EC133 Week 4

Tuesday 28 January 2025 14:59

EC133 Linear Algebra 2023-2024 Assignment 1

Assignment 1: Vectors, Matrices and Coordinates

This assignment covers the first three sections of the module. In order to obtain full marks you must have a
good understanding of the following topics:

Vectors Vector addition and scalar multiph

Matrices Matrix operations: matrix addition and multiplication, scalar multiplication, transposition. Caleula-
tion and properties of the determinant and trace. Minors, the adjoint matrix, matrix inversion. Matrix
transformations, linearity, matrix representation of linear maps,

C i Spanning, linear depend and independence, bases for R™, change of basis matrices,

You are encouraged to complete online quizzes 1 and 2 before attempting this assignment.,

The questions themselves are marked out of a total of 20. There are a further five marks for clarity of exposition.
In particular, you should write clearly and concisely, but using full sentences where appropriate, and ensure
that you explain the details of any necessary steps in your arguments, The assignment is therefore marked out
of 25, and will contribute up to 5% towards your overall mark for this module.

The deadline for this assignment is: 2pm on Friday 7 February 2025 (week 5). You should submit your

solutions via Tabula. . (‘
_— = o)

1 (a) For each of the following transformations f: B? — R”, say whether f is linear or not. ,
@ flx)=10,y-37) (i) flz,w) = (a—y=120+y) () fle,y) = (x.y)

If it is, write down the matrix that represents f relative to the standard basis {i,j}. [3] .\ . z . g(z\ : A x
- -

(b) Let f and g be linear transformations represented by the matrices A = ['* " ] and B = [11],

4 -3

respectively, relative to the standard basis {1, j}. Determine the matrices that represent the composite -
transformations 3 % - x
- —-—
(i) gof:R*—R? (i) fog: R* — R?
Hence find a rule for each composite transformation in the form F(x,y) = (ar + by, cx + dy). [4]
2 Let
1 1 a
= {[i].[s]. [i]} \ ° o
(a) Show that T is a basis for RY. [4] N N
(b) Calculate the change of basis matrix @ that converts from this basis T to the standard basis § = {i j, k}, —_ ‘ - (o] - \ k - ()
and its inverse @ that converts from S to T 31 - o ] \) bt [o} < \
= =
(c) Hence find the coordinates of the vector v = i = 2j 4 3k relative to this new basis T. [2] - |

3 The equation of the unit circle ' is given by =% + 3 = 1. Let f be the linear transformation represented by
the matrix A = [{}].
(a) Find an equation for the image [ = f{C) of the unit circle under the action of this transformation. [2]
(b) Caleulate the area enclosed by D. 21

14)
N sex $V,.., YmE SR spons R i oy v R con be
wriltlen as a Ungar combinakion of vectorsin 3V, .., Vs,
l.e. Y= QuVit .-t amVm for o‘\,"'aaMQ\R
\

e.q. Lek 54” and V= —\), For anery yQRz, E (%) for
ab € R.

We wank Jo find x,Y€R suchthak W= xu+ryy.
(5)- (3) ¢ ()= (2%3)

We wWonk 4o Solwe LrY= &, x—*\yb do _{,iml % and Y in 42rms

of a and b.

x=—=, W=7 so W=z 7 W+t —7"V %o 3,‘5,!% Spons Rl.
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Xx3
<raw = (2)+ ()= (<19)
(o] (o]

Ay Ningoxr combinanon op 4 and ¥ has o zesd as+he z - coondinake
S0 we CMV\OLWV'\\-C K= (o) inderms of U and ¥ So 14 VS
does ok span R ‘

2 Show whether or not the following sets of vectors span the given vector space:

@ {[2].15} cr2Y © {[2].18, 18} cr2V
CREEP: @ {[3.[3].[2]) e/

g:a(—-?:)'rb(&)Jro@)

n . . .

A sex f!‘,---,l"\g SR s bneaty "\dz;fcnd,u\}c W whenener
Qi % .- ¥ AnVYm = O for &y, AmER, then

A= .-.=20m=.

o Luu= (1), v+ (2) omt w- 5]

Swppcse. AU tbYxCw=0 Cor a,b,c€R.
()¢ )+ 6)- G- 2

We wontio solwe otlb= 0, axCc O bvxC=0 xo 3& az=b=c=0.
Honee, 3u,v, ws s \mw\/g) mrkqm\o\ﬂ/\k

. leku= ('*) Y=(3) and w=(3 ) Sinee 2y -u-w:o,
i\g‘\/,\gi is not linarly independank so ik is
Uingarly degendenk.

2 Show whether or not the following sets of vectors span the given vector space:

@ {12,050 crev/ © 1
(®) {EcrY @ {

21,191,
23 eV

3 Show whether or not each of the sets of vectors in the previous question are linearly independent.



A sek QY_I,...,\,IM-SQ R" is o basis if i+ spons R"and it is
M5 way of writing it is Veutor indexms ot i

unigue
\F {!\,---.Ymg QR“ \s o \:)Oéisl —\‘\\.Ql\ M=1.

1 39, ¥m3 SR spons R 4hen m2n,
g 3, ImI SR is bnearly independank, than men.

5 Show that a set S = {v,..., v} C R™ is linearly dependent if and only if one of the vectors in S can be
- - - ——
expressed as a linear combination of the others.

Needto prove: i) I S is Wneoriv dependank, Fhan
D&LOZ(,"’L\-Q«\I'QC/\'OTS M S con be wrilken as
a lheor combinallon @ the ovwass.

i) \{3 one af e veckors S con be writken as
a lineor combinanon o Yhe othass, than
Sss VW\O W&M\k
1) Suppose Sis incarly dependenk. This meons thak

QW1+ +0mVm=0 for some a,,.--,&m ER where ak least
one ai+0.

Withowk \oss o generolity, assume g, 3 0. By roTanaing ,

Viz — (‘Kz‘iz“'-‘-‘\"kﬂ\\',m’ =-02 vy —...- AW Vg,
Q\ Q‘ a\

So W\ \5 o Wnzor combinakion oF 1Va,.--, _\_hv&



