl
§|a*an|+|an*b|
=l|a, — al + |a, — b|

This implies that for all € > 0, there exists N € N where N = max(N;, N») such that for all n > N,

la—b| <la,—al+|a,— b|
< 2¢

Since this holds for every € > 0, this implies that |a — b| =0 and so a = b.

3. Decide whether the series

—1 n
converges or diverges.

2

Solution Let a, = n3”—+1 so a, > 0 for all n € N. Since
n2
an =
T 341
1
— n
1+ 5

(an) — 0 by the sum rule, product rule and quotient rule.



By definition, for all n € N,
(n+1)? n?
(n+13+1 nm+1
P +2n+1 n?
T M43l +3n+2 i+l
(P +2n+1)(nP+1) — n?(n® +3n° +3n+2)
N (m4+1)(n®+3n%+3n+2)
(P +2n*+ P+ n?+2n+1) — (n° +3n* +30° +2n?)
N (m+1)(n*+3n2+3n+2)
-t =2 —n?+2n+1
S (MB+ 1) ("B +3n2+3n+2)
< —2—n>+2n+1
(P +1) (" +3n°+3n+2)
- —(n®=2n+1)
(B + 1) ("B +3m2+3n+2)
) ~(n-17
S (MP+ 1) (P +3m2+3n+2)
=0 (since (n— 1) > 0)

dnt+1 — ap =

(since n* +2n° > 2)

SO any1—ap < 0 and hence a, > apy1. Since a, > 0 foralln €N, (a,) — 0 and (a,) is decreasing,
by the alternating series test, the series converges.

(a) Find a series > ;7 ax that converges where (|%:]) — 1.

(b) Find a series .7, ax that diverges where (|ag—:1|) — 1.

This shows that the ratio test is inconclusive when L = 1.

Solution

(a) Let a, = %, so Y52, a, converges. Since

dn+1 _ (n+1)2
an L
T (n+1)2
n2
TP +on+1
_ 1
- 2 1
1+ st

an+1
an

(

(b) Let a, =%, so 72, a, diverges. Since

) — 1 by the sum rule, product rule and quotient rule.

dn+1 nJlrl
an | L
_n

T on+1

_ 1
1+

an+1
an

(

> — 1 by the sum rule and quotient rule.



