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The leading Mou?)or\a)» oL & makvix A=(ay) is the
diagonal with emmes au, Az, ..., ann.

Ay A1 - QRn
e Q2 - On % ’-dA\OL%oV\OJ,

; . $+% = upper fanguhar

®n Qan - °° Ann

A mahix is o‘iaﬂov\d if the On\v non-ro entries ase on
+he lMAO dA\aaov\aL

A makix is wpper tnangulor if the onW hon-2ero
entnes are on or boove the leaou/\g alq‘asonak.

lp Av=)v por AR and v €R'N$e5, han A is 4he
e\'suwalu.e, &mspondinj o the eigenvector V.

1 Let D be an nxn diagonal matrix, and let 7" be an nxn upper triangular matrix.
(a) Show that the eigenvalues of D are exactly the elements on the leading diagonal.
(b) Show that the eigenvalues of T' are exactly the elements on the leading diagonal.
(One approach is to try the cases n = 2 and n = 3 first, then generalise.)

&) The, ejaonvdu,s op Dare the mos qf the
arackenshc Po(@nom,ial Xo(2) = dek (D- X«In).

LOk D= 08\ :u'-'.'.g
& b ann
so D-xTn-= a'c}-z«,:.;.'..o_o >
6 & dmex
(con prove ﬁSOTOUS\J b:j inducHion)

So M(D_Llﬁ\ = (a\\~x\ (a?fb’x) -»-(qi\n'x)
so the fOO\'Sq, O(D oFre Qun, Q27,---) Ran,
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H&\C—&, Mejga\vm of D ot ayaz2z, --- (Ann

b) The eigenvalues o T o Hne vooks of the
Anoradeen shic Polynomial N () =dak (T- 2Ta),

l_j)c T: Anw Qg - -- A
C? OL:z,z - QAn

é O ’:: Qv\h
So T"‘XJIV\ = Anw—=X O4w2 --- O\Wn
o Q- --- Qn

Cb 6 —_— Onn - 2C

(COJ\ be proven bv induchon eXPGM[ down columns )
Exponding Hhe delerminant down Colwmns gives
dﬂJC(T‘ LIA\ = (an-2) (O\tz’x) .- (aan-x

So +he roots of Ar are A, ALy, - ann,

\"\U\UL, -\’»\.Q/ QA\SU\VMS ot T ore An, A1, - --) Aan.

Note: Prove i+ 15 4rue = pme_g_ﬂ_ cases, not jusk
some exomples.
Prove i+ 1s false = find one counkrexarple
(e-g. not lingar i f(2)#2)

2 Suppose that A is an nxn matrix with eigenvalues kq,..., ky,, and corresponding eigenvectors vi,...,vy.
(a) Show that A? has eigenvalues k7,..., kZ and eigenvalues v,.. ., o
(b) More generally, show that A™ has eigenvalues k,. . ., k7 and eigenvectors vy, ..., v, for any positive
integer m.
(c) Let h € R be a nonzero scalar. Show that hA has eigenvalues hky, ..., hk,, and eigenvectors vy, ..., V.
(d) Let h € R be a nonzero scalar. Show that (A+ hl) has eigenvalues (k;+h), ..., (kn+h) and eigenvectors
Vigenns V-

) BS dfinition, Avi=KkiVi for all i€31,...,nk.
We want 4o show A*Vi= ki* vi gor all 1€ 11,..-n5.



. Y -

\V\\Alk\P\giAS bv A gives A ¥i=Akivi
= K AV (since Kits a
z K. (k.‘ J;) SCMN)
= Ki*wi

H-QAOL, Vi 1S an @iqenveckor cowcspoy\obfn o Ha elgenvolume
ki gor A* for ot €31, . nS g J

\deas
b) Generalising (a),
A"vic A (Avi) = A kivi 2 i AT = kMY
) (WAYYi=h (Avi) = hki v
d) (A+hT ) vi = Avir hIavi= Avichvi = Kivighve

= (Ki’r\t\\ Vi



