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Abstract

In this article, we look into the tree gonality of genus 3 metric graphs
Γ which is defined as the minimum of degrees of all tropical morphisms
from any tropical modification of Γ to any metric tree. It is denoted by
tgon(Γ) and is at most 3. We define hyperelliptic metric graphs in terms
of tropical morphisms and tree gonality. Let Γ be a genus 3 metric graph
with tgon(Γ) = 3 which is not hyperelliptic. In this paper, for such metric
graphs Γ, we construct a tropical modification Γ′ of Γ, a metric tree T
and a tropical map φ : Γ′ → T of degree 3.
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1 Introduction

We look into the tree gonality of metric graphs. Its motivation comes from the
striking interplay between graphs and algebraic curves discovered over the last
two decades. For example, there exists a good theory of divisors on graphs
(see BN07]) (also including such notions as linear systems, linear equivalences,
canonical divisors, degrees, and ranks), and maps between metric graphs with
suitable balancing conditions that behave similarly to morphisms between curves
(see BN07]).

Recall that the gonality of an algebraic curve C is the minimum of degrees
of all non-constant morphisms from C to the projective line P1. There are
two notions of graph gonality in the literature, which are both inspired by
the gonality of an algebraic curve. They are tree (or geometric) gonality and
divisorial gonality e.g., studied for ordinary or metric graphs (see Bak08]). Yet
another variant is stable gonality, which is the infimum of the divisorial gonality
over all subdivisions of an ordinary graph (see CKK15]).

We study a tropical version of gonality, where the roles of algebraic curves
and the projective line are played by metric graphs and metric trees, respectively,
and the morphisms are replaced by the tropical morphisms (see BN07], Cap14],
Mik17], BBM11], Cha13]). The tree gonality of a metric graph Γ is defined as
minimum of degrees of all tropical morphisms from any tropical modification
of Γ to any metric tree. The tree gonality of any metric graph of genus g is at
most

⌈
g
2

⌉
+ 1 (see Theorem 1, DV19]). Its proof is entirely combinatorial and

provides an explicit method to construct divisors with degree
⌈
g
2

⌉
+ 1 and rank

1 on genus-g metric graphs. In this article, we are interested in constructing a
degree-(

⌈
g
2

⌉
+1) tropical morphism from a tropical modification of Γ to a metric

tree, where Γ is of genus g with tree gonality
⌈
g
2

⌉
+ 1. Interest for such method

dates back to (Bak08], Remark 3.13). In this regard, our modest contribution is
on the case where g = 3 and Γ is not hyperelliptic, i.e., given a nonhyperelliptic
genus 3 metric graph Γ with tree gonality 3, we construct a tropical modification
Γ′, a metric tree T , and a degree 3 tropical morphism ϕ : Γ′ → T (Problem
1). We emphasize that our constructions are more direct than in DV19] in the
sense that we avoid constructing divisors of certain degree and rank, but rather
make explicit constructions of tropical morphisms from tropical modifications of
metric graphs to metric trees.

Problem 1. Let Γ be a genus 3 metric graph with tree gonality 3 which is
not hyperelliptic. Construct a tropical modification Γ′ of Γ, a metric tree T and
a tropical morphism φ : Γ′ → T of degree 3.
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2 Preliminaries

2.1 Metric graphs.

A graph G is defined by the following data: a set V called the vertex set, a
set E called the edge set and a map ∂ : E → P (V ) such that for any e ∈ E
we have |∂(e)| = 1 or |∂(e)| = 2, where P (V ) is the power set of V . We write
G = (V,E, ∂). The elements of V (resp. E) are called vertices (resp. edges)
of G. An edge e ∈ E with |∂(e)| = 1 is called a loop. Two or more edges
e1, e2, . . . , en ∈ E are called multiple edges if there exist v1, v2 ∈ V such that
∂(ei) = {vi, vj} for all i = 1, 2, . . . , n. The graph G is said to be finite if both V
and E are finite sets. A length map on G is any function l : E → (0,+∞). In
this article, unless stated otherwise, a graph is always assumed to be finite with
multiple edges allowed.

Let G = (V,E, ∂) be a graph. A path in the graph G is a sequence of edges
(e1, e2 . . . , en−1) for which there exists a sequence of vertices (v1, v2, . . . , vn) such
that ∂(ei) = {vi, vi+1} for i = 1, 2, . . . , n− 1. If w = (e1, e2, . . . , en−1) is a path
in G with vertex sequence (v1, v2, . . . , vn) then w is said to be a path from v1 to
vn. A graph G is said to be connected if for any two vertices v1 and v2 there
exists a path from v1 to v2. Let e ∈ E with ∂(e) = {v, w}. Subdividing the edge
e ∈ E with ∂(e) = {v, w} into edges e1, e2 yields the graph G′ = (V ′, E′, ∂′)
where V ′ = V ∪ {z}, E′ = (E \ {e}) ∪ {e1, e2} and ∂′ is given by ∂′|E\{e} = ∂
and ∂′(e1) = {v, z} , ∂′(e2) = {z, w}.

Let G = (V,E, ∂) be a connected graph with no loops. An orientation

on G is a map ∂⃗ : E → V × V such that if we write ∂⃗(e) = (v1, v2) then

∂(e) = {v1, v2}. Note that giving an orientation ∂⃗ on G is equivalent to giving a
map (∂0, ∂1) : E → V × V where ∂0, ∂1 : E → V are endpoint maps.

Fix an orientation (∂0, ∂1) : E → V × V on G and choose a length map l on
G. Let (X, d) be the disjoint union of the real metric spaces [0, l(e)] for e ∈ E
i.e., the set

X =
⊔
e∈E

[0, l(e)] :=
⋃
e∈E

[0, l(e)]× {e}

together with the metric d : X ×X → [0,∞] given by

d((x1, e1), (x2, e2)) =

{
|x1 − x2|, if e1 = e2

∞, otherwise.

Consider the relation ∼1 on X defined by x ∼1 y if there exists a vertex v ∈ V
such that x, y ∈ {(0, e) ∈ X | ∂0(e) = v} ∪ {(l(e), e) ∈ X | ∂1(e) = v} and let ∼
be the equivalence relation on X generated by ∼1 i.e., x ∼ y if and only if x = y
or there exists a finite subset {z1, z2, . . . , zn} ⊂ X such that x = z1, zn = y and
zi ∼1 zi+1 for i = 1, 2, . . . , n− 1. Let X̄ := X/∼ be the quotient space of X with
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respect to the equivalence relation ∼ and d̄ : X̄ × X̄ → [0,∞) be given by

d̄(x̄, ȳ) := inf

k∑
i=1

d(xi, yi)

where the infimum is taken over all k ∈ N and sequences (x1, y1, x2, . . . , xk, yk)
in X such that x1 ∈ x̄, xi+1 ∼ yi for i = 1, 2, . . . , k − 1 and yk ∈ ȳ. Then,
Γ := (X̄, d̄) is a metric space. In this case, we say that the metric space (X̄, d̄) is
obtained from (G, l) by gluing intervals [0, l(e)], one for each e ∈ E, along their
endpoints in the manner prescribed by G. We often regard each edge e ∈ E as a
subset of Γ and each vertex v ∈ V as a point in Γ.

Definition 2.1 A metric graph is a metric space Γ such that there exists a
loopless connected graph G with a length map l such that Γ is isometric to
the metric space obtained from (G, l) by gluing intervals [0, l(e)], one for each
e ∈ E(G), along their endpoints in the manner prescribed by G.

The pair (G, l) is called a model of Γ whereas Γ is called a realization of the
model (G, l). The construction of a metric graph from a graph that may have
loops will be given in the following way. Let G = (V,E, ∂) be a connected graph
with loops and l a length function on G. Subdividing all the loops e ∈ E, say
into e1, e2, . . . , en, yields a graph G′ with no loops. The length map l′ on G′ is
given by l′ = l on E \ {e ∈ E | ∂(e) = 1} and l′(e1) + l′(e2) + . . .+ l′(en) = l(e)
for edges e1, e2 for which a loop e ∈ E subdivided to e1, e2. Then Γ does not
depend on the choice of the subdivision (G′, l′). Thus, we define Γ to be the
realization of (G, l), and we also call (G, l) a model (that may have loops) of Γ.

The first Betti number of Γ is equal to g(G) := |E(G)| − |V (G)| + 1. It
is called the genus of Γ and it is denoted by g(Γ). A metric graph Γ of genus
g(Γ) = 0 is called a metric tree.

Let Γ be a metric graph. A vertex set of Γ is a finite subset S ⊂ Γ such
that the subspace Γ \S is isometric to a disjoint union of finitely many real open
intervals. Any vertex set S ≠ ∅ of Γ induces a model (GS , lS) of Γ in the following
way. The graph GS = (V,E, ∂) is given by its vertex set V := S, its edge set
E defined to be the set of closures of finitely many connected components of
Γ \ V and the map ∂ : E → P (V ) given by e 7−→ ∂(int(e)), where int(e) = e \ S
and ∂(int(e)) ⊂ V is its boundary in Γ. Each edge e ∈ E is isometric to either a
segment or a circle. The length map lS : E → (0,∞) assigns each edge e ∈ E
the length of the segment or circle isometric to it.

We single out a particular model for Γ. A point x ∈ Γ is called an essential
vertex if for any ε > 0, the open ball B(x, ε) :=

{
y ∈ Γ | d̄(x, y) < ε

}
is not

isometric to (−ε, ε) ⊂ R. If x ∈ Γ is an essential vertex, then for any model (G, l)
of Γ and any edge e ∈ E(G) we have x /∈ int (e), and so, the set of essential
vertices of Γ is a subset of E(G) for any model (G, l) of Γ. Since G is a finite
graph, Γ has only finitely many essential vertices.
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Lemma 2.2 Let Γ be a metric graph, E the set of essential vertices of Γ, and S
a finite nonempty subset of Γ. Then, the set S is a vertex set of Γ if and only if
E ⊆ S.

Proof. Suppose that ∅ ≠ S is a vertex set in Γ. Then, S induces a model (G, l)
of Γ where S = V (G) and, so

Γ \ S = Γ \ V (G) ≡
⊔

e∈E(G)

(0, l(e)).

If E ∩ (Γ \ S) ̸= ∅ then there exists x ∈ E and an edge e ∈ E(G) such that
x ∈ int (e) which contradicts x being an essential vertex. Therefore, E∩(Γ\S) = ∅
and E ⊆ S. Now, assume that E ⊆ S. If E = ∅ then Γ is isometric to a circle,
and so, any non-empty finite subset of Γ is a vertex set. Suppose that E ̸= ∅. Let
(G, l) be a model of Γ, and V , E be the set of vertices, edges of G respectively.
Then, the set V =

⋃
e∈E ∂(e), where ∂(e) is the boundary set of e ⊂ Γ, is a

vertex set of Γ. As E is the set of essential vertices, and V is a vertex set, it
follows, from what we have shown above, that E ⊆ V . Now, if E = V , then
E is a vertex set. Assume that E ⊊ V . We know that the set V \ E is always
finite. If this is a one-element set i.e., V \ E = {x1}, then there exist unique
edges e1, f1 ∈ E, e1 ̸= f1 such that x1 is a common endpoint of e1 and f1. Then,
we obtain that

Γ \ E = (Γ \ V ) ∪ {x1} ≡
⊔
e∈E

(0, l(e)) ∪ {x1}

≡
⊔
e∈E

e ̸=e1,f1

(0, l(e)) ⊔ (0, l(e1) + l(f1))

which implies that E is a vertex set. If V \ E = {x1, x2}, then there exist unique
edges ei, fi ∈ E with ei ̸= fi such that xi is a common endpoint of ei and fi
for i = 1, 2. In the case when one of e1 and e2 is equal to one of f1 and f2, say,
f1 = e2, we have that

Γ \ E ≡
⊔
e∈E

e ̸=e1,e2,f2

(0, l(e)) ⊔ (0, l(e1) + l(e2) + l(f2)).

If both e1 and e2 are different to both f1 and f2, then

Γ \ E ≡
⊔
e∈E

e ̸=e1,e2,f1,f2

(0, l(e)) ⊔ (0, l(e1) + l(e2)) ⊔ (0, l(f1) + l(f2))

and therefore, E is a vertex set. Similarly we get we get that E is a vertex set if
V \ E = {x1, x2, . . . , xn}, Thus, Γ \ E is isometric to a disjoint union of finitely
many open real intervals. Since Γ \ S ⊂ Γ \ E , we have that Γ \ S is also is
isometric to a disjoint union of finitely many open intervals, and therefore, S is
a vertex set. □
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A metric graph is said to be a metric loop if it is isometric to a circle. If Γ
is not a metric loop, then E ̸= ∅ is a vertex set of Γ. The model (GE , lE) induced
by the essential vertex set E is called the essential model of Γ. From Lemma 2.1,
the essential model (GE , lE) is minimal in the sense that any other model of Γ
can be obtained by a sequence of edge subdivisions of GE . Thus, all models are
refinements of the essential model. In addition, this implies that the valence of a
point x ∈ Γ defined as the valence of x in GS for S a vertex set of Γ and x ∈ S,
is well-defined notion. The valence of the point x ∈ Γ is denoted by val(x).

2.2 Harmonic maps and tropical morphisms.

Definition 2.3 Let Γ1 and Γ2 be metric graphs with loopless models (G1, l1)
and (G2, l2) respectively, where E(G1) = {e1} and E(G2) = {e2}. A map
φ : Γ1 → Γ2 is said to be linear if there exist isometries ρ1 : Γ1 → [0, l1(e1)] and
ρ2 : Γ2 → [0, l2(e2)] such that the map ρ2 ◦ φ ◦ ρ−1

1 : [0, l1(e1)] → [0, l2(e2)] is an
affine linear map.

Definition 2.4 Let Γ1 and Γ2 be two metric graphs. A continuous map φ :
Γ1 → Γ2 is said to be piecewise linear if there exist loopless models (G1, l1) and
(G2, l2) of Γ1 and Γ2 respectively, such that for any edge e1 ∈ E(G1) there exists
an edge e2 ∈ E(G2) such that φ(e1) ⊆ e2 and φ|e1 : e1 → e2 is a linear map.

Let φ : Γ1 → Γ2 be a piecewise linear map of metric graphs, v ∈ Γ1 and
w := φ(v). Let (G1, l1) (resp., (G2, l2)) be loopless models of Γ1 (resp., Γ2)
such that for all e1 ∈ E(G1) there exists e2 ∈ E(G2) such that φ(e1) ⊆ e2,
φ|e1 : e1 → e2 is a linear map, and assume that v ∈ V (G1) and w ∈ V (G2).
Fix a direction w⃗ at w (i.e., a ’unit vector’ starting at w with direction of a
path emanating from w), and let e2 ∈ E(G2) such that w is an endpoint of e2
and e2 is in the direction w⃗. Let {ev1, ev2, . . . , evr} ⊆ E(G1) be the set of edges
emanating from v. Without loss of generality, assume that

{ev1, ev2, . . . , evs} = {evj | φ(evj) ⊆ e2, j = 1, 2, . . . , r}

for some s such that 0 ⩽ s ⩽ r. Then, φ|evj
: evj → e is a linear map for

j = 1, 2, . . . , s because of the choice of models (G1, l1) and (G2, l2). Denote by
mφ,w⃗(v) the sum of slopes of these linear maps φ|evj

, j = 1, 2, . . . , s. i.e.,

mφ,w⃗(v) =

s∑
j=1

slope (ρ ◦ φ ◦ ρ−1
vj )

where ρ : e2 → [0, l2(e2)] and ρvj : evj → [0, l1(evj)] are the chosen isometries
with unique parametrizations ρ(w) = ρvj(v) = 0 for i = 1, 2, . . . , s i.e., that map
initial endpoints of e2, evj , j = 1, 2, . . . , s to 0. This definition of the slope of the
linear maps φ|evj

, j = 1, 2, . . . , s, and their sum mφ,w⃗(v) is independent of the
choice of such models (G1, l1) and (G2, l2).
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Definition 2.5 A continuous map φ : Γ1 → Γ2 is said to be a harmonic map
of metric graphs if it is piecewise linear with integer slopes and satisfies the
harmonicity condition: For any point v ∈ Γ and any two directions w⃗1, w⃗2

emanating from w := φ(v) we have mφ,w⃗1
(v) = mφ,w⃗2

(v).

Let φ : Γ1 → Γ2 be a harmonic map and v ∈ Γ. Then, mφ(v) := mφ,w⃗1
(v) =

mφ,w⃗2
(v) for any two directions w⃗1, w⃗2 emanating from φ(v) is said to be the

local degree of φ at v. The degree of a non-constant harmonic map φ : Γ1 → Γ2

is defined to be the sum of all local degrees of φ at the pre-images under φ of
any point w ∈ Γ′ i.e.,

deg φ :=
∑

v∈Γ,φ(v)=w

mφ(w)

for any w ∈ Γ′. The degree of φ is independent of the choice of w. (see Section
2.4, Kag18]).

Definition 2.6 A non-constant harmonic map φ : Γ → Γ′ of metric graphs is
said to be a tropical morphism between metric graphs if the slopes of φ along
the edges of linearity are nonzero and the following inequality

(k − 2) ⩾ mφ(v) · (l − 2)

holds for all points v ∈ Γ, where k is the valence of v, and l is the valence of
w := φ(v). The above inequality is known as the Riemann-Hurwitz condition.

2.3 Tree gonality.

Let Γ be a metric graph, T a metric tree, and let v ∈ Γ, w ∈ T be two points
such that val(w) = 1. Denote by Γ′ the quotient space of Γ ⊔ T with respect
to the equivalence relation ∼ that identifies v with w. The metric space Γ′ is
a metric graph, and we say that Γ′ is obtained by grafting the metric tree T
onto the point v ∈ Γ. In this article, we allow the inverse operation of grafting a
metric tree onto a point of a metric graph, and we call it deleting a metric tree
onto a point of the metric graph.

Definition 2.7 A tropical modification of a metric graph Γ is another metric
graph Γ′ that is obtained by grafting or deleting a finite number of metric trees
onto points of Γ.

Given a tropical modification Γ′ of Γ and a tropical morphism φ : Γ′ → T of
metric graphs, then there exists a tropical modification Γ′′ (resp. T ′) of Γ′ (resp.
T ) respectively and a tropical morphism φ′ : Γ′′ → T ′ that extends φ and has
the same degree as φ (CD18]). The following definition is the key definition in
this article.

Definition 2.8 The tree gonality of a metric graph Γ, denoted by tgon(Γ), is
defined as the minimum of degrees of all tropical morphisms from any tropical
modification of Γ to any metric tree.
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In order to study tree gonality and tropical morphisms of metric graphs, we
consider the equivalence relation on metric graphs under tropical modification
called tropical equivalence. Metric graphs under tropical equivalence are said to
be tropically equivalent.

First, we recall the notions of contracting and deleting an edge of a graph.
Let G = (V,E, ∂) be a graph and e ∈ E with ∂(e) = {v, w}. Contracting G
at the edge e ∈ E yields the graph G1 = (V1, E1, ∂1) where V1 := V/ ∼ where
∼ identifies v with w, E1 := E \ {e} and ∂1 : E1 → P (V1) given as follows:
for e′ ∈ E1 such that ∂(e′) = {v′, w′} we define ∂1(e

′) = {p(v′), p(w′)}, where
p : V → V1 is the quotient map. Deleting the edge e ∈ E yields the graph
G′ := (V,E \ {e} , ∂|E\{e}).

Next, we work with the notion of dangling edges which is due to DV19].
Note that we regard a singleton graph (a graph without an edge) as a tree.

Definition 2.9 Let G be a connected graph. An edge e ∈ E(G) is said to be
dangling if deleting e gives a graph with two connected components and one of
them is a tree.

Let Γ be a metric graph with model (G, l). Assume that g(Γ) ≥ 2. Denote
by G̃ the graph obtained by successively contracting the dangling edges of G,
and let l̃ be a length map on G̃ given as the restriction of l on E(G̃). Let Γ̃
be metric graph which is the realization of (G̃, l̃). Then, the metric graph Γ
is a tropical modification of Γ̃, and note that by construction, Γ̃ satisfies the
following property: Γ̃ is the unique metric graph tropically equivalent to Γ whose
essential model (E , lE) has valency at least 3 i.e., every vertex point has valence
at least three.

2.4 Hyperelliptic metric graphs.

We first recall the basic theory of divisors on metric graphs (Cha13], BN07]).
Let Γ be a metric graph. An element of the free abelian group Div(Γ) generated
by points of Γ is called a divisor on Γ. If

D =
∑
v∈Γ

D(v) · v

is a divisor in Γ, then define the degree of D to be

deg(D) :=
∑
x∈Γ

D(v) ∈ Z

Denote by Div0(Γ) the subgroup of divisors of degree 0. A function f : Γ → R
is called rational function on Γ if it is continuous, piecewise-linear with integer
slopes along its domains of linearity. We denote by Rat(Γ) the set of rational
functions on Γ. For f ∈ Rat(Γ) and a point v in Γ, the sum of the outgoing
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slopes of f at v is denoted by ordv(f). This sum is 0 except for all but finitely
many points of Γ, and therefore,

div(f) :=
∑
v∈Γ

ordv(f)

is a divisor on Γ. The set of principal divisors on Γ is defined to be Prin(Γ) :=
{div(f) | f ∈ Rat(Γ)}. Note that Prin(Γ) is a subgroup of Div0(Γ). Two divisors
D and D′ are said to be linearly equivalent, and we write D ∼ D′, if D −D′ ∈
Prin(Γ). A divisor D =

∑
v∈ΓD(v) · v ∈ Div(Γ) is said to be effective, and we

write D ⩾ 0, if D(v) ⩾ 0 for all v ∈ Γ. Denote by Divk+(Γ) the set of all effective
divisors with degree k. For a divisor D ∈ Div(Γ) a complete linear system |D| is
defined to be |D| := {D′ ∈ Div(Γ) | D′ ⩾ 0, D′ ∼ D} . The rank of a divisor D
is defined to be −1 if |D| = ∅, and

max
{
k ∈ Z | ∀D′ ∈ Divk+(Γ) we have |D −D′| ≠ ∅

}
if |D| ≠ ∅. The rank of the divisor D is simply denoted by r(D). In the literature,
there exists a notion of a hyperelliptic metric graph. For example in Cha13], a
metric graph Γ is said to be hyperelliptic if there exists a divisor D ∈ Div(Γ)
such that deg(D) = 2 and r(D) = 1. In this article, we give a definiton of
hyperelliptic metric graphs in terms of tropical morphisms and their tree gonality
and which is different to the one given in Cha13].

Definition 2.10 A metric graph Γ is said to be hyperelliptic if there exists a
tropical morphism from Γ to a metric tree with degree tgon(Γ).

One of our goals in this article is to investigate genus 3 nonhyperelliptic metric
graphs Γ with tree gonality 3. Note that if Γ is hyperelliptic in the sense of
Kawaguchi-Yamaki (KY15]) that does not imply that Γ is hyperelliptic in our
sense. For example, the metric graph Γ in Figure 25 is hyperelliptic in the sense
of Kawaguchi-Yamaki but is not hyperelliptic in our sense. This is because the
harmonic map coming from the unique hyperelliptic involution ι (Theorem 3.5,
KY15]) does not satisfy the Riemann-Hurwitz condition.
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3 Construction of tropical morphisms

The main result in this article is the constructive solution given to the Problem
1 stated below. Before we do that, we give the following lemma, which will be
useful to construct tropical morphisms.

Lemma 3.1 Let Γ = (G, l), T = (H,m) be two metric graphs where H does
not have multiple edges and ψ : V (G) → V (H) a map on the set of vertices.
Suppose that for any v, w ∈ V (G) that are the endpoints of some non-loop
edge e ∈ E(G), we have ψ(v) = ψ(w), or ψ(v) and ψ(w) are endpoints of some
edge e′ ∈ H. Then, there exists a unique continuous map φ : Γ → T such that
φ|V (G) = ψ and φ is linear over each edge e in G.

Proof. If e ∈ E(G) is an edge with endpoints v, w such that ψ(v) = ψ(w), then
take φe : e→ T to be the constant map on e with image ψ(v) = ψ(w). In the
case when e ∈ E(G) is an edge with endpoints v, w such that ψ(v) and ψ(w) are
endpoints of some edge e′ ∈ H, then choose φe : e → e′ to be the linear map
with slope m(e′)/l(e). Now, we take φ : Γ → T to be the unique continuous map
such that φ|e = φe for all edges e ∈ E(G). □

Problem 1. Let Γ be a genus 3 metric graph with tree gonality 3 which is not
hyperelliptic. Construct a tropical modification Γ′ of Γ, a metric tree T and a
tropical morphism φ : Γ′ → T of degree 3.

Solution of Problem 1. Consider genus 3 nonhyperelliptic metric graphs with
tree gonality 3 up to tropical equivalence. There is a complete list (up to
tropical equivalence) of genus 3 metric graphs (Figure 4, Cin15]), and also a
complete list of genus 3 hyperelliptic metric graphs (the tropical hyperelliptic
curves of genus 3 with unmarked vertices in Figure 2, Cha13]). Note that there
is a hyperelliptic metric graph in the latter list, namely the one in Figure 25,
which is not hyperelliptic in our sense. Based on this, now it is enough to make
the constructions for the tropically equivalent metric graphs Γ whose essential
model (G, l) has valency at least 3. They are depicted in Figures 1,5,7,9,. . . ,25.
We divide the constructions into four cases depending on the number bridges
(edges of a connected graph whose deletion increases its number of connected
components) that the essential model (G, l) possesses.

Case 1. If the metric graph Γ has no bridges, then Γ is one of the metric
graphs given in Figure 1, 5, 7, 9, 11, or 13.

Solution of Case 1.

Case 1.1. Consider the metric graph Γ whose essential model (G, l) is
given in Figure 1, where the graph G = (V,E, ∂) is given by V = {v1, v2, v3, v4},
E = {e1, e2, . . . , e6}, and ∂(e1) = {v1, v2}, ∂(e2) = {v1, v3}, ∂(e3) = {v4, v1},
∂(e5) = {v2, v3}, and ∂(e6) = {v2, v4}. The length map l on E is defined by
assigning e1 7→ a, e2 7→ b, e3 7→ c, e4 7→ d, e5 7→ e and e6 7→ f , where a, b, c, d, e,
and f are real positive numbers.

11



v1

v2

v3

v4

a

e

dc
f

b

Curve

Figure 1. The essential model (G, l) of Γ

Choose any vertex, say v1 ∈ V (G), and without loss of generality, assume
that c ⩽ b ⩽ a. It is enough to consider the following three subcases: (A)
c < b ⩽ a, (B) c = b < a, and (C) c = b = a. We give the constructions for each
subcase separately as follows.

Case 1.1.A. Let (G1, l1) be another model of Γ given in Figure 1.1, where
the graph G1 = (V1, E1, ∂1) is obtained by subdividing the edges ei ∈ E into
e′i, e

′′
i , e

′′′
i (i = 1, 2), and ej ∈ E into e′j , e

′′
j (j = 4, 5, 6) with orientation given by:

∂1(e
′
1) = {v1, v6} ∂1(e

′′
1) = {v6, v4} ∂1(e

′′′
1 ) = {v5, v2}

∂1(e
′′
2) = {v8, v7} ∂1(e

′′′
2 ) = {v7, v3} ∂1(e

′
4) = {v4, v9}

∂1(e
′′
4) = {v9, v3} ∂1(e

′
5) = {v2, v10} ∂1(e

′′
5) = {v3, v10}

∂1(e
′
2) = {v1, v8} ∂1(e

′′
6) = {v4, v11} ∂1(e

′
6) = {v2, v11}

and length map l1, which is equal to l on E \ {e1, e2, e4, e5, e6}, whereas on
{e1, e2, e4, e5, e6} it is equal to

l1(e
′
1) = l1(e

′′
1) = (a− c)/2 l1(e

′
4) = l1(e

′′
4) = d/2

l1(e
′
2) = l1(e

′′
2) = (b− c)/2 l1(e

′
5) = l1(e

′′
5) = e/2

l1(e
′
6) = l1(e

′′′
1 ) = l1(e

′′′
2 ) = c l1(e

′′
6) = f/2.

T = (T ′, t′)

Γ′ = (G′, l′)

v5 v2

c

v3c

v1 v4c

w1 w0
w6

w8

w10

w11

w9

d

e

f

v9

v11

v10

φ

Curve

v7

b − c

a − c

v8

v6

Figure 1.1. The model (G1, l1) of Γ
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Let Γ′ be the the tropical modification of Γ with model (G′, l′) in Figure 1.2,
where the graph G′ is given by its vertex set V (G′) = V1 ∪ {v′6, v′8, v′9, v′10, v′11},
and edge set E(G′) = E1 ∪ {v2v′9, v3v′11, v4v′10, v5v′8, v7v′6}. The length map l′ on
G′ is defined by l′ = l1 on E1, and

l′(v2v
′
9) =

d

2

l′(v3v
′
11) =

f

2

l′(v4v
′
10) =

e

2

l′(v5v
′
8) =

b− c

2

l′(v7v
′
6) =

a− c

2
.

T = (T ′, t′)

Γ′ = (G′, l′)

v5 v2

v3

v1 v4

w1 w0
w6

w8

w10

w11

w9

v9

v11

v10 v′
11

v′
10

v′
9

φ

Curve

v7

v8
v6

v′
8

v′
6

Figure 1.2. The model (G′, l′) of Γ′

Let T be the metric tree with model (T ′, t′) in Figure 1.3, where the tree
T ′ is given with its vertex set V (T ′) = {w0, w1, w6, w8, w9, w10, w11}, and edge
set E(T ′) = {w0w1, w0w9, w0w10, w0w11, w1w6, w1w8}, whereas the length map
t′ on T is defined by

t′(w0w9) =
d

2

t′(w0w10) =
e

2

t′(w0w11) =
f

2

t′(w0w1) = c

t′(w1w8) =
b− c

2

t′(w1w6) =
a− c

2
.

T = (T ′, t′)

Γ′ = (G′, l′)

v5 v2

c

v3c

v1 v4c

w1 w0

w6

w8

w10

w11

w9

d

e

f

v′
9

v11

v10

φ

Curve

v7
b − c

a − c

v8

v6

Figure 1.3. The model (T ′, t′) of T
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Let ψ : V (G′) → V (T ) the map on the set of vertices given by v2, v3, v4 7→ w0,
v1, v7, v5 7→ w1, and vi, v

′
i 7→ wi for i = 6, 8, 9, 10, 11. Then, the map ψ satisfies

the condition in Lemma 3.1, and so, there exist a unique continuous map
φ : Γ′ → T such that φ|V (G′) = ψ, and φ is linear on each edge e′ ∈ E(G′)
with slope t′(e)/l′(e′), where e = φ(e′) ∈ E(T ) with endpoints ψ(v) and ψ(w).
The map φ given in Figure 2. By construction, the models (G′, l′) and (T ′, t′)
satisfy the condition in Definition 2.4, and therefore, φ is a piecewise linear
function. From our choice of length maps t′, l′, the slope of φ|e′ is equal to 1 for
all edges e′. Thus, φ has non-zero integer slopes along its edges of linearity. It is
remaining to show that the map φ satisfies (i) the harmonicity condition and
(ii) the Riemann-Hurtswitz condition on every point v ∈ Γ′.

(i) Assume that v ∈ Γ
′
is a vertex point, say v = v1 ∈ V (G′). Then, for all

the directions w⃗ at φ(v) = w1, we have that mφ,w⃗(v1) = 1. We check that
the harmonicity condition holds on every other vertex point in a similar
fashion, and this checking process terminates because the vertex set is
finite. Whenever v is not a vertex point, say v ∈ int(e) for some edge
e ∈ E(G′), we have that φ(v) ∈ int(e′) where e′ = φ(e). Consider the new
vertex sets on Γ′ and T by adding v and w respectively. There are only
two directions w⃗1 and w⃗2 at φ(v) because val(φ(v)) = 2. The slopes of
φ at v with directions w⃗1 and w⃗2 at φ(v) are equal to the slope of the
same linear map φ|e i.e., mφ,w⃗1

(v) = mφ,w⃗2
(v), and so, we get that φ is

a harmonic map. Its degree is 3 because for a fixed w ∈ T , say w1, the
degree of φ is given by

deg(φ) =
∑

v∈Γ′,φ(v)=w1

mφ(v)

= mφ(v1) +mφ(v7) +mφ(v5)

= 3.

(ii) Assume that v ∈ Γ′ is a vertex point, say v = v8 ∈ V (G′). Then,
mφ(v8) = 2, val(v8) = 2, and val(φ(v8)) = 1. Therefore,

(val(v8)− 2)−mφ(v8) ·
(
val (φ(v8))− 2

)
= 2 > 0.

Similarly, we check that the Riemann-Hurwitz condition holds on every
other vertex point. Now, assume that v is not a vertex point. Consider
the new vertex sets on Γ′ and T (just like in part (i)) by adding v and
w respectively. Then, we have that val(v) = val(φ(v)) = 2, and so the
Riemann-Hurwitz condition holds.

From (i) and (ii), we obtain that the map φ : Γ′ → T is a tropical morphism
of metric graphs of degree 3, and so, the solution for the Case 1.1.A is finished.
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T

Γ′

v2c

v3c

v1 v4c

c

a−c
2

b−c
2

e
2

f
2

d
2

d

e

f

f
2

e
2

d
2

φ

Curve

b − c

a − c

b−c
2

a−c
2

Figure 2. The tropical morphism φ : Γ′ → T

Remark 3.1 Let φ : Γ′ → T be non-constant piecewise linear map with nonzero
integer slopes (as in Case 1.1.A), where the models (G′, l′), (T ′, t′) of Γ′, T
respectively, are taken so that the condition in the Definition 2.4 is satisfied.
In order to show that φ satisfies the harmonicity and the Riemann-Hurwitz
condition on Γ′, it is enough to check those conditions on vertex points. This is
due to the parts (i) and (ii) above.

Case 1.1.B. Let Γ′
1 be the tropical modification of Γ with model (G′

1, l
′
1),

where the graph G′
1 is obtained by contracting the edges v1v8, v8v7, and v5v

′
8

of G′ in Figure 1.2. Let T1 be the metric tree with model (T ′
1, t

′
1), where the

tree T ′
1 is obtained by contracting the edge w1w8 of T ′ in Figure 1.3. Next, let

ψ1 : V (G′
1) → V (T1) the map on the set of vertices given by v2, v3, v4 7→ w0,

v1, v5 7→ w1, and vi, v
′
i 7→ wi for i = 6, 9, 10, 11. This map ψ satisfies the condition

in Lemma 3.1, and so, there exist a unique continuous map φ1 : Γ′
1 → T1, given

in Figure 3, such that φ1|V (G′
1)

= ψ1 and φ1 is linear on each edge e′ ∈ E(G′
1)

with slope t′1(e)/l
′
1(e

′), where e = φ1(e
′) ∈ E(T1) with endpoints ψ1(v) and

ψ1(w). Following the reasoning in (i) and (ii), we get that φ1 is a tropical map
of degree 3, and thus, the solution of Case 1.1.B is done.
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T1

Γ′
1

v2c

v3

v1 v4c

c

a−c
2

e
2

f
2

d
2

d

e

f

f
2

e
2

d
2

φ1

Curve

a − c
a−c
2

c

Figure 3. The tropical map φ1 : Γ′
1 → T1

T ′
2

Γ′
2

v2

v3

v1 v4c

c

e
2

f
2

d
2

d

e

f

f
2

e
2

d
2

φ2

Curve

c

c

Figure 4. The tropical map φ2 : Γ′
2 → T2

Case 1.1.C. Let Γ′
2 be the tropical modification of Γ with model (G′

2, l
′
2),

where G′
2 is obtained by contracting the edges v1v6, v6v5, v7v

′
6, v1v8, v8v7 and v5v

′
8

of the graph G′ as in Figure 1.2. Let T2 be the metric tree with model (T ′
2, t

′
2),

where the tree T ′
2 is obtained by contracting the edges w1w6, w1w8 of the tree T ′

as in Figure 1.3. Next, let ψ2 : V (G′
2) → V (T2) the map on the set of vertices

given by v2, v3, v4 7→ w0, v1 7→ w1 and vi, v
′
i 7→ wi for i = 9, 10, 11. The function

ψ2 satisfies the condition in Lemma 3.1 and so, there exist a unique continuous
map φ2 : Γ′

2 → T2, given in Figure 4, such that φ2|V (G′
2)

= ψ2 and φ2 is linear
on each edge e′ ∈ E(G′

2) with slope t′2(e)/l
′
2(e

′), where e = φ2(e
′) ∈ E(T2) with
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endpoints ψ2(v) and ψ2(w). Following the reasoning in (i) and (ii), we conclude
that φ2 is a tropical map of degree 3, and therefore, the solution of Case 1.1.C
is finished.

Case 1.2. Consider the metric graph Γ with essential model (G, l) in Figure
5. The graph G is given by its vertex set V (G) = {v1, v2, v3, v4}, and edge set
E(G) = {v1v2, v3v4, e1, e2, e3, e4}, where e1, e2 (resp., e3, e4) are two edges with
endpoints v1, v4 (resp., v2, v3). The length map l : E(G) → (0,∞) is defined
by assigning v1v2 7→ a, v3v4 7→ b, e1 7→ c, e2 7→ d, e3 7→ e and e4 7→ f where
a, b, c, d, e, and f are real positive numbers such that a < b. Note that if a = b,
then Γ is a hyperelliptic metric graph.

v1 v2

v4

v3

a

e

b

dc

f

Curve

Figure 5. The essential model (G, l) of Γ

Let (G1, l1) be another model of Γ as in Figure 5.1. The graph G1 is
obtained from G by subdividing the following edges: v3v4 ∈ E(G) into v3v6,
v6v5, v5v4; e1 ∈ E(G) into v1v7, v7v4; e2 ∈ E(G) into v1v8, v8v4; e3 ∈ E(G) into
v2v9, v9v3, and e4 ∈ E(G) into v2v10, v10v3, such that

l1(v3v6) = l1(v6v5) =
b− a

2

l1(v1v7) = l1(v7v4) =
c

2

l1(v1v8) = l1(v8v4) =
d

2

l1(v4v5) = a

l1(v2v9) = l1(v9v3) =
e

2

l1(v2v10) = l1(v10v3) =
f

2
.
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Γ′

T

v1 v2a

v3

v4 v5

a

v9

e

v10

f

a

v6 b − a

v8

d

v7

c

d
2

c
2

f
2

e
2

b−a
2

φ

Curve

Figure 5.1. The model (G1, l1) of Γ

Let Γ′ be the tropical modification of Γ with model (G′, l′) in Figure 5.2,
where the graph G′ is given with its vertex set V (G′) = V (G1)∪{v′6, v′7, . . . , v′11},
and edge set E(G′) = {v2v′6, v3v′11, v′11v′7, v′11v′8, v5v′9, v5v′10}∪E(G1). The length
map l′ on G′ is given by l′ = l1 on E(G1), and

l′(v1v7) = l′(v7v4) = l′(v11v
′
7) =

c

2
l′(v5v

′
10) = l′(v2v10) = l′(v10, v3) =

f

2

l′(v11v
′
8) = l′(v1v8) = l′(v8v4) =

d

2
l′(v2v

′
6) = l′(v3v6) = l′(v6v5) =

b− a

2

l′(v5v
′
9) = l′(v2v9) = l′(v9, v3) =

e

2
l′(v1v2) = l′(v4v5) = l′(v3v11) = a.

Γ′

T

v1 v2a

v3a

v4 v5

a

v9

e

v10

f

a

v6 b − a

v8

d

v7

c

d
2

c
2

v′
8v′

7

f
2

e
2

b−a
2

v′
6

b−a
2

v′
10

f
2

v′
9e

2

φ

Curve

Figure 5.2. The model (G′, l′) of Γ′

Choose T to be the metric tree with model (T ′, t′) in Figure 5.3, where the
tree T ′ is given by its vertex set V (T ′) = {w1, w2, w6, w7, . . . , w10}, and edge set
E(T ′) = {w1w2, w1w7, w1w8, w2w6, w2w9, w2w10}. The length map t′ on T ′ is
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given by

t′(w2w1) = a

t′(w2w6) =
b− a

2

t′(w1w7) =
c

2

t′(w1w8) =
d

2

t′(w2w9) =
e

2

t′(w2w10) =
f

2
.

Γ′

T

v1 v2a

v3

v4 v5

a

v9

e

v10

f

w1 w2

a

v6 b − a

v8

d

v7

c

w8

d
2

w7

c
2

w10
f
2

w9

e
2

w6

b−a
2

φ

Curve

Figure 5.3. The model (T ′, t′) of T

Let ψ : V (G′) → V (T ) the map on the set of vertices given by v1, v4, v
′
11 7→

w1, v2, v3, v5 7→ w2, and vi, v
′
i 7→ wi for i = 6, 8, 9, 10, 11. The function ψ

satisfies the condition in Lemma 3.1, and so, there exist a unique continuous
map φ : Γ′ → T , shown in Figure 6, such that φ|V (G′) = ψ, and φ is linear
on each edge e′ ∈ E(G′) with slope t′(e)/l′(e′), where e = φ(e′) ∈ E(T ) with
endpoints ψ(v) and ψ(w). The tropical morphism φ : Γ′ → T is of degree 3
essentially because of the reasoning in (i) and (ii).

Remark 3.2 The constructions of tropical morphisms of the remaining metric
graphs are done similarly as for the metric graph in the Case 1.1.A. In order to
avoid tedious writing, we give the construction of a model, a tropical modification,
a metric tree, and a tropical morphism, using only figures from now on. The
vertices labeled with a small × are the ’midpoints’ of the edges i.e., when
subdividing an edge e into e1 and e2 then both lengths of e1 and e2 are equal to
the half of the length of edge e.
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Γ′

T

v1 v2a

v3a

v4

a

e

f

a

b − a

dc

d
2

c
2

f
2

e
2

b−a
2

b−a
2

f
2

e
2

φ

Curve

Figure 6. The tropical morphism φ : Γ′ → T

v1

v4

v3

d

e

c

f

b

Curve

Figure 7. The essential model (G, l) of Γ1

Case 1.3. Consider the metric graph Γ1 with essential model (G, l) in Figure
7, where b, c, d, e, and f are real positive numbers. The model (G1, l1) which is
obtained by subdividing (G, l) is shown in Figure 7.1. The tropical modification
Γ′
1, the metric tree T1 with models (G′

1, l
′
1), (T

′
1, t

′
1) is given in Figure 7.2, 7.3,

respectively. The construction of the tropical morphism φ1 : Γ′
1 → T1 of degree

3 is depicted in Figure 8.
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v1

v3

v4

v6b

v9

e

v10

f

v7

c

v8

d

w1

w7

c
2

w8
d
2

w9

e
2

w10

f
2w6

b
2

Curve

Figure 7.1. The model (G1, l1) of Γ1

Γ′
1

T1

φ1v1

v3

v4

v6b

v9

e

v10

f

v7

c

v8

d

w1w7
c
2

w8
d
2 w9

e
2

w10
f
2

v′
9e

2

v′
10

f
2

w3

b
2

v′
6

b
2

v′
8

d
2

v′
7

c
2

Curve

Figure 7.2. The model (G′
1, l

′
1) of Γ

′
1

v1

v3

v4

v6b

v9

e

v10

f

v7

c

v8

d

w1

w7

c
2

w8
d
2

w9

e
2

w10

f
2w6

b
2

Curve

Figure 7.3. The model (T ′
1, t

′
1) of T1
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Γ′
1

T1

φ1
v1

v3

v4

v6b

v9

e

v10

f

v7

c

v8

d

w1

w7

c
2

w8
d
2

w9

e
2

w10

f
2

v′
9
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2

v′
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f
2

w6
b
2

v′
6

b
2

v′
8

d
2

v′
7

c
2

Curve

Figure 8. The tropical morphism φ1 : Γ′
1 → T1

Case 1.4. Consider the metric graph Γ2 with essential model in Figure
9, where a, b, c, d, and e are real positive numbers such that b > a. Note that
if a = b, then Γ2 is a hyperelliptic metric graph. The model (G1, l1) that is
obtained by subdividing (G, l) is shown in Figure 9.1.

v3

v1

v2

d

b

a

ec

Curve

Figure 9. The essential model (G, l) of Γ2
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Γ′
2

T ′
2

φ2

w1 w2

a

w6

b−a
2

w9
e
2

w8

d
2

w7 c
2

v4 v5

a

v1 v2a

v8

d

v7

c

v6b − a

v9e

Curve

Figure 9.1. The model (G1, l1) of Γ2

The tropical modification Γ′
2, the metric tree T2 with models (G′

2, l
′
2), (T

′
2, t

′
2)

is given in Figure 9.2, 9.3 respectively.

Γ′
2

T ′
2

φ2

w1 w2

a

w6

b−a
2

w9
e
2

w8

d
2

w7 c
2

v4 v5

a

v1 v2a

v8

d

v7

c

v6b − a

v9

v11
a

v′
7 c

2

v′
8

d
2

v′
9

e
2

v′
6

b−a
2

e

Curve

Figure 9.2. The model (G′
2, l

′
2) of Γ

′
2
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2

T ′
2

φ2

w1 w2

a

w6

b−a
2

w9
e
2

w8

d
2

w7 c
2

v4 v5

a

v1 v2a

v8

d

v7

c

v6b − a

v9

v11
a

v′
7 c

2

v′
8

d
2

v′
9

e
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Figure 9.3. The model (T ′
2, t

′
2) of T2

The construction of the tropical morphism φ2 : Γ′
2 → T2 of degree 3 is

depicted in Figure 10.
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Figure 10. The tropical morphism φ2 : Γ′
2 → T2

Case 1.5. Consider the metric graph Γ3 with essential model (G, l) in
Figure 11, where a, b, c, and e are real positive numbers such that b > a. Note
that if a = b, then Γ2 is a hyperelliptic metric graph. The model (G1, l1) which is
obtained by subdividing (G, l) is shown in Figure 11.1. The tropical modification
Γ′
3, the metric tree T3 with models (G′

3, l
′
3), (T

′
3, t

′
3) is given in Figure 11.2, 11.3,

respectively. The construction of the tropical morphism φ3 : Γ′
3 → T3 of degree

3 is depicted in Figure 12.
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Figure 11. The essential model (G, l) of Γ3

24



Γ′
3

T ′
3

φ3

a
b−a
2

e
2

c
2

v1 v5

a

v2

v7

v6b − a

v9

v11

a
v′
7

c
2

v′
9

e
2

v′
6

b−a
2

e

Curve

a

c

Figure 11.1. The model (G′
3, l
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3) of Γ
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Figure 11.2. The model (T ′
3, t
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3) of T3
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Figure 12. The tropical morphism φ3 : Γ′
3 → T3
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Case 1.6. Consider the metric graph Γ4 with essential model (G, l) in
Figure 13, where b, c, d, and e are real positive numbers. The model (G1, l1)
that is obtained by subdividing (G, l) is shown in Figure 13.1. The tropical
modification Γ′

4, the metric tree T4 with models (G′
4, l

′
4), (T

′
4, t

′
4) is given in Figure

13.2, 13.3, respectively. The construction of the tropical morphism φ4 : Γ′
4 → T4

of degree 3 is depicted in Figure 14.
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Figure 13. The essential model (G, l) of Γ4
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Figure 13.1. The model (G1, l1) of Γ4
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Figure 13.2. The model (G′
4, l

′
4) of Γ

′
4
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Figure 13.3. The model (T ′
4, t

′
4) of T4
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Figure 14. The tropical morphism φ4 : Γ′
4 → T4

Case 2. If the metric graph Γ has 1 bridge, then Γ is one of the metric
graphs given in Figure 15, 17, or 19.

Solution of Case 2.

Case 2.1. Consider the metric graph Γ with essential model (G, l) in Figure
15, where a, b, c, d, e, and f are real positive numbers such that b > a. Note that
if a = b, then Γ is a hyperelliptic metric graph. The model (G1, l1) which is
obtained by subdividing (G, l) is shown in Figure 15.1. The tropical modification
Γ′, the metric tree T with model (G′, l′), (T ′, t′) is given in Figure 15.2, 15.3,
respectively. The construction of the tropical morphism φ : Γ′ → T of degree 3
is depicted in Figure 16.
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Figure 15. The essential model (G, l) of Γ
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Figure 15.1. The model (G1, l1) of Γ
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Figure 15.2. The model (G′, l′) of Γ′
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Figure 15.3. The model (T ′, t′) of T
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Figure 16. The tropical morphism φ : Γ′ → T

Case 2.2. Consider the metric graph Γ1 with essential model (G, l) in
Figure 17, where a, b, c, d, and e are real positive numbers such that b > a. Note
that if a = b, then Γ2 is a hyperelliptic metric graph. The model (G1, l1) that
obtained by subdividing (G, l) is shown in Figure 17.1. The tropical modification
Γ′
1, the metric tree T1 with model (G′

1, l
′
1), (T

′
1, t

′
1) is given in Figure 17.2, 17.3,

respectively. The construction of the tropical morphism φ : Γ′
1 → T1 of degree 3

is depicted in Figure 18.
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Figure 17. The essential model (G, l) of Γ1

29



Γ′
1

T1

v1 v2a

v′′
2

a

v′′
3

v′
2b − a

v4

f
v′
4e

x′
2

w2

w′
2b−a

2

w4

f
w′

4

e
2

w1
a

x′′
3

w′′
3

c
2

Curve

c

Figure 17.1. The model (G1, l1) of Γ1
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Figure 17.3. The model (T ′
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1) of T1
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Figure 18. The tropical morphism φ1 : Γ1 → T1

Case 2.3. Consider the metric graph Γ2 with essential model in Figure
19, where a, b, c, d, e, and f are real positive numbers. The model (G1, l1) which
obtained by subdividing (G, l) is shown in Figure 19.1. The tropical modification
Γ′
2, the metric tree T2 with model (G′

2, l
′
2), (T

′
2, t

′
2) 7is given in Figure 19.2, 19.3,

respectively. The construction of the tropical morphism φ2 : Γ′
2 → T2 of degree

3 is depicted in Figure 20.
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Figure 19. The essential model (G, l) of Γ2
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Figure 19.1. The model (G1, l1) of Γ2
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Figure 19.3. The model (T ′
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2) of T2
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Figure 20. The tropical morphism φ2 : Γ′
2 → T2

Case 3. If the metric graph Γ has 2 bridges, then Γ is one of the metric
graphs given in Figure 21 or 23.

Solution of Case 3.

Case 3.1. Consider the metric graph Γ with essential model (G, l) in Figure
21, where a, b, c, d, e, and f are real positive numbers such that b > a. Note
that if b = a, then Γ is a hyperelliptic metric graph. The model (G1, l1) that
obtained by subdividing (G, l) is shown in Figure 21.1. The tropical modification
Γ′, the metric tree T with model (G′, l′), (T ′, t′) is given in Figure 21.2, 21.3,
respectively. The construction of the tropical morphism φ : Γ′ → T of degree 3
is depicted in Figure 22.
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Figure 21. The essential model (G, l) of Γ
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Figure 21.1. The model (G1, l1) of Γ
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Figure 21.2. The model (G′, l′) of Γ′
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Figure 21.3. The model (T ′, t′) of T
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Figure 22. The tropical morphism φ : Γ′ → T

Case 3.2. Consider the metric graph Γ1 with essential model (G, l) in
Figure 23, where a, b, c, d, e, and f are real positive numbers. The model (G1, l1)
that is obtained by subdividing (G, l) is shown in Figure 23.1. The tropical
modification Γ′

1, the metric tree T1 with model (G′
1, l

′
1), (T

′
1, t

′
1) is given in Figure

23.2, 23.3, respectively. The construction of the tropical morphism φ1 : Γ′
1 → T1

of degree 3 is depicted in Figure 24.
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Figure 23. The essential model (G, l) of Γ1
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Figure 23.1. The model (G1, l1) of Γ1
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1, l

′
1) of Γ

′
1

v3

c
v1

v4

d

v′
3

f

v′
4

e

x4
x′
4

e
2

d

x1x3

2c
x′
3

f
2

w1 w4

d
w′

4
e
2

w3

2c

w′
3 f

2

d

b

v′
2

x′
2b

2

w′
2

b
2

Curve

Figure 23.3. The model (T ′
1, t

′
1) of T1
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Figure 24. The tropical morphism φ1 : Γ′
1 → T1

Case 4. If the metric graph Γ has 3 bridges, then Γ is the metric graph
given in Figure 25.

Solution of Case 4.

Consider the metric graph Γ with essential model (G, l) in Figure 25, where
a, b, c, d, e, and f are real positive numbers. Note that the metric graph Γ is
hyperelliptic in the sense of Kawaguchi-Yamaki KY15] i.e., there is a harmonic
morphism from Γ to a metric tree, but it is not hyperelliptic in our sense because
the harmonic map coming from the unique hyperelliptic involution ι on Γ (see
Theorem 3.5, KY15]) is not a tropical morphism in our sense because it does
not satisfy the Riemann-Hurwitz condition. The model (G1, l1) that is obtained
by subdividing (G, l) is shown in Figure 25.1. The tropical modification Γ′, the
metric tree T with model (G′, l′), (T ′, t′) is given in Figure 25.2, 25.3, respectively.
The construction of the tropical morphism φ : Γ′ → T of degree 3 is depicted in
Figure 26. This ends our constructive solution of Problem 1.
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Figure 25. The essential model (G, l) of Γ
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Figure 25.1. The model (G1, l1) of Γ

Γ′

T

v′
2 d

v2

v1
a

x2

2a
x′
2

d
2

w2w′
2

v3

b

e
v′
3

x3

2b

x′
3

e
2

w3 w′
3e

2

v4

c

v′
4

x4

2c

x′
4

f
2

w′
4

φ

f

Curve

Figure 25.2. The model (G′, l′) of Γ′ Γ′
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Figure 25.3. The model (T ′, t′) of T
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Figure 26. The tropical morphism φ : Γ′ → T

References

[KY15] Shu Kawaguchi and Kazuhiko Yamaki, Rank of Divisors on Hyperelliptic Curves
and Graphs Under Specialization, Vol. 12, 2015.

[Cha13] Melody Chan, Tropical hyperelliptic curves, Vol. 37, 2013.

[BN07] Matthew Baker and Serguei Norine, Riemann-Roch and Abel - Jacobi theory on a
finite graph, Vol. 215, 2007.

[Cap14] Lucia Caporaso, Gonality of Algebraic Curves and Graphs, Vol. 71, 2014.

[Mik17] Grigory Mikhalkin, Tropical Geometry and Its Applications, 2017.
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