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Abstract

We establish a fibre sequence relating the classical Grothendieck-Witt
theory of a ring R to the homotopy Cs-orbits of its K-theory and Ran-
icki’s original (non-periodic) symmetric L-theory. We use this fibre se-
quence to remove the assumption that 2 is a unit in R from various results
about Grothendieck-Witt groups. For instance, we solve the homotopy
limit problem for Dedekind rings whose fraction field is a number field, cal-
culate the various flavours of Grothendieck-Witt groups of Z, show that
the Grothendieck-Witt groups of rings of integers in number fields are
finitely generated and that the comparison map from quadratic to sym-
metric Grothendieck-Witt theory of coherent rings of global dimension d
is an equivalence in degrees > d + 3. As an important tool, we estab-
lish the hermitian analogue of Quillen’s localisation-dévissage sequence for
Dedekind rings and use it to solve a conjecture of Berrick-Karoubi.
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Introduction

This paper investigates the hermitian K-theory spectra of non-degenerate
symmetric and quadratic forms over a ring R and their homotopy groups:
the higher Grothendieck—Witt groups of R. Many structural and computa-
tional features of the higher Grothendieck—Witt groups of rings R in which 2
is a unit are well understood, prevalently due to extensive work of Karoubi
[Kar7la], [Kar7lc], [Kar71d], [Kar71b], and [Kar80] and Schlichting [Sch10a],
[Sch10b], [Sch17], and [Sch21]. Previously, in Paper [II] we have used the cat-
egorical framework of Poincaré oo-categories to establish some fundamental
properties of the higher Grothendieck—-Witt groups of rings in which 2 is not
necessarily a unit, most notably a form of Karoubi periodicity [I1].4.3.4 and
the existence of a fibre sequence relating the Grothendieck—Witt theory of any
Poincaré oo-category with its algebraic K-theory and L-theory. This allows
for the separation of K-theoretic and L-theoretic arguments, and the theme
of this paper is to deduce results about Grothendieck—Witt theory from their
counterparts in L-theory.

Main results. Let R be a unital and associative, but not necessarily com-
mutative ring. Let D be a duality on the category Proj(R) of finitely gen-
erated projective left R-modules. Then D is necessarily of the form DP =
homp(P, M), where M := DR is an invertible Z-module with involution (see
Definition R.1). An M-valued unimodular symmetric form on P is then a
self-dual isomorphism ¢: P — DP. Together with their isomorphisms, these
form a groupoid Unimod(R; M), symmetric monoidal under orthogonal direct
sum. The classical symmetric Grothendieck-Witt theory of R is its group-
completion:

GW3(R; M) = (Unimod(R; M), @)%,

By construction, GW,(R; M) is a group-like Ex-space, which we view equiva-
lently as a connective spectrum. Its homotopy groups are the higher symmet-
ric Grothendieck—Witt groups GWS, . (R; M) of R. Similarly, one can consider
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GW(R; M), the variant of GW(R; M) where M-valued symmetric bilin-
ear forms are replaced by M-valued quadratic forms, whose higher homotopy
groups are the higher quadratic Grothendieck—Witt groups.

After inverting 2, it turns out that GW (R; M)[3] ~ GWS(R; M)[3], and
the study of the higher Grothendieck—Witt groups of R reduces to the study
of the K-groups and Witt groups, as by work of Karoubi, there is a natural

splitting
GWS,,(R; M) [%] =} (K*(R; M) [%])CQ @ (W*(RS M) [%D ’

cl,x

see also [BF85]. Here K(R; M) is the K-theory spectrum of R with Ca-action
induced by sending P to its dual DP, and the first summand is the subgroup
of invariants of its homotopy groups with 2 inverted. The second summand
consists of the Witt groups of symmetric forms and formations, which are 4-pe-
riodic by definition. The first main result of the present paper combines the
general fibre sequence of Paper [II] with Ranicki’s algebraic surgery to obtain
an integral version of this result.

THEOREM 1. For every ring R and duality D = hompg(—, M) on Proj(R),
there is a fibre sequence of spectra

K(R; M)no, 2B GWS,(R; M) —s LS (R; M)

where LShort(R; M) is a canonical connective spectrum whose homotopy groups
are Ranicki’s original (non-4-periodic) symmetric L-groups from [Ran80)].

After inverting 2, this fibre sequence recovers Karoubi’s splitting of GW, (R; M),
but it also allows to efficiently treat the behaviour of Grothendieck—Witt theory
at the prime 2, as we will explain below. Without inverting 2 on the outside,
but when 2 is a unit in R, Ranicki’s L-groups Lihort(R; M) are still 4-periodic
and isomorphic to the Witt groups W.(R; M), and in this case the sequence
of Theorem 1 is due to Schlichting [Sch17, §7]. However, if 2 is not invertible
in R, there are several variants of L-spectra in addition to L5 (R; M), most
notably the 4-periodic symmetric L-theory L*(R; M) used by Ranicki in later
work [Ran92]. Our insight is that it is the non-periodic classical symmetric
L-theory of Ranicki [Ran80] which makes Theorem 1 true for all rings.

Coming back to the 2-local behaviour of Grothendieck—Witt theory, we
note that sending a symmetric bilinear form to its underlying finitely generated
projective module leads to a canonical map GWS)(R; M) — K(R; M)P©2. The
question whether this map is a 2-adic equivalence in positive degrees is known
as Thomason’s homotopy limit problem [Tho83], which admits a positive so-
lution for many rings in which 2 is invertible, notably by work of Hu, Kriz
and Ormsby [HKO11], Bachmann and Hopkins [BH20], and Berrick, Karoubi,
Schlichting and Ostveer [BKSO15]. In §3.1 we will show
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THEOREM 2. Let R be a Dedekind ring whose fraction field is a num-
ber field. Then the canonical map GWS(R; M) — K(R; M)"C2 is a 2-adic
equivalence in non-negative degrees.

To the best of our knowledge this is the first general result on the homo-
topy limit problem for a class of rings which are not fields and in which 2 is
not assumed to be a unit. The strategy we adopt to prove Theorem 2 is to
use Theorem 1 to reduce it to the case of R[3], where it holds by [BKS®15].
For a general ring R, we further observe that the failure of 4-periodicity of
Lttt (R: M) in high degrees provides a purely L-theoretic obstruction for the
homotopy limit problem map GW%,(R; M) — K(R; M)"C2 to be a 2-adic equiv-
alence in positive degrees; see Proposition 3.1.13.

The polarisation of a quadratic form induces a comparison map

GW(R; M) — GW§(R; M),

and in §1.3 we show that for coherent rings of finite global dimension, this map
is an equivalence in high degrees:

THEOREM 3. Suppose R is a coherent ring of finite global dimension d.
Then the map GW¢, , (R; M) — GW¢, . (R; M) is injective for n > d + 2 and
an isomorphism for n > d + 3. Moreover, if R is 2-torsion free and M = R,

the map is injective for n > d and an isomorphism for n > d+ 1.

Here, by slight abuse of terminology, by a coherent ring we mean a left-
coherent ring, and likewise finite global dimension refers to left-global dimen-
sion. The same result is, however, true for right-coherent rings of finite right-
global dimension; see Remark 1.3.12. In addition, similar statements hold for
Grothendieck—Witt groups associated to any form parameter in the sense of
Bak in place of quadratic forms in the above theorem; see Remark 1.3.17 for
details.

Theorem 1 does not only provide a conceptual description of symmetric
Grothendieck—Witt spectra, but it can also be used for explicit calculations.
For instance, when R = Z there are two dualities on Proj(Z), leading to the
symmetric and symplectic Grothendieck—Witt groups of Z, respectively. In
§3.2 we explicitly calculate these groups in a range of degrees < 20000, and
beyond that conditionally on the Kummer—Vandiver conjecture in the following
sense: Of some Grothendieck—Witt groups, we can only determine the order,
and the Kummer—Vandiver conjecture implies that these groups are cyclic.

THEOREM 4. The symmetric and symplectic Grothendieck—Witt groups
of Z are given in the table of Theorem 3.2.2.

Finally, using in addition Theorem 3 and explicit low dimensional calcu-
lations, we also obtain the quadratic and skew-quadratic Grothendieck—Witt
groups of Z in Theorems 3.2.9 and 3.2.13.
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Proof strategy and further results. We approach GW%, by investigating
Grothendieck—Witt theory in the general context of Poincaré oco-categories, as
defined by Lurie [Lur] and further developed in Paper [I], Paper [II]. We briefly
recall that a Poincaré oco-category consists of a small stable oco-category C
equipped with a Poincaré structure, that is a functor 2: C°® — Sp which is
quadratic and satisfies a non-degeneracy condition, which allows to extract an
induced duality D: C°? — C. We refer to Paper [I] for a general introduc-
tion to Poincaré oco-categories and to Paper [II] for the construction of their
Grothendieck—Witt and L-spectra and their universal properties. In [I1].4.4.13,
we showed that for any Poincaré oo-category (C,?) there is a natural fibre se-
quence

(1) K(C,9)ne, — GW(C,2) — L(C,9),

where K(C,?) is the K-theory spectrum of C with the Cg-action induced by D.
To connect this general fibre sequence to Theorem 1, we will be concerned
with studying appropriate Poincaré structures on the derived oo-category of
perfect complexes DP(R). Some immediate examples of Poincaré structures on
DP(R) are the quadratic and symmetric Poincaré structures given at a perfect
complex X by the formulae

(2) 2%,(X) = hompgr(X ® X, M)nc, and 95,(X) = hompgr(X ® X, M)z,

where M is an invertible Z-module with involution over R (see Definition R.1),
and the Cy-action is given by conjugating the flip action on X ® X and the
Cq-action on M. These two Poincaré structures are the homotopy theoretic
analogues of quadratic and symmetric forms in algebra, which on a finitely
generated projective R-module P are, respectively, the groups of coinvariants
and invariants

(3) Homper(P ® P,M)c, and Hompggr(P ® P, M)

for the same Cs-action as above. One insight in our series of papers is that
the abstract framework of Paper [I], Paper [II] allows us to work with Poincaré
structures on DP(R) which are more intimately related to algebra than the
naive homotopy theoretic constructions of (2). These are the non-abelian
derived functors of the algebraic constructions of (3), which we call the genuine
quadratic and genuine symmetric Poincaré structures and that we denote,
respectively, by 957 and %,. There are canonical comparison maps

q gd g8 S
Ly — % — % — %

relating these Poincaré structures. When 2 is a unit in R, all of them are equiva-
lences, and we showed in Appendix [II].B that the corresponding Grothendieck—
Witt spectra coincide with previous constructions of Grothendieck—Witt spec-
tra due to Schlichting and Spitzweck [Sch17] and [Spil6]. In general, when 2 is
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not necessarily a unit, the fourth and ninth authors [HS26] relate the genuine
Grothendieck-Witt spectra GW®(R; M) :=GW (DP(R); 25;) and GW&Y(R; M)
:= GW(DP(R); 25}) to the classical ones, by providing natural equivalences

GWS(R; M) — 750 GWE(R; M) and GWY(R; M) — 750 GWEY(R; M),

where GW¢,(R; M) denotes, similary to GW;(R; M), the group completion of
the category of unimodular quadratic forms, and 7> denotes the connective
cover. Writing similarly L#(R; M) for L(DP(R);9%;), we therefore obtain a
fibre sequence K(R; M)nc, - GW®(R; M) — L&(R; M), and Theorem 1 is
then implied by the following result; see Theorem 1.2.22.

THEOREM 5. For any ring R and non-negative integer n, the genuine
symmetric L-groups L8 (R; M) are canonically isomorphic to Ranicki’s original
symmetric L-groups from [Ran80]. Thus, in the notation of Theorem 1, we
have L™ (R; M) = 750 L& (R; M).

We recall that the original symmetric L-groups of Ranicki are defined so
that elements of the n’th L-group are represented by Poincaré chain complexes
of length at most n, for n > 0. Ranicki then defines negative symmetric L-
groups in an ad hoc manner, and we show that these negative L-groups are
also canonically isomorphic to the corresponding negative genuine symmetric
L-groups: Concretely they are given by

ev . 3 J—
LES(R: M) — { o (R —M) %f n=-2-1
Li(R; M) if n < -3,

where L& and L{ are, respectively, the even and quadratic L-groups of [Ran80].
In particular, Theorem 5 and the described addendum show that the classi-
cal symmetric L-groups can be realised as the homotopy groups of the non-
connective spectrum L& (R; M). The general form of Karoubi periodicity of
Paper [I1], which we review in Theorem R.8 below, relates the Poincaré struc-
tures 9%; and 9%} and their GW and L-spectra, in particular showing that
SALE(R; M) ~ L8Y(R; M); see Corollary R.10. From the fibre sequence for
general Poincaré oo-categories, we therefore also obtain a quadratic version of
Theorem 1, given by the fibre sequence

K(R; M)nc, 2% GWY(R; M) —» 750(S* LE(R; M)).

We prove Theorem 5 in §1.2 using Ranicki’s procedure of algebraic surgery,
which allows us to compare the L-groups of various Poincaré structures in a
range of degrees. We discuss this technique also for connective ring spectra
in Corollary 1.2.33, and in §1.3, to obtain the following comparison result.
We will write GW®(R; M) := GW*(DP(R); ¢,) for the homotopy symmetric
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Grothendieck-Witt theory, and write likewise L®(R; M) := L(DP(R); ?3,) for
periodic symmetric L-theory.

THEOREM 6. Suppose R is a coherent ring of finite global dimension d.
Then:

(i) the map L& (R; M) — LS (R; M) is injective for n > d—2 and an isomor-
phism forn >d—1,

(i) the map L&Y R; M) — L&(R; M) is injective for n > d + 2 and an iso-
morphism for n > d + 3.

Part i of Theorem 6, together with Theorem 5, improves a similar compar-
ison result of Ranicki [Ran80, Proposition 4.5], where he proves injectivity for
non-negative n > 2d—3 and bijectivity for non-negative n > 2d—2 for Noether-
ian rings of finite global dimension d. Combining Theorem 1 and Theorem 6,
we obtain Theorem 3 from above; see also Corollary 1.3.10 and Remark 1.3.16.

Furthermore, part i of Theorem 6 implies that the map GW?$(R; M) —
>0 GW®(R; M) is an equivalence if R is a Dedekind domain. Thus in order to
study the classical Grothendieck-Witt groups of Dedekind rings, it suffices to
study the homotopy symmetric Grothendieck—Witt theory GW?®. This is an in-
teresting invariant in its own right which enjoys pleasant properties not shared
with the genuine variant GW®®. Most notably, we prove in Theorem 2.2.4 that
4-periodic symmetric L-theory L®, and hence also GW?®, satisfies a dévissage
theorem. In particular, we obtain the hermitian analogue of Quillen’s famous
localisation-dévissage fibre sequence [Qui73b]; see Corollary 2.2.5:

THEOREM 7. Let R be a Dedekind ring, T C R a multiplicative subset,
and Fy the residue field R/p at a maximal ideal p C R. Then restriction,
localisation, and a choice of uniformiser for every p with p N'T # () induce a
fibre sequence of spectra

P GW(Fy; (M/p)[-1]) — GW™(R; M) — GWS(R[T '} R[T "] ©r M),
pNT#D

where R[T 1] is obtained from R by inverting the elements of T.

We in fact construct a more general fibre sequence for localisations of R
away from a set of non-empty prime ideals of R in a formulation that does not
depend on choices of uniformisers; see Corollary 2.2.5. This result establishes a
conjecture of Berrick and Karoubi which asserts that the map Z — Z[%] induces
an equivalence on the positive, 2-localised Grothendieck—Witt groups [BKO05].
In fact, this result holds for general rings of integers in number fields as we
observe in Proposition 3.1.11. In §3 we then combine Theorem 7 with work of
Berrick, Karoubi, Schlichting and @stveer [BKS@15] to deduce Theorem 2, as
well as the calculations for the integers of Theorem 4.
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Finally, we also use Theorem 1, together with a calculation of the symmet-
ric and quadratic L-groups of Dedekind rings to deduce the following finiteness
result; see Corollary 2.3.19. When M = R with the involution given by mul-
tiplication by e = &1, we write GWg, ,(R;¢) for GWE, ,,(R; M), and similarly
for GWE (R;e).

cl,n

COROLLARY 8. Let O be a number ring, that is, a localisation of the
ring of integers in a number field away from finitely many primes, and let
€ = £1. Then its classical e-symmetric and e-quadratic Grothendieck—Witt

groups GWS, (O;¢€) and GWS (Os€) are finitely generated.

clyn cln

In the quadratic case, one can prove this result also through homological
stability, but in the generality presented here the argument is not known to
carry over to the symmetric case, as we explain in Remark 2.3.20.

Remark. Some of the results presented above have also been announced
in [Sch19] and its erratum [Sch24]: The calculations of the Grothendieck—Witt
groups of the integers of Theorem 4 in the symmetric, symplectic and qua-
dratic cases, the localisation-dévissage sequence of Theorem 7 in non-negative
degrees, and Theorem 3 for the ring R = Z with the trivial involution.

Notation and Conventions. When not stated explicitly otherwise, the sym-
bol ® denotes the derived tensor product over Z. We always denote by
D = hompg(—, M) the dualities on Proj(R) and DP(R) determined by an in-
vertible Z-module with involution M.
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Recollection

In this section we recall some of the material from Paper [I] and Paper [I]
on Poincaré structures on the perfect derived oo-category of a ring and their
Grothendieck—Witt and L spectra, as we rely on this framework in the rest
of the paper. We will also review the general form of Karoubi’s periodicity
Theorem [I1].4.3.4, which does not require that 2 is a unit in the base ring.

In Paper [II], we view Grothendieck—-Witt theory as an invariant of what
we call a Poincaré oo-category. A Poincaré oo-category is a pair (C,?) consist-
ing of a small stable co-category C equipped with a Poincaré structure ¢, that
is a functor ?: C°? — Sp which is reduced and 2-excisive in the sense of Good-
willie’s functor calculus, and whose symmetric cross-effect B: C°P x C°P — Sp
is of the form B(X,Y) = hom¢(X,DY) for some equivalence of categories
D: C°P—C. Poincaré oco-categories were introduced by Lurie as a novel frame-
work for Ranicki’s L-theory (see [Lur] and Paper [II]). A Poincaré structure
provides a formal notion of “hermitian form” on the objects of C. Indeed, there
is as a space of Poincaré objects Pn(C, ?) which consists of pairs (X, q) where
X is an object of C and ¢ € Q°°2(X) is such that a certain canonical map
X — DX is an equivalence (see Definition [I].2.1.3). There are then canonical
transformations

Pn(C,?) —» Q*GW(C,?) and Pn(C,?) — Q*L(C,?)

which exhibit the Grothendieck—Witt and L-theory functors as the universal
approximation of Pn by a Verdier localising, respectively, a bordism invariant
additive, functor (see Observation [II].4.1.2 and Theorem [II].4.4.11). These
universal properties are similar to the universal property of the map from the
groupoid core to K-theory CrC — K(C) of a small stable oo-category provided
by [BGT13].

In the present paper, we will be concerned with the perfect derived oco-cat-
egory DP(R) of aring R, which is the co-categorical localisation of the category
of bounded chain complexes of finitely generated projective (left) R-modules
at the quasi-isomorphisms, or equivalently the co-category of compact objects
of the localisation D(R) of all chain complexes at the quasi-isomorphisms.
Given a Poincaré structure ?: DP(R)°P? — Sp, we will denote the corresponding
Grothendieck—Witt spectrum by

GW(R;Q) := GW(DP(R),?).

We are going to consider a specific collection of Poincaré structures on DP(R)
associated to modules with involution, which we now introduce. For what
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follows, let @V denote the underived tensor product of rings over Z. Given an
R®VR-module M, we let M°P denote the R®Y R-module defined by M with
the module action r® s -m :=s®7-m for all r,s in R and m in M.

R.1. Definition. A Z-module with involution over R is an R®Y R-module
M together with an R®Y R-module map ®: M — M such that m = m. We
say that M is invertible if it is finitely generated projective for either of its
R-module structures, and the map

R — Homp(M, M)

which sends 1 to @ is an isomorphism, where M is regarded as an R-module
via the first R-factor in the source, and the second one in the target.

The notion of (invertible) Z-modules with involution over R is discussed in
§[1].4.2 and appears in Definitions [I].4.2.2 and [I].4.2.4. In Definition [I].3.1.1,
we have also defined a notion of invertible HZ-modules with involution over R
which is slightly more general: In the terminology of loc. cit. we would view R
as an Ej-algebra over the Eo-ring HZ, or equivalently as a dg-algebra over Z,
and form the derived tensor product R® R. We write D(R® R) for its derived
oo-category, obtained as in the discrete case by localising the category of R® R-
dg-modules at the quasi-isomorphisms. An invertible HZ-module with involu-
tion over R is then an R ® R-module in HZ-modules with Cs-action, which is
perfect in either of its two R-module structures, and such that the canonical
map R — hompg) (M, M) is an equivalence. Restricting along the canonical
ring map R ® R — RQVR from the derived to the underived tensor product,
an invertible Z-module with involution in the sense of gives rise to an invertible
HZ-module with involution over R. In fact, invertible Z-modules with involu-
tion over R are precisely those invertible HZ-modules with involution which are
finitely generated projective, rather than merely perfect, in either R-module
structure. This is because the restriction functor D(R®YR) — D(R®R) is fully
faithful on discrete objects and hompg) (M, M) is equivalent to Homp (M, M)
if M is projective. We work with the stronger notion of invertible Z-modules
with involution of because for many of our arguments we need the associated
duality on DP(R) to preserve finitely generated projective modules, and this is
the case if and only if M itself is finitely generated projective.

R.2. Example.

(i) When R is commutative, any line bundle L over R gives rise to an invert-
ible Z-module with involution over R, with M = L and ® = id.

(ii) Let € € R be a unit. We recall that an e-involution on R consists of a ring
isomorphism ®: R — R°P such that 7 = ere~! and € = e~!. In this case
M = R equipped with the R @V R-module structure r ® s - ¢ = rz3 and
the involution €(®) is an invertible Z-module with involution over R, that
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we denote by R(e). This is the structure commonly used by Ranicki as
input for L-theory [Ran80].

(iii) Given a Z-module with involution M over R, we can define a new Z-
module with involution over R denoted —M, with the same underlying
R ®Y R-module M but with involution —(s). In the case where M = R
we have by definition that —R = R(—1).

(iv) If M is an invertible Z-module with involution over R, then

M"Y =hompg(M, R)

is canonically an invertible Z-module with involution over R°P; see also
Remark R.11.

For every pair of objects X and Y of DP(R), viewing M as an R ® R-
module as explained above, we may form the mapping spectrum

B(X,Y) := homper(X ® Y, M)

in the derived oo-category D(R ® R), where the tensor product X ® Y is also
to be understood as derived over Z. Then B is a symmetric bilinear functor,
so the spectrum B(X, X)) inherits a Cq-action by conjugating the flip action
on X ® X and the involution of M; see §[I].3.1.

Given a spectrum with Cy-action X : BCy — Sp, we denote by X"C2 and
Xnc, its homotopy fixed points and homotopy orbits, respectively. Similarly,
we let X'C2 denote its Tate construction, defined as the cofibre of the norm
map N: Xy, — X"C2 as defined in [Lurl7, §6.1.6]; see also [NS18, I.1.11].
We consider the Tate construction HM'C? of the Eilenberg-MacLane spectrum
associated to M as an object of D(R), as follows. The spectrum HM'? is
equipped with an action of [H(R ® R)]*? ~ [HR ®uz HR]'"? that we restrict
to an action of HR via the HZ-linear Tate diagonal HR — [HR ®yz HR]'C?
(see §[1].3.2). As an HR-module spectrum, HM*“2 determines a unique object
in D(R), which we denote by the same symbol, via the canonical equivalence
D(R) ~ Modpg. As in §[I].4.2 we then make the following definition:

R.3. Definition. Let M be an invertible Z-module with involution over R.
For every m € Z U {£o0}, we define a functor Qﬁm: DP(R)°P — Sp as the
pullback

937" (X) ——————— homp(X, 75, HM'C2)

! !

homper(X ® X, M)"C2 — 5 homp (X, HM'C?),



HERMITIAN K-THEORY FOR STABLE co-CATEGORIES III 131

Here, the right hand vertical map is induced by the m-connective cover
TomHM'2 — HM'C2 | and the bottom horizontal map is induced by the equiv-
alence

homper(X @ X, M)YC? ~ homp(X, HM'C?),

of Lemma [I].3.2.5. In the special cases where m = +oo we will denote these
functors by

99, =97 =hompgr(X ® X, M)yc, and 95, : =95, “=homper(X ® X, M)2C2

The functors Qﬁm are indeed Poincaré structures by Examples [I].3.2.8.
By construction, they all share the same underlying duality

DX = hompg(X, M),

where the mapping spectrum acquires a residual R-module structure from the
R ® R-module structure of M. The canonical connective cover maps T>m4+1 —
T>m define an infinite sequence of natural transformations

%, = ff"—w--—ﬁfjmﬂ) —>9§4m—>9]%4(m*1) e 9T =95
and hence analogous sequences between the corresponding Grothendieck—Witt
and L spectra.

R.4. Remark. Let H™(Cy; M) = m_,, HM'C> denote the Tate cohomol-
ogy of Cg with coefficients in the underlying Z[Cz]-module of M. When
ﬂ_m(Cg;M) = 0 the map szHHMtCQ — 7'2mHMJ“C2 is an equivalence.
Therefore, in this case, QAZ/ImH — Q]%/‘,m is an equivalence, and it induces equiv-
alences on the corresponding Grothendieck—Witt and L spectra

GW (R; 9]%[(7”“)) L GW (R; 9};”) and L (R; 9}}’“*1)) L (R; 9};1).

Moreover, ﬂ*(Cg; M) is 2-periodic, so if this happens for m it also does for all
m~+2k. In particular, if 2 € R is a unit all the natural transformations Qﬁmﬂ —
9%}” are equivalences. If 2 is not invertible, however, the Grothendieck—Witt
and L spectra for different m are not generally equivalent, for instance this is

the case for R = Z.

R.5. Remark. Among the Poincaré structures of Definition R.3, 9]%/[2, Qf;
and 91%/[0 are the ones which send finitely generated projective R-modules P
(regarded as chain complexes concentrated in degree zero) to abelian groups
(regarded as discrete spectra). The values of 91%12 and QJ%[O are the abelian
groups of strict coinvariants and invariants, respectively,

Q37 (P) = Hompgu (P ®Y P, M), and 957 (P) = Hompgup(P @Y P, M)®2,

which are canonically isomorphic to the usual abelian groups of M-valued
quadratic and symmetric forms on P, respectively; see §[I].4.2. Moreover, the
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group QE(P) is the image of the norm (or symmetrization) map 9]%42(]3) —
91%40(13). The functors 91%42, 9]%41 and 91%[0 are the non-abelian derived functors of
these functors of classical forms on modules, as shown in Proposition [I].4.2.22.
We call them the genuine quadratic, genuine even, and genuine symmetric

Poincaré structures, respectively, and we denote them by
gd .__ 0=2 ge . o=1 gs .__ 0=0
=% . =9 and 9 =9

The connective covers of the associated Grothendieck—Witt spectra are the
group-completions of the corresponding spaces of forms

750 GW(R; 989) ~ GWY(R; M),
750 GW(R; 9%)) ~ GWg' (R; M),
>0 GW(R; 95;) ~ GWg(R; M)

by the main result of [HS26]. In particular, if M = R(e) is the Z-module
with involution defined from an e-involution on R, these are the classical

Grothendieck—Witt spaces of e-quadratic, e-even, and e-symmetric forms on
R.

There is a periodicity phenomenon that relates the Poincaré structures
im, that we now review. We recall that a hermitian morphism of Poincaré
oo-categories (C,?) — (C',?) consists of an exact functor f: C — C’ and a

natural transformation
n: Q= ff'Y=9of

We say that a hermitian morphism (f,7) is a Poincaré morphism if a canonical
induced map fD — Df is an equivalence; see §[I].1.2. A Poincaré morphism
(f,n) is an equivalence of Poincaré co-categories precisely when f is an equiv-
alence of categories and 7 is a natural equivalence. We recall the following
proposition (see Proposition [I].3.5.3 and Corollary [II].4.3.4), first observed
by Lurie in the cases where m = 4o0.

R.6. PROPOSITION. For every invertible Z-module with involution M over
R and m € Z U {£oo}, the loop functor Q: DP(R) — DP(R) extends to an
equivalence of Poincaré oco-categories

(P, 55)") = (Prme237),

where Q¥ .= $KQ denotes the k-fold shift of a Poincaré structure, and —M is
the twist by a sign of Example R.2.

R.7. Remark. For a commutative ring R, we may apply Proposition R.6
with M = R. If we set GWI"(R) = 759 GW(DP(R); (91%0)["]), we obtain from
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[HS26] the equivalences
GWUOI(R) ~ GW5(R), GWIH(R) ~ GW*(R) and GWH(R) ~ GWI(R).

These equivalences were also announced by Schlichting (see [Sch19, Theorem
3.1]), where GW?(R) is described in terms of symplectic forms. Concretely,
symplectic forms are those skew-symmetric forms b: P@Y P — R which vanish
on the diagonal, i.e. b(xz,z) = 0 for all z in P, compare [Sch21, Definition 3.8
& Example 3.11]. This condition is in fact equivalent to admitting a (—1)-
quadratic refinement, so symplectic forms are precisely the (—1)-even forms.

To see this, we claim that the Tate cohomology H?(Cy; Hom gou p(P®U P,
R(—1))) is isomorphic to homp(P, R2), where Ry denotes the 2-torsion in R.
Combining this isomorphism with the canonical map from ordinary cohomol-
ogy to Tate cohomology gives a map

O (cz; Hom peup (P @Y P, R(—1))) — homp(P, Ry).

Elements of the domain are skew-symmetric forms b, and they are sent under
this map to the map = +— b(z,x). Note that this is an additive map which
indeed takes values in the 2-torsion of R if b is skew-symmetric. Hence the
obstruction to lifting a skew-symmetric form b along the norm map

Ho (CQ; Hom peup (P®Y P, R(—l))) —H (CQ; Hom pgup (P Y P, R(—1))) ,

is given by the vanishing of b on the diagonal as claimed. Of course, one can
also give a direct argument for the existence of a quadratic refinement under
the assumption b(x,z) = 0.

The shifted quadratic functor relates to that of the original Poincaré oo-
category by means of the Bott—Genauer sequence, which we now recall. Given a
Poincaré oco-category (C,®?) we can functorially form an oo-category Met(C, ?)
whose underlying oo-category is the oo-category of arrows in C, where the
Poincaré structure is defined by

Qmet(f: L — X) =1fib (2(f): AX) — L)),

and with underlying duality D(f: L — X) = (D(X/L) — DX); see Def-
inition [I].2.3.5. The Poincaré objects of Met(C,?) are given by Poincaré
objects X of (C,?) equipped with a Lagrangian L (see §[I].2.3); classically,
forms equipped with a Lagrangian are called metabolic forms, hence the no-
tation Met(C,?). The Bott—Genauer sequence is the sequence of Poincaré
oo-categories
(¢ o) — Met(C,9) — (€.9),

where the underlying functors send an object L of C to the arrow L — 0,
and an object f: L — X in the arrow category to its target X, respectively;
see Lemma [I].2.3.7. The Bott—Genauer sequence is both a fibre and a cofibre
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sequence of Poincaré oo-categories, that is a Poincaré—Verdier sequence in the
terminology of Paper [II]; see Example [II].1.2.5. One of the main results of
Paper [II] is that Grothendieck—Witt theory is Verdier localising, that is that
it sends Poincaré—Verdier sequences to fibre sequences of spectra. There is,
moreover, a natural equivalence

GW (Met(C,9)) ~ K(C)

established in Corollary [I1].4.3.1. Under this identification, the Bott—Genauer
sequence induces a fibre sequence of spectra

aw (c.91) 25 k() ™8 aw(c,9),

where the maps are induced by the projection Pn(C, 9[*1]) — CrC that forgets
the form and the map CrC — Pn(C,?) that sends an object to its hyperbolic
form, respectively. By combining these ingredients with the periodicity of
Proposition R.6, we obtain the following general form of Karoubi’s periodicity
theorem. Let U(R,?) and V (R, ?) be the fibre of hyp and fgt, respectively. The
fibre sequence above provides an equivalence V(R;?) ~ Q U(R; 91?) since both
are equivalent to Q GW(R;2!l). Combined with Proposition R.6, we obtain
the following:

R.8. THEOREM ([II].4.3.4). Let R be a ring and M an invertible Z-module
with involution over R. Then there is a natural equivalence

V(Ro") =~ QU (R =)

for every m € Z, where —M s the R®Y R-module M with the involution (o)
replaced by —(@).

R.9. Remark. If 2 € R is a unit, Theorem R.8 is due to Karoubi [Kar80].
Since in this case the Poincaré structures Qim are all equivalent, it takes the
form

V (R; %) ~ QU (R; 9 ).

There is another case where this theorem simplifies, but where 2 does not
need to be invertible. Let R be a commutative ring which is 2-torsion free,
for instance the ring of integers in a number field, and let M = R with the
trivial involution. In this case H(Cy; —R) = 0 and H™!(Cy; R) = 0, and by
Remark R.4 we have that 9§6R = Q8 r and Q%q = S?%e . Therefore the periodicity
Theorem gives us that

v (R;Q%S) ~QU (R;Qg_SR),
A% (R; Qg_SR) ~QU (R; Q%Q),
V (R; 95 ~ QU (R; 25%).
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Curiously, V(R;2%%,) ~ QU(R; 9}233), and to the best of our knowledge 912%3
cannot be expressed in terms of classical forms.

Given any invariant F of Poincaré co-categories which is Verdier localising,
the Bott—Genauer sequence induces a fibre sequence upon applying F. If in
addition F(Met(C,?)) = 0 for any Poincaré oco-category (C,®) (i.e. F is in
addition bordism invariant in the terminology of Paper [II]), one obtains a
canonical equivalence

F(C, QM) ~ 3 F(e, )

for every n € Z (see [Lur] and Proposition [II].3.5.8). Examples of bordism
invariant functors are L-theory L(C, ?) and the Tate construction on K-theory
K(C,9)t2, where K(C,?) denotes the K-theory spectrum of C with the Co-
action induced by the duality underlying . In fact, for K(C,?)*? this is an
immediate consequence of classical additivity: K(Met(C,?)) is equivalent to
the induced object ind?ez} K(C), so that its Tate construction vanishes. We can
again combine these results with the periodicity of Proposition R.6 to obtain
the following:

R.10. COROLLARY. Let R be a ring and M an invertible Z-module with
involution over R. Then there are natural equivalences

L(R;95m) ~ QL (R;9°0") and K (R;92m)'* ~ 02K (R; 9= (7)1

In particular, the spectra L(R;95,), L(R; ?},) and K(R; M)t are 4-periodic,
and 2 periodic if R is an Fy-algebra.

The last observation on the periodicity of the quadratic and symmetric
L-spectra is of course due to Ranicki, and it has been reworked in the present
language by Lurie [Lur].

R.11. Remark. Let R be a ring. We note that the association X
homp(X, R) refines to an equivalence of stable oo-categories

hompg(—, R): DP(R)°® —» DP(R°P).

Now let ? be a Poincaré structure on DP(R). By pulling back ¢ along its
induced duality D, we obtain a Poincaré structure on DP(R)°P, and further
pulling back along the above equivalence a Poincaré structure on DP(R°P)
which we denote by V. That is, ?V is the composite

QY. DP(RP)P =, DP(R) 25 DP(R) X5 Sp.
By construction, there is therefore an equivalence of Poincaré oo-categories

(DP(R),?) ~ (DP(R),2").
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In particular, we have GW(RP;QV) ~ GW(R;?) and likewise L(RP;QY) ~
L(R;?). For a ring with involution R, the invertible Z-module M = R is self
dual, so that one finds GW(R) ~ GW(RP) and likewise L(R) ~ L(R°P).

R.12. Notation. Let F be a functor, such as GW or L, from the category
of Poincaré co-categories to spectra. We introduce the following compact no-
tation for the value of F at the perfect derived oco-category of R with one of
the Poincaré structures 2%, discussed above:

]:-oz(R; M) = f(’Dp(R), Q%J)‘

If M = R(e) is the Z-module with involution associated to an e-involution on
R as in Example R.2, we write

O =90 and FU(Rje):= F*(R; R(e))

for any of the decorations « above. In the special cases where ¢ = +1 we will
further write

=FYR;1) =F*(R;R)
= F*(R;—1) = F*(R; R(-1)).

2 = 9%, = %y

F R

The homotopy groups of any of these spectra will be denoted by adding a
subscript FS(R; M) := mp F(R; M) for every n € Z.

1. L-theory and algebraic surgery

This section is devoted to exploring L-theory in the context of modules
with involution. In §1.1, we recall the generators and relations description
of the L-groups and an important construction which allows to manipulate
representatives in such L-groups (without changing the class in L-theory) called
algebraic surgery.

In §1.2, we prove a surgery result for Poincaré structures which we call
m~quadratic, for m € Z, and use this to represent L-theory classes by Poincaré
objects which satisfy certain connectivity bounds. In particular, this allows us
to show that the L-groups L& (R; M) coincide with Ranicki’s original definition
of symmetric L-theory of short complexes, Theorem 5 from the introduction.

Finally, in §1.3 we prove a surgery result for Poincaré structures which we
call r-symmetric, for r € Z, in case the ring under consideration is coherent of
finite global dimension. We will use this to show that the genuine symmetric
L-groups are isomorphic to the symmetric L-groups in sufficiently high degrees,
and consequently the analogous statement for the Grothendieck—Witt groups,
which are Theorem 6 and Theorem 3 of the introduction.
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1.1. L-theoretic preliminaries. For the whole section we let R be a ring,
M an invertible Z-module with involution over R, and D = hompg(—, M) the
corresponding duality on DP(R). We recall that 9}, denotes the quadratic
Poincaré structure on DP(R), defined as the homotopy coinvariants 93,(X) =
hompgr(X ® X, M)nc,, and that the symmetric Poincaré structure 95, is
defined in an analogous way by taking homotopy invariants.

1.1.1. Remark. If a Poincaré structure 9: DP(R)” — Sp has underlying
duality D, we will say that @ is compatible with M. In this case, the canon-
ical map 9%, — 25, factors as in Construction [I].3.2.6 into a pair of natural
transformations

Y — 2 — %y,
exhibiting 9, and 25,, respectively, as the initial and the final Poincaré struc-
ture compatible with M; see Corollary [I].1.3.6.

We recall that a spectrum FE is m-connective for some integer m € 7Z if
w2 = 0 for all £ < m, and m-truncated if 7, £ = 0 for all kK > m.

1.1.2. Definition. For every r € Z we will say that @ is r-symmetric if for
every finitely generated projective module P € Proj(R) the fibre of ?(P[0]) —
9%/ (P[0]) is (—r)-truncated. Dually, for m € Z we will say that ? is m-quadratic
if the cofibre of %,(P[0]) — Q(P[0]) is m-connective for every P € Proj(R).

1.1.3. Remark. Note that the fibre of @ — 25, and the cofibre of 97, — @
are exact (contravariant) functors. It thus suffices to check the conditions in
the definition for m-quadratic and r-symmetric Poincaré structures only in the
case where P = R.

It also follows that the collection of X € DP(R) for which the above fibre
is (—r)-truncated for a given r € Z is closed under suspensions and extensions.
In particular, if ¢ is r-symmetric then the fibre of (X)) — ¢5,(X) is (—r — k)-
truncated for every k-connective X.

Dually, for a given m € Z the collection of DX € DP(R) for which the
above cofibre is m-connective is closed under suspensions and extensions. In
particular, if ¢ is m-quadratic then the cofibre of 9,(X) — ?(X) is (m + k)-
connective whenever DX is k-connective.

1.1.4. Example. The symmetric Poincaré structure 93, is r-symmetric for
every r and the quadratic Poincaré structure 9?\/[ is m-quadratic for every m.
More generally, from the fibre sequences

Tem—2QM'? = QZ(R) — 95,(R) and 9%,(R) — 95" (R) — Tom M2

we find that the Poincaré structure 9%/[7” is m-quadratic and (2—m)-symmetric.
In particular, 9%} is 2-symmetric and 0-quadratic, 257 is 1-symmetric and 1-
quadratic and 257 is O-symmetric and 2-quadratic.
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1.1.5. Example. Let R be a ring and ? an M-compatible r-symmetric and
m-quadratic Poincaré structure on DP(R). Then ¢V is an MY-compatible r-
symmetric and m-quadratic Poincaré structure on DP(R°P). To see that 9V is
m~quadratic, it suffices to show that the cofibre of the map

Q4w (RP) — 9Y(RP)
is m-connective. By Remark R.11, this map is given by the map
(93,)(M[0]) — 2(M[0])

whose cofibre is m-connective by the assumption that ? is m-quadratic and
that M is finitely generated projective. A similar argument shows that 2V is
r-symmetric.

As explained earlier, one goal of this paper is to show that the gen-
uine symmetric L-groups coincide with Ranicki’s classical symmetric L-groups
of [Ran80], for which elements can be represented by chain complexes X which
are concentrated in a specific range of degrees. The following lemma shows that
this can be equivalently phrased in terms of connectivity estimates for X and
DX. The latter will be more convenient to work with for us.

1.1.6. LEMMA. Let X € DP(R) a perfect R-module and k < [ integers.
Then the following conditions are equivalent:

(i) X can be represented by a chain complex of the form
o =>0->FP—-P 11— =P, —-0—-

where each P; is a finitely generated projective R-module concentrated in
homological degree i.
(ii) X is k-connective and DX is (—1)-connective.

Proof. The implication i = ii is clear. For the other implication, let C
be a complex of finitely generated projective R-modules of minimum length
representing X . We claim that C is concentrated in the range [k, []. Let i be the
minimal integer such that C; # 0. We claim that i > k. Indeed, suppose that
i < k. Since X is k-connective we have that H;(C') = 0 and so the differential
Ci11 — C is a surjection of projective modules, hence a split surjection of
projective modules, hence a surjection whose kernel N := ker(Ciz1 — C})
is projective. Removing C; and replacing C;11 with N thus yields a shorter
complex representing X, contradicting the minimality of C. We may hence
conclude that C' is concentrated in degrees > k.

Let now DC' be the complex given by (DC); := D(C_;). Since M is finitely
generated projective DC' = hompg(C, M) € ChP(R) represents DX € DP(R),
and is thus also a complex of minimal length representing DX. Since DX is
assumed to be (—[)-connective, the same argument as above shows that DC' is
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concentrated in degrees > —[. It then follows that C' is concentrated in degrees
<[, and hence in the range [k, (], as desired. O

1.1.7. Remark. Lemma 1.1.6 does not really require a duality. In its ab-
sence the statement still holds if we treat DX = hompg(X, R) as an object of
DP(R°P). For later use, we also remark that our proof also shows that X is
k-connective if and only if it can be represented by a chain complex of finitely
generated projective modules which are trivial below degree k.

1.1.8. Remark. If M is, moreover, free as an R-module, the proof of Lem-
ma 1.1.6 works verbatim to show that for X € D'(R), condition ii above is
equivalent to X being representable by a complex as in Lemma 1.1.6 with
each P; a finitely generated stably free R-module. More generally, if Free(R) C
C C Proj(R) is any intermediate full subcategory closed under the duality and
under direct sums, and X can be represented by a bounded complex valued
in C, then the argument in the proof below yields that condition ii above is
equivalent to X being representable by a complex as in i with each P; stably
in C (that is, such that there exist Q); € C with P, ® Q; € C).

L-theory and surgery. The purpose of this subsection is to recall some
fundamental properties of L-theory. For the construction of the L-theory spec-
tra, we refer to [Lur] and §[II].4.4. However, a key feature of the L-spectrum
L(C,?) is that its homotopy groups have a very simple presentation: They
are given by cobordism groups of Poincaré objects. Let us explain what this
means precisely, as we rely on this construction throughout the section. We
recall that the space Pn(C,?) is the space of Poincaré objects, that is of pairs
(X, q) of an object X in C and a point ¢ € Q°°%(X) such that a canonically
associated map

gs: X — DX

is an equivalence. Likewise, there is the space Pna(C ,?) of Poincaré pairs, that
is of triples (f: L — X, ¢,n) with ¢ € Q°°?(X) and n a nullhomotopy of f*(q),
such that the canonically associated map

ny: X/L — DL

induced on the quotient X/L by 7 is an equivalence. In this case we say
that L is a Lagrangian in X (or also that L is a nullcobordism of X). It
turns out that Pn?(C,?) = Pn(Met(C,?)) where Met(C,®) is the metabolic
category associated to ¢ as in §[I].2.3. We find that forgetting the Lagrangian
provides a map Pn?(C,?) — Pn(C,?), which is induced from the Poincaré
functor Met(C,?) — (C,?) sending L — X to X.

1.1.9. Definition. We say that Poincaré objects (X,q) and (X', ¢') are
cobordant if (X & X', ¢® (—¢’)) admits a Lagrangian, i.e. is nullcobordant. We
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define the n’th L-group L, (C,?) as the group of cobordism classes of Poincaré
objects (X, ¢q) for the Poincaré structure 9= := Q"9

1.1.10. Remark. We remark that the cobordism relation is a congruence
relation with respect to @, and that the diagonal X — X @& X is a canonical
Lagrangian for (X & X, q¢® (—q)), so that L,(C,?) is indeed an abelian group.
In particular, the L-groups fit into an exact sequence of monoids

mo (Pn?(C,20)) % mo (Pn(C,917)) — La(C.9) — 0.

We also note that the above definition of L-groups is equivalent to the one of
Definition [I].2.3.11, where L, (C,®?) was defined as the cokernel of the map 0
in the category of ordinary commutative monoids. Indeed, by exactness of
the above sequence, we obtain a map of monoids coker(d) — L, (C,?) which
is surjective and has trivial kernel. Since coker(d) is in fact a group by
Lemma [I].2.3.10, this map is an isomorphism.

1.1.11. Notation. In the case of the category C = DP(R), we will denote
the L-groups and L-spectra, respectively, by

Lo(R;9) :=L,(DP(R),?) and L(R;9) :=L(D"(R),9).

When 2 = 9% is one of the genuine functors associated to an invertible Z-
module with involution M analysed in the previous section, we use the notation
LY(R; M) established in Notation R.12 for the corresponding L-groups.

1.1.12. Remark. It is immediate from the definition that LY(R; M) and
L°(R; M) are, respectively, the usual quadratic and symmetric L-theory spectra
of R of [Lur] which also agree with the L-spectra of Ranicki [Ran92]. The
other variants are, however, more mysterious, and their study is the focus of
this section.

We note that given a Lagrangian for (X, ¢), i.e. a Poincaré object of the
metabolic category, through the eyes of L-theory, we may replace (X, q) by 0.
Such a procedure in fact works more generally if we start with only a hermitian
object for the metabolic category and is the content of algebraic surgery. We
recall that the hermitian objects of the metabolic category consist of triples
(f: L — X,q,n) such that ¢ € Q*°2(X) and 7 is a nullhomotopy of f*(q).
In many cases of interest, the object (X, q) is Poincaré, and in this situation
we will refer to L, or more precisely to (f,n), as a surgery datum on (X, q).
The non-degeneracy condition for this triple to be a Poincaré object for the
metabolic category is that the map ny: X/L — DL defined above is an equiv-
alence, i.e. if its fibre X’ is 0. In general, X’ need not vanish, but nevertheless
acquires a canonical Poincaré form ¢’ induced from (f,¢,n). In fact, we have
the following result; see §[II].2.4 for a general discussion of algebraic surgery.
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1.1.13. PROPOSITION. Let (X, q) be a Poincaré object for @ with surgery
datum (f: L — X,n). Then the object X' carries a canonical Poincaré form
q such that (X, q) and (X',q') are cobordant.

1.1.14. Remark. The underlying object of X’ and the of the cobordism
X(f) between X and X' are summarised in the following surgery diagram
consisting of horizontal and vertical fibre sequences.

L——1IL——0
(4) X%n )l( DWDJL
[ .
X —— X/L %5 DL

We can use this to perform the following construction, which we will refer
to as Lagrangian surgery:

1.1.15. Construction. Let (L — X, q,n) be a Lagrangian for a Poincaré
object (X,q). Equivalently, we may view (L — X, q,n) as a Poincaré object
of the metabolic category Met(C,?). Now, given a surgery datum for this
Poincaré object, i.e. a commutative diagram

:

and a null-homotopy of ®*(g,7n) in uet(Z — W), we may thus perform surgery

e

e N

e

by Proposition 1.1.13 to obtain a new Poincaré object (L' — X', ¢',n’) of
Met(C,?). We observe that the map W — X is canonically a surgery datum
on (X, q) and that (X’,¢’) is the result of surgery with this surgery datum. In
particular, if W = 0, then (X, ¢) is canonically equivalent to (X, ¢). Moreover,
by diagram (4) the new Lagrangian L’ sits inside a fibre sequence

L' —L/Z — QDZ.

We will refer to such surgery data as Lagrangian surgery data and refer to the
surgery as a Lagrangian surgery. We will then also say that L is cobordant
to L relative to X. For future reference, we notice that the underlying map
of a Lagrangian surgery datum is equivalently described by a map Z2 — N =
fib(L — X). If we denote by N’ the fibre of the map L’ — X, then we obtain
likewise a fibre sequence N’ — N/Z — QDZ.
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1.2. Surgery for m-quadratic structures. In this section, we will show how
to apply algebraic surgery to Poincaré structure which are sufficiently qua-
dratic, and we will use this to show that the genuine symmetric L-groups
coincide with Ranicki’s symmetric L-groups of short complexes; see Theo-
rem 1.2.22. We also show that in sufficiently small degrees, the L-groups
of an m-quadratic functor coincide with the quadratic L-groups; see Corol-
lary 1.2.12. The surgery arguments we present below are designed to replace
(shifted) Poincaré objects and Lagrangians by cobordant counterparts which
are suitably connective. The following definition summarises the kind of con-
nectivity we seek:

1.2.1. Definition. Let M be an invertible Z-module with involution over R,
? a Poincaré structure on DP(R) compatible with M. Let n,a,b € Z be such
that a,b > —1,b>a — 1, and (n + a) is even.

(i) We denote by Pn?(R,?) C Pn(DP(R),?["™) the subspace spanned by

those Poincaré objects (X, q) such that X is (=% )-connective.

(ii) We denote by M%°(R,?) C Pn?(DP(R),9l=™)) the subspace spanned by

those Poincaré pairs (L — X, q,n) such that X is (=%-%)-connective, L

is [=251=2connective and N := fib(L — X) ~ QDL is [=25=2)-

connective. We refer to such an L as an allowed Lagrangian for (X, q).

Finally, we define
Lﬁ’b(R; ?) = coker (WoMfL’b(R, ?) = moPny (R, 9))

as the cokernel in the category of monoids of the map that forgets the La-
grangian.

1.2.2. Remark. The definitions are made such that L&?(R; ?) is the monoid
of n-dimensional Poincaré objects of width a modulo those which admit a
Lagrangian of width b.

More precisely, the connectivity assumption of case i guarantees that X
can be represented by a complex concentrated in the range [~5-%, = 2+‘1], and
consequently having width a. This uses Lemma 1.1.6 and that DX ~ X|[n] is

(’I’Lga

)-connective. In particular, as an example we have Pn, }(R,?) ~ .

In case ii, X can again be represented by a complex concentrated in de-

grees [—5-4, 7”;“1], and the assumptions on L and N can be divided into the

following two cases. If b+ n is odd, the connectivity assumptions on X and N

imply the one on L, and both L and N can be represented by complexes in
degrees [_”_214’, _"_21+b]. Here for the upper bound on L we use the connec-
tivity of N and that DL = N[n + 1]. If however b+ n is even, then necessarily

we have b > a, and it is the connectivity assumptions on X and L which imply

. —n—b —n+b
the one on N. Then L can be represented by a complex in degrees [~5—, ”T+]

: —n—b —n+b
whereas N by one in degrees [~ — 1, =52 — 1].
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In the current section on quadratic surgery we exclusively use the case
where b+ n is odd. However, in the next section on symmetric surgery we will
have to consider both parities of b + n.

1.2.3. Remark. If b > a, the diagonal inside (X, q) ® (X, —¢q) is an al-
lowed Lagrangian, so that LZ’b(R;Q) is in fact a group. In Proposition 1.2.6
we will show, under additional hypotheses on the Poincaré structure @, that
L& L(R; Q) is also a group.

1.2.4. Remark. Let ?: DP(R)°® — Sp be a Poincaré structure whose as-
sociated duality preserves Proj(R) C DP(R). A Poincaré object (P,q) €
moPnd(R,?), i.e. one where P € Proj(R) C DP(R), is said to be strictly meta-
bolic if there exists a submodule L C P such that L is projective, g7, vanishes
in mo?(L) and the sequence

(5) 0—L-—P—DL—0

is exact. One defines the Witt group W(Proj(R); ?) as the quotient the monoid
7TOPH8(R, ?) by the submonoid generated by the strictly metabolic objects. We
note that if Q restricts to a functor 2: Proj(R)°? — Ab C Sp, this is the classical
Witt group as defined, for instance, in [Kne70].

We now argue that there is a canonical isomorphism

W(Proj(R);?) = Ly°(R; 9).

Indeed, it suffices to verify that a Poincaré object (P,q) € moPnd(R,?) is
strictly metabolic if and only if if it admits an allowed Lagrangian. The “if”
direction is clear, and to see the “only if” part, observe that if (P, q) is strictly
metabolic, then any null homotopy 1 of ¢, makes the pair (L — X,7) an
allowed Lagrangian, because the question whether or not the square

L —— P

|

0 —— DL

is cartesian is equivalent to the exactness of the sequence (5) and hence inde-
pendent of the chosen null homotopy 7.

1.2.5. Remark. Let us briefly digress about strictly metabolic objects for
1-quadratic Poincaré structures. So suppose that P is a finitely generated
projective R-module, and that (P,q) is a strictly metabolic Poincaré object
with respect to a 1l-quadratic Poincaré structure. Let L — P be a strict
Lagrangian, so that the fibre of the map L — P is equivalent to (DL)[—1]
and that P =2 L @ DL. By the algebraic Thom isomorphism [I].2.4.6, the
space of Poincaré structures on the object L — P of the metabolic category
is equivalently described by the space of shifted forms Q9(DL[—1]), which is
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connected as ¢ is 1-quadratic. It follows that (P,q) is equivalent to hyp(L),
the hyperbolic form on L. This recovers the well-known classical fact that a
strictly metabolic quadratic form on a finitely generated projective module is
hyperbolic.

For the remainder of the section, we fix an invertible Z-module with invo-
lution M over R and consider only Poincaré structures ¢ on DP(R) which are
compatible with M, and we denote the underlying duality by D=hompg(—, M).
To put the assumptions of the next result into context, recall that the Poincaré
structure Qim is m-quadratic.

1.2.6. PROPOSITION (Surgery for m-quadratic Poincaré structures). Let ?
be an m-quadratic Poincaré structure on DP(R). Fix ann € Z and let a,b > 0
be two mon-negative integers with b > a — 1, and such thatn+a andn+1+0b
are even.

(i) If a > n — 2m, then every Poincaré object in (DP(R),?0=™) is cobordant
to one which is (=%=2)-connective.

(it) If b > n —2m+ 1, then every Lagrangian L — X of a (7"27‘1)—connective
Poincaré object (X,q) € Pn(DP(R),™) is cobordant relative to X to
a Lagrangian L' — X such that both L' and fib[L' — X] are (Z25=2)-

connective.

In particular, if both inequalities above hold, the monoid LZ’b(R; Q) is a group
and the canonical map LE(R; Q) — Ly, (R; Q) is an isomorphism.

1.2.7. Remark. Recalling Remark 1.2.2, we note that the Poincaré ob-

jects appearing in i above are concentrated in degrees [=%=¢, =%*%] and the

Lagrangians in ii are concentrated in degrees [_"_21_17, _”_21+b].

Before diving into the proof of this proposition, let us give some immediate
consequences.

1.2.8. Ezample. The quadratic Poincaré structure 29, is m-quadratic for
every m. Given n = 2k € Z, we may apply Proposition 1.2.6 to 93, with
(a,b) = (0,1) and deduce that every class in LI(R; M) can be represented by a
Poincaré object which is concentrated in degree —k, and that such a Poincaré
object represents zero in Li}(R; M) if and only if it admits a Lagrangian which
is concentrated in degrees [—k — 1, —k|. On the other hand, if n = 2k + 1
is odd we may apply Proposition 1.2.6 to 9}, with (a,b) = (1,0) and get
that every class in L (R; M) can be represented by a Poincaré object which is
concentrated in degree [—k—1, —k], and that such a Poincaré object represents
zero in L(R; M) if and only if it admits a Lagrangian which is concentrated
in degree —k — 1. This is often referred to in the literature as surgery below
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the middle dimension. In fact, Proposition 1.2.6 gives this statement for any
m~quadratic Poincaré structure, as long as we take n < 2m.

1.2.9. COROLLARY. For any n > 0, every class in L& (R; M) can be rep-
resented by a Poincaré object which is concentrated in degrees [—n,0], and
such a Poincaré object represents zero in L& (R; M) if and only if it admits
a Lagrangian which is concentrated in degrees [—n — 1,0]. In particular, the
canonical map LT (R; %)) — Ln(R;9%)) = L&(R; M) is an isomorphism
for alln > 0.

Proof. The genuine symmetric Poincaré structure S?%\f[ is 0-quadratic. Given
n > 0 € Z, we may thus apply Proposition 1.2.6 to 2%, with (a,b) = (n,n + 1)
so that Ly (R; 9%;) = L™t (R; 9%)). O

The proof of Proposition 1.2.6 will require the following connectivity es-
timate:

1.2.10. LEMMA. Suppose that ? is an m-quadratic Poincaré structure on
DP(R). Then for every projective module P € Proj(R) and every k € Z, the
spectrum Q(P[k]) is min(—2k, m — k)-connective.

Proof. The cofibre of the map 93,(P[k]) — 2(P[k]) is (m — k)-connective
by the assumption that ? is m-quadratic; see Remark 1.1.3. Furthermore,
Q% (Plk]) = (hompgr(P ® P, M)[—2k])nc, and is thus (—2k)-connective as P
is projective and homotopy orbits preserve connectivity. O

Proof of Proposition 1.2.6. To prove i, suppose that (X, q) is a Poincaré
object in (DP(R),2l=™). If X itself is (=%%)-connective, we are done. Oth-
erwise, since X is perfect, there exists some k < —5* such that X is k-
connective. By Lemma 1.1.6, the object X can be represented by a chain

complex of projectives concentrated in degrees > k, and so there exists a pro-
jective module P and a map f: P[k] — X which is surjective on Hy. By
Lemma 1.2.10, the spectrum ?(P[k]) is min(—2k, m — k)-connective and since
k < =% we have that

2m—|—n—|—a) >n

min(—2k, m — k) > min (n +a,
by the inequalities in our assumptions. It then follows that Q°°t"Q(P[k])
is connected and hence ¢ restricted to P[k| is null-homotopic, so that any
nullhomotopy n makes (P[k] — X, q,n) a hermitian form for the metabolic
category. We may therefore apply Proposition 1.1.13 and perform surgery
along f: P[k] — X to obtain a cobordant Poincaré object X', given by the
fibre of the induced map X/P[k] — D(P)[—k —n|. Since =2k —1>n+a>n
(here we use that n + a is even) we have that —k —n > k + 1 and so

Hk/(X/) = Hk/(X) =0 fork' <k and Hk(X/) = coker[P — Hk(X)] =0,
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which means that X’ is (k+1)-connective. Proceeding inductively, we may thus
obtain a Poincaré object (X”,¢”) which is cobordant to (X,¢q) and which is
(=%*)-connective. Let us now prove Claim ii. Let (X,q) € Pn(DP(R), "),
and suppose that X is (—§“)-connective and that it admits a Lagrangian
(L — X,n). Let N be the fibre of the map L — X. If N is (=252)-
connective, then, since b > a — 1 so is L and we are done. Otherwise, let
l < _”_Tl_b be such that N is l-connective. We can then find a projective
module P and a map P[l] — N which is surjective on H;. We may view the
map P[] - N equivalently as a map (P[l] — 0) — (L — X)) in the metabolic
category. We claim that this map extends to a Lagrangian surgery datum in
the sense of Construction 1.1.15, for which it suffices to see that 2met (P[] — 0)
~ QR(P[l]) is (n + 1)-connective. By Lemma 1.2.10, the spectrum Q(P[l]) is
then min(—2l, m — [)-connective and since | < =“7=" we have that
2m+n+1+0
2

min(—2l,m—l)>min(n+1+b, )Zn—l—l

by the inequalities in our assumptions. We may therefore perform Lagrangian
surgery along P[] — L (see Construction 1.1.15) to obtain a new Lagrangian
L' — X such that the fibre N’ of the map L' — X fits in a fibre sequence

N' — N/P[l] — D(P)[-1 — n — 1].

Since 2] < —m—1—b and n+1+bis even, we have that —2[—1 > n+1+b > n+1.
Thus -l —n—1>1+1, and so

Hy(N')=Hpy(N)=0 forl’<l and H;(N') = coker[P — H;(N)] =0,

which means that N’ is (I + 1)-connective. Proceeding inductively, we may
thus obtain a Lagrangian L” — X for which N”, and thus L”, is (_”_Tl_b)-
connective.

To see the final claim, we now recall that the diagonal defines a Lagrangian
for (X @ X,q® (—q)), and so it follows from ii that the commutative monoid
L,‘?L’b(R;Q) is a group. The surjectivity and injectivity of the homomorphism
LA%(R;Q) — L, (R;?) then follow from i and ii, respectively. O

1.2.11. Remark. Under the assumptions of Proposition 1.2.6, the sequence
ToMG (R, Q) — moPnji(R,9) — Ly (R;9)

is exact in the middle, just as in the case of ordinary L-groups; see Re-
mark 1.1.10. Indeed, if a Poincaré object of Pnf(R,?) represents zero in
LaP(R;?), and therefore in L, (R; ?), it admits a Lagrangian, and by Part ii also
a Lagrangian with the connectivity assumptions required to define an element

of moMEY(R,9).
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1.2.12. COROLLARY. If? is m-quadratic (e.g., @ = Q]ﬁm) then the natural
map
L (R M) = Lo (R; 93;) — La(R;9)

is an isomorphism for n < 2m — 3 and surjective for n = 2m — 2.

Proof. Fix an n < 2m — 2 and let a € {0,1} be such that n + a is even.
Then a > n—2m and so by Proposition 1.2.6 i every class in either L (R; M) or
L, (R;?) can be represented by a Poincaré object which is (%)—connective.
To prove that the map L, (R;?},) — Ln(R;?) is surjective in this range, it

will then suffice to show that the monoid map

moPnl (R, ?1,) — mPnl(R,?)

is surjective. Let X be (=%~*)-connective and equipped with a Poincaré form ¢

for 2=, As @ is m- quadratic and DX ~ %" X is ("5%)-connective, the cofibre

of the map 9%,(X) — 2(X) is (m + %5%)-connective; see Remark 1.1.3. Since

m+ (Z52) = 2mEn=0 > 5 4 1 (where we note that @ = 0 when n = 2m —2), it
follows that the map ?%,(X) — (X)) is surjective on 7, and so the surjectivity
part of the statement is established.

To prove injectivity, let us now assume that n < 2m —3 and let b € {0, 1}
be such that n+1+bis even. Then b > n—2m+1, and so by Proposition 1.2.6 ii
every (=%=%)-connective Poincaré¢ object (X, ¢) in (DP(R), Ql=7ly which admits
a Lagrangian also admits a Lagrangian L — X such that L and fib[L — X]
are (_”El_b)-connective. Then DL ~ ¥"TIN is (%l_b)—connective, and so
by Remark 1.1.3 and the assumption that ? is m-quadratic, we deduce that the
cofibre of the map ¢,(L) — (L) is (W)—connecﬁve. Since n < 2m—3,
we have W > n+ 2 (where we note that b = 0 when n = 2m — 3), and
so the map

(L) — L)
is bijective on 7, and surjective on m,11. We conclude that L can be refined
to a Lagrangian of (X, ¢) with respect to 7, and so the map L, (R;?},) —
L, (R;?) is also injective (hence bijective) when n < 2n — 3, as desired. O

1.2.13. Remark. The range in which the map of Corollary 1.2.12 is an
isomorphism is essentially optimal. For example, for R = Z and m = 0, the
map

7)22LY,(Z) — L&(Z) =0
is not an isomorphism; see Example 2.3.13 for the calculation of these groups.

1.2.14. PROPOSITION. Let @ be a Poincaré structure on DP(R) and n € Z.

Then for every a > 0 such that a + n is even the canonical map

LO"(R; Q) — LE"(R; )

s an tsomorphism.



148 B. CALMES ET AL

Proof. The map in question is clearly surjective, as both groups are gen-
erated by the same Poincaré objects. To show injectivity, let us first consider
(L - X) € mpM%*"1(R,9). We will show momentarily that then X rep-
resents the trivial element of L&*(R;?), and argue first how this statement
implies the injectivity of the map in question. So assume X is an element in
the kernel of the map L&%(R;?) — L%*T(R; ). This means that there exists
an element (L' — X’) € moM%“TH(R,9) such that X & X' is the boundary of
further element (L — X & X') € moM%*tH(R, ). Then X' as well as X & X’
represent the trivial element of L%*(R;?), and hence so does X.

To prove the remaining claim, consider again (L — X) € ToMEZ TR, Q).
Let us write K = —%-*. Then, by definition, X is k-connective, and L and
N = fib(L — X) are k — 1-connective. By Remark 1.2.2, L can be represented
by a chain complex concentrated in degrees [k —1, k+a]. There is consequently
a fibre sequence

" —IL—1I

such that L” is a projective module P concentrated in degree k — 1 and L' is
k-connective. Let us consider the diagram

L// L//

L

L — X

as a morphism (drawn vertically) in Met(DP(R);?) and recall that L — X is
canonically a Poincaré object in the metabolic category. Since ?pet(idy) is
contractible, we find that the above diagram canonically refines to a surgery
datum on L — X. Tracing through the definition of algebraic surgery, the
surgery output is then a Lagrangian L' — X', with X’ still k-connected (since
QO"DL" is concentrated in degree —k+1—n > k+ 1), and so (L’ — X') €
moM7?(R,?). We now analyse the Poincaré form ¢’ on X’. By construction,
(X',q') is the output of surgery along the surgery datum L” — X. We note
that the composite L” — L — X is null homotopic since L” = P[k — 1] and
X is k-connective. We deduce that the restriction of ¢ along the map L” — X
is null homotopic in two ways, and therefore determines a loop in Q"Q(L").
The surgery datum L” — X is then equivalent to the direct sum of the trivial
surgery datum 0 — X and the surgery data L” — 0 determined by the above
loop. Consequently, (X’ ¢’) is the orthogonal sum of (X, ¢) with the output
Z of surgery on L” — 0. Being a summand of X', we find that Z is also
k-connective and, moreover, by construction Q"T'DL” is a Lagrangian in Z.
Since Q"HIDL” = (DP)[—n — k| is also k-connective (since —k —n > k by
definition of k), we see that Q"*'DL"” — Z belongs to M3*(R,?). Therefore
we deduce that [X, ¢] = [X',¢] =0 € LY*(R;?) as claimed. O
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1.2.15. PROPOSITION. Let ? be a 0-quadratic Poincaré structure on DP(R).
Then the canonical map

W (Proj(R);?) — Lo(R;?)
18 an isomorphism.

Proof. First we recall from Remark 1.2.4 that W(Proj(R);?) = Lg’O(R; ?).
Under this isomorphism, the map under consideration factors as

Lo%(R; Q) — Ly (R; Q) — Lo(R; Q).

The first map is an isomorphism by Proposition 1.2.14, and the second map is
an isomorphism by Proposition 1.2.6 since ? is 0-quadratic. U

1.2.16. COROLLARY.
(1) L§(R; M) is naturally isomorphic to the Witt group of M -valued symmet-
ric forms over R.
(it) L8 (R; M) is naturally isomorphic to the Witt group of M-valued even
forms over R.
(i17) LO(R;QJ%[m) is naturally isomorphic to the Witt group of M-valued qua-
dratic forms over R for every m > 2.

Proof. For Ly(R; Qim) with m = 0, 1,2 we simply apply Proposition 1.2.15
and invoke the explicit description of Qim(P[O]) for m = 0,1,2 in terms of
symmetric, even and quadratic forms, respectively. The case of Ly (R; Qﬁm) for
m > 2 reduces to that of m = 2 since the natural map

L(R; M) — Lo (R; 95]")
is an isomorphism for m > 2 by Corollary 1.2.12. U

1.2.17. Remark. Combining Corollary 1.2.16 and the equivalences
L&, (R, M((—1)F)) = Lo (R; 93F)

given by Corollary R.10, we obtain a description of all the even non-positive
genuine symmetric L-groups of R in terms of Witt groups of symmetric, even
or quadratic forms; see Theorem 1.2.22. A similar description can be obtained
for the corresponding odd L-groups of degrees < 1 in terms of symmetric (in
degree 1), even (in degree —1) and quadratic (in odd degrees < —3) formations.
We leave the details to the motivated reader.

1.2.18. Remark. When M is free as an R-module, the results of this sec-
tion apply equally well if we restrict attention to the full subcategory Df(R) C
DP(R) of finite free complexes. Indeed, in the proof of Proposition 1.2.6 we
may simply choose P to be free, in which case the algebraic surgery procedure
stays within Df(R). In addition, the connectivity bounds obtained by that
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proposition translate into the same type of representation by complexes con-
centrated in certain intervals, only that now these complexes consist of stably
free modules; see Remark 1.1.8. For example, if ¢ is a 0-quadratic Poincaré
structure, then any element of L,(Df(R),?) with n > 0 can be represented
by a Poincaré form on a complex of stable free R-modules concentrated in
degrees [—n, 0], and such a Poincaré complex represents zero if and only if it
admits a Lagrangian represented by a complex of stable free modules concen-
trated in degrees [—n — 1,0]. Similarly, the proof of Proposition 1.2.15 can be
run verbatim with stably free modules instead of projective modules, and so
we get that in the situation of that proposition, Lo(Df(R),®) is isomorphic to
the corresponding Witt groups of stably free Poincaré objects. More generally,
one can take any intermediate subcategory D(R) C C C DP(R) which is closed
under the duality. A typical such C is the full subcategory of objects whose
class in Ko(R) lies in a given involution-closed subgroup of Ko(R). We will
consider this framework again in §2 when we will discuss control on GW and
L spectra.

Genuine symmetric L-theory. In this subsection, we use the previous sur-
gery results to identify the genuine symmetric L-groups

LE(R; M) :=L, (R; 9%2)

with Ranicki’s original definition of symmetric L-groups, which we recall now.
We let ChP(Proj(R)) be the category of bounded chain complexes of
finitely generated projective R-modules. We will say that C' € ChP(Proj(R)) is
n-dimensional if it is concentrated in the range [0, n], that is, if C; = 0 when-
ever i < 0 ori > n. Recall that the co-category DP(R) of perfect left R-modules
can be identified with the co-categorical localisation ChP(Proj(R))[W~!] of
ChP(Proj(R)) with respect to the collection W of quasi-isomorphisms.

1.2.19. Definition. We let n > 0 be a non-negative integer. An n-dimen-
stonal Poincaré compler in the sense of [Ran80, §1] is a pair (C,q) where
C € ChP(Proj(R)) is an n-dimensional complex and ¢ is an element of

H,,(Homp(DC, C)hCQ)

whose image in H,,(Homgr(DC, C)) = [D(C)[n], C] is an isomorphism D(C')[n]
—C in the homotopy category of ChP(Proj(R)). Here, Hompg(—,—) denotes
the internal Hom complex and (—)P©2 is the homotopy fixed point construction
(described explicitly in [Ran80] using the standard projective resolution of Z
as a trivial Co-module). An (n + 1)-dimensional Poincaré pair is a pair (f,n)
where f: C' — C’ is a map in ChP(Proj(R)) from an n-dimensional complex
to an (n + 1)-dimensional complex and 7 is an element of

H, (fib[Homr(DC, C) — Homp(DC',C")]")
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whose respective images in [D(C)[n],C] and [cof(DC’" — DC)[n], C’] are iso-
morphisms in the homotopy category. Every Poincaré pair (C' — C’,n) deter-
mines, in particular, a Poincaré complex (C,n|c), and we say that a Poincaré
complex is null-cobordant if it is obtained in this way. Similarly, two n-dimen-
sional Poincaré complexes (C, q), (C’,q') are said to be cobordant if (C & C’,
q ® —¢') is null-cobordant. The set of equivalence classes of n-dimensional
Poincaré complexes modulo the cobordism relation above forms an abelian
group LM (R; M) under direct sum, with the inverse of (C, ¢) given by (C,—q).
We will refer to these groups as the short symmetric L-groups of R.

1.2.20. Remark.

(i) The groups L™ (R; M) are formally defined in [Ran80] only when M is
of the form R(e) for some e-involution on R. However, the definition only
makes use of the induced duality on chain complexes, and it therefore
makes sense for any invertible Z-module M with involution.

(ii) In [Ran80] Ranicki extends the definition of the classical symmetric L-
groups to negative integers as follows:

Lihort(R; M) _ {Lilfgt7ev(R§ _M) for n = —2, —1 ‘
L(R; M) forn < -3

Here LShor¢V(R; M) are the even L-groups from [Ran80, §3]. We recall
that an n-dimensional Poincaré complex (C, ) is called even in [Ran80]
if a certain Wu class vo(¢): H*(C) — HO(Cq; M) vanishes. Likewise,
an (n + 1)-dimensional Poincaré pair f: C — C’ is called even if its
relative Wu class H""!(f) — H%(Cg; M) vanishes. The short even L-
groups LShorteV(R: M) are then the cobordism groups of n-dimensional
even complexes. For n > 0 we will also show that they are equivalent to
our genuine even L-groups; see the proof of Theorem 1.2.22.

1.2.21. Remark. Two Poincaré complexes (C,q),(C’,¢') are said to be
quasi-isomorphic if there exists a quasi-isomorphism f: C' — C’ such that
f+q = ¢’. This yields an equivalence relation which is finer than cobordism:
Given a quasi-isomorphism f: (C,q) — (C’,¢’), one can construct a Poincaré
pair of the form (id, f): C — C @ C’ witnessing (C,q) and (C’,q’) as cobor-
dant. In particular, if PnflhOrt
classes of n-dimensional Poincaré complexes and MM (R) the monoid of n-

(R) denotes the monoid of quasi-isomorphism

dimensional Poincaré pairs, then Lflhort(R; M) is naturally isomorphic to the

cokernel of M3h'(R) — Pnshor(R) in the category of commutative monoids.

The remainder of this subsection is devoted to a proof of the following
theorem:
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1.2.22. THEOREM. Let R be a ring and M an invertible Z-module with
involution over R. Then for all integers n, there is a natural isomorphism

L (R: M) 2 L (R: M)

between Ranicki’s classical symmetric L-groups and the genuine symmetric L-
groups.

The proof will proceed in several steps. We first compare, for n > 0,
Ranicki’s classical L-group LS"™(R; M) to the group LV (R;93,) of Defi-
nition 1.2.1 as follows. Let Z,, C ChP(Proj(R)) be the subcategory consisting
of the n-dimensional complexes and quasi-isomorphisms between them, and
let Jjo,ny © DP(R)= be the full sub-oo-groupoid spanned by those perfect
R-modules which can be represented by a complex in Proj(R) concentrated
in degrees [0,n]. The canonical localisation map then restricts to a functor
7: Ly — Jjo,n), and it induces isomorphisms

o

p: Hy (HomR(D(C), C)hCQ) — Ty (homR (D(xC), WC)hCQ) =moQ"%,(7DC)
natural in the object C of Z,,. We can then define a map of sets
POt (R) — moPn™(R; 95,)

by sending an n-dimensional Poincaré complex (C, q) to the component deter-
mined by (7(DC), p(¢)). This map is in fact an isomorphism, since the functor
7: Ly — Jjo,n) is an equivalence on homotopy categories, and p is an isomor-
phism. Since the localisation functor ChP(R) — DP(R) preserves direct sums
this is, moreover, an isomorphism of monoids.

1.2.23. PROPOSITION. For everyn > 0, the previously defined map induces
a group isomorphism
Ly (R M) = L™t (R; 9%).

Proof. By replacing ChP(R) and DP(R) by their arrow categories, a similar
construction provides a morphism of monoids

MO (R) — mo M (R 95)

which is compatible with the morphism PnS"°"*(R) — moPn"(R; 23,). Thus we
obtain a well-defined group homomorphism on L-groups. Since every arrow in
DP(R) can be lifted to a map of chain complexes, an argument similar to the
one above shows that this map is also surjective. This suffices to induce an

isomorphism on quotients. O

The next step for the proof of Theorem 1.2.22 is to see that on n-dimen-
sional complexes, the datum of a symmetric form is the same as the datum
of a genuine symmetric form. We record here the corresponding statement for
L-groups. For the following result, we keep in mind that 2% is 2-symmetric:
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1.2.24. LEMMA. Let @ be r-symmetric for r € Z. Let a,b,n € Z be as in
Definition 1.2.1, and suppose additionally that a < n+2r—4 and b < n+2r—3.
Then the map L&Y(R; Q) — LEY(R;93,) is an isomorphism. In particular, the
map
L™t (R; %)) — L™ (R: 9%)
is an isomorphism for every n > 0.

Proof. 1t will suffice to show that the monoid homomorphisms

moPn(R; Q) — moPnf (R; 9%,) and ToMEP(R; Q) — WQMZ’b(R; )

are isomorphisms. Now the left homomorphism is an isomorphism since ¢ is
r-symmetric, and so the map Q®°TQ(X) — Q9% (X) is an equivalence
by Remark 1.1.3 whenever X is (%)—connective, taking into account that

—r— gt = 727”5”*“ < n—2 by our assumption. Concerning the right map, it

will suffice to show that whenever L — X is such that L is [ =25'=2]-connective
and X is (%)—connective the map

Onet (L — X) = fib[2(X) — 9(L)] — fib[%},(X) — 5/ (L)] = Ryer (L — X)

has an (n — 2)-truncated fibre. Equivalently, this is the same as saying that
the square

X)) — % (X)

| !

(L) —— (L)

has (n — 2)-truncated total fibre. As in the first part of the proof, we find
that the top horizontal map is (n — 2)-truncated and the bottom horizontal
map is (n — 1)-truncated since L is [ =252=L]-connective and —r — [=251=] <

—27‘+721+1+b <n-—1. 0

Proof of Theorem 1.2.22. First, we consider the case n > 0 where we sim-
ply combine the isomorphisms

Lo (R M) = L™t (R; 95) = L™ (R; 9F7) = L (R: 957)

of Proposition 1.2.23, Lemma 1.2.24 and Corollary 1.2.9, respectively.
The case n < —3 is covered by Corollary 1.2.12. It then suffices to treat
the case n = —2, —1. Here we use the “periodicity”

L3 (R; M) = Lo (R; —M)

of Corollary R.10 and will now argue more generally that for n > 0, a canon-
ical map LShoreV(R: M) — L&(R; M) is an isomorphism. To construct the
map, we consider an n-dimensional even complex (C,¢) and obtain from
the construction preceding Proposition 1.2.23 a canonical element (X, q) of
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LrntH(R; 9%7), represented by DC. We want to argue that (X, g) refines to an
element of L (R; 957). Let us consider the fibre sequence

Q" X) — Q"8 (X) — homp (X;ﬂO(Cg; M)[—n])
We note the equivalence
Q> homp (X; HY(Ca; M)[—n]) ~ Homp (H_,(X), H(Ca; M)).

Tracing through the definitions, the symmetric structure ¢ is sent to the Wu
class vg(yp) which is zero by assumption. We deduce that (X,q) canonically
refines to an element of L1 (R;987). Likewise, an (n + 1)-dimensional even
pair gives rise to a genuine even structure on the associated cobordism. Re-
versing the above argument, we deduce that the map

Lzhort,ev (R, M) N Lz,nJrl (R7 Q%&)
is an isomorphism. Combining this with the isomorphism
Lt (R 9%) — Ly, (R; 95%)

obtained from Proposition 1.2.6 just as in Corollary 1.2.9, we deduce the the-
orem. 0

1.2.25. Remark. In [Ran80] Ranicki also defines, for n > 0, the n’th qua-
dratic L-group, using quadratic Poincaré complexes of dimension n. The same
argument as above shows that this group coincides with L™"*1(R; ?%,), and
hence with L, (R;9},) by Proposition 1.2.6. As shown in [Ran80], these are
also the same as the quadratic L-groups of Wall [Wal99], which arise in man-
ifold theory as the natural recipient of surgery obstructions. We warn the
reader that these groups do not agree with L, (R; 9%}), which by periodicity
are isomorphic to L,_4(R; 25;).

Surgery for connective ring spectra. In this section, we apply the surgery
arguments previously developed to the case where R is replaced with a con-
nective ring spectrum A (that is, a connective Ej-algebra in the monoidal
oo-category of spectra). The symbol ® here consequently refers to the tensor
product over the sphere spectrum. The perfect derived category DP(R) is then
replaced with the stable co-category Mod% of compact A-module spectra. We
call a compact A-module projective if it is a retract of A™ for some n, and
write Proj(A) € Mod“(A) for the full subcategory spanned by the projective
A-modules. We now fix for the remainder of this section a Poincaré structure
on Mod®”(A). The duality D underlying ? on Mod9 is then induced by an in-
vertible module with involution M as in Definition [I].3.1.1, which we assume
to be projective in either of its two A-module structures, so that D preserves
Proj(A). We refer to §[I].3 for a complete treatment of Poincaré structures on
categories of module spectra.
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As in Definition 1.1.2, we say that ¢ is m-quadratic if the cofibre of the
map
9%/ (X) = homaga(X @ X, M)y, — 2X)

sends A, or equivalently the full subcategory Proj(4) € Mod“(A), to m-
connective spectra. For k € Z we say that an A-module X is k-connective
if its underlying spectrum is k-connective, that is, has vanishing homotopy
groups in degrees < k. With this notion of connectivity, the definition of
L&%(A;Q) from 1.2.1 carries over verbatim to this more general situation.
Proposition 1.2.6 does as well:

1.2.26. PROPOSITION (Surgery for connective ring spectra). Suppose that

Q is m-quadratic. Fix an n € Z and let a,b > 0 be two non-negative integers

with b > a — 1, and such that n 4+ a and n+ 1+ b are even.

(i) If a > n —2m, then any Poincaré object in (Mod“(A), 21" is cobordant
to one which is (#)—connective.

(it) If b > n — 2m + 1, then any Lagrangian L — X of a (‘"{“)-connective
Poincaré object (X,q) € Pn(Mod®(A),2l=") is cobordant relative to X to
a Lagrangian L' — X such that both L' and ib[L’ — X] are (=251=2)-
connective.

In particular, if both inequalities of i and i1 hold, the monoid Lfl’b(A; Q) is a
group and the canonical map LE(A; Q) — Ly, (A; Q) is an isomorphism.

The proof of Proposition 1.2.26 will use the following standard fact:

1.2.27. LEMMA. Let X be a compact connective A-module. Then myX is
finitely presented as a woA-module. In particular, there exists a map A™ — X
whose cofibre is 1-connective.

Proof. We note that mo(A)®4 X is a connective and perfect m(A)-module
with mo(mo(A) ®4 X) = mp(X). We may therefore assume that A is discrete,
in which case it follows from the fact that connective and perfect modules
over a discrete ring can be represented by finite chain complexes of finitely
generated projective A-modules concentrated in non-negative degrees; see also
Lemma 1.1.6. ([l

Proof of Proposition 1.2.26. We first note that the statement of Lem-
ma 1.2.10, which is used in the proof of Proposition 1.2.6, holds in the present
setting with the exact same proof, where P[k]| is understood as the k-fold
suspension ©*¥P € Mod®”(A) of a projective A-module P. All the other re-
sults referred to in the proof of Proposition 1.2.6 are formulated for a general
Poincaré oco-category except for Lemma 1.1.6, which is used solely for the fol-
lowing purpose: to show that if X is k-connective then there exists a projective
module P and a map P[k] — X whose cofibre is (k + 1)-connective. This last
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statement holds in the present setting as well (taking again P[k] to mean the
k-fold suspension of P) by Lemma 1.2.27. Having taken care of all these pre-
liminaries, the proof of Proposition 1.2.26 now proceeds verbatim as that of
Proposition 1.2.6. U

1.2.28. Remark. Using Remark 1.1.6 we observed in Remark 1.2.2 that
Poincaré objects satisfying the connectivity requirements for L?;b(A; Q) are
actually representable by complexes concentrated in certain degrees, and simi-
larly for Lagrangians. We may recognize some aspects of this behaviour in the
present more general setting:

(i) If X € Mod“(A) is projective, then so is DX, and, in particular, both X
and DX are connective. Conversely, if both X and DX are connective
then X is projective. To see this, let

A x Ly

be a fibre sequence such that Y 1-connective (such a sequence exists by

Lemma 1.2.27).

Now the condition that M is an invertible A ®g A-module implies that
hom4(X,Y) ~ homy(M,Y)®4 DX, where we consider hom4(M,Y) as a
right A-module via pre-composition by the second A-action on M. Since
DX is connective and Y is 1-connective, we conclude that homy(X,Y) is
1-connective, and hence the map f is null-homotopic. It follows that the
map A" — X admits a section up to homotopy, so that X is a retract
of A™. More generally, if X is k-connective and DX is (—k)-connective,
then X is the k-fold suspension of a projective module, and vice versa.

(ii) If X is connective and D(X) is (—1)-connective, then X might fail to be
projective, but only mildly so: in this case, we can write X as a cofibre of
a map P — @ between two projective A-module spectra. If we compare
with the situation of perfect derived categories of discrete rings, this prop-
erty corresponds to being representable by a complex of projectives con-
centrated in degrees [0, 1]. To see that this holds in our setting, let us again
consider a fibre sequence as above with Y 1-connective. Then P := QY is
connective and D ;P is the cofibre of the dual map Dy; X — Dy A" = M™
and is hence connective. It then follows by the previous point that P is
projective, and so X is the cofibre of a map P — A" between projec-
tive modules, as claimed. More generally, if X is k-connective and DX is
(—k — 1)-connective, then X is the k-fold suspension of the cofibre of a
map of projective modules, and vice versa.

We spell out these two points since we will make use of them just below, but
let us point out that these are just two steps in an exhaustive filtration on
connective A-module spectra obtained by requiring weaker and weaker con-
nectivity conditions on the duals (or more generally, a bi-indexed filtration on
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all of Mod“(A)). This can be conveniently axiomatised in the framework of
weight structures; see [HS26, §3] for a treatment in the setting of Poincaré
oo-categories.

Using surgery methods, we now obtain the following result; see also [Lur,
Lecture 14] for a proof of the algebraic m-m-theorem, Corollary 1.2.33i below.
We say that a map of spectra is k-connective for some k € Z if its fibre is.
As in Paper [I] and Paper [II], we write Ag for the linear part of a quadratic
functor @.

1.2.29. PROPOSITION. Fix m,p € Z. Let f: A — B be a l-connective
map of connective ring spectra, M, N projective invertible modules with invo-
lution over A, B, respectively, and y; and n Poincaré structures on Mod
and Mod% which are m-quadratic with respect to M, N, respectively. Suppose
given a refinement of the extension of scalars functor fi to a Poincaré functor
(Mod4, ) — (Mod%,@n) such that the induced map M = Bg,, (A, A) —
Be,(B,B) = N is 1-connective and the induced map Ag,,(A) — Ag, (B) is
p-connective. Then the map

(6) Ln(A§ S?M) — Ln(BQQN)

is an isomorphism for n < min(2p — 1,2m), and it is surjective for n =
min(2p, 2m + 1).

Taking f to be the identity of A and 9, to be 9%,, we recover a generali-
sation of Corollary 1.2.12 to the present setting:

1.2.30. COROLLARY. Let Q) be a Poincaré structure on Mod”(A) which
18 m-quadratic with respect to a projective invertible module with involution M.
Then the canonical map

L3(A; M) = Lo (4;94) — L (A; )
is an isomorphism for n < 2m — 3 and surjective for n = 2m — 2.

1.2.31. Ezample. Corollary 1.2.30 can be applied for the universal Poincaré
structure " on Modg from Example [I].1.2.15 which is 0-quadratic as its linear
part is given by hom(—,S), to obtain that LI(S) — L} (S) is an equivalence
in degrees < —3. Interestingly, since S*2 ~ S4 is connective by Lin’s Theo-
rem [Lin80], the symmetric Poincaré structure 2° on Modg is also 0-quadratic.
Thus, the map LI(S) — L (S) is also an isomorphism for n < —3. Both of
these observations also follow from work of Weiss—Williams [WW14] who give
an explicit formula for the cofibre of the maps in question.

1.2.32. Remark. In the proof of Proposition 1.2.29, we will frequently
make use of the following fact [Lurl7, Corollary 7.2.2.19]. Namely, for a map
f: A — B between connective ring spectra which induces an isomorphism on
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o, in particular, for 1-connective f as in Proposition 1.2.29, the extension of
scalars functor fi: Proj(4) — Proj(B) induces an equivalence on homotopy
categories. In particular, we can lift (uniquely up to homotopy) projective B-
modules and maps between such to projective A-modules and maps between
such. Consequently, we can also lift perfect B-modules presented as (co)fibres
of maps between projective B-modules to perfect A-modules of the same kind.

Proof of Proposition 1.2.29. First, we show that for an A-module spec-
trum X € Mod”(A) such that DX is r-connective, the map 23/(X) — n(/1X)
is min(2r + 1,7 + p)-connective. To see this, let us consider the diagram of
horizontal cofibre sequences

(X)) —— (X)) —— Aq,, (X)[r]

! ! |

N(iX) —— IN(fiX) —— Agy (iX)[r].

Then the connectivity assumptions on the maps induced on bilinear and linear
parts imply that the left vertical map is (2r + 1)-connective and that the right
vertical map is (r + p)-connective, respectively, and so the claim follows. In
particular, the map ?3/(X) — n(fiX) is (2r + 1)-connective when r < p — 1,
and 2r-connective when r = p.

Let us now fix an n < min(2p,2m + 1) and let a € {0,1} be such that
n-+ais even. Then a > n — 2m (where we note that if n = 2m+1 then a = 1)
and so by Proposition 1.2.26 i every class in either L, (A; ?xs) or L, (B;?n) can
be represented by a Poincaré object which is (%)—connective. To prove the
surjectivity part of the statement, it will then suffice to show that the monoid
map

WQPHZ(A, QM) — WoPH?L(B, QN)
is surjective. Now by Remark 1.2.28, we have that if X € Mod*(B) is a (=%5-%)-
connective B-module such that DX is (”_a)-connective, then the (”_a)—fold

2 2
suspension of X is a projective module if @ = 0 and the fibre of a map between

projective modules if @ = 1. By Remark 1.2.32, such B-modules can be lifted
to A-modules of the same type, and so it will suffice to prove that for every
(=%%)-connective A-module X € Mod“(A) the map

QM(X) — QN(f!X)

is surjective on m,. Indeed, this holds by the argument in the beginning of the
proof since DX ~ ¥" X is r-connective with r := “5% < p, and so the map in
question is at least n-connective (where we note that a = 0 if r = p).

To prove the injectivity of the map (6), let us now assume further that
n < min(2p — 1,2m) and let b € {0, 1} be such that n+ 1+ b is even (keeping

a as above). Then b > n — 2m + 1 (where we note that if n = 2m then b = 1)
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and so by Proposition 1.2.26 ii every (%)—connective Poincaré object (Y, q)
in (Mod“’(B),?E\;n]) which admits a Lagrangian, also admits a Lagrangian
L — Y such that L and fib[L — Y] are (_"El_b)—connective. Let us therefore

assume that (X, ¢) is a (=%5*)-connective Poincaré object in (Mod“(A), 95\74)

whose image in (Mod*(B), QE;n]) is equipped with a Lagrangian L — fi.X such
that L and N := fib(L — fiX) are (_”_Tl_b)—connective. We will then show
that L — fi(X) can be lifted to a Lagrangian of (X, q) with respect to QE\}"}.
Indeed, we first note that L is a (_"_Tl_b)—connective B-module whose dual
DL ~ Y"IN is ¢/ := (%H))—connective, and so by Remark 1.2.28 we may
write L = fib(U — V) for U,V € Proj(B)[—r'] and similarly we may write
X = cof(P — Q) for P,Q € Proj(A)[—r']. In addition, we may choose P = 0
ifa =0, b=1and V =0ifa =1, b = 0. It is a direct consequence
of the projectivity of P,Q,U, and V that the map L — fiX) factors as the
composition

L —U% Q — fiX.

Using Remark 1.2.32, we may lift U — V to a map U’ — V' and the map a to
o : U — Q. We then define L' as the fibre of U" — V', and therefore we lift
the map L — fiX to the composite L' - U’ — @ — X. In order to extend
this lift to a lift of the entire surgery datum, we claim that the map

QM(L/) — QN(f!L/)

is injective on m, and surjective on m,4+1. Indeed, this follows from the argu-
ment at the beginning of the proof since DL ~ Y"1 N is 1/-connective, and so
the map /(L") — v (fiL') is at least (n + 1)-connective (where we note that
b =0 when r’ = p). O

We can now apply Proposition 1.2.29 to compare the L-spectra of con-
nective ring spectra to the L-spectra of their mg’s. Let A be a connective ring
spectrum and M be a projective invertible module with involution over A.
Associated to it, we have the Poincaré structures 93, and 25, given by

99,(X) = homaga(X ® X, M)c, and 25,(X) = homaga(X ® X, M),

In addition, we have the Poincaré structure 9%, = 9]%/[0 (see [I].4.2.23), and for
an E.o-ring spectrum B, the Tate Poincaré structure 9%, see Example [1].3.2.12.
Explicitly, these are given by the following pullbacks

Q%% (X) —— homy(X, 5o M©2) QL (Y) ——— homp(Y, B)

J ! l |

93, (X) —— hom (X, M*C2) 95.(Y) —— homp(Y, BtC2),
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where the right most vertical map is induced by the Tate-valued Frobenius
B — B'*2. The maps A — m(A) and M — mo(M) induce canonical
Poincaré functors (Modj, ?ar) — (Mody | 4y, €x(ar)) for 2as denoting both of
the Poincaré structures 93, and 9%;. Likewise, B — m(B) induces a canonical
Poincaré functor (Modg, 25) — (Mod? | 5,2 5))-

1.2.33. COROLLARY. For a connective ring spectrum A, a projective in-
vertible module with involution M over A, and a connective Eq-ring spec-
trum B, we have that:

(i) The map LY(A; M) — LYmoA; mo(M)) is an equivalence.
(ii) The map Lt (B) — L. (mo(B)) is an isomorphism for n < 0 and surjective

forn=1.
(iit) The map L& (A; M) — L& (mo(A); mo(M)) is an isomorphism for n < —3
and surjective for n = —2. If the Co-action on the spectrum underlying

M is trivial, the map L& (A; M) — L& (mo(A); mo(M)) is an isomorphism
for n < —1 and surjective for n = 0.

Proof. The claims follow from Proposition 1.2.29. For i, this is because the
quadratic Poincaré structure 9(}\4 is m-quadratic for every m, and it has trivial
linear part. For ii, we use that 2% is 0-quadratic and that the map induced
on linear parts is B — mo(B) which is 1-connective. Similarly, for iii we use
that 9%; is O-quadratic, that A — my(A) is 1-connective, and that the map on
linear parts 750M'C2 — 750(m(M)¥C2) is (—1)-connective. If, moreover, the
involution on M is trivial, the map m(MPC2) — mo((moM)MC2) is surjective,
since in this case the target is moM and M is a retract of MPC2. Then by the
commutativity of the diagram

mo(MhC2) — 7y (M*C2)

! !

7o ((moM)P?) —— mo((moM)*?)

and the fact that the bottom horizontal map is surjective, it follows that
the right vertical map is surjective and thus that the map on linear parts
oM — 750(m(M)¥C2) is in fact O-connective. O

1.2.34. Remark. We note that S>~2° @ ko is an example of an invertible
module with involution over ko where the map (S?727 ® ko)*“? — (mo(S*~% @
ko))tC2 = 7tC2 is not mp-surjective, so that the map on linear terms relevant
for part iii of Corollary 1.2.33 is indeed only (—1)-connective in general. To see
this, we use that m,(ko'“?) = Z4[u*] with |u| = 4, so that (S>~2% ® ko)'C? ~
$2ko'®? has trivial 7o, whereas Z'C2 has non-trivial 9. Another example is
given by S?727 as an invertible module with involution over S.
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We finish this section with further examples related to the sphere spec-
trum.

1.2.35. Example. First, we note that the universal Poincaré structure "

agrees with the Tate Poincaré structure ' on Mod¥, so we obtain that LY (S) —
Lt (Z) is an isomorphism for n < 0 and surjective for n = 1.
We may also consider the canonical Poincaré functor (Modg, ") — (DP(Z), 95).
Both 9" and Q%S are 0-quadratic, and the map to investigate on linear parts in
order to apply Proposition 1.2.29 is given by S — TZOZtCQ, which is 0-connec-
tive. We deduce from Proposition 1.2.29 that the map L} (S) — L&(Z) is an
isomorphism for n < —1 and a surjection for n = 0.

1.3. Surgery for r-symmetric structures. In this section, we prove a com-
parison result between genuine symmetric and symmetric L-theory. Algebraic
surgery for symmetric Poincaré structures is not as straightforward as for the
quadratic ones, and we will need to further assume that the base ring is left-
coherent of finite left-global dimension. We recall that a ring is called left-
coherent if its finitely presented left modules form an abelian category. From
what follows we omit the word left from the notation, and we stress here that
in the present section, commutativity of R is not needed. We note that Noe-
therian rings are coherent and that a standard example of coherent but not
necessarily Noetherian rings is valuation rings.

Let R be a ring and M an invertible Z-module with involution over R. For
an integer d > 0, we recall that R has global dimension d if every R-module
N has a projective resolution of length at most d. When R is in addition
coherent, one can find such a resolution where the modules are, moreover,
finitely generated, provided N is finitely presented. In this case, the connective
cover functor 7>¢ and the truncation functor 7<o preserve perfect R-modules,
and so DP(R) inherits from D(R) its Postnikov ¢-structure, so that DP(R)>
consists of the 0-connective perfect R-modules and DP(R)<( of the O-truncated
perfect R-modules. This uses the fact that the lowest non-trivial homotopy
group of a perfect complex is finitely presented. The duality D: DP(R)°P? —
DP(R) induced by M interacts with the t-structure as follows:

D(DP(R)>0) € DP(R)<o and D(DP(R)<o) € D*(R)>—a.

The first inclusion is immediate from Remark 1.1.7, and the second one follows
from the Universal Coefficient spectral sequence computing H, hompg(X, M),
since Ext}é =0 for every ¢ > d+ 1 as R has global dimension < d.

We will cast the algebraic surgery argument for symmetric Poincaré struc-
tures in the setting of a general Poincaré oco-category (C,?) equipped with a
t-structure which interacts with the underlying duality D: C°? — C in the way
described above, as we shall use this more general setup for a category of torsion
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modules, which is not itself given by modules over a discrete ring, in Theo-
rem 2.2.4 below. Similarly to Definition 1.1.2 (see also Remark 1.1.3), we will
say that the Poincaré structure ¢ is r-symmetric if the fibre of ¢(X) — ¢}, (X)
is (—r)-truncated for every X € C>o, where

9% (X) = home (X, DX )hC2

is the symmetric Poincaré structure associated to the duality D. Given integers
a,b > —1 we define Pn%(C,9), M%"(C,?) and L&*(C,?) as in Definition 1.2.1,
where we interpret the connectivity requirement on Poincaré objects and La-
grangians as pertaining to the given t-structure on C. For a coherent ring R of
finite global dimension, L4*(DP(R);®) coincides by definition with the earlier
defined L%*(R;®). Moreover, as in Remark 1.2.3, L%(C, ) is a group if b > a.

1.3.1. PROPOSITION (Surgery for r-symmetric Poincaré structures). Let
C be a stable co-category with a bounded t-structure C>o,C<o. Let @ be an r-
symmetric Poincaré structure on C with duality D: C — C°P such that D(C<q) C
C>_gq for some integer d > 0. Fix ann € Z and leta > d—1, b > d be integers
with b > a, and such that n + a is even and a > —n + 2d — 2r. Then:

(i) Every Poincaré object in Pn(DP(R), Q") is cobordant to one which is
(=%-2)-connective.

(it) Every Lagrangian L — X of a (#) -connective Poincaré object (X, q) €
Pn(DP(R),°=™) is cobordant relative to X to a Lagrangian L' — X such

that L' is [=252L] -connective and ib[L' — X] is | =252 | -connective.

In particular, the canonical map L*(C,Q) — L,(C,%) is an isomorphism.

1.3.2. Remark. Recalling Remark 1.2.2, we note that the Poincaré ob-

jects appearing in i above are concentrated in degrees [~5-¢, _7‘2+“] and the

Lagrangians in ii are concentrated in degrees [(‘”El_bl, (_”_QIH’H.

Before giving a proof of Proposition 1.3.1, we establish some of its conse-
quences and start by specialising Proposition 1.3.1 to the case C = DP(R):

1.3.3. COROLLARY. Let M be an invertible Z-module with involution over
R and suppose that R is coherent of finite global dimension d. Let ? be an
r-symmetric compatible Poincaré structure on DP(R), for r € Z. Then for
n > d — 2r the following holds:

(i) If n+d is even, the canonical map
Ly?(R; Q) — Lu(R; )

18 an isomorphism.
(i) If n+d is odd, the canonical map

LR, Q) — Lu(R; Q)
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18 an isomorphism.

1.3.4. COROLLARY. Let M be an invertible Z-module with involution over
R and assume that R is coherent of finite global dimension d. Let ? be an
r-symmetric compatible Poincaré structure on DP(R), for r € Z. Then the
following holds:

(i) If d =0, then Log_1(R;?) = 0 whenever k > 1 —r;

(i) If d < 1, then Log(R;?) = W(Proj(R); Q2*9(QF—)) whenever k > 1 —r.
For® = Qﬁm, the latter is isomorphic to the classical Witt group of (—1)F-
quadratic forms for k = m — 2, (—=1)F-even forms for k = m — 1, and
(=1)k-symmetric forms for all k > m.

Proof. For part i, we apply Proposition 1.3.1 in case d = 0 with (a,b) =
(—1,0). For part ii, we apply Corollary 1.3.3 in case d = 1, combined with
Proposition 1.2.14 and obtain isomorphisms

Lok(R; Q) = LY (R; 9) = LI (R; Q).

Then we observe that there is a canonical isomorphism W (Proj(R); Q2+Q(QF )
>~ Lgko(R;Q) induced by sending an element represented by (P, q) to the ele-
ment represented by (P[—k],¢). The remaining claim follows by inspection of

mon (7" (P[—K])) = mo (@27 % (P)). O

1.3.5. Remark. We notice that a ring R is of global dimension 0 if and only
if it is semisimple and that semisimple rings are Noetherian and thus coherent.
Part i above hence recovers Ranicki’s result that the odd-dimensional sym-
metric and quadratic L-groups of semisimple rings vanish [Ran92, Proposition
22.7]: Indeed, the symmetric case follows from the above since ¢® is r-symmetric
for every r, and hence Log_1(R;?%) = 0 for all k. For the quadratic case, by
Corollary R.10 applied to 9}, it suffices to show that L? ;(R; M) = 0. But by
Corollary 1.2.12 we have that L ,(R; M) = L¥,(R; M) = L_3(R;?%;). Now,
988 is 2-symmetric, so i applies for k£ = —1.

For completeness, we note that if K is a field of characteristic different
from 2, also LZkJrz(K) 2 Lij42(K) vanishes: By Corollary 1.3.4 it is given by
the Witt group of anti-symmetric forms over K, but any such form admits a
symplectic basis and hence a Lagrangian.

Proof of 1.3.1. For part i, it suffices to show that every Poincaré object
—n—a

(X,q) € Pn(C,2=") is cobordant to one whose underlying object is (=51)-
connective. Let k = _”%“_2, define W := Q"D7<; X and let

fiW— QDXL X
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be the map dual to the truncation map X — 7<;X. Since D(C<o) C C>_g4,
we have that W is (—n — k — d)-connective. Since DW ~ Y"1, X is (n + k)-
truncated, we conclude that Q™ home (W, DW)PC2 is (n + 2k + d)-truncated.
On the other hand, since ? is r-symmetric, the fibre of the map

QW) — Qe (W) = Q" home (W, DIW)h¢2

is (k+d—r)-truncated, so that Q"Q(W) is max(n+2k+d, k+d—r)-truncated.
Spelling out the definition of k£ and using the estimates in the assumptions, we
find that

max(n+ 2k +d,k+d—r) <0.

We hence get that Q"Q(W) is (—1)-truncated and so Q*°T"Q(W) ~ x. The
restriction of ¢ to W is consequently null-homotopic, and we may therefore
perform surgery along f: W — X to obtain a new Poincaré object (X’,q’),
given by the cofibre of the resulting map W — 7>541X (see diagram (4)).
Since W is (—n — k — d)-connective it is, in particular, (k + 1)-connective
(since =2k =n+a+2>n+d+1), and so X' is (k + 1)-connective. Since
k+1==5*, part i is shown.

To prove part ii, let (X, q) be a Poincaré object such that X is (
connective, and let (L — X, ¢q,n) be a Lagrangian. Let N := fib(L — X), so
that L ~ Q"F'DN. If L is [=25="]-connective then N is | =251t |-connective
(since X is (=5)-connective and b > a) and we are done. Otherwise, let
| = [72572=b] — 1, define N' := Q""'D7L and let

f:N — N

_n2_a -

be the map dual to the truncation map L — 7<;L. We may view this map as
amap (N — 0) — (L — X) in the metabolic category, and we claim that
it extends to a Lagrangian surgery datum for which it suffices to show that
Qmet (N — 0) ~ Q(N’) is (n — 1)-truncated. Since D(C<p) C C>_4, we have
that N is (—n — 1 — [ — d)- connective. Since DN’ ~ X"l L is (n + 1 +1)-
truncated, we have that Q"' home(N’, DN)"C2 is (n + 1 + 21 + d)-truncated.
On the other hand, since ? is r-symmetric, the fibre of the map

Q"Q(N') — Q" home (N, DN')BC2

is (I + d — r)-truncated, so that Q""1Q(N’) is max(n + 1+ 2l +d,l +d — r)-
truncated. Now by definition of [ and the estimates in the assumptions, we
have that
max(n+1+20+d,l+d—r) <O.

We hence get that Q"t1Q(N’) is (—1)-truncated as needed. We may there-
fore perform Lagrangian surgery along N’ — N to obtain a new Lagrangian
L" — X, such that L’ is given by the cofibre of the resulting map N' — 7541 L.
Since N’ is (—n — 1 — [ — d)-connective, it is, in particular, (I + 1)-connective
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(since =21 > n+b+2>n+d+2), and so L' is (I 4 1)-connective. This proves
part ii.

Finally, the bijectivity of the map L&°(C, @) — L, (C,?) follows just as in
the proof of Proposition 1.2.6. U

1.3.6. Remark. Similarly to Remark 1.2.11, Proposition 1.3.1 allows us to
conclude that the sequence

ToMP(C,9) — mPn?(C, Q) — LAY(C,9)

is exact in the middle, when a,b and n satisfy the assumptions of Proposi-
tion 1.3.1. In particular, for a = b = n = 0 we find that, for every coherent
ring R of global dimension 0, every symmetric, even or quadratic M-valued
Poincaré object in Proj(R) which is zero in the Witt group is strictly metabolic.

We now use Proposition 1.3.1 in the case d = 0 to describe the symmetric
L-groups of stable co-categories with a t-structure in terms of Witt groups
associated to the heart of the ¢t-structure. So let C be a stable co-category with
a t-structure (C>0,C<o) and a duality D: C — C*" such that D sends C<q to
C>o and vice versa. In particular, D induces a duality DV: CY — ¢ on the
heart of C, and we may consider C¥ an abelian category with duality. As in
the previous section, we let QgDS@ : C¥ — Ab be the quadratic functor that takes

A € CY to the abelian subgroup of strict invariants
9% (A) := homeo (A, DVA)>.
We let W(CY, QgDS@) be the corresponding symmetric Witt group, defined as the
quotient of the monoid mPn(CY, QgDS@) by the submonoid of strictly metabolic
objects. Thus two elements of moPn(CY, QgDS@) are identified in the Witt group
if they are isomorphic after adding strictly metabolic objects. By letting 9F,
be the symmetric Poincaré structure associated to D, we observe that since
m%h (A) = 950 (A) for every object A of C", there is a group isomorphism
~ 70,0
W (C7.95,) 2 L9° (C.9%)

analogous to the isomorphism for the Witt group of Remark 1.2.4.

1.3.7. Ezample. If R has global dimension 0, the heart of C = DP(R)
agrees with Proj(R), and by definition
W (DP(R)@, QgDSE) = W (Proj(R); 95) ,
where the latter is the classical Witt group of symmetric forms as defined in
Remark 1.2.4.
Another example is given by certain torsion-modules over a 1-dimensional
ring, as we elaborate on and exploit in Theorem 2.2.4.
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Let us also write —DY for the duality on C¥ defined by the functor DY
but where we replace the isomorphism 7: id — (DY)°?DY with —1.

1.3.8. COROLLARY. In the above situation, let 93, : C — Sp be the symmet-
ric Poincaré structure associated to D. Then there are canonical isomorphisms

w(Cc©, °5) for n =0 mod 4,
Lo(C;9h) = Q W(CY, 9% o)  forn =2 mod 4,

0 else.

In particular, every element of ﬂoPn(CO,QgDS@) which is zero in W(CO,QgDS@) is

metabolic.

Proof. Apply Proposition 1.3.1 in the case of r = co,d = 0 and take (a,b)
to be (0,0) when n is even and (—1,0) when n is odd. O

Our next goal is to use the surgery results above in order to identify the
L-groups of an r-symmetric structure with the corresponding symmetric L-
groups in a suitable range. The following corollary should be compared with
Corollary 1.2.12 above:

1.3.9. COROLLARY. Let M be an invertible Z-module with involution over
R and suppose that R is coherent of finite global dimension d. Let @ be an r-
symmetric Poincaré structure on DP(R) compatible with M, for r € Z. Then
the canonical map

L (R; Q) — L (R; ¥yy) = L3,(R; M)
is injective for n > d — 2r + 2 and bijective for n > d — 2r + 3.
Proof. We consider the commutative diagram

LA4(R; Q) — Ly(R; Q) «—— L 19(R; Q)

! | |

Lt (R; 93y) — Ln(RB: 95) ¢+ Ly M(R; 93)

and use Corollary 1.3.3 and Lemma 1.2.24 to conclude the bijectivity claim of
the corollary. To see injectivity for n = d—2r+2, again using Corollary 1.3.3, it
will suffice to show that the left vertical map in the above diagram is injective.
In light of Remark 1.3.6, it will suffice to show that if (X, ¢) isa (—d+r —1)-
connective Poincaré object in (DP(R), 2l-") whose associated Poincaré object
in (DP(R), (25,)7™) admits a Lagrangian L — X such that L is (—d +r — 1)-
connective then L can be refined to a Lagrangian of (X, q) with respect to 2.
For this, it will suffice to show that for an L with this connectivity bound, the
map

Q"Q(L) —s QS (L)
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is surjective on 7; and injective on 7y. Indeed, this map is (—1)-truncated by
Remark 1.1.3 since ? is r-symmetric. ([l

As a consequence, we obtain the following result, which proves Theorem 6
and the first part of Theorem 3 from the introduction.

1.3.10. COROLLARY. Let M be an invertible Z-module with involution over
R and suppose that R is coherent of finite global dimension d. Then the canon-
1cal maps

L& (R; M) — Ly (R; M)  and GW(R; M) — GW;(R; M)
are injective for n > d — 2 and bijective for n > d — 1. Likewise, the maps

LEY(R; M) — L (R; M) and GWEYR; M) — GW;,(R; M)
are injective for n > d + 2 and bijective for n > d + 3.

Proof. By Theorem 1, the canonical squares

GWEY(R; M) —— GWE(R; M) —— GW*(R; M)

| ! |

L8YR; M) —— L®¥(R; M) —— L3(R; M)

are pullbacks. Hence the Grothendieck—Witt part of the corollary follows
from the L-theory part. Moreover, the L-theory parts then follow from Corol-
lary 1.3.9 using that ?5° is 2-symmetric and 289 is O-symmetric. (]

1.3.11. Example. In general, the bounds obtained in Corollary 1.3.10 are
sharp, as the following example shows. Consider the d-dimensional ring Fo[Z%]
as a ring with anti-involution induced by the inversion of the group Z¢. We
claim that the map L& (Fy[Z%)) — LS(F2[Z9]) is not surjective on m4_y. To
see this, we use the Ranicki-Shaneson splitting proved by Ranicki for L* and
Milgram—Ranicki for L8°. In Paper [IV], we give a proof of this result which
works simultaneously for both variants, but for our purposes the following
version is sufficient. Let R be a ring with anti-involution and consider the ring
R[Z) with anti-involution induced by the group inversion of Z. Suppose that
Ko(R) = Ko(R|Z]) = Z; for instance, R could be a field or the integers. Then,
for @ = 98%, 9% there is a natural equivalence

L(R[Z];2) ~ L(R;?) ® L L(R; ).

By induction, we deduce that the map X¢L&(Fy) — L4L5(Fy) is a retract of
the map L8 (F3[Z%]) — L5(F3[Z%). Therefore, in order to see that the latter
map is not surjective on my_o, it suffices to argue that the map L&(Fy) —
L5(FF9) is not surjective on 7_s. Since L§(Fy) = Z/2 but L& (F9) = 0, this
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is indeed the case. A similar argument shows that for ¢ = —1, the map
L& (Z[Z]; €) — L§(Z[Z); €) is not surjective on .

We note that for d = 0, this shows that the obtained bounds are sharp also
for commutative rings viewed as rings with trivial anti-involution. Moreover,
by [Rea26, Corollary F], the map L8%(Z/4) — L*(Z/4) is not an isomorphism on
almost all positive homotopy groups, showing that also among general commu-
tative rings with trivial involution, our results cannot be improved too much.
However, Schlichting has recently shown that the map L#(R) — L*(R) is an
isomorphism on 7, for n > —1 for many regular Noetherian domains R of ar-
bitrary finite Krull dimension [Sch25], showing that among regular Noetherian
rings, our bounds are quite far from being optimal.

1.3.12. Remark. If R is a right-coherent ring of finite right-global dimen-
sion, we may apply the results of Corollaries 1.3.4, 1.3.9, and 1.3.10 and Remark
1.3.5 to the ring R°P with Poincaré structure 9V as described in Remark R.11:
By Example 1.1.5 9V is r-symmetric if Q is. Using then the equivalence of
Poincaré oo-categories (DP(RP),?Y) ~ (DP(R),?), we obtain the conclusions
of Corollaries 1.3.4, 1.3.9, and 1.3.10 and Remark 1.3.5 also for right-coherent
rings of finite right-global dimension.

1.3.13. Remark. In Theorem 1.2.22; we have shown that the non-negative
genuine symmetric L-groups coincide with Ranicki’s L-groups of short com-
plexes. The comparison range above then improves on Ranicki’s classical the-
orem that established injectivity of the map L& (R) — L°(R) for non-negative
n > 2d — 3 and bijectivity for non-negative n > 2d — 2 for Noetherian rings of
global dimension d.

Since Dedekind rings have global dimension < 1, and by applying the fibre
sequence of Theorem 1, we immediately find:

1.3.14. COROLLARY. Let R be a Dedekind ring, e.g. the ring of integers
in an algebraic number field. Then the canonical maps

LE(R; M) — LS (Ry M) and GWE(R; M) — GWS (R; M)

are injective forn = —1 and bijective forn > 0. In particular, the non-negative
homotopy groups of L& (R; M) are 4-periodic. Similarly, the maps

L8Y(R; M) — L3 (R; M) and GWSYR; M) — GWS (R; M)
are injective for n = 3 and bijective for n > 4.

We recall that by the main Theorem of [HS26] the non-negative homo-
topy groups of GW&(R; M) and GW&Y(R; M) are isomorphic to the classical
Grothendieck—Witt groups of symmetric and quadratic forms, respectively.
Further, we find:
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1.3.15. COROLLARY. Let R be a Dedekind ring and M an invertible Z-
module with involution over R. Then the canonical maps

GWa(R; M) — 750 GW*(R; M) and 754 GWg(R; M) — 74 GW*(R; M)

are equivalences.

1.3.16. Remark. We now prove the second part of Theorem 3 from the
introduction. So let R be a coherent ring of finite global dimension d. We
have equivalences X2 L8(R) ~ L8°(R), and Y2 L& (R) ~ L 84(R). If R is in
addition 2-torsion free, for instance, a Dedekind domain whose fraction field
is of characteristic different from 2, then the canonical maps 78 — 978 and
Q84 — Q8¢ are equivalences by Remark R.4. We deduce that for such rings,
there are in fact canonical equivalences

Y2LE(R) ~ L %(R) and X?L8Y(R)~L78Y(R).

The comparison map is compatible with these equivalences, so we deduce
that the map L8Y(R) — L&(R) is a 2-fold loop of the map L784(R) —
L7#(R). Corollary 1.3.10 then implies that the maps L&4(R) — L&(R) and

GW{ . (R) — GW¢ . (R) are injective for n = d and an isomorphism for
n>d+ 1.

1.3.17. Remark. As described in Definition [I].4.2.26, there is a canonical
non-abelian derived Poincaré structure 9%\/)[‘ associated to any form parameter A,
as described in the work of Baues and Schlichting [Bau94] and [Sch21] (extend-
ing the classical notion of Bak) on an invertible Z-module with involution M.
It then follows from the fact that 9%‘ (P[0]) is discrete (by definition) that 9%/)1‘
is O-quadratic and 0-symmetric. In particular, the comparison results of Corol-
lary 1.2.12 and Corollary 1.3.9 apply to 9%‘ . Depending on A, the Poincaré
structure 9%}‘ might in fact be 1-symmetric (as is the case for even forms) or
2-symmetric (as is the case for symmetric forms), or likewise 1-quadratic (as
in the case of even forms) or 2-quadratic (as in the case of quadratic forms).
Hence, for a form parameter A = (M, Q) over a 1-dimensional ring R, we find
that the map L& (R) — LS (R) is injective for n = 3 and bijective for n > 4.
In addition, L%)‘(R) is isomorphic to the Witt group associated to the form
parameter (—M, ker(M — @Q)) as follows from Corollary 1.3.4.

1.3.18. FExample. In this example, we show how the surgery methods de-
veloped in the previous sections allow to determine the L-theory Lb(Z) =
L(DP(Z),9") investigated first in [DO19] and denoted L&(A) therein. The



170 B. CALMES ET AL

Poincaré structure 9P is defined as the pullback

Qb(X) —_— hOInZ(X, TZl/QZtCQ)

| |

QgS(X) e homZ(X, TZ[)ZtC2),

where TZl/QZtC2 is the pullback Z Xz /o TZOZtCQ. We deduce that 9" is the
Poincaré structure associated to the Burnside ring form parameter which is
given by @ = Z Xgz/5 Z and M = Z, and where the map M — @ is the
pair (2,0). Since the map M — @ is injective, we deduce from Remark 1.3.17
that the map L2(Z) — LS (Z) is an isomorphism for n > 2. Here we have used
that L5(Z) = 0. Likewise, we may apply Proposition 1.2.29 to the canonical
Poincaré functor (Mod¥,?") — (DP(Z),?): In this case, the map on linear
terms to investigate is the map S — 75 /QZtCQ which is 1-connective. We
deduce that the map LY(S) — LE(Z) is an isomorphism for n < 0 and a
surjection for n = 1. We will now show that the map L{(Z) — L}(Z) is
surjective, showing that LY(Z) vanishes. To see this, one may first assume that
an element of LY(Z) is represented by (X, q) with X a complex concentrated
in degrees [—1,0]. In this case, mo(X) is a finitely generated free module, and
one can perform surgery along the canonical map mp(X) — X. The result
is a Poincaré object (X', ¢') for Q9P with homotopy groups concentrated in
degree —1, and in this degree it is necessarily a torsion group 7. On such
objects, the form ¢’ then lifts to a form for Q99, since Q homy (T [—1], TZI/QZtCQ)
has trivial mg.

2. L-theory of Dedekind rings

The goal of this section is to extend Quillen’s localisation-dévissage se-
quence [Qui73b, Corollary of Theorem 5| for Dedekind rings to hermitian
K-theory, thereby proving Theorem 7 of the introduction. We recall that
Dedekind rings are commutative regular Noetherian domains of global dimen-
sion 1, and the main example of interest to us are those whose fraction field is
a number field. Other notable examples are discrete valuation rings and rings
of functions of smooth affine curves over fields.

To prove the theorem, we first construct a Poincaré—Verdier sequence in-
duced by the map from a Dedekind ring R to its localisation away from a set S
of non-zero prime ideals. The functor GW takes such sequences to cofibre
sequences of spectra. Using a dévissage result for symmetric GW-theory, we
then identify the fibre term as the sum of GW-spectra of the residue fields R/p,
where p ranges through the set S.
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Results of this type have appeared in the literature from early on. Three-
or four-term localisation sequences for Witt groups appear in the work of Kneb-
usch [Kne70], Milnor-Husemoller [MH73|, and these are extended to long ex-
act sequences of L-groups by Ranicki [Ran81, §4.2] and Balmer—Witt groups
in [Bal05, §1.5.2]. For Grothendieck—Witt groups there are exact sequences
due to Karoubi [Kar74] and [Kar75] as well as Hornbostel-Schlichting [Hor02]
and [HS04], both under the assumption that 2 is invertible in the ring.

Our results hold with no assumption on invertibility of 2, for the homotopy
theoretic symmetric Grothendieck—Witt spectrum GW?®. By the results of the
previous section (see Corollary 1.3.14 and 1.3.15), the non-negative homotopy
groups of GW*(R) agree with the classical higher Grothendieck—-Witt groups,
but it is only GW?®(R) which is well-behaved in all degrees; see Remark 2.2.8.

2.1. The localisation sequence. Let R be a Dedekind ring and S a set of
non-zero prime ideals of R. We let Rg = O(U) where O is the structure sheaf
of spec(R) and U = spec(R) \ S is the complement of the set S (in case S is
infinite U is not open in spec(R), and O(U) is defined as the colimit of O on
the open subsets of spec(R) containing U). Concretely, one can describe the
ring Rg as follows: For any non-zero prime ideal p, the localisation Ry at p is
a discrete valuation ring, and the fraction field K of R hence acquires a p-adic
valuation v,. Then Ry identifies with the subring of K given by all elements
x € K such that v,(z) > 0 for all p not contained in S. The ring Rg can be
thought of as the localisation of R away from the set of primes S. We denote
by D%(R) C DP(R) the fibre of the functor DP(R) — DP(Rg). By the above, it
coincides with the full subcategory spanned by those perfect R-modules whose
homotopy groups are S-primary torsion modules, which we will also refer to
as Sso-torsion modules.

2.1.1. Ezample. Let R be a Dedekind ring.

(i) If S consists of all the non-zero prime ideals of R, then Rg is the fraction
field K.

(ii) Given a multiplicative subset 7' C R we may consider the set of primes
ideals S = {p | pNT # 0}. Then Rs = R[T~!] is obtained from R by
inverting the elements of T'. In particular:

(iii) If S = {p1,...,pn} is such that the ideal p}* - - - 'n = (x) is a principal
ideal, then Rg = R[1].

x

These are the cases that we will use most. We warn the reader that, in general,
Rg is not obtained from R by inverting a multiplicative subset.

Recall from Definition [II].A.4.2 that a map of rings ¢: A — B is called a
derived localisation if the map B ® 4 B — B from the derived tensor product
is an equivalence in D(A). When B is flat over A, this is equivalent to saying
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that the multiplication map B ®H B — B from the underived tensor product
is an isomorphism of ordinary A-modules. Recall as well that ¢ is said to have
a perfectly generated fibre if I := fib[A — B]| € D(A) can be written as a
filtered colimit of perfect B-torsion complexes, that is, objects in the fibre of

DP(A) — DP(B).

2.1.2. LEMMA. Let R be a Dedekind ring and S a set of non-zero prime
ideals of R. Then Rg is flat over R and the map R — Rg is a derived locali-
sation with a perfectly generated fibre.

Proof. To see that Rg is flat, observe that it can be written as a filtered
colimit of projective modules
Rg = colim Rp.
S DeDivg b
Here Divg is the monoid of effective divisors supported on S, that is, formal
sums D =}, app with ay € N such that a, = 0 for all but finitely many ideals

which are contained in S, and where for such an effective divisor D = %" app
we write

Rp ={z € K |valy(z) > —ap Vp} C K

for the associated fractional ideal. Since Rp is projective, this shows that Rg
is flat. In addition, since Divg is filtered and the map Rp ®% Rpr — Rpyp
induced by the multiplication in K is an isomorphism, we also deduce from this
description that the multiplication map Rg ®}% Rg — Rg is an isomorphism
of R-modules, so that R — Rg is a derived localisation. Finally, to see that
fib[R — Rs| = R/Rgs[—1] is a filtered colimit of perfect S-torsion complexes,
we note that
Rg/R = ggll)lirvﬂs Rp/R,

where each Rp /R is perfect (being the cokernel of an injective map of projective
modules) and Sy-torsion: Rg ®r [Rp/R] = cof[Rs — Rs ®r Rp] = 0. O

Let now M be a line bundle (that is, a finitely generated projective module
of rank 1) over R with an R-linear involution, which we regard as a Z-module
with involution over R as in Definition R.1. For every —oo < m < oo, we may
endow DP(R) with the Poincaré structure 95,", and DP(Rg) with the Poincaré
structure 9]2\/[7: associated to the localised line bundle Mg := Rg ®%M. The ex-
tension of scalars is then a Poincaré functor (see Lemma [I].3.4.3) so that DY (R)
is closed under the duality of DP(R) induced by M and becomes a Poincaré
subcategory, with the restricted Poincaré structure. By abuse of notation, we
denote this restricted Poincaré structure again by Qim: DY(R)°P — Sp.
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2.1.3. PROPOSITION. Let R be a Dedekind ring and M a line-bundle over
R with R-linear involution. Then the sequence of Poincaré co-categories

(DE(R),957") — (PP(B), %57") — (D" (Rs), 2375

is a Poincaré—Verdier sequence. In particular, it induces a fibre sequence of
GW and L-spectra.

Proof. The last statement follows from the first since GW and L are
Verdier-localising functors, which was proven in Corollary [I1].4.5.1 and Corol-
lary [IT].4.4.5. We now wish to apply Proposition [I1].1.4.9. For this we need
to check that M is compatible with the localisation R — Rg in the sense of
Definition [II].1.4.4, which follows from the fact that R and Rg are commu-
tative and M is an R ® R-module through the multiplication map of R; see
Example [II].1.4.5(1). Furthermore, by Lemma 2.1.2, Rg is a flat R-module.
In addition, the map Ko(R) — Ko(Rg) is surjective: As filtered colimits along
surjections are surjections, it suffices to argue this in the case where S is fi-
nite. In this case, Rg is itself a Dedekind ring, so it suffices to argue that the
map Pic(R) — Pic(Rg) is surjective. This follows from the observation that
Pic(R) and Pic(Rg) are, respectively, the quotients of the free abelian groups
generated by the prime ideals of R and Rg. The proposition then follows from
Lemma 2.1.2. O

We now restrict our attention to the case of the symmetric Poincaré struc-
ture 95, = 9]%[00 and aim to describe more explicitly the shifted Poincaré
structure (25,)1 = 31 restricted to DY (R).

2.1.4. LEMMA.

(1) The canonical t-structure on D(R) restricts to a t-structure on DY(R).
Its heart DY(R)Y = Tork(R) is the abelian category of finitely generated
Soo-torsion R-modules.

(i) For T € DY(R)Y, the space Q=% (T') is discrete and naturally iso-
morphic to the abelian group of symmetric Mg/M -valued bilinear forms
onT.

(iii) For T € DY(R)Y, we have DT = Hompg(T, Ms/M). In particular,
Dy restricts to a duality on the heart DE(R)”.

Proof. Since R and Rg have global dimension < 1, the perfect derived
categories DP(R) and DP(Rg) inherit the canonical t-structures from the re-
spective unbounded derived categories. By Lemma 2.1.2, Rg is flat over R.
Therefore, the localisation functor DP(R) — DP(Rg) preserves both connec-
tive and truncated objects and hence commutes with truncations and con-
nective covers. As a result, its kernel DS(R) C DP(R) is closed under trun-
cation and connective covers, and so inherits a t-structure from DP(R), i.e.
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the inclusion DY(R) C DP(R) commutes with truncations and connective
covers. The heart of this restricted t-structure is then the abelian category
DY(R)ND(R)Y = Tor(R) of finitely generated Su-torsion R-modules, show-
ing i. For ii, we consider the short exact sequence of R-modules

0— M — Mg — Mg/M — 0

which induces a fibre sequence of Poincaré structures 3, — 23, — 9?\/15 /M On
DP(R). Now, 93, vanishes on Dg(R), so the natural transformation Dem
) restricts to an equivalence on DY(R). We then obtain a natural equiva-
lence

(1) = e (T) = homp(T @ T, Mg /M)

for T € DY(R). Since Mg/M is discrete, the last mapping spectrum is co-
connective as soon as 7' is connective. In particular, its underlying space is
discrete when T', belongs to the heart. In this case, we have the equivalence

Q®homp(T @ T, Mg/M)"C? ~ Homp(T @Y T, Mg/M)2,

where the latter term is the abelian group of symmetric Mg/M-valued forms
on 7. Finally, to see iii, we again use the above short exact sequence of modules
to find a fibre sequence

hompg (X, Ms) — hompg(X, Mg/M) — hompg(X, M[1]) = Dy X

for X € DP(R). We therefore find that for T € DE(R), the first term above
vanishes, and we obtain an equivalence D)7 = hompg(T, Ms/M). It then
suffices to argue that this mapping spectrum is discrete if T lies in the heart
DE(R)O. To see this, we may assume that S is the set of all prime ideals, in
which case Rg is the field of fractions of R. Then we find that Mg/M is a
divisible and hence injective R-module [KSS08], showing that D ;7" is indeed
discrete. O

Using the above, we would like to give an explicit description of the bound-
ary map

00+ T (Rs: Ms) — Loy (DP(R)s,%3y) = Lo (D*(R)s. %)

associated to the fibre sequence in L-theory arising from the Poincaré—Verdier
sequence of Proposition 2.1.3. By Corollary 1.3.4, any class in Lj(Rg; Mg) can
be represented by a finitely generated projective Rg-module V' equipped with
a unimodular Mg-valued symmetric form b. Recall that an R-lattice P C V
is a finitely generated projective R-submodule of V' inducing an isomorphism
Rg ®% P — V. We note that such lattices always exist. Indeed, any such V is
tensored up from a finitely generated projective Rg-module V' for S’ a finite
set of primes. Then Rg is a Dedekind ring so that V' splits as a direct sum of
line bundles, and each such line bundle is tensored up from an R-line bundle
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since the map Pic(R) — Pic(Rg) is surjective. Now any R-lattice P C V has a
dual R-lattice P* C V with respect to b, spanned by those vectors v € V' such
that b(v,u) lies in M for every u € P. We will say that an R-lattice P C V
is R-integral if P C P*. We note that any R-lattice can be made integral by
suitably shrinking it, and so any such (V,b) admits an integral R-lattice.

We then observe that 7' := P*/P is an object of DY(R)" and carries an
induced Mg/M-valued symmetric form ¢ given by the formula

c([v], [ul) = [b(v,u)] € Ms/M.

This form is well-defined since b(u,v) € M whenever u,v are elements of P*
and at least one of them is contained in P C P*, and defines a Hermitian form
for (DY (R), 23sp)) by Lemma 2.1.4 ii. With this notation at hand, we have the
following:

2.1.5. PROPOSITION. Let V' be a finitely generated projective Rg-module
equipped with a unimodular symmetric form b: V. xV — Mg, let P CV be an
integral R-lattice and T = P*/P as above. Then we have

o[V, b] = [T, c] € Lo (DE(R), Bypy) -

Proof. We follow the description of the boundary map given in Proposi-
tion [II].4.4.8. The first step is to lift (V,b) to a hermitian object in DP(R),
which we do by viewing the restriction bp := b|p as an M-valued hermitian
form on P, so that the pair (P,bp) determines a hermitian lift of (V,b). The
bilinear part of b then identifies the dual lattice P* C V' with Dy, P, such that
(bp)s is given by the inclusion P C P*. As in Proposition [I1].4.4.8, we then
view (P,bp) as a surgery datum on 0 with respect to 9?\4[1]. Carrying out the
surgery yields a Poincaré Q?W[l}—form con T := cof[P — DyP| = P*/P, and
one has

o[V, b] = [T, c] € Lo (DE(R), Bypy) -

We would now like to unwind the definitions in the surgery to obtain an explicit
description of ¢ in terms of b. For this, it will be convenient to introduce an
auxiliary datum as follows. Suppose given a hermitian structure ® on DP(R)
which vanishes on DE(R) and which is equipped with a natural transformation
% = ©. Write & = cof[?5, = @] and consider the commutative diagram

25(T) — 5,(P*) — 95,(P) Xpom(p,p) hom(P*, P*)
" L 1
0 =~ &) — ®(P*) —=— &(P) xp,(pp) Bo(P*, P)

1 1 !
3 (1) = ©(T) — @(P*) — @(P) xp,,(n.p) Ber(P*, P)
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whose rows and columns are fibre sequences by Corollary [I].1.1.21. The pair
(bp,idp+) then canonically refines to a point (bp,idp+,n) in the (infinite loop
space of the) top right term above, where 7 is the identity homotopy from
(bp)s to itself in hom(P, P*). On the other hand, since ®(7') = 0, the image of
(bp,idp+,n) in the middle right term uniquely lifts to a form bp« € QP (P*).
Let [bp+] € Q°®'(P*) be the image of bp-. Then the data of (bp,idp«,n)
determines a null homotopy of the image of [bp«] in the bottom right fibre
product, and hence refines [bp«| to a ®'-form ¢ on T, which we may identify
with a 9?\4[1]—form onT.

When & = 0, this amounts to the usual procedure for computing the
resulting form ¢ on the trace T of surgery along (P,bp) — 0. On the other
hand, this construction is natural in ®, and so any map between two hermitian
structures under 9%, vanishing on Dg(R) determines an identification between
the resulting forms c¢. In other words, to compute the form ¢, we may choose ®
to our convenience. Let us hence choose ® to be 9343, considered as a hermitian
structure on DP(R), so that &' = yrg/ar- 10 this case we may identify bp-
above with the restriction bp« := b|p» of the Mg-valued form b to P* C V. The
Mg /M-valued form [bp+] on P* is then simply the form which sends v, u € P*
to the class [b(v,u)] € Mg/M of the element b(v,u) € Mg, and the descended
form ¢ on T is given by the desired explicit formula. O

2.2. Déuvissage. Let again R be a Dedekind ring, S a set of non-zero prime
ideals of R and M a line bundle over R. In general, the objective of dévissage is
to identify the Grothendieck—Witt and L-spectra of the Poincaré oo-category
(DY(R),5,) in terms of those of the residue fields F, := R/p for p € S.
To establish this, we begin by refining the restriction of scalars functor to a
Poincaré functor.

We recall that for a ring homomorphism f: A — B, the extension of
scalars functor fi: D(A) — D(B) is left adjoint to the restriction of scalars
functor f*: D(B) — D(A), which admits a further right adjoint f.: D(A) —
D(B). If B is, moreover, perfect as an A-module (that is, it admits a finite
resolution by finitely generated projective A-modules), then f* restricts to a
functor f*: DP(B) — DP(A) on perfect objects. Let M and N be invertible
Z-modules with involution, respectively, over A and B. Then any map ¥: (f®
f)*(N) = M induces a hermitian structure on the restriction functor f* given
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by the natural transformation
% (X) = hompgp(X ® X, N)bC2
— homaga ((f® /)" (X ® X),(f® f)*N)
— homaga (f*(X) ® f*(X), (f ® f)"N)"
= homuga (F(X) ® f7(X), M)" = 2, (£(X)).
2.2.1. LEMMA. In the notation above, the hermitian functor
(f,9): (DP(B), %) — (DP(A), %)

is Poincaré if and only if the map N — f.(M) induced by VU by restricting to
one of the A-module structures is an equivalence in D(B).

hCs

Proof. Since DP(B) is generated by B via finite colimits and retracts, it
will suffice to show that the associated natural transformation

f'D(X) — DfH(X)

evaluates to an equivalence on X = B. Unwinding the definitions, the above
map for X = B identifies with the map f*N — homu(f*B,M) = f*f.M
which is the image under f* of v: N — f.M. Since f* is conservative, this
image is an equivalence if and only if v is an equivalence. O

Now suppose that p C R is a non-zero prime ideal in a Dedekind ring,
and let p: R — [, := R/p be the quotient map. We note that p is a rank 1
projective module and hence is ®-invertible, where the inverse is given by the
dual p~! ~ homp(p, R), which in turn can also be realized as the fractional
ideal

p*l:{xeR|Va€pwehaveax€R}§R,

see [SP18, Tag 0AUW]. We find that F, is perfect as an R-module, as it is
represented by the chain complex [p — R] with p in degree 1 and R in degree
0. Let us then consider the adjunction

p*: D(Fp) (T—> D(R) :ps

and note that p* preserves compact objects since p*(Fy,) is compact. It follows
that p, preserves filtered colimits, and since it is exact, it in fact preserves all
colimits. We recall that p, is given by the formula

P+(X) = homp(p"Fy, X)

regarded as an Fy-module via the functoriality in the first variable. We recall
that M is assumed to be a line bundle over R.
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2.2.2. LEMMA. Let p C R be a non-zero prime ideal in a Dedekind ring
and let p: R — I, be the quotient map. Then there is a canonical equivalence

peM ~ (p~' M/M)[—1].

In addition, any choice of a uniformiser for p determines an isomorphism
(p~'M/M) = M/pM = pM.

Proof. Applying the functor hompg(—, M) to the fibre sequence p -+ R—TF,,
we obtain a fibre sequence

ppe(M) — M — p~' M,
and consequently a distinguished equivalence
P (M)[1] =~ p~'M/M

of R-modules. The R-module structure on p~'M/M a priori descends to an
F,-module structure, and one obtains an equivalence p.(M)[1] ~ p~tM/M of
Fp-modules, since p* is fully faithful on discrete modules. To see the second
part, choose a p-uniformiser 7, that is, an element of K whose p-valuation
is exactly 1. Then 7 belongs to the local ring R,) € K, and generates its
valuation ideal p := R,)p C Ry, there. Since M is flat over R, the induced
map p~'M/M — ﬁ_lM(p)/M(p) is an isomorphism. Multiplication by 7 then
induces the claimed isomorphism

P M) /M) = M) [PM = pr(M). R

2.2.3. COROLLARY. Let p C R be a non-zero prime ideal in a Dedekind
ring and let p: R — Iy be the quotient map. For any line bundle M over R,
the restriction of scalars functor p*: DP(Fy) — DP(R) canonically refines to a
Poincaré functor

(DP(Fp), 25, 0s) — (DR(R), %)

Proof. We view M and p,M as modules over R ® R and F, ® I, via the
multiplication maps, respectively. By Lemma 2.2.2, p, M is, in particular, an
invertible Fp-module. We may therefore apply Lemma 2.2.1 to the unit of the
adjunction p*p,(M) — M to obtain a hermitian structure on the restriction
of scalars functor

(DP(FP)’ ;*M) — (DP(R%Q?M)’
which is Poincaré again by Lemma 2.2.1. It then suffices to observe that the

image of the functor p* is contained in the subcategory DZ(R) of S-torsion
modules. O

2.2.4. THEOREM (Dévissage). Let R be a Dedekind ring, S a set of non-
zero prime ideals of R, and M a line bundle over R with R-linear involution.
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Then for every m € Z, the direct sum Poincaré functor
(7) vs: @ (DP(Fy), (25.40)1™) — (DE(R), (25)™)

induces a canonical equivalence on algebraic K-theory, GW -theory and L-theory
spectra.

Proof. First, note that by the fibre sequence of Corollary [I1].4.4.13, it will
be enough to prove the theorem for algebraic K-theory and L-theory. Second,
both sides of ©g depend on S in a manner that preserves filtered colimits.
More specifically, if we write S as a filtered colimit S = colimg/cg|5<oc S’ of
its finite subsets, then the direct sum on the left-hand side of (7) is the colimit
of the corresponding finite direct sums, while on the right-hand side the full
subcategory DS(R) C DP(R) is the union of all the full subcategories DP(R)g/
for finite S” C S. Since both algebraic K-theory and L-theory commute with
filtered colimits, we may reduce to the case where S is finite.

In this case, the left-hand side of (7) can also be written as the product
of DP(FF,) for varying p € S (recall that Catl, is semi-additive; see Proposi-
tion [I].6.1.7). In addition, each DP(FFy), being the perfect derived category of
a field, supports a t-structure inherited from D(Fy), and so we can endow the
left-hand side of (7) with the product of the corresponding t-structures. The
heart of this product t-structure is then the direct sum @pcgVect(F,) where
Vect(FFy) is the abelian category of finite dimensional Fy-vector spaces. We
can also identify it with the category of finitely generated modules over the
product ring [],cgFp. For the right-hand side of (7), Lemma 2.1.4 tells us
that DE(R) also carries a t-structure, whose heart is the category Tork(R)
of finitely generated Soo-torsion R-modules. Now since (7) is induced by the
various restriction functors p*: DP(F,) — DP(R) it preserves connective and
truncated objects with respect to the t-structures just discussed. The functor
(8) @ Vect(F,) — Tor(R)

pes

induced by (7) on the respective hearts is then fully-faithful (even though (7)
itself is not fully-faithful) and can be identified with the inclusion of the full
subcategory of finitely generated S-torsion modules inside all finitely generated
Soo-torsion modules, i.e. with the full subcategory of semi-simple objects inside
the abelian category Torg(R). By the main result of Barwick [Barl5], the
inclusion of hearts induces an equivalence on algebraic K-theory spectra on
both the domain and codomain of (7). The desired claim for algebraic K-theory
is hence equivalent to saying that the inclusion of abelian categories (8) induces
an equivalence on algebraic K-theory, which in turn follows from Quillen’s
classical dévissage theorem [Qui73b, Theorem §5.4].

We will now show that (7) induces an equivalence on L-theory. Recall
that by Corollary R.10, L-theory supports natural equivalences L(C,?U]) ~
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Y L(C,?). It will thus suffice to prove the claim for m = 1, in which case
the duality on DP(FF,) is given by D, (ar)n = Dp, ) by Lemma 2.2.2. Now
since each [, has global dimension 0, the duality Dj, s on DP(FF,) maps 0-con-
nective objects to 0-truncated objects and vice versa. The same hence holds for
the product duality on [[,eg DP(F,) with respect to the product t-structure.
This also holds for the Poincaré co-category (DE(R), (25,)!)) by Lemma 2.1.4.
Hence for both sides of (7), we are in the situation of Corollary 1.3.8, and so
to finish the proof, it will suffice to show that (8) induces an isomorphism on
symmetric and anti-symmetric Witt groups. This follows from the dévissage
result of [QSS79, Corollary 6.9, Theorem 6.10). O

The combination of the classical dévissage and localisation theorems of
Quillen give rise to the fibre sequence of K-theory spectra ®pcsK(F,) —
K(R) — K(Rg). From Theorem 2.2.4, we obtain the corresponding sequences
for the symmetric L and GW-spectra.

2.2.5. COROLLARY (Localisation-dévissage). Under the assumptions of The-
orem 2.2.4, the restriction and localisation functors yield canonical fibre se-
quences of spectra

& GW(Fy; (%.00)™) —— GW(R; (%)) —— GW(Rs; (23,)™)

&, L (%,00)!") —— L(R5 (%)) —— L(Rs3 (%))

for every m € Z.

2.2.6. Remark. Making use of Lemma 2.2.2, after making choices of uni-
formisers of the ideals p in S, one obtains the slightly more familiar fibre
sequence

B GWEy: (200" ) —— GW(R: (25,)™) —— GW(Rs: (2,)")

and likewise for L-theory. We now briefly remark on the naturality of this
sequence. Given a map of Dedekind rings f: R — R/, a line bundle M on R,
and a set of prime ideals S in R, we may set M’ = R’ @ M and S’ the set of
primes whose preimage is contained in S. There is then the following canonical
commutative square

GW (R; (25)") —— GW (Rs; (25,)™)

! |

GW (R (93,)™) —— GW (Rl (23,,)"™)



HERMITIAN K-THEORY FOR STABLE co-CATEGORIES III 181

which induces a map on horizontal fibres:

S GW (Fy; (2,0 — @ QW (Fy; (25, 1),

peS ( p ( ng) ) pES! ( p ( p!M) )

Let us describe this map in the case where S = {p} consists of a single prime.
For any prime p’ in ', there is then an induced map «: F, — F between the
corresponding residue fields, and kipM ~ p|fiM = p{M’'. However, the map
induced on fibres

GW (Fp; ( ;!M)[mfl]) — GW (Fp’; (szM,)[mfl])

is not in general the one induced by the map x and the mentioned equivalence
riptM =~ piM’ unless a uniformiser for p is sent to a uniformiser of p’ under
the map R — R’. An example where this indeed fails is the map Z — Z][i]
from the integers to the Gaussian integers with p = (2). In this case, 2 is not
a uniformiser of the prime ideal (1 + %) in Z[i] which is the single prime ideal
containing 2. One can then show that the induced map on K-theory between
the residue fields is not the identity. Likewise, using, for instance, Lemma 2.2.9
below, one can also see that the induced map on L-theory between the residue
fields is not the identity, but in fact the zero map.

2.2.7. Remark. A variant of Corollary 2.2.5 for L-theory of short complexes
in non-negative degrees (which, for Dedekind rings, coincides with symmetric
L-theory in non-negative degrees by Theorem 1.2.22 and Corollary 1.3.14), was
proven by Ranicki in [Ran81, §4.2]. For Grothendieck—Witt theory, Hornbostel
and Schlichting prove a dévissage statement and obtain a localisation sequence
of the type of Corollary 2.2.5 under the assumption that 2 is a unit in R;
see [Hor02], [HS04]. Apart from the announcement [Sch19, Theorem 3.2] which
provides the above fibre sequence for GW after passing to connective covers, we
are not aware of any previous results in the literature for Grothendieck—Witt
spaces, along the lines of Corollary 2.2.5, for rings in which 2 is not invertible.

2.2.8. Remark. The dévissage result above is a special feature of the sym-
metric Poincaré structure: It is the only among the Poincaré structures QJ%[m
for which this result holds at the spectrum level (not just in a range of degrees).
Indeed, to see this, it suffices, by Corollary 1.2.12, to argue that dévissage fails
for quadratic L-theory. For an explicit example, one can note that the maps

QLY(F,) — LYZ) — L9 (Z[3))

cannot be part of a fibre sequence, for instance, because it would imply that
L3(Z) = 0, which is not the case. Here, we use that L3(Z[3]) = L}(Z[3]) = 0,
which is of course well known, but see also Corollary 2.3.2 below, as well as
the vanishing of L3(FF3); see Remark 1.3.5.
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However, dévissage in quadratic L-theory fails only at dyadic primes, that
is at those primes which contain the ideal (2). More precisely, if no prime in S
is dyadic, then the localisation-dévissage sequence exists also in quadratic L-
theory; see Remark 2.3.15 for details. For instance, it can be used to calculate

Lq(Z[%]) for odd primes p.

Shifting the L-theory fibre sequence of Corollary 2.2.5, or rather the ver-
sion discussed in Remark 2.2.6, once to the right and choosing uniformisers for
all non-zero primes, we obtain a fibre sequence

L8(R) — L5(K) -% DL (Fy).

In the next section, we aim to determine the L-groups of Dedekind rings. In
order to do so, we will need to make the effect of the map 0 on my explicit.
Clearly, it suffices to describe the composite of @ with the projection to L*(Fy)
for each prime p of R. By naturality of the dévissage theorem and the localisa-
tion sequence, to describe this composition we may replace R by its localisation
R () which is a local Dedekind ring and hence a discretely valued ring, as the
choice of uniformiser for p is (by definition) also a uniformiser for p, viewed
as prime ideal in R,). Without loss of generality, we may hence assume that
R was a discretely valued ring to begin with. Let m be a uniformiser of the
maximal ideal of R, so that every non-zero element in K is uniquely of the
form 7iu for some unit u in R. Clearly, it suffices to describe the map

Oo: Ly(K) — Lg(Fy)

on generators of the L-group, which are given by the forms (x) = (K, z) for
units x of K, where we have identified canonically mo(2°(K)) with K. Indeed,
if the characteristic of K is not 2, then every form itself is isomorphic to a
diagonal form. If the characteristic is 2, then any unimodular form is the sum
of a diagonalisable form and one which admits a Lagrangian; see [MHT73, I
§3]. By a change of basis, one finds the relation (z) = (zy?) for any other
unit y. We may thus suppose without loss of generality that x is either of
the form mu or of the form u, again for v a unit in R. By exactness of the

localisation-dévissage sequence, we have dp(u) = 0, so it remains to describe
80 <7T u>

2.2.9. LEMMA. Let R be a local Dedekind ring with maximal ideal p,
residue field Fy = R/p and fraction field K, and let m be a uniformiser for p,
and w € R* a unit. Then we have Op(mu) = ([u]), where [u] denotes the image
of u under the map R* — Fy.

Proof. Let a € p be a generator of p, considered as a 1-dimensional form
{(a) = (K,a). Write p~! = (a!) for the inverse fractional ideal of p. For this
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proof, let 9y denote the map of Proposition 2.1.5. We will show the following
statements:

(i) The class do(a) € Lo(Dp(R), Qf,%[l]) is represented by the p-torsion module
T:=p'/Re Dy (R), equipped with the symmetric K /R-valued pairing

ca: TxT— K/R co([z], [y]) = [azy] € K/R.

(ii) Under the dévissage equivalence L (IFp; p~YR)=L§ (Fp; p. R[1])=Lo(Df (R),
?%[1]), the class Jp(a) corresponds to that of the Fj-vector space T =
p~! /R, equipped with the (p~!/R)-valued form

G T'xT = p ' /R c([z].[y]) = lazy] € p~!/R.

(iii) Using the uniformiser 7 to define an isomorphism p.R[1] = p~!/R 5
R/p=T,, then, under the resulting equivalence L§(Fy) — Lo(Dy (R), QR )
the class of do(um) corresponds to ([u]).

Statement i is simply the specialization of Proposition 2.1.5 to the present case.
Indeed, R C K is an R-lattice whose dual lattice is p~'. In particular, R is an
integral lattice, and the associated torsion module is precisely p~!/R with the
described form. For ii we note that the counit map p*p,R — R, through which
the dévissage Poincaré functor is constructed (see the proof of Corollary 2.2.3),
can be identified with the forgetful map homp(R/p, R) = fib[R — p~!] — R.
We may consequently factor it as

fib[R — p~'] — fib|R — K] — R,

which, after suspending, becomes p~'/R — K/R — R[1]. The (suspended)
dévissage functor of Corollary 2.2.3 thus factors as

(DP(FP)7 QZ*R[l]) - (DE(R)v i{/R) i (DE(R)7 9?%[1])a
where the first functor carries the Poincaré structure induced as in Proposi-
tion 2.2.1 from the map p*p.R[1] = p~!/R — K/R. This Poincaré functor
thus sends (77, ¢},) to the Poincaré object (T, c,), so that ii follows. Finally, iii
follows from ii since for z,y € R we have ¢ ([z/7], [y/7]) = [uzy] € Fy. O

2.2.10. Remark. Lemma 2.2.9 identifies the map 0y: Lj(K) — @y Lg(Fy)
with the map induced by the maps ¢': W*(K) — W*(F,) constructed in
[MHT73, Chapter IV §1].

2.3. Symmetric and quadratic L-groups of Dedekind rings. In this section
we show that the classical symmetric and quadratic Grothendieck—Witt groups
of certain Dedekind rings are finitely generated. By Theorem 1, it will suffice
to prove the finite generation of the corresponding genuine L-groups, provided
the finite generation of the K-groups is known. Moreover, as we show in
Corollary 2.3.18, by the surgery results established in the earlier sections, it
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will in fact suffice to show the finite generation of the symmetric and quadratic
L-groups. In this case, we in fact do much more: We give a full calculation
of the quadratic and symmetric L-groups of Dedekind rings whose field of
fractions is not of characteristic 2. We first treat the symmetric case, where
we make essential use of the boundary map

Ot L(K) — L (Fy)
arising from the localisation-dévissage sequence.

2.3.1. PROPOSITION. Let R be a Dedekind ring whose field of fractions K
is not of characteristic 2, and let I be the (finite) set of dyadic primes of R.
Then we have

W3(R) forn=0(4)
Lt (R) = p€€9IW (Fp)  forn=1(4)
0 for n = 2(4)
coker(dp) forn = 3(4).

Proof. The case n = 0(4) follows from combining Corollary 1.2.16 and
Corollary 1.3.14. Since the symmetric L-groups of K and each residue field F,
vanish in odd degrees by Corollary 1.3.4, the long exact sequence in L-groups
furnished by Corollary 2.2.5 yields for every k an exact sequence

S S 8 S S
0 — L33 (R) — L, (K) =5 @, L3, (Fy) — L3, (R) — 0.

This shows the case n = 2(4), as for odd numbers k, the group L5, (K) is
isomorphic to the anti-symmetric Witt group of K by Corollary 1.3.4, which
vanishes as the characteristic of K is not 2. The remaining cases are obvious
from the above exact sequence, making use of the fact that the symmetric
L-theory of fields of characteristic 2, like F,, for dyadic primes, is 2-periodic,
whereas the symmetric L-theory of fields of odd characteristic vanishes in de-
grees different from 0 = 4; see Remark 1.3.5. ([

2.3.2. COROLLARY. Under the assumptions of Proposition 2.3.1, assume
in addition that K is a global field, and let d = |Z| be the (finite) number of
dyadic primes of R. Then we have
W3(R) forn =
(z./2)4 form=1

Pic(R)/2  for n = 3(4).

Proof. The case n = 1(4) follows since the assumption that K is global
says that the residue fields IF, at non-zero primes are finite fields. The claim
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then follows from the fact that the symmetric Witt group of a finite field of
characteristic 2 is given by Z/2. For the other non-trivial case, Remark 2.2.10
gives the following commutative diagram:

W) s 5w,
= s
Ly() 2 o 1h(E)

It is then shown in [MH73, Chapter IV §4] that the cokernel of the upper
horizontal map is given by Pic(R)/2, provided K is a number field. In [Sch85,
Chapter 6, §6, Theorem 6.11] this is extended to hold for a general global field
K. ([l

2.3.3. Remark. We recall that there is a canonical equivalence L™°(R) ~
Y2 L3(R), so that Proposition 2.3.1 and Corollary 2.3.2 also determine the
(—1)-symmetric L-groups.

When the fraction field of R is a global field of characteristic 2 we have a
similar result:

2.3.4. COROLLARY. Let R be a Dedekind ring whose field of fractions K
is a global field of characteristic 2. Then

L5 (R) = W?3(R) forn =0(2)
" Pic(R)/2  forn=1(2).

Proof. As in the proof of Proposition 2.3.1, we have an exact sequence

0 — Lyy(R) — L (K) 25 @, Ly (Fy) — L1 (R) — 0.
Since R is an Fa-algebra, the L-groups LS (R) are 2-periodic and since K is a
global field, all residue fields I, are (finite) fields of characteristic 2. We recall
that there is an exact sequence of abelian groups

K* 2% Div(R) —s Pic(R) — 0,

where Div(R) is the free abelian group generated by the prime ideals of R,
and the group homomorphism div is determined by the following: For a non-
zero element x of R, write (z) = p7* -+ - ' with natural numbers 7;. Then

div(z) = i1 7 - pi. Now consider the diagram

Z/2[R\ {0}] —— Div(R)/2 — Pic(R)/2 —— 0

oo

WH(EK) —2 s @, WS(F,) — L§(R) —— 0
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consisting of exact horizontal sequences and the left most top vertical map
is induced by the map div above. Here, the middle vertical isomorphism
is induced from the isomorphism Div(R)/2 = @®,Z/2 and the isomorphisms
W8(Fy) =2 Z/2. The left square commutes by an explicit check, so that there
exists a dashed arrow as indicated. By construction, the dashed map is a sur-
jection, and an injection by the observation that the left most vertical map is
surjective: Indeed, the Witt group W*(K) is generated by the forms (x) for
x € K* by [MH73, I §3] and for every x in K* there is a y € K* such that
zy? is contained in R\ {0}. O

2.3.5. Remark. Let R be a local Dedekind ring with fraction field K and
residue field k. Then the map dp: L{(K) — L§(k) is surjective by Lemma 2.2.9,
and we have seen earlier that its kernel is L§(R). Assuming that the charac-
teristic of K is not 2, we deduce from Proposition 2.3.1 that L§ (R) vanishes
for n =2,3 mod (4). Furthermore, for n =1 mod (4), we find that L} (R) is
either isomorphic to W*®(k), if the characteristic of & is 2, or is trivial otherwise.
If the characteristic of K is 2, we deduce from the proof of Corollary 2.3.4 that
Li(R) = 0.

We now want to give a formula for the quadratic L-groups of Dedekind
rings, similar to Proposition 2.3.1 and Corollary 2.3.2. By Remark 2.2.8, the
strategy based on the localisation-dévissage sequence will not work in general
for quadratic L-groups. Instead, we will make use of a general localisation-
completion property, Proposition 2.3.6 below, and a rigidity property of qua-
dratic L-theory, Proposition 2.3.7. These two properties do not require as-
suming that the ring in question is Dedekind, or even commutative. Follow-
ing §[I1].A 4, for a subgroup ¢ C Ko(R) fixed by the involution, we let D°(R)
denote the full subcategory of DP(R) spanned by the complexes whose Ko-class
lies in ¢. The subgroup c is sometimes called the control term in the literature.

2.3.6. PROPOSITION. Let R be a ring, M an invertible Z-module with
involution over R, and S the multiplicatively closed subset generated by an
integer £ € R. Assume that R) is the derived (-completion of R, (e.g. that
the order of the £>°-torsion in R is bounded, for instance, that ¢ is not a zero
divisor). Then the square

(DP(R), 957") ——— (DP(R)), 9577

(D(RI). 957%,) — (DX (B2 95" urn))
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is a Poincaré—Verdier square for all m € Z U {xoo}, where ¢ = im(Ko(R) —
Ko(R[$])), and ¢ = im(Ko(R}) — Ko(R}[%])). In particular, it becomes a
pullback after applying GW or L.

Proof. We show that the canonical maps f: R — R) and a: M — (f ®
f)*(M}) satisfy the conditions of Proposition [II].4.5.5. For i), we note that
the composite morphism

Ry ®r M — (R, ® R)) ®rgr M — M)

is indeed an equivalence: This is clear for M = R, which implies the general
case since M is a finitely generated projective R-module. Conditions ii) and
iv) are immediate from the fact that ¢ is in the image of the unit map Z — R,
and iii) follows from the fact that the square

R—— R}

|1

R[g] — Rp[3]

is a derived pullback (see, for instance, [DG02, §4]), as the assumption on £°°-
torsion implies that R) is also a derived completion. The final thing to check
is that the map M;'[+] — M([1] induces the zero map in Cp-Tate cohomology.
This follows from the fact that the domain is a Q-vector space, and so has
trivial Ce-Tate cohomology. O

To make efficient use of the localisation-completion square, we shall also
need the following result due to Wall [Wal73, Lemma 5]. We include a guide
through the proof merely for convenience of the reader, as to avoid confusion
about different definitions (and versions) of L-theory. We warn the reader that
what is denoted by LX(R) in [Wal73] is what we would denote L(D!(R), 29),
i.e. quadratic L-theory based on complexes of (stably) free modules.

2.3.7. PROPOSITION. Let R be a ring, complete in the I-adic topology for
an ideal I of R. Then the canonical map LY R) — LYR/I) is an equivalence.

Proof. First, we claim that the functor Unimod%(R;€) — Unimod4(R/I;¢€)
induces a bijection on isomorphism classes, for € = £1. To see this, we first
observe that the functor Proj(R) — Proj(R/I) is full and essentially surjective.
Moreover, for any finitely generated projective R module P, the map

QU(P) — (P @Y R/I)

is surjective on 7y, and, furthermore, an e-quadratic form is unimodular if
and only if its image over R/I is; this is as a consequence of Nakayama’s
lemma: I is contained in the Jacobson radical as we have assumed that R is
I-complete. We deduce that the quotient map R — R/I induces a surjective
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map on isomorphism classes of quadratic forms. To see injectivity, we apply
[Wal70, Theorem 2]: amongst other things, it says that given forms (P, ¢) and
(P',q') over R, then any isometry between their induced forms over R/I can
be lifted to an isometry over R. In particular, the map Unimod(R;e) —
Unimod4(R/I;¢€) is also injective on isomorphism classes. We deduce that the
map GWg(R;e) — GWa(R/I;¢€) is an isomorphism. Since likewise the map
Ko(R) — Ko(R/I) is an isomorphism, we deduce that Lg(R;e) — Lj(R/I;e€)
is an isomorphism as well. We then consider the diagram

m(K(R;e)nc,) —r GW{(R;e) — LY(R;e) — Ko(R;e) oy — GWS(R;G)

i L

m(K(R/I;€)nc,) = GW(R/I;e) = L{(R/T;¢) = Ko(R/I;€)c, —» GWR (R /Ie),

where [Wal73, Corollary 1 & Lemma 1] give that the two left most vertical maps
are surjective, and [Wal73, Proposition 4] that the induced map on vertical
kernels is surjective. This implies that the map L(R;e) — L{(R/I;€) is an
isomorphism. From the general periodicity Ll (R;€) = L}, ,(R; —¢), we deduce
the proposition. O

2.3.8. Remark. We thank Akhil Mathew for making us aware of the follow-
ing result; see [CMM21, Remark 5.6] for the details. Namely, let F' be a functor
from commutative rings to spectra which commutes with filtered colimits, and
assume that F' satisfies the following property. For every pair (R,I) where
R is a Noetherian commutative ring, complete in the I-adic topology for an
ideal I C R, the canonical map F(R) — F(R/I) is an equivalence. Then the
map F(S) — F(S/J) is an equivalence for every henselian pair (5,.J). Since
L-theory commutes with filtered colimits, we deduce from this and Proposi-
tion 2.3.7 that the canonical map L9(S) — L9(S/J) is an equivalence for any
henselian pair (S, J).

We now apply the above results in order to compute the quadratic L-
groups of Dedekind rings.

2.3.9. PROPOSITION. Let R be a Dedekind ring whose field of fractions K
is not of characteristic 2, and let I be the (finite) set of dyadic primes of R.
Then we have
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The isomorphism in degrees n = 2(4) is induced by the canonical maps R — Fy
for each dyadic prime p. For n = 3(4) there is a short exact sequence

00— A—LIR) — L (R) — 0,

where A is the total cokernel, that is the cokernel of the map induced on cok-
ernels, of the commutative square

Lo(R) — Ly(R)

| |

Lo(Ry) — Lj(R3).

Proof. The canonical map W%(R) — L3(R) is an isomorphism by Corol-
lary 1.2.16. To see the other cases, we consider the cube

7
LY(R) » L9(Ry)

L L*(R[3)) 4j—> L*(R5(3)
A T

LY(R[5]) ——— LY(R}[3))

L*(R) » L*(R3)
‘ 7
i J

1
2

which is obtained by mapping the quadratic localisation-completion square
appearing in Proposition 2.3.6 to the symmetric one. We note that no control
terms are needed since localisations of Dedekind rings induce surjections on Kg.
In this cube, the front and back squares are pullbacks by Proposition 2.3.6, and
the bottom square is a pullback since in all rings that appear 2 is invertible.
We deduce that the diagram

LY(R) —— L9(Ry)

g I

L3 (R) —— L*(Ry)

is also a pullback.
Now all remaining statements to be proven follow from the long exact

Mayer—Vietoris sequence associated to this pullback when we use the following:

(i) L3(R%) = 0 for odd n, by Proposition 2.3.7,

(ii) L, (R5) = 0 for n = 3(4), because R is a product of local Dedekind rings;
see Remark 2.3.5,

(i) LY (R) = L3 (R)) = 0 for n = 2(4) by Proposition 2.3.1, and

(iv) The map L§(R) — L5 (R%) is an isomorphism. This can be seen from the
localisation-completion square for symmetric L-theory and iii. U
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2.3.10. COROLLARY. Under the assumptions of Proposition 2.3.9, assume
in addition that K is a number field and let d = |Z| be the (finite) number of
dyadic primes of R. Then we have

W4YR) forn=0(4)
LYR)=<0 forn=1(4)
(Z)2)¢  for n = 2(4).

The invariants in the case n = 2(4) are given by the Arf invariants of the
images in the L-theory of Iy, for each dyadic prime p. Moreover, there is an
exact sequence

0— A— L% (R) — Pic(R)/2 — 0,
where A is as in Proposition 2.3.9 and is a finite 2-group.

Proof. First we recall from Corollary 2.3.2 that for n = 3(4), we have
L*(R) = Pic(R)/2, and that A is a quotient of L{(R5). We have (2) = (p§* -
-+ - pp¥) for some numbers e;, where the p; are the dyadic primes. It follows
that there is an isomorphism

k
Lj(Rs) = [T L3 (By)-
i=1
It thus suffices to recall that
(i) The map L§(R)) — L§(R),[5]) is injective; see the proof of Proposi-
tion 2.3.1, and that
(i) L(S)(RQZ,[%]) is a finite 2-group: The fraction field RQZ[%] of Ry, is a finite
extension of Q2, so we may appeal to [Lam05, Theorem VI 2.29].

Finally, we note that the residue fields F, are finite fields of characteristic 2,
so that the Arf invariant provides an isomorphism W9(F,) = Z /2. O

2.3.11. Remark. As in the symmetric case, we recall that there is a canon-
ical equivalence L™9(R) ~ %2L4(R), so that Proposition 2.3.9 and Corol-
lary 2.3.10 also determine the (—1)-quadratic L-groups.

2.3.12. Remark. If the number d of dyadic primes of R is at least 2, then
A is not trivial: Taking the rank mod 2 induces the right horizontal surjections
in the following diagram.

LI(R) —— L{(R) —» Z/2

|

Lo(Ry) —— Li(Ry) — (Z/2)".
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Both horizontal composites are zero, therefore we obtain a commutative dia-
gram

coker (LG (R) = L{(R)) —— Z/2

! |

coker (Lg(R5) — L§(R3)) —— (Z/2)¢

whose horizontal arrows are surjective. The induced map on vertical cokernels
is a map A — (Z/2)%! which is therefore again surjective.

2.3.13. Ezample. Let us consider the case R = Z. From the pullback
diagram (9), we obtain an exact sequence

0 — 132z) 2N L3Z) @ L3 (Z) — L3(Z5) — L,(Z) — 0,

where the map Lj(Z) — L3(Z3) is the zero map: By Proposition 2.3.7, it
suffices to know that the map Lgj(Z) — Lg(F2) is the zero map. For this, one
calculates that the Arf invariant of the Fg-form (viewed as a form over Fg) is
zero. Furthermore, the map Lg(Z) — L{(Z) is isomorphic to multiplication
by 8, as the Eg form generates Lj(Z). We therefore obtain a short exact
sequence

(10) 0—Z/26Z/8 — L§(Z5) — LY, (Z) — 0.
Furthermore, by localisation-dévissage, there is a short exact sequence
0 — L§(Z3) — Lj(Q2) — Z/2 — 0

and from [LamO05, Theorem 2.29 & Corollary 2.23|, we know that L{(Q2) has
32 elements. We deduce that L{(Z5) has 16 elements, and hence the above
injection Z/2®Z/8 C L§(Z%) is an isomorphism. For completeness, we observe
that the exact sequence involving L{(Q2) splits, so one obtains the well-known
isomorphism L$(Q2) = (Z/2)? @ Z/8 [Lam05, Theorem 2.29]. A concrete
splitting is given by the element (—1,2). The only thing that needs checking
is that this element has order 2.

From the above and the exact sequence (10), we find that L, (Z) = 0.
In particular, we obtain the well-known calculations of the symmetric and
quadratic L-groups of Z:

Z for n.= 0(4) Z for n = 0(4)

LS (Z) ~ Z/2 for n = 1(4) Lq(Z) ~ 0 forn = (4)
o for n = 2(4) " zy2 for n=2(4)
0 for n = 3(4) 0 for n = 3(4).
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Together with Theorem 1.2.22, Corollary 1.3.14, and Remark 1.3.16, this de-
termines L8%(Z). In addition, we find that the map L8(Z)[] — L*(Z)[3] is an
equivalence. We will make use of this fact in Proposition 3.1.14.

2.3.14. Ezample. Consider the quadratic extension K = Q[v/—3] of Q, and
let R be its ring of integers. Concretely, R is the ring of Eisenstein integers
R= Z[HT*/TS], which is a euclidean domain and hence a principal ideal domain.
The discriminant of K is (3), and as (2) does not divide (3), we deduce that (2)
is a prime ideal in R [Neu99, Corollary I11.2.12], and hence is the single dyadic
prime. We deduce that L§(R) = L5(R) = 0, as the Picard group of a principal
ideal domain vanishes. Furthermore, L§(R) = Z/2 and L{(R) = W{(R) = Z/4
[MHT73, Corollary 4.2]. To calculate the quadratic L-groups, we consider the
diagram of exact sequences

0—— 182 Y zez/2 — 5 L) —— 0 —— 0
b e b
0 — Li(R) — Z/4®dZ/2 —— L{(Ry)) —— A —— 0
and deduce that A = coker(f) and that there is an exact sequence
0 — Z/2 — ker(§) — L3(R) — 0.

Now, from the commutative diagram of localisation-dévissage sequences (note
that 2 is a uniformiser in both cases)

L3(Z5) —— L3(Q) —— L° (Z/(2))

| | |

L°(Ry) —— L3(K4) —— L*(R/(2))

we deduce that the kernel and the cokernel of 8 are, respectively, isomorphic
to the kernel and the cokernel of the map

o' Lj(Qz) — Ly(K).

It is a general theorem about quadratic extensions of fields that the kernel of
0’ is, as an ideal, generated by the element (1,3), [Lam05, VII Theorem 3.5].
Since —5/3 is a square in Q9, we deduce that (1,3) = (1, —5). From [Lam05,
VI Remark 2.31], we then deduce that the kernel of 6’ is spanned by 4(1) and
(1,3) and thus isomorphic to (Z/2)?. We deduce that Li(R) = Z/2. From
[Lam05, VII Theorem 3.5], we also find that

coker(6') = ker ( L§(Q2) 3 L§(Q2))
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and again from [Lam05, Remark 2.31], we find that the kernel of -(1,3) is
additively generated by 2(1) and (1, —2), and deduce an isomorphism

ker (L5(Q) 1Y 1L3(Qy)) 2 2/40 2/2.

In summary, we obtain the following L-groups for R:

Z/4  for n=0(4) 7]2 for n =0(4)
L (R) = 7/2 forn=1(4) L9(R) = 0 for n =1(4)
0 for n = 2(4) Z7]2 for n = 2(4)
0 for n = 3(4) Z]A®Z/2 for n = 3(4).

2.3.15. Remark. Let R be a Dedekind ring and S a set of primes not
containing a dyadic one. We note that in this case, R and Rg have the same
2-adic completions, i.e. the canonical map R} — (Rg)5 is an isomorphism. We
then consider the following diagram

LY(R) — L4(Rs) —— L(Ry)

| | |

L3(R) — L5(Rg) — L3(R}).

We have seen in the proof of Proposition 2.3.9 that the big and the right
squares are pullbacks. Therefore, so is the left square. Using that for any non-
dyadic prime p of R the residue field F} is a field of odd characteristic, so that
its quadratic and symmetric L-theories agree, we deduce from Corollary 2.2.5
that there is a fibre sequence

LY(R) — LY(Rs) — & L(F,)

so that the failure of dévissage in quadratic L-theory is related only to dyadic
primes, as indicated in Remark 2.2.8.

2.3.16. COROLLARY. Let O be a number ring, that is, a localisation of
the rings of integers in a number field away from finitely many primes, and
€ = x1. Then the e-symmetric L-groups L} (O;€) and the e-quadratic L-groups
L3(O;e) are finitely generated.

Proof. 1t follows from Proposition 2.3.1 and Corollary 2.3.10 and Re-
marks 2.3.3 and 2.3.11 that it suffices to show that the symmetric Witt group
W5(0), the quadratic Witt group W%(O), and the Picard group Pic(O) are
finitely generated. The statement for the symmetric Witt group is proven
in [MH73, §4, Theorem 4.1], and in fact W*(O) is an extension of a finite
group by a free abelian group of rank given by the number of real embeddings
of the number field F. Now we claim that generally for a Dedekind ring R
whose fraction field K is of characteristic different from 2, the canonical map
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W9(R) — W5(R) is injective, so that W9(R) is finitely generated if W*(R)
is. This follows from the fact that the map W9(R) — W9(K) is injective; see
[KST71]. As the argument in loc. cit. is not explicitly written out, let us sketch
a direct argument that the map W9(R) — W*(R) is injective: First, assume
that a symmetric form (P, ¢) vanishes in W*(R). Then the same is true for its
image in W®(K). By Corollary 1.3.4, we deduce that (P ®pr K,y ®r K) ad-
mits a strict Lagrangian. The argument written in the proof of [KS71, Lemma
1.4] then shows that (P, ) indeed itself admits a strict Lagrangian. Now, let
(P, q) be a quadratic form whose image in W*(R) vanishes. We deduce that
the underlying symmetric bilinear form of (P, q) admits a strict Lagrangian L.
We then observe that for each = in L, we have 2¢(x) = b(xz,z) = 0, so that
q, = 0 as R is 2-torsion free. It follows that L is a Lagrangian for the qua-
dratic form (P, q) as needed. Finally, the Picard group of the ring of integers
in a number field is finite (in other words, the class number of a ring of integers
is finite), and hence the Picard group of a localisation of such a ring receives a
surjection from a finite group and is thus itself finite, compare to the proof of
Proposition 2.1.3. O

2.3.17. Remark. In the above proof, we have again restricted our attention
to Dedekind rings whose field of fractions K has characteristic different from 2.
If the characteristic of K is 2, we find that:

(i) The map W¥(R) — W?*(K) is injective, but
(ii)) the map W9Y(R) — WS(R) is zero.

Indeed, i follows from the same argument given above, since also for fields
K of characteristic 2 a form (P,b) is zero in W*(K) if and only if it admits
a strict Lagrangian; see Corollary 1.3.4. To see ii, it suffices to show that
the composite WY(R) — W*(R) — W?(K) vanishes, as the latter map is
injective; see the proof of Corollary 2.3.4. This composite factors through the
map W9(K) — W?(K) which is zero as the underlying bilinear form of any
quadratic form over a field of characteristic 2 has a symplectic basis and hence
admits a Lagrangian.

2.3.18. COROLLARY. Let O be a number ring and ¢ = +1. Then for all
m,n € Z, the groups L,(O;22™), and consequently the groups GW,(0;92™),
are finitely generated.

Proof. We saw in Example 1.1.4 that the functor 92™ is m-quadratic and
(2 — m)-symmetric. Hence, on the one hand, it follows from Corollary 1.2.12
that for n < 2m — 2 the map L4(O;€) — L, (0;922™) is surjective. By Corol-
lary 2.3.16, the left-hand group is finitely generated, so the same is true for
L (0;92™).
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On the other hand, Corollary 1.3.9 implies that the map L, (O;92™) —
LS (O;e) is injective for n > 2m—1. Again, by Corollary 2.3.16 the target group
is finitely generated, it follows that L, (O;22™) is so as well. To obtain the
consequences for Grothendieck-Witt groups, we recall from Quillen’s results
that the algebraic K-groups of number rings are finitely generated [Qui73a].
From the homotopy orbits spectral sequence, it follows that also the homotopy
groups of K(O;e)yc, are finitely generated, so that the desired result follows
from the fibre sequence

K(Oa E)th — GW (O, QEZm) — L (O’ Q?m) 0

Combining the above with the comparison theorem of [HS26] gives the
following corollary:

2.3.19. COROLLARY. Let O be a number ring, and ¢ = £1. Then the
classical e-symmetric and e-quadratic Grothendieck—Witt groups GWiLn(O; €)
and GWY (O e€) are finitely generated for all n > 0.

cl,n

2.3.20. Remark. The finite generation of the groups GW9(O; €) can also be
deduced by a homological stability argument similar to the one of Quillen for
algebraic K-theory of number rings: By Serre class theory, it suffices to show
that the ordinary homology groups of the components of Q° GW9(O;¢) are
finitely generated. Since every e-quadratic form is a direct summand in an e-
hyperbolic form, the group completion theorem identifies any such component
with the space

BOoo,oo(O)T  fore=1,

BSpd (0)*+ for e = —1,
where Oo,00(O) and Spd (O) denote the colimit of the automorphism group
of an n-fold sum of the (1)- and (—1)-quadratic hyperbolic form, respectively.
Charney [Cha87] has proved a homological stability result for those groups,
so that it suffices to show that the groups O, ,(O) and Sp;(O) have finitely
generated homology. Let us briefly explain why that is: First we note that
both groups are arithmetic. Second, every arithmetic group has a torsion free
finite index subgroup [Ser79, 1.3 (4)], and hence also a normal torsion free
finite index subgroup. By the Serre spectral sequence for the quotient by this
normal subgroup, we find that it suffices to know that torsion free arithmetic
groups have finitely generated homology, which follows from the fact they they
admit a finite classifying space [Ser79, 1.3 (5)]. We wish to thank Manuel
Krannich for a helpful discussion about this and for making us aware of Serre’s
survey.

Finally, we note that in the symmetric case, it is not generally true that
every form embeds into a hyperbolic form (as any such form admits a quadratic
refinement), so in order to run a similar argument, one first needs to find a
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symmetric bilinear form b such that every other form embeds into a suitable
number of orthogonal copies of b, and one needs to prove homological stability
for the family of automorphism groups of such orthogonal copies of b. To our
knowledge, this is not known to hold in the generality of number rings, though
it does hold for the integers: In the case of symplectic forms, i.e. ¢ = —1, this
is again due to Charney, and in the case of symmetric forms, this is shown in
Nadig’s PhD thesis.

3. Grothendieck-Witt groups of Dedekind rings

In this final section, we consider the homotopy limit problem for Dedekind
domains and finite fields of characteristic 2. In the latter case, we extend the
solution of the homotopy limit problem from the Grothendieck—-Witt space
(where it is known to hold by the work of Friedlander) to its Grothendieck—
Witt spectrum. We then combine this with the dévissage results of §3.1 to
solve the homotopy limit problem for Dedekind rings whose fraction field is
a global field of characteristic 0, i.e. a number field, proving Theorem 2 from
the introduction. Finally, we apply these ideas to the particular case of Z
and calculate its £1-symmetric and genuine +1-quadratic Grothendieck—Witt
groups conditionally on Vandiver’s conjecture, and in the range n < 20000
unconditionally.

3.1. The homotopy limit problem. A prominent question in the hermitian
K-theory of rings and schemes is when the map from the Grothendieck—Witt
space/spectrum to the homotopy fixed points of the associated algebraic K-
theory space/spectrum is an equivalence. This question, first raised by Thoma-
son in [Tho83], is commonly known as the homotopy limit problem. In the case
of fields, the following theorem represents the current state of the art; see
[HKO11], [BKSO15], and [BH20]. We recall that the virtual mod 2 cohomo-
logical dimension veds of a field k can be defined as the ordinary mod 2 cohomo-
logical dimension cds of (the absolute Galois group of) k[v/—1]. In particular,
we have veda(k) < cda(k). Given € = £1, we let K(k;€) denote the K-theory
spectrum of k with Cs-action induced by the duality D = homy(—, k(e)).

3.1.1. THEOREM. Let k be a field of characteristic different from 2 and
such that vedsa(k) < oo. Then the map of spectra

CWS(k; €) — K(k; )¢
s an equivalence after 2-completion.

3.1.2. Remark. The cited Theorem 3.1.1 was stated in [BKSO15] using
Schlichting’s model for Grothendieck—Witt spectra. Since k is assumed to
have characteristic # 2, we may invoke the comparison statement of Proposi-
tion [II].B.2.2 and identify Schlichting’s construction with ours.
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The characteristic 0 case of Theorem 3.1.1 was proven in [HKO11], while
the positive odd characteristic case is established in [BKS(?15]. An alternative
proof of this theorem is also provided in recent work of Bachmann and Hopkins
[BH20]. Special cases of the above theorem were already known before: the
case of the field C of complex numbers, for example, can be reduced to the
classical equivalence BO ~ BUP2 gee, e.g., [BK05, Lemma 7.3]. In fact,
in loc. cit. the authors prove this also for the (—1)-symmetric variant. The
equivalence for C can in turn be used to deduce the same for finite fields IF,,.
One can express the Grothendieck-Witt spaces of F, in terms of the Adams
operations on BO and BSp in a way analogous to the main results of Quillen’s
famous paper [Qui72] on the algebraic K-theory of F,. These results were
first established by Friedlander in [Fri76], and later expanded and refined in
[FP78] (where also a small mistake was corrected in the case of ¢ even and
quadratic forms: Friedlander computed 71 (GWg (Fy)) to be trivial, but in fact
it is isomorphic to Z/2). Combined with the positive solution of the homotopy
limit problem for C they imply the following:

3.1.3. THEOREM. For € = %1 and every prime power q the natural map
hC
GW5(Fgs€) — K(Fg;€)™?
s an equivalence on connective covers.

The results of [Fri76] and [FP78], on which this approach relies, use lengthy
computations in the cohomology of various finite matrix groups. We shall now
present an alternative and significantly shorter proof of the Theorem 3.1.3
in the case of ¢ even, using Theorem 1 from the introduction. We recall
that GW,(Fy;€) = GW?(Fy; €) is an equivalence on connective covers, Corol-
lary 1.3.15, so it suffices to prove the following proposition, covering not only
the Grothendieck—Witt space, but also the corresponding spectrum, and which
applies to arbitrary shifts of the symmetric Poincaré structure:

3.1.4. PROPOSITION. Let q = 2" for some positive integer r. Then the
map of spectra

hC
GW (Fg; () — K (g5 (2)1)
s an equivalence for every m € Z.

Proof. Corollary [I1].4.4.13 provides, for every ring R and Poincaré struc-
ture ? on DP(R), a pullback square

GW(R;?) — L(R;9)

! |

K(R; Q)2 —— K(R; )¢z,
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It therefore suffices to show that the canonical map

(11) L (Fy: (@)") — K (Fys (@9))"

is an equivalence for every m. Applying the transformation L(—) — K(—)'C2
to the metabolic sequence of Example [I1].1.2.5 gives a commutative diagram

L(Fg; (99)M) —=— Y™ L(F,; 29)

| !

K(Fq§(95)[m])tc2 — X K(Fq§98)t02

whose horizontal arrows are equivalences; see the discussion before Corol-
lary R.10. It will thus suffice to treat the case m = 0. Furthermore, L and
Tate of K-theory are 2-periodic (see Corollary R.10), and it suffices to check
that (11) induces an isomorphism on 7y and 7. By Corollary 1.3.3, we have
that Lo(IFg; €%) = W5(F,) = Z/2 is the Witt group of symmetric bilinear forms
over Fy, which is isomorphic to Z/2 generated by the class of the symmetric
bilinear form (IFg,b) with b(1,1) = 1. On the other hand, the same corollary
also gives that L;(F,;9%) = 0. To finish the proof, it will hence suffice to
show that m K(F,; 25)'C2 = 0, that mo K(F; 2%)'“? = Z/2, and that the map
Lo(Fy; 9%) — mo K(IFy; 29)YC2 is non-zero.

Now, by Quillen’s calculation of the K-theory of finite fields [Qui72],
the K-groups K, (F,) are odd torsion groups in positive degrees, so that the
map K(F,) = HZ is a 2-adic equivalence.It follows that the induced map
K(Fy; Q)tC2 _ 7tC2 i5 an equivalence as well, which shows that the Tate-K-
groups are as claimed.

To finish the proof, it will hence suffice to show that the map Lo (Fy; %) —
mo(K(Fy; 99)t¢2) sends the generator to the generator. Indeed, in light of the
commutative diagram

moPn(DP(Fy), ?®) —» GWo(Fy; 2) ———» Lo(Fy; %)
moCr(DP(F,), 92 ——» Ko(Fy; 9)C2 ——» HO(Co, Ko(Fy; %)),
this simply follows from the fact that the composed forgetful functor
moPn(DP(F,), ?%) — moCr(DP(F,), ) — Ko(Fy; )2 — Ko(F,) = Z
sends (Fy,b) to the generator 1 € Ko(F,). O

3.1.5. Remark. An alternative argument can be given making use of multi-
plicative structures: In Paper [IV], we prove that the map L(R; 2%)—K(R; 2°)t¢2
is a map of Ex-rings if R is a commutative ring. For R = F, with ¢ even, we
then know that both homotopy rings are isomorphic to Fo[z*!], for |z| = 2. As
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any ring endomorphism of this ring is an isomorphism, the map we investigate
is an equivalence.

3.1.6. Remark. Suppose k is a perfect field of characteristic 2. In this
case, the map Fo — k induces an equivalence on 2-complete K-theory and on
L-theory. For K-theory, this follows from an analysis of Adams operations on
K(k) (see [Hil81, Theorem 5.4]), and for L-theory it follows from Remark 1.3.5
that the odd L-groups vanish in both cases. By 2-periodicity of L-theory,
Corollary R.10, and Corollary 1.3.14 together with Corollary 1.2.16, it therefore
suffices to note that the map Fy — k induces an isomorphism on symmetric
Witt groups. This in turn follows as every element in the symmetric Witt
group of a field is a sum of one-dimensional forms (z) for = € k*. Since k is
perfect, the Frobenius is surjective, and hence (x) = (y?) = (1) showing that
the rank mod 2 map W*(k) — Z/2 is an isomorphism for any perfect field of
characteristic k, including Fy. Considering the commutative diagram

L3(Fy) —=— L8(k)

= |
K(F2)'C = K(k)'C2,

we deduce that the homotopy limit problem has an affirmative answer for every
perfect field of characteristic 2.

The results of Berrick et al. [BKS?15] on the homotopy limit problem
extend significantly beyond the realm of fields. It is shown, for example, that
for any Noetherian scheme X of finite Krull dimension over Z[3] such that
veda(k(x)) is uniformly bounded across all points z € X, the map

GW(X) — K(X)hC2

is an equivalence after 2-completion. Using the results of the previous sections
we can now relax the assumption that 2 is invertible from the above result.
Recall that for a Dedekind ring R with line bundle M with involution 41, the
canonical map

GWE (R, M) — GW(R; )
is an equivalence in non-negative degrees, by Corollary 1.3.15. Combining this
with the following result gives Theorem 2 from the introduction.

3.1.7. THEOREM (The homotopy limit problem). Let R be a Dedekind ring
whose fraction field is a number field. Then for every m € Z and every line
bundle M over R with involution +1, the map

GW(R; (Qi\/j)[m]) — K(R; (QL)[m})hCQ

1$ a 2-adic equivalence.
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Proof. Let S be the (finite) set of all prime ideals in R lying over 2. We
observe that then Rg = R[3] and similarly that Mg = M[1] and consider the
commutative diagram

Bpes GW (Fys (%4, 1) — GW (B (23)) — GW (RI3J: (%4,)™)

| | !

Bres K (B (237 1)" = K (B:(23,))" = K (R (93,))"

obtained via the localisation-dévissage sequences of Corollary 2.2.5. Note that
we have commuted the homotopy fixed points with the finite direct sum in
the lower left corner. The left most vertical map is an equivalence by Proposi-
tion 3.1.4, and the right most vertical map is a 2-adic equivalence by [BKSO15,
Theorem 2.2]: We need to argue that all residue fields of R[] have finite mod 2
virtual cohomological dimension. Indeed, the residue fields at non-zero prime
ideals are finite fields and hence have cohomological dimension one (the Galois
group is 2), and the residue field at 0 is the fraction field which is number field
and hence also has finite veda; [Ser02, §I1.4.4]. It then follows that the middle
vertical map is a 2-adic equivalence, as desired. ([l

3.1.8. Remark. The conclusion of Theorem 3.1.7 thus holds for all Dede-
kind rings whose field of fractions is a global field of characteristic different
from 2: In the odd characteristic case [BKS(?15] applies, and the case of char-
acteristic zero is the content of Theorem 3.1.7.

3.1.9. Remark. Suppose again that R is a Dedekind ring with global frac-
tion field K. Suppose that K has characteristic different from 2 and is not
formally real, that is, that —1 is a sum of squares. In other words, suppose
that K has positive odd characteristic or is a totally imaginary number field.
Then the Witt group W*(K) is a 2-primary torsion group of bounded exponent
by [Sch85, Theorem 2.7.9]. As W®(R) is a subgroup of W*(K) (see the proof of
Proposition 2.3.1), Corollary 2.3.2 implies that L°(R) is (derived) 2-complete.
As K(R)'C2 is also 2-complete, the pullback

GW(R;?) —— L(R;?)

| |

K(R; 95)hC2 —— K(R; 9%)'¢2

together with Theorem 3.1.7 implies that the map of Theorem 3.1.7 is in fact
an equivalence before 2-completion. Conversely, if K admits a real embedding,
then L°(R) is not 2-complete: We have seen in Corollary 2.3.16 that all ho-
motopy groups are finitely generated, so L°(R) is 2-complete if and only if all
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symmetric L-groups of R are 2-complete. However, as observed in the proof
of Corollary 2.3.16, W*(R) has rank equal to the number of real embeddings
of K, and is thus not 2-complete. It hence follows that the map under in-
vestigation in Theorem 3.1.7 is not an integral equivalence if K admits a real
embedding. See also [BKS®15, Theorem 2.4 & Proposition 4.7]. In fact, in
our situation, the same result is true for W*(R; M) for any line bundle M on
R: The map W*(R; M) — W?(K) is an isomorphism after inverting 2, and
the map W*(K) — W*(R) induced from a real embedding of K is surjective.
Hence the composite is non-zero and consequently Z is a direct summand inside
W?3(R; M). Hence L*(R; M) is not 2-complete.

As a side remark, we note that in the case where K admits a real embed-
ding, L*(R) contains L*(R) as a retract, and L*(R) is not 2-complete. To see
that L*(R) is indeed a retract, consider the following composite:

L(Z) — L3(R) — L(R),

where the two maps are induced by the canonical map Z — R and the map
R — K C R induced by a real embedding of K. This composite admits a
splitting, as was observed in [HLN21, Theorem A].

3.1.10. Remark. The proof of Theorem 3.1.7 reveals that the assumptions
are not optimal. Assume, for instance, that R is the ring of integers in a non-
archimedean local field K of mixed characteristic (0, 2) and let k& be the residue
field of the local ring R. For instance, assume that R is a dyadic completion
of the ring of integers in a number field. Since R is local the line bundle M is
trivial. We again consider the diagram consisting of horizontal fibre sequences

GW (k; (2%)m=1l) —— GW (R; (99)I") ——— GW (K (9)I)

| ! !

K (k; (9)Im=1)"% s K (R; (95)I)"? —— K (K (9)m) ",
First, we note that cda(K) = 2 [Ser(02, §4.3], so the right vertical map is a 2-adic
equivalence. We deduce that the middle vertical map is a 2-adic equivalence
if and only if the left vertical map is a 2-adic equivalence. Thus if we assume
that k is a finite field, the middle vertical map is a 2-adic equivalence. In fact,
in this case, K is a finite extension of Q4, and as observed earlier, L°(K) is
2-complete, in fact 2-power torsion [Lam05, Theorem 2.29]. It follows that the
middle vertical map is in fact an equivalence.

The proof of Theorem 3.1.7 allows us to also deduce the following result,
which, in case of the integers was conjectured by Berrick and Karoubi [BK05].
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3.1.11. PROPOSITION. Let R be a Dedekind ring whose fraction field is a
global field of characteristic zero. Then the map

GW?*(R;e) — GW® (R[3];¢)
1 a 2-local equivalence on connected covers and injective in .

Proof. The fibre of the map in question is given by a sum of terms of
the kind GW (F; (29)[71), with F, a finite field of characteristic 2 by Corol-
lary 2.2.5. It therefore suffices to show that each of these terms is 2-locally
(—1)-truncated and has trivial m. To see this, we note that the map

GW (B (29)Y) — K (Fps (€))7

is an equivalence by Proposition 3.1.4. Let us denote by Z(—1) the complex Z
in degree 0 with the sign action of Cy. The map K(Fy; (23)71)) — Z(~1) is a
Co-equivariant map whose fibre has finite and odd torsion homotopy groups.
It follows upon applying (—)hc2 that this map is 1-connective and a 2-local
equivalence. The proposition follows. O

3.1.12. Remark. Using Remark 3.1.6, one obtains the following variant of
Proposition 3.1.11. Namely, let R be a Dedekind ring of characteristic zero
such that all residue fields of dyadic primes are perfect. Then the map

GW*(R;€)/2 — GW* (R[3];€) /2

is (—1)-truncated. For this, we simply need to know that for a perfect field k
of characteristic 2, K(k)/2 is O-truncated, i.e. the higher K-groups K,,(k), for
n > 1, are uniquely 2-divisible. In general, this of course does not imply that
these groups vanish after localisation at 2, but it is the case, for instance, for
an algebraic closure of Fo. Whenever the residue fields satisfy the property
that K (k)(2) = Z(2), the same argument as in the proof of Proposition 3.1.11
applies.

Finally, we note that every perfect field k& of positive characteristic p is
the residue field of a characteristic 0 Dedekind ring, namely the (complete)
discrete valuation ring W (k) of p-typical Witt vectors on k.

We continue by noting the following obstruction to a positive solution of
the homotopy limit problem for classical Grothendieck—Witt-theory of a dis-
crete ring R; see also [BKSO15, Remark 4.9]. In particular, Proposition 3.1.13
implies that the map GW%(R)/2 — K(R)"2/2 cannot be an equivalence in
non-negative degrees unless the comparison map L& (R) — L°(R) is so as well.
Recall from Example 1.3.11 that there are rings for which this is not the case.

3.1.13. PROPOSITION. Suppose that the map GWS (R; M) /2 — K(R)"2 /2
is n-truncated for some natural number n, where we view GW%(R; M)/2 as
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a (connective) spectrum. Then the map L& (R; M) — L5(R; M) is (n — 1)-
truncated.

Proof. By Proposition 3.1.14 below, the map L&(R; M) — L3(R; M) is
an equivalence after inverting 2. Therefore, once we show that the map
L&(R; M)/2—L%(R; M) /2 is n-truncated, it follows that the map L& (R; M) —
L°(R; M) is (n — 1)-truncated as claimed.

We first observe that the map GW&(R; M) /2 — K(R)"¢2 /2 is also n-trun-
cated, because the map GW%(R; M)/2 — GW®(R; M)/2 is O-truncated by
[HS26]. We then consider the pullback diagram

GWE(R; M) /2 — LB(R; M)/2

| !

K(R)"C2/2 —— K(R)'C2/2

and conclude that the map L&(R; M)/2 — K(R)'“2/2 is n-truncated as well.
Then we recall that there are canonical shift maps

s YR M) L LS (R M) L STULES (R M) — -

whose filtered colimit is given by L°(R; M). It therefore suffices to show that
L&(R; M)/2 — Y~4L&(R; M)/2 is n-truncated. For this we consider the
diagram

L&(R; M)/2 —T— S~4LE(R; M) /2
K(R)C2/2 —7 5 ~4K(R)*C2/2

and note that the lower horizontal map is an equivalence. Furthermore, the
left vertical map is n-truncated and the right vertical map is (n —4)-truncated.
We deduce that the upper horizontal map is also n-truncated. O

We finish this section with the promised calculation of 2-inverted genuine
L-theory. At this point, we will invoke multiplicative structures on L-theory
which we develop in detail in Paper [IV].

3.1.14. PROPOSITION. Let R be a ring with invertible Z-module with in-
volution M, and let m € Z U {£oo}. Then the natural map

L(R; 95" ) [3) — L (R; %) [3]
s an equivalence.

Proof. We first observe that the canonical map L&(Z) — L°%(Z) is an
equivalence after inverting 2; see Example 2.3.13. Moreover, the shift maps
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appearing in the proof of Proposition 3.1.13 are in fact given by multiplica-
tion with an element z € L§°(Z), namely the Poincaré object Z[—2] with its
standard genuine symmetric Poincaré structure of signature 1. Thus we find

L (R %) ~L(R:9y") o7 ~ L (R; 95" ) @reez) LE(Z),
and the result follows. O

3.2. Grothendieck—Witt groups of the integers. In this section, we will spe-
cialise the results established earlier in the paper to the ring of integers Z
and calculate its classical e-symmetric and e-quadratic Grothendieck—Witt
groups. We will exploit Corollary 1.3.14 and instead calculate the non-negative
Grothendieck-Witt groups of GW?*(Z;e) = GW(Z;??) for the non-genuine
symmetric Poincaré structure. Our calculation crucially relies on the knowl-
edge of the algebraic K-groups of Z, resulting from the resolution of the
Quillen—Lichtenbaum conjecture completed in the work of Rost and Voevodsky.
We will use [Weil3| as our primary reference for this material. The other ex-
ternal input is the calculation of Berrick—Karoubi [BK05] of the Grothendieck—
Witt groups of Z[%] Before we start the computation, we give a brief account
of the 4 types of classical Grothendieck—Witt groups that we are considering.

(1)-Symmetric: We recall that GW¢,(Z) denotes the homotopy theoretic group
completion of the maximal subgroupoid of the category of non-degenerate sym-
metric bilinear forms over Z. By [Ser64, Théoreme 1], there is an isomorphism
70 GWE(Z) = Z & Z where the summands are generated by the classes of the
forms (1) and (—1) on a free module of rank 1 Z; they send (z,y) to xy and
—xy, respectively. We write Oy, ) (Z) = Aut(((1) L (=1))1") C GLg,(Z) and
O (00,00) (Z) = colimy, O, y(Z). Then the commutator subgroup of O o oy (Z)
is perfect by e.g. [RW13, Proposition 3.1]. Moreover, it is a direct consequence
of [Ser64, Théoreme 4] that any non-degenerate symmetric bilinear form over
Z is an orthogonal summand in ((1) L (—1))*" for some n > 0. Hence, the
group completion theorem yields a homotopy equivalence of spaces

750 GWE(Z) ~ BO (o6 00 (Z) F;

see [MS76], or [RW13, Corollary 1.2].

(—1)-Symmetric: Similarly GW_*(Z) is the homotopy theoretic group comple-
tion of the maximal subgroupoid of the category of non-degenerate symplectic
bilinear forms over Z. We let H_g be the standard symplectic bilinear form
on Z2. As every symplectic form over Z is isomorphic to a finite orthogo-
nal sum of copies of H s, we find 7o GW _*(Z) = Z, generated by H_s. We
write Spy,(Z) = Aut((H_g)*") C GLg,(Z) and Sp.,(Z) = colim,, Sp,,,(Z).
The group Sp.,(Z) is again perfect (see e.g. [RW13, Proposition 3.1]), and the
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group completion theorem yields a homotopy equivalence of spaces

750 GW*(Z) ~ BSp,.(Z)*.

(1)-Quadratic: Now GW(Z) is the homotopy theoretic group completion of
the maximal subgroupoid of the category of non-degenerate quadratic forms
over Z. Let Hy be the standard hyperbolic quadratic form and Eg the classical
8-dimensional quadratic form associated to the Dynkin diagram of the same
name. By [Ser64, Théoreme 5|, every quadratic form (P, q) satisfies P @ Hq =
H @ Eg for some n and m and 1o GW(Z) = Z®Z with generators Hy and E.
We write Oy, (Z) = Aut((Hq)®™) C GLoy(Z) and Osg 00 (Z) = colimy, Oy (Z).
As above, the group O o0(Z) has perfect commutator subgroup, and since
any quadratic form over Z is a direct summand of (Hq)L" for some n > 0,
there is a homotopy equivalence of spaces

750 GW(Z) ~ BOw.oo(Z)*.

(—1)-Quadratic: Finally, GW_%(Z) is similarly built from (—1)-quadratic forms
over Z. Such a form is determined by its rank (which is an even number) and
its Arf invariant; see [Brol2, §III.1]. Let

0 1 0 1
H(lq = (ZQ, <_1 0) ,asy) and Hl_q = <Z2, <_1 O) 2%+ xy —I—y2)

be the standard hyperbolic (—1)-quadratic forms with Arf invariant 0 and 1,

respectively. Then every (—1)-quadratic form with Arf invariant 0 is isomor-
0

@
invariant 1 is isomorphic to a direct sum of copies of HO_Ol plus one copy of Hl_q.
Thus, 1o GW* = Z @ Z/2. We define Sp3,,(Z) = Aut((H° ,)*™) C Spy,(Z) to

be the group of matrices preserving both the bilinear form and its quadratic

phic to a direct sum of copies of H? |, and every (—1)-quadratic form with Arf

refinement and set Spd (Z) = colim,, Sp3,,(Z). As above, the group completion
theorem yields a homotopy equivalence of spaces

T>0 GW;q(Z) ~ BSng(Z)+.

The Grothendieck—Witt groups of Z. We now proceed to calculate the e-
symmetric Grothendieck—Witt groups of Z. Recall that the Bernoulli numbers
{Bn}n>0 are rational numbers determined by the equation

o0
L
er —1 nl "
n=0

We write ¢, for the numerator of ]%\ which is an odd number while the

denominator of |522| will be denoted by ws,. For each k > 0, we then have
equations

| Ksk+2(Z)| = 2 cop1 and [ Kspi6(Z)| = copt2



206 B. CALMES ET AL

and isomorphisms

Kgri3(Z) = Z/2wapq2 and Kgpi7(Z) = Z/wyky4;

see [Weil3, Theorem 10.1].

3.2.1. Remark. For an abelian group A, we write Ayqq for the odd torsion
subgroup of A. For m < 5000 the group Ka;,—2(Z)odq is known to be cyclic of
order ¢,; see [Weil3, Example 10.3.2]. This holds for all m if the Kummer—
Vandiver conjecture is true; see [Weil3, Theorem 10.2].

We now arrive at the main computation of the e-symmetric Grothendieck—
Witt groups of Z in degrees n > 1.

3.2.2. THEOREM. The classical e-symmetric Grothendieck—Witt groups 7
are given in degrees n > 1 by the following table:

| n=| GWE, ,(Z) | GW (2 ]

8k VYR 0

8k +1 (z)2)3 0

8k +2 | (Z/2)? © Kepy2(Z)oad | Z ® Kepy2(Z)oad

8k + 3 Z/w4k+2 Z/2w4k+2

8k + 4 Z 72

8k +5 0 7]2

8k +6 Ksk16(Z)odd 7 ® Kgp1-6(Z)oda

8k + 17 Z/w4k+4 Z/w4k+4

3.2.3. Remark. The number ws, is equal to the cardinality of the image
of the J-homomorphism m4,—1(0) — 74,—1(S) in the stable stem. By [Qui76,
p. 186], the unit map m4,—1(S) — Ky—1(Z) is injective on this image. Since
the unit map for K(Z) factors through the unit map for GW$)(Z), it follows
that the groups GWg) g, 3(Z) and GWE, g;., 7(Z) consist precisely of image of
J-classes.

Proof of Theorem 3.2.2. Since the groups in question are finitely gener-
ated, it suffices to prove that the theorem holds after localisation at 2 and after
inverting 2. First, we argue 2-locally. Proposition 3.1.11 and Corollary 1.3.15
imply that for ¢ = 1, the canonical map

GWa(Zie) — GW (Z[z]se)
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is a 2-local equivalence in degrees > 1. One can then compare with [BK05,
Theorem B]!, where the 2-local GW-groups of Z[%] are determined as displayed.
In order to compare their values for 8k 4+ 3 and 8k 4 7 with ours, note that by
work of von Staudt the largest power of 2 which divides ws, is the same as the
largest power of 2 which divides 8n.

For the 2-inverted case, we observe that the fibre sequence

K(Z; e)ne, — GW3(Z;e) — L3(Z; €)

from Theorem 1 splits after inverting 2 (see e.g. Corollary [I1].4.4.14), so that
there is an equivalence of spectra

GW*(Z; €)[3] = (K(Z; €)nc, ) [3] @ L5(Z; €)[3]-

Furthermore, we note that there is an isomorphism m,(K(Z; €)nc,[3]) =
(Ky(Z; €)[3])c,. It then follows from Lemma 3.2.4 below that

L(Z; )]
K, (Z;e)|

] forn =0,1 mod 4
| ® L5 (Z;e)[3]  for n=2,3 mod 4.

D=

GW;,(Z; €)[3] = {

[N

This matches with the values in the above table after tensoring with Z[%], and
so the desired result follows. g

We thank Sgren Galatius for telling us about the following lemma; see
also [FGV22, §2]. Let F be a number field and O a ring of S-integers in F'.

3.2.4. LEMMA. The Co-actions induced by the Poincaré structures ?° and
Q% on DP(O) induce multiplication by (—1)" on the groups Kon—1(O)[1] and
Kon—2(0)[3] for each n > 2.

Proof. We first note that the dualities associated to ?° and ¢ have the
same underlying equivalences DP(Q) — DP(O)°P so that the induced Ca-action
on homotopy groups is the same in both cases. Hence it will suffice to prove the
claim for ¢°. Since the K-groups of O are finitely generated, it suffices to prove
the claim on the ¢-completed K-groups K, (O); for all odd primes ¢. We then
use that the map K,(0)) — K, (O[3]); — m(K*(O[}]);) are isomorphisms
for n > 2; for the first, this follows from Quillen’s localisation sequence, and
for the second see e.g. [CM21, Theorem 1.2] for a more general statement. In
particular, the étale descent spectral sequence (see e.g. [CM21, Theorem 1.3])
is a convergent spectral sequence

E3" = H (spec(O[4)); Z¢ (n/2)) = mn—s (K(O)7)

Note that what we denote GW is denoted £ in loc. cit. and that the homotopy groups
of L(R) are denoted by L;(R).
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for n — s > 2. Here Z;(n/2) is the homotopy sheaf 7,(K(—)) on the étale site
of spec(O[3]), which by results of Gabber and Suslin is (as an abelian group)
given by 7y, (ku)) and hence vanishes for odd values of n. We note that the
descent spectral sequence is natural with respect to 1™, i.e. the dualisation
action, which acts on Zj(n) by (=1)". Now, the f-adic étale cohomological
dimension of spec(O[%]) is 2, so the spectral sequence above is concentrated in
the columns 0,1 and 2. In addition

HY, (spec(O[3]); Zy(n)) =0  for n > 0.
In particular, the spectral sequence collapses at Fs and gives isomorphisms
Ton—2( K(0)) 2 HY, (spec(O[2]): Z; (n) and
7T2n71(K(O)) = Hét (SPGC(O[%]); Z@(n))
for n > 2, from which the lemma follows. ([

3.2.5. Remark. A calculation of the Grothendieck—Witt groups of the in-
tegers has also been announced by Schlichting. See [Sch19] and the erratum
[Sch24].

In low degrees the groups can be worked out explicitly.

3.2.6. PROPOSITION. The first 24 non-negative Grothendieck—Witt groups
of Z are given by the table 3.2.6 below.

Table 1. The first 24 Grothendieck—Witt groups of Z

|

k| GWL(2Z) | k [GW(Z) ] k | GW(Z) |
O Z®Z |8 ||Z®Z/2 |16 | ZDZL/2
1| (Z/2)2 | 9| (/23 |17| (Z/2)?
21 (z/2)? [10] (z/2)* |18 (Z/2)?
3| z/24 |11 Z/504 |19 | Z/264
4
5
6
7

Z |12 Z |20 Z

0 13 0 21 0

0 14 0 22 | Z/691
Z]240 | 15| Z/480 |23 Z/65520

Proof. The only information not already present in the table of Theo-
rem 3.2.2 is the structure of the odd torsion in K,,(Z) for n = 2,6 mod 8. This
can be read off from the list of K-groups [Weil3, Example 10.3]—the only
non-trivial one in this range is Ka2(Z) = Z/691. O

We now turn to the computation of the classical e-quadratic Grothendieck—
Witt groups of Z. Recall that for e=+1 there is a Poincaré functor (DP(Z), 2¢9)
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|

E|GWA@Z) | k [GW.3(2Z) | k || GW,3(2) |
0 Z 8 0 16 0
1 0 9 0 17 0
2 Z 10 Z 18 Z
3 z/a8 |11 z/1008 |19 7Z/528
4
5
6
7

zj2 12| z/2 |20 7]2

z/2 |13 z/2 |21 72
Z 14 Z 2 [ zoz/691
Z7240 |15 Z/480 |23 Z/65520

— (DP(Z),2%%), which by the fibre sequence of Corollary [I1].4.4.13 induces a
cartesian square of spectra

GWSY(Z;e) —— L&Y Z;e€)

| |

GW8(Z;e) —— L& (Z;e).

The non-negative homotopy groups of the bottom left-hand spectrum were
computed in Theorem 3.2.2 above. To understand the spectrum GW89(Z;¢)
we will calculate the homotopy groups of the cofibre of the right-hand vertical
map, which is equivalent to the cofibre of the left-hand vertical map. We begin
with the case e = 1. Write C for the cofibre of the map L#4(Z) — L&(Z) and
C; for the homotopy group m;(C).

3.2.7. LEMMA. The groups C; are given by
(i) €1 =7/,
(ii) Co=7Z/8
(1) C—1 =272,
(iv) C; =0 for all other values of i.

Proof. Let us consider the commutative diagram

qu(Z)

Lgs (Z) Y

where the subscript on the symbol ~ indicates the range of dimensions ¢ in
which the map induces an isomorphism on m;. These ranges are obtained
from Corollaries 1.2.12 and 1.3.9, in the second case using that by Exam-
ple 1.1.4 the Poincaré structures 989 = 98¢ and 9&° = 92(-1 are I-symmetric
and 3-symmetric, respectively. Using in addition that L%, (Z) = 0, we see that
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C; is at most non-trivial in the range —1 < i < 1 as claimed. We then find
that C_y = L&4(Z) = LY,(Z) = Z/2. The remaining two groups sit in the
exact sequence

0— LY (Z) — ¢y — L§Y(Z) — L§(Z) — Cy — 0.

Since the map L§%(Z) — L§°(Z) identifies with the multiplication by 8 map
on Z, it follows that Cyp = Z/8 and Cy = L§*(Z) = Z/2; see [Ran81, Prop
4.3.1]. O

3.2.8. Remark. Let us denote by L™(R) the cofibre of the symmetrisation
map LY(R) — L*(R), called normal or hyperquadratic L-theory in Ranicki’s
work [Ran79] and [Ran92]. We then have C' ~ 7_; ;) L"(Z).

3.2.9. THEOREM. The classical quadratic Grothendieck—Witt groups of Z
are given by

(i) GW§(Z) =2 Z o Z,
(it) GWSYWZ) =2 Z/2 Z/2,
(i11) GWEYZ) = GWE(Z) for n > 2.
Proof. The group GW§¥(Z) is well known to be freely generated by the

standard hyperbolic form and the positive definite even form Eg (see the dis-
cussion at the beginning of the section). For ii, consider the exact sequence

Cy — GWH(Z) - GWE(Z) — C1 — GWEY(Z) — GWE(Z).

The map GW{Y(Z) — GW{(Z) is injective, and the image has index 8. It
follows that GW$*(Z) 2 (Z/2)3 maps surjectively onto C; = Z/2, and since
Cy = 0, by Lemma 3.2.7 we get that GW$%4(Z) = (Z/2)2. Finally, iii is implied
by Lemma 3.2.7iii. O

We now turn to the case e = —1.

3.2.10. LEMMA. Let D be the cofibre of the map L™8YZ) — L™8(Z). Then
D~ ¥2C.

Proof. By Proposition R.6 and Remark R.4, we have canonical equiva-
lences L784(Z) ~ ¥218%(Z) and L™8(Z) ~ %218(Z). Under these equiv-
alences, the symmetrisation map in the definition of D corresponds to the
double suspension of the one in the definition of C. U

3.2.11. LEMMA. There are group isomorphisms

(i) m K(Z; ¥ e, X 7Z/4,
(ZZ) ™2 K(Z; 9§q)h02 =0.
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Proof. Since the involution on K(Z;9%%) only depends on the underlying
duality, the canonical map

70 K(Z; 25N ne, — mn K(Z; 9% )ne,

is an isomorphism, and we shall henceforth replace 9%¢ with ¢ .

We first compute 71 K(Z; 2% )pc,. Consider the homotopy orbit spectral
sequence

EZ, = Hy(Coym K(Z;9%)) = mapt K(Z; 9 e,

Since Ha(Co;mo K(Z;9%)) = 0, the generator of Ho(Co;m K(Z;9%)) = Z/2 is
not an eventual boundary. The group 7 K(Z; 2% )nc, also gets a contribution
from H;(Ca;mo K(Z; 2% )) which has order 2, so in total it must have order 4.
There is, furthermore, an exact sequence

Ly%(Z) — m K(Z; 9% )ne, = GWT3(Z),

where the left-hand group is isomorphic to L§(Z) = Z and the right-hand group
is trivial by Table 3.2.6. It follows that the middle group is cyclic and is hence
isomorphic to Z/4.

We will now compute mo K(Z; 9% )nc,. For this, it will be useful to embed Z
in the field R of real numbers, and consider the topological variants of K-theory
and GW-theory for R, equipped with its usual topology. For this we follow
the approach of [Sch17, §10] and define these in terms of the simplicial ring
RA" € Fun(A°P, Ring), whose n-simplices are the set R2" of continuous maps
of topological spaces |A"| — R, considered as a ring via pointwise operations.
One then defines the topological variants of K-theory, GW-theory and L-theory
by

K'P(R) := | K(R2")| = colim K(R2") € Sp,

GW'P(R; 22) := | GW(R"; €9)| = colim GW(R"; 2) € Sp,

neAopP
and

LP(R; 99) := | L(RA"; 99)| = colim L(RA";9%) € Sp.
neA°

The construction above furnishes a natural map of spectra K'P(R) — ko =
Z x BGLP(R) which is an equivalence by [Sch17, Proposition 10.2]. Similarly,
by the same proposition GWgP(R; %) 2 GWq(R; ) and 751 GWP(R; 9%) is
naturally equivalent to BOP, (R) when e = 1 and to BSpioP(R) when e = —1.
The superscript top indicates that we topologise the groups as sequential col-
imits of Lie groups. In addition, by [Sch17, Remark 10.4] the natural map
L(R;9%) — L'P(R; 9%) is an equivalence.

We now claim that the map K(Z) — K'*P(R) ~ ko induces isomorphisms
on m; for ¢ < 2. The groups in question are in fact isomorphic; furthermore,
the composite S — K(Z) — ko is an isomorphism in the claimed range, so the
result follows.
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Let us write K"*P(R;95) for the spectrum K'P(R) considered together
with the Cs-action induced by the duality associated to 2% . Since taking
homotopy orbits preserves connectivity, we get from the above that the map
7 K(Z; 9 o, — m KPP(R; 9% )yc, is an isomorphism for i < 2. To finish
the proof, it will hence suffice to show that 7y K*P(R; 9% )¢, vanishes. Since
geometric realisations preserve fibre sequences of spectra, the latter group sits
in an exact sequence

LyP(R; ) — m KP(R; € e, — GW5P(R; 22).

Since R is a field we have that LiP(R;9%) = L3(R;9%) = 0 and since
GW5P(R; 9%) = 1, Spi%P(R) = Z, it follows that the group mo K*P(R; 9 ),
is free. But from the homotopy orbit spectral sequence we see that it has order
at most 4, and so we conclude that it is trivial. O

3.2.12. Remark. By Karoubi periodicity (as formulated, for example, in
Corollary [I1].4.6.4), we know that K(Z;9%) ~ S*72° @ K(Z;9*) as spectrum
with Cg-action. Furthermore, the map K(Z) — ko is Cg-equivariant with
respect to the Ca-action induced by ?° on K(Z) and the trivial action on ko.
The above lemma is then a statement about low dimensional homotopy groups
of (S§*7%° @ ko)nc,. These can also be computed using the cofibre sequence
Cay — SY — 57 and some elaborations thereof.

3.2.13. THEOREM. There are isomorphisms

(
(Z) =7
(iv) GW33Y(Z) = Z/24
(Z) = GW;®(Z) fori > 4.

We remark that statements ii and iii have been shown previously by Kran-
nich and Kupers using geometric methods; see [KK21].

Proof. Part v follows immediately from Lemma 3.2.10 and Lemma 3.2.7iii.
Part i is well known; see the discussion at the beginning of the section. For
Part iii, it suffices to note that by Lemma 3.2.11 the map GW,®*%(Z) —
L, 84(Z) 2 L§Y(Z) = Z is injective with finite cokernel.

Now to show ii, consider the following commutative diagram with exact
TOWS:

Ly 84 Z) —— m K(Z; 9% ne, —— GWY(Z) —— L1 %4(2)

| 5 | !

Ly (Z) —— m K(Z; 9% )he, —— GW[¥(Z) —— L1 ¥(Z)
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Since GW{®(Z) = 0 by Table (3.2.6), the bottom left-hand map must be
surjective. As in the proof of Lemma 3.2.10, the map Ly ®%%(Z) — L, *%(Z)
identifies with the map L§%(Z) — L§°(Z) and hence with the inclusion 8Z < Z.
Since m K(Z, %), = Z/4, the upper left-hand map must be 0. In addition
L;®4Z) 2 L7%Z) = 0, and so the upper middle map gives an isomorphism
GW;®4(Z) 2 Z/4 by Lemma 3.2.11i.

Finally, to prove iv consider the commutative diagram

L, *YZ) —— w3 K(Z; 9% e, —— GWY(Z) —— L3 ®4(Z)

| 2 | |

L,%(2) —— mK(Z; 2% )he, —— GW5(Z) —» L% (2),

where the bottom right map is surjective by Lemma 3.2.11ii. Then L;*%(Z) &
L$YZ) = 0 and L ®4(Z) @ L, *(Z) = L§*(Z) = 0, which implies that the top
middle horizontal map in the above diagram is an isomorphism and the bottom
middle horizontal map is injective with cokernel L3 ®%(Z) = L3%(Z) = Z/2; see
Proposition 2.3.1. Since GW3**(Z) = Z /48 by Table (3.2.6), this implies that
GW;8Y(Z) = Z/24, as claimed. O

3.2.14. Remark. By Proposition 3.1.11 and Corollary 1.3.15, we know that
for the ring of integers O in a number field F', the canonical map

GW5(0;¢) — GWy (O[%]; 6)

is a 2-local equivalence in degrees > 1. In principle, one can then use the
results of [KR(®20] to calculate the 2-local Grothendieck-Witt groups of O.
As before, the p-local homotopy for odd p is controlled by the isomorphisms

GW31n (05 6)[5] = Kn(O5 6)[5c, @ L3, (O 6)[5].

cl,n
One can then use Lemma 3.2.4 which determines the Cs-action on the 2-in-
verted K-groups of O. Moreover, by Corollary 2.3.2, the 2-inverted L-groups
are only non-zero for n = 4k and in this case are a free Z[4]-module of rank
equal to the number of real embeddings of the number field F'; see [MHT73,
Chapter IV 4].

Papers in this series

[I]  Part I: Foundations, Selecta Mathematica (N. S.) 29 (2023), no. 1, paper 10,
269 pp. 10.1007/500029-022-00758-2

[IT] Part II: Cobordism categories and additivity, Acta Math. 235 (2), 149-400, (2025)
10.4310/ACTA.2025.n235.n2.al

[IIT] Part III: Grothendieck-Witt groups of rings, this paper, 10.4007/an-
nals.2026.204.1.2,

[IV] Part IV: Karoubi—Grothendieck—Witt theory, in preparation.

[V] Part V: Poincaré motives, in preparation.


https://doi.org/10.1007/s00029-022-00758-2
https://doi.org/10.4310/ACTA.2025.n235.n2.a1
https://doi.org/10.4007/annals.2026.204.1.2
https://doi.org/10.4007/annals.2026.204.1.2

214

[BH20]

[Bal05]

[Bar15]

[Bau94]

[BKO5]

[BKSQ15]

[BGT13]

[Brol2]

[BF85]

[Chag7]

[CM21]

[CMM21]

[DO1Y]

B. CALMES ET AL

References

T. BacuMANN and M. J. HOPKINS, n-periodic motivic stable homotopy
theory over fields. arXiv 2005.06778.

P. BALMER, Witt Groups, in Handbook of K-Theory. Vol. 1, 2,
Springer, Berlin, 2005, pp. 539-576. MR 2181829. https://doi.org/10.
1007/978-3-540-27855-9_11.

C. BARWICK, On exact oo-categories and the Theorem of the Heart, Com-
pos. Math. 151 no. 11 (2015), 2160-2186. MR 3427577. Zbl 1333.19003.
https://doi.org/10.1112/S0010437X15007447.

H. J. BAUES, Quadratic functors and metastable homotopy, J. Pure Appl.
Algebra 91 no. 1-3 (1994), 49-107. MR 1255923. Zbl 0790.55014. Avail-
able at https://doi.org/10.1016/0022-4049(94)90135-X.

A. J. BERRICK and M. KAROUBI, Hermitian K-theory of the integers,
Amer. J. Math. 127 no. 4 (2005), 785-823. MR 2154370. Zbl 1080.19006.
https://doi.org/10.1353/ajm.2005.0024.

A. J. BERRICK, M. KAROUBI, M. SCHLICHTING, and P. A. (JSTVAER,
The Homotopy Fixed Point Theorem and the Quillen-Lichtenbaum con-
jecture in Hermitian k-theory, Adv. Math. 278 (2015), 34-55. MR 3341783.
Zbl 1346.19006. https://doi.org/10.1016/j.aim.2015.01.018.

A. J. BLUMBERG, D. GEPNER, and G. TABUADA, A universal characteri-
zation of higher algebraic k-theory, Geom. Topol. 17 no. 2 (2013), 733-838.
MR 3070515. Zbl 1267.19001. https://doi.org/10.2140/gt.2013.17.733.
W. BROWDER, Surgery on Simply-Connected Manifolds, Ergebnisse der
Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related
Areas] 65, Springer-Verlag, New York, 2012. MR 358813. Zbl 0543.57003.
https://doi.org/10.1007/978-3-642-50020-6.

D. BURGHELEA and Z. FIEDOROWICZ, Hermitian algebraic K-theory of
simplicial rings and topological spaces, J. Math. Pures Appl. (9) 64 no. 2
(1985), 175-235. MR 820117. Zbl 0597.18006.

R. CHARNEY, A generalization of a theorem of Vogtmann, J. Pure Appl.
Algebra 44 no. 1-3 (1987), 107-125. MR 885099. Zbl 0615.20024. https:
//doi.org/10.1016,/0022-4049(87)90019-3.

D. CLAUSEN and A. MATHEW, Hyperdescent and étale K-theory, Invent.
Math. 225 no. 3 (2021), 981-1076. MR 4296353. Zbl 1556.14025. https:
//doi.org/10.1007/s00222-021-01043-3.

D. CLAUSEN, A. MATHEW, and M. MORROW, K-theory and topolog-
ical cyclic homology of henselian pairs, J. Amer. Math. Soc. 34 no. 2
(2021), 411-473. MR 4280864. Zbl 1477.19003. https://doi.org/10.1090/
jams/961.

E. Dorro and C. OGLE, K-theory of Hermitian Mackey functors,
real traces, and assembly, Ann. K-Theory 4 no. 2 (2019), 243-316.
MR 3990786. Zbl 1440.19001. https://doi.org/10.2140/akt.2019.4.243.


http://www.arxiv.org/abs/2005.06778
http://www.ams.org/mathscinet-getitem?mr=2181829
https://doi.org/10.1007/978-3-540-27855-9_11
https://doi.org/10.1007/978-3-540-27855-9_11
http://www.ams.org/mathscinet-getitem?mr=3427577
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1333.19003
https://doi.org/10.1112/S0010437X15007447
http://www.ams.org/mathscinet-getitem?mr=1255923
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0790.55014
https://doi.org/10.1016/0022-4049(94)90135-X
http://www.ams.org/mathscinet-getitem?mr=2154370
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1080.19006
https://doi.org/10.1353/ajm.2005.0024
http://www.ams.org/mathscinet-getitem?mr=3341783
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1346.19006
https://doi.org/10.1016/j.aim.2015.01.018
http://www.ams.org/mathscinet-getitem?mr=3070515
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1267.19001
https://doi.org/10.2140/gt.2013.17.733
http://www.ams.org/mathscinet-getitem?mr=358813
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0543.57003
https://doi.org/10.1007/978-3-642-50020-6
http://www.ams.org/mathscinet-getitem?mr=820117
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0597.18006
http://www.ams.org/mathscinet-getitem?mr=885099
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0615.20024
https://doi.org/10.1016/0022-4049(87)90019-3
https://doi.org/10.1016/0022-4049(87)90019-3
http://www.ams.org/mathscinet-getitem?mr=4296353
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1556.14025
https://doi.org/10.1007/s00222-021-01043-3
https://doi.org/10.1007/s00222-021-01043-3
http://www.ams.org/mathscinet-getitem?mr=4280864
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1477.19003
https://doi.org/10.1090/jams/961
https://doi.org/10.1090/jams/961
http://www.ams.org/mathscinet-getitem?mr=3990786
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1440.19001
https://doi.org/10.2140/akt.2019.4.243

[DGO2]

[FGV22]

[FP78]

[Fri76]

[HLN21]

[HS26]

[Hil81]

[Hor02]

[HS04]

[HKO11]

[Kar71a]

[Kar71b]

[Kar71c]

HERMITIAN K-THEORY FOR STABLE co-CATEGORIES III 215

W. G. DwYER and J. P. C. GREENLEES, Complete modules and tor-
sion modules, Amer. J. Math. 124 no. 1 (2002), 199-220. MR 1879003.
Zbl 1017.18008. https://doi.org/10.1353/ajm.2002.001.

T. FENG, S. GALATIUS, and A. VENKATESH, The Galois action on sym-
plectic k-theory, Invent. Math. 230 no. 1 (2022), 225-319. MR 4480148.
Zbl 1509.19007. https://doi.org/10.1007/s00222-022-01127-8.

Z. FIEDOROWICZ and S. PRIDDY, Homology of Classical Groups over Fi-
nite Fields and their Associated Infinite Loop Spaces, Lecture Notes in
Mathematics 674, Springer, Berlin, 1978. MR 513424. Zbl 0403.55010.
https://doi.org/10.1007 /BFb0062824.

E. M. FRIEDLANDER, Computations of K-theories of finite fields, Topology
15 no. 1 (1976), 87-109. MR 394660. Zbl 0401.18007. https://doi.org/10.
1016,/0040-9383(76)90054-9.

F. HEBESTREIT, M. LAND, and T. NIKOLAUS, On the homotopy type of
L-spectra of the integers, J. Topol. 14 no. 1 (2021), 183-214. MR 4201125.
Zbl 1484.19008. https://doi.org/10.1112/topo.12180.

F. HEBESTREIT and W. STEIMLE, Stable moduli spaces of Hermitian
forms, Forum Math. Pi 14 (2026), Paper No. el7. MR 5081800. https:
//doi.org/10.1017/fmp.2026.10032.

H. L. HILLER, A-rings and algebraic K-theory, J. Pure Appl. Algebra 20
no. 3 (1981), 241-266. MR 604319. Zbl 0471.18007. https://doi.org/10.
1016/0022-4049(81)90062-1.

J. HORNBOSTEL, Constructions and dévissage in Hermitian K-theory, K-
Theory 26 no. 2 (2002), 139-170. MR 1931219. Zbl 1024.19003. https:
//doi.org/10.1023/A:1020369021665.

J. HORNBOSTEL and M. SCHLICHTING, Localization in Hermit-
ian K-theory of rings, J. London Math. Soc. (2) 70 mno. 1
(2004), 77-124. MR 2064753. Zbl 1094.55014. https://doi.org/10.1112/
S0024610704005393.

P. Hu, I. Kriz, and K. OrRMSBY, The homotopy limit problem for
Hermitian K-theory, equivariant motivic homotopy theory and motivic
Real cobordism, Adv. Math. 228 no. 1 (2011), 434-480. MR 2822236.
Zbl 1247.14020. https://doi.org/10.1016/j.aim.2011.05.019.

M. KAROUBI, Périodicité de la K-théorie hermitienne. théorie de quillen
et homologie du groupe orthogonal, C. R. Acad. Sci. Paris Sér. A 273
(1971), 1030-1033. MR 298653. Zbl 0225.550009.

M. KAROUBI, Périodicité de la K-théorie hermitienne: le cas topologique,
C. R. Acad. Sci. Paris Sér. A 273 (1971), 599-602. MR 287532. Zbl 0223.
55004.

M. KAROUBI, Périodicité de la K-théorie hermitienne. Les théoremes fon-
damentaux, C. R. Acad. Sci. Paris Sér. A (1971), 840-843. MR 298653.
7Zbl 0223.55006.


http://www.ams.org/mathscinet-getitem?mr=1879003
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1017.18008
https://doi.org/10.1353/ajm.2002.001
http://www.ams.org/mathscinet-getitem?mr=4480148
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1509.19007
https://doi.org/10.1007/s00222-022-01127-8
http://www.ams.org/mathscinet-getitem?mr=513424
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0403.55010
https://doi.org/10.1007/BFb0062824
http://www.ams.org/mathscinet-getitem?mr=394660
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0401.18007
https://doi.org/10.1016/0040-9383(76)90054-9
https://doi.org/10.1016/0040-9383(76)90054-9
http://www.ams.org/mathscinet-getitem?mr=4201125
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1484.19008
https://doi.org/10.1112/topo.12180
http://www.ams.org/mathscinet-getitem?mr=5081800
https://doi.org/10.1017/fmp.2026.10032
https://doi.org/10.1017/fmp.2026.10032
http://www.ams.org/mathscinet-getitem?mr=604319
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0471.18007
https://doi.org/10.1016/0022-4049(81)90062-1
https://doi.org/10.1016/0022-4049(81)90062-1
http://www.ams.org/mathscinet-getitem?mr=1931219
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1024.19003
https://doi.org/10.1023/A:1020369021665
https://doi.org/10.1023/A:1020369021665
http://www.ams.org/mathscinet-getitem?mr=2064753
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1094.55014
https://doi.org/10.1112/S0024610704005393
https://doi.org/10.1112/S0024610704005393
http://www.ams.org/mathscinet-getitem?mr=2822236
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1247.14020
https://doi.org/10.1016/j.aim.2011.05.019
http://www.ams.org/mathscinet-getitem?mr=298653
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0225.55009
http://www.ams.org/mathscinet-getitem?mr=287532
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0223.55004
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0223.55004
http://www.ams.org/mathscinet-getitem?mr=298653
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0223.55006

216

[Kar71d]

[Kar74]

[Kar75]

[Kar80]

[KS71]

[Kne70]

[KK21]

[KSS08]

[KRO20]

[LamO05]

[Lin80]

[Lur]

[Lurl7]
IMS76]

B. CALMES ET AL

M. KAROUBI, Périodicité de la K-théorie hermitienne. Les théories V™
et U™, C. R. Acad. Sci. Paris Sér. A 273 (1971), 802-805. MR 298652.
7Zbl 0223.55005.

M. KAROUBI, Localisation de formes quadratiques. I, Ann. Sci. Ecole
Norm. Sup. (4) 7 (1974), 359-403. MR 384894. Zbl 0325.18011. https:
//doi.org/10.24033 /asens.1273.

M. KAROUBI, Localisation de formes quadratiques. II, Ann. Sci. Ecole
Norm. Sup. (4) 8 (1975), 99-155. MR 384894. Zbl 0345.18007. https:
//doi.org/10.24033 /asens.1273.

M. KAROUBI, Le théoreme fondamental de la K-théorie hermitienne, Ann.
of Math. (2) 112 no. 2 (1980), 259-282. MR 592292. Zbl 0483.18008.
https://doi.org/10.2307/1971147.

M. KNEBUSCH and W. SCHARLAU, Quadratische Formen und quadratis-
che Reziprozitatsgesetze tiber algebraischen Zahlkérpern, Math. Z. 121
(1971), 346-368. MR 351998. Zbl 0216.04602.

M. KNEBUSCH, Grothendieck- und Wittringe von nichtausgearteten sym-
metrischen Bilinearformen, S.-B. Heidelberger Akad. Wiss. Math.-Natur.
KI. 1969/70 (1969/70), 93-157. MR 271118. Zbl 0256.15016.

M. KRANNICH and A. KUPERS, Some hermitian K-groups via geometric
topology, Proceedings of the American Mathematical Society 149 no. 7
(2021), 2745-2752. MR 4257790. Zbl 1473.19004. https://doi.org/10.
1090/proc/15098.

L. A. KURDACHENKO, N. N. SEMKO, and I. Y. SUBBOTIN, Insight into
modules over Dedekind domains, Proceedings of Institute of Mathematics
of NAS of Ukraine. Mathematics and its Applications 75, Natsional’na
Akademiya Nauk Ukraini, Institut Matematiki, Kiev, 2008 (English, with
English and Ukrainian summaries). MR 3363328. Zbl 1199.13001.

J. I. KYLLING, O. RONDIGS, and P. A. @STVER, Hermitian K-theory,
Dedekind ¢(-functions, and quadratic forms over rings of integers in number
fields, Camb. J. Math. 8 no. 3 (2020), 505-607. MR 4192569. Zbl 1456.
11221. https://doi.org/10.4310/CJIM.2020.v8.n3.a3.

T. Y. LaMm, Introduction to Quadratic Forms over Fields, Graduate Studies
in Mathematics 67, American Mathematical Society, Providence, RI, 2005.
MR 2104929. Zbl 1608.11023. https://doi.org/10.1090/gsm/067.

W. H. LIN, On conjectures of Mahowald, Segal and Sullivan, Math. Proc.
Cambridge Philos. Soc. 87 no. 3 (1980), 449-458. MR 0556925. Zbl 0455.
55007. https://doi.org/10.1017/S0305004100056887.

J. LURIE, Lecture notes on algebraic L-theory and surgery, Available at
the author’s website.

J. LURIE, Higher algebra, 2017, Available at the author’s website.

D. McDurr and G. SEGAL, Homology fibrations and the “group-
completion” theorem, Invent. Math. 31 mno. 3 (1975/76), 279-284.
MR 0402733. Zbl 0306.55020. https://doi.org/10.1007/BF01403148.


http://www.ams.org/mathscinet-getitem?mr=298652
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0223.55005
http://www.ams.org/mathscinet-getitem?mr=384894
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0325.18011
https://doi.org/10.24033/asens.1273
https://doi.org/10.24033/asens.1273
http://www.ams.org/mathscinet-getitem?mr=384894
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0345.18007
https://doi.org/10.24033/asens.1273
https://doi.org/10.24033/asens.1273
http://www.ams.org/mathscinet-getitem?mr=592292
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0483.18008
https://doi.org/10.2307/1971147
http://www.ams.org/mathscinet-getitem?mr=351998
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0216.04602
http://www.ams.org/mathscinet-getitem?mr=271118
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0256.15016
http://www.ams.org/mathscinet-getitem?mr=4257790
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1473.19004
https://doi.org/10.1090/proc/15098
https://doi.org/10.1090/proc/15098
http://www.ams.org/mathscinet-getitem?mr=3363328
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1199.13001
http://www.ams.org/mathscinet-getitem?mr=4192569
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1456.11221
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1456.11221
https://doi.org/10.4310/CJM.2020.v8.n3.a3
http://www.ams.org/mathscinet-getitem?mr=2104929
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1608.11023
https://doi.org/10.1090/gsm/067
http://www.ams.org/mathscinet-getitem?mr=0556925
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0455.55007
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0455.55007
https://doi.org/10.1017/S0305004100056887
http://www.math.harvard.edu/~lurie/287x.html
http://www.ams.org/mathscinet-getitem?mr=0402733
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0306.55020
https://doi.org/10.1007/BF01403148

[MHT73]

[Neu99]

[NS18]

[QSST79]

[Qui76]

[QuiT2]

[Qui73a]

[Qui73b]

[RW13]

[Ran92]

[Ran79]

HERMITIAN K-THEORY FOR STABLE co-CATEGORIES III 217

J. MILNOR and D. HUSEMOLLER, Symmetric Bilinear Forms, Ergeb-
nisse der Mathematik und ihrer Grenzgebiete [Results in Mathematics
and Related Areas] 73, Springer-Verlag, New York-Heidelberg, 1973.
MR 0506372. Zbl 0292.10016.

J. NEUKIRCH, Algebraic Number Theory, Grundlehren der mathematis-
chen Wissenschaften [Fundamental Principles of Mathematical Sciences]
322, Springer-Verlag, Berlin, 1999, Translated from the 1992 German
original and with a note by Norbert Schappacher, With a foreword
by G. Harder. MR 1697859. Zbl 0956.11021. https://doi.org/10.1007/
978-3-662-03983-0.

T. NikorLAUS and P. SCHOLZE, On topological cyclic homology, Acta
Math. 221 no. 2 (2018), 203-409. MR 3904731. Zbl 1457.19007. https:
//doi.org/10.4310/ACTA.2018.v221.n2.al.

H.-G. QUEBBEMANN, W. SCHARLAU, and M. SCHULTE, Quadratic and
Hermitian forms in additive and abelian categories, J. Algebra 59 no. 2
(1979), 264-289. MR, 0543249. Zbl 0412.18016. https://doi.org/10.1016/
0021-8693(79)90126-1.

D. QUILLEN, Letter from Quillen to Milnor on (m;0 — 77 — K;Z), in Al-
gebraic K-theory (Proc. Conf., Northwestern Univ., Evanston, ll., 1976),
Lecture Notes in Math. 551, Springer, Berlin-New York, 1976, pp. 182-188.
MR 482758.

D. QUILLEN, On the cohomology and K-theory of the general linear groups
over a finite field, Ann. of Math. (2) 96 (1972), 552-586. MR 0315016.
Zbl 0249.18022. https://doi.org/10.2307/1970825.

D. QUILLEN, Finite generation of the groups K; of rings of algebraic in-
tegers, in Algebraic K-Theory, I. Higher K-Theories (Proc. Conf., Bat-
telle Memorial Inst., Seattle, Wash., 1972), Lecture Notes in Math. 341,
Springer, Berlin-New York, 1973, pp. 179-198. MR 0349812. Zbl 0355.
18018. https://doi.org/10.1007/BFb0067048.

D. QUILLEN, Higher algebraic K-theory. I, in Algebraic K -theory, I. Higher
K -theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972),
Lecture Notes in Math. 341, Springer, Berlin-New York, 1973, pp. 85-147.
MR 338129. Zbl 0292.18004. https://doi.org/10.1007/BFb0067048.

O. RANDAL-WILLIAMS, ‘Group-completion’, local coefficient systems and
perfection, Q. J. Math. 64 no. 3 (2013), 795-803. MR 3094500. Zbl 1280.
55002. https://doi.org/10.1093/qmath/hat024.

A. A. Ranicki, Algebraic L-Theory and Topological Manifolds, Cambridge
Tracts in Mathematics 102, Cambridge University Press, Cambridge, 1992.
MR 1211640. Zbl 1143.57001.

A. RanickI, The total surgery obstruction, in Algebraic Topology, Aarhus
1978 (Proc. Sympos., Univ. Aarhus, Aarhus, 1978), Lecture Notes in Math.
763, Springer, Berlin, 1979, pp. 275-316. MR 0561227. Zbl 0428.57012.


http://www.ams.org/mathscinet-getitem?mr=0506372
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0292.10016
http://www.ams.org/mathscinet-getitem?mr=1697859
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0956.11021
https://doi.org/10.1007/978-3-662-03983-0
https://doi.org/10.1007/978-3-662-03983-0
http://www.ams.org/mathscinet-getitem?mr=3904731
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1457.19007
https://doi.org/10.4310/ACTA.2018.v221.n2.a1
https://doi.org/10.4310/ACTA.2018.v221.n2.a1
http://www.ams.org/mathscinet-getitem?mr=0543249
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0412.18016
https://doi.org/10.1016/0021-8693(79)90126-1
https://doi.org/10.1016/0021-8693(79)90126-1
http://www.ams.org/mathscinet-getitem?mr=482758
http://www.ams.org/mathscinet-getitem?mr=0315016
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0249.18022
https://doi.org/10.2307/1970825
http://www.ams.org/mathscinet-getitem?mr=0349812
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0355.18018
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0355.18018
https://doi.org/10.1007/BFb0067048
http://www.ams.org/mathscinet-getitem?mr=338129
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0292.18004
https://doi.org/10.1007/BFb0067048
http://www.ams.org/mathscinet-getitem?mr=3094500
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1280.55002
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1280.55002
https://doi.org/10.1093/qmath/hat024
http://www.ams.org/mathscinet-getitem?mr=1211640
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1143.57001
http://www.ams.org/mathscinet-getitem?mr=0561227
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0428.57012

218

[Ran80]

[Ran81]

[Rea26]

[Sch85]

[Sch24]

[Sch25]

[Sch10a]

[Sch10b]

[Sch17]

[Sch19]

[Sch21]

[Ser79]

[Ser64]

B. CALMES ET AL

A. RaNICKI, The algebraic theory of surgery. I. Foundations, Proc. London
Math. Soc. (3) 40 no. 1 (1980), 87-192. MR 0560997. Zbl 0471.57010.
https://doi.org/10.1112/plms/s3-40.1.87.

A. RANICKI, Ezxact Sequences in the Algebraic Theory of Surgery, Math-
ematical Notes 26, Princeton University Press, Princeton, NJ; University
of Tokyo Press, Tokyo, 1981. MR 0620795. Zbl 0471.57012. Available at
https://webhomes.maths.ed.ac.uk/~vIranick/books/exact.pdf.

T. READ, On the geometric fixed points of the real topological cyclic ho-
mology of z/4, Trans. Amer. Math. Soc. (2026), Published electronically:
June 15, 2026. https://doi.org/10.1090/tran/9688.

W. SCHARLAU, Quadratic and Hermitian Forms, Grundlehren Math.
Wiss. 270, Springer-Verlag, Berlin, 1985. MR 770063. Zbl 0584.10010.
https://doi.org/10.1007/978-3-642-69971-9.

M. SCHLICHTING, Corrigendum to “Symplectic and orthogonal K-groups
of the integers”, C. R. Math. Acad. Sci. Paris 362 no. 8 (2024), 307-308
(English, with English and French summaries). MR 4745341. Zbl 1539.
19002. https://doi.org/10.5802/crmath.606.

M. SCHLICHTING, Symmetric versus genuine symmetric forms in Hermitian
K-theory, 2025. arXiv 2503.14288.

M. SCHLICHTING, Hermitian K-theory of exact categories, J. K-Theory 5
no. 1 (2010), 105-165. MR 2600285. Zbl 1328.19009. https://doi.org/10.
1017/is009010017jkt075.

M. SCHLICHTING, The Mayer-Vietoris principle for Grothendieck-Witt
groups of schemes, Invent. Math. 179 no. 2 (2010), 349-433. MR 2570120.
Zbl 1193.19005. https://doi.org/10.1007/s00222-009-0219-1.

M. SCHLICHTING, Hermitian K-theory, derived equivalences and Karoubi’s
fundamental theorem, J. Pure Appl. Algebra 221 no. 7 (2017), 1729-
1844. MR 3614976. Zbl 1360.19008. https://doi.org/10.1016/j.jpaa.2016.
12.026.

M. SCHLICHTING, Symplectic and orthogonal K-groups of the integers,
C. R. Math. Acad. Sci. Paris 357 no. 8 (2019), 686-690. MR 4015334.
Zbl 1427.19001. https://doi.org/10.1016/j.crma.2019.08.001.

M. SCHLICHTING, Higher K-theory of forms I. From rings to exact cate-
gories, J. Inst. Math. Jussieu 20 no. 4 (2021), 1205-1273. MR 4293796.
Zbl 1478.19003. https://doi.org/10.1017/S1474748019000410.

J.-P. SERRE, Arithmetic groups, in Homological Group Theory (Proc.
Sympos., Durham, 1977), London Math. Soc. Lecture Note Ser. 36, Cam-
bridge Univ. Press, Cambridge-New York, 1979, pp. 105-136. MR 564421.
7Zbl 0432.20042.

J.-P. SERRE, Formes bilinéaires symétriques entiéres a discriminant +1, in
Séminaire Henri Cartan, 1961/62, Ecole Norm. Sup., Paris, 1964, pp. Exp.
14-15, 16. MR 160229. Zbl 0135.08801.


http://www.ams.org/mathscinet-getitem?mr=0560997
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0471.57010
https://doi.org/10.1112/plms/s3-40.1.87
http://www.ams.org/mathscinet-getitem?mr=0620795
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0471.57012
https://webhomes.maths.ed.ac.uk/~v1ranick/books/exact.pdf
https://doi.org/10.1090/tran/9688
http://www.ams.org/mathscinet-getitem?mr=770063
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0584.10010
https://doi.org/10.1007/978-3-642-69971-9
http://www.ams.org/mathscinet-getitem?mr=4745341
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1539.19002
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1539.19002
https://doi.org/10.5802/crmath.606
http://www.arxiv.org/abs/2503.14288
http://www.ams.org/mathscinet-getitem?mr=2600285
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1328.19009
https://doi.org/10.1017/is009010017jkt075
https://doi.org/10.1017/is009010017jkt075
http://www.ams.org/mathscinet-getitem?mr=2570120
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1193.19005
https://doi.org/10.1007/s00222-009-0219-1
http://www.ams.org/mathscinet-getitem?mr=3614976
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1360.19008
https://doi.org/10.1016/j.jpaa.2016.12.026
https://doi.org/10.1016/j.jpaa.2016.12.026
http://www.ams.org/mathscinet-getitem?mr=4015334
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1427.19001
https://doi.org/10.1016/j.crma.2019.08.001
http://www.ams.org/mathscinet-getitem?mr=4293796
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1478.19003
https://doi.org/10.1017/S1474748019000410
http://www.ams.org/mathscinet-getitem?mr=564421
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0432.20042
http://www.ams.org/mathscinet-getitem?mr=160229
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0135.08801

[Ser02]

[SP18§]

[Spil6]

[Tho83]

[Wal70]

[Wal73]

[Wal99]

[Weil3)]

[WW14]

HERMITIAN K-THEORY FOR STABLE co-CATEGORIES III 219

J.-P. SERRE, Galois Cohomology, English ed., Springer Monographs in
Mathematics, Springer-Verlag, Berlin, 2002, Translated from the French
by Patrick Ion and revised by the author. MR 1867431. Zbl 1004 .12003.
THE STACKS PROJECT AUTHORS, The Stacks project. Available at https:
//stacks.math.columbia.edu.

M. SPITZWECK, A Grothendieck-Witt space for stable infinity categories
with duality, 2016. arXiv 1610.10044.

R. W. THOMASON, The homotopy limit problem, in Proceedings of the
Northwestern Homotopy Theory Conference (Evanston, Ill., 1982), Con-
temp. Math. 19, Amer. Math. Soc., Providence, RI, 1983, pp. 407-419.
MR 711065. Zbl 0528.55008.

C. T. C. WALL, On the classification of hermitian forms. I. Rings of alge-
braic integers, Compositio Math. 22 no. 4 (1970), 425-451. MR 0281710.
Zbl 0211.07602. Available at https://www.numdam.org/item?id=CM_
1970_.22.4 425 0.

C. T. C. WALL, On the classification of Hermitian forms. III. Complete
semilocal rings, Invent. Math. 19 (1973), 59-71. MR 0323830. Zbl 0259.
16013. https://doi.org/10.1007/BF01418851.

C. T. C. WALL, Surgery on Compact Manifolds, second ed., Mathematical
Surveys and Monographs 69, American Mathematical Society, Providence,
RI, 1999, Edited and with a foreword by A. A. Ranicki. MR 1687388.
Zbl 0935.57003. https://doi.org/10.1090/surv/069.

C. A. WEIBEL, The K-Book. An Introduction to Algebraic K-Theory,
Grad. Stud. Math. 145, American Mathematical Society, Providence, RI,
2013, An introduction to algebraic K-theory. MR 3076731. Zbl 1273.
19001. https://doi.org/10.1090/gsm/145.

M. WEIss and B. WILLIAMS, Automorphisms of manifolds and algebraic
k-theory: Part III, Memoirs of the American Mathematical Society 231
no. 1084 (2014), vi+110. MR 3235548. Zbl 0622.57020.

(Received: March 29, 2021)
(Revised: December 22, 2021)

BAPTISTE CALMES
Université d’Artois, Laboratoire de Mathématiques de Lens, Lens, France

E-mail: baptiste.calmes@univ-artois.fr
https://orcid.org/0000-0002-0383-1761

EMANUELE DoTTO
University of Warwick, Mathematics Institute, Coventry, United Kingdom

E-mail: Emanuele.Dotto@warwick.ac.uk

YONATAN HARPAZ
Université Paris Cité, Sorbonne Université, Paris, France

E-mail: harpaz@imj-prg.fr
https://orcid.org/0000-0001-5084-4672


http://www.ams.org/mathscinet-getitem?mr=1867431
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1004.12003
https://stacks.math.columbia.edu
https://stacks.math.columbia.edu
http://www.arxiv.org/abs/1610.10044
http://www.ams.org/mathscinet-getitem?mr=711065
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0528.55008
http://www.ams.org/mathscinet-getitem?mr=0281710
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0211.07602
https://www.numdam.org/item?id=CM_1970__22_4_425_0
https://www.numdam.org/item?id=CM_1970__22_4_425_0
http://www.ams.org/mathscinet-getitem?mr=0323830
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0259.16013
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0259.16013
https://doi.org/10.1007/BF01418851
http://www.ams.org/mathscinet-getitem?mr=1687388
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0935.57003
https://doi.org/10.1090/surv/069
http://www.ams.org/mathscinet-getitem?mr=3076731
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1273.19001
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1273.19001
https://doi.org/10.1090/gsm/145
http://www.ams.org/mathscinet-getitem?mr=3235548
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0622.57020
mailto:baptiste.calmes@univ-artois.fr
https://orcid.org/0000-0002-0383-1761
mailto:Emanuele.Dotto@warwick.ac.uk
mailto:harpaz@imj-prg.fr
https://orcid.org/0000-0001-5084-4672

220 B. CALMES ET AL

FABIAN HEBESTREIT
Universitat Bielefeld, Fakultat fiir Mathematik, Bielefeld, Germany
E-mail: hebestreit@math.uni-bielefeld.de

MARKUS LAND

JGU Mainz, Institute of Mathematics, Mainz, Germany
E-mail: mland@uni-mainz.de
https://orcid.org/0000-0002-0714-335X

KRISTIAN MoI

KTH, Institutionen fér matematik, Stockholm, Sweden
Current address: Fremtind Forsikring, Oslo, Norway
E-mail: kristian.moi@gmail.com
https://orcid.org/0000-0002-4611-413X

DENIS NARDIN

Universitat Regensburg, Mathematisches Institut, Regensburg, Germany
E-mail: denis.nardin@ur.de

https://orcid.org/0000-0002-3448-8521

THOMAS NIKOLAUS

WWU Miinster, Mathematisches Institut, Miinster, Germany
E-mail: nikolaus@uni-muenster.de
https://orcid.org/0000-0002-6645-641X

WOLFGANG STEIMLE
Institut fiir Mathematik, Universitdt Augsburg, Augsburg, Germany
E-mail: wolfgang.steimle@math.uni-augsburg.de


mailto:hebestreit@math.uni-bielefeld.de
mailto:mland@uni-mainz.de
https://orcid.org/0000-0002-0714-335X
mailto:kristian.moi@gmail.com
https://orcid.org/0000-0002-4611-413X
mailto:denis.nardin@ur.de
https://orcid.org/0000-0002-3448-8521
mailto:nikolaus@uni-muenster.de
https://orcid.org/0000-0002-6645-641X
mailto:wolfgang.steimle@math.uni-augsburg.de

	Introduction
	Main results
	Proof strategy and further results
	Notation and Conventions
	Acknowledgements

	Recollection
	1. L-theory and algebraic surgery
	1.1. L-theoretic preliminaries
	1.2. Surgery for m-quadratic structures
	1.3. Surgery for r-symmetric structures

	2. L-theory of Dedekind rings
	2.1. The localisation sequence
	2.2. Dévissage
	2.3. Symmetric and quadratic L-groups of Dedekind rings

	3. Grothendieck-Witt groups of Dedekind rings
	3.1. The homotopy limit problem
	3.2. Grothendieck–Witt groups of the integers

	References

