EC133 Week 6
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Egenvaluts ond Eisawedots

A\_l_ = AY ¢« eigenvector (A')\l);_
eigenvalee

lp ¥ is on eigenvector coresponding to A, 30 is Ky for

k€R-1o8.

Chacsctensyic Polynomial

X (z) =dek (AN-x L) « Roots are elgenvalmes

Diagonalisakion

‘[1 A hos eigenvalues X, ..., An with corresponding eigenvectors
Vi, ... ¥n , $hen A=GDQ™" where

D= (’Afg) e (w o ve)

00. - Aa Neiaexwwors oare co\wmns
Some OYARA 05 eAgenvalald

y AR
e.q. lek A= (2.3 g 4
A"I.I = ( 2 3-x.)

AKa(x) =z dak (A-xT) = (2-21B3-x) -2
= - 5xrY4
= (x-1\(x-1)

So A hos eigenvalines | and Y,

Consider +he ejge.nvm \:



Consider Hhe eigevalue | :
2E)-G) > GE)-G)

S0 (-‘I) 1S an ehgenvector for |.

Similorly, (2) s an eisex\\re,c\—or gor 4

Henee, A=GDQ" where .
D=(52) and Q=(M 1) (= Q'=3(37))

1 Consider the following matrices:

@ [; 3] o [ G

For each of these matrices:
(i) Find the characteristic polynomial xas (k).

(i) Use the characteristic polynomial to find the eigenvalues and corresponding eigenvectors.

(iii) Diagonalise the matrix M: find an invertible matrix Q and diagonal matrix D such that M = QDQ~".

aD=(3%) a = (2}
b) D= (2 Al Q (4 o
A D=(F.%) Q= (u-&"‘ )

N (333) 0 (243

Theowem: I Az QDG +hen A= QD" Q" for all
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€.9. Lok Znyi = 2xn+ Yn and Ynet = lxn’\'gbv\,
wWhere Xo= 6 ond 80—3
Zn = T Z n-

Lﬂ Zn = ;\“) T—
= zgn_
(5)-G3)(G0) -T2

3
=(23)"°(%) =T 2o

"-\-z ") )
Xn AN T
Yn ) < 3\2t"M- 7.('-&")-!-!)(3
_ /3c4™)a3
6(4")-3

So znz3(4")+3 snd ‘O":G’H“) -3

2 Consider the following system of linear difference equations:

Tntl = 23’,‘._..1 + Un
Ynt1 = 3Ty + Yy

where x¢p = yo = 1. Use the matrix diagonalisation method to find a closed form solution for this system
that is, expressions for z, and y,, in terms of n I

Just in #&fms of n
(Sn) 3 ) ::.:-‘\)

(34)°C)
D= (o ) Q=(3), a'=5(37
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3 Consider the following linear second-order differential equation:
Tpt1 = 3Ty — 2Tp—1, with zg = —2and 21 =1

(a) Rewrite this as a system of two linear first-order difference equations.

(b) Use the matrix diagonalisation method to find a closed form solution for z,,.

(c) By considering the dominant eigenvector, find the limit of the ratio of successive terms in the sequence
as n — oo.

LQk 3\\3 Xn-\. "‘\2/'\, xn-\-\=?>xrh "‘231\
nxt = Xn
whh intHal conditions X =\ and 3|=—2.
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