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Introduction
Overview

Unimodular quadratic and symmetric forms are ubiquitous objects in mathematics ap-
pearing in contexts ranging from norm constructions in number theory to surgery obstruc-
tions in geometric topology. Their classification, however, even over simple rings such as
the integers, remains out of reach. A simplification, following ideas of Grothendieck for
the study of projective modules, suggests to consider for a commutative ring R (for ease
of exposition) the abelian group GWg(R) (resp. GW{(R)) given as the group comple-
tion of the monoid of isomorphism classes of finitely generated projective R-modules P,
equipped with a unimodular quadratic (resp. symmetric) form ¢, with addition given by
the orthogonal sum
[P.q)+ [P, ¢]=[P®PF qLq]

This group, commonly known as the (quadratic or symmetric) Grothendieck—Witt group
of R, was given a homotopy-theoretical refinement at the hands of Karoubi and Villa-
mayor in [KV], by adapting Quillen’s approach to higher algebraic K-theory. In modern
terms, one organises the collection of unimodular quadratic or symmetric forms (P, q)
into a groupoid Unimod" (R) for r€{q, s}, which may be viewed as an E.,-monoid using
the symmetric monoidal structure on Unimod" (R) arising from orthogonal sum. One

can then take the group completion to obtain an E,,-group
W, (R) = Unimod" (R)&™,

the classical Grothendieck—Witt space, whose group of components is the Grothendieck—
Witt group described above. By definition, the higher Grothendieck—Witt groups of R
are then the higher homotopy groups of GW¢,(R).

There are variants of this construction also for forms over non-commutative rings
R taking values in what we call an invertible module M with involution over R, which
in particular covers forms over rings with involution. In this generality, one can also
simply change the sign of the involution on M to pass from symmetric and quadratic
to skew-symmetric and skew-quadratic forms; we will denote the resulting module with
involution by —M. Finally, we shall also consider even forms in the sequel, that is forms
admitting a quadratic refinement but not equipped with one. For R commutative, they
for example encode symplectic, rather than just skew-symmetric, forms via M =—R also
in characteristic 2. The various kinds of forms are then connected by polarisation maps

9W21(R’ M) — 9WEI’<R’ M) — gwil(Rv M),

which are equivalences if 2 is a unit in R, but not in general.
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In the present paper, we establish a decomposition of any of the above Grothendieck—
Witt spaces into a K-theoretic and an L-theoretic part, and establish a tighter relation
between them than was previously expected. To motivate the decomposition into K- and

L-theoretic pieces, we recall, for r€{q, ev,s}, the following classical exact sequence:
Ko(R, M), —2*5 GWI (R, M) — Wi(R, M) — 0.

Here, the Cay-coinvariants on the group Ko(R, M)=K(R) on the left are formed with re-
spect to the dualisation action P+ P*:=Hompg(P, M), and W{ (R, M) is the Witt group,
defined as the monoid of isomorphism classes of unimodular M-valued r-forms modulo
those that admit a Lagrangian. The middle map is then simply the projection and the
left-hand one, the hyperbolisation, takes P to P@® P* equipped with its evaluation form.

The principal goal of the present paper is to extend this to a long exact sequence with
L-groups playing the role of higher Witt groups. Such results are well known principally
from the work of Karoubi and Schlichting if 2 is a unit in R, and have lead to a good
understanding of Grothendieck—Witt theory relative to K-theory, since the relevant L-
groups are often rather accessible. For instance, by work of Ranicki [Ran3], when 2 is
invertible in R, one has Wy (R, M)=Lo(R, M) and in addition L;1o(R, M)=L;(R,—M)
for all i€Z, so that the L-groups are in particular 4-periodic. There is furthermore a
large body of work computing Witt groups, culminating for example in Voevodsky’s
solution to Milnor’s conjecture that Witt groups of fields not of characteristic 2 admit
complete filtrations with filtration quotients given by Galois cohomology [Voe], [OVV].
An older result of Kato achieves a similar description in characteristic 2, see [Kat]. The
resulting calculations for Grothendieck—Witt groups of fields can then often be leveraged
for calculations over other rings by means of various localisation sequences if 2 is invertible
in R [HorS], [Sch2]. Another overarching goal of our paper series is to provide such
localisation sequences for Grothendieck—Witt groups if 2 is not assumed invertible in R,
and to describe the extent to which periodicity statements for L-groups still hold. The
latter turns out to be surprisingly closely related to the behaviour of the polarisation

maps connecting the various Grothendieck—Witt spaces.

Historical background

The study of Grothendieck—Witt spaces begins by comparing them to Quillen’s algebraic
K-space K(R) defined as the group completion of the groupoid of finitely generated

projective modules over R. To this end, one has maps

fgt: W (R, M) — K(R) and hyp: K(R) — SWE (R, M),
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the former extracting the underlying module of a unimodular form, the latter induced
by the hyperbolisation construction explained above.

In his fundamental papers [Karl], [Kar2], Karoubi analysed the case in which 2 is a
unit in R (so no distinction between the three flavours of Grothendieck-Witt groups is

necessary). He considered the spaces

Ua (R, M) = fib(K(R) 225 GWy (R, M)),
Va(R. M) = ib(GWa(R, M) 5 K(R)),
and the cokernels W;(R, M) of the maps
hyp: K, (R) — GW, (R, M).

He then showed the following two results nowadays known as his fundamental and peri-

odicity theorems, namely that
QU (R, —M)~=Vy(R,M) and W;(R,M) [%] W, o(R,—M) [%]

In fact, Karoubi showed the right-hand identification without the assumption that 2
be invertible in R. These results permit one to inductively deduce results on higher
Grothendieck—Witt groups from information about algebraic K-theory on the one hand,
and about W, (R, +M) for i=0,1 on the other.

To control the behaviour of the 2-torsion in the cokernel of the hyperbolisation map,
Kobal in [Kob] introduced refinements of the hyperbolic and forgetful maps. By the
invertibility assumption on M, the functor taking M-valued duals induces an action of
the group Cs on the algebraic K-spectrum, and we denote the arising Cs-spectrum by
K(R, M), and similarly for the K-space X(R, M). The maps above then refine to maps

K(R, M)nc, —2 GWY (R, M) —s GW3 (R, M) 25 K (R, M)*C2,
where the orbits on the left are formed in E.-groups (and not on underlying spaces) and
the composite is the norm of K(R, M). Kobal used these refinements to show that if 2 is
invertible in R, then the cofibre of hyp: K(R, M)nc, = GWa (R, M) is 4-periodic on the
nose.

The next major steps forward were then taken by Schlichting in [Sch3], who intro-
duced Grothendieck—Witt spectra for differential graded categories with duality in which
2 is invertible. Applied to categories of chain complexes over R, he obtained (usually
non-connective) spectra GW¢ (R, M) with Q> GW (R, M)~GW (R, M) and used this

machinery to establish a fibre sequence

GWa(R, MEY) B K (R, M) 22 QW (R, M),
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which he termed the Bott sequence, where (—)[ refers to the i-fold shift of the duality
afforded by his setup. He also proved that GW (R, M) ~GW (R, —MU+2]), yielding
in total a new conceptual proof of Karoubi’s fundamental theorem. Still assuming 2
invertible in R, he furthermore showed that the (4-periodic) homotopy groups of the
cofibre of the refined hyperbolic map hyp: K(R, M)nc, >GWa (R, M) are indeed given
by the Witt groups Wo(R,£M) in even degrees and by Witt groups of formations in
odd degrees.
This led to the folk theorem that if 2 is a unit in R, the cofibre of

hyp: K(R, M )¢, — GW (R, M)

is given by Ranicki’s L-spectum L(R, M) from [Ran3], whose homotopy groups are well
known to match Schlichting’s results, though, as far as we are aware, no account at
the level of spectra has appeared in the literature. Without the assumption on the
invertibility of 2, however, many of the methods employed break down. In particular,
the relation between Grothendieck—Witt groups and L-groups remained mysterious. For
example, it is well known that the cofibre of the hyperbolisation map in the quadratic
case cannot directly relate to quadratic L-spectra. If 2 is not invertible in R, then there
are indeed many flavours of L-groups and, as far as we are aware, not even a precise
conjecture had been put forward. In contrast to this situation, Karoubi predicted in
[Kar3] a precise form in which his fundamental theorems should extend to general rings:
it is not only the sign on M that changes when passing from U to V, but also the form
parameter. A similar suggestion was made by Giffen; see [Wil]. In what is hopefully

evident notation, they conjectured that
QUG(R, —M) =V (R, M) and QU (R, —M) =V (R, M).

In the present paper, we obtain extensions of Karoubi’s periodicity and fundamental
theorem to arbitrary rings, affirming in particular the conjecture of Karoubi and Giffen,
and also determine the cofibre of the hyperbolisation map as an L-spectrum (which,
however, need not be 4-periodic in general).

Karoubi’s fundamental and periodicity theorem have also been instrumental in con-
crete computations, for instance they have lead to an almost complete computation of
the Grothendieck-Witt groups of Z[1] in [BeK], and to great structural insight by con-
trolling the 2-adic behaviour of the forgetful map GWq—K"C? in [BKSQ] (still under
the assumption that 2 is a unit). In paper [III], we will employ the results of this paper to
prove extensions of these computational and structural results to general rings of integers

in number fields, and in particular to Z.
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Main results

Our approach is based on placing Grothendieck—Witt theory and L-theory into a common
general framework, namely that of Poincaré oo-categories, which were introduced by
Lurie in his lectures on L-theory [Lu3|, and developed in detail in [I]. A Poincaré oo-
category is a small stable co-category € together with a certain functor 2: C°? —8p which
encodes the type of forms (such as, quadratic, even or symmetric) under consideration.
The requirements on ? are such that there is an associated duality equivalence D¢: C°P —C
and as in Schlichting’s setup, Poincaré structures can be shifted via Qll=Si®e with
associated duality S‘®Ds.

As mentioned above, Lurie defined L-spectra L(C, ?) for Poincaré co-categories, and
it is by now standard to view K-spectra as a functor on stable co-categories. The duality
D¢ induces a Cs-action on the K-spectrum of a Poincaré oco-category and we will denote
the resulting Ca-spectrum by K(€,?). In the present paper, we define a Grothendieck—
Witt spectrum GW (€, ?) for every Poincaré oco-category and, as main result, we provide
extensions of Karoubi’s periodicity theorem and Schlichting’s Bott sequence for arbitrary

Poincaré co-categories.

MAIN THEOREM. For every Poincaré co-category (C,®), there is a fibre sequence

K(C, 9ne, —225 GW(C,9) 229, 1,(¢,9),

which canonically splits after inverting 2, and a fibre sequence

fgt

aw(e, o) K(C) P, GW(€, ).

In order to explain how this generalises the results of Karoubi and Schlichting on
Grothendieck—-Witt spectra of discrete rings mentioned above, take €=DP(R), the stable
subcategory of the derived oo-category D(R) spanned by the perfect complexes over R.

As part of [I], we constructed Poincaré structures
q 2q ge gs
= =% =% =%

connected by maps as indicated. Roughly, the outer two assign to a chain complex
its spectrum of homotopy coherent quadratic or symmetric M-valued forms, whereas the
middle three are the more subtle animations, or in more classical terminology non-abelian

derivations, of the functors
Quad,;, Evys, Sym,,: Proj(R)°? — Ab

parametrising ordinary M-valued quadratic, even and symmetric forms, respectively. We
shall refer to the outer two as the homotopical and inner ones as the genuine Poincaré
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structures on DP(R). The comparison maps between all five Poincaré structures are
equivalences if 2 is a unit in R, but in general they give rise to five distinct Grothendieck—
Witt spectra. Moreover, from the main result of [HStm], we find that it is the middle

three which relate to the classical Grothendieck—-Witt spaces, i.e. we have
Q> GW(DP(R),25)) ~ SWL (R, M)

for r€{q,ev,s}, whereas it is the outer two Poincaré structures 9}, and 93, that give
rise to Ranicki’s 4-periodic quadratic and symmetric L-spectra. This mismatch (which is
also the reason for carrying the subscript cl through the introduction) explains much of
the subtlety that arose in previous attempts to connect Grothendieck—Witt theory and
L-theory.

For consistency of notation, we will write GW{,(R, M) for GW(DP(R), ?%}) also if 2
is not necessarily invertible in R; if it is, these spectra really do agree with Schlichting’s
constructions, as we verify in the second appendix. The identifications at the heart of

his proofs of Karoubi’s fundamental theorem then extend to identifications
(DP(R), (98,)2) = (DP(R), 9% ,,) and  (DP(R), (23)2) = (DP(R), ).

So, if 2 is a unit in R, we in particular recover his results and extend the identification of
the cofibre of the hyperbolisation map to the spectrum level. More importantly, however,

even if 2 is not necessarily invertible, we also find

(DP(R), (95)) = (DP(R),9%%,) and  (DP(R), (¥57)) =~ (DP(R),2%%),
whence the second part of the Main theorem settles the conjecture of Giffen and Karoubi.
Explicitly, in hopefully evident notation, we obtain the following result.

COROLLARY. For a discrete ring R and an invertible R-module M with involution,

there are canonical equivalences
UdY(R,—M)~S'@VY (R, M) and UY(R,—M)~S'®@V3(R,M).

As a consequence of the first part of our Main theorem, we also obtain a direct
relation between the Grothendieck—Witt spectra for different form parameters. As an
implementation of Ranicki’s L-theoretic periodicity results, Lurie produced canonical
equivalences

L(e, M) ~S'oL(e,9).
Applying this four times, we obtain a stabilisation map

stab: S*@L(DP(R), 955) ~ L(DP(R), 959) 2215 L(DP(R), 953),

which is an equivalence if 2 is invertible in R. As another articulation of periodicity we
have the following result.
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COROLLARY. The natural map pol: GWg (R, M)—GWZg (R, M) fits into a commu-

tative diagram

K(R, M)yc, —2 GWY(R, M) — S'®L(DP(R), %)

{id Jpol J{stab

K(R, M)nc, =2 GW3 (R, M) =% L(DP(R), %))
of fibre sequences.

In particular, this result ties the behaviour of the polarisation map
GWH(R, M) — GWg (R, M)

directly to the periodicity properties L(DP(R),?%;). In the body of the text, we shall
derive more general versions of both corollaries concerning Grothendieck—Witt groups as-
sociated to suitable pairs of Bak’s form parameters. In particular, we settle Conjectures 1
and 2 of [Kar3] in full.

In the third part of this series, paper [III], we investigate the spectra L(DP(R), 2%))
and GW(DP(R),?%}) for general form parameters in detail. In particular, we refine work
of Ranicki to show that, for Dedekind rings, and thus in particular number rings, the
comparison map

L(DP(R), 95;) — L(DP(R), 25y)

is an equivalence in non-negative degrees. In particular, in this case, the non-negative
genuine symmetric L-groups are still 4-periodic, and surprisingly it is the symmetric and

not the quadratic L-groups which govern the cofibre of the hyperbolisation map
K(Rv M)hCQ — qu(Rv M)

outside small degrees. We use this analysis in conjuction with our Main theorem to
obtain dévissage results for Grothendieck—Witt spectra of Dedekind rings, establish finite
generation results and confirm Thomason’s homotopy limit problem for number rings,
and ultimately provide an almost complete computation of the Grothendieck—Witt groups

of the integers.

Hermitian K-theory of Poincaré co-categories

Let us now sketch the road to our main result. Besides the setup of Poincaré oo-categories,
the main novelty of our approach is its direct connection to the theory of cobordism cate-
gories of manifolds. To facilitate the discussion, recall that Cob, has (d—1)-dimensional
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closed, oriented, smooth manifolds as objects, and spaces of cobordisms thereof as mor-

phisms. The celebrated equivalence
|Cobg| ~ Q*°~*MTSO(d),

established by Galatius, Madsen, Tillmann and Weiss in [GMTW] then lies at the heart
of much modern work on the homotopy types of diffeomorphism groups [GRW]; here
MTSO(d) denotes the Thom spectrum of —y43—BSO(d), where 4 denotes the universal
vector bundle over BSO(d).

Now, a Poincaré co-category (€, ?) determines a space of Poincaré objects Pn(C, ?)
to be thought of as the higher categorical generalisation of the groupoid Unimod” (R, M)
of unimodular forms considered in the case of discrete rings above. By adapting Quillen’s
Q-construction to the hermitian setup, we produce for every Poincaré oco-category (€, ?)
an analogous cobordism category Cob(C,?)€Cato, with objects given by Pn(C, 9[1]) and
morphisms given by spaces of Poincaré cobordisms, Ranicki style.

As the technical heart of the present paper, we show the following additivity theorem.

THEOREM A. If p: (D, ®)—(&, V) is a split Poincaré—Verdier projection with kernel
(€,Q), then it induces a bicartesian fibration of oo-categories Cob(D,P)— Cob(E, V),
whose fibre over 0€Cob(€, V) is Cob(C,?). In particular, one obtains a fibre sequence

|Cob(€,9)| — |Cob(D, ®)| — |Cob(&, ¥)]

of spaces.

Here, p is called a Poincaré—Verdier projection if the sequence (€, ?)— (D, ®)— (&, ¥)
is both a fibre and a cofibre sequence in Cat®_, the co-category of Poincaré oo-categories.
We call such sequences Poincaré—Verdier sequences, and they are split if the underlying
functors both admit both adjoints. This is the Poincaré analogue of the notion of (split)
Verdier sequences of stable co-categories, and indeed the result is a hermitian analogue
of Waldhausen’s additivity theorem, as we shall momentarily explain. To any Poincaré
category (C,?) we may associate a new Poincaré category Met(C,?) whose underlying
category is Ar(€)=Fun(A!,€) and whose Poincaré objects encode Poincaré objects in
(€, ?) together with a Lagrangian. As such Lagrangians are the same thing as Ranicki’s
null-cobordisms, the cobordism category Coba(G,Q)::Cob(Met(G,9)[1]) plays the role
of a cobordism category with boundary akin to the geometric situation. Extracting
boundaries and viewing objects as having trivial boundary then induces a split Poincaré-

Verdier sequence, the metabolic sequence

(€,9171) — Met(C, 9) =22 (€, 9),



HERMITIAN K-THEORY FOR STABLE 0o-CATEGORIES II 159

whose right-hand map is underlain by the target projection t: Ar(€)—C. Applied to this

special case, Theorem A gives a fibre sequence
|Cob(e, 911y — [Cob?(€, 91~y -2+ |Cob(C, 9)|
which on the one hand, we view as an algebraic version of Genauer’s fibre sequence
|Cobgy 1| — |Cobd, ;| -2+ |Cobyl

from geometric topology [G]. On the other hand, it is a hermitian analogue of the (split)
fibre sequence
[Span(€)| —» [Span(Ar(€))| — [Span(€)].

which, in view of the equivalence Q|Span(€)|~X(€), is equivalent to Waldhausen’s clas-
sical additivity theorem K(Ar(€))~X(€)2. In contrast to this case, however, neither the
geometric nor our hermitian fibre sequences split.

Our proof of Theorem A is in fact modelled on the recent proof of Genauer’s fibre
sequence at the hands of the ninth author [Stm], and is new even in the context of
algebraic K-theory. Similar additivity results are known in other setups and in varying
degrees of generality, e.g. in [Sch3], [HSV1]. The actual statement we prove in the
body of the paper is, however, more general and also applies to an arbitrary additive
functor JF: Cat?, —8 replacing F=Pn in the definition of cobordism categories; here, we
call such F additive if it takes split Poincaré—Verdier squares, that is, cartesian squares
of Poincaré oco-categories whose vertical maps are split Poincaré—Verdier projections, to
cartesian squares of spaces.

We then proceed on to define the Grothendieck—Witt spectrum GW (C, Q) by iterating
the hermitian Q-construction, and thus also the Grothendieck—Wiit space GW(C, Q)=
0° GW(C,?). The refined version of Theorem A, which in particular applies to such
iterated constructions, gives us a basis for establishing the following result.

THEOREM B. (i) There is an equivalence
|Cob(C, Q)| ~ Q> GW(E,?),
natural in (C,?)€Catl, . So, in particular,
Q|Cob(€, 9)| =~ GW(E, 9).

(ii) The functors GW:Catl, —8p and GW: Catl, — Grpg_(8) are the initial addi-
tive functors equipped with a transformation Pn—GW=~Q0> GW.
(iii) The functor L:Catb —8p is the initial additive, bordism-invariant functor

equipped with a transformation Pn— Q> L.
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Here, an additive functor Cat2 —8p is called bordism-invariant if it vanishes on
Met(C, ?) for every Poincaré co-category (C,?), a notion that on account of Waldhausen
additivity has no sensible counterpart in the context of ordinary algebraic K-theory. The-
orem B simultaneously gives an algebraic analogue of the theorem of Galatius, Madsen,
Tillmann and Weiss above concerning the homotopy type of the cobordism category and
the hermitian analogue of the theorem of Blumberg, Gepner and Tabuada from [BGT]
that K: CatSs —8p is the initial additive functor with a transformation Cr—Q>° K=X.

To establish the fibre sequence

K(€,9)nc, — GW(E,Q) — L(C,9)

starting from Theorem B, we finally also exhibit the cofibre of the left-hand map as the
initial bordism-invariant functor under GW, so that Theorem B applies to identify it
with L(C,?). To obtain the extension

GW(e, 1 — K(e) — GW(E, 9)

of Schlichting’s fibre sequence, we use a version of Ranicki’s algebraic Thom construction

to derive a natural equivalence
|Cob?(€,9)| ~|Span(€)| ~ Q> 1 K(€),

analogous to Genauer’s identification |CobJ|~Q°°~1S[BSO(d)]. This identification up-
grades to an equivalence GW(Met(C,?))~K(€), and the desired fibre sequence is thus
obtained by taking Grothendieck—Witt spectra of the metabolic sequence. In particular,
it is an algebraic analogue of Genauer’s results, and we therefore term it the Bott—Genauer
sequence.

With the Main theorem established, we observe that, since both L-theory and K-
theory take arbitrary Poincaré—Verdier sequences in Cat?, to fibre sequences, we obtain

the following localisation theorem for Grothendieck—Witt theory.
COROLLARY C. The functor GW: Catl —8p is Verdier-localising, i.e. it takes ar-
bitrary Poincaré—Verdier sequences (C,2)— (D, ®)— (&, ¥) to fibre sequences

GW(E,9) — GW(D, ®) — GW(E, 1)

of spectra.

An important example of Poincaré—Verdier sequences arises from localisations of
rings. Applied in these cases, Corollary C can for example be used to reproduce and
generalise the classical localisation and Mayer—Vietoris sequences among (symmetric)
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Grothendieck—Witt spaces and spectra [HorS], [Sch2]; see Corollary F below and the

subsequent discussion.

As the final piece of general structure, we recall that in [HM] Hesselholt and Madsen
combined the symmetric Grothendieck—Witt and algebraic K-spectra of a ring R and
an invertible module with involution M into what they termed the real algebraic K-
spectrum, a genuine Ca-spectrum with underlying spectrum K(R) and genuine fixed
points given by the connective cover of GWS, (R, M). We likewise construct a functor
KR: Cat?, —8p8©2, where Sp8¥2 denotes the oo-category of genuine Ca-spectra. The
underlying Cs-spectrum is again given by K(C, ?), and in our case the genuine fixed points
are GW(C,?) (not just its connective cover). Our Main theorem can then be expressed
as identifying the geometric fixed points of KR with L-spectra, which combined with the
comparison results of [HStm] affirms the conjecture of Hesselholt and Madsen, that the
geometric fixed points of the real algebraic K-spectrum of a discrete ring are a version of

Ranicki’s L-theory. In total, one can identify the isotropy separation square of KR(C,?)

KR(C,?)8% — KR(€,9)¥C2 GW(e,9) 24, 1,e,9)
Jr J " Jffgt JE
KR(C,?)hC> —; KR(C,)'C> K(C,Q)hC2 <, K (@, 9)tCz,

where Z: L(€,?) —K(C,?)'C2 is an extension of a transformation into the Tate construc-
tion on algebraic K-theory first constructed by Weiss and Williams in [WW1].

As the ultimate expression of periodicity, we then have the following statement in
the language of genuine equivariant homotopy theory, which combines the periodicity

results about L-spectra and Karoubi’s fundamental theorem into a single result.

THEOREM D. The boundary map of the metabolic Poincaré—Verdier sequence pro-

vides a canonical equivalence
KR(€, Q") ~ S @KR(€C,9),

where o denotes the sign representation of Cs.

Indeed, the periodicity properties of L-spectra are now an instance of the identifica-
tion (S!'77®X)?C2~S'® X¥C2 and the Bott-Genauer sequence is recovered via the fibre
sequence X&8%2 — X —(S'=7®X)8%, both valid for general X €Sp8®z.
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Further applications to rings and parametrised spectra

In this subsection, we specialise the abstract results discussed earlier to the classical
Grothendieck-Witt spectrum of a (discrete) ring R with coefficients in an invertible

module with involution M. We constructed in [I] a sequence of Poincaré structures

q __ Q=0 >m >m—1 Z—00 _ 08
=% = .= =% =.==% =%

on DP(R), all of whose transition maps are equivalences if 2 is invertible in R. The

genuine Poincaré structures introduced earlier appear as
gs _ 020 ge __o=1 gd __ o0=2
=07, 9,=9, and 9%/ =97

Furthermore, in [I], we showed that the shift functors on DP(R) induce equivalences of
the form

(DP(R), (257")B) = (DP(R), 923).
Applying Theorem D, we find the following result, which (for 2 invertible in R) proves

another unpublished conjecture of Hesselholt—Madsen.

COROLLARY E. (Genuine Karoubi periodicity) For a (discrete) ring R, an invertible

R-module M with involution, and meZU{xoo}, there are canonical equivalences
KR(DP(R),97/") ~S* 29 @KR(DP(R), 77 1).

In particular, the genuine Ca-spectra KR(DP(R),?3,) and KR(DP(R),?},) are (4—40)-

periodic and even (2—20)-periodic if R has characteristic 2.

In particular, we find
KR(DP(R), 25%) ~S* 27 @ KR(DP(R), 9%%),) ~S*** @ KR(DP(R), 95).

In fact, we show that the (4—40)-fold (resp. (2—20)-fold) periodicity of KR(DP(R), ;)
and KR(DP(R),?},) in fact holds for any complex oriented (resp. real oriented) Eq-ring
R. We will deduce it in this generality in the body of the paper along with periodicity
results for other ring spectra such as ko and tmf often with periods larger than 4.

Let us now turn to a sample application regarding the behaviour of Grothendieck—

Witt spectra under localisations of rings. As part of our general analysis, we show that
(DP(R), 95") ——— (D™D (R[L/f). 95 /)

t |

(Dim(g) (R[l/g])’ 91%4?1/9]) — (Dim(fg)( [1/f9])a Qi[ml/fg])
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is a Poincaré-Verdier square for any commutative ring, invertible R-module M with
involution and f, g€ R that span the unit ideal. Here, for any a€ R, the superscript im(a)
indicates the Poincaré subcategory of DP(R) generated by the image of the localisation
functor DP(R)—DP(R[1/a]). As a consequence of Corollary C, we thus find the following

result.

COROLLARY F. Ler R be a (discrete) commutative ring, M be an invertible R-
module with involution, and f,g€ R be elements spanning the unit ideal. Then, applying
any Verdier-localising functor F: Catl, —8p such as K, GW or L to the square above

yields a cartesian diagram of spectra.

The categories D™(®)(R)CDP(R) are dense (and in general proper) stable subcate-
gories. By work of Thomason, such subcategories are classified by subgroups ¢cCKy(R),
and in the body of the text we treat the case of such control groups in general. In
[IV] we then extend Schlichting’s hermitian cofinality theorem to general Poincaré oco-
categories, which in particular implies that passage to a dense Poincaré subcategory
does not affect the positive Grothendieck—Witt groups. Combined with Corollary F, this
extends Schlichting’s Mayer—Vietoris sequences [Sch2] from higher symmetric to qua-
dratic and even Grothendieck—Witt groups. A more systematic approach, also pursued
in [IV], considers what we term Karoubi—Grothendieck—Witt spectra GW(C,?), a variant
of Grothendieck—Witt spectra that is not only Verdier-localising, but also invariant under
passage to dense subcategories mimicking the passage from connective to non-connective
K-theory. Corollary F then shows that GW satisfies a Mayer—Vietoris principle at the
spectrum level. In [CHN], this is exploited to show that Karoubi-Grothendieck—Witt
spectra of schemes satisfy Zariski (even Nisnevich) descent, recovering and extending
Schlichting’s results.

Lastly, we turn to another class of examples of Poincaré oo-categories, namely those
formed by compact parametrised spectra over a space B. The relevance of these examples
is already visible in the equivalences

A(B)=K((8p/B)?)

describing Waldhausen’s K-theory of spaces in the present framework. Given a stable
spherical fibration £ over B, there are three important Poincaré structures on (Sp/B)%:
the quadratic, the symmetric and the visible one, all of whose underlying duality is the
Costenoble-Waner functor

E '+ Homp(EXE, Af).

Here, X is the exterior tensor product, A: B— B x B is the diagonal map, and the sub-
script ! denotes the left adjoint functor to its associated pullback. Then, from our iden-
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tification of the isotropy separation square of KR((8p/B)“,?¢) with r&€{q,s, v}, we find

the following result.

COROLLARY G. There are canonical equivalences
GW((8p/B)“, %) ~LA"(B,¢),

and, in particular,
Q>~'LA"(B, &)~ |Cob((Sp/B)*, %)

for re{q,s,v}.

Here, LA"(B, ) denotes the spectra constructed by Weiss and Williams (under the
names LA,, LA® and VLA) in their pursuit of a combination of surgery theory and
pseudo-isotopy theory into a direct description of the spaces G(M)/ Top(M) for closed
manifolds M; see [WW3]. This result unites their work with the recent approaches to the
study of diffeomorphism groups at the hands of Galatius and Randal-Williams [GRW].
In particular, the second part provides a cycle model for the previously rather mysterious

spectra LA"(B, ) that can be used to give a new construction of the celebrated map
Top(M),/ Top(M) — Q! (Wh(M)uc,)

from [WW3] along with a new proof of the index theorems of Weiss and Williams set to

appear in [WW4]. These results will appear in future work.

Related recent work

Firstly, in [HSV1], Heine, Spitzweck and Verdugo also construct a real algebraic K-
spectrum in greater generality than in the present paper (in particular, for not necessarily
stable oo-categories), with a version of Theorem B (ii) as their main result, albeit using
a weaker notion of additivity than the one we use here (resulting in a logically incom-
parable result). We compare our construction of Grothendieck—Witt spectra to theirs in
Appendix B, but do not pursue a full comparison of the real algebraic K-spectra here.
Secondly, Schlichting announced results similar to the corollaries of our main the-
orem, and some of the applications we pursue in the third instalment of this series in
[Schd], but see also [Sch6], during the completion of this work. He uses the setup from
[Sch5] and a comparison to our construction follows from the main results of [HStm)].
Neither of these papers systematically relates Grothendieck—-Witt theory to L-theory,

a main thread of our work.
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Organisation of the paper

In the next section, we briefly summarise the necessary results of [I], providing in par-
ticular a guide to the requisite parts. In §1, we study (co)fibre sequences in Cat®  in
detail and introduce additive and localising functors. The analogous results in the set-
ting of stable co-categories, on which our results are based, are well known, but seem
difficult to locate coherently in the literature. We therefore give a systematic account in
Appendix A, without any claim of originality.

The real work of the present paper then starts in §2. It contains the definition of the
hermitian Q-construction and the algebraic cobordism category and proves Theorem A
as Corollary 2.5.1 and Lemma 2.5.3. In §3 we then analyse the behaviour of arbitrary
additive functors Catl —8p and Catb —8. This leads to very general versions of Theo-
rem B in Corollary 3.3.4 and Proposition 3.4.5, our Main theorem in Corollary 3.6.7, and
Theorem D in Theorem 3.7.5. We then obtain all other results of this introduction as
simple consequences in §4, where we specialise the discussion to the Grothendieck—Witt
functor.

Finally, there is a second appendix which establishes two comparison results to other
Grothendieck—Witt spectra, not immediate from the results of [HStm]. They are not used

elsewhere in the paper.
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Recollection

In the present section, we briefly recall the parts of [I] that are most relevant for the
considerations of the present paper. We first summarise the abstract features of the

theory, and then spell out some examples.

Poincaré oco-categories and Poincaré objects

Recall from [I, §1.2] that a hermitian structure on a small stable co-category C is a
reduced, quadratic functor 2: C°P — 8p; we will discuss such functor in detail momentarily.
We call a pair (€, ?) consisting of these data a hermitian co-category. These organise into
an co-category Cat’ whose morphisms (€, ?)— (D, ®) consist of what we term hermitian
functors, that is pairs (f,n) where f:C—D is an exact functor and 7: =P fP is a
natural transformation.

To such a hermitian oo-category is associated its co-category of hermitian forms
He(C,?), whose objects consist of pairs (X, ¢q), where X €€ and ¢ is a ?-hermitian form
on X, i.e. a point in Q°9(X); see [I, §2.1]. Morphisms are maps in € preserving the
hermitian forms. The core of the oco-category He(C,?) is denoted Fm(C,?), and these

assemble into functors
He: Cat® — Cat,, and Fm:Cat? —8.

In order to impose a non-degeneracy condition on the forms in Fm(C,?), one needs a
non-degeneracy condition on the hermitian co-category (C,?) itself. To this end, recall
the classification of quadratic functors from Goodwillie calculus: any reduced quadratic

functor uniquely extends to a natural cartesian diagram

(X)) ———— Ao(X)

L]

B?(Xa X)h02 — B?(Xa X)t02

where Ag: C°P—8p is linear (i.e. exact), and Bg: C°P x C°P—8p is bilinear (i.e. exact in
each variable) and symmetric (i.e. comes equipped with a refinement to an element of
Fun(C°P x C°P, 8p)PC2 | with C, acting by flipping the input variables); see [I, §1.3].
A hermitian structure ¢ is called Poincaré if there exists an equivalence D: C°P —C
such that
Bo(X,Y)~Home(X,DY)

naturally in X, Y €C°P. By Yoneda’s lemma, such a functor D is uniquely determined if it
exists, so we refer to it as D¢. By the symmetry of Be, the functor D¢ then automatically



168 B. CALMES ET AL.

satisfies DgoDgP ~ide. Any hermitian functor (f,7): (C,?)— (D, ®) between Poincaré co-
categories (i.e. hermitian co-categories whose hermitian structure is Poincaré) induces a
canonical map foDe¢=-Dgo fP; see [I, §1.2]. We say that (f,n) is a Poincaré functor if
this transformation is an equivalence, and Poincaré co-categories together with Poincaré
functors form a (non-full) subcategory Cat®, of Cat! .

Now, if (C,?) is Poincaré, then to any hermitian form (X, ¢)€Fm(C,?) there is
canonically associated a map gy: X -+De¢X as the image of ¢ under

Q™9(X) — Q®By(X, X) ~Home (X, DeX),

and we say that (X, q) is Poincaré if the map gz is an equivalence. The full subspace of
Fm(C,?) spanned by the Poincaré forms is denoted by Pn(€,?) and provides a functor
Pn: Catb, — 8, which we suggest to view in analogy with the functor Cr: CatZs — 8 taking
a stable co-category to its groupoid core. Details about this functor are spelled out in
1, §2.1].

Hermitian structures can be shifted by forming QL] =S'®?, and the simplest example
of a Poincaré co-category to keep in mind is C=DP(R), where R is a discrete commutative
ring and DP(R) is the co-category of perfect complexes over R (i.e. finite chain complexes
of finitely generated projective R-modules), together with the symmetric and quadratic

Poincaré structures given by
QL(X) ~homp(X®% X, R)nc, and 95%(X)~homp(X®%X, R)"2,

where homp denotes the mapping spectrum of the stable co-category DP(R) (in other
words, the spectrum underlying the derived mapping complex R Hompg). In either case,

the bilinear part and duality are given by
B(X,Y)~homr(X®%Y,R) and D(X)~RHompg(X,R),

respectively, which makes both 9 and 9% into Poincaré structures on DP(R).

Constructions of Poincaré oco-categories

We next collect a few important structural properties of the co-categories Cat};o and
Cat?

[o ol

by the results of [I, §6.1], they are both complete and cocomplete, and the inclusion

which are the source of key constructions of Poincaré oo-categories. First of all,

CatP_—Cat detects equivalences. Furthermore, the forgetful functors

CatP, —» Cat" — Cat®
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both possess both adjoints, so preserve both limits and colimits; the adjoints are con-
structed in [I, §7.2 and §7.3]. For the right-hand functor, both of them simply equip
a stable oco-category € with the trivial hermitian structure zero. The right adjoint to
the left-hand functor is given by the pairings construction (D, ®)+—Pair(D,P) stud-
ied in [I, §7.3]. Its underlying oo-category is given by the bivariant unstraightening
of Q®Bg: DP xDP— 3§, and its objects are thus given by triples (X,Y, ) with X e
D, YeDP and feN™*Bg(X,Y). Its hermitian structure ®p,i takes (X,Y, ) to the
pullback of ®(X)—Bg(X, X)<«+homqp(X,Y), with right-hand map given by pullback of
B and the adjunction counit simply projects (X,Y, ) to X with the evident hermitian
refinement. The left adjoint is given by (D, ®)Pair(D, ®-1), with unit underlain by
X (QX,0,0).

The following two special cases are of great importance. By the above discussion,
the left and right adjoints of the composite Cath —Cato: agree. They are given by the
hyperbolic construction €—Hyp(€) with underlying oo-category CxC°P and Poincaré
structure home: (€ x €°P)°P — 8Sp, see [I, §2.2]. The associated duality is given by (X,Y )~
(Y, X), and there is a natural equivalence Cr€~Pn Hyp(€) implemented by X — (X, X).

The other important case is the composite of the inclusion CatP, —Cat"_ with either
of its adjoints; see [I, §2.3]. For (C,?) a Poincaré co-category the duality identifies the

underlying category of Pair(C, ?) with Ar(€), and the Poincaré structure thereon becomes
Qar (X —=Y) = 2(X) xp,(x,x)Be (X, Y),
resulting in the Poincaré oo-category Ar(C, ?)=(Ar(C), 2a:). The equivalence
cof: Ar(C) — Ar(C)
then translates the shifted hermitian structure (2,,)[=! into
Prmet (X = Y) =fib((Y) — 2(X)).

The left adjoint therefore takes (€, ?) to Met(€, ?)=(Ar(C), Lmet ), the metabolic Poincaré

oo-category of (€, ?), which comes equipped with an equivalence
cof: Ar(€, )71 ~ Met (€, Q).
The associated duality is

and Poincaré objects in Met (@, ?) are best thought of as Poincaré objects with boundary

in the Poincaré oo-category (€,217) which embeds into Met(€,9) via X — (X —0), i.e.
as the objects with trivial boundary.
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From the various adjunction units and counits there then arises a diagram

Hyp(€)

N\

Hyp(C) can (€,9)

lag met

Met(C, ?)

in Cat?, for every Poincaré co-category; the underlying functors pointing to the right are
given by
met(X -Y)=Y and hyp(X,Y)=XaD,Y,

whereas the other two are given by extending the source and identity functors
s:Ar(€) — € and id:€— Ar(C)

using the adjunction properties of Hyp. Regarding the induced maps after applying Pn,
one finds that an element (X, q)€myPn(C,?) is in the image of met if it admits a La-
grangian, that is a map f: L— X such that there is an equivalence f*g>~0, whose associ-

ated null-homotopy of the composite
L1y X ~Dex 25 DoL

makes this sequence into a fibre sequence in €. In particular, this is the case for all
Poincaré objects in a metabolic Poincaré co-category. Similarly, (X, ¢) lies in the image
of hyp if there is an equivalence X ~ L@ D¢ L which translates the form ¢ into the canonical
evaluation form on the target.

Thus the Poincaré categories Hyp(C) and Met(C, ?) encode the theory of metabolic
and hyperbolic forms in (€,?), and the remainder of the diagram witnesses that any
hyperbolic form has a canonical Lagrangian, from which it can be reconstructed.

One further property of these constructions that we shall need is that the duality
D¢ equips the underlying oo-category of (€, ?) with the structure of a homotopy fixed
point in Catls under the Cs-action given by taking C to C°P, or in other words, the
forgetful functor Cath — Catd; is Co-equivariant for the trivial action on the source and
the opponing action on the target; see [I, §7.2]. As a formal consequence, its adjoint Hyp

is equivariant as well, and thus the composite

fgt Hyp
Cat?, > Catos Cat?,
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lifts to a functor
Hyp: Catl, — (Cat®, )2 = Fun(BCy, Cat®,),

to the oo-category of Ca-objects in Catl . The action map on Hyp(C,?) is given by the

composite

fli oy Hyp(Dg
Hyp(€) 25 Hyp(eP) 22, ryp(e)

and the functor hyp: Hyp(€)—(C, ?) is invariant under the action on the source.

We recall from [I, §5.2] that the oco-category Catgo admits a symmetric monoidal
structure making the functor fgt: CatL‘O%Cati’o‘ symmetric monoidal for Lurie’s tensor
product of stable co-categories on the target. While we do not use the monoidal structure
much in the present paper, we heavily exploit the following. The monoidal structure on
Cat]g0 is cartesian closed, i.e. Catgo admits internal function objects, and also both tensors
and cotensors over Catoo; see [I, §6.2, §6.4 and §6.3], respectively. More explicitly, to
hermitian oo-categories (€, ?) and (D, ®) and an ordinary category J, there are associated

hermitian co-categories
Fun®((C,9), (D, ®)), (C€,2); and (C,9)’
connected by natural equivalences
Fun®™((€,92)s, (D, ®)) =~ Fun®*((C,?), (D, ®))’ ~ Fun™((€,?), (D, ®)”)
and whose underlying co-categories in the outer cases are given by
Fun®(€,D) and Fun(J,C).
This results in particular in equivalences

Fm Funex((e’ 9)7 ('D’ (I))) = HOInCatgo ((G, ?), (D> (b))a
PnFun®((C,?), (D, ®)) ~ Homcaw_((C,?), (D, ®)),

He((€,2)”) ~Fun(J, He(C, ?)).

The tensoring construction is unfortunately far less explicit, but for J a finite poset it is
described in [I, Proposition 6.5.8]. Finally, we note that neither the tensor nor cotensor
construction generally preserve Poincaré co-categories, though Lurie established sufficient
criteria which we recorded in [I, §6.6].



172 B. CALMES ET AL.

Examples of Poincaré oo-categories

We now recall the most relevant examples in detail: first, Poincaré structures on module
oo-categories and then parametrised spectra.

Fix an Ej-algebra A over a base E-ring spectrum k and a subgroup ¢CKg(A).
Consider then the co-category of compact A-module spectra Mod®”(A) or more generally
its full subcategory Mod“(A) spanned by all those X eMod”(A) with [X]€cCKo(A).
For example, Mod! (4)=Mod‘4’(4) is the stable subcategory of Mod(A) generated by A

itself. Any discrete ring R gives rise to such data, via the functor
H: Ring — Algg, (Mod(HZ))

induced by the lax symmetric monoidal Eilenberg-Mac Lane functor H: Ab—8p. There

are, furthermore, equivalences
Mod“(HR) ~DP(R) and Mod (HR)~ DI(R),

where DP(R) and D!(R) denote the full subcategory of the derived oo-category D(R) of
R spanned by the finite chain complexes of finitely generated projective R-modules and
of free R-modules, respectively. In this regime, terms such as ®yz or Homypg correspond
to the functors ®HZ‘ and R Hompg.

According to [I, §3.2], hermitian structures on the co-categories Mod“(A) are clas-
sified by A-modules with genuine involution (M, N,«a). Here, the first entry M is an
(A® A)-module, equipped with the structure of a homotopy fixed point in the oo-
category Mod(A®y A) under the Cs-action flipping the two factors; see [I, §3.1]. We
call it a module with (naive) involution over A.

The simplest example of such a structure over a discrete ring R is given by a discrete
(R®zR)-module M, and a self-map M — M that squares to the identity on M, and is
semilinear for the flip map of R®zR. If R is equipped with an anti-involution o, then
M=R with involution o or —o (or g0 for any other central unit & with o(e)=e1)
is a valid choice, using o to turn the usual (R®zR°P)-module structure on R into an
(R®z R)-module structure.

The second entry N is an A-module spectrum and the third entry « is an A-linear
map N — M2 where the A-module structure on M*C? is obtained via the Tate diagonal
A—(A®; A)*C2 | which is a map of E;-ring spectra; see [I, §3.2] for details.

Even if only interested in discrete rings, one therefore has to leave the realm of dis-
crete R-modules to form the Tate construction, and even the realm of derived categories
in order to consider the Tate diagonal.
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The hermitian structure associated to a module with genuine involution (M, N, «)

is given by the pullback

N (X) hom 4 (X, N)

hOInA®kA(X®kX, M)h02 — hOInA®kA(X®kX, ]\4)tc2 = hOHlA()(7 Mtc2),

where the Ca-action on homag, 4(X ®; X, M) flips the factors in the source and applies
the involution on M. It is a Poincaré structure on Mod®(A) if M restricts to an object
of Mod“(A) under either inclusion A—A®y, A, and furthermore M is invertible, i.e. the
natural map A—homy (M, M) is an equivalence. In this case, the associated duality
is given by X+—>homa (X, M) regarded as an A-module via the extraneous A-module
structure on M; see again [I, §3.1]. Given a subgroup c€Ky(A), one obtains a Poincaré
structure on Mod®(A) if in addition ¢ is closed under the duality on Ko(A) induced by M.
In the example of Mod®(A), this translates to M eMod'(A).

Let us give some concrete examples of such genuine structures in the case of a discrete
ring R and of a discrete invertible module with involution M over R. From this data, are
most easily defined the quadratic and symmetric Poincaré structures ¢4, and 23, given
by

90/ (X) =homper g (X @5 X, M)he, and  953,(X) =homper (X @7 X, M)"2,

which correspond to the modules with genuine involution (M,0,0) and (M, M*t©2 id),
respectively. Interpolating between these, the genuine family of Poincaré structures ij
correspond to the modules with genuine involution (M, 7s; M2 75, M*C2 — M*C2) for
1€Z. These intermediaries are mostly important because they contain the following

examples: the functors
Quad,;, Evyr, Sym,,: Proj(R)°P — Ab

assigning to a finitely generated projective module its abelian group of M-valued qua-
dratic, even and symmetric forms, respectively, admit animations (or non-abelian derived

functors in more classical terminology) which we term
987, 987, 257 DP(R)°P — Sp,
respectively. One of the main results of [I] are the equivalences

2q ~, 0=2 ge . o=1 gs . 0=0
98I~ 922 gge L2l apq Q8 ~ Q20
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No further members of the genuine family arise as animations of functors Proj(R)— Ab;
see [I, §4.2].

Turning to a different kind of example, consider the oo-categories Spp=Fun(B, Sp)
for some B€S8. Entirely parallel to the discussion above, one can derive hermitian struc-
tures on the compact objects of Spp from triples (M, N, o) with M €(Sppx )P and a
map o: N—(A*M)*C2 in 8pp, where A: B— B x B is the diagonal, [I, §4.4]. The most
important examples of such functors are the visible Poincaré structures 9/ given by the
triples

(A, € u: €= (ATA)'),

where £: B—Pic(S) is some stable spherical fibration over B, where A;:Spp—8ppxp is
the left adjoint to A*, and where w is the unit of this adjunction (which factors through
E—(A*AE)PC2 | since A is invariant under the Ca-action on Bx B). These hermitian

structures are Poincaré with associated duality given by
X — homp (X, Ag),

the Costenoble-Waner duality functor twisted by £. The reason these are so important
is that any closed manifold M, in fact any Poincaré complex, defines a very interesting
element, its visible symmetric signature, in Pn(8p%,,?,), where v: M —Pic(S) is the
stable normal bundle of a manifold or more generally the Spivak fibration of a Poincaré

complex.

1. Poincaré—Verdier sequences and additive functors

In this section, we study the analogue of (split) Verdier sequences in the context of
Poincaré oo-categories, as well as their analogue for idempotent complete Poincaré oco-
categories, which, following a suggestion of Clausen and Scholze, we call Karoubi se-
quences. In particular, we point out that our terminology differs from that of Blumberg—
Gepner—Tabuada [BGT]; see Appendix A for a thorough discussion.

After developing the example of module co-categories in some detail, we proceed
to introduce the notions of additive, Verdier-localising, and Karoubi-localising functors
Cat2, — &, encoding the preservation of an increasing number of such sequences, or rather,
for not necessarily stable €, of a mild generalisation thereof in the form of certain cartesian
and cocartesian squares in Cat® . These three notions we introduce correspond loosely
to satisfying Waldhausen’s additivity theorem, Quillen’s localisation theorem and Bass’
strengthening thereof.

The notion of an additive functor from Cath, to 8p is central in our work, since it
essentially abstracts the minimal property enjoyed by our main subject of interest, the
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functor GW: Catb —8p (only to be defined in Definition 4.2.1), that permits us to develop
a general theory decomposing it into simpler pieces. Furthermore, GW is characterised as
the universal such additive functor with a transformation from the functor Pn, extracting
the space of Poincaré forms. Analogously to K-theory, the functor GW turns out to
be furthermore Verdier-localising, justifying as well the study of that notion. Finally,
just as non-connective K-theory relates to K-theory, the search for a Karoubi-localising
approximation of GW will yield, in paper [IV], the Karoubi—Grothendieck—Witt spectrum
functor GW.

In the present section, we only give the very basic properties of such functors, as the
only immediately interesting examples are the space-valued functors Cr and Pn. After
introducing more interesting examples in §2, we return to a detailed study of additive

functors in §3. The study of Karoubi-localising functors will be taken up in [IV].

1.1. Poincaré—Verdier sequences

As the basis for our study, we require a rather detailed analysis of Verdier sequences in
the setup of stable co-categories. Essentially, all of the results we need seem well known,
but have not been coherently organised. We have largely collected such statements and
their proofs into Appendix A, the focus of the present section being on incorporating
Poincaré structures.
A sequence
e-Lyptie

in CatZs with vanishing composite is a Verdier sequence (Definition A.1.1) if it is both a
fibre and a cofibre sequence in CatZs, in which case we refer to f as a Verdier inclusion and
to p as a Verdier projection. We also say that the sequence is split if p, or equivalently f,
admits both adjoints (see Definition A.2.1 and Corollary A.2.10).

Definition 1.1.1. A sequence

, 0
€.9) s (,3) -0 (e, )
of Poincaré functors with vanishing composite is called a Poincaré—Verdier sequence if
it is both a fibre sequence and a cofibre sequence in Cat?_, in which case we call (f,7n) a
Poincaré—Verdier inclusion and (p,9) a Poincaré—Verdier projection. We shall say that

the sequence is split if the underlying Verdier sequence splits.

We have collected examples of interest of (split) Poincaré-Verdier sequences into
§1.4 below, and encourage the reader yearning for them to jump ahead to that section.
In the present section we develop the theory governing such sequences.
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Remark 1.1.2. By a sequence with vanishing composite we implicitly mean a square
in Cat®, whose (say) bottom left corner is the zero Poincaré co-category. We note that if a
composable pair of Poincaré functors extends to such a square, then it does so essentially
uniquely, since the zero exact functor between any two Poincaré co-categories admits an

essentially unique Poincaré structure.

Remark 1.1.3. Since the forgetful and hyperbolic functors are both-sided adjoints
to one another, we immediately find that the underlying sequence C—D— € of a (split)
Poincaré—Verdier sequence is a (split) Verdier sequence, and that the hyperbolisation of
any (split) Verdier sequence is a (split) Poincaré—Verdier sequence (where we note that
the action of C—Hyp(C)=C x C°P on underlying exact functors preserves the property of
having both adjoints).

We now proceed to consider Poincaré—Verdier sequences more closely. Recall that
the inclusion CatP, —Cat preserves both limits and colimits [I, Proposition 6.1.4]), and
since it is also conservative, it moreover detects limits and colimits. We may hence test
if a given sequence of Poincaré co-categories is a (co)fibre sequence at the level of Cat® .
Now, limits in Catgo are computed by first taking the limit D of underlying stable oo-
categories, then pulling back all the quadratic functors to D°P| and finally calculating the
limit of the resulting diagram in the co-category of quadratic functors on D°P; the dual
version holds for colimits. Finally, we also note that limits and colimits in Fun?(D°P, 8p),
i.e. of quadratic functors, can be computed in Fun(D°P, 8p); see [I, Remark 1.1.15], and
that the operation of left Kan extending along an exact functor preserves quadratic

functors, see [I, Lemma 1.4.1 (iii)].

ProroOSITION 1.1.4. Let
(€9 (D, 0) 22 (2, )

be a sequence of functors in Catl, with vanishing composite. Then, the following holds:
(i) Itis a fibre sequence in Catl, if and only if its image in Catls is a fibre sequence
and 1n:— f*® is an equivalence.
(ii) It s a cofibre sequence in Catl, if and only if its image in Catls is a cofibre
sequence and : ®—p* U exhibits W: EP —8p as the left Kan extension of ® along p°P.
In particular, it is a Poincaré—Verdier sequence if and only if its image in Catls is
a Verdier sequence, and the Poincaré structures on C and & are obtained from that of D

by restriction and left Kan extension, respectively.

Proof. Specialising the preceding discussion to the case of squares with one corner
the zero Poincaré oo-category, the sequence from the statement is a fibre sequence in



HERMITIAN K-THEORY FOR STABLE 00-CATEGORIES II 177

Cat®, if and only if its image in CatZs is a fibre sequence and — f*®— f*p* ¥ is a fibre
sequence in Fun(C°P, 8p), which, since f*p*¥~0, just means that the map 2— f*® is an
equivalence, showing (i).

Similarly, it is a cofibre sequence in Catl if and only if its image in Catls is a
cofibre sequence and p; /1?2 —>p®—V is a cofibre sequence of quadratic functors, which,

since py /i2~0 just means that the map p®— ¥ is an equivalence, showing (ii). O

Combining Proposition 1.1.4 with Proposition A.1.9, which states that an exact
functor C—D between stable co-categories is a Verdier inclusion if and only if it is fully

faithful and its essential image is closed under retracts in D, we get the following result.

COROLLARY 1.1.5. A Poincaré functor (f,n):(C,?)— (D, ®) is a Poincaré—Verdier
inclusion if and only if f is fully faithful, its essential image is closed under retracts, and

the map n:2— f*® is an equivalence.

To state the analogous corollary concerning Poincaré—Verdier projections, recall that
the localisation D[W ~!] of an oo-category D at a set W of morphisms is the initial oo-
category under D in which the morphisms from W become invertible. We refer to local-
isations which are also themselves left (resp. right) adjoints as left (resp. right) Bousfield
localisations (note the difference with the terminology of [Lul, Definition 5.2.7.2], which
calls localisation what we call left Bousfield localisations, see also Corollary A.2.3).

Given an exact functor f:C—D, the Verdier quotient D/C of D by € is the lo-
calisation of D with respect to the collection of maps whose fibre lies in the smallest
stable subcategory containing the essential image of f (see Definition A.1.4). By [NS,
Theorem 1.3.3 (i)], D/C is again a stable co-category and the canonical functor D—D/C
is exact. For a further discussion of Verdier quotients, we refer the reader to §A.1l.
The main output of the discussion there is Corollary A.1.7, which shows that an exact
functor is a Verdier projection if and only if it is a localisation. Combining this with

Proposition 1.1.4, we get the following result.

COROLLARY 1.1.6. A Poincaré functor (p,v): (D, ®)—(&,¥) is a Poincaré-Verdier
projection if and only if p: D—E is a localisation and ®—p*V exhibits ¥ as the left Kan

extension of ® along p°P.

Remark 1.1.7. If p: D—¢& is a Verdier projection and &: D°P—Sp is a quadratic
functor, then the left Kan extension p® of ® along p°P is given by the explicit formula

D) (p(Y)) ~ li ®(fib ;
) (V)= solim o 2(ERE)

see Remark A.1.6.
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Example 1.1.8. If p: D—E is a Verdier projection and ® is a Poincaré structure
on D, then the hermitian structure p;® on & and the canonical hermitian refinement of

p are Poincaré if and only if ker(p) is invariant under the duality, and in this case
(ker(p), CI)) B (Dv CD) — (E,prq))

is a Poincaré—Verdier sequence.

Indeed, if pi® and p are Poincaré, then it is immediate that ker(p) is closed under
the duality. Conversely, if ker(p) is closed under the duality, then, since the forgetful
functor Catk, — Catgy preserves colimits, the cofibre of the inclusion (ker(p), ®)— (D, ®)
in Cat®, must be equivalent to a Poincaré oo-category of the form (&€, ¥) for some Poincaré
structure on € equipped with a Poincaré functor (p,?): (D, ®)— (&, ¥). The latter is then
a Poincaré—Verdier projection by construction and, by Proposition 1.1.4 (ii), the natural
transformation py®— ¥ determined by ¢ must be an equivalence, and so the desired

properties of pi® follow.

Poincaré—Verdier sequences can be assembled into an co-category in various ways

by letting the morphisms be some form of diagrams

(679) E— (‘D,(I)) E— (Sﬂ \I/)

L]

(€, Q) — (D', @) — (&', )
with horizontal Verdier sequences. While one obvious choice is requiring the right-hand
square in the diagram to be cartesian in Cat®_, one obtains a well-behaved theory already
by requiring only adjointability: Recall from Definition A.1.13 that we call a square
of stable oco-categories adjointable if it becomes both vertically and horizontally right
adjointable after inductive completion, or equivalently (by Lemma A.1.12) horizontally
and vertically, respectively, left adjointable after projective completion. We will say that
a square in Cat®, is adjointable if the underlying square of stable co-categories is so; on
account of the dualities in Cat®_, this underlying square is equivalent to the square of
its opposites so any of the four adjointability conditions in fact implies the others in this

case. We then write
PVer C Fun(A?, Cat®,)

for the (non-full) subcategory spanned by the Poincaré—Verdier sequences and maps as
in the displayed diagram above in which the right-hand square (or, by Lemma A.1.15,
equivalently the left-hand one) is adjointable.

We then have the following relation between cartesian and adjointable squares, a
Poincaré analogue of Proposition A.1.18.
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ProrosiTION 1.1.9. For a commutative square

(D, ®) L5 (D', 9")

&, w) L & w)

in Catb, the following conditions are equivalent:

(i) the square is cartesian and p' is a Poincaré—Verdier projection;

(ii) the square is adjointable, both p and p’ are Poincaré—Verdier projections and
the induced functor ker(p)—ker(p’) is an equivalence in Catl,.

Similarly, the following conditions are equivalent:

(i) the square is cocartesian and f is a Poincaré-Verdier inclusion;

(ii) the square is adjointable, both f and [’ are Poincaré—Verdier inclusions and the

induced functor coker(f)—coker(f’) is an equivalence in Cath,.

COROLLARY 1.1.10. The collection of (split) Poincaré—Verdier projections is closed
under pullbacks and the collection of (split) Poincaré—Verdier inclusions is closed under

pushouts.

Proof. The non-split case follows from Proposition 1.1.9. To obtain the split case,
combine this with the fact that on the level of underlying stable co-categories split Verdier

projections are closed under pullbacks, see Corollary A.2.6. O

Proof of Proposition 1.1.9. We prove the first equivalence, the second one is ob-
tained by dual arguments. Let us denote the composite p’o f~f’op by h throughout.
Assume (i) holds. Then, clearly the induced functor ker(p)—ker(p’) is an equivalence
in Cat? . In addition, applying Proposition A.1.18 on the level of underlying stable
oo-categories, we also get that the square is adjointable and that the underlying exact
functor of p is a Verdier projection. Now, since we assume that the square is cartesian

in CatZ_, the square of quadratic functors
& — f*O'
P b
is cartesian in Fun4(D). By adjointability and Remark A.1.11, the maps
puf @' = (f)"pi®" and ph"Y' = (f)"pi(p') ¥

are equivalences, and since p’ is assumed to be a Poincaré—Verdier projection, we get from

Corollary 1.1.6 that the right vertical map is sent to an equivalence by p;. It follows that
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the left vertical map is also sent to an equivalence by py, and so p is a Poincaré—Verdier
projection by another application of Corollary 1.1.6.

Now, assume that (ii) holds. By Proposition A.1.18, the square of underlying stable
oo-categories of the square of the proposition is cartesian, and so to show that it is also
cartesian in Catt, it suffice to check that the square of hermitian structures is cartesian.
Let A be the total fibre of this square. Since the underlying square is cartesian in CatZy
and all involved functors are duality preserving, the square is also cartesian on the level of
stable co-categories with duality. It follows that the square of the proposition is cartesian
on the level of bilinear parts, and so the total fibre A is exact. At the same time, by
Remark A.1.11 and the fact that the vertical maps are Poincaré—Verdier projections
the vertical maps in this square are sent to equivalences by p;, and so pi(A)=0. By
Corollary A.1.7, we get that A is left Kan extended from its restriction to ker(p). But the
map p*W—h*W’ restricts to zero on ker(p), and the condition that the Poincaré functor
ker(p)—ker(p’) is an equivalence implies that ®— f*®’ restricts to an equivalence. We
conclude that Al =0, and hence A=0, as desired. O

1.2. Split Poincaré—Verdier sequences and Poincaré recollements

We now turn to split Poincaré—Verdier sequences, which are by definition Poincaré-
Verdier sequences in which the underlying Verdier sequence is split. Let us therefore
mention from Lemma A.2.8 that a sequence

elypPye

in Catg: with vanishing composite is a split Verdier sequence if and only if it is a fibre
sequence and p admits fully faithful left and right adjoints, if and only if it is a cofibre
sequence and f is fully faithful and admits left and right adjoints. Furthermore, this

notion is equivalent to that of a stable recollement (see Proposition A.2.19).

Observation 1.2.1. The underlying functor p of a Poincaré functor admits a left
adjoint if and only if it admits a right adjoint. Indeed, a left (resp. right) adjoint to p
gives a right (resp. left) adjoint to p°P, but p and p°P are naturally equivalent by means

of the dualities in source and target.

With this at hand, we derive the following criterion to recognise split Poincaré—

Verdier sequences.

PROPOSITION 1.2.2. Let

(€9 (D, 0) 225 (€, )
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be a sequence of functors in Catl, with vanishing composite. Then, the following state-
ments hold:
(i) If it is a fibre sequence in Catl,, then it is a split Poincaré—Verdier sequence if

and only if p admits a fully faithful left adjoint g and the transformation
* gy *, % u”
§gO=——=g "V =—T

is an equivalence, where u:ide=pg denotes an adjunction unit.
(i) If it is a cofibre sequence in Cath,, then it is a split Poincaré-Verdier sequence

if and only if f s fully faithful, admits a right adjoint, and n:— f*® is an equivalence.

Proof. Assume that the sequence from the statement is a fibre sequence in Cat?_.
Then, its image in Cato: is a fibre sequence as well. By the previous observation, the
existence of a left adjoint to p implies that of a right adjoint, so the underlying sequence
of stable co-categories is a split Verdier-sequence if and only if p admits a fully faithful
left adjoint g: E—D. In this case, it follows from Remark 1.1.7 that ¢*® is a left Kan
extension of ®, and the transformation from the statement is the extension of ¥. Thus,
U is a left Kan extension of ® if and only if this extension is an equivalence, which gives
the claim by Proposition 1.1.4.

The second item is immediate from Observation 1.2.1 and Proposition 1.1.4 (i). O

COROLLARY 1.2.3. (i) A Poincaré functor (f,n): (€,2)— (D, ®) is a split Poincaré—
Verdier inclusion if and only if f is fully faithful, admits a right adjoint, and the map
1n: 2= f*® is an equivalence.

(ii) A Poincaré functor (p,9): (D, ®)—(&,¥) is a split Poincaré—Verdier projection
if and only if p admits a fully faithful left adjoint g and the composite transformation

*’19 ~
g*q) :>g g*p*\If — v
18 an equivalence.

Remark 1.2.4. By the equivalence g*®~W, the left adjoint g to a Poincaré—Verdier
projection p: (D, ®)— (€, ¥) automatically becomes a hermitian functor (€, ¥)— (D, ?)
(which is usually not Poincaré). One readily checks that the unit gives an equivalence of
hermitian functors ide )= pg, making g a section of p in Catgo.

In fact, granting that the oo-categories He(Fun®*((D, ®), (€, ¥))) provide a Catyo-
enrichment to Ca‘cgo (a fact that we will neither prove nor even make precise here), the
adjunction between g and p is an enriched one, i.e. its unit ide = gp and counit pg=-idp
canonically promote to objects in He(Fun®™((€, ¥), (€, ¥))) and He(Fun®*((D, @), (D, ®))),
such that the triangle identities hold in these co-categories.
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Conversely, the existence of such an enriched left adjoint to p, whose unit is an
equivalence, is readily checked to amount precisely to the conditions of Corollary 1.2.3 (ii).

Similarly, the existence of an enriched right adjoint with counit an equivalence boils
down to precisely the conditions in (i) above, and therefore detects split Poincaré—Verdier
inclusions; in particular, the counit always provides the right adjoint to a Poincaré-
Verdier inclusion with a hermitian structure (which is again usually not Poincaré).

We warn the reader that the analogous statements involving the right adjoint to
a Poincaré—Verdier projection and the left adjoint to a Poincaré—Verdier inclusion fail
entirely; for instance, in the metabolic Poincaré—Verdier sequence of Example 1.2.5 below,
the only hermitian refinement of the right adjoint to the projection is null, and so certainly
does not give rise to a splitting of p.

Ezample 1.2.5. For any Poincaré co-category (C,?) there are two natural Poincaré

structures
Qur(X = Y) =X) Xpy(x.x)Be(X,Y)  and  er(X —Y) =fib(2(Y) = (X))

on the category Ar(C) resulting in Poincaré categories Ar(C,?) and Met(C,?), together
with an equivalence cof: Ar(€, Q)= —Met(C,?). We then have tautological Poincaré
functors

const(_y: (€,2) — Ar(€,?) and met: Met(C,?) — (C,?)

whose underlying exact functors are given by X+—idx and [W—X]|—X; indeed, in
terms of the identifications of Met(€,?) and Ar(€,?) in terms of the pairing categories
in [I, §7.3], they are the adjunction unit and counit of the latter, respectively. The left-
hand map is an example of a split Poincaré—Verdier inclusion and the right-hand one an
example of a split Poincaré-Verdier projection: The left and right adjoints of const_)
send an arrow X —Y to its target and source, respectively, and the left and right adjoints
of met send X €C to 0—X and X — X, respectively. Inspecting the relevant definitions

we see that the structure transformations
Q(X) — (X 255 X) = (X)) xp,(x.x) Be( X, X),
(X) — et (0= X) =£ib(2(X) — 2(0))

are indeed equivalences, so Proposition 1.2.2 applies. The resulting split Poincaré—Verdier

sequences are
(€,9) — Ar(C,2) <5 (,9M),  or equivalently (€, 9171) —s Met(€,?) -2 (€,9),

up to the indicated shift. We will use the term metabolic sequence to refer to either one
of them, and they will play a crucial role throughout the paper.
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Let PVer®™ c PVer denote the full subcategory spanned by the split Verdier sequences.
Let us also remind the reader that we already recorded in Corollary 1.1.10 that split
Poincaré—Verdier sequences are closed under pullbacks.

Recall then from §A.2 that, for a Verdier inclusion f:@—D, we denote by DP!CD
the full subcategory of D spanned by those objects whose images under the right and
left adjoints of f on the inductive or projective completions, respectively, lie in €. We
call D! the split core of f. By Lemma A.2.16, the induced functor C—D3P! is a split
Verdier inclusion and is universally characterised as being the terminal split Verdier
inclusion under f: C—D (where morphisms of Verdier inclusions are given by adjointable
squares). We now adapt the split core construction to the Poincaré setting: given a
Verdier inclusion (C,?)— (D, @), we write

(D, ®)sPl:= (D @

Depl ).
The inclusion DP'CD is stable under the duality of D, by Observation 1.2.1, and
so (D, ®)*P! is Poincaré and the induced Poincaré functor (€,9)—(D,®)! is a split
Poincaré—Verdier inclusion by Corollary 1.2.3. We then also write

(&, 0)=Pl.= (D, ®)*'/(C, Q).

To state the universal property of the split core in full, finally define, for two
Poincaré-Verdier sequences (€, ?)— (D, ®)— (&, ¥) and (€/,2")— (D', ®')— (&', ¥’), anew
Poincaré co-category

Fun¥ (D, @) — (&, W), (D', ®') = (&', V"))
as the full subcategory of the pullback of
Fun®((D, ®), (D', ®")) — Fun®*((€, ?), (D', ®')) «— Fun®*((C,?), (€', 2"))

spanned by those functors that give rise to adjointable squares; it is closed under the
duality on the pullback, since conjugation by the dualities in source and target swaps
the (inductive/projective) left and right adjoints. By [I, Corollary 6.2.12], we then find

Pn(FunV (D, ®) — (&, ), (D', ') — (&, "))
~ Hompye, ((D, ®) — (€, V), (D', ®") — (&', ¥')).
LEMMA 1.2.6. Let (C,?)—(D,®)—(E, V) be a Poincaré—Verdier sequence. Then,

postcomposition with the inclusion of the split core induces an equivalence
Fun¥e" (D', ®') — (&, W), (D, ®)*P! — (€, 1)+
— FunV (D', @) — (&', ), (D, ®) — (&, ¥))

for any split Poincaré-Verdier sequence (C',9)— (D', ®")— (&', V). In particular, the

formation of split cores assembles into a right adjoint to the inclusion PVer™ CPVer.
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Proof. By Lemma A.1.15 it suffices to note that, in any adjointable square

¢ ——=C

|l

I p

with (€/,9")—(D’,®') a split Poincaré—Verdier inclusion, the underlying exact functor
of f must factor through DP! by adjointability and, moreover, this factorisation refines
to a hermitian functor in an essentially unique manner, since the Poincaré structure
on D! is restricted from that of D. Finally, the resulting factorisation of f through
(D, ®)*P! is automatically duality preserving, since the inclusion D*P!C D is stable under
the duality. The claim about the adjunction follows by taking Poincaré objects and
applying [I, Corollary 6.2.12]. O

1.3. Poincaré—Karoubi sequences

In this section, we study Poincaré—Karoubi sequences, the analogues of Poincaré—Verdier
sequences in the setting of idempotent complete Poincaré oo-categories. On the one
hand, these are important in their own right when considering the hermitian analogue of
non-connective K-theory (we will do this in paper [IV]), on the other, it is often easier to
establish Poincaré—Verdier sequences in a 2-step process: first one constructs a Poincaré—
Karoubi sequence using the Thomason—Neeman localisation theorem (Theorem A.3.12),
or in modern guise, the equivalence between small stable oco-categories, and compactly
generated stable co-categories, and then in a second step isolates subcategories forming

Poincaré—Verdier sequences; see Proposition 1.4.6 for an example.

Let us establish some terminology: Recall that we denote by G the idempotent
completion of a small co-category € and refer the reader to [Lul, §5.1.4] for its con-
struction. The oo-category € is stable if € is, and the natural functor i: @—C! is fully
faithful, exact and has dense essential image, where a full subcategory DCC is called
dense if every object of € is a retract of one in D. A stable co-category € always contains
a minimal stable dense subcategory €™ spanned by all X €€ with [X]=0€K(C); see
Proposition A.3.4. We say that C is minimal if ™" =€. Recall also that we call an exact
functor a Karoubi equivalence if it is fully faithful with dense essential image, in other
words if it induces an equivalence on the idempotent completions or minimalisations (cf.
Definition A.3.1).
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Definition 1.3.1. A Poincaré co-category is idempotent complete or minimal if its un-
derlying stable co-category is. We denote by Cat};;h CCat, the full subcategory spanned

by the idempotent complete Poincaré co-categories. A Poincaré functor
(f7 77) (87 9) — (Dv (I))

is a Karoubi equivalence if f is a Karoubi equivalence and 7: ?— f*® is an equivalence.

PROPOSITION 1.3.2. Let (C,9) be a Poincaré oo-category, i: C—CH be its idempotent
completion, and j: C™" =@ be its minimalisation. Then, 12 and j*Q are Poincaré struc-
tures on C% and C™™ respectively, and the canonical Poincaré functors (C,Q)— (€4, i?)
and (€™ j*Q)—(C,Q) are Karoubi equivalences.

Moreover, for an idempotent complete Poincaré oo-category (D, ®) and a minimal

Poincaré oo-category (€,V), the functors

Fun®*((C%,4,9), (D, ®)) — Fun®((€,?), (D, ®)),
Fun®™((&, ¥), (C™, j*9)) — Fun®*((&, ¥), (C, 2))

are equivalences of Poincaré oco-categories.

Proof. By [I, Lemma 1.4.1 and Proposition 1.4.3], the functor #/? is quadratic with
bilinear part (ixi)Be. To see that this is perfect, note first that it restricts back to Be,
since 1 is fully faithful. Now, the idempotent completion of the equivalence Dg: C°P —C is
another equivalence D: (C%)°P~(€°P)! €% and, by the previous observation, the functors
Home: (—, D—) and By,o agree on C°P x C°P, and therefore on all of (€)°P x (€%)°P by [Lul,
Proposition 5.1.4.9]. This shows that both 1 and ¢ are Poincaré.

To see the second claim, let us fix an idempotent-complete Poincaré oco-category

(D, ®) and consider the Poincaré functor
i*: Fun®((€%,4,9), (D, ®)) — Fun®((€,9), (D, ®)) .

By Proposition A.3.4, this is an equivalence of the underlying stable co-categories, so it
suffices to show that it induces also an equivalence on the corresponding quadratic func-
tors. But for an exact functor f:Cf—D, this map is precisely the canonical equivalence
nat(9?, f*®)—nat(Q,i* f*D).

The claims about minimalisation are evident, as the duality of @ preserves C™n, ]

Remark 1.3.3. For a Karoubi equivalence i: C—€’, the adjunction

iy: Fun?(€) 2 Fun(€’) :¢*
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between hermitian structures on € and hermitian structures on € is an equivalence, since
1) is fully faithful and ¢* is conservative by the density of i. By Proposition 1.3.2, this
equivalence restricts to an equivalence between Poincaré structures on € and Poincaré

structures on €’ whose associated duality preserves C.

COROLLARY 1.3.4. The localisation of Catl, at the Karoubi equivalences admits
both a left and a right adjoint. The right adjoint is induced by (C,Q)+ (€8, i1?) and the
left adjoint by (C, Q) (€™ *Q). Consequently, regarding the idempotent completion as
a functor (—)%: Cat® —CatP:?, it has both adjoints and thus preserves both limits and

colimits.

We will write (€,9)f and (€, ?)™™ for the idempotent completion and minimalisation
of a Poincaré co-category (C, ?), respectively. The analogous statement for the underlying

stable oo-categories is Proposition A.3.4.

Proof of Corollary 1.3.4. According to Lemma A.2.2, the statements follow from
Proposition 1.3.2, once we observe that Poincaré objects in functor categories are Poincaré
functors by [I, Corollary 6.2.12]. O

COROLLARY 1.3.5. The collection of Karoubi equivalences is closed under pullbacks

and pushouts in Cat®,.

Recall that a sequence GiﬂDL)& of exact functors with vanishing composite is a
Karoubi sequence (Definition A.3.6) if the sequence €%—D!—E&! is both a fibre and a
cofibre sequence in Cati’.f’h. In this case, we refer to f as a Karoubi inclusion and to p

as a Karoubi projection. In the same spirit, we introduce the following definition.

Definition 1.3.6. A sequence

(f n) (

(€,9) —/=(D,?) —= (8 )

of Poincaré functors with vanishing composite is a Poincaré—Karoubi sequence if
is both a fibre and a cofibre sequence in CatP:%. We then call (f,n) a Poincaré—Karoubi

inclusion and (p,9) a Poincaré—Karoubi projection.

We warn the reader that, contrary to the situation for (Poincaré—)Verdier sequences,
a (Poincaré—)Karoubi sequence is determined by its inclusion or its projection only up
to idempotent completion of the third term.

We record a few simple consequences of the definition.
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Observation 1.3.7. Since the forgetful and hyperbolic functors both preserve limits,
colimits and Karoubi equivalences, it follows from Corollary 1.3.4 that they induce limit
and colimit-preserving functors between Cat®f and Cat™? Tt then follows that the
sequence of stable oco-categories underlying a Poincaré-Karoubi sequence is a Karoubi

sequence and the hyperbolisation of a Karoubi sequence is a Poincaré-Karoubi sequence.

By Proposition A.3.8, any Verdier sequence is a Karoubi sequence. Analogously, we

have the following result.

ProrosIiTION 1.3.8. Every Poincaré—Verdier sequence is a Poincaré-Karoubi se-

quence.

Proof. A bifibre sequence in Cat? remains a bifibre sequence in Cautgc’)h after applying
(—)%, by Corollary 1.3.4. O

ProrosiTION 1.3.9. Let
(€922 (0, 0) 22 (¢, w)

be a sequence of Poincaré functors with vanishing composite. Then, the following state-
ments hold.

i) Its idempotent completion is a fibre sequence in CatP! if and only if the idem-
o0

ex,h

o and n induces

potent completion of its underlying sequence is a fibre sequence in Cat
an equivalence 2= f*®.

(ii) Its idempotent completion is a cofibre sequence in Cautf;(’)h if and only if the idem-
potent completion of its underlying sequence is a cofibre sequence in Canti).f’h and ¥ exhibits
U as the left Kan extension of ® along p°P.

In particular, it is a Poincaré—Karoubi sequence if and only if its underlying sequence
is a Karoubi sequence and both n induces an equivalence 2= f*® and ¥ exhibits ¥ as

the left Kan extension of ® along p°P.

Proof. By Corollary 1.3.4, fibres in CatP’ are computed in CatP,, while cofibres
are computed as idempotent completions of cofibres in Catl . Similarly, by Proposi-
tion A.3.4, the analogous statement holds on the level of underlying stable co-categories.
In addition, idempotent completion of Poincaré oo-categories is compatible with idem-
potent completion on the underlying stable co-categories, by Proposition 1.3.2. Thus,
(i) and (ii) follow from Proposition 1.1.4 (i) and (ii), respectively, using the equivalence
between quadratic functors on € and on € explained in Remark 1.3.3 (as well as the
ones for D and &). O

Combining Proposition 1.3.9 and Corollary A.3.9, we obtain the following result.
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COROLLARY 1.3.10. The following statements hold:

(i) A Poincaré functor (f,n):(C,2)— (D, ®) is a Poincaré—Karoubi inclusion if and
only if f is fully faithful and the map n: = f*® is an equivalence.

(ii) A Poincaré functor (p,9): (D, ®)—(E, V) is a Poincaré—Karoubi projection if
and only if p has dense essential image, the induced functor D—p(D) is a localisation
and 9: @=p* U ezhibits ¥ as the left Kan extension of ® along p°P.

Combining Corollary 1.3.10 with Corollaries 1.1.5 and 1.1.6, we obtain the following

results.

COROLLARY 1.3.11. A Poincaré functor is a Poincaré—Karoubi inclusion if and only
if it is a composite of a Karoubi equivalence followed by a Poincaré—Verdier inclusion.
A Poincaré functor is a Poincaré—Karoubi projection if and only if it is a composite of

a Poincaré—Verdier projection followed by a Karoubi equivalence.

COROLLARY 1.3.12. A Poincaré—Karoubi inclusion is Poincaré—Verdier if and only
if the essential image of its underlying exact functor is closed under retracts. A Poincaré—
Karoubi projection is Poincaré—Verdier if and only if its underlying exact functor is

essentially surjective.

COROLLARY 1.3.13. The collection of Poincaré—Karoubi projections is closed under

pullbacks and the collection of Poincaré—Karoubi inclusions is closed under pushouts.

Proof. This follows from Corollaries 1.3.11, 1.1.10, and 1.3.5. O

1.4. Poincaré—Verdier sequences among oo-categories of modules

In this section, we will work out the important example of Poincaré—Verdier and Poincaré—
Karoubi sequences of module co-categories in detail, where the hermitian structure is
defined by means of a module with genuine involution, as introduced in [I, §3.2] (see
also the recollection section). We do so first in the generality of a map of Ej-algebras
¢: A— B over some base E,-ring k together with a map 7 of modules with genuine in-
volution ¢ (M, N,a)—(M',N’, 8) over B, and eventually specialise to Ore localisations
of discrete rings (and thus in particular localisations of commutative rings) with skew-
involution in Corollary 1.4.10. The reader only interested in this case is invited to take
k to be (the Eilenberg—Mac Lane spectrum of) the integers, and A and B (and even
M and M’) to be discrete from the start, though this does not simplify the discussion.
Furthermore, it is important to allow N and N’ to be non-discrete, so as to capture the

genuine Poincaré structures.

Notation 1.4.1. Throughout, unmarked tensor products are always over k, and in
case k=HR translate to the derived tensor product ®%.
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We want to establish general conditions on ¢ under which the hermitian functor
(¢1,m) becomes a Poincaré—Verdier or Poincaré—Karoubi projection. To obtain a Karoubi
sequence on the underlying stable oco-categories, the following conditions are necessary

and sufficient: A map ¢: A— B of E;-ring spectra is said to be a localisation if the map
B®4B— B,

induced by the multiplication of B, is an equivalence of spectra. In the case of discrete
rings, we call a map A— B a derived localisation if HA—HB is a localisation in the sense
above. For such a localisation of ring spectra denote by I€Mod(A) its fibre. Straight
from the definition, one finds that I belongs to Mod(A) g, the kernel of

¢1: Mod(A) — Mod(B).

We say that ¢ has perfectly generated fibre if I belongs to the smallest full subcate-
gory of Mod(A)g which contains Mod®”(A)"Mod(A)p and is closed under colimits. By
Proposition A.4.5, we then have that if ¢: A— B is localisation of E;-rings with perfectly

generated fibre, then for any subgroup ¢CKg(A) the extension of scalars functors
@¥: Mod® (A) — Mod“”(B) and  ¢{: Mod®(A) — Mod?(©)(B)

are Karoubi and Verdier projections, respectively. Here, Mod(A) denotes the full sub-
category of Mod”(A) spanned by all those A-modules with [A]€cCKy(A).

Remark 1.4.2. We warn the reader that, for discrete rings, the notion of derived
localisation as above differs from that of localisation as used in ordinary algebra: if
A— B is a localisation of discrete rings, then it is a derived localisation if and only if
additionally Torg4 (B, B)=0 for all >0. This is automatic for commutative rings, or more
generally if the localisation satisfies an Ore condition, but not true in general. Moreover,

there are quotient maps A— A/I which are derived localisations.
The following example essentially covers all of our immediate applications.

Ezample 1.4.3. If A is an E;-ring spectrum and SCm, A is a multiplicatively closed
subset of homogeneous elements which satisfies the left or right Ore condition, then the
map ¢: A—A[S71] is a localisation with perfectly generated fibre by Example A.4.4.
Thus,

#’: Mod® (A) — Mod® (A[S™'])

is a Karoubi projection and
¢¢: Mod®(A) — Mod ™) (A[S~1])

is a Verdier projection for any ¢cCKg(A); see Corollary A.4.6.
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Let us now introduce hermitian structures into the picture. As discussed in section
[I, §3.2] and the last part of the recollection section, an invertible module with genuine
involution (M, N, a: N — M*'C2) over A gives rise to a Poincaré structure 9%, on Mod® (A);
it restricts to a Poincaré structure on Mod®(A), provided that M belongs to Mod®(A) and
c is closed under the involution on Kq(A) induced by M. For example, if ¢ is the image
of the canonical map Z—Kg(A), 1A, then Mod®(A)=Mod’(A) and this assumption
is satisfied if also M eMod'(4). We computed the left Kan extension of this Poincaré
structure along the functor ¢{’:Mod”(A4)—Mod”(B) in [I, Corollary 3.4.1]: it is the

hermitian structure associated to the module with genuine involution
¢(M,N,a)=((BeB)®agaM,B24N, ),
over B; here, 8 is the composition
BoaN 2225 (BRB)'2 @4, M — (B B)®apa M)'C2,

where A is the Tate diagonal. For example, by Remark 1.1.7, the same formula then
applies for the Kan extension along ¢f: Mod®(A)—Mod®®) (B).

In order to obtain Poincaré—Karoubi projections, we need a compatibility condition
between ¢: A— B and the module with involution M over A.

Definition 1.4.4. An invertible module with involution M over A is called compatible

with a localisation of E;-rings A— B if the composite
BRaM~(BRA)@agaM — (BRB)@aga M

is an equivalence.

Ezamples 1.4.5. (i) If A is an Eo,-ring and M is an invertible A-module with A-
linear involution (regarded as an (A® A)-module via the multiplication map A A— A),
then compatibility is automatic, since in this case the map in question identifies with
the evident one B4 M —B® 4 B® 4 M, which is an equivalence by the assumption that
A— B is a localisation.

(if) If M is the module with involution over A associated to a Wall anti-structure
(e,0) on a discrete ring A as in [I, Example 3.1.13] (i.e., M=A regarded as an (A®A)-
module using the involution o, and then equipped with the involution eo, where e€ A*)

and
¢:(Aye,0) — (B, 6, 1)

is a map of rings with anti-structure, then M is also automatically compatible with ¢ if

the latter is a derived localisation: for in this case, it is readily checked that the maps

bV ®a— ba@7(V') and bRV — bRV @1
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give inverse equivalences
BRB®agaA~B®4B,

which translates the map in Definition 1.4.4 to the unit map B—B® 4B which is an
equivalence, since ¢ is a derived localisation.

(iii) If ¢ is an Ore localisation at the set SCm,(A), and M is an invertible module
with involution over A, then M is compatible with ¢ if after inverting the action of S on
M using the first A-module structure, S operates invertibly through the second one.

(iv) Combining the two previous examples, if M is the A-module associated to a
Wall anti-structure (g,0) on A, and SC A satisfies the Ore condition and is closed under

the involution o, then M is compatible with the localisation map A— A[S™!].

PROPOSITION 1.4.6. Let ¢: A— B be a localisation of Eq-ring spectra with perfectly
generated fibre, and let (M, N,«) be an invertible module with genuine involution over
A, such that M is compatible with ¢. Then, ¢pi(M, N, ) is invertible and

¢t': (Mod® (A),95,) — (Mod®(B),2%5,),
¢%: (Mod®(A),25;) — (Mod®() (B),99'5,)

are a Poincaré—Karoubi projection and a Poincaré—Verdier projection, respectively, as

long as ¢CKy(A) is closed under the involution induced by M.

Proof. The natural map
B®AhOmA(X, M)—)hOmB(B®AX,B®AM)

is an equivalence for X =A, and thus for every compact A-module X, in particular for
X =M, which shows that B4 M has B as its B-linear endomorphisms. Therefore, by
assumption, (BQ&B)®aga M is invertible (or alternatively, one can apply Example 1.1.8
together with [I, Proposition 3.1.6]). Both functors ¢’ and ¢f are then Poincaré by [I,
Lemma 3.4.3].

By Corollary 1.1.6, the functor ¢y is a Poincaré—Verdier projection, since the under-
lying map on module categories is a Verdier projection and, by definition, the Poincaré
structure on the target is the left Kan extension of that on the source. Similarly, the

functor ¢{ is a Poincaré-Karoubi projection by Corollary 1.3.10. O

COROLLARY 1.4.7. Let ¢: A— B be a localisation of Ei-ring spectra, with perfectly
generated fibre, and let M be an invertible module with involution over A that is com-
patible with ¢. Then,

s (Mod* (A), 9%,) — (Mod®(B), 23 /),
6 (Mod(4),25) — (Mod”(B), 25,
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are a Poincaré—Karoubi projection and Poincaré—Verdier projection (for every cCKy(A)

closed under the duality), respectively.

Symmetric Poincaré structures, however, are not generally preserved by left Kan

extension.

Example 1.4.8. The map p:S%S[%] does not induce an equivalence p!9§29§[1/2].
Indeed, the linear part of the former is represented by S [%] ®S*C2 which by Lin’s theorem
is equivalent to HQs, whereas the linear part of the latter is represented by S[%]tczzo.
Consequently, the functor pi: (Mod“(S), %) — (Mod“ (S[4]), 2°) is not a Poincaré-Karoubi

projection.
In the discrete case, an additional flatness assumption excludes such examples.

PRrROPOSITION 1.4.9. Let ¢: A—B be a derived localisation between discrete rings
with perfectly generated fibre that furthermore makes B into a flat right module over
A, and let M be a discrete invertible module with involution over A that is compatible
with ¢. Then, for arbitrary meZU{+oo}, the maps

G (DP(A), 057") — (DP(B),9575) and  ¢7: (D(A), 937") — (D?(B), 223

are a Poincaré—Karoubi projection and Poincaré—Verdier projection (for every ¢CKy(A)

closed under the duality), respectively.

Recall that Qﬁm specialises to the quadratic and symmetric Poincaré structures when
m=oo and m=—o0, respectively, and that for m=0, 1,2, it specialises to the animations
of the functors on Proj(A) which extract genuine quadratic, even, and symmetric forms,

respectively.

Proof. We use the following two inputs: firstly, B being a flat A°°-module im-
plies that it can be written as filtered colimit of finitely generated free A°P-modules B;
and secondly, Tate cohomology commutes with filtered colimits of discrete modules in
the coefficients. The former statement is a classical theorem of Lazard, see e.g. [La,
Théoréme 1.2] or [SPA, Tag 058G], and the second statement (for group cohomology)
was discovered by Brown in [Bro, Theorem 3] for groups admitting a classifying space
of finite type; given the 2-periodicity of Tate cohomology for Cs the case at hand also
follows immediately from the same statement for group homology, which is obvious from
the definitions.

We start by considering the case m=o00. According to the general description of

Kan extensions of modules with genuine involution above, we need to show that

B@ A M — (B&B)® a4 M)'C?
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is an equivalence. We can regard this as a natural transformation between spectrum-

valued functors
X X@a M and X+ (X@X)@apa M)

on both the category of discrete A°P-modules and D(A°P). From the latter case, we
obtain that it is an equivalence for every perfect X, as both sides are exact functors
and the claim is evidently true for X =A. In particular, the claim is true for all finitely
generated projective A°P-modules, since these are perfect when regarded in D(A°P). Since
filtered colimits are in particular sifted, regarding the two assignments as functors on the
category of discrete A°P-modules, the second fact makes them commute with filtered
colimits of finitely generated free A°P-modules (if X is a finitely generated free A°P-
module, then X ®X is a finitely generated free (A® A)°P-module, so (X ®@X)®@aga M
remains discrete, despite X ® X and A® A potentially having higher homotopy). Taken
together, the transformation is an equivalence for all flat A°P-modules, so in particular
for X =B, as desired.

To obtain the case of the genuine Poincaré structures, just observe that the flatness of
B also guarantees that the functor B& 4 —: D(A)—D(B) commutes with the connective
cover functors T, for all meZ.

The case of the quadratic Poincaré structure is Corollary 1.4.7 above. O

COROLLARY 1.4.10. Let (A, e,0) be a ring with Wall anti-structure, and SCA be a
multiplicative subset satisfying the left Ore condition and closed under the involution o.
Let M denote the module with involution over A given by endowing A with the (AR A)-

module structure arising from o and the involution eo. Then, for arbitrary meZU{too},

the maps
(DP(A), 23") — (DP(A[S™), 5751y,
(D(A), 257") — (D™ (A[S ), 05775 )

are a Poincaré—Karoubi projection and a Poincaré—Verdier projection (for all cCKq(A)

closed under the duality), respectively.

Proof. Note only that A[S~1] is a derived localisation with perfectly generated fibre,
by Example A.4.4 and is furthermore flat, since the construction of A[S™!] as 1-sided
fractions displays it as a filtered colimit of free A°P-modules of rank 1. Proposition 1.4.9

therefore applies. O

Remark 1.4.11. The Ore condition is in fact often necessary to achieve flatness of the
localisation: in [Tei, Main Theorem], Teichner shows that if S is the set of elements that
become invertible modulo a 2-sided ideal I, then flatness of A[S™!] as a right A-module
is equivalent to .S being left Ore.
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1.5. Construction and preservation of Poincaré—Verdier sequences

In this section, we record several general constructions of (split) Poincaré—Verdier and
Poincaré—Karoubi sequences arising from the tensor and cotensor construction, as well
as the closed symmetric monoidal structure of Catl , that we will use throughout the
sequel.

Before we dive in, let us give a simple recognition criterion for Poincaré—Verdier
sequences involving hyperbolic Poincaré oco-categories. Recall from [I, Corollary 7.2.21
and Remark 7.2.22] that Hyp is both left and right adjoint to the underlying stable

oo-category functor Catb, — Catgy.

LEMMA 1.5.1. Let g:C—D be an exact functor. Then, for a Poincaré structure ¢
on C, the functor
g"P: (€, 9) — Hyp(D)
obtained by right adjointness of Hyp is a split Poincaré—Verdier projection if and only
if g is a split Verdier projection and the restrictions of ? to both the essential images of
1°P and DgPeor vanish, where | and r denote the adjoints of g.

Similarly, for a Poincaré structure ® on D, the functor
Ghyp: Hyp(e) — (97 (I))

obtained by left adjointness of Hyp is a split Poincaré—Verdier inclusion if and only if g
s a split Verdier inclusion and the restrictions of ® to both the essential images of g°P

and D og vanish.

Proof. Let us prove the first statement, the proof of the second is similar (and easier).

First, it is easy to check that the functor ¢g"™P, which is given by
(g’ gOpngp)l C— D@@Op

admits a left adjoint I’ if and only if g admits both adjoints [ and r, in which case the
left adjoint I’ is given by (d,d")—1d®De(rd’). Tt is then clear from this description that
I’ is fully faithful if and only if I and r are fully faithful and the mapping spectra

hom(ld, De(rd")) =hom(d, gDe(rd’)) and hom(De(rd’),ld)=hom(gDe(Id),d’)

vanish for every d and d’. By adjunction, this vanishing is equivalent to the vanishing of
the mapping spectra hom(De(rd"), rd) and hom(ld', De(Id)) for every d, and hence to the
vanishing of Be on both the image of [ and the image of Der. By Proposition 1.2.2 (i),
to finish the proof it will hence suffice to show that in the case where I’ is fully faithful,
the map ?(I'(d, d")) = Puyp(d, d’) is an equivalence if and only if ¢ vanishes on the images
of both [ and Der. Indeed, unwinding the definitions, the fibre of this map is exactly

Q(d) (Do (rd")). 0
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Let us now consider examples involving the tensor and cotensor constructions as
considered in [I, §6.3 and §6.4]; several of the results will be required for our analysis
of the hermitian Q-construction in the next section. For this, let us recall that, for a
Poincaré co-category (€, ?) and an oo-category J, the J-tensor (€, ?)5=(Cg,25)=(I®C, )
and J-cotensor (C, )’ =(€”,9”)=(Fun(J, €),?”) of (C,9) are generally only hermitian oo-
categories, and that, for a given functor a:J—J, the induced functors

(@, 10): (€,9)5 — (€,9); and  (a*,7%):(€,2)7 = (€,2)

are generally only hermitian functors. Here, we note that the underlying exact functor
a* is given by restriction along «, and the underlying exact functor . is given by right
Kan extension along a°P under an identification of the tensor J®C with a certain full
subcategory of Fun(J°P, Pro(€)). When J is a finite poset, or more generally a strongly
finite oo-category (i.e. |J| and Homy (4, j) are finite for all 4, j€J) this full subcategory is
just Fun(J°P @). In addition, if J and J are strongly finite and 8:J—J is a cofinal map

we also have the exceptional hermitian functors
(B, 9%):(€,2)5 — (C,2)5 and (B.,75): (C,2) — (C,2)?

going in the opposite direction to the usual functoriality. Here, the underlying exact

functors 8* and [, are again given by restriction and right Kan extension, respectively.

ProprosITION 1.5.2. Let a:I—J be a functor of oo-categories which exhibits J as a
localisation of J with respect to a collection of maps W, and let C be a stable oco-category.
Let W be the collection of images in Cq of the arrows of the form id, x o, with €€ and
a in W. Then, the following statements hold:

(i) The induced functor a.: C3—Cy is a Verdier projection whose kernel is the small-
est stable subcategory of Cg closed under retracts and containing the fibres of the maps
in W. In addition, if Q is a Poincaré structure on € such that (C,9)g is Poincaré and

ker(a,) is closed under its duality, then
(Oé*, 770() (67 Q)J — (ea 9)3

is a Poincaré—Verdier projection.

(ii) The induced functor a*: @I —C” is a Verdier inclusion. In addition, if Q is a
Poincaré structure on € such that (C,?)” is Poincaré and o*(C?) is closed under the
duality, then

(a*,1): (€,9)7 — (€,9)"

is a Poincaré—Verdier inclusion.
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(iii) If J and J are strongly finite and the exceptional pushforward
(i, ¥0): (€,2) — (€, 9)?

is duality preserving, then it is a split Poincaré—Verdier projection.

Proof. The universal properties of €5 and Cj as tensors imply that, for every stable

oo-category D, we have a diagram with invertible horizontal arrows

Fun®(Cy, D) — Fun'(€xJ, D) — Fun(g, Fun®*(C, D))

| {

Fun®(Cy, D) — Fun'(€xJ, D) — Fun(J, Fun®(C, D)),

where Funl(e xJ, D) denotes the full subcategory of Fun(€xJ, D) spanned by those func-
tors which are exact in the € entry, and similarly for Funl(€><3 ,D). The assumption
that J—J exhibits J as the localisation of J at W now implies that the rightmost vertical
arrow is fully faithful, with essential image spanned by those diagrams J—Fun®*(C, D)
which send the arrows in W to equivalences. It then follows that the leftmost vertical
arrow is fully faithful with essential image spanned by those exact functors €5 — D which
send the arrows in W to equivalences. By Corollary A.1.7, this establishes the first part
of (i).

Now, suppose that ¢ is a Poincaré structure on € such that (€, ?)s is Poincaré and
&:=ker(a,) is closed under the associated duality. Then, (€, (?7)|¢) is Poincaré as well.
In light of Proposition 1.1.4, to show that (cu.,n,) is a Poincaré—Verdier projection,
it thus suffices to show that extended by its kernel it is a cofibre sequence in Cat]g07

since the forgetful functor Cat®, %Catgo preserves and detects colimits. For this, by
h

ooy We obtain for every

the universal properties of (€,?); and (C,?)s as tensors in Cat

hermitian co-category (D, ®) a diagram

Fun(g, Fun"((€, 2), (D, ®))) =~ Fun"((€, 2)4, (D, ®)) — Fun®*(Cy, D) ~ Fun(J, Fun*(C, D))

| | J J

Fun(J, Fun®((G,?), (D, ®))) =~ Fun"((€, 2)7, (D, ®)) — Fun®*(Cy, D) =~ Fun(J, Fun®*(C, D)).

Since J—{ is a localisation at W, the leftmost vertical arrow is fully faithful with essential
image consisting of those diagrams J—Fun"((C,?), (D, ®)) which send the arrows in W

to equivalences, and similarly for the rightmost arrow. The conservativity of

Fun"((C,9), (D, ®)) — Fun®(C, D)
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implies that the outer square (and hence the middle one) is cartesian and, since Cg— Cy

is a Verdier projection, we have that
Fun"((€,9)g. (D, ®)) — Fun"((€,9)s, (D, ®))

is fully faithful with essential image those hermitian functors (€, ?)g— (D, ®) which invert
W, i.e. which vanish on the kernel of €;—€4. This shows the second part of (i).

For (ii), we recall that €?~Fun(J, €), so the fact that J—J is a localisation implies
that €@ — @7 is fully faithful, and the characterisation of the image as those functors that
invert W shows that the image is closed under retracts. The first part of (ii) now follows
from Proposition A.1.9. For the second part of (i), we have to check that 99 ~p*@?,
but this follows from the definition of the hermitian structure on cotensors as a limit,
together with the fact that localisations are (co)final.

Finally, let us prove (iii). First up, restriction along « is left adjoint to «, and fully
faithful, since « is a localisation. Thus, by Corollary 1.1.6, we are left to prove that the

natural map 99 () =92’ (poa) is an equivalence. Indeed,

20(ip) = lim (p(j)) = lim 2(pa(i) =2 (poa)

again since a°P is final. O

We now consider a somewhat opposite case, where a: J—J is very far from being a

localisation.

PROPOSITION 1.5.3. Let a: T~ g be an upwards closed inclusion between strongly
finite categories, and let (C,?) be a Poincaré co-category.

(i) If the hermitian oco-categories (C,2)7 and (€,2)? are Poincaré, then
(04*7 Ua)? (67 9)3 — (G, 9)5

is a split Poincaré—Verdier projection.
(ii) If (C,2)5 and (C,®?)5 are Poincaré, then

(a*a 7701): (ev Q)j - (G, 9)3

is a split Poincaré—Verdier inclusion.

Here, a fully faithful functor a:J—J is called upwards closed if Homyg(a(i), j)#@
for some 7€J and j€J implies that j lies in the essential image of a.
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Proof. We first prove (i). For this, first note that (a*,n%) is a Poincaré functor by
[I, Proposition 6.3.18]. In addition, a fully faithful left adjoint to a* is given by the exact
functor ay: €7 —CJ performing left Kan extension. In fact, identifying J with a subposet
of J via «, the fact that J is upwards closed means that this left Kan extension admits a

very explicit formula: for a diagram ¢:J— € the value of ayy is given by

[e(), jeT,
a!so(J)—{Q id0.

Since 2(0)~0, the spectrum-valued diagram j—2(rip(4)) is, for a similar reason, a right
Kan extension of its restriction to J°P, and so the natural map

o (anp) = lim Q(anp(j)) — lim 2(p(i) =2 (¢)

jEeJor ieJop

is an equivalence. The Poincaré functor (a*,n®) is then a Poincaré—Verdier projection
by Corollary 1.2.3 (ii).

We now prove (ii). Here, (o, 74) is Poincaré by [I, Corollary 6.5.13]. Now, on the
level of underlying stable co-categories the right Kan extension functor a is fully faithful
(since « is) and admits a left adjoint given by restriction. To finish the proof, it will
suffice by Corollary 1.2.3 (i) to show that for every diagram ¢:J°P—C, the composite
map

colim (¢ (7)) — colim Q(a™* v p(7)) — colim (. (7))
i€Jd i€J Jj€d

is an equivalence. Here, the first map is an equivalence, since «, is fully faithful. To

see that the second map is an equivalence, we argue as in the proof of the first part and

N (), J€T,
a*‘P(])—{O, j%j

The spectrum-valued diagram j+—?(au.p(j)) is then, for a similar reason, the left Kan

observe that

extension of its restriction to J, and so the second map above is an equivalence as well. [J

PROPOSITION 1.5.4. Let us consider a (split) Poincaré—Verdier sequence

and a strongly finite co-category J, e.g. a finite poset, such that (—)q:Cat® — Cat™

preserves Poincaré co-categories. Then, the induced sequences
(679)3 —>(Da¢))j —>(87\Ij)j and (679)5 —>(Da¢))5 —>(87\Ij)5

are (split) Poincaré—Verdier sequences.



HERMITIAN K-THEORY FOR STABLE 0o-CATEGORIES II 199

Note that, by [I, Corollary 6.5.12], the functor (—): Cat};o%Catgo preserves Catb_,
provided (—)s does, which in turn is equivalent to (8p“,?")s being Poincaré. At the
level of underlying stable oco-categories, the assumption that (—)g preserves Poincaré

oo-categories is of course unnecessary.

Proof of Proposition 1.5.4. Let us treat the tensoring, the argument for the coten-
soring being entirely dual. As a left adjoint, the tensoring construction generally pre-
serves colimits, and by [I, Corollary 6.5.10] tensoring with a finite poset also preserves
limits. This gives the part of the statement disregarding splittings. But for example from
[I, Proposition 6.5.8] we find that the operation (—)j: Cator —CatSs preserves adjoints,
which implies the split c+ase. O

Recall from [I, Theorem 5.2.7] that Catl, has a closed monoidal structure lifting
Lurie’s tensor product on Catlr. Its interaction with Poincaré—Verdier sequences is as

follows.

PROPOSITION 1.5.5. For a fized Poincaré oo-category (B,I1), the functor
(B,II)®(—): Catl, — Catly

has the following properties:
(i) it preserves Karoubi equivalences;

(ii) 4t preserves Poincaré—Verdier projections;

(iii) 4t preserves split Poincaré—Verdier sequences;
(iv) it preserves Poincaré—Karoubi inclusions;

(v) it preserves Poincaré—Karoubi sequences.

Proof of Lemma 1.5.5. (i) follows from the fact that the functor
Fun®((B,1I), —): Catt, — Cat%_,

right adjoint to (B,II)®(—), preserves idempotent complete Poincaré co-categories, and
(ii) follows from the fact that (B,II)®(—) is a left adjoint.

For (iii), we first consider the underlying stable co-categories. Since the symmetric
monoidal structure on Catg, is closed, we may view Catg, as a Catqy-enriched category,
in which case the functor B®(—): Catss —Caty canonically extends to a Catgs-enriched
functor. It hence sends adjunctions to adjunctions, and adjunctions whose (co)units are
equivalences to adjunctions whose (co)units are equivalences. We conclude that B®(—)
preserves split Verdier inclusions and split Verdier projections. Since this functor also

preserves colimits, we conclude that it preserves split Verdier sequences. It remains to
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show that (B, II)®(—) preserves split Poincaré—Verdier inclusions. But using the linear-
bilinear decomposition of Poincaré structures on tensor products given by [I, Proposi-
tion 5.1.3], we see that if (i,7): (€, ?)— (D, ®) is a split Poincaré-Verdier inclusion, then
the restriction of the Poincaré structure II®® of (B,II)® (D, ®) to BRC coincides with
[I®?, as needed.

For (iv), we first show that if (€, ?)— (D, @) is a Karoubi inclusion then B C—BRD
is fully faithful. Indeed, to see this we may apply Ind(—), use that it is symmetric
monoidal, and the fact that Ind(C)—Ind(D) is a (right) split inclusion. The same argu-
ment as above then implies that Ind(B)® (—) preserves (right) split inclusions, and that
the restriction of II®® to BRC is given by II®? as needed.

For (v), since (B,II)®(—) preserves colimits, it will suffice to show that it preserves

Poincaré—Karoubi inclusions, which we have just shown. O

Remark 1.5.6. The functor (B,II)®(—): Catl —Cat?, does not preserve Poincaré—
Verdier sequences in general. In fact, already on the level of stable co-categories, the
operation C®(—): Catiy —Catls does not preserve Verdier inclusions. To see this, let
R be a commutative ring with K_;(R)#0. For instance, consider a field & and let
RCEK[t] be the subring consisting of polynomials with common value on 0 and 1, i.e. the
pullback of k[t] over k x k along the diagonal k—k x k. Then, the excision sequence [Bas,
Theorem XI1.8.3] gives K_1(R)=7Z. Let us then denote by DP(Ront) the kernel of the
Karoubi projection DP(R[t])—DP(R[t*!]) and by i: DP(Ront)CDP(R[t]) the inclusion.
We then claim that the map

‘DP(R on t)BZ — ‘DP(R[tDBZ

obtained by tensoring i with Sp, is not a Verdier inclusion. As it is a Karoubi inclusion
by Lemma 1.5.5, we have to show that the image is not closed under retracts. By

Thomason’s classification of dense subcategories, this is equivalent to the map
Ko(DP(Ront)pz)/ Ko(DP(Ront)pz) — Ko(DP(R[t])sz)/ Ko (D" (R[t])Bz)

not being injective. By the fundamental theorem in algebraic K-theory, see e.g. [Sau,

Theorem 1.3] for the exact version we use here, this map contains the map
K_1(DP(Ront)) — K_1(DP(R][t]))
as a direct summand. This map in turn participates in a long exact sequence

Ko(R[t]) — Ko(R[t*!]) — K_, (DP(Ront)) —s K_; (DP(R[{))),



HERMITIAN K-THEORY FOR STABLE 00-CATEGORIES II 201

so it suffices to recall that the cokernel of the first map contains K_;(R) as a direct
summand (by another application of the fundamental theorem).

We can also promote this example to the level of Poincaré co-categories by endowing
DP(R[t]) and DP(R[tT!]) with the symmetric Poincaré structures.

Finally, in the next lemma, we answer analogous questions when Fun®*((B,II), —)
replaces (B, I)®(—).

LEMMA 1.5.7. For a fized (B,II)eCatl, the functor Fun®™((B,II), —): Catb, — Cat®,

preserves split Poincaré—Verdier sequences.

Proof. Since Fun®*((B,II),—) preserves limits, it will be sufficient to show that
Fun®((B,II), —) sends split Poincaré—Verdier projections to split Poincaré—Verdier pro-
jections. For this, let

(P, ): (D, @) — (€, 9)

be a split Poincaré—Verdier projection, and let g, h: E—D be the left and right adjoints
of p. Then, g., hy: Fun®(B, &) > Fun®™(B, D) are left and right adjoints of p,, showing
that p, is a split Verdier projection. To see that it is a Poincaré—Verdier projection,
by Corollary 1.2.3 it then suffices to show that, for every exact functor f:B—E, the

composite map of spectra
nat(Il, f*¢g*®) — nat(Il, f*¢g*p* ¥) — nat (I, f* )

is an equivalence. This map is induced by the composite g*®=¢*p*¥=-W, which is
an equivalence by the assumption that (p,n) is a split Poincaré-Verdier projection (and

Corollary 1.2.3 yet again). O

Remark 1.5.8. Unlike (B,II)®(—), the functor Fun®*((B,II), —) does not preserve
Poincaré-Karoubi sequences in general. To see this, let us take (B,1I)=(8pf, ")z, so
that

Fun®((8p', ")pz, —) = (—)BZ.

We claim that the operation of cotensoring with BZ preserves neither Verdier projections,
nor Karoubi projections, already on the level of underlying stable co-categories. For
instance, DP(Z)—DP(Q) is a (Poincaré)-Verdier projection, but the essential image of
p:Fun(BZ, DP(Z))—Fun(BZ, DP(Q)) is not dense. Indeed, let us consider the object
(Q, -2) eFun(BZ, D?(Q)). We claim that it is not a retract of an object in the image of p.
Indeed, assume there exists (M, ¢)€Fun(BZ, DP(Z)) such that p(M, ¢) contains (Q, -2)
as a retract. Then, the automorphism ¢y of Ho(M)/tors induced by ¢ is such that its
rationalisation contains (Q, -2) as a retract. It follows that ¢ is represented by an integral
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invertible matrix which has 2 as eigenvalue. This is impossible: for any eigenvalue AeC
of an integral matrix A, the number det(A)/A€C is a product of eigenvalues of A (e.g.

via the Jordan normal form), and thus an algebraic integer.

1.6. Additive and localising functors

In this section, we establish the basic notions of additive, Verdier-localising and Karoubi-
localising functors. They are based on a mild generalisation of Poincaré-Verdier and
Poincaré-Karoubi sequences in the form of certain bicartesian squares. Sending these
particular bicartesian squares to cartesian squares isolates the localisation properties
enjoyed by Grothendieck—Witt theory axiomatically.

In the present paper, we focus almost exclusively on Verdier-localising (or even
additive) functors. Together with the principal example of the Karoubi-Grothendieck—
Witt functor, Karoubi-localising functors are studied thoroughly in paper [IV], and we

only briefly mention them here for the sake of completeness.

Definition 1.6.1. A (split) Poincaré—Verdier square is a diagram

(D,®) — (D', ")

|

(&, 0) — (&,T)

in Cat® which is cartesian and whose vertical maps are (split) Poincaré—Verdier projec-
tions. We say that such a square is a Poincaré—Karoubi square if it becomes cartesian
after applying the idempotent completion functor of Proposition 1.3.2 and its vertical
maps are Poincaré—Karoubi projections.

We will also speak of (split) Verdier squares and Karoubi squares for the evident

analogues of the above definition for squares in Catgy.

Remarks 1.6.2. (i) A (split) Poincaré—Verdier square whose lower left corner is
0€Cath, is exactly a (split) Poincaré—Verdier sequence. The same holds for Poincaré-
Karoubi sequences.

(ii) Any Poincaré—Verdier square is also cocartesian in CatZ . Indeed, extend the

defining square to a commutative rectangle

(€,9) — (D, ®) — (D', ')

PR

0—— (&,9) — (&, ),



HERMITIAN K-THEORY FOR STABLE 0o-CATEGORIES II 203

in which both squares are cartesian and the vertical maps are Poincaré—Verdier pro-
jections. Then, the external rectangle is cartesian by the pasting lemma (see [Lul,
Lemma 4.4.2.1]), and hence cocartesian, since the right vertical map is a Verdier pro-
jection. For the same reason, the left square is cocartesian, and so the right square is
cocartesian by the pasting lemma. Similarly, every Poincaré-Karoubi square becomes
cocartesian in Caut};;)u after applying idempotent completion.

(iii) The classes of split (Poincaré—)Verdier square, (Poincaré—)Verdier squares and
(Poincaré—)Karoubi squares are all closed under pullbacks; see Corollaries A.2.6, A.1.19,
A.3.11, 1.1.10 and 1.3.13. In the definition of any of these six types of squares, one may
therefore just require the right vertical map to be a projection of the given kind.

(iv) By Proposition A.1.18, a square as in Definition 1.6.1 is a Verdier square if
and only if it is adjointable in the sense of Definition A.1.13, has Verdier projections
as vertical arrows, and the induced map on vertical kernels is an equivalence in CatSs.
Similarly, by Proposition 1.1.9, a square is a Poincaré—Verdier square if and only if it is
adjointable, has Poincaré—Verdier projections as vertical arrows, and the induced map
on vertical kernels is an equivalence in Cat? . The analogous characterisation in the split
case follows immediately.

(v) Corollary 1.3.4 implies that every Poincaré—Verdier square is a Poincaré—Karoubi
square. Conversely, a Poincaré—Karoubi square involving idempotent complete Poincaré
oo-categories is a Poincaré—Verdier square if and only if its vertical maps are essentially
surjective. Moreover, the idempotent completion of a Poincaré—Karoubi square is again

Poincaré-Karoubi.

Definition 1.6.3. Let € be an co-category which admits finite limits, and F: Cat5, — &
be a functor. Recall that F is said to be reduced if F(0) is a terminal object in €. We say
that a reduced functor JF is additive, Verdier-localising or Karoubi-localising, if it takes
split Poincaré—Verdier squares, arbitrary Poincaré—Verdier squares or Poincaré—Karoubi
squares to cartesian squares, respectively.

We shall denote the oo-categories of these functors by
Fun®4(Cat®_, &), Fun*'*°(Cat®,&) and Fun®°°(Cat® &),

respectively.

It follows from Remark 1.6.2 that there are inclusions
Fun®°¢(CatP_, &) C Fun"'°(Cat®_, &) C Fun®4(Cat®_, &)

as full subcategories. We note that additive, Verdier-localising and Karoubi-localising

invariants are closed in Fun(Cat%_, &) under limits (which are computed pointwise), such
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as taking loops. Colimits, on the other hand, are generally not computed pointwise
(unless € is stable), and in fact we will discuss in detail the suspension operation in
the next section as part of our analysis of the universal property of Grothendieck—Witt

theory.

Warning. Here, we follow the convention of the fifth author and Tamme to divorce
the preservation of filtered colimits from the preservation of certain fibre sequences and
squares. As a result, the co-categories appearing in the end of Definition 1.6.3 are (pre-
sumably) not locally small. The reader who is adverse to non-locally small co-categories
is invited to restrict attention only to accessible additive/Verdier-localising/Karoubi-
localising functors; this will not affect any of the statements in this paper, nor their
proofs.

We also note that if one fixes a regular cardinal x and restricts attention only
to those additive/Verdier-localising/Karoubi-localising functors that preserve x-filtered
colimits, then the corresponding variants of Funadd(Catgo,S), FunVIOC(Cath,S) and
FunklOC(Catgo, &) become presentable, and a reader who prefers this approach may fix at
this moment once and for all a sufficiently large such k. At any rate, the most interesting
examples of such functors that appear in this paper, such as the Grothendieck—Witt,
K-theory and L-theory spectra, even preserve (w-)filtered colimits.

PROPOSITION 1.6.4. A reduced functor F: Catb,— &, where € is assumed to be stable,
s additive, Verdier-localising or Karoubi-localising if and only if it takes split Poincaré—
Verdier, Poincaré—Verdier or all Poincaré—Karoubi sequences, respectively, to fibre se-

quences in E.
Proof. Apply F to the rectangle in Remark 1.6.2 and use the pasting lemma. O

For non-stable & we expect, however, that the condition of being additive or Verdier-
localising is strictly stronger than sending split Poincaré—Verdier or Poincaré—Verdier
sequences to fibre sequences, and similarly for the condition of being Karoubi-localising.
We will need the stronger variant in §2.6 with target 8, when we discuss the additivity

theorem for cobordism categories.

PROPOSITION 1.6.5. A functor F: Catl, —& is Karoubi-localising if and only if it is

Verdier-localising and invariant under Karoubi equivalences.

Proof. The “only if” part follows from Remark 1.6.2 and the fact that

(€,2)—0

| |

(C, 9% —0
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forms a Poincaré-Karoubi square. For the converse, assume that J is Verdier-localising
and invariant under Karoubi equivalences. It is then sufficient to show that F sends a
Poincaré-Karoubi square all whose terms are idempotent complete to cartesian squares.
Such squares are in turn the idempotent completion of cartesian squares where the ver-
tical maps are Poincaré—Verdier projections. Indeed, simply replace the bottom terms
with the essential image of the Poincaré-Karoubi projections and use Corollary 1.3.10.
We arrive at the desired conclusion as J is Verdier-localising. O

LEMMA 1.6.6. The categories
Fun®?(CatP , &) Fun'*°(CatP_,&) and Fun®°°(Catl,, &)
are semi-additive and the forgetful functor
Fun®?(CatP_ , Mong__ (€)) — Fun®?(Cat?_, &)

and its localising analogues are equivalences.

Since the oo-category Catl, is semi-additive (see [I, Proposition 6.1.7]) but not
additive, the analogous statement for Grpg__ (€) in place of Mong__ (€) is not true. Noting
the unfortunate clash in the use of the word additive arising from this, we introduce the
following definition.

Definition 1.6.7. An additive functor F: Catb,— € is called group-like if the canonical
lift of I to Mong__ (€) actually takes values in the full subcategory Grpg_(€).

Equivalently, this is the same as saying that, for every Poincaré oco-category (C,?),
it takes the shear map (C,?)x(C,2)—(C,?)x(C,?) (given at the level of objects by
(x,y)—(z,z®y)) to an equivalence in &.

Proof of Lemma 1.6.6. Given the semi-additivity of CatL,, we have that the oo-
category of product-preserving functors Cath —¢& is semi-additive by [GGN, Corol-
lary 2.4]. But products of additive, Verdier-localising or Karoubi-localising functors
are again such, which implies the first statement. The second one follows from [GGN,
Corollary 2.5 (iii)], together with the observation that F: Catb —Mong__ (&) is additive

if and only if it is additive when viewed as taking values in € itself. O

Remark 1.6.8. If € is additive, then any additive functor F: Cat® — & is group-like,

because the inclusion Grpg_ (€)CMong_ (€) is an equivalence.

Ezamples 1.6.9. (1) The functors Cr and Pn: Cat} —8 are Verdier-localising since,
by virtue of being representable, they preserve all limits. They are neither group-like nor
Karoubi-localising.
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(ii) Lurie’s L-theory functor L: Catb, —8p [Lu3] is Verdier-localising; see §4.4 below
for a discussion.

(iii) Many examples can be obtained from functors Catly— & satisfying the cor-
responding conditions for (non-Poincaré) stable co-categories. For example, the func-
tors K: Catl,—8 and K: Catb, —8p, which associate to a Poincaré oo-category the al-
gebraic K-theory space and spectrum of its underlying stable co-category, respectively,
are Verdier-localising and group-like; this essentially follows from Waldhausen’s addi-
tivity and fibration theorems, as implemented in the setting of stable co-categories by
Blumberg-Gepner-Tabuada [BGT], we will review the situation in §2.7. Similarly, the
functor K: Catb, —8p which associates to a Poincaré oo-category the non-connective K-
theory spectrum of its underlying stable co-category is Karoubi-localising by [BGT].

(iv) The functor K o(—)!: Cat® —8p (where (—)? is the idempotent completion func-
tor of Proposition 1.3.2) is an example of an additive but non-Verdier-localising functor.
By contrast, the cofinality theorem implies that & o(—)f: Cat® —8 is Karoubi-localising.
It is one of the main purposes of this paper series to show that these K-theoretic examples
have hermitian analogues.

(v) The functors HK;(—): Catl, —8p are further examples of additive functors that
are not Verdier-localising, and so is H(Ko(—#)/Ko(—)), where H: Ab—8p denotes the
Eilenberg—Mac Lane functor. The analogous claims for Grothendieck—Witt and L-groups
are, however, not correct: For example, it follows from the results of §4 that the functor
HGW,: Catl —8p can only take all metabolic Poincaré—Verdier sequences to fibre se-
quences if the map fgt: GW(€, ?) =K (C) is injective for all €. This fails in many cases,
e.g. for (DP(Z),?%), where it is a map Z®Z—Z.

Finally, we will make use of the following result.

PROPOSITION 1.6.10. Let
€,9) L5 (D, ) 25 (€, W)

be a (split) Poincaré—Verdier sequence and let F: Catb, —& be a group-like (additive or)
Verdier-localising functor. If the Poincaré functor p admits a section s: (&, ¥)—(D, D)

in Catl , then f and s together induce an equivalence
FC,DF(E,V)—F (D, D).

Similarly, if the Poincaré functor f admits a retraction r: (D, ®)—(C,?) in Catl,, then

p and r together induce an equivalence

F(D, ) —F(C, Q)BT (E, T).
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In case both s and r exist, the above equivalences are inverse to each other if ros is the

zero functor.

Note that, since Cat®, is only semi-additive, but not additive, the middle term in a
Poincaré—Verdier sequence admitting a Poincaré splitting as above, need not split as a
direct sum before applying F.

Proposition 1.6.10 will be deduced from the following version of the splitting lemma.

LEMMA 1.6.11. Let A be an additive oco-category which admits fibres and cofibres
and let
be a retract diagram. Then, the following statements hold:

(i) the maps i:x—y and fib(r)—y induce an equivalence x®fib(r)—y;

(ii) the maps r:y—x and y—cof(i) induce an equivalence y—x®cof(i);

(iii) the fibre sequence fib(r)—y—x is also a cofibre sequence;

(iv) the cofibre sequence x—y—>cof(i) is also a fibre sequence;

(v) the composite map fib(r)—y—>cof(i) is an equivalence.

Proof. We first note that (ii) and (iv) follow from (i) and (iii), respectively, applied to
the additive oo-category A°P. For the remaining cases (i), (iii) and (v), using the Yoneda
lemma, we may assume that A=Grpg_(8), in which case the long exact sequence of
homotopy groups of a fibre sequence reduces the desired statements to the analoguous

and well-known statements about split short exact sequences of abelian groups. O

Proof of Proposition 1.6.10. The first part follows from Lemma 1.6.11 (i), while the
second part from Lemma 1.6.11 (iii) and (ii). To see the final statement, note that two
equivalences are inverse to each other if and only if they are 1-sided inverses. Composing

in one direction, we get the functor

F(C,9)BF(E, ) — F(C,9)BF(E, V)

<id r*s*>
0 id /)’

and which is hence homotopic to the identity as soon as ros is the zero functor. O

whose “matrix components” are

1.7. The classification of Poincaré—Verdier sequences

The goal of this final section is to show that Poincaré—Verdier sequences, split Poincaré—
Verdier sequences and Poincaré-Karoubi sequences with given kernel can all be classified
by means of a universal example, analogous to the structure theory for Verdier sequences
developed in [Ni] and described in §A.5.
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As in §A.1, it will be convenient (and partially necessary) to extend the scope from
small Poincaré (and hermitian) oo-categories to locally small ones. Here, by a locally
small hermitian oco-category we simply mean a locally small co-category C equipped
with a hermitian structure ?: €°?—8p, and such a locally small hermitian oo-category
is Poincaré if Be(—, —)~home(—,D—) for some equivalence D: C°P—C. To get started,
note that the (Verdier) quotient of a locally small Poincaré oo-category (D, ®) by a small
full Poincaré subcategory (€, ®|e) is again a locally small Poincaré co-category, with the
Poincaré structure on the quotient given by the formula from Remark 1.1.7, which is
well defined, since € is small. By a locally small Poincaré—Verdier sequence we will then

mean a null-composite sequence
(€,2) — (D, @) — (&, ¥)

of locally small Poincaré oo-categories, with € small, satisfying the characterisation from
Proposition 1.1.4 (or equivalently being both a fibre and cofibre sequence in the evident
oo-category of locally small Poincaré categories). We then use the term locally small
Poincaré—Verdier projections/inclusions for the projections and inclusions appearing in
such sequences (so that by definition a locally small Poincaré—Verdier inclusion has a
small domain and a locally small Poincaré—Verdier projection a small kernel). Recall
also from §A.1 that the notion of adjointability extends to squares of locally small stable
oo-categories with a pair of parallel legs being either locally small Verdier inclusions or
projections. We denote by PVER the ensuing enlargement of Pver consisting of locally
small Poincaré—Verdier sequences, with morphisms defined as commutative diagrams
made up of adjointable squares. With these definitions, Proposition 1.1.9 characterising
Poincaré—Verdier squares applies verbatim to locally small Poincaré co-categories so long
as the vertical fibres are assumed small.

Now, recall from Theorem A.5.1 that to an co-category B we may associate a Verdier
sequence

B% — Latt(B) — Tate(B),

which is the universal Verdier sequence with fibre B in the sense that morphisms of
Verdier sequences from any Verdier sequence C—D— € to it correspond to exact functors
C—BE.  The oco-category Latt(B) is by definition the full subcategory of ProInd(B)
spanned by those arrows whose source is in Ind(B) and target in Pro(B). The Verdier
inclusion Bf—Latt(B) sends b to the identity arrow id:b—b (where b is considered as
an object of both Ind(B) and Pro(B) via the Yoneda embeddings) and Tate(B) can
be identified with the smallest stable subcategory of ProInd(C) containing both Pro(B)
and Ind(B) with the Verdier projection Latt(B)— Tate(B) taking cofibres. We refer the
reader to the end of §A.1 for more details.
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To equip Latt(B) with a Poincaré structure, we note that there is a canonical equiv-

alence

Latt(B) ~ Pair(Ind(B), Pro(B), homs),

where
homsp: Ind(B)°P x Pro(B) — 8p

is the essentially unique extension of homs which preserves limits in each variable, and for
a biexact functor B: C°P x D—8p we write Pair(C, D, B) for the bivariant unstraightening
of the space-valued functor Q°°B; see Remark A.5.3. Now, observe that for a hermitian
oo-category (B, II), Ind(B) canonically inherits a hermitian structure

II: Ind(B)°P ~ Pro(B°P) Proil) Pro(Sp) M Sp,
so that (Ind(B),II) is a locally small hermitian co-category. Note that (Ind(B),II) is
usually not Poincaré, even if (B,1II) is. Instead, the duality functor Dy: B°P — B extends
to an equivalence

Drr: Ind(B)°P ~ Pro(B°?) — Pro(B),

giving rise to an identification
Latt(B) ~ Pair(Ind(B), Pro(B), hf(;I/n'B) ~ Pair(Ind(B), Ind(B)°?, Q> Bg)
for Poincaré (B,II). Now, the Poincaré refinement of the pairing construction
Pair(D, ®) = (Pair(D, D°P, Q®Bg ), ®P*")

from [I, §7.3] works equally well for locally small hermitian oo-categories (D, @), as does
[I, Proposition 7.3.15], showing that it provides a right adjoint to the forgetful functor
from locally small Poincaré to locally small hermitian oco-categories. We thus introduce

the following definition.
Definition 1.7.1. For a Poincaré oco-category (B, II) we define
Latt(B, I1) := Pair(Ind(B), II).

In particular, Latt(B,II) is a locally small Poincaré oo-category and its underly-
ing stable co-category is indeed equivalent to Latt(B).We shall unpack this definition in
Proposition 1.7.4 below. For now, the universal property of the pairing construction im-
plies that the hermitian functor (B, IT)— (Ind(B), II) lifts uniquely to a Poincaré functor

(marked as dashed)
(B, IT) == (B,10)

I
|
I .
1 J]
-

Latt(B,II) — (Ind(B), II).
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In addition, the Poincaré functor i is a Poincaré—Verdier inclusion, since it can be written

as a composite of Poincaré—Verdier inclusions

(B,1I) — Ar(B,II) = Pair(B, II) — Pair(Ind(B), IT) = Latt (3B, IT).
See [I, Examples 7.3.3 (ii)] for the equivalence between the arrow and pairing construc-
tions for (B, II) Poincaré.

Definition 1.7.2. For a Poincaré oco-category (B, II) we put
Tate(B, IT) = Latt(B, II-1) /(B, 117 1),

In particular, Tate(B,II) is again a locally small Poincaré oco-category for every

(B,II)eCat®, and, in total, we thus obtain a locally small Poincaré—Verdier sequence
(B, I1)% — Latt(B, IT) —> Tate(B, I11)

refining the universal Verdier sequence with kernel B from Theorem A.5.1.

Remark 1.7.3. Under the identification of Latt(B) with the full subcategory of
Ar(Ind Pro(B)) spanned by arrows from inductive to projective systems, the counit
q: Latt(B) —Ind(B) sends an arrow x—y to x€Ind(B), while i: B—Latt(B) sends b to
the arrow id: b—b. In particular, ¢ induces an equivalence

homLatt(%) (Z(b)v Z) — homlnd(‘B) (qz(b)v q<Z))

for all b€ B and z€Latt(B). By Remark A.1.11, the square above is vertically inductively
adjointable.

Let us now unpack the construction of the Poincaré structure in terms of the original
definition of Latt(B)C Ar(Ind Pro(B)):

PROPOSITION 1.7.4. If (B,1I) is a Poincaré oo-category, then the Poincaré structure
on Tate(B,II) is given by

ITiate: Tate(B)°P C Ind(Pro(B))°P = Pro Ind(B°P) Prolndl, prg Ind(8Sp) _colim Pro(8p) m S,

and that on Latt(B,II) is given by

Mage: Latt(B)* C Ar(Tate(B))*? (Mestedac, Sp.
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Proof. Under the equivalence
Pair(Ind(B), Pro(B), hom) ~ Ar(Ind Pro(B)) X1 pro(5) x1nd Pro(z) [Id(B) x Pro(B)]
of Remark A.5.3, the Poincaré structure Mg is by construction given by the formula
Mot (I — P) =T1(1) XB_ (1,1 homp,o(z) (P, Dr(I)).

Denoting by ﬁ:Tate(B)Op%Sp the hermitian structure from the statement which we
want to show to be Ili,te, this formula agrees, by direct inspection, with the restriction
of Ty Ar(Tate(B))°?—8p to Latt(B)°P. To deduce that I aee~ 11, consider the diagram

(B,11)# —— Latt(B, II) —<*— Tate(B, I11V)

L J |

(Tate(B), ) —» Ar(Tate(B), 1) <% (Tate(B), 1)
of horizontal Verdier sequences issuing from the discussion so far. As the left Kan exten-
sions of the hermitian structures along the right-hand horizontal maps can be computed
by restriction along the Pro-left adjoints, it suffices to show that the right-hand square
is adjointable. By Lemma A.1.15, we may as well check that the left-hand square is
adjointable, which is true by inspection, as the horizontal (projective/inductive) adjoints

simply take an arrow to its target or source. O

The following theorem then establishes the Poincaré—Verdier sequence formed by

the lattice and Tate objects as a universal one.
THEOREM 1.7.5. For every locally small Poincaré—Verdier sequence
(€,2) — (D, ?) — (&,7)
and every (small) Poincaré oo-category (B,1I1), the map
Fun""*((D, ®) — (&, ¥), Latt(B, IT) — Tate(B, IT)) — Fun™((€, 9), (B, 1))

extracting kernels is an equivalence of (small) Poincaré oco-categories. Consequently,

there exists an essentially unique adjointable square

(D, ®) — Latt(€,9)

(&,7) -2 Tate(e, 9)
inducing the inclusion (C,?)—(C,2)% on wvertical fibres. This square is cartesian if and

only if € is idempotent complete; thus, in this case, the Poincaré—Verdier projection p is

pulled back from the universal Poincaré—Verdier projection with fibre (C, ) on the right.
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The Poincaré functor ¢: (€, ¥)— Tate(C, 9[1]) is called the classifying functor of the
given Poincaré—Verdier sequence, and the square is its classifying square. Theorem 1.7.5
then implies the following classification result for Poincaré—Verdier projections (among

small Poincaré oco-categories), for the statement of which we note that
K(Tate(C, M) ~S'@K((€,?)")

in 8p"C2, since Latt(€) admits an Eilenberg swindle, compare [Hen, Corollary 4.3].

COROLLARY 1.7.6. Given Poincaré oo-categories (C,?) and (€, W), extracting clas-
sifying functors and the boundary map of K-spectra induces an equivalence between the
space of Poincaré—Verdier sequences (C,?)— (D, ®)— (&, ¥) and the space of pairs (1, 1),
where : (&, W) —Tate(€, M) and n: K(&, V) »S'®@K(C,?) is a lift of

K(&,T) " K(Tate(C, o)) -2 SToK((€, 9)%)

hCs

as maps in Sp*“2. Equivalently, it is the space of pairs (1, s), where v is as above, such

that, in the exact sequence
KO((ev Q)h)/ K0(67 Q) — KO (Latt(e7 Q) XTate(@,?[ll) (85 \Il))/ KO(G? 9) — KO(Ea \I]) — 07

the first map is injective and s is a splitting of it as Z[Cs]-modules.

The deduction of this corollary from Theorem 1.7.5 is essentially the same as that
of Corollary A.5.2, so we refrain from repeating it here. The proof of Theorem 1.7.5 will

use the following lemma.

LEMMA 1.7.7. Let (D, ®) be a locally small hermitian oo-category, CCD be a small
full subcategory and (€,¥) be a locally small hermitian oco-category, with & admitting
filtered colimits and U preserving cofiltered limits. Denote then by ACFun®(D, &) the
full subcategory spanned by those exact funtors D—E which are left Kan extended from

their restriction to C. Then, the composite hermitian functor
(A, Natd|4) — Fun®((D, ®), (€, ¥)) — Fun®™((C, ®|¢), (€, ¥))

1s an equivalence of locally small hermitian oo-categories.

Proof. Note that left Kan extension along CCD is well defined, since € is small, and
sends exact functors €— € to exact functors D— &; see the first part of Appendix A. The
composite

A — Fun®*(D, &) — Fun®(C, &)
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is thus an equivalence by [Lul, Proposition 4.3.2.15]. It is left to show that if f: D—& is
left Kan extended from €, then

Nat(®, f*W) —s Nat(®|cor, (f*T)|gon)

is an equivalence of spectra. Indeed, noting that the comma co-categories of the inclusion
CCD are filtered, the assumptions that f is left Kan extended from f|e and that ¥
sends filtered colimits to limits together imply that f*W is right Kan extended from its

restriction to C°P, and so the desired result follows. O]

Proof of Theorem 1.7.5. We will start by showing that the extraction of kernels gives

an equivalence
Hompyy ((D, @) — (€, ¥), Latt(B, IT) — Tate(B, 1)) — Homeaer ((€,92), (B, ID)).

Equivalently, given a Poincaré functor (f,n): (C,?)— (B, )%, we have to show that the
fibre over (f,n) is contractible. By Lemma A.1.15, this fibre can be described as the
space of extensions of (f,7) to commutative squares

9 —L7 (B, 1)

L

(D, ®) ----- Latt(B, II),

whose underlying square is adjointable (where all arrows are fixed except the dashed one).
Investing the universal property of the pairing construction ([I, Proposition 7.3.15]) such

squares correspond to squares

(D, ®) 2% (Ind(®), D),

where (g,0) is now a hermitian functor. By Remark 1.7.3, the vertical inductive ad-
jointability of this latter square is equivalent to the (vertical inductive) adjointability of
the former. In this last square, the underlying right vertical exact functor is just the
canonical embedding, and hence by Remark A.1.11 (ii) (in the universal case of ¢ being
the embedding j: B—1Ind(B)), its vertical inductive adjointability is equivalent to the
condition that g*ji(j)=g¢: D—Ind(B) is left Kan extended from its restriction to €. We
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now obtain the claim by invoking Lemma 1.7.7. The addendum already follows from this
by Proposition 1.1.9.

The full statement about hermitian functor categories can be deduced as follows.
On underlying stable oco-categories, it is an instance of Theorem A.5.1, and to check
the Poincaré structures it then suffices to show that the functor in question induces
an equivalence on (a priori not necessarily small) spaces of shifted hermitian forms on

account of the general cartesian squares

Q>°~"P(X) — Fm(A, Pli)

L

{(X} ———(A)
for any hermitian co-category (A, P). But we have
Fm (- = Homg,n ((8p*, eul=il )y = Homears (Met(8p®, Quyl=il

by [I, Propositions 4.1.3, 7.3.20 and Remark 7.3.21]. Specialising to the situation at

hand, we can further use the adjunction equivalences
Homcye_ ((Met(8p®, "), Fun®™(—, —)) ~ Homeme_ (Met(8p”, ") "1 @ —, —)

from [I, Corollary 6.2.7] to rewrite the requisite statement as an instance of the claim

already proven applied to the Poincaré—Verdier sequence
[Met(8p¥, )" @ (€, 9)]" — Met(8p¥, )" & (D, ®) — Met(Sp”, ")~ (&, W),

whose source is the retract closure of Met(Sp”, ?")[=1® (€, ?); see Lemma 1.5.5. O

Remark 1.7.8. To give a somewhat more concrete description of the classifying func-
tor 1, let us write
r:€—Ind(D) and ¢:D—>Pro(C)
for the inductive right and projective left adjoints of f: €—D. Unwinding the proof of
Theorem 1.7.5 we see that the Poincaré functor ¢: (D, ®)— Latt(C, ?)=Pair(Ind(C), ?) is
the essentially unique Poincaré functor determined by the canonical hermitian refinement

(r,0): (D, ®)— (Ind(€),?) of r given by

mO(X) > lim @(f(¥V)= lim 9(¥)=2r(X)).

Under the identification of Latt(C) with the full subcategory of ProInd(€) spanned by
the arrows between inductive and projective diagrams, the underlying exact functor of ¢
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then sends d to the essentially unique arrow r(X)—¢(X) mapping under ProInd(f) to
the unit-counit composite map fr(X)—X — fq(X). Similarly, we may identify Tate(C)
with the smallest stable subcategory of Pro Ind(€) containing Ind(€) and Pro(€), in which
case the underlying exact functor of ¢ sends p(X)€& to cof[r(X)—q(X)]€Tate(C).

Next, we carry the classification over to split Poincaré—Verdier sequences. This is
now easy by forming split cores, and we arrive at a hermitian analogue of the structure
theory of split Verdier sequences described in §A.2. The role of the universal split Verdier
sequence is played by the metabolic Poincaré—Verdier sequence above.

To this end, note that, for BeCat:. idempotent complete, the split core of the
sequence B— Latt(B)—Tate(B) is given by the full subcategories Ar(B)CLatt(B) and
BCTate(B) (see the discussion towards the end of §A.2), and hence on the level of

Poincaré oco-categories the split core is given by the Poincaré full subcategory

Ar(B,II) = Pair(B, ) C Pair(Ind(B), II) = Latt(B, II)

mapping to (B, TT)CTate(B, ). In total, the split core of the universal Verdier

sequence then coincides with the metabolic sequence
(B, M) — Ar(B,II) — (B,111)

of Example 1.2.5. This construction gives a universal split Poincaré—Verdier sequence,
even when B is not necessarily idempotent complete.
COROLLARY 1.7.9. Let (B,II) be a Poincaré oo-category. Then, for every split
Poincaré—Verdier sequence (C,9)— (D, ®)— (&, V), the map
FunV" (D, ®) — (&, W), Ar(B,1I) — (B, 1)) — Fun™((€, ?), (B, I1))

extracting the induced functor on kernels is an equivalence. Consequently, there exist

essentially unique (equivalent) adjointable squares

(D, ®) 25 Ar(€,9) (D, ®) —£55 Met(e, 91
[p J{cof and hp Lmet
(&, 1) -2 (e, oty (&, 0) —2 (e, 9l

inducing the identity on wvertical fibres. In addition, both are cartesian, so that the
split Poincaré—Verdier projection (D, ®)— (&, V) is pulled back from the universal split
Poincaré-Verdier projections cof: Ar(€,9)— (€, 921) or met: Met(€, o) — (e, o).
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Proof. In the case where B is idempotent complete, this follows from Theorem 1.7.5
via Lemma 1.2.6. For arbitrary B, it suffices by Lemma A.1.15 to note that in any
adjointable square

e —L— B

T

D 5 Ar(B),
the condition that p factors through BCBY is equivalent to the condition that ¢ factors
through Ar(B). The final claim follows from Proposition 1.1.9. O

The metabolic fibre sequence
(€,9) — Ar(C,9) — (€,9M)),  or equivalently (€, 2) —s Met(€, o)) — (€, o)

is thus the universal split Poincaré—Verdier sequence with kernel (C,?). Note that, in
contrast to the non-split case, it consists entirely of small Poincaré oo-categories.

The Poincaré functor v: (€, ¥)—(C, 9[1]) is then again called the classifying functor
of the given split Poincaré—Verdier sequence, and the square the associated classifying
square. Just as in the non-split case, Corollary 1.7.9 in total implies the following clas-

sification result for split Poincaré—Verdier projections.

COROLLARY 1.7.10. Given two Poincaré oo-categories (C,?) and (€,V) extract-

ing classifying functors induces an equivalence between the space of Poincaré—Verdier
sequences (C,2)— (D, ®)— (€, V) and Homeaee_ ((€, V), (e, 9.

Remark 1.7.11. The descriptions of ¢ and v given in Remark 1.7.8 simplify in the
split case. In particular, writing r,q: D—C for the right and left adjoints of f, the
Poincaré functor ¢: (D, ®)— Ar(C, ?)=Pair(C, ?) is the one determined by the canonical
hermitian refinement (r, 7): (D, ®)—(€,?) of r (see Remark 1.2.4). The underlying exact
functor of ¢ sends d€D to the unit-counit composite arrow r(d)—¢q(d). The Poincaré

structure is given by

o(d) — @(fr(d)) x Ba(fr(d), fo(d)) =2(r(d))
Ba (fr(d).fr(d) By(r(d).r(d))

= ([r(d) = q(d)]),
where the first map is given by restriction along the counit fr(d)—d and by the composite
®(d) = Bg(d,d) =homq (d, Ded) — homp (fr(d), fr(Ded))
=homyp (fr(d), De fq(d))
=Bo(fr(d), fa(d)),
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using the fact that conjugating with the duality switches between the two adjoints of f.
Furthermore, if we write g, h: E—D for the left and right adjoints of p, respectively, then
rh=qg=0, and so the underlying exact functor of ¥ is given by

() = cof p(g(e)) = cof p(h(e)) = gh(e) = Erg(e),

with the Poincaré structure induced by that of ¢.
Upon replacing Ar(C,?) by Met(C, oMy, by means of the equivalence

Ar(@,9) —s Met (€, o))

taking f: X —Y to Y —cof(f), the structure square of Corollary 1.7.9 then has the un-
derlying exact functor of ¢’ given by sending X €D to

[9(X) = cof [r(X) = ¢(X)]] = [¢(X) = g(cof[r(X) = X])] = [¢(X) = ghp(X)],

where r and ¢ are the right and left adjoint of f, and h and g are the right and left

adjoint of p, respectively.

Finally, we record the classification of Poincaré—Karoubi sequences, as another di-

rect consequence of Theorem 1.7.5 combined with the universal property of idempotent

completions. To state the result, let Fun®* (—, —) denote the evident generalisation of
Funver(—7 —) allowing Poincaré—Karoubi sequences as input. We then have the following
result.

COROLLARY 1.7.12. For a Poincaré oo-category (B, 11), the restriction map
Fun™*®((€,9) = (D, ®) — (&, W), (B, II) — Latt(B, IT) — Tate(B, I1[1)#) — Fun®((€, ?), (B, 1I))

is an equivalence for every locally small Poincaré Karoubi sequence

(€,2) — (D, ®) — (€,7),
and there is consequently an essentially unique adjointable square

(D, ®) —— Latt(C, ?)

C
(&, ) - Tate(€, M) |

inducing the inclusion (C,?)—(C,2)% on wvertical fibres. This square is cartesian if and
only if C is idempotent complete, so that in this case the Poincaré—Karoubi projection p
is pulled back from the universal Poincaré-Karoubi projection with fibre (C,2)% on the

right.
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COROLLARY 1.7.13. Given Poincaré co-categories (C, ) and (&€, W), extracting clas-
sifying functors and the boundary map of K-spectra induces an equivalence between the
space of Poincaré-Karoubi sequences (C,2)— (D, ®)— (&, V) and the space of quadru-
ples (¢, &, €' n), where 1: (€, \IJ)%'l’ate(C',S?[l])h is a Poincaré functor, EMPCE'CE and
CCC'CECY are closed under the dualities and n:K(&',¥)—=S'@K(C',9) is a lift of

P K(E, ) — K(&, ¥) — K(Tate(€, 2M?)
along
S'@K(€,9) — S'@K((C,2)") L+ K(Tate(C, 911)) —s K(Tate(€, 21)?)

as maps in SpC2.

Equivalently, it is the space of quadruples (¢, e, c,s), where
e Cker(1h,: Ko(&) — Ko(Tate(@)))  and Ko(€) C e CKo(€F)

are subgroups closed under the duality, such that in the exact sequence
Ko((€,2)")/c — Ko (Latt(C, 2) X pyre(e oy (€% ¥)) fo—> e —0

the left-hand map is injective and s is a splitting of it as Z[Cs]-modules, where

E={Xel:[X]ee}.

In particular, the space of Poincaré-Karoubi sequences (C, ?)— (D, ®)— (&, ¥) among

idempotent complete (or minimal) Poincaré co-categories agrees with
Homcaes ((€, ¥), Tate(C, Q1))
Proof of Corollary 1.7.12. By Corollary 1.3.10, both
(©,9) L5 (D, ®) L5 (6,7) and  ker(p) —> (D, &) — im(p)

admit canonical pointwise dense inclusions into ker(p) — (D, ®)— (€, V), where we write
im(p) for the Poincaré-Verdier quotient of (D, ®) by ker(p). These inclusions then induce

equivalences on mapping spaces into
(B, 11)* — Latt(B, IT) —s Tate(B, I1l)2,

since the latter consists of idempotent complete Poincaré oco-categories. Similarly, the

inclusion (€, ?) Cker(p) induces an equivalence on mapping spaces into (B, H)h. But
ker(p) — (D, ®) — im(p)

is a Poincaré—Verdier sequence by Corollary 1.1.5 and so, combining the above with

Theorem 1.7.5, we conclude that the map

Fun™*®((@,9) = (D, ®) — (&, V), (B, I)* — Latt(B, IT) — Tate(B, TIN)1) — Fun®™((C, 9), (B, I)¥),

induced by extracting kernels, is an equivalence. The categories from the statement then
correspond precisely to Fun®((C, ?), (B, 1)) CFun®™((€,?), (B, 11)#) by inspection. O
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2. The hermitian Q-construction and algebraic cobordism categories

In this section, we introduce the main objects of study, namely the cobordism co-category
constructed from a Poincaré oo-category. To motivate our perspective, let (C,2) be a
Poincaré oo-category, and (X, ¢q) and (X’,¢’) be two Poincaré objects in C. A cobordism

from (X, q) to (X', ¢’) is a span of the form
xeew L x

together with a path n: a*¢— *¢’ in the space Q°°(W) of hermitian structures on W,
such that 7 satisfies the Poincaré-Lefschetz condition with respect to X and X, i.e. that

a canonical map
fib(W — X) ~fib(X’ — X Uw X') — fib(X’ — DeW) ~ QDg(fib(W — X))

induced by 7 is an equivalence. For example, if W is an oriented cobordism between two

closed oriented d-manifolds M and N, we obtain a span of the form
C*(M)«+—C*(W)— C*(N)

and the fundamental class [W] determines a path relating the pullbacks of the two sym-
metric Poincaré structures ¢p; and gn on C*(M) and C*(N), respectively. Lefschetz du-
ality for manifolds with boundary precisely implies that this path exhibits the span as a
cobordism between the Poincaré objects (C* (M), gar) and (C*(N), g ) of (DP(Z), Q%[_d])
in the sense above.

Now, cobordisms can be composed in a natural way, by first forming the correspond-
ing composition at the level of spans and then at the level of the paths between hermitian
structures. This will allow us to define an co-category Cob(C,?) whose objects are the
Poincaré objects of (C, 9[1]) and whose morphisms are given by cobordisms; the choice in
shifts here adheres to the usual convention from manifold theory that the category Coby
have (d—1)-dimensional, closed, oriented, smooth manifolds as objects and d-dimensional
cobordisms as morphisms.

To make this idea precise, we interpret a cobordism in (€, ?) as a Poincaré object
in the diagram oo-category (Fun(P,C),?F), where P is the category s<e—ss, and 27 is
the Poincaré structure on the diagram oo-category given by the limit of the values of
Q on the diagram. This construction turns out to be the degree-1 part of a simplicial
Poincaré oo-category Q(€,?), whose Poincaré objects in degree n may be interpreted as
the datum of n composable tuples of cobordisms. Varying (C,?), this construction gives
rise to a functor

Q: Catb, —» sCat?_,
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our implementation of the hermitian Q-construction; see §2.2. Considering the spaces of
Poincaré objects, we will obtain a complete Segal space and then extract Cob(C, ?2)€Catoo
as the associated oco-category in §2.3.

Then, we develop the two main tools that will allow us to analyse this cobordism
oo-category and its homotopy type. First, we show how to describe the cobordism oco-
category using Ranicki’s algebraic surgery techniques from [Ranl], adapted to the setting
of Poincaré oco-categories by Lurie in [Lu3]. Beside its uses in the present paper, this
serves as a fundamental tool in [HStm] to compare our definition of Grothendieck—Witt
theory with the classical L-, Witt and Grothendieck—Witt groups, and it is also used
extensively in paper [III]. The second topic, in §2.5 and §2.6, is the additivity theorem,
which says that the functor

|Cob—|=|PnQ(—)|: Catl, —§

is additive. This will be the basis for most of the structural results we prove about
Grothendieck—Witt theory.
As far as the additivity theorem is concerned, the only property of the functor Pn

that enters the proof, is that it is itself additive. In fact, we will show that the functor
|FQ(—)|: Catl, — 8

is additive whenever F:Catl —8 is additive. This added layer of generality will be
used to establish the additivity of the spectral version of the Grothendieck—-Witt functor,
defined via iteration of the hermitian Q-construction, and also enters into the proof of
its universal property.

Finally, in §2.7 we explain how our methods give rise to a new proof of the more

classical additivity theorem for the algebraic K-theory of stable co-categories.

2.1. Recollection on Segal spaces and their associated categories

Before developing the hermitian Q-construction and our cobordism categories, we shall
collect the necessary results regarding the relationship between co-categories and Rezk’s
complete Segal spaces, originally established in [Rezl].

There is an adjoint pair of functors
asscat: s§ 1 Catoo : N
with the Rezk nerve as right adjoint, given by

N(€),, =Homcat (A", C),
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and left adjoint given by left Kan extending the cosimplicial co-category
A7T: A — Catyo

along the Yoneda embedding A—s8. The nerve is fully faithful with essential image the
complete Segal spaces ¢SSCsS, in particular making Cat., a left Bousfield localisation
of s8 (at what we shall refer to as the categorical equivalences). Consequently, there is
also a left adjoint comp:s8—cS8 to the inclusion, often referred to as completion, and
composing adjoints we find asscatocomp=asscat; the point-set version was originally
shown in [JT], and the exact formulation above was established in [Lu2, Corollary 4.3.16],
but see also [HStn] for a short proof. Recall that a simplicial space X is called a Segal
space if the Segal maps

seg;: [1] — [n],
O—i—1,

1—1,
for 1<i<n induce equivalences
(segy,...,seg,): Xn — X1 X x, X1 X xq --- X xo X1

for all n>1. Completeness can be characterised in many ways; for us, the most convenient
criterion is that a Segal space is complete (i.e. lies in the essential image of N) if and
only if

Xo—2— X3

J{A J{(doz ,d13)

X3 X3
is cartesian, where dyo: [1]—[3] is the unique injective map that misses 0 and 2 and
similarly for dy3; see [Lu2, Proposition 1.1.13] or [Rez2, Proposition 10.1].
By [Lul, Proposition 5.5.4.15], the categorical equivalences are the saturation of the

spine inclusions, which encode the Segal condition, and the map
0,2 1,3
A3 /A2 A3 = AU ASUL P A0 s AC

that encodes the completeness condition. Thus, a colimit-preserving functor s§ —& (with
& cocomplete) factors (uniquely) through asscat: s8§ —Catoo if and only if it inverts these
maps, i.e. if its restriction A°P—E°P along the Yoneda embedding is a complete Segal
object in £°P.
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The restriction of the nerve functor to § C Cat is given by the inclusion of constant
diagrams 8 —s8, and passing to adjoints shows that |asscat(X)|~|X| for every simplicial
space X. In particular, mg|asscat(X)| is always the coequaliser of the two boundary maps
m0X1—mXo. The category asscat(X) itself is rather difficult to access for a general

simplicial space X, except for the trivial fact that the canonical map
Xo — rasscat(X),

induced by the inclusion Xo—X on associated oo-categories, is mp-surjective [HStn,
Corollary 3.12]; here, ¢ denotes the groupoid core of an arbitrary oo-category (we re-
serve the use of the symbol Cr for those occasions where we regard the groupoid core as
an additive functor on stable or Poincaré oo-categories). This changes for a Segal space
X: Then, Joyal, Rezk and Tierney showed that the unit provides a canonical equivalence
between Homx (x,y), the fibre over (z,y) of (dy,dy): X1 — X x X, and

Homcomp(X) (1'7 y) = Homasscat(X) (:C, y);

see [HStn, Lemma 4.1].

Any categorical construction can thus be translated to the setting of Segal spaces.
We require the following instances. Firstly, the groupoid core of a Segal space X is the
Segal space X * where X,¢ is the collection of components of X,, consisting of all those
simplices whose edges become equivalences in asscat(X). Then, N(C)*~N(¢(€)) and the

mapping space formula implies that the canonical maps
asscat(X ™) — | X | — vasscat(X)

are equivalences. It follows that, for X complete, the map Xy—casscat(X) is an
equivalence. Secondly, a map of Segal spaces p: X =Y is called an isofibration if the
map X =Y xy, Xo is mo-surjective, where the pullback is formed using either dy
or di:Y{* —Yp; the two conditions are equivalent as a consequence of the equivalence
Homyx x (z,y)~Homxx (y, z) e.g. obtained from taking inverses in ¢(asscat(X)). We also
note that this condition is automatically satisfied if Y is complete (e.g. constant). While
asscat does not commute with pullbacks of Segal spaces in general, we still have the

following result.

LEMMA 2.1.1. For any cospan X —Y < Z of Segal spaces, the natural comparison
map
asscat(X xy Z) — asscat(X) X asscat (v) asscat (2)

s fully faithful. It is an equivalence if the map X —Y is an isofibration, so asscat in

particular commutes with finite products of Segal spaces.
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Proof. The map is fully faithful by the formula for mapping spaces in the associated
category of a Segal space. For essential surjectivity, we recall that an object in the target
is represented by some x€ X, some z€Z;, and an equivalence between their images in
asscat(Y). By the same formula, this equivalence is represented by some fe€Y; with
source and target the images of x and z, respectively. Lifting this to a morphism f'€X;

starting at x, the target of f’ together with z defines a preimage. O

Thirdly, a morphism fe€ X, is called p-cartesian if the following square is cartesian:

{fixx, Xz dod) {2} xx, X1

()} xv, Yo 28 p(2)y sy 11,

where z=dy(f) and the fibre products on the left are taken along the boundary dy.
Passing to fibres over some z € X and p(x)€Y), this condition translates to the condition
that f is asscat(p)-cartesian in the usual sense. The map p is called cartesian fibration

if the map
(p,do): X~ Y xy, Xo

is surjective on mo, where X~ °**C X is the subspace spanned by the p-cartesian edges.
It follows that cartesian fibrations are isofibrations. Moreover, a functor ¢ of co-categories
is a cartesian fibration (of co-categories) if and only if N(p) is a cartesian fibration (of
Segal spaces), and if p is a cartesian fibration of Segal spaces, then asscat(p) is a cartesian
fibration of oo-categories, but generally the condition on p is stronger. The notion of
p-cocartesian morphisms and cocartesian fibrations are defined by passing to opposite
simplicial spaces.

Lastly, we require the Segal version of the slice construction. Let us recall generally
that for any simplicial object X in some oo-category A, its décalage is the simplicial

object

dec(X): AP — A,

[n] — X[0]«[n] = X14n;

and that the décalage is a Segal object whenever X is Segal. Considering the maps
dp: [n]—[1+n] and 0: [0]—[1+n] as natural transformations

ida = [O]*idA and COnSt[O] — [O]*idA
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yields maps of simplicial objects dec(X)—X and dec(X)—constXy, respectively, the

former of which, for X a Segal object, participates in a pullback square

const(X7) — dec(X)
Jdo J
const(Xy) — X.
We then call the Segal space
X,/ :=dec(X) X const(xy) const({z})

the Segal slice of X under xz€Xy. This extends the categorical slice construction in
the sense that there is a canonical natural equivalence N(€).;~N(C,./) induced by the
canonical equivalence (A" xAl)UAnX{O}{*}:AH‘” of oco-categories. We also have the

following result.

LEMMA 2.1.2. The canonical map
asscat(X,,) — asscat(X),,
s an equivalence for any Segal space X and x€Xj.
Proof. To see that this is an equivalence, note that it suffices to show that
X5/ — (comp X),,
is a categorical equivalence. The map
asscat(X,,) — asscat((comp X), /)
is essentially surjective because any object in the target is represented by some
f € Homeomp x (2, y) ~Homx (z,y)

for suitable x,y€ Xy. To see that it is fully faithful, we need to show that, for further
g€Homx (z, 2), the expression Homx, (f,g) is invariant under passing to completion.
Now, Homx_ , (f, g) is the fibre over (f,g) of the left-hand map in the chain

(d2,d1) (id,do)

X9 X1XX0X1 — X1 x Xo.

The right-hand fibre over (f, z) is Homx (z, z) and the fibre of the composite map is (by
the Segal condition) Homy (y, z). Since both individual fibres are invariant under passing

to completion, the claim follows. O
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2.2. The hermitian Q-construction

Let K be an oo-category and (C, ?) be a hermitian co-category. We denote by TwAr' (K)
the twisted arrow category, the convention being that (s,¢): TwAr' (K)— K x K°P gives
the right fibration classifying Homg: K°P x K — 8.

Definition 2.2.1. Let Qg (€, ?) denote the following hermitian co-category: The un-
derlying stable co-category is given as the full subcategory Qg (€) of Fun(TwAr'(K), C)
spanned by those functors F such that for every functor [3] = K, say i—j—k—I1€K, the

square
Fii—l)— F({G—=1)

|

Fli—k)—F(j—k)
is cartesian. The hermitian structure is given by restricting the quadratic functor

Fr— @IWAT ) (FY=  lim  QoF°P
TwArT(K)op

from [I, Proposition 6.3.2].

When K=A", we will shorten notation, and denote Qg (C,?) by Q,(C,?) and
QTwWAr(A™) by ?,. Also, by definition, the hermitian co-category

(Fun(TwAr* (K), @), @TwAr (K))

is the cotensor (€,9)TWA"(K) in the sense of [I, §6.3]. It is usually not Poincaré, while

Qxk(C,9) is, as we will see below.

Examples 2.2.2. (i) Since TwAr*(A%)=A" we have Qo(€,2)=(C,?). Similarly, we
have TwAr"(Al)={(0<0)<+(0<1)—(1<1)}, so Q1(€) is simply the co-category of spans
in €, with no condition imposed. Using [I, Proposition 6.3.2], the duality on Q;(C,?)
takes

(XY = Z)— (DeX —DoX xp,y DoZ — Do Z).

Following our explanation in the introduction to this section, we interpret Q;(C,?) as
the co-category of cobordisms in (C,?).
(ii) By (i), the functor

d12 Ql(e, 9) ——)Q()(G,Q) = (G, 9),
(X+Y—>2)— X,
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is duality preserving, so that its kernel is closed under the duality of Q;(€,?), and
therefore a Poincaré oo-category with the restricted Poincaré structure. Indeed, we have
ker(d;)~Met(C,?) via (0+W —X)— (W —X) and similarly for ker(dp).
(iii) Q2(C,?) consists of those diagrams
<2)

N

FOO<1) F(1<2)

F(0<0) F(1<1)

in which the top square is bicartesian. It is therefore reasonable to think of Q2(€,?) as

F(2<2)

the oco-category of two composable cobordisms equipped with a chosen composite.
(iv) We note that for the category J, CTwAr'(A™) spanned by the pairs (7, j) with
j<i+1 (the zig-zag along the bottom), the restriction functor

Qn(€,9) — (Fun(J,, €),97") = (€,9)"
is an equivalence of hermitian co-categories. On underlying co-categories, it follows from
[Lul, Proposition 4.3.2.15] that the right Kan extension functor
Fun(J,, C) — Fun(TwAr"' (A™), C)

is both fully faithful and a left inverse to restriction. For X eFun(TwAr'(A"™), @), it is
then readily checked from the pointwise formulas [Lul, Lemma 4.3.2.13] that being in
Q. (@) is equivalent to being right Kan extended from J,. For the quadratic functor, it
follows since the inclusion J9P CTwAr' (A™)°P is final. By [I, Remark 6.5.18], the arising

hermitian structure on the right Kan extension functor
Fun(J,, C) — Fun(TwAr' (A™), C)

is an instance of the exceptional functoriality of [I, Construction 6.5.14].
This description justifies us in thinking of Q,,(C,?) as the oo-category of n compos-

able cobordisms in (C, ?) also for larger n.
Denoting the oco-category of co-categories by Cato,, we obtain a functor
Cat x Cat, — Cat"_,
(K, C,9) — Qk(C,9),

from [I, Proposition 6.3.11], since clearly induced maps preserve the cartesianness condi-
tion of Definition 2.2.1.
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Definition 2.2.3. Restricting along the inclusion ACCat., and adjoining the con-
struction above, we obtain a functor Q: Cat]go %sCat}olo, and in particular simplicial her-
mitian oo-categories Q(C,?)esCat for all (€,?)eCat” . We shall call both the initial

construction as well as this restriction the hermitian Q-construction.

We note that the underlying oco-category of Q,,(C,?) only depends on €, and agrees
with Barwick—Rognes’ implementation Q,(€) of the Q-construction, see [BR, §3] upon
restricting their setup to stable co-categories. The following is at the heart of the present

section.

LEMMA 2.2.4. For every hermitian oco-category (C,Q) the simplicial hermitian oco-
category Q(C,®) is a Segal object of Catl;‘o. Furthermore, it is complete in the sense that

the diagram
Qo(€,2) —— Q3(C,?)

JA J(domdls)

Qo(€,9)? 2 (€, 9)2

is cartesian in Cat™ | with horizontal maps given by total degeneracies.

(oo}

Proof. We will show that, for every 0<i<n, the square

Qn(€,2) — Qp,1(C,?)

|

Qpin)(€,92) — Qi (€,9?)

is a pullback square of hermitian oco-categories; the Segal condition then follows by it-
eration. The statement will follow readily from Example 2.2.2 (iv). To this end, note
that the inclusions TwAr"(A?) = TwAr'(A") and TwAr' (A 5 TwAr'(A") take

the subcategories J; and Jj; . ) to J,, and in fact the induced diagram

Jiisi) = Jfion]

is readily checked to be cocartesian in Cato, thus cartesian in Cat:l. Since the functor

Catl — Catl ,

I+— (Fun(I, @), 9%),
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is a right adjoint we obtain the first claim.
To see that Q(C,?) is complete, recall that limits in CatS, may be computed in
Catyy, so the map P—Q3(€) from the pullback P of the diagram

Qo(€)? — Q1(€)*«—Qs(€)

is fully faithful, since the degeneracy Qo(C)—Q1(C) is, and fully faithful functors are
stable under pullback. Its essential image is given by the diagrams consisting entirely of
equivalences, as one can check directly using the defining property of the Q-construction,

and these are precisely the constant diagrams, i.e. the totally degenerate ones, since
| TwAr* (A%)] ~ .

The claim for the hermitian structure is immediate from [I, Remark 6.1.3], since the

diagram
Q0(X)? — 91 (sX)? +— 23(sX),
whose pullback defines the hermitian structure on P, evaluates to
2(X)2 245 9(X)2 2 9(X),

so has pullback 2(X). O

EMMA 2.2.5. ror fize eCat,, the functor Q_ :Cat —Cat reserves
L 2.2.5. For fized (C,%)€Cat™ the f Q_(€,9): Cat® —Cat™ p

limits.

Proof. On underlying oo-categories, this is [HHLN, Proposition 2.20]. We repeat
the argument with hermitian structures tagging along. The preservation of limits can be
recast as Q(C,?): AOP—>Cat20 being a complete Segal object (which we showed above),
and the full functor Q_ (€, ?): Cat®® —Cat™ being right Kan extended from its restriction
to A°P; see [HHLN, Lemma 2.21]. By the pointwise formula, this means that the natural
map Q(C,?)—=lim,ec(a,ryor Qn(C,?) has to be an equivalence for every .J € Cato.

The diagram A/J— A—Cat, is a typical example of a functor I: K — Cato, whose
colimit is preserved by the nerve functor. Such colimits are also preserved by the functor
TwAr": Cat,, —Caty, by a direct calculation at the level of Rezk nerves, and so are the

subcategories making up the Q-construction. Therefore,
Illenll( Qlk (e’ Q) and QCOlimkeK Iy (G, 9)

are the same hermitian subcategory of

lim (e Q)TwArr(Ik) ~ (e 9)colimkeK TwAr(Iy) ~ (e Q)TwArr(colimkex Iy)
k'EK 3 ) ) )

and thus Q_(€,?) commutes with limits over diagrams that are compatible with the
Rezk nerve, which is more than we need. O
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LEMMA 2.2.6. The functor Q: Catgngatgo%Catl;O restricts to a functor Catl x
Catb, —Catl . Moreover, for (C,®?) Poincaré, Q(C,?)esCatl, is a complete Segal object
of Catl,, all whose structure maps induced by injections in A are split Poincaré—Verdier
projections.

Proof. There are two good approaches to the statements about Q(C,?). Either,
one directly attacks them using the machinery developed in [I, §6.6], or one reduces the
statement to explicit checks for small values of n using the Segal condition. At the cost
of being less elementary, we will here use the former route as it leads to shorter proofs.

That the oco-categories Q,(C,?) are Poincaré follows immediately from [I, Propo-
sition 6.6.1] and Examples 2.2.2, since J,, is the poset of faces for the triangulation of
the interval using n+1 vertices. It also follows from [I, Proposition 6.6.1] that Poincaré
functors (C,?)—(€’,?') induce Poincaré functors Q,(C,2)—Q, (¢, ?).

To see that the induced hermitian functors a*: Q, (€, ?)— Q. (C,?) for a: A™— A"
preserve the dualities, we distinguish two cases, namely the inner face maps on the one
hand, and the outer face maps and degeneracies on the other. Since every morphism in
A can be written as a composition of such, this will suffice for the claim.

The latter maps all take the subset J,, CTwAr'(A™) into J,, and the restriction
is induced by a map of the simplicial complexes giving rise to J,, and J,,. Therefore,
[I, Proposition 6.6.2] gives the claim. The interior faces do not preserves the sub-
sets J,,, however. Instead, we claim that they are instances of the exceptional func-
toriality of [I, Construction 6.5.14] associated to a refinement among triangulations.
Namely, one readily checks that d;: TwAr'(A™)—TwAr"(A™*!) admits a right adjoint
ri: TwAr' (A") - TwAr' (A") explicitly given by

k<), ifl<iork<l=t,
k—1<1), if k=1=1,

k<i-1), if k<i<l,
kE—1<1-1), ifi<k<lori<k=lLl

As a right adjoint, r; is cofinal, so, by [I, Example 6.5.15], the pullback functor
(di)*: (e, Q)TWArr(A“Jrl) N (e’ Q)TwAr"(A")

agrees with the exceptional functoriality along r;. From the explicit formula, it is clear

that r; takes J,,41 into J,,, so we find a diagram

(€)% — (e, 9)n

| |

(G’Q)TwArr(A"+1) (ri)« (e,g?)TwArr(A”)7
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where the vertical maps are the exceptional functorialities associated to the inclusions
Jn CTwAr' (A™) which are also cofinal (the diagram commutes since exceptional func-
torialities compose by [I, Remark 6.5.17]). But the vertical maps are equivalences onto
Qn(C,?) by Example 2.2.2 (iv). The claim now follows from [I, Proposition 6.6.2], since
the restriction of r; to J,,41—J,, comes from the refinement of triangulation of the interval
that adds a new ith vertex.

This shows that Q restricts to a functor A°Px Catb, —Catk  and, in particular, it
follows from Lemma 2.2.4 above that Q(C, ?) is a complete Segal object of Cat?, for every
(€,?)eCatk_, because limits in Catk_ are computed in Cat]go. It follows from Lemma 2.2.5
that Q_(C,?) is right Kan extended from its restriction to A°? CCatZP, so the hermitian
Q-construction indeed restricts to a functor Cat?? x Cat?_ — CatP_, since Cat? —Cat
preserves and detects limits. For the final claim, we only need to consider face maps, since
split Poincaré—Verdier projections are stable under composition by the characterisation
in Corollary 1.1.6. For the inner faces, this is immediate from Proposition 1.5.2; since

r;:Jn41—Jy is evidently a localisation at the edges
(i—-1<i)— (i<i) and (I<i+1)—(i<9).

For the outer faces, it is an instance of Proposition 1.5.3. O

2.3. The cobordism oco-category of a Poincaré oco-category

We now proceed to extract the cobordism oco-category from the hermitian Q-construction.
As mentioned in the introduction, it is useful to do this in the generality of an arbitrary
additive F: Catb_ — 8, see Definition 1.6.3, but the reader is encouraged to envision F=Pn
throughout.

PROPOSITION 2.3.1. Let (C,®) be a Poincaré co-category and F: Catb, —8 an addi-
tive functor. Then, FQ(C,?) is a Segal space which is complete if F preserves arbitrary
pullbacks.

When ¥ is the functor Cr: Catl, — 8, completeness was established in [BR, Proposi-
tion 3.4] by different means. For a general additive functor &, the Segal space FQ(C,?)
is not complete. For example, if F is group-like, then FQ(C, ?) is complete if and only if
FHyp(€)~0; see Remark 3.2.15.

Proof. For the first part we show that

| ]
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is cartesian for every 0<:<n. Indeed, before applying F, the square is a Poincaré—Verdier
square by Lemmas 2.2.6 and 2.2.4, and by assumption F preserves the cartesianness of
such squares.

The assertion on completeness is immediate from the final part of Lemma 2.2.4. [

Definition 2.3.2. Let Cob?(e, ?) denote the co-category associated to the Segal space
FQ(€, M. We shall write Cob(€,?) for Cob"™(€, ?) and call it the cobordism co-category
of (©,9). Furthermore, we set Cob?(€, 2)=Cob(Met(€,9!)), the cobordism co-category

with boundaries.

We shall refer to Cob(f(ﬁf7 Q) as the F-based cobordism co-category and hope the two
possible superscripts (F and 9) will not lead to confusion. By the functoriality of the Q-
construction and the previous discussion, the construction of these co-categories assemble
into a functor Fun®d?(Cat®_, 8) x Cat®, —Cato. An entirely analogous definition can be
made for additive functors F: Cator —8 (i.e. reduced and sending split Verdier squares
to cartesian squares), resulting in an oo-category asscat(FQ(C))=Span” (€), with F=Cr
giving rise to the usual span co-category Span(€) considered for example in [BR], [HHLN].

Ezamples 2.3.3. (i) Straight from the definition we have Cob” (@, ?)~Span(€) for
every Poincaré oo-category (C, Q).

(ii) Similarly, one obtains an equivalence
Cob” (Hyp(€)) ~ Span” P (@)

by commuting the hyperbolic and Q-constructions: From the natural equivalences of [I,
Remarks 6.4.6 and 7.2.24], we find

Fun®((€,9), Qn Hyp(€)) = Fun((€,9), Hyp(€)™)
~Fun®((€,9)s,,, Hyp(C))
~ Hyp(Fun®(&y, , C))
(&,¢
)

ex

"))

~ Hyp(Fun®(&
,Hyp Qn(€)),

~Fun®((€,?
so the natural map QHyp(C)=-Hyp Q(C) in sCatl, is an equivalence.
(iii) In particular, PnoHyp~Cr gives Cob(Hyp(C))~Span(C) for every stable co-

category; see [I, Proposition 2.2.5].

(iv) There are canonical equivalences

Cob(€, 2°) ~ Span(€)"‘2,
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By [I, Remark 2.2.8], a Poincaré structure on an oco-category D induces a natural Co-
action on ¢D. In particular, 9° induces a Cq-action on the simplicial space CrQ(C) and

therefore a Cq-action on the associated oo-category Span(C). By [I, Proposition 6.6.2],

TwAr

the Poincaré structure (2°) "7 is symmetric so that, by [I, Proposition 2.2.11],

PnQ, (€, 9%) = CrQ,(€)"“=.

As CrQ(C€) is a complete Segal space, this implies the claim.

(v) There is a natural equivalence
Cob” (€,9) ~ Cob” (€, 9)°P

since Q(C,?) is naturally identified with the reversal simplicial object Q(€,?)°P via the

canonical (in fact unique) identification
TwAr' (A™) = TwAr ((A")°P)
of cosimplicial categories.

We now collect a few basic properties of the cobordism oo-categories. Note that the

inclusion of 0-simplices of FQ(C, 9[1]) gives a natural map
F(e, My — 1cob? (€, 9)

that is surjective on 7. Informally, for F=Pn, this map takes any Poincaré object to

itself and an equivalence f: X — X’ to the cobordism
Xt x L x
Proposition 2.3.1 implies the following result.

COROLLARY 2.3.4. The natural map F(C, M) —.Cob¥ (€, Q) is an equivalence when-

ever F preserves pullbacks. In particular, a Poincaré cobordism
(X7Q) — (VVﬂ?) — (Xl7q/)

considered as a morphism in Cob(C,®) is invertible if and only if both underlying maps
W—X and W—X' are equivalences in C.

Remark 2.3.5. There is an analogous result for the geometric cobordism category
Cobg: if a morphism W in Coby is invertible, then it is an h-cobordism and the converse
is true if d#4, the inverse of W being given by the h-cobordism with Whitehead torsion
—7(W)eWh(m (0 W)).

Furthermore, the homotopy type of tCoby is closely related to the classifying space
for h-cobordisms [RS5].
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There is a simple way to produce diagrams in Cobg(G,Q), which will be heavily
exploited in [HStm]. Namely, for K €Cato, consider the map

FQk(C,?2) — Homgs (N K, FQ(C,?))
— Homygs (N K, comp(FQ(C, 2))) ~ Home,_ (K, Cob” (€, 9)),
in which the first map arises by observing that the target is the right Kan extension of
the restriction of the source, viewed as a functor in K, to ACCats, the second map

simply applies completion, and the final equivalence is an instance of the full faithfulness
of N.

PROPOSITION 2.3.6. If F:Catl —8 preserves all limits, the composite
FQk(C,?) — Homcy (K, Cob” (€, 9?))

above is an equivalence for all K€ Cato and (€,?)eCath,.

Proof. All maps in the construction above are equivalences in this case, the first by
Lemma 2.2.5 and the second by Lemma 2.2.6. O

Since the association (C,?)—Q, (€, ?) preserves finite products, as does completion
of Segal spaces, it follows that the functor Cob”: Cat2, — Caty, preserves finite products.
Since CatP, is semi-additive (see [I, Proposition 6.1.7]), the oo-categories Cob” (€,9)
acquire natural symmetric monoidal structures induced by the direct sum operation
in @ by [GGN, Corollary 2.5]. In particular, mo|Cob” (€, 9)| is naturally a commutative
monoid; explicitly, when F=Pn, it is the monoid of cobordism classes of Poincaré objects

in (€, ?) under orthogonal sum. The following is a description of it in general.

PROPOSITION 2.3.7. For any additive functor JF: Catl, —8, the natural map
moF (€, My — 7o |Cob¥ (€, Q)]
fits into a cocartesian square
moF (Met (€, o)) ety g (e, 9t
00— mo|Cob7 (€, 9)]

of commutative monoids. Moreover, wy|Cob” (C, )| is a group whose inversion is induced
by the Poincaré functor (ide, —ide): (C,2)—(C,?).
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In particular, we have my|Cob(€,?)|=L_1(C,?); see [I, §2.4] or §4.4 below for dis-
cussions of L-groups in the present context. For the proof of Proposition 2.3.7, we will

make use of the following.

Construction 2.3.8. Consider the hermitian functor
beyl: (€, ?) — Met(C, ?) CQ1(C, ),
representing a bent cylinder, which consists of the functor
X [XaX &5 X 50
and the map of quadratic functors induced by the diagram

(id,—id,0)

91(beylX) — QX BX) — X)BUX)BBo(X, X)

A
‘ pry+pra

x* —— X)

whose left-hand square is cartesian by definition of 21, and whose rightmost horizontal
map is an equivalence by definition of By. One readily checks that bcyl is a Poincaré

functor.

Proof of Proposition 2.3.7. We claim that
moF (Met(€, 9MM)) 2 roF (@, @) — 7o |Cob” (€, 9)| — 0

is an exact sequence of commutative monoids. Granting this for a moment, the induced
map

moF (€, M)/ Im(met) —s mo|Cob” (€, Q)]

is surjective and has trivial kernel. Furthermore, its source is a group since for each

zempF(C, 9, the element beyl, () from Construction 2.3.8 witnesses the relation
0=xz+(ide, —ide)4(x)

in 7oF (€, 91/ Im(met). Putting these together gives the proposition.
To see the claim, recall that mo|Cob” (€,9)| is the coequaliser of the two boundary
maps dog, d1: moFQ1(C, 9[1])—>7roEF((3,9[1]). Thus, the second map in the sequence above
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is indeed surjective. For exactness at moF(C, ), we note that the image of (do,d;) is
already a congruence relation on moF(C, Qm). It is clearly reflexive, transitive and com-
patible with addition, and symmetry follows from the evident automorphism of Q;(C, ?)
swapping source and target. Thus, zemoF(C, 1) vanishes in mo|Cob” (€, ?)| if and only
if there exists a wemFQy (€, M) with dyw==z and dyw=0. But since there is a fibre

sequence
F(Met (€, 211)) — FQq (€, 91y —22 F(e, o',

by Lemma 2.2.6 and Example 2.2.2 (ii), this is equivalent to w lifting to moF(Met(€, 211))).
The claim thus follows from the fact that dy: Q1 (C, M) — (€, 911 restricts to

met: Met (€, 911) — (@, o). O

Remark 2.3.9. In particular, \Cob?(e7 ?)| is canonically an E.-group. Its inversion
map, however, is generally not induced by the Poincaré functor (ide,—ide); see Corol-

lary 3.1.9 for the general formula.

As the maps
met: Met(Met(C,?)) — Met(C,?) and met: Met(Hyp(€)) — Hyp(C)

are split by [I, Remark 7.3.23] and [I, Corollary 2.4.9], we obtain the following result.

COROLLARY 2.3.10. For any Poincaré co-category (C,®), any small stable co-category
D and any additive functor F: Catl, —8, the co-categories

Cob” (Met(€,?)) and Cob” (Hyp(D))

are connected.

Let us have a closer look at these two cobordism oco-categories. We recorded in
Example 2.3.3 that the forgetful functor Cob(Hyp(C))—Span(C) is an equivalence, so in

particular we find what follows.

Observation 2.3.11. For every small stable co-category €, there is a canonical equiv-

alence

|Cob(Hyp(€))| = Q> K(€).

Here, K(C) denotes the connective algebraic K-theory spectrum of €, defined for
instance through the iterated Q-construction for stable co-categories.
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PROPOSITION 2.3.12. Ranicki’s algebraic Thom construction gives a natural equiv-

alence of oo-categories
Cob(Met(€C, 9™)) — Span(He(€, 9))
and the forgetful functor Span(He(C,?))— Span(C) induces an equivalence
|Cob(Met(€, 2))| ~ Q> K(C).

Proof. Commuting diagram categories, we find Q(Met(C,?))~Met Q(C,?), so that

[I, Proposition 2.4.6], our incarnation of the algebraic Thom construction, implies that
Pn Q(Met(€, 211)) ~Fm Q(e, 9).

But, without a non-degeneracy condition, hermitian objects in a diagram category are
just diagrams of hermitian objects; see [I, Corollary 6.3.15]. So, the right-hand side is
equivalent to CrQ(He(€, ?)). Passing to associated co-categories gives the first claim.
For the second claim, we will show that the projection m: Span(He(C, ?))— Span(C)
is cofinal, and appeal to [Lul, Corollary 4.1.1.12]. By [Lul, Theorem 4.1.3.1], it suf-
fices to show that, for every X €Span(C), the comma oo-category Span(He(C,?))x, is

contractible. To see this, we produce an adjunction
(He(C,2),x)° = Span(He(€, ?)) x/,

showing that the two sides have the same realisation, and note that He(C,?),x has an
initial object (the zero object of € with the trivial hermitian structure), so is contractible.
The adjunction itself is a special case of [HLS, Lemma 4.6], since the forgetful functor

He(C,?)—C is a right fibration by construction; the left adjoint is induced by the functor
He(C, 9)°? — Span(He(C, ?)),

which is the identity on objects and takes a morphism X’— X" to the span X"+ X'=X'

and the right adjoint takes an element
(X W —= X' qgeQ>®qX"))
to W— X with the induced form on W. O

The equivalence
|Cob(Met(€, 2))| ~[Cob(Hyp(C))|,

obtained from combining Observation 2.3.11 and Proposition 2.3.12, in fact holds more
generally for the F-based cobordism oco-categories as a formal consequence of |Cob?—|
being additive and group-like; see Corollary 3.1.6.
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2.4. Algebraic surgery

In this subsection, we translate Ranicki’s algebraic surgery to our setup. This provides a
simple way of producing cobordisms and gives an illuminating description of the comma
categories of Cob(C,?). We will approach these statements by translating them into
assertions about certain Segal spaces derived from the Q-construction, and for the present
paper it is, in fact, the analysis thereof that plays the largest role. We follow the basic
description of algebraic surgery given by Lurie in [Lu3, Lecture 11].

Let (C,?) be a Poincaré co-category, and (X, q) be a Poincaré object therein. A
surgery datum on (X, q) consists of a map f: T— X and a null-homotopy of f*q€Q>(T).
In other words, it is the extension of (X, ¢) to a hermitian (but not necessarily Poincaré)

nullbordism, i.e. to an object of He(Met(C, ?)). Surgery data organise into an co-category.

Definition 2.4.1. The oo-category of surgery data in (C,?) is given by
Surg(C, ?) = He(Met(C, ?)) xne(e,9) Pn(C, ?),

where the left-hand map in the pullback is induced by met: Met(C, ?)—(C,?). The fibre
of Surg(C,?) over some (X, q)ePn(C,?) is called the category of surgery data on (X,q),
and is denoted by Surg x 4(C,9).

We shall refer to the groupoid cores of these oo-categories as the spaces of surgery
data.

Remark 2.4.2. In geometric topology, a surgery datum on a closed oriented d-
dimensional manifold M is an embedding II;c;S*— M with trivialised normal bundle
(and I finite). The induced map on singular chains inherits the structure of an algebraic
surgery datum in (DP(Z),2°"%) (the Poincaré form on C, (M) arises via its identifica-
tion with C4=*(M) through Poincaré duality), for example by feeding the trace of the
geometric surgery datum into the surgery equivalence of Proposition 2.4.3 below.

Let us warn the reader that therefore our presentation of algebraic surgery does not
follow the overall convention of creating Poincaré chain complexes from manifolds via
their cochains; that convention would require us to describe an algebraic surgery datum
in a more cumbersome, though equivalent, fashion via a map X —S=D¢T, together with
a null-homotopy of the form after pullback along D¢S—DeX ~X.

Like in the geometric setting, surgery data can be used to produce cobordisms.

Given a surgery datum (f:T— X, h: f*q~0), the composition

T x % pox 2 DT
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is identified with (f*¢)y, and therefore null via h. Therefore, one can form the following

diagram

T'——=T——0

g

X(f) — X —— DT

Xf E— X/T — DT
with exact rows and columns. Here, x(f) is the fibre of the composition

X ~DeX 22 D1

and X is defined to be the cofibre of T—x(f).
The resulting span [X <« x(f)—=Xr]€Qi(C) is then the underlying object of the
desired cobordism, and we claim that it upgrades to the simplest (but argueably most

important) instance of the surgery equivalence, namely, we have the following result.

PROPOSITION 2.4.3. The association x promotes to an equivalence
x: tSurg(C,?) — PnQq(C, ?),

naturally in the Poincaré category (C,9).

To upgrade x in this fashion (and also to extend the discussion to higher simplices in
the Q-construction) it is in fact easier to construct the inverse morphism which extracts
a surgery datum from a cobordism, a process that seems to have no geometric analogue.

Namely, there is a cartesian square
Q1(€,9) — Met(Met(€C, 21)))
P Jmet
(€,9) —— Met(€, o),
where the upper horizontal map is given by

Y — X
(XY —=2Z) — l l

Z — 0,

with its tautological Poincaré refinement, and the lower horizontal one is the inclusion

as the objects without boundary. Applying the limit-preserving functor Pn now indeed
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gives an equivalence s: Pn Q; (€, ?) —«Surg(€, ?) via the algebraic Thom isomorphism (see
[I, Corollary 2.4.6]). Unwinding definitions, s takes X < W —Y to fib(W—Y)— X at the
level of underlying objects, and this does indeed give an inverse construction to y. In
this form, surgery generalises to higher simplices of the Q-construction. We need a bit

of notation.

Definition 2.4.4. Let (C,?) be a Poincaré oo-category. We define the simplicial
object Null(C,?) in Catl, as the fibre of the simplicial map

dec(Q(C,2)) — Qo(C,?) = (€, ?).

We will denote by Null,, (€) the underlying stable oco-category of Null, (€, ?) (which only
depends on €).

In particular, Nullp(€, ?)~Met(C, ?). By Lemma 2.2.6, the sequence
Null, (€, 9) 5 Q140 (C, Q) 25 (€, 9),

defining Null,, (€, ?) is a split Poincaré—Verdier sequence. Here, the fully-faithful left and
right adjoints g, and h, of dy are given, respectively, by left and right Kan extension
along {(0<0)}CTwAr" A™. By Remark A.2.9, the left and right adjoints {,, and r,
of i, are then given by I,,(X)=cof[g,(Xo<0) = X] and r,(X)=b[X —h,(Xo<o0)]- By

Corollary 1.7.9 and Remark 1.7.11, we obtain a natural cartesian square

Q111 (€,2) 2 Met Null, (€, Q")
hﬂ' Jmct
(€,9) — 2 Null, (e, o)

classifying this split Poincaré—Verdier sequence, generalising the previous one from n=0

to arbitrary n; here, the underlying exact functor of v,, sends Z€C to the diagram

Z, ifi=0andj>1,
Yn(2)igj =lnhn(2)ig; = { :
0, otherwise,
and the underlying exact functor of ¢, sends X to the object
(12 (X) = ¥ (Xo<o0)] € Met(Null, (C)).

Our next goal is to exhibit the Poincaré oo-categories Null, (€, ?) as a Poincaré
oo-category of pairings. To this end, we apply [I, Proposition 7.3.11], which requires
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us to identify a Lagrangian inside Null,(C,?). Before diving in, we recall some details
regarding this recognition criterion.
A Lagrangian £CD in a Poincaré co-category (D, ®@) is a full subcategory on which

® vanishes, whose inclusion admits a right adjoint p and such that the resulting inclusion
LCLL:={Y €D:Bp(X,Y)~0 for all X € £}

is an equivalence. In this case, the Verdier quotient D /L identifies with £°P by means of
the functor g=(poDg )°P: D— LO°P resulting in a right split Verdier sequence £L— D — LP
and consequently an exact counit-unit sequence pX —X —DgpDge X for all XeD by
Remark A.2.9; compare [I, Definition 7.3.10] or see §3.2 below for a generalisation.

With this in mind, [I, Proposition 7.3.11] combined with [I, Proposition 7.3.15] and
[I, Corollary 7.3.8] implies what follows.

Observation 2.4.5. For (D, ®)eCatl,, (&, ¥)cCat™ and a hermitian functor
(ha 77) (D7 (I)) — (87 \Il)

the induced Poincaré functor (D, ®)—Pair(E, ¥) is an equivalence if and only if the
following conditions are satisfied:

(i) h is a Verdier projection;

(ii) ker(h)CD is a Lagrangian;

(iii) the induced map n: hy®— T is an equivalence.

Remark 2.4.6. In the situation of Observation 2.4.5, the hermitian structure ¥~h,®
can also be identified naturally as the restriction of @[~ along Q°PoroP: £9P 5 DOP where
r is the right adjoint to h. For X €D, the exact counit-unit sequence pX — X —rhX from

Lemma A.2.8 and Remark A.2.9 provides a comparison map
B(X) — fib[®(pX) — &(QrhX)] = o (QraXx),

and that it exhibits ®[~1oQOPoroP ag the left Kan extension of ® along h can be seen
as follows. By [I, Lemma 1.1.19] applied to the rotated fibre sequence QrhX —pX —X,

there is a natural exact sequence
Bo(X,rhX) — ®(X) — oY (QraX).

Since h is a localisation, the left Kan extension of the middle term is the desired composite
and the right-hand side identifies with homp (X, Dg(rhX)). The left Kan extension of
this last term along h is trivial. Since the slice categories occuring in the pointwise formula
for this Kan extension are sifted (even filtered) it can be computed separately in both
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variables. But the left Kan extension in the first variable is given by homg (—, hDg (rh X)),
and hDg(rhX) vanishes on account of the identification Dgp°PDg’ ~rh obtained by
comparing the counit-unit sequence with the one coming from ker(h) being a Lagrangian.

Using this description of i ®, the functor underlying the equivalence
(D, @) — Pair(€, h®)

explicitly takes X €D to (hX,hD¢ X, d), where 0 is the boundary map of the counit-unit
sequence using

QBp,a(hX,hDg X) ~ Q> ' Bg(QrhX, QrhDs X)
~ Qoqu>(7’hX, QD¢pX)
~Homqp (rhX, XpX).

We now go back to the matter at hand. The requisite Lagrangian in Null,(C,?)
is given by the full subcategory spanned by those diagrams X: TwAr"(A'*")— € which
take all down-right maps (i<j)— (i'<j) to equivalences. Evidently, 9, vanishes on
this subcategory and, to carry out the remaining analysis, let us, for a category J and an
object i€, denote by €7 C@? the full subcategory spanned by those J— € which send
i to 0. Then, the source and target projections (s,,t,): TwAr® A" — A" x (A™)°P send
(0<0) to (0,0), and hence induce diagrams

(€,9)(ATT)P.0) Ty Null, (€,9) 22— (€,9)(A""0)

| Lo

(€A 1y dec, (Q(E,9)) <22 (€,9)4""

in Cat™ , natural in [n]€ A°P, where we note that any diagram TwAr" A" — € obtained
via restriction along either the target or source projection automatically lies in Q14+, (C).
Then, £,(€,?2)CNull, (€, ?) is the essential image of 7,, and we have the following result.

LEMMA 2.4.7. The functors T, and o, admit adjoints fitting into a right split Verdier
sequence

e((A1+n)op70) % Nuun(e) % G(A1+7z70)
~_ ~_

Pn On

compatibly with the simplicial transition functors. The adjoints are given by the formulas

Pn(X)j=Xog; and qn(X); =cof [ Xocnt1 = Xicni1]-
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Note that the formula for ¢, is only a pointwise one (in n€A°P) and not obvi-
ously natural. Nevertheless, the lemma provides a natural refinement, as 7,, and p,, are

evidently natural (compare Lemma A.1.15).

Proof. The source and target projections s,, and ¢,, both admit fully faithful adjoints,
and are hence localisations, e.g. ¢, admits a left adjoint given by b,(j)=(0<j). It
follows that the restriction functors ¢}, and s;, are both fully faithful, and their essential
images consist of those diagrams X: TwAr' A" —C which send the down-right arrows
(1<j)—(i"<j) to equivalences in the case of ¢} and the down-left arrows (i<j)— (i<j’)
to equivalences in the case of s};.

The functor b further provides a right adjoint to ¢}. Since b% sends Null,(C) to
CUAT™H™.0) it restricts to give the right adjoint pn=b%: Null, (€) (A0 46 7
visibly compatible with the simplicial transition functors. Now, the exactness conditions
defining Q14,(€) and a 2-out-of-3 argument show that an X €Q14,(C€) sends all down-
left arrows to equivalences if and only if the maps Xo<;—Xo<o are equivalences for every
j. For X eNull,(€), this is equivalent to saying that Xo<;=0 for every j, that is, that
pn(X)=0. We conclude that im(o,,) is the right orthogonal complement of im(7,), and

so the rest of the statement is now a formal consequence of Lemma A.2.8 and A.1.15. O

Combined with Remark A.2.9, Lemma 2.4.7 furnishes natural exact sequences
TnPn(X) — X — 000 (X),
and thus maps
ot Q1 (X) — (214 (7pn (X)) = €10 (2000 (X))] = 2111 (20,04 (X))
refining Qg,, naturally in [n]€A°P, to a hermitian functor
(g, 1n): Null, (€,9) — (€470 01 ) ~ (€, 91717,

where the second equivalence is by means of do: A" — A", We thus find the following

result.

PROPOSITION 2.4.8. The subcategory £,(C,?)=im(7,) is a Lagrangian in Null,, (C, ?)

and the above hermitian functor adjoins to an equivalence
Null,, (€,9) — Pair((€, 272"

natural in [n]€A°P.
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Proof. Given Lemma 2.4.7 and the discussion preceding it, to see that £,(C,?) is
a Lagrangian it only remains to check that the right orthogonal of £, (C,?) agrees with
Do, (£,(€,2)). But the latter consists exactly of those diagrams all of whose down-left
maps are equivalences, so both agree with the essential image of o,,.

The remaining claim now follows from the recognition principle in Observation 2.4.5

together with Remark 2.4.6 applied to the Verdier projection Qg,,. O

In total the composite functor
Pn [y _(2gn.nn) A
(€,9) — Null, (€, ) ———=—(€,?)

unwinds to the functor that simply takes Z€C€ to the constant diagram A™—C with
value Z, with its tautological hermitian refinement, so we find the following categorical

version of the surgery equivalence.

COROLLARY 2.4.9. We have the following Poincaré—Verdier square, natural in (C,?)
and [n]eA°P:

Q11n(C,2) = Met Pair((C,2)2") = Pair(Met(€,?)2")

Jﬂ’ Jmet JPair(met)

(€,9) —2 , Pair((C,9)A") =—— Pair((C,2)*")

Here, we abuse notation slightly in the upper right corner, by viewing the metabolic
construction as an endofunctor on hermitian (as opposed to just Poincaré) oo-categories.

The top right horizontal functor is then obtained from the hermitian functor
Met (¢): Met Pair((€,9)2") — Met((€,2)2")
by the universal property of
Pair: Cat"_ — Cat®_

as a right adjoint; see [I, Proposition 7.3.15], with ¢ being the counit.
The composite functor Met(c)es,, which adjoins to the composite horizontal functor

is, by construction, given by

Q1n(€,9) 27 Met Null,, (€, Q1) M)

Met((C,2)2"),
or explicitly by
ﬁb[X0<n+1 — X1<n+1] — T ﬁb[X0<n+1 — Xn+1<n+l]

A S R

Xo<o Xogo
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on underlying categories, upgraded to a hermitian functor via the composite natural

transformation
lim QOX—)Q(Xogo)XQ(X0<n+1)Q(Xn+1<n+1)

TwArr(Al+n)op
— fib[2(Xo<o) = 2(fib[Xogn+1 = Xnt1<n+1])],
though, again, this description is not visibly natural in ne A°P.

Proof of Corollary 2.4.9. It remains to argue that the top right horizontal map is an
equivalence. This also follows from Observation 2.4.5. With ¢: Pair((€,9)2")—(€,9)2",
also Met(c) is a Verdier projection (e.g. by Proposition 1.5.4) whose kernel is a Lagrangian
(by a simple direct check), and since 92" is left Kan extended from (QAn)pair along c°P
met along Met(c)°P (by

the description of the induced Poincaré structures in Remark 2.4.6). O

by Proposition 2.4.8, also 94, is left Kan extended from (9?;)

Applying an additive functor F: Catl —8 to the diagram in Corollary 2.4.9, we

obtain a cartesian diagram of (not necessarily complete) Segal spaces. Since
[n] — Pair((C,9)~")

is a (complete) Segal object in Cath_, this follows from Lemma 2.4.8 together with Propo-
sition 2.2.6.

Definition 2.4.10. For additive F: Catb —8 and a Poincaré oco-category (€,?), de-
note by He” (G, ) the co-category associated to [n]—F(Pair((€,?)2")) and define the
oo-category of F-based surgery data in (€, ?) as

Surg” (€,9) =He” (Met(€, ?)) X g7 (e.9) F(C, ?).
For X €(€,9), we denote by Surg% (€,?) the fibre of Surg” (€, ) over X.

This notation is justified by the equivalence
N(He(C,?)) ~Fm((€,9)2 ) ~PnPair((€,9)* ),
via the algebraic Thom construction, which implies He"™ (@, ?)~He(C, ?), and thus
Surg™™(€,?) ~ Surg(C, ?).

COROLLARY 2.4.11. (Surgery equivalence) For every additive F: Cat2, —8, Poincaré
oo-category (€,?) and XG?(G,Q[”), the transformation

s5:dec(Q(C, ?)) —» Pair(Met(C, )2 )
induces an equivalence

s%: Cob” (€, Q) x, — Surg% (€, ).
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Proof. By Corollary 2.4.9 and Lemma 2.1.2, the category Cob?(e, ?),x is described
as the associated category of the pullback of

F(Pair(Met (€, A7) — F(Pair((C, 22 7)) «— F(e, M) «— {X7}.

It remains to be shown that the pullback can be commuted with forming associated cate-
gories. This trivially holds true whenever the Segal spaces involved are complete, such as
in the main case of interest F=Pn. The general case of additive F requires the additional
input that the left-hand map is an isofibration of Segal spaces; see Lemma 2.1.1. This
can be checked directly, but for sake of brevity we deduce it from the additivity theorem

in the next section (whose proof does not make use of surgery arguments): The map
F(Pair(Met(C, )2 ) — F(Pair((€,9)2 ))

is identified with
F(Null Met(€, ?)) — F(Null(C, ?))

by Proposition 2.4.9 and this is in turn obtained from the map FQ Met(€,?)—FQ(C,?)
by taking Segal slices under zero. Theorem 2.5.3 implies that this map is a cartesian
fibrations of Segal spaces and cartesian fibrations are generally preserved under passage

to Segal slices. Since cartesian fibrations are always isofibrations the claim follows. [

Remark 2.4.12. The underlying stable co-category of Pair((€,?)2") can be ident-
fied naturally in n€A°P and (C,?)eCatl, as Fun(A™*(A™)°P,C). Using the fact that
Hyp: CatSl — Cath, is left adjoint to the forgetful functor and Pair is right adjoint to the

h
forgetful functor Cat? — Cat,,, we compute

Homcggex (€, Pair((€,9)2")) = Homcaer (Hyp(€), Pair((€,9)2"))
(Hyp(€),(C,9)2")
(

= HomCatgo
=Homcay (A", He(Fun® (Hyp €, (C,2))))
=Homcgs (A", He(Hyp Fun®™ (€, €)))

=Homcat (A", TwAr' (Fun® (€, €)

oo

=Homcat (A" *(A™)°P, Fun®™ (€, C

oo

=Homcagex (€, Fun(A™+(A™)°P, €))

)
)

for every €€ Catly, naturally in all three input variables. Here, we have used the natural
equivalence Fun®(Hyp(&), €)=Hyp Fun® (&, €) resulting from the projection formula of
[I, Corollary 7.5.6] together with the fact that Hyp is also right adjoint to the forgetful
functor, as well as the natural equivalence He Hyp(—)~TwAr"(—); see [I, §2.2].
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Under this equivalence, the Poincaré structure on Pair((€,?)2") translates (point-

wise in n€A) to the functor assigning to X0—>...—>Xni>Yn—>...—)Y0 the pullback of

homgan (X, Dgo¥) 222 home (X,, De(X,0)) — 2(X.).
In fact, by testing against a Poincaré oco-category (&, ¥), one can naturally identify
Pair((C,2)2") as the cotensor construction from [HSV1] of (€,9) with (A™x(A™)°P, flip),

a (non-stable) category with duality; see §B.1 for a discussion thereof.

Ezamples 2.4.13. (i) From Remark 2.4.12 we find that He® (@, ®) is associated to
the complete Segal space [n]—Homcag  (A™*(A™)°P C), resulting in an equivalence
Hecr(G,Q)szArr(G). Unwinding the definitions, the surgery equivalence for F=Cr

then reduces to the equivalence

Span(€) x; — TwAr' (€, x),
(XY —=>2)— (fibY - 2)>Y = X),

which is in fact valid for any stable oco-category, and should be regarded as its non-
hermitian analogue.

(ii) If Fis group-like and additive, we have He” (€, ?)~x for all Poincaré co-categories
as a consequence of the isotropic decomposition principle (Theorem 3.2.10) below (see
Remark 3.2.15), and consequently Surg” (C,2)~*. This shows that Cob?(e, Q) x/ is triv-
ial in these cases, and thus in turn that Cob:’t((?7 Q) is an oo-groupoid; this is also a direct
consequence of the work going into Remark 3.2.15; see Corollary 3.2.14.

(iii) The precursor to the surgery equivalence in Proposition 2.4.3 has no analogue
for general additive F. More precisely, the induced map FQ,(C,?)—:Surg” (C,9) is an
equivalence if and only if the Segal space Fdec(Q(€, ?)) is complete, and this is generally

not true, e.g., for F=X; compare also Remark 3.2.15.

We conclude this section by also giving an explicit description of the surgery functor
X% Surgg(%Cob?(G, ?)x, inverse to s% at the level of underlying objects. Again, this
functor is obtained as the functor associated to a map of Segal spaces, which, at level n,

is induced by the Poincaré functor
Xn: Pair Met((€,2)2") X pair((e0)am) (€, 2) — Q140 (C, Q)
sending (X —constz, Y —constp,(z), b) € Pair Met((C, 9)2") to the diagram
(1 <) — cof (Xi—1 = X 5 fib(Z — De(Yy,)) = fib(Z — De(Y;_1))),

where we set X_1=0=Y_;.
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LEMMA 2.4.14. The functor x induces the inverse of the equivalence s% from Corol-

lary 2.4.11. In particular, the induced equivalence of Poincaré objects
Fm Met(€,9)2" Xpp(e.9)am Pn(C,2) — Pn(Q114(C,?))
sends a hermitian object (X —constyz, q) to the diagram
(i <) — cof (Xi—1 — Xp % fib(Z — Do(Xn)) = fib(Z — De(X;_1)))
Proof. The second statement follows because the equivalence

Fm(C,?) — Pn(Pair(C, ?))

sends (X, g) to a Poincaré object with underlying object (X, Do X, b), where b€ Bo(X, Do X)
is the canonical pairing. For the first statement, we use that the inverse equivalence (of
stable co-categories) Pair(De£oP, 9071) - €, for a metabolic Poincaré category (C,?) with
Lagrangian £, is explicitly given by the formula

(X,Y,b) —> cof(b: X — Do(Y)).

This follows straight from the proof of the equivalence in [I, Proposition 7.3.11]. Applied

to the situation at hand, we find that the equivalence of stable co-categories
Pair(C,2)2" — Null,,(€)
is given by sending (X, Y, b) to the diagram
(i < §) — cof (Xi—1 = Xy, - Dy(Ys) = De(Yj-1)),
where we set again X_1=Y_;=0. The equivalence
Pair Met((€,2)2") —— Null,, (Met(€, ?)) = Met(Null, (C, ?))

is then given by applying the same formula to Met(C, ?) instead of €. When applied to

objects of the form
(X — constz, Y — constp,(z), b) € Pair Met((C, Q)An),
the outcome is a functor TwAr"(A!*™™)—Met(€) described by the formula

(i < j) — ((cof (X;—1 —fib((constz);—1 — De(Y;_1)) — cof ((const z);—1 — (constz);—1)),
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where we set again (constz)_;=0. At the same time, the equivalence
Qi4n(€,2) = (€,9) Xy, (e.0iuy Met Null, (€, 21')

induced by the classifying square of the split Poincaré—Verdier sequence defining
Null,, (€,9) (see the discussion after Definition 2.4.4) is given on underlying stable
oo-categories by

X — (Xo<o, [ln(X) = mn(Xo<o)])

and its inverse equivalence is given by
(Z, Y— Rn(Z)) — hn(Z) X Rn(Z) Y.

Composing this inverse with the formula above the desired result follows. O

2.5. The additivity theorem

As we will see, the decisive step towards understanding the homotopy type of the cobor-
dism oo-categories Cob(C,?) consists in analysing their behaviour under split Poincaré—

Verdier sequences. To this end, we show the following result.

THEOREM 2.5.1. (Additivity) Let F: Catl, —8 be additive. Then, the functor |Cob”|
is also additive. In particular, a split Poincaré-Verdier sequence (C,2)— (D, ®)— (€, V)

induces a fibre sequence
|Cob” (€, ®)] — |Cob” (D, ®)| —» |Cob” (&, )|

of Eoo-groups.

We heavily exploit this result in §3 below. In particular, we use it to compute
71|Cob” (€,9)], produce deloopings of |[Cob” (@, )| via the iterated Q-construction, and
it serves as the basis for Grothendieck—Witt theory in §4. It also contains Waldhausen’s
additivity theorem for K-theory as a special case, as we will detail in §2.7 below.

On the other hand, Theorem 2.5.1 yields an algebraic analogue of Genauer’s fibre
sequence from geometric topology. To explain this analogy, recall that there exists a fibre
sequence

|Cobgt1| — |Cob2+1| — |Coby]

relating cobordism categories of manifolds of different dimension (with the middle term
allowing objects to have boundary). As mentioned in the introduction, this was originally
proven by identifying the sequence, term by term, with the infinite loop spaces of certain
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Thom spectra, together with a direct verification that these Thom spectra form a fibre
sequence; see [G, Proposition 6.2] and the main result of [GMTW].
The connection to additivity arises by applying Theorem 2.5.1 for F=Pn to the

metabolic Poincaré—Verdier sequence
(€,971) — Met (€, 9) — (€, 9)
from Example 1.2.5, as we obtain the following algebraic analogue of the Genauer fibre

sequence.

COROLLARY 2.5.2. For every Poincaré oo-category (C,®), the metabolic Poincaré—

Verdier sequence induces the fibre sequence
|Cob (€, 2)| — |Cob?(€, 2)] — |Cob(e, 2|

of Eoo-groups.

Even more, our proof of the additivity theorem will follow the strategy developed
in [Stm] by the ninth author in his approach to Genauer’s fibre sequence. It is based
on a recognition criterion for realisation fibrations [Stm, Theorem 2.11], which we shall
give a brief account of in the proof of the additivity theorem below; see also [Stn] for a

generalisation. The following result verifies its assumptions:

THEOREM 2.5.3. Let F:Cath —8 be additive and (p,n): (D, ®)—(&,¥) be a split

Poincaré—Verdier projection. Then, the induced map
(P, 1) FQ(D, @) — FQ(E, V)
is a bicartesian fibration of Segal spaces, and consequently
(p,m)+: Cob” (D, ) — Cob” (€, ¥)

s a bicartesian fibration of oo-categories.

The proof of Theorem 2.5.3 will show that an edge in FQ(D, @) is FQ(p)-cocartesian
if and only if it lies in the image of F(Cp, 21), where C,CQq(D) is the subcategory
spanned by those diagrams X+ W —Y with left-hand map p-cartesian and right-hand

map p-cocartesian; the roles are reversed for Q(p)-cartesian edges.

Remarks 2.5.4. (i) A similar result in the context of co-categories of spans was given
by Barwick as part of his unfurling construction in [Bar, Theorem 12.2], but see [HHLN,
Remark 3.3] for a small correction. While the main motivation for that construction is



250 B. CALMES ET AL.

also K-theoretic in nature, its use does not seem at all related to additivity in Barwick’s
work. Our proof, furthermore, proceeds rather differently than Barwick’s combinatorial
approach.

(ii) Neither Theorem 2.5.1 nor Theorem 2.5.3 remain true upon assuming F Verdier-
localising and the input Poincaré—Verdier, but not necessarily split. For example, with
F=% o(—)", which is Karoubi-localising and group-like, Corollary 2.3.7 and Theorem 3.3.1
below in combination show that |Cob:K °(=)* |~BXo(—)! is the connected delooping,
which is famously not (Poincaré-)Verdier-localising, since Verdier projections need not
induce surjections on Kgo(—)"%.

Proof of Theorem 2.5.1, assuming Theorem 2.5.3. Suppose given a split Poincaré-

Verdier square
(D,®) — (D', D)

|

(E,0) — (&,7").

Since FQ: Catt —sCatl, is additive, we find an associated cartesian square of Segal

spaces, and it follows from Lemma 2.1.1 that also

Cob” (D, ®) — Cob” (D', &)

|

Cob” (&, W) — Cob” (&, W)

is cartesian, since cartesian fibrations are isofibrations.

With the square above established as cartesian, we next argue that it remains carte-
sian after realisation. Writing Un(G) for Lurie’s cocartesian unstraightening of a functor
G:C—Caty, it is generally true that if |—|cG: €—Cato, —8 factors over |C|, then the

diagram

|Un(GH)| — |Un(G)|

|

] ——— €|

is cartesian for any H: €' —C. Indeed, observe, for example via [Lul, Corollary 3.3.4.3],
that the upper terms can also be regarded as the unstraightening of |G|:|C|—8 and its
precomposition with |H|, whence this follows from unstraightening translating composi-
tions to pullbacks (by the adjoint of [Lul, Proposition 3.2.1.4]). Taking for G the cocarte-
sian straightening of Cob” (D’, ®')—Cob” (&/, %) and for H the functor Cob” (&, ) —
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Cob” (&', W) then gives the claim, since the cocartesian straightening of a bicartesian fi-
bration takes values in CatI;O, so satisfies the assumption on G, as adjoint functors realise

to equivalences. O

2.6. Fibrations between cobordism categories

The present section is devoted to the proof of Theorem 2.5.3. The strategy is as follows.
After recording that a split Verdier projection (of stable co-categories) is a bicartesian

fibration, we improve on this by showing that the maps
pe: (D, )2 — (&, 1)A"

b . we will not give a

oo

behave like a bicartesian fibration between Segal objects in Cat
formal definition of this term, but instead formulate the relevant statements directly in
Lemmas 2.6.3 and 2.6.4. We then use this to show that the map

Qp): Q(D,®) — Q(E, V)

also behaves like such a bicartesian fibration; the cocartesian part is formulated in
Lemma 2.6.7, and the cartesian one follows by invariance of the Q-construction under
taking opposites. From there, we will deduce the theorem by observing that any additive

functor F can be used as a ‘cut-off’ to obtain a bicartesian fibration

of Segal objects in 8, which implies the result.

To get started, we need the following lemma.

LEMMA 2.6.1. Let p: C—C’ be a functor with left adjoint g.
(i) A morphism «a: X —Y in C is p-cocartesian if and only if the square

(@)
gp(X) 25 gp(Y)

JCX Cy

X —=—=Y,

7

obtained by applying the counit transformation to « is a pushout square.
(ii) If © admits pushouts which p preserves, and g is fully faithful, then p is a

cocartesian fibration.
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Proof. The first statement is immediate from the mapping space criterion for co-
cartesian morphisms [Lul, Proposition 2.4.4.3]. For the second one readily checks that,
for CeC and a map p(C)—D in €', the edge C—CUg,c)9(D) is a p-cocartesian lift.
Here, the pushout is formed using the counit gp(C)—C of the adjunction. O

Applying the previous lemma to the opposite oco-category as well, we find the fol-

lowing result.

COROLLARY 2.6.2. Any split Verdier projection p: D—& of stable oco-categories is a

bicartesian fibration.

In fact, the converse also holds for exact functors €— €’ by Remark A.2.7 below.
Now, denote by

Cart(p), Cocart(p) C Ar(C)

the full subcategories on p-cartesian and p-cocartesian morphisms, respectively. These
are stable subcategories as a consequence of Lemma 2.6.1, and the hermitian structure
92" endows Cart(C) and Cocart(C) with the structure of hermitian oo-categories (we warn
the reader that 92" (X —=Y)~Q(Y) is distinct from the Poincaré structures Q,, and et )-
Finally, we denote by s, ¢: Ar(€)—C the source and the target functor, respectively.

LEMMA 2.6.3. Let p: (D, ®)—(&,¥) be a split Poincaré—Verdier projection. Then,

the diagrams

(Cart(p), ®2") - (D, ®) (Cocart(p), ®2") == (D, )
Jp kp and Jp %
(e, WA —t 5 (&, 0) (e, M)A —= 5 (&, T)

in Cath are cartesian.

LEMMA 2.6.4. Let p: (D, ®)—(&,¥) be a split Poincaré—Verdier projection. Then,

the square

(Cart(p), A1) x (g gyar (D, )2 L2 (Cart(p), 82") x (1 0 (D, 2) 2"

| t

2 do,d1 1 1
(€, v)A (do.dy) (&, 1) (e (€, 1)A,

where the pullback in the top left corner is formed using dy: A' =A%, and those on the
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right using the target functor is cartesian in Catg‘o. Similarly,

1

(Cocart(p), 82" ) X gyar (D, ®)2" L2 (Cocart(p), 82) x (1,0) (D, B)A"

[ i

2 da,dq 1 1
CRIE () (&, 0)2 X 6.y (€, D)D",

with top left corner formed using do: A'—A? and right-hand using the source functor, is

cartesian in Cat®,.

Proof of Lemma 2.6.3. One readily checks straight from the definitions and the
mapping space criterion for cartesian edges [Lul, Proposition 2.4.4.3] that the map
Cart(p) > Ar(C') x e/ € is essentially surjective and fully faithful for any cartesian fibration
p: C—C’. Now, apply Corollary 2.6.2 to obtain the statement at the level of underlying
oo-categories.

To see that this map is an equivalence Catlgo, note first that, by the discussion in [I,

§6.1], it is enough to show that for a cartesian morphism f: Al —D the square
lim(®o fP) —— ©(f(1))

|

Hm(We(pf)°r) — W(pf(1))
is a pullback of spectra. But this is clear, since the horizontal maps are equivalences,
as 1 is initial in (A1)°P.
Now, we deal with the second square. That the underlying square of co-categories
is cartesian is again easy (or indeed follows from the cartesian case applied to p°P). For

the hermitian structure, we need to show that

o(f(1)) — 2(£(0))

| ]

U(pf(1)) — ¥(pf(0))
is a pullback for every p-cocartesian morphism f. To see this, recall from Lemma 2.6.1
that f(1)~f(0)Uspr)lpf(1), where [ is the left adjoint to p. Furthermore, the canon-
ical map ®-l— ¥ is an equivalence, since p is a split Poincaré—Verdier projection; see

Corollary 1.2.3. Thus, the square in question is equivalent to

D(f(0)Uips(oylpf (1)) — ®(f(0))

| |

O(Ipf (1)) ——— (Ipf(0)).
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By [I, Lemma 1.1.19], it is therefore enough to show that
Bg (cof(ipf), cof(c)) ~0,
where c: Ipf(0)— f(0) is the counit of the adjunction. For this, we compute
Bo(cof(Ipf), cof(c)) ~Homp (I cof (pf), Dg cof(c))
~ Homeg (cof (pf), pDe cof(c))
~ Homg (cof (pf), Dy cof (pc)) =0,
since pc is an equivalence. O

For the proof of Lemma 2.6.4, we use the following observation; compare [Lul,
Corollary 2.4.2.5].

Observation 2.6.5. Let p: €— €’ be a cartesian fibration, and CyCC be a full subcate-
gory that contains all p-cartesian morphisms whose target lies in Cy. Then, the restricted

functor p: Gp— €’ is also a cartesian fibration.

Proof of Lemma 2.6.4. We again start by showing that the upper square is a pull-
back of co-categories. We first claim that both vertical maps are cartesian fibrations. By
[Lul, 3.1.2.1], for a cartesian fibration p: €—C’ and K in Cat, the functor

p.: Fun(K, €) — Fun(K, ¢')

is again a cartesian fibration, with cartesian edges detected pointwise. Applying this
with K=A? and A3, the claim easily follows from Observation 2.6.5 and the cancella-
bility of cartesian edges [Lul, Proposition 2.4.1.7]. The pointwise nature of cartesian
edges also implies that the top horizontal map preserves cartesian edges, so to check
that the underlying diagram is cartesian in Cat., it suffices to check that the induced
map on vertical fibres are equivalences by [Lul, Corollary 2.4.4.4]. But here again, one
checks that the induced functors are fully faithful and essentially surjective from the
mapping space criterion for cartesian edges [Lul, Proposition 2.4.4.3] together with the
description of spaces of natural transformations as iterated pullbacks arising from [GHN,
Proposition 5.1].

This concludes the proof that the underlying diagram of the top square is a pullback
in Cats, and the argument for the bottom one is entirely analogous. To make the first
square a pullback in Catgo, we need to show that, for each f: A2—D with f(1)— f(2)
p-cartesian, the square of spectra

1im(A2)op (pOfOp —_— hm(Ag)op (pofop

J |

limazyop Wop fP — lim(pgyop WepfoP
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is a pullback. But this is clear, since 2 is terminal in both A% and A2, so the inclusion
(A3)°PC(A?)°P is final and the horizontal maps are equivalences.
To see that the second square is a pullback in Cat};o, we have to show that for each

f: A% —D with f(0)— f(1) p-cocartesian, the following square is a pullback:

lim(A2)op (I)Of()p — lim(Aa)op (I)Of‘)p

| |

lim(A2)0p \I/opfop — lim(A(Q))Dp \I/Opfop.

Since 2 is terminal in A2, this reads

(f(2)) —— 2(f(1) Xa(s(0) ®(f(2))

| |

U(pf(2)) — ¥(pf(1) Xwpso) Y (pf(2))

This square is indeed cartesian, since

(£ (1)) = ¥(pf (1)) Xw(ps(0)) 2(£(0)),

as a consequence of Lemma 2.6.3; in fact this statement is also an explicit step in the

proof of Lemma 2.6.3. O

Now, let €,CQ1(D) denote the full subcategory on objects of the form D« W —D’,
where the left arrow is p-cartesian, and the right arrow is p-cocartesian. This is a stable

subcategory which inherits a hermitian structure from Qi (D).
LEMMA 2.6.6. €,CQq(D) is closed under the duality Do, .

Therefore, (C,, ®1) is a Poincaré oo-category and the inclusion functor C,— Q1 (D)

canonically refines to a Poincaré functor.

Proof. Let D+W —D' be an object of €,. The dual arrow is obtained by first
completing the diagram to a pushout square; then applying Dg termwise, and deleting
the value at the terminal object of the square, see [I, Proposition 6.3.2]. The claim now
follows from the fact that p-(co-)cartesian morphisms are stable under (co-)base change,
and that the dualities interchange p-cartesian with p-cocartesian morphisms, since the
diagram

pov Dy q

commutes, as p is Poincaré. O
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We are now ready to state the main technical results of this section, namely that
Q(p): Q(D, D) —Q(&, ¥) behaves like a cocartesian fibration of Segal objects in Catgo,
with cocartesian lifts given by (C,, ®1)CQ1(D, ®). Since the Q-construction is invariant
under taking the opposite simplicial object, it follows that it also behaves like a cartesian

fibration; see Example 2.3.3.

LEMMA 2.6.7. The squares

(epvq)l) i) (D,CI)) (epv‘bl)XQl(D’q’)QQ(Dvé) (dd) (epvq)l)x(Dv‘I’)Ql(Dv(I))
[ Jp &
Q1(8,0) 25 (e, W) Qa(€, 0) — =N Q1 (€, ) % .0y Qu(E, ©)

are split Poincaré—Verdier squares. In the right square, the upper left pullback is formed
using da: Qa(D, ®)— Q1 (D, ®) and the pullbacks in its right column are formed using d;.

In particular, both diagrams are cartesian in Cath,.

Proof. We begin with the left-hand square and factor it as follows:

(€, ®1) —> (Cart(p), ®2') - (D, @)

Q1(&,0) — (6, 1A —L 5 (&, 7).

Here, the left horizontal maps are induced by including A' into TwAr* A' as the mor-
phism (0<1)—(0<0). The right square is a pullback by Lemma 2.6.3. Now,

Q1(D, ®) = (D, )40 = (D, )2 X (p.0) (D, D)™,

using the source and target arrows for the pullback, and this equivalence restricts to an

equivalence

Cp =~ Cart(p) x p Cocart(p),

by construction. Therefore, the left square is obtained by pullback from the right-hand
square of Lemma 2.6.3, and therefore cartesian as well (in Cat™ , and hence in Cat®).
Since p is a split Poincaré—Verdier projection, by assumption, this implies the claim by
Corollary 1.1.10.
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Next, we treat the right square. The co-category in its upper left corner is equivalent

(as a hermitian oo-category) to the full subcategory of Q2(D, ®) on those diagrams

F(0<2)
/ (I11)
F(0<1) F(1<2)
1 (11) /
F(0<0) F(1<1) F(2<2),

with F: TwAr" A2—D, such that the following conditions hold:

(i) the map labelled by (I) is p-cartesian;

(ii) the map labelled by (II) is p-cocartesian;

(iii) the middle square is cartesian.

In view of Lemma 2.6.1, one easily checks by pasting squares that condition (iii) is
equivalent to the following two conditions:

(iii’) the map labelled by (III) is p-cocartesian;

(iii”) the image of the middle square in & is cocartesian.

In other words, if we denote by
(D7 @)EWAH(AQ) C (D7 (I))TWArr(Az)
the full subcategory on diagrams satisfying (i), (ii) and (iii’), then the diagram
f 2
(Cp ®1) Xy (0, Qa(D, @) — (D, ®), "4 (4
QQ(S, ‘If) - (8, \I])TWArr(Az)

is a pullback in Cat™ , since it is one in Cato, and the hermitian structures on the left

o0

are the restrictions of those on the right. Now, consider the filtration
Io— I, — Iy — I3 — I, = TwAr' (A?)
through (non-full) subposets, starting with

Io = do(TwAr" AM)Ud; (TwAr" Ab).
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The remaining I; are obtained by adding relations in the order indicated in the following

picture, in which circles indicate 2-cells:

(0<
(Oglki o1 i
(0<0) (<) (2<2)

Now, one readily checks that each I;—1I;1, is obtained as a pushout of an outer horn
inclusion (namely using A%, A} and then AZ twice) in Cato,. This either follows from a
simple direct argument by writing the posets involved as iterated pushouts of simplices,
or from the corresponding statement at the level of simplicial sets using that homotopy
pushouts in the Joyal model structure model pushouts in Caty.

For i€{0,...,4}, let (D, ®)[: (D, ®)"* denote the full subcategory on functors that
satisfy whichever of condition (i), (i) and (iii’) apply. Then, for =0, the map

(D, ®)) — (€, )"

induced by p is equivalent to that in the right column of the statement of the lemma,
and for =4 it is the right map in the square above.

We then claim that the diagram

(D, @)L — (D, ®), "

(&, 0)i — (&,W)li-1,

with horizontal maps given by restrictions, is a pullback in Catgo for 1=1,2,3,4. This
establishes the lemma by pasting pullbacks.

Indeed, I is obtained from I; by filling the 1-horn A} CA® with a cocartesian edge,
so that the restriction map (D, ®)%2— (D, ®)%t is pulled back from the restriction map
s:(D, )2 - (D, ®). It follows that the diagram in question is obtained from the second
diagram of Lemma 2.6.3 by base changes, and therefore is a pullback. Similarly, we
see that the diagrams for i=1, 3,4 are obtained by base changes from the diagrams of
Lemma 2.6.4, and therefore pullbacks.

We are left to show that the map

(Cp, @1) X(0,8)Q1(D, @) —> Q1(&, V) X (¢ ) Qu(E, V)
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is a split Poincaré—Verdier projection. But Lemma 2.6.7 identifies this map as a base
change of the map Qi (p): Q1(D, ®)—Q1(&, V), which is a Poincaré—Verdier projection
by Proposition 1.5.4. The claim thus follows from Corollary 1.1.10 as well. O

Proof of Theorem 2.5.3. Applying F to the squares of Lemma 2.6.7, and using ad-

ditivity, we deduce that the following squares are cartesian:

F(€,,01) —2 F(D, )

F(Qu(E, V) 25 F(E, W)

and

id,ds
F(Cp, @1) X F(Q,(0,8)) T (Q2(D, @) BN F(Cp, @1) X g(0,8)F(Q1(D, @))

F(Qa(€, ) —— 1 5(Qu (€, ) x (e F(Qu (€, D))

Here, the pullbacks in the bottom square are formed using d, on the left and d; on the
right. Now, the bottom square tells us that the image of moF(C,, ®1)—=>mF(Q1(D, ))
consists of FQ(p)-cocartesian arrows, whence the top square provides sufficiently many
FQ(p)-cocartesian lifts to make FQ(p): FQ(D, ) —FQ(E, ¥) into a cocartesian fibration
of Segal spaces, and therefore Cobrf(p) into a cocartesian fibration of co-categories. Since
Q(D, @) is naturally identified with Q(D, ®)°P through the canonical equivalence

TwAr' (A™) =2 TwAr' ((A™)°P),

we conclude that both FQ(p) and Cob” (p) are also cartesian fibrations. O

2.7. Additivity in K-Theory

The arguments presented in the previous section work verbatim upon dropping hermitian
structures and working with additive functors CatZs —8. In the present section, we briefly
record the statements that are obtained this way. Let us first formally set terminology
obviously analogous to that of Definition 1.6.3.

Definition 2.7.1. Let £ be an oo-category with finite limits and F: Catoy —€& be a
reduced functor. We say that F is additive, Verdier-localising or Karoubi-localising if
it sends split Verdier squares, arbitrary Verdier squares or Karoubi squares to cartesian

squares, respectively.
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Part of the following result also appears in [BR], though in incommensurable gen-

erality.

PROPOSITION 2.7.2. For a stable co-category C, the simplicial co-category Q(C) is
a complete Segal object in Cato,, whose boundary maps are split Verdier projections. For
an additive functor JF: Catos —8, the simplicial space FQ(C) is a Segal space, which is

complete if F preserves pullbacks.

Proof. The first two statements are obtained during the proofs of Lemmas 2.2.4
(see also [HHLN, Lemma 2.17]) and 2.2.6. The latter two statements are proven just as
Proposition 2.3.1. O

In particular, we can set
Span” (€) := asscat(FQ(C)),
which inherits a symmetric monoidal structure since CatZ: is semi-additive and
@ +— Span” (€)

preserves finite products. The proof of Corollary 2.3.7 gives the statement that the

diagram of commutative monoids

ToF(Ar(C)) - mF (@)

|

0 — mo|Span” (©)]

is cocartesian. In the present situation, the top horizontal map is, however, split surjec-

tive, hence we obtain the following result.

ProOPOSITION 2.7.3. The oco-category Spang(e) is connected for any stable C and
additive F: Cato; — 8.

In particular, |Span?(€)\ is always an E.-group. Our notion of additive functor is

geared to permit the following strong version of Waldhausen’s additivity theorem.
THEOREM 2.7.4. (Additivity) If F:Catls —8 is additive, then so is
Span” —| = [FQ—|.

Just as the hermitian additivity theorem (Theorem 2.5.1), this theorem is deduced
from the following statement and the fact that bicartesian fibrations are realisation fi-
brations.
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THEOREM 2.7.5. Let F:Catls—8 be additive and let p:D—E be a split Verdier

projection. Then,
FQ(p): FQ(D) — FQ(€)

18 a bicartesian fibration of Segal spaces, and thus a realisation fibration.

Proof. The proof of Theorem 2.5.3 in §2.6 yields a proof of Theorem 2.7.5, by drop-

ping all mention of Poincaré structures (which in fact made up the bulk of the work). O

Waldhausen’s additivity theorem now follows, by inserting the analogue of the meta-

bolic sequence, i.e. the split Verdier sequence
C—Ar(C)—¢C

made up of the inclusion X+ (X —0) and the target projection ¢, into the additivity the-
orem (whence our terminology), and noting that either adjoint of ¢ give rise to splittings

of the resulting fibre sequence
F(€) — F(Ar(€)) - F(€).
This runs contrary to the situation of the metabolic sequence, where the adjoints of
met: Met(C, ?) — (€, Q)

are not compatible with the Poincaré structures. The splitting Lemma 1.6.11 in Grpg__(8)
then gives the equivalence F(C)?~F(Ar(€)). Applying this to K=|Span— |, which is ad-
ditive by Theorem 2.7.4 above, we find K(€)?~X(Ar(C)) as desired.

In summary, the fibre sequence of cobordism co-categories induced by the metabolic
fibre sequence is not just an algebraic analogue of Genauer’s fibre sequence regarding
geometric cobordism categories, but also of Waldhausen’s additivity, the connection be-
tween which was first realised by the ninth author in [Stm]. The idea to systematically
relate cobordism categories of manifolds to algebraic K-theory by viewing spans as a
formal type of cobordism was originally put forward in joint work of his with Raptis; see
[RS2]-[RS4].

Remarks 2.7.6. (1) We repeat the caveat that it is not generally true that [FQ—| is
Verdier-localising whenever F: Cat* — 8 is, a counterexample being K o(—)idem,

(ii) In the setup of stable oo-categories, any group-like additive functor F in fact
takes all right split and all left split Verdier-sequences (i.e. those where the projection ad-
mits only one adjoint) to fibre sequences by unpacking an old argument of Waldhausen’s;
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see for example [HLS, §2]. A hermitian analogue of this fact is the isotropic decompo-
sition principle in the next section, which in fact implies its non-hermitian counterpart;
see Example 3.2.12 below.

(iii) Let us also mention that the proof of Theorem 3.3.1 below also carries over
without change to the setting of stable co-categories. As a consequence, one obtains the

following facts:

(a) K~Q|Span(—)|: Cats—8 is the initial group-like additive functor under
Cr; compare Corollary 3.3.4.

(b) The iterated Q-construction defines a positive Q-spectrum Span(€), with
Q*>°Span(€)~XK(C); compare Proposition 3.4.5.

(c¢) Its spectrification K(€) gives the initial additive functor Cato,—8p un-
der S[Cr], and in fact that K is the suspension spectrum of Cr in the stabilisation
of the co-category of additive functors Cato: —8; compare Corollary 3.4.6 and Re-
mark 3.4.9.

This gives a simple and uniform approach to these fundamental results, which to

the best of our knowledge have not been treated together in the literature.

As we will have to make use of this result in the next section, let us also record the
computation of mo K(€C)=m1|Span(C)| in the generality of an arbitrary additive functor
F: Catel —8. The natural equivalence Homg,,7 (e (0,0)~=F(C) provides maps

moF(€2) ) g (Are) — s mF(C)

| J |

m1|Span” (€?)] «— 71|Span” (Ar €)] — m1|Span” (€)],

where s, t and cof take the source, target and cofibre of a morphism. The additivity the-
orem implies that the lower left horizontal map is an isomorphism. Inverting it produces
a commutative square

ToF(Ar €) —L— mF(€)
(s,cof)J J

10F(C)?2 — 771|Span:’t(€)\

of commutative monoids natural in both € and F.

PROPOSITION 2.7.7. This square is cocartesian for every stable C and every additive
functor F: Cator —8.
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In particular, for F=Cr, we recover the standard fact that Ko(C) is given by moCr(C)
modulo extensions. While a proof internal to the Q-construction is certainly possible, the
quickest route is through the subdivision equivalence |FQ(C)|~|FS(C)| between Quillen’s
Q- and Segal’s S-constructions (the latter famously developed by Waldhausen). Let
us briefly review this equivalence; it also features prominently in Appendix B. The S-

construction can be viewed as a functor S: Catg, —sCatg,, with
S»(C) CFun(Ar(A"),C)

given by the full subcategory on functors F satisfying F(i<i)=0 for all i€[n] and that,

for all i<j<k<l, the square
F(i<k)— F(i<l)

| ]

F(j<k) — F(i<l)
is cartesian. Now, recall, that simplicial objects can be subdivided edgewise by precom-
position with the functor A°P— A°P sending [n] to [n]x[n]°P. In the case of simplicial
spaces it takes the standard simplices to contractible simplicial spaces and preserves col-
imits, so preserves realisations. Writing S¢(C) for the edgewise subdivision of S(€), we
thus find |FS(C)|~|FS¢(C)| for any additive F: Catly—8. But it is easily checked that
S¢(€)~Q(C) via the map TwAr'(A™)—Ar(A"x(A™)°P), natural in [n], taking (i<j) to

(i0<J1), where the subscripts indicate the join factor.

Proof of Proposition 2.7.7. In S(@) the 0-, 1- and 2-simplices are equivalently given
by *, € and Cof(@), respectively, where Cof(€) denotes the oo-category of cofibre se-
quences in €. This is equivalent to Ar(C), and under this identification the boundary
maps of S(C) are given by source, target and cofibre. Thus, we find 71|FS(C)| given by
moF(C) modulo the relation s(f)4cof(f)=t(f) for every femyF(Ar(C)), which is exactly
the pushout above. O

Finally, let us mention that X:CatS:—8 is in fact Verdier-localising and not just
additive. Again this essentially goes back to work of Waldhausen, and (idempotent
completions issues aside) is first explicit in the work of Blumberg, Gepner and Tabuada.

A direct proof in the present setting can be found in [HLS, §6].

3. Structure theory for additive functors

The objective of this section is to derive the fundamental theorems of Grothendieck—
Witt theory from the additivity theorem. We will, however, do so in the generality of
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arbitrary additive functors Cath —8. Even when only interested in Grothendieck—Witt
spectra, this additional layer of generality is useful, for example it enters our proof of
the universal property of GW: Cath —8p. The reader is encouraged to keep the two
fundamental examples

Pn and [Cob(—)[|:Catl, — 8

in mind throughout. In §4 below, we will specialise the results of this section to define
Grothendieck—Witt theory and conclude the main theorems of this paper.

We begin by introducing the notion of a cobordism between Poincaré functors, and
use this to establish some fundamental results for group-like additive functors. Chief
among these is the agreeance of their values on hyperbolic and metabolic categories.
In the case of |Cob(—)|, we already proved this claim in Proposition 2.3.12 by explicit
identification of both sides. Using the general statement as a base case, we develop a
general theory of isotropic decompositions of Poincaré oo-categories, which allows for the
computations of the values of a group-like additive functor F applied to many Poincaré
oo-categories (C,®) of interest, e.g. Q,(C,?) for all n, in terms of hyperbolic pieces and
parts that are often simpler than the original (C,?).

We then use this machinery to establish precise relationships between additive func-
tors taking values in the oco-categories of E,.-monoids, E.-groups and spectra, in par-
ticular constructing left adjoints to the evident forgetful functors. The adjoint passing
from E,,-monoid-valued to E..-group-valued functors, the group-completion, is given by
F—Q|Cob” (—)|=Q|FQ(~)]|, using the F-based cobordism co-category from section §2,
and the adjoint from E,.-group-valued to spectrum-valued functors, the spectrification,
is given by iterating the Q-construction on F. This generalises the work of Blumberg-
Gepner—Tabuada on the universality of algebraic K-theory [BGT]. Many of our construc-
tions also have geometric precursors in the work of Bokstedt—Madsen on the connection
between iterated cobordism categories and algebraic K-theory [BM]. We will expand on
these analogies in §4.

We then turn to a more detailed analysis of spectrum-valued additive functors. To
this end, we introduce the notion of a bordism-invariant functor (i.e. one that vanishes
on metabolic categories), the principal example being L: Cat?, — 8p, the L-theory functor
of Ranicki and Lurie. We show that the inclusion of bordism-invariant functors into all
additive functors also admits a left adjoint bord. It will then follow for rather formal

reasons that there always is a natural cartesian square

F(€,9) — Ford(e,Q)

| J

F(Hyp(€))"?> — F(Hyp(C))">



HERMITIAN K-THEORY FOR STABLE 0o-CATEGORIES II 265

of spectra, which can in principle be used to compute F from its hyperbolisation
FWP — FoHyp

and its bordification FP°™d, each of which may be easier to understand than F. We also
provide two direct formulas for "4, which again have precursors in manifold theory. We
use these in §4 to identify the bordification of Grothendieck—Witt theory with L-theory,

completing the proof of our main theorem.

3.1. Cobordisms of Poincaré functors

In the previous section, we introduced the concept of a cobordism in a Poincaré oo-

category. Using it, we make the following definition.

Definition 3.1.1. Let (C,?) and (D, ®) be two Poincaré co-categories and let
f7g: (679) . (D7 (I))

be two Poincaré functors. By a cobordism from f to g we shall mean a cobordism in the
Poincaré oo-category Fun®*((C,?), (D, ®)) between the Poincaré objects corresponding
to f and g.

We note that the data of such a cobordism can equivalently be encoded by a Poincaré
functor ¢: (C,2)—Q1(D, ®) such that do¢p=f and d;¢p=g, in particular

do, dll Q1(67 Q) — (G, Q)
are cobordant.

Ezample 3.1.2. As an algebraic analogue of the fact that bordism groups of manifolds
with boundaries vanish, we note that the identity of Met(C,?) is cobordant to the null
functor for any Poincaré oo-category (C,?). In [I, Remark 7.3.23], we observed that the
tautological Poincaré refinement of the functor cm: Met(C, ?) —Met Met(C, ?) given by
sending W — X to the right square of

O+—W —W

|

0+—W —X
is a common section of Met(met(e)) and metyier(e,9). The former implies that the
composition with the inclusion Met Met(C, ?)CQq(Met(C,?)), in total taking W—X to
the entire diagram above, gives a cobordism as desired; we will use that cm is also a
section of met(Met) in Proposition 3.1.11 below.
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Our next goal is to describe the behaviour of group-like additive functors, see Defini-
tion 1.6.7, under such cobordisms. We start by analysing the universal case of a Poincaré
cobordism between functors with target (C,®). It is given by the two Poincaré functors
do,d1: Q1(€,2)—>Qo(C,2)=(€,?), which are equipped with a canonical cobordism be-
tween them.

To this end, consider the functor

:C—> Ql ((‘3),
X— [0+ X—X],

and its right adjoint

b: Ql (e) — 67
[X W —=>Y]—fib(W — X).
Note that the unit transformation id=-pi is an equivalence, so 7 is fully faithful. By the
universal property of the hyperbolic construction, [I, Corollary 7.2.21], we obtain a pair

of Poincaré functors A .
Hyp(€) — Qu(€, ) =— Hyp(€),

which is a retract diagram in Catb . We also note that iny,: Hyp(€)—Q1(C, Q) factors
through Met(C,?)C Q1 (€, ?); the corresponding restriction of iy, agrees with

can: Hyp(C) — Met(C, ?);

see the recollection section for a review of notation. Similarly, the restriction of p™P® to
Met(€,2)CQ;(C, Q) is
lag: Met(C, ?) — Hyp(C).

In particular, we obtain the diamond shaped diagram
(€9
cyl

id
Met(€,9) — Q1(C,9) -2 (€,9)

lag

Hyp(C),

with cyl the inclusion of constant functors and p™P split, as a Poincaré functor, by Thyp-
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LEMMA 3.1.3. For a Poincaré oco-category (C,®), both the horizontal and vertical

sequences of the diamond above are split Poincaré—Verdier sequences.

Proof. For the horizontal sequence, this is immediate from Lemma 2.2.6. For the
vertical sequence, we shall check that p satisfies the assumptions of Lemma 1.5.1 to
conclude that p™P is a split Poincaré-Verdier projection. The kernel of p"™P is evidently
given by the diagrams TwAr" (A!)— Cr€ and, since |TwAr"(A)] is contractible, these are
exactly the constant diagrams, which embed € fully faithfully into Q;(C) and evidently
cyl* @ ~9.

We already recorded above that p admits a fully faithful left adjoint ¢ taking X to
[0+ X —X], and ?;(0+X —X)~?(0)~0. A right adjoint r to p is given by the formula
X—[EX+0—0] and, since

De([EX - 0—0]) > [2DeX «+ QDX — 0],

we also find 2(De(rX))~0 for all X €@, as desired. O

We thus obtain that both the vertical and horizontal fibre sequences in the diamond
above are taken to fibre sequences by any additive functor. For group-like additive

functors, we even obtain the following strengthening from Proposition 1.6.10.

COROLLARY 3.1.4. Let F:Catb, —& be a group-like additive functor. Then, the
following statements hold:
(i) The Poincaré functor cyl: (C,2)—Q1(C, Q) and the inclusion Met(C,2)—Q1(C,?)

induce an equivalence
F(C, Q) xF(Met(C,?))—F(Q1(C, ?)).

(i) The functors cyl: (€,2)—Q1(C,?) and inyp: Hyp(€)—Q1(C,?) induce an equiv-
alence
F(C,2) xF(Hyp(€))—F(Qu(C, ).
(iii) The functors di: Q1(C,2)— (€, ) and p™P: Q;(C,?)—Hyp(€) induce an equiv-
alence

F(Q1(€,2))—F(C,2) xF(Hyp(C)).
As a consequence of the above result, we obtain the following corollary, which plays
a fundamental role throughout this paper.

COROLLARY 3.1.5. Let F: Catb, — & be a group-like additive functor. Then, the func-
tors lag: Met(@, ?)—Hyp(C) and can: Hyp(C)—Met(C,?) induce inverse equivalences

F(Met(C,?)) ~F(Hyp(C)).
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Proof. The composite
(€,9) x Met(€,2) MY, g, (e,9) 22, (e, ) x Hyp(€)

is equivalent to the map ide ) xlag. Since both constituents of this composite become
equivalences after applying & by the previous corollary, F(lag) is a retract of an equiv-
alence, and therefore is an equivalence itself. Since the functor can is a 1-sided inverse
to lag at the level of Poincaré oco-categories, it must induce the inverse equivalence after
applying J. 0

Applying Corollary 3.1.5 to the group-like additive functor (C, 9)|—>|Cob?(6, Q)| for
F a not necessarily group-like additive functor, we deduce immediately the following

result.

COROLLARY 3.1.6. The functors lag and can induce inverse equivalences
|Cob” (Met (€, 2))| | Cob” (Hyp(€©))|.

for every additive functor F: Cath —S8.

This in particular gives an alternative proof of the second half of Proposition 2.3.12
that does not use the algebraic Thom construction. To exploit Corollary 3.1.4 further,

we need the following construction.

Construction 3.1.7. Given two Poincaré co-categories (G, ?) and (D, ®), and an exact
functor f:C—D between the underlying oco-categories, we obtain a Poincaré functor
Nf:(€,2)— (D, ®) by forming the composition

fhyp idhyp
(C,?) =—— Hyp(D) —— (D, ),

using that the hyperbolic construction is both a left and a right adjoint to the forgetful
functor Cat?, —CatZs. We refer to Nf as the norm of f. Unwinding this construction,
we find (Nf)(X)~f(X)®Dg fP(DeX).

PROPOSITION 3.1.8. Let F: Catb, —& be a group-like additive functor. Let (C,?) and
(D, ®) be Poincaré oo-categories, and let ¢=(f<+h—g):(C,2)—=Q1(D,P) be a cobor-
dism between two Poincaré functors f,g: (C,2)— (D, ®). Let k=fib(h— f): C—=D and let
NEk: (C,9)— (D, @) be its norm. Then, F(g)—F(f)~F(Nk) as maps F(C,2)—=F(D, D).

Proof. By Corollary 3.1.4, we have a pair of equivalences

(F(da),F (™

F(D, &)@ F (Hyp(D)) — V2T 0w) , g, (D, B)) 2D, (D, ®) @ F(Hyp(D)).
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These equivalences are inverse to each other: indeed, the composite equivalence
F(D,®)oF(Hyp(D)) — F(D, ®)oF (Hyp(D))

is equivalent to the identity, since phypihyp and djcyl are equivalent to the respective
identity functors, while d;ipy, and pPYPeyl are equivalent to the respective zero functors.
Then, we obtain a homotopy between the identity map id: F(Q1 (D, ®))—>F(Q1(D, D))
and the sum F(cyld;)+F (inypp™P), and hence a homotopy

() ~ F(cyld18) + T (inypp"™P ) = T(cylf) +T (inyph™?)
of maps F(€,?)—=F(Q1(D, ®)). Postcomposing with the map
F(do): F(Qu(D, ®)) — F(D, @),
we obtain a homotopy
F(g) = F(dod) ~ F(docylf) +F (doingp k™) = F(f)+F(Nk)
of maps F(€,?)—=F(D, D), as desired. O

COROLLARY 3.1.9. For a group-like additive functor F: Catb, — &, the inversion map
on F(C, Q) is induced by the sum of the endofunctors (ide, —ide) and NQ of (€, ?).

Proof. We resurrect the bent cylinder beyl: (€, 2)—Q1(€, ?) with underlying func-
tor
X [XaX & X 0]

from Construction 2.3.8. By construction, it is a nullcobordism of id(e ¢)+(ide, —ide).
We obtain the conclusion from Proposition 3.1.8, by observing that the fibre of the
diagonal X — X @ X is naturally equivalent to QX. O

Next, we use Corollary 3.1.5 to determine the fundamental group of |Cob” (G, 9)|.
We base the calculation on the well-known analogue for the co-categories Span? (@) for
a small stable oo-category € and an additive functor G: Catis —8 that we recalled in
Proposition 2.7.7.

Analogous to the construction in the non-hermitian case, we consider the diagram

70T (Hyp(€)) 22— 1o F(Met (€, 2)) —2— 70 F(C, Q)

| | J

71|Cob” (Hyp(€))| «— m1|Cob” (Met (€, ?))| — 71]|Cob” (€, ?)],
with the vertical maps induced by various instances of Homggps (¢ ,¢)(0,0)=F (€, ?). The
lower left horizontal map is an isomorphism, by Corollary 3.1.5. Inverting it gives the
square in the following theorem.
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THEOREM 3.1.10. For a Poincaré oo-category (C,2) and an additive functor
F: Catl, — S,

the natural square
moF Met(€,Q) —2% 7T (€, Q)

T

moF Hyp(€) — 71|Cob” (€,9)]

of commutative monoids is cocartesian.

Since the map lag is (split) surjective, this in particular describes 7 |Cob” (€,9)| as
the quotient monoid of mF(C,?) identifying all metabolic objects with the hyperbolic

objects on their Lagrangians. We thus, in particular, obtain an isomorphism
71'1|COb(G, Q)| = GWO(G, 9)

with the Grothendieck—Witt group constructed in [I, §2.5]. We discuss this further in §4

below. For the proof, we need the following result.

PRrOPOSITION 3.1.11. The boundary map of the Botti—Genauer sequence

|Cob” (€, 97| — |Cob” (Met (€, 9))| —> [Cob” (€,9)]

N

Q|Cob” (€, Q)| —Z— |Cob? (€, 971y,

participates in a diagram

with the right-hand map arising from the inclusion into the core, and the left-hand map
from the inclusion as the endomorphism of 0€F(C, 9[1]).

Since the map moJF(C,?)—m |Cob” (€,9)] is surjective by Theorem 3.1.10, this in
particular determines the effect of the boundary map m;|Cob” (€, 9)| —mo|Cob” (€, 9(~1)].

Proof of Proposition 3.1.11. There is a commutative diagram of oco-categories

F(C,9) —— Cob” (€,971) ——— «

—_—

Cob” (Met(€,?))o, — Cob” (Met(€C,?)) — Cob” (€,?)
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The right square is simply obtained by applying Cob?(f) to the metabolic sequence.

The left vertical map is given by the composite
F(C,Q) — F(Met(C, oMM)) <2 F(Met Met (€, 911)) — Cob” (Met (€, 9))o,,

where the middle map is given by the one from Example 3.1.2. The commutativity of
the left square comes from the fact that this map is a section of met(Met).
Applying realisation, using that |Cob” (=)| is additive, we obtain from the right

square the boundary map
Q|Cob7 (€,9))| —> |Cob? (€, 971y

of the Bott—Genauer sequence as the inclusion of the middle horizontal fibre. Since the
lower left corner is contractible, the left-hand square then factors the top horizontal map

through the boundary map as desired. To finally see that the induced map
F(C,2) — Q|Cob” (€, )]

is the one from the statement of the proposition, one uses that cm is also a section of

the map Met(met). Indeed, this implies that in the commutative diagram

F(€,Q) — Cob” (Met(€,2))o; — Cob” (Met(€,2))

‘met ‘met

Cob”(€,92)g) —— Cob” (€, 9)
the diagonal arrow is the fibre inclusion (over zero) of the lower horizontal map. O

Proof of Theorem 3.1.10. Denote by G(€,?) the pushout of the diagram
moF Hyp(C) «— moF Met(C, ?) — moF(C, ?),
and similarly denote by W (€, ?) the pushout of
0+— moF Met(C, ?) — mF(C, ?),

giving a canonical map G(€,?)—=W(€,?). By construction, there is a natural map
G(€,?)—m1|Cob(€,?)|. Now, the discussion of the non-Poincaré case in Proposition 2.7.7
implies that this map is an equivalence for hyperbolic categories. The square in The-
orem 3.1.10 for J: Cat?,—8 and input Hyp(C) becomes that for FeHyp: Cator —8 and

input oco-category €, under the equivalences

Met(Hyp(€)) ~Hyp(Ar(€)) and Hyp(€)?~Hyp(Hyp(€)),
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from [I, Corollary 2.4.9] and [I, Remark 7.4.15].

Let us now construct a diagram

71]|Cob” (€, 7YY | — 71 |Cob” (Met(€, 9))] — 71|Cob” (€, )| — mo|Cob” (€, 91~ 1))

|

G,y — 5 G(Hyp(C)) ————— G(,9) ————» W(C,9)

IR
IR

whose upper sequence is induced by the metabolic fibre sequence via additivity, and
thus is exact. Furthermore, the rightmost map of the top sequence is surjective as
indicated, since the next term in the sequence is mo|Cob” (Met (@, 2))|, which vanishes
by Corollary 2.3.10. The vertical maps are the evident ones (see Corollary 2.3.7 for the

rightmost one), except the second one, which is the composition
G(Hyp(€)) 22 G(Met(€, ?)) —» m1|Cob” (Met(€, 9))|.

The left two horizontal maps in the lower sequence are

G(€, ) 5 G(Met (€, Q) —22 G(Hyp(€))
and
hyp: G(Hyp(€)) =22 G(Met(€, 9)) 2 G(C, 9),

respectively and the right one is the one constructed above. The second vertical map is
an isomorphism by Corollary 3.1.5 and the claim for hyperbolic categories established
above.

Now, the middle square commutes by construction, the left one by Corollary 3.1.5
and the right one by Proposition 3.1.11. Furthermore, the lower sequence is exact at
G(C,?), in the sense that two elements z,y€G(C,?) have the same image in W(C,?) if
and only if there are elements w and z in the image of G(Hyp(C€)) such that x+w=z+y.
By the surjectivity of moF(Hyp €)—G(Hyp €), this follows straight from the cocartesian

diagram
moF Met(C, Q) — moF(C, Q)

|

moF Hyp(C) — G(C, ?),
by taking horizontal cokernels. It then follows formally that G(C,?) is in fact a group. As
W(C,?) is one, for every a€G(C, Q) there is an element a’ € G(C, ?) such that a+a’ maps
to zero in W(C, Q). But then, by exactness, there are b, b’ € G(Hyp(€)) with a+a’+b =b,
from which we can subtract b to get an inverse to a, since G(Hyp(C)) is group.
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Furthermore, the composition
G(e, o) — G(Hyp(C)) — G(€,9)
vanishes: by construction, the map met: G(Met(C,?))—G(C,?) factors as
G(Met(€,9)) =2 G(Hyp(€)) =2 (€, 9),
which identifies the composition above, with
G(e, 971y — G(Met(€,9)) 25 (€, 9),

which vanishes already at the level of co-categories. It is a bit tedious to check that the
lower sequence is in fact exact at G(Hyp(C)). Luckily, we get away without doing so
directly.

We deduce Theorem 3.1.10 by two applications of the 4-lemma. Applying one half of
it to the right three columns (extended by zero to the right) gives surjectivity of the map
G(€,9)— 7 |Cob (€, 9)| for every (€,9), in particular also for the leftmost column. This
formally implies exactness at G(Hyp(€)) by a short diagram chase, whence the other half

of the 4-lemma gives injectivity, and thus the claim. O

3.2. Isotropic decompositions of Poincaré oo-categories

We now describe a rather general situation which gives rise to cobordisms of Poincaré
functors. We will use it to analyse the oco-categories Q,,(C,?); see Proposition 3.2.13
below.

Let now (€, ?) be a Poincaré co-category. Given a full subcategory £CC, we denote
by £+ CE the full subcategory spanned by the objects y€C€ such that Be(z,y)~0 for
every z€L. Using Be(x,y)~Home(x, Do(y)), we immediately see that De(L+)CC is the
full subcategory of C consisting of the objects z€C that are right orthogonal to £, i.e.
for which Mape (z, 2)~0 for every z€L.

Definition 3.2.1. By an isotropic subcategory of (C,?), we shall mean a full stable
subcategory £ CC with the following properties:
(i) ? vanishes on £;

(ii) the composite functor LOP—%GOPP%G/LJ— is an equivalence.

The first condition in particular implies £C L+, and the second one expresses a
unimodularity condition on £. In the ordinary theory of quadratic forms, the analogue
of this condition is equivalent to the requirement that an isotropic subspace be a direct

summand. It admits a convenient reformulation.
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LEMMA 3.2.2. For a stable subcategory LCC the composite functor
LoP —eP Plye/0t

18 an equivalence if and only if the inclusion of L into C admits a right adjoint. Fur-
thermore, in this case L=(L1)*.

In particular, Lagrangians as appearing in the recognition criterion for Poinaré oco-
categories of pairings (see [I, Definition 7.3.10]) are examples of isotropic subcategories;

we recall their definition in Definition 3.2.7 below.

Proof. Note that the composite is an equivalence if and only if £—C—€/De(L1) is
an equivalence. Since De(L") consists exactly of the right orthogonal of £, it is closed
under retracts in €, and thus gives a Verdier inclusion into €, by Proposition A.1.9.
Both the equivalence of the conditions in the statement and the last statement are then

instances of Corollary A.2.17. 0

Remark 3.2.3. Applying the remainder of Corollary A.2.17 in the situation at hand,
we find that the kernel of the right adjoint p: C—£ is given by De(£1), and thus £+ is
the kernel of peDe.

Example 3.2.4. The condition that £=(£L+)+, or even that L=L~, does not imply
condition (ii) of the definition of an isotropic category. For a concrete counterexample,
fix a field K of characteristic different from 2 and an element a€ K\{0}. Sending T to
—T gives an involution on K [T, which exchanges the ideals (T'—a) and (T'+a) in K[T].
Taking R to be the localisation of K[T] at the complement of (T'—a)U(T+a) we thus
obtain a principal ideal domain with exactly two maximal ideals, and an involution which
swaps them. Now, consider the symmetric Poincaré structure on DP(R) provided by R
with this involution.

Denoting in this general situation the maximal ideals by (m) and (n), take the
subcategory £L=DP(R),, CDP(R) spanned by the m-torsion complexes (i.e. those which
become contractible upon inverting m, or equivalently whose homology is m-torsion).
We claim that QTL:O and £L=L", but £ is not an isotropic subcategory: the inclusion
DP(R),, CDP(R) does not admit a right adjoint (e.g. because such an adjoint would
provide a retraction of the inclusion, but by devissage the induced map on Kg vanishes),
so Lemma 3.2.2 applies.

Since DP(R),, is generated as a stable co-category by R/m (see e.g. Example A.4.4),
the claims boil down to the statement that, for X € DP(R), we have Bes (X, R/m)~0 if
and only if X € DP(R),,. To see this, in turn note that De: (R/m)~QR/n, which implies
that Bes (X, R/m)~0 if and only if n acts invertibly on X, from which the statement
follows by the classification of finitely generated modules over principal ideal domains.
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Definition 3.2.5. For an isotropic subcategory £ of a Poincaré co-category (€, ?), we
define the homology oo-category Hlgy (L) to be the cofibre of the inclusion (£,?)—(£1,9)
in Catl.

Thus, the underlying co-category is £ /£ and, by construction, the hermitian struc-
ture is the left Kan extension of €|(z1yer along the projection (£+)°P—(£+/£)°P. The

next proposition, in particular, shows that this Kan extension is an optical illusion.

PRrROPOSITION 3.2.6. Let £ be an isotropic subcategory of a Poincaré oo-category
(€,2). Then, both (Beo)|ctxcryr and (Ag)cryor descend along the projection

(4P — (£+/£)%

and give, respectively, the bilinear and linear part of the hermitian structure on Hlgy (L),

which is Poincaré. The duality on Hlgy (L) is induced by the functor
(LJ_)OP — LJ_

sending X to fib(DeX —DepX), where p denotes the right adjoint to LCC and the arrow
1s induced by the counit.

In particular, the composite
LENDe(Lt) — £+ — £+ /L =Hlgy(L)

canonically refines to an equivalence of Poincaré oco-categories using the restriction of

on the source.

In particular, Hlgy(£) is equivalent to a full Poincaré subcategory of (C,?), which

one may think of as the subcategory of harmonic objects for £. We denote by
v:Hlgy (L) — (C,9)

the arising Poincaré—Verdier inclusion.

Proof. The first two statements follow from the general analysis of Kan-extended
hermitian structures. By [I, Lemma 1.4.3], the linear and bilinear parts are given by the
left Kan-extensions along (£1)°P— (L1 /L£)°P of the restriction to £1. But they in fact
descend along the projection: this is immediate from condition (i) of Definition 3.2.1
for the linear part, and from the definition of £ in the case of the bilinear part. Note
that this implies, via the decomposition into linear and bilinear parts, that ¢z 1)op also
descends along the projection (L+)°P—(L+/L)°P, as claimed above. It furthermore
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implies that the hermitian structure on Hlgy(£) is also right Kan extended along this
map, which we will use below.

For the equivalence of hermitian oco-categories claimed in the statement, note first
that, by Lemma A.2.8 and the comments thereafter, the cofibre of the counit pX —X
constitutes a right adjoint ¢ to the localisation £+ —Hlgy(£). In fact, Lemma A.2.8
implies that ¢ is an equivalence onto the kernel of p: L1 — £, which is De(£+)NL+ by
Remark 3.2.3. In particular, ¢ is also a right adjoint to the composite

c: LEND(LH) — Higy (L)

from the statement, which is thus also an equivalence. Now, right Kan extensions are
computed by pullback along left adjoints, so the hermitian structure on Hlgy(£) is given
by 20¢°P, which promotes g, and thus ¢, to an equivalence of hermitian co-categories.
Finally, £ ND(£%) is evidently closed under Dg, so it forms a Poincaré subcategory
of €, whence also Hlgy (L) is Poincaré. The statement about the duality in Hlgy(£) then

follows from the formula for the inverse ¢ of c. O

Definition 3.2.7. Let LCC be an isotropic subcategory of a Poincaré oco-category
(€,?). We say that £ is a Lagrangian if Hlgy(£)=0. We say that (C,?) is metabolic if it

contains a Lagrangian subcategory.

As mentioned, Remark 3.2.2 shows that this definition of Lagrangian agrees with
that discussed in [I, Definition 7.3.10].

Remark 3.2.8. By Lemma A.1.8, an isotropic subcategory £LCC is a Lagrangian if
and only if the inclusion £LC L is an equivalence. Condition (ii) of Definition 3.2.1
therefore yields a Verdier sequence £ —C— L°P exhibiting € as an extension of £ by L°P,
where the right functor takes X to fib(DeX —DepX), and p is the right adjoint of the

inclusion £LCC.

Ezamples 3.2.9. (i) We showed in [I, Proposition 7.3.11] that a Poincaré co-category
(€,?) is metabolic if and only if it is of the form Pair(D,®) for some hermitian oo-
category (D, ®). In fact, the Lagrangians in (€,?) are in one-to-one correspondence
with representations of (C,?) as an oco-category of pairings. Particular examples are the
inclusion C—Met(C,?) as the equivalences, and €x0CHyp(C).

(ii) Extending the Lagrangian of the metabolic category, the full subcategory inclu-
sion i: €< Q1 (€) sending X to [0+ X — X] gives an isotropic subcategory £, with the
adjoint p witnessing condition (ii) of Definition 3.2.1 given by

[X+Y = Z]— [0+ fib(Y - X) - fib(Y — X)].
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Thus, D, £ =ker(p) is spanned by all diagrams with left pointing arrow being an equiv-
alence, whereas £ itself consists of all diagram with right-hand arrow being an equiva-
lence. Thus, Hlgy(£)~(C,?) embedded as the constant diagrams.

(iii) More generally, one can consider £ given by the image of the inclusion

Jn:C— Qn(C),

as those diagrams which vanish away from {(i<n):i€{0,...n}}, and are constant on that
0 X
NN N
0 0 0 X
NN SN
0 0 0 X.

Formally, this can be given by taking the embedding €— Q1 (€) considered in the previous

subposet, i.e.

example and composing with the degeneracy [n]—[1] sending n to 1 and everything else to
zero. Using the Segal property of Lemma 2.2.4, it is not difficult to see that the requisite
adjoint p is given by taking a diagram p€Q,(€) to the image of the fibre of the last left
pointing arrow, namely p(n—1<n)—¢(n—1<n—1). It follows that De, (£1)=ker(p)
consists of all those diagrams ¢ with the arrow p(n—1<n)—p(n—1<n—1) being an
equivalence (and thus all arrows p(i<n)—p(i<n—1) being equivalences as well). From
the explicit formula for the duality of Q1 (€, ?) from Example 2.2.2 (i), it then follows that
L1 is spanned by the diagrams with the last right pointing arrow p(n—1<n)—@(n<n)
being an equivalence, and so in total Hlgy(£)~Q,—_1(C,?) embedded in Q,(C,?) via the
degeneracy s,_1.

(iv) By Proposition 2.4.8, the full subcategory £, CQ,(€) spanned by those dia-
grams : TwAr'[n|°?—C€ for which ¢(0<0)=0 and ¢(0<j)—¢(i<j) is an equivalence
for i< j€[n] is isotropic in Q,(C,?), and becomes a Lagrangian when considered as a
subcategory of Null, (€, ?), thus witnessing the fact that the latter is metabolic. This

observation played a key role in the algebraic surgery equivalence of §2.4.
In generalisation of Corollary 3.1.4, we now set out to prove the following result.

THEOREM 3.2.10. (Isotropic decomposition principle) Let (C,?) be a Poincaré oco-
category and i: L—C be the inclusion of an isotropic subcategory. Let F:Catb, —& be a

group-like additive functor. Then, the Poincaré functors
inyp: Hyp(L) — (C,?) and v Hlgy(L) — (C,9)
induce an equivalence

F(Hyp(£)) x F(Hlgy (L)) — F(€,9).
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In particular, if £ is a Lagrangian, F(Hyp(L))—F(C, Q) is an equivalence.
We will explicitly construct an inverse. It relies on the following construction.

Construction 3.2.11. Fix a Poincaré oo-category (€, ?) and the inclusion i: £L—€ of
an isotropic subcategory with right adjoint p. We note that the counit ip—ide defines a
surgery datum on the Poincaré object id (e ¢) of Fun®((€,®), (€, ®)). Performing surgery
as in Proposition 2.4.3, we obtain a Poincaré object in Q; (Fun®((C,?), (C,?))), in other
words, a Poincaré functor ¢: (C,2)—Q1(C,?). By construction, d;¢=id, and we denote
by h the composite dpo¢: (C,2)—(C,?), that is, the result of surgery. In total, this gives
a cobordism

P(X) = (X ¢ g(X) = h(X)),

where g(X) is the fibre of the composite
X ~D¢Dg (X) — Dg(ipDQ(X))

whose second map is the dual of the counit, and h(X) is the cofibre of the canonically

induced map ip(X)—g(X).

Proof of Theorem 3.2.10. We first claim that the Poincaré functor h from Construc-

tion 3.2.11 takes values in £ NDg(L1)C €, and so in particular factors as a composite
(€,9) - Hlgy(£) > (€,9)

by Proposition 3.2.6. To see this, observe that both the cofibre of ip(X)—X and
De(ipDe(X)) belong to Do(£1): the former because Do(£+)=ker(p) by Remark 3.2.3
and, for the latter, we simply note that pDe(X)€LCLL. Now, h(X) participates in a
cofibre sequence

B(X) — ot (ip(X) — X) — Dy(ipDy(X)),

so also h(X)€Dg(L1). Since h commutes with the duality, its image is then also con-
tained in £, which gives the desired factorisation.
Now, to start the actual proof, consider the composite

i\yp7l/ hyp7~
Hyp(£) @ Hlgy (£) — 220y (@, @) 2

Hyp(L)©Hlgy (L)

in Grpg_ (€). We aim to show that this composite is the identity and, to do so, we
will analyse all four components in turn. Firstly, consider the composite hou. Note
that ip(X)~0 for X €LtNker(p)=L-NDg(LL). Thus the cobordism ¢(X) discussed
above consists of equivalences in this case, and so ﬁL:idngy( £) as desired. Next, we
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consider p™Pip,: Hyp(£)—Hyp(£L). If we restrict to LCHyp(£), we obtain the functor
X (pi(X),pDei(X)), which is equal to (X, 0), since pi=idz and ker(p)=Dg(£1)DDg(L)
as used before. From the adjointness properties of the hyperbolisation functor, we deduce
that phypihyp:idHyp( ), as desired.

The map p"Pu: Higy (£) —Hyp(£) vanishes, as pPr=(p.)"P and L NDe L+ Cker(p)
by Remark 3.2.3 yet again. Finally, we have ﬁihypz(ﬁi)hyp and hi~0 as follows from the
above cofibre sequence describing h(X).

We have thus constructed a right inverse to the map of the theorem even at the level
of categories. To finish the proof, it then remains to show that the composite map

hye h Thyp)* b
F(€,9) M F(Hyp(£)) e F(Higy(€)) 2Dy e, g)

is homotopic to the identity. But this now readily follows by applying Proposition 3.1.8 to

the cobordism of Construction 3.2.11, and observing that ip is identified, by construction,

with the fibre of g—h. O
Ezample 3.2.12. Given a left split Verdier sequence of stable co-categories
g q
TN N
¢ T) D — &,

the right split Verdier inclusion g x f°P: & x C°P—D x D°P is a Lagrangian in Hyp(D), as
follows directly from the fact that ¢(€) and f(C) are, respectively, the left and right
orthogonal complements of each other in D. Theorem 3.2.10 then implies that

F Hyp(q)+F Hyp(f) = F[(¢x [ )nyp|: F Hyp(E) ©F Hyp(€) — F Hyp(D)

is an equivalence for any group-like additive functor F: Cath — €, so that F takes the
sequence

Hyp(€) HL(’C)>H3y'13(93) @) pren(e)

to an exact sequence. Note that this is not a-priori evident, since the above sequence is
not a split Poincaré—Verdier sequence in general. Using Example 1.6.9 (iii) and the fact
that the original left split Verdier sequence is a retract of the last one on the level of
underlying stable oco-categories, this provides an alternative proof of the fact that any
group-like additive functor on Catgy sends left split (and similarly right split) Verdier

sequences to exact sequences, see Remark 2.7.6 (ii).

Next, we use Theorem 3.2.10 to analyse the values of Q,(C,?) under group-like
additive functors. To state the result, consider the functor f,: Q,(C,?)—C" taking fibres
of the left pointing maps along the bottom of a diagram X, i.e.

X [fib(X(0<1) = X (0<0)), ... Aib(X (n—1<n) = X (n—1 <n—1))].

We then have the following result.
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ProproOSITION 3.2.13. The functors
Un: Qn(€,9) — (€,9) and [P Qn(€,2) — Hyp(€)",
the former being induced by the inclusion [0]—[n], combine into an equivalence
F(Qu(€,9)) ~ F(Hyp(€))" £ (€, 9)

for every group-like additive F: Catl, —E. In fact, these equivalences give an identifica-

tion of the simplicial Eqo-group FQ(C,?) in & with the bar construction
B(0, ¥ Hyp(€), F(C,?))

of F(Hyp(C)) acting on F(C,?) via the hyperbolisation map hyp: F(Hyp(C))—F(C,?).

Proof. We proceed by induction. For n=0, there is nothing to show. Using the
isotropic subcategory jni1:C—Qu11(€) described in Example 3.2.9 (iii), we find an
equivalence

((jn+1)hyp7 Sn): ?Hyp(e)@ff@n(e, 9) — ?QnJrl(e’ 9)7

as a consequence of Theorem 3.2.10. It is readily checked that this equivalence translates

the map (f,%%,vn41) to the matrix

0
iduypey 0 | :THyp(C)®FQ,(C,?) — F(Hyp(C))"®F Hyp(C)DTF(C,?).
0 Up,

This matrix represents an equivalence by inductive assumption, which implies the first
claim.

To obtain an identification with the bar construction, we first note that the bar
construction B(M, R, N) of an action of R on N from the left and on M from the
right in a semi-additive oco-category is the left Kan extension along the inclusion of the

coequaliser diagram (Ag)‘)p into A°P of the diagram
R—M®N

containing the composite
R=0pR— MOR— M

and the analogue for N; this claim follows directly by evaluation of the pointwise for-
mulas for left Kan extensions. By the calculations above, dy: FQ1(C,?)—F(C,?) is iden-
tified with the projection F(Hyp(C))xF(C,?)—F(C,?), and it is readily checked that
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do: FQ1(C,9)—TFQo(C,?) gets identified with the sum of the identity of F(C,?) and the
hyperbolisation map under the equivalence of Proposition 3.2.13. Inverting the equiva-
lences above for n=1, we thus obtain a natural transformation in E,,-groups in € of the

form

T(Hyp(€) =3 085(€,9)] — [F(Qu(€,9) =3 F(Q(€.2)].

which adjoins to the desired map

Unwinding further, one finds that it is pointwise inverse to the maps we checked to be

equivalences above. O

COROLLARY 3.2.14. When F: Catl —8 is additive and group-like, the oco-category
Cob(f(G,Q) s an 0o-groupoid.

Proof. For a bar construction B(M, R, N) in 8 (which is automatically a Segal space),
the equivalences in B(M, R, N)1=M®R®N counsist precisely of M®R*@®N by direct
inspection, where R* CR consists of the units in the Ej-monoid R. In particular, its
associated oo-category is an oo-groupoid if and only if R is an Ej-group, as is the case

in the situation of the corollary by assumption. O

Remarks 3.2.15. (i) The considerations in the proof of Corollary 3.2.14 also show
that, for group-like F, the Segal space FQ(C,?) is complete if and only if F(Hyp €)
vanishes (see §3.5 below for a detailed discussion of such functors).

(ii) As a consequence of Proposition 3.2.13, the functors

Fi¥P: Null, (€,9) — Hyp(€)"

n

induce an equivalence
F(Null(€,?)) ~B(0,5 Hyp(€), F Hyp(C))

for every group-like additive F: Cat? — €. This follows from the fact that the sequence
defining Null,, (€, ?) is in fact a split Poincaré—Verdier sequence, by Lemma 2.2.6, so gives
rise to a fibre sequence after applying &F.

(iii) Proposition 3.2.13 can also be obtained directly using the Segal property of the
simplicial space FQ(C,?) and the bar construction, together with the computation of
FQ1(C,?) from Corollary 3.1.4.
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3.3. The group-completion of an additive functor

Our goal, in this section, is to study the behaviour of space-valued additive functors
under the hermitian Q-construction, or equivalently of the assignment F+—|Cob” (—)|.
This is based on the following observation: for any additive functor F: Catb, —8, there

is a natural cartesian square

F(C,2) — Cob” (€,9)o,

| |

{0} —— Cob” (€, 9)

in Cateo, since Home,p,o (e ,9)(0,0)~F(€,?), which is immediate from our discussion of
Segal spaces in §2.3. As an application of the isotropic decomposition principle, we saw
in Corollary 3.2.14 that Cob” (€,9) is a groupoid if F is assumed group-like, and thus
F QQ|COb?‘ in this case. Together with the additivity theorem, this suffices to recognise
Q|Cob§—| as the group-completion of a not necessarily group-like additive F, by means
of [Lul, Proposition 5.2.7.4 (3)] and explicit inspection. In the present section, we shall

go a bit further and prove the following result.

THEOREM 3.3.1. Let F: Catl —8 be an additive functor, and consider the square of

space-valued functors
F — |Cob” (=),

J

% — |Cob” (—)].
Then, the following statements hold:
(i) The square is cocartesian in Fun®(Cat®_,8), and so exhibits |Cob” (—)| as the
suspension of F in Fun®4(Cat?_, 8).
(ii) If F is group-like, then the square is also cartesian, so that the canonical map
79: F—Q|Cob” (=)| in Fun®(Cat®_,8) is an equivalence.

Unwinding, one finds 7p,, simply given by taking a Poincaré object X €Pn(C, ?) to the
cobordism [0+ X —0]€ Homgop(e,)(0,0), and then mapping it forward to |Cob(C, ?)|.

Remark 3.3.2. We have just argued that statement (ii) is a consequence of Corol-
lary 3.2.14. One can also give a more direct proof by making use of the Segal property
of Q(C,?) instead: by the translation into Segal spaces and [Lul, Theorem 6.1.3.9], it
suffices to show that FNull(C, ?) —FQ(C, ?) is an equifibred map of simplicial spaces; see
also [Rez3, Proposition 2.4]. To do so, the Segal condition implies that it suffices to check
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that the squares
F(Nully(€, 9)) — F(Qa(€, M)

S

F(Nully (€, M) — F(Qu (€, M)
are cartesian for i=0,1,2. For i=1,2, these squares are split Poincaré—Verdier prior
to applying F, by Lemma 2.2.6 and Corollary 1.1.10, and for i=0 the induced map on
vertical fibres (over zero, but this suffices since dy induces a surjection on ) identifies
with

can: F(Hyp(€)) — F(Met(€, ?))

which is an equivalence, by Corollary 3.1.5.

Before diving into the proof of Theorem 3.3.1 (i), which will occupy most of this

section, let us draw the desired consequences.

Definition 3.3.3. Given an additive functor F: Cat®, —8, we denote ©2|Cob” (—)| by

Fe'P and refer to it as the group completion of F.
This is justified by the following result.

COROLLARY 3.3.4. Let F: Cath, —8 be additive. The natural map F—FEP exhibits
FeP as universal among group-like additive functors receiving a map from F; that is, the

operation Fr—TFEP is left adjoint to the inclusion
Fun®4(CatP_, Grpg__(8)) C Fun®?(CatP_, Mong_ (8)) ~ Fun®!(Cat?_, 8).
Moreover, the natural map
|Cob” (€,9)] — |Cob”* " (€, Q)| ~ Cob”™ " (€, 9)
is an equivalence.

Proof. Part (ii) of Theorem 3.3.1 implies that the unit id=-|Cob ™| is an equiv-
alence on all group-like additive functors. Thus, |Cob(™)| restricts to a fully faithful
functor on Fun®(CatP_, Grpg_ (8)), so the corollary is a consequence of the following
general Lemma 3.3.5 applied to the semi-additive oo-category Fun®!4(Cat®_, ). O

LEMMA 3.3.5. Let € be a semi-additive oo-category which admits suspensions and
loops, and let Egrp, CE be the full subcategory spanned by the group-like objects. Then, the
following statements holds:

(1) The full subcategory Egvp, CE is closed under any limits and colimits that exist
in &, and the images of both the suspension and loop functors %,8: E—E are contained

in Egrp. In particular, we may consider Q¥:E—=E& as a functor from € to Egp.
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(ii) If the suspension functor 3:Egqp—Earp is fully faithful, then the unit map
u:id=Q% exhibits QX as left adjoint to the inclusion Egp,—E.

(iii) If the suspension functor X:Egp—Earp is fully faithful, then for every object
A€E&, the suspension of the unit Yu: S A—3X0%A is an equivalence.

Proof. The first claim follows from the fact that X €& being group-like can be de-
tected on the level of both the represented functor Map(—, X) and the corepresented
functor Map(X, —) (which automatically take values in commutative monoid objects
since € is semi-additive), and that loop spaces are always group-like.

To prove the second claim, it suffices to check that under the given assumptions
the natural transformations ugsx, QBux: QXX —-QXOYX are both equivalences [Lul,
Proposition 5.2.7.4]. But since QY is a monad, these two natural transformations admit a
common section (the multiplication of the monad) and X: €4, — E4yp being fully faithful
implies that u is a natural equivalence on all group-like objects of €.

To see the final claim, it suffices to show that, for all B€E&, the induced map

(Xu)*: Homg (XQX A, B) — Home (XA, B)
is an equivalence. Under the adjunction equivalences, this map identifies with the map
u*:Home (QXA, QB) — Home (A, QB)

which is an equivalence, by the first parts. O

Remark 3.3.6. While the unit map F—Q|Cob” (=)|=Q|FQ(—M)| of the adjunction
arising from Theorem 3.3.1 is quite explicit, the counit QFQ(—M)|—TF is more elusive.

However, the composite
0FQ(=1)| — T — |FQ(-11)|

of the unit and the counit can be identified with the negative of the canonical limit-
colimit interchange map. In case JF is group-like, the unit map is an equivalence, so this
determines the counit for such F. In the cases F=Pn, Cr, Cr"“2, or more generally any
additive F for which the component of zero in F(C,?) is contractible, the source of the
counit vanishes. These cases cover all additive functors of interest to us.

To see the claim, recall from Theorem 3.3.1 that the internal suspension functor
> Fun®¢(Cat®_, 8§)—Fun®!4(Cat®_, 8) is implemented by the formula F+s|FQ(—)|. Tt-
erating this twice, we see that the double suspension functor ¥ is implemented by the
formula F— |FQ(Q(—)1)|. Now, the double suspension functor has an automorphism
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coming from the swap automorphism of the 2-sphere S2=S'AS!. On the level of the

iterated Q-construction, this automorphism is induced by the natural equivalence

Qu(Qun () = Q1 (Q, (—HH I

swapping the two shifted Q-constructions. Considering now the unit-counit composite
and the limit exchange map as two maps from |QFQ(—M)| to Q|FQ(—[1)|, we see that the
former is homotopic to the mate transformation of the identify id: 303 —3¥oX, while the
latter to the mate of the swap automorphism. But the swap automorphism is homotopic
to the negative of the identity in any semi-additive oo-category with finite colimits, by

Yoneda’s lemma and the analogous claim for double loop spaces.

Let us now move towards the proof of Theorem 3.3.1 (i). We start by recalling a Segal
space model for the square from its statement (prior to realisation). From Lemma 2.1.2,

we have

Cob” (€,9)g/ ~ asscat(FNull(C, 2M))

where Null,(C,9M) is the fibre of the map dec(Q(€,9))—=Qq(€, e h=(e, oM. We
then recall that the maps do in A induce a map dec(Q(€, ) —Q(e, M), which we
may restrict to the map m: Null(€, ¢11) = Q(€, ¢!)), modelling the right vertical map in
the square upon applying F and passing to associated categories. Moreover, using [Lul,
Lemma 6.1.3.16], which also defines the notion of split simplicial objects, we derive the

following observation.

Observation 3.3.7. The simplicial objects Null(C, ?) and dec(Q(C, ?)) extend to split

simplicial objects over the zero Poincaré co-category and (G, ?), respectively.

In particular, |F Null(€, ?)|~* and |Fdec(Q(C,?))|~F(C,?); the former of which of
course also follows from Lemma 2.1.2 and the latter can be established by similar means.
At any rate, it follows from the discussion in §2.1 that we have a commutative

diagram of fibre sequences of simplicial Poincaré co-categories

const(€, 971 —— Null(€,2) — Q(€,9)

Lo

const(Met(C, ?)) — dec(Q(C,?)) — Q(C,?),

as ker(dp): Q1 (€, ?2) = Qo (C, ?) canonically identifies with Met(C, ?); see Example 2.2.2 (ii).
Unravelling definitions yields the following description of the functor

tn: € —> Null,,(C,) CQ14,(C)
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It sends X €€ to the diagram ¢x: TwAr'[1+n]—C given by

X, if0o=i<y,
0, otherwise,

@X(i<j):{

in which all the maps between the various X’s are identities.

Observation 3.3.8. The above sequences are split Poincaré—Verdier in each degree.
Indeed, by Lemma 2.2.6, the maps do: Q14,(C,2)—Q,(C,?) are split Poincaré—Verdier
projections, and the left adjoint of dy is given via extension by zero, and thus factors
through the underlying co-categories of Null, (€, ?)—Q14,(C, ?), whence Corollary 1.2.3

gives the claim.

Applying an additive functor F: Catt_ — 8 levelwise to the upper horizontal sequence
of the rectangle above then yields a sequence of Segal spaces which corresponds to the
fibre sequence of oo-categories

F(€,2) — Cob” (€,2)g, — Cob” (€, ).

from the start of this section.
We will need to make use of the dual Q-construction, denoted dQ(C,?), which we

discuss next.

LEMMA 3.3.9. The functors Q: Catl —Catl, and Q,: Catss —CatZs admit left ad-
Joints dQ,,, given by tensoring with the poset J,.

These adjoints participate in the two squares

d d
Cat®, BTN Catl, Catb, BTN Cat?,
J{fgt J{fgt and WHYP WHYP
d d
Catoy LTI Catoy Catoy BTN Catoy

obtained by passing to left adjoints everywhere in the analogous diagrams involving the

respective Q-constructions.

Proof. Recall that for [n]€ A, we have denoted by J,, the full subposet of TwAr" (A™)
spanned by the arrows of the form (i<j) for j<i+1. From Examples 2.2.2, we find
Q. ~ (=), which by [I, Proposition 6.4.4] has (—)j, as a left adjoint when regarded as
a functor Cat" —Cat . As an application of [I, Proposition 6.6.1], we find that (C,?)s,
is Poincaré whenever (C,?) is, and from [I, Remark 6.4.6] and [I, Proposition 6.2.2] we

then find an equivalence of Poincaré co-categories
Fun®™((C,9)g,, (D, ®)) ~Fun®*((C, ), (D, ®)’"),

which according to [I, Corollary 6.2.12] gives the claim by passing to Poincaré objects. O
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Now, recall that there is a canonical equivalence
Fun®(CatP_, CatP_) ~ Fun®(Cat®_, CatP_)°P,

for example as an immediate consequence of Lurie’s straightening equivalences, which
makes both co-categories equivalent to that of bicartesian fibrations over A! with both
fibres identified with Cat®_;

oo

functors, respectively. In particular, as the Q-construction is a simplicial object, the left

the superscripts L and R indicate left and right adjoint

adjoints above assemble into a cosimplicial object.

Definition 3.3.10. Let (€, ?) be a hermitian co-category. We will denote by dQ(€, ?)
the cosimplicial hermitian co-category obtained by applying the left adjoint of Q,, in each
degree. Also, we define dNull,,(C,?) to be the Poincaré-Verdier quotient of dQ, ,,(C,?)
by the image of the functor €=dQ,(€)—dQ; ., (€) induced by the inclusion [0]— [1+n].

Remark 3.3.11. Note that Proposition 1.5.3 shows that there is a Poincaré—Verdier

sequence
(€,9) — dQ, (€, Q) —> dNull, (€, 2).

In particular, the functor dNull,, is the cofibre of the natural transformation

dQoy = dQ 41,

while the functor Null,(—) is the fibre of the natural transformation Q,11—Qo. We
conclude that the association (€, ?)—dNull, (€, ?) is left adjoint to (D, ®)—Null,, (D, ®).

Proof of Theorem 3.3.1 (1). We have to show that the square

Nat(|7Q(~M)[, §) — Nat(|FNull(~[)],9)

T

Nat(F, 9)

is cartesian for every additive G: Catl —8. But we calculate
Nat(|FQ(—")|,9) ~ lim Nat(FQ,(—1),8)~ lim Nat(F,5dQ, (-[~1)),
[n]eA [n]eA

and similarly for the upper right-hand term. Commuting limits, it thus suffices to show
that

dQ,, (€, — aNull, (€, 1) — (€, 9)
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is split Poincaré—Verdier for every Poincaré oco-category (C,?). Indeed, it is immediate

from adjointness that it is a cofibre sequence in CatZ,, so it remains to check that the

composite
dQ,, (¢, 971 25 dQ, ., (€, 9 1) — dNulL, (€, 9~ Y)

is a Poincaré—Verdier inclusion. But, from the equivalence

dQ,,(C,?)~(C,9)s,,

we find the first map to be such an inclusion by Proposition 1.5.3. Thus, the Poincaré
structure on dQ,, (€, 2l7Y) is obtained from that on dQHn(QQ[_l]) by pullback along
dp, or equivalently by left Kan extension along (the opposite of) the right adjoint

dQ, (€, ) —dq, (e o)

to dy. So, we are done if we show that this right adjoint factors through dNull, (C, 9[_1]).

But this follows from the corresponding statement for the left adjoint of
do: Qun(€,91) — Qn (€, 9M1)

factoring through Null, (C, 9[1]) in Observation 3.3.8, as the adjunction Q,FdQ,, is com-
patible with the passage to underlying co-categories, by the discussion after Lemma 3.3.9.

The same argument gives the claim for Null,, -dNull,. O

3.4. The spectrification of an additive functor

In §3.3 we showed that the association F+—|Cob” (=)|=|F(Q(—[))| identifies with the
suspension functor in Fun®(CatP_, 8). To iterate this observation, note that, for each

n>=1, we have an n-fold simplicial object in CatZ, given by
Q™ (€,9): (A®)™ —s CatP,,
([m1}7 seey [mn]) — leng an(ev Q)
By Lemmas 2.2.6 and 2.2.4, Q" (C,9) is an n-fold Segal object of CatP , the n-fold

iterated hermitian Q-construction of (C,?). As such, it is an n-fold oco-category and

presents an (0o, n)-category, though we shall not attempt to make this precise.

Definition 3.4.1. For F:Cath —8 additive, we shall call the n-fold Segal space
FQM (€, Q") the F-based n-extended cobordism co-category Cob? (€,9) of (€, 9).
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The simplicial space Cobf(@, ?)=FQ(C, 9[1]) really is the Segal space giving rise to
the cobordism co-category Cob” (€,2) and Cobj (€,9)=F(€,?). Furthermore, there are

canonical equivalences
[Cob? |

|Cob, 7 '(€,9)|~|Coby ,(€,9).

The n-fold Segal space Pn Q™ (€, 9™ models the (00, n)-category informally described
as having Poincaré objects of (C, 9["]) as objects, their cobordisms as morphisms, cobor-

disms between cobordisms as squares, and so on, up to degree n.

Remark 3.4.2. The analogous n-fold topological category Cob); (note the unfortu-
nate index switch) for cobordism categories of d-manifolds first appeared in [BM] (see
also [SP]), ironically inspired by the iterated version of Quillen’s original Q-construction,
and served to produce cobordism-theoretic deloopings of |Coby|. In particular, Bokstedt
and Madsen showed that |Coby|~Q>°""MTSO(d), extending the theorem of Galatius,
Madsen, Tillmann and Weiss from the case n=1. They used this description to give an
entirely cobordism-theoretic model for the spectrum MTSO(d), which endows it with an
interesting map to A(BSO(d)), studied extensively by Raptis and the ninth author in
[RS1], [RS2], [RS4], where it was used to give a short proof of the Dwyer—Weiss—Williams
index theorem [DWW]. We will take up the study of the evident refinements of this map

in a sequel to the present paper.
Now, denote by PSp the oo-category of pre-spectra, that is the lax limit of the
diagram
s s s,

consisting of sequences (X, )nen of pointed spaces together with structure maps
X, — QXn+1 .

There is a fully faithful inclusion SpCPSp, which admits a left adjoint that we will refer to
as spectrification. It does not affect the homotopy groups. Furthermore, the evaluation
functors ev,,: PSp— 8, commute with both limits and colimits, and restrict to the functors
Q7" §p— 8, which still preserve limits, but only filtered colimits. Similarly, for any
pointed oco-category & which admits finite limits, one can define PSp(€) as the analogous
lax limit and obtains the spectrum objects Sp(&) of € as a full subcategory of PSp(¢&).

Definition 3.4.3. Let F: Catl —8 be an additive functor. We denote by
Cob” =[Cobg (~), |Cob] (=), |Cob3 (-], ..]

the corresponding functor from CatZ, to pre-spectra with the structure maps determined

by the square of Theorem 3.3.1 applied to the functors |Cob;f |
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Remark 3.4.4. The functor |Coby (—)| is the colimit of a symmetric n-fold simpli-
cial space. As a result, there is a natural ¥,-action |Cob? (—)| induced by permuting
the entries of this n-fold simplicial object, a structure which can be used to promote
(Cob&r((?7 ?) to a symmetric pre-spectrum object. Classically, the non-hermitian analogue
of this observation was used in order to obtain the lax symmetric monoidal structure
on algebraic K-theory. We shall not use this approach, and argue instead by universal
properties to construct multiplicative structures in paper [IV].

As a consequence of Theorem 3.3.1, |Cob? | is a model for the n-fold suspension of
F in Fun®(Cat®_,8). Considering Cob” as an object in

Fun®4(CatP_, PSp) ~ PSp(Fun®4(CatP_, 8)),

i.e. as a pre-spectrum object in Funadd(Catgo, 8), it is thus the suspension pre-spectrum
of F. Since the zeroth object in the pre-spectrum Cob(C,?) is F(C, Q) itself, we obtain a
natural map

F(C,9) — Q= Cob” (€, 9),

where the right-hand side refers to the zeroth space of the spectrification of (Cob?(@, ?).

PROPOSITION 3.4.5. Let F be an additive functor Cath,—8 and (C,?)eCatl, . Then,
the following statements hold:

(i) The functor Cob”: Catb, —P8p is again additive and takes values in positive -
spectra, i.e. the structure map \Cobg(e,Q)|%Q|Cobg+1(€,§?)\ is an equivalence for every
n>1.

(i) If F is group-like, then Cob” (C,Q) is in fact an (Q-)spectrum, and Cob’ is
additive when considered as a functor Cob”: Cat2, —8p.

(iii) The natural map Cob” (€,9)—Cob?" " (€,9) exhibits the right-hand side as the
spectrification of the left.

In particular, for n>1, we obtain equivalences
FEP(C,9) ~Q®°Cob” (€,9) and |Cobl (C,Q)|~Q®"Cob” (€,?).

Proof. By Theorem 3.3.1, the oo-category I*junadd(Catg07 8) satisfies that its suspen-
sion functor is fully faithful on group-like objects, and hence 2% is a group completion
by Lemma 3.3.5. Said lemma then has the following immediate extension. Namely, for
any & with these properties, the following statements hold:

(i) The functor €—P8p(€) sending E to its suspension pre-spectrum L°°(F) takes
values in positive (2-spectra.

(ii) If E€&qyp is group-like, then ¥*°F is an Q-spectrum.

(iii) The natural map X°F—X>(QXFE) exhibits the target as the spectrification
of the source.
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In particular, for n>1, there are equivalences
EsP ~ONE~Q*Y>*(E) and X"(E)~Q* "X (E),

proving the proposition. O

COROLLARY 3.4.6. For a group-like additive functor F: Catl, —8, the functor
Cob”: Cat?. — Sp

is the initial additive functor under S[F|, the pointwise suspension spectrum of F. In
other words,
Cob: Fun®(Cat?_, Grpg_ ) — Fun®4(Cat®_, 8p)

18 left adjoint to the forgetful functor, i.e. composition with Q. Also,
Cobe (—)&™: Fun®!(CatP_, §) — Fun4(Cat®_, Sp)

is left adjoint to the forgetful functor.

Part (iii) of Proposition 3.4.5, applied to F€Fun®?(Cat®,,8), identifies the non-
negative homotopy groups of (Cob?(e, Q) with those of F8'P(C, ?). While these are gener-
ally very difficult to understand, we can determine the negative homotopy groups of the

spectrum (Cob?(G ,?) much more easily.

PROPOSITION 3.4.7. For every additive F: Catl, —8, Poincaré oco-category (C,?),
n>=1 and 0<k<n, the iterated bonding maps of the pre-spectrum (Cobrf((‘f,Q) induce

isomorphisms
| Cob? (€,9)| 22 mo|Cob” (€, =) and 7_,Cob” (€, Q) = me|Cob” (€, e~ 1)].

In other words, m;|Cob? (€,9)| for k<n is just the F-based cobordism group of
(e, 9["_k]), and similarly for the negative homotopy groups of Cob”.

Proof. Part (i) of Proposition 3.4.5 reduces the claim about the left-hand side to
the case k=0. By realising the n-fold simplicial object Cobzr iteratively, this case follows
from Corollaries 2.3.7 and 2.3.10 by induction on n. The statement for the right-hand

side is now immediate from Proposition 3.4.5 (iii) and Corollary 3.3.4. O

In particular, we find that Cob” (@, ®) is connective whenever (G, ) is metabolic by
Proposition 3.4.7, Corollary 3.2.10 and Corollary 2.3.10. In fact, we have the following

result.
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COROLLARY 3.4.8. The functor
Cob: Fun®(Cat?_, Grpg_ ) — Fun®4(CatP_, 8p)

18 fully faithful and its essential image consists precisely of the functors whose values on

all metabolic Poincaré oo-categories (C,®) are connective.

By Corollary 3.2.10, the essential image of Cob is equivalently described as those

functors whose value on Hyp(€) for all small stable oo-categories € are connective.

Proof. The fact that Cob is fully faithful follows from Corollary 3.4.6, since the
unit F=0>*Cob” is an equivalence by Proposition 3.4.5 if ¥ is group-like. Regarding
the essential image, one inclusion was discussed before the statement of the corollary.
For the converse consider an Fe€Fun®!?(Cat®_, 8p) whose values on metabolic categories
are connective. By the triangle identities, the counit Cob® 7 5F of the adjunction
is an equivalence after applying 2°°, and therefore on non-negative homotopy groups.

Applying this counit transformation to the metabolic fibre sequence
(€,9) — Met(C, oty —s (e, 91,

and using that Met(€, 1)) is indeed metabolic, see Example 3.2.9 (i), we conclude in-

ductively on ¢ that it is an equivalence on 7_; for all 0. O

Remark 3.4.9. Completely analogous definitions and arguments work in the non-
hermitian setup to give the n-fold Segal spaces Spang (C) and (pre-)spectra Span” (@),
with the K-theory functor Cat®X—8p being the (pointwise) spectrification of Span®*,
or equivalently Span®™®". As a consequence of Proposition 2.7.3, one here finds that
Span” (@) is always a connective (pre-)spectrum. The analogue of the above corollary is
the statement that

Span: Fun®9(Cat®*, Grpg_ ) — Fund(Cat®*, Sp)

is fully faithful with essential image the functors taking values in connective spectra. In
particular, the non-connectivity of the iterated Q-construction is an entirely hermitian

phenomenon.

Let us also record the relationship between the Q-construction and suspension in
Funadd(Catgo, 8p). To this end, consider the diagram from Observation 3.3.8:

J L

const(€, 27) —— Null(€,9) — Q(&, 9)
const(Met(C,?)) — dec(Q(C,?)) — Q(C,?),
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consisting of split Poincaré—Verdier sequences in each simplicial degree. Applying an
additive F: Catt —8p, one obtains levelwise fibre sequences of simplicial spectra. As
these are also cofibre sequences by stability, it follows that they remain fibre sequences
after realisation. Moreover, as the simplicial objects in the top right corners are split
by Lemma 3.3.7 over (C,?) and zero, respectively, we obtain the following commutative

diagram of horizontal fibre sequences:

Fe, ) —— 00— [FQ(e, ¢

| ]

)|

COROLLARY 3.4.10. The endofunctor Fr—|FQ(—M)| on Fun®d(CatP_, Sp) is the
internal suspension functor, i.e. postcomposition with the suspension functor in Sp, and
the lower horizontal fibre sequence above is the rotation (to the right) of the metabolic

fibre sequence.

Note that the geometric realisation |FQ(—M)| appearing in Corollary 3.4.10 can
be taken in either Fun(Cat®_,8p) or Fun®(Cat®_, 8p), since the latter is closed under
colimits in the former by the stability of Sp.

Finally, we study the effect of shifting the Poincaré structure on the Cy-equivariant
spectrum F(Hyp(C)) acted on by the duality of 2. This will ultimately lead to our
generalisation of Karoubi’s periodicity theorem in Corollary 4.6.5 below. To this end,
recall that the composite Cat?, — Cator —Catl of the forgetful and hyperbolic functor
refines to a functor Hyp: Catl, —Fun(BCsy, Catl,) via the action of the duality; see [,
Remark 7.4.14].

Definition 3.4.11. Given a functor F: Catb — & define the hyperbolisation
FhYP: CatP — Fun(BCy, €)

of F as FoHyp.

PROPOSITION 3.4.12. (Naive Karoubi periodicity) There is a canonical equivalence
of Csy-spectra
Fhp(e, o) o s7 Lo Fhve (e, 9),

natural in the Poincaré oo-category (C,2) and the additive functor F:Catl,—Sp. Fur-

thermore, under this equivalence, the boundary map
FP (e, Q) — St eFr (e, o1

of the metabolic fibre sequence is induced by the inclusion S°—S% as the fized points.
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Here, S? denotes the Ca-spectrum equivalently described as the suspension spectrum

of S?, the 1-sphere with complex conjugation action, or the functor
BC, =BO(1) — BO -1 Pic(S) C Sp.
Proof. We recall that, under the equivalence F(Met(C,?))~F(Hyp(C)) induced by
can: Hyp(C) — Met(C, ?),

the map met: Met(C, ) —(C, ?) identifies with hyp: Hyp(C)— (€, ?). Using the metabolic
Poincaré-Verdier sequence, we may therefore identify S*@F™P (€, 9[_”) with the cofibre

of the map
TP (hyp): TP (Hyp(€)) — THP(€, 9).

Now, there is a natural equivalence
Hyp(Hyp(€)) ~Hyp(Cx €°P) ~ Hyp(€)®Cy

which translates the action of D¢ on the left into the flip action on the right; see [,
Remark 7.4.15]. We may then identify the map FP(hyp) with the map

F(Hyp(€))®Cy — F(Hyp(C))

obtained from the map Cy— % of Ca-spaces, whose cofibre is S7. We therefore obtain a
natural equivalence
Stege e, 91 ~ ST FvP (@, Q)

which is the claim. O

3.5. Bordism invariant functors

In the next two subsections, we introduce the notion of a bordism-invariant functor out
of Cat®,, the main examples being various flavours of L-theory. We then show that each
additive functor F: Cat®, —8 admits an initial bordism-invariant functor F2°*4 equipped
with a map F—3P°rd the bordification of F, and that any group-like F can then be
described in terms of this bordification and the hyperbolisation FWP=FcHyp from the
previous section. This yields a version of the first part of our Main theorem for arbitrary
additive functors in Corollary 3.6.7; it will be specialised to F=Pn in §4.

To get started, recall the notion of a cobordism between Poincaré functors from
Definition 3.1.1. It is a Poincaré functor (C,?)—Q(€’,?") projecting correctly to the
endpoints of Q1.
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Definition 3.5.1. A Poincaré functor (F,n): (€,2)— (€, ?") is called a bordism equiv-
alence if there exists a Poincaré functor (G,9): (€/,2")—(€,?) such that the composites
(F,n)°(G,0) and (G,0)=(F,n) are cobordant to the respective identities.

Ezample 3.5.2. Let (C,?) be a Poincaré oo-category and £LCC be an isotropic sub-
category (see Definition 3.2.1). Then, the inclusion Hlgy(L)C(C,?) of the homology

oo-category is a bordism equivalence. This follows directly from Construction 3.2.11.

Definition 3.5.3. Given an oo-category with finite products €, we say that an addi-
tive functor F: Catl, — € is bordism-invariant if it sends bordism equivalences of Poincaré
co-categories to equivalences in €. We shall denote by Fun°"¢(Cat?_, &) the full subcat-

egory of Fun?dd (Catb,, €) spanned by the bordism-invariant functors.

FEzxzample 3.5.4. The formation of L-spaces provides a bordism-invariant functor
L:Catb —8. This was established by Lurie in [Lu3], based on fundamental work of
Ranicki; see e.g. [Ran3]. We will discuss this functor and its spectral refinement in detail
in §4.4 below.

Remark 3.5.5. If F: Cat® —8 is additive and bordism-invariant, then so is [Cob”|.

This follows straight from the definitions, as a cobordism of Poincaré functors
(C,9) — Qi(€,?)
induces another such

Qn(€,2) = Qn(Qu(C',2)) = Q1(Qa(C,2)).

Hence, a bordism equivalence (C,?)—(€’,?") gives an equivalence of simplicial objects
FQ(C,?)—FQ(C',?"), and thus an equivalence on realisations.

By Example 3.5.2, a bordism-invariant functor vanishes on all metabolic Poincaré
oo-categories, i.e. those that admit a Lagrangian. For group-like additive functors, the

converse holds as well.

LEMMA 3.5.6. Let F: Catb, —& be a group-like additive functor. Then, the following
conditions are equivalent:

(i) F is bordism-invariant;

(il) F takes cyl: (C,2)—Q1(C,?) to an equivalence for every Poincaré oo-category
(€, 92);
(iii) F vanishes on all metabolic Poincaré oo-categories;
(iv) F(Met(€,Q))~x* for any Poincaré oo-category (€, ?);
(v) FHyp(C))==x for any stable co-category C.
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Proof. The functors in (ii) are bordism equivalences (essentially by definition), so

(i) = (ii). It follows immediately from Corollary 3.1.4 that (ii) = (iv). By Example 3.5.2,
= (iil) and since Met(C, ?)

really is metabolic, we have (iii) = (iv). To obtain (iv) = (v), observe that F Hyp(C) is
a retract of F Hyp(Cx €°P), which by Corollary 3.1.5 is equivalent to F Met(Hyp(€))~x.
Finally, by Proposition 3.1.8, if F vanishes on hyperbolics, then cobordant Poincaré

all metabolic categories are bordism equivalent to zero, so (i)

functors induce homotopic maps after applying F, and so & is bordism-invariant giving
(v) = (). O

To discuss another important example, recall from Definition 3.4.11 the hyperbolisa-
tion FWP(C,Q)=F(Hyp(C)) taking values in the oco-category Fun(BCy, &) via the action
of the duality D¢ on Hyp(C).

Ezample 3.5.7. Given an additive functor F: Cat} — & with € stable and with suffi-
cient (co)limits to form the Tate construction (—)'“2: Fun(BCy, €)—€, we find a functor
(FhyP)tCz: CatP — & which is bordism-invariant; to see this, we invoke the natural equiv-
alence

Hyp(Hyp(€)) — Hyp(€)®C>

from [I, Remark 7.4.15], which shows that F%P (Hyp(€)) is an induced Cp-object. It then
follows that, for every stable co-category €, we have (F'¥P)*C2 Hyp(€)~0, since the Tate

construction generally vanishes on induced Cs-objects.

PROPOSITION 3.5.8. Let F: Catl, —& be a bordism-invariant additive functor. Then,
the natural map QF(€,9)—F (€, arising from the metabolic Poincaré-Verdier se-
quence is an equivalence. In particular, F is automatically group-like. If € is stable, an
additive functor F: Catb, — & is bordism-invariant if and only if this map is an equivalence
for all Poincaré oo-categories (C,?).

In particular, we find 7;F(C, 9):7r03"(€‘,9[7i]) for every space- or spectrum-valued
bordism-invariant functor.

Proof. By Lemma 3.5.6, F is bordism-invariant if and only if F(Met(€, ?))~ for all

Poincaré oo-categories (€, ?), from which we obtain a fibre sequence
F(e, ) s« —5 F(€,9),

giving the first claim. If € is stable, then the map in question being an equivalence is

equivalent to F Met(€, ?)~x giving the second claim. O

In particular, bordism-invariant functors can be delooped simply by shifting the

Poincaré structure, i.e. by considering

[F(€,9),F (e, ), F(e, @), ..
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with the structure maps provided by Proposition 3.5.8, and furthermore, by Corol-
lary 3.1.9, the inversion map on F(C,?) is induced by the Poincaré functor (ide, —ide).
Next, we show that this delooping agrees with that from the previous section. In fact,

we have as the main result of this subsection, the following theorem.

THEOREM 3.5.9. The forgetful functor
Fun®"(Cat®_, Sp) — Fun"4(Cat?_, 8),

i.e. postcomposition with 1, is an equivalence with inverse F—+Cob”. This equivalence
restricts to Verdier-localising and Karoubi-localising functors. In particular, any additive
(or Verdier-localising) and bordism-invariant functor F: Catl, —8 admits an essentially

unique lift to another such functor Catb, —8p.

The same is not true for arbitrary group-like additive F: Catb, — 8, as the examples
(C,9)—K(€%),K(C), which have equivalent infinite loop spaces, show.

Proof of Theorem 3.5.9. By Proposition 3.5.8, additive bordism-invariant functors

are group-like, and so we may view Fun"*"(CatP_, 8) as a full subcategory of
Fun®9(CatP_, Grpg_).
We now observe that the adjunction
Cob: Fun®!(Cat®,, Grpy_ ) = Fun®!!(Cat?, 8p) : Q>

of Corollary 3.4.6 restricts to bordism-invariant functors: Indeed, this is clear for €°°,
and for the left adjoint it follows by induction from Remark 3.5.5. The restricted adjunc-
tion is then an equivalence by Corollary 3.4.8, since any S’“EFunb"rd(Catgo, 8p) vanishes
on metabolic Poincaré co-categories, and so in particular sends them to connective spec-
tra. It remains to observe that Cob? is Verdier-localising or Karoubi-localising whenever
F: Catb, — 8 is Verdier-localising or Karoubi-localising and bordism-invariant, which fol-
lows readily from the delooping explained before the proof, together with the fact that

(=) preserves Poincaré-Verdier and Poincaré-Karoubi sequences. O

3.6. The bordification of an additive functor

In this subsection, we establish the following theorem, and deduce a general version of
our Main theorem in Corollary 3.6.7.
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THEOREM 3.6.1. The inclusions
Fun"d(Cat®_, 8p) C Fun®!(CatP_,8p) and Fun'd(Cat®,,8) C Fun®d(Cat?_, 8)

of the bordism-invariant into all additive functors admit left and right adjoints.

Definition 3.6.2. We will refer to these left adjoint functors as bordification and
denote their values on an additive functor J: Cat®, —8p or F: Cat?, —8 by FP°d. The

right adjoint we shall call cobordification and denote by (—)<Pord.

The existence of the left adjoints, Theorem 3.5.9 and Corollary 3.4.6 may be sum-
marised by the following square of forgetful functors and their dotted left adjoints, whose

left-hand vertical arrows are inverse equivalences:

(7)bord
Fun”*"(Cat®_, Sp) Ty Fun®?(CatP_, 8p)
Cob : : CObD(—)grP
: ( )bord ‘

Fun"d(Cat®_, §) *—— Fun™! (Catp S).

Thus, the existence of the upper horizontal adjoint implies the existence of the lower one,

or more precisely, for F: Cat? — 8§ additive, we have
gjbord ~ (> ((Cob?g“’ )bord)l

Similarly, we find
gebord (oo ((Cobffx )cbord)’

where F* denotes the pointwise units of F. For § bordism-invariant, one computes

Nat(G, °°((Cob” " )*")) = Nat(Cob?, (Cob” " )*")
~ Nat(Cob?, Cob” ")
~Nat (G, F*)

(8,9,

~Nat(§

where the first and third identities follow from Corollary 3.4.6. In particular, the
(co)bordifications at the spectrum level determine those at the space level, so we will
restrict attention to the case of functors taking values in spectra in this section.
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Remark 3.6.3. Using Theorem 3.5.9, it is also easy to see that

Febord o, oo (2 F) P

for additive F: Cat2, —8p, and so FP°*d depends only on Q°F. We explicitly warn the
reader that F2°™d cannot in general be reconstructed from Q°F in a similar manner. A
counterexample is given by the Karoubi-Grothendieck—-Witt functor, discussed in detail
in paper [IV]; see Remark 3.6.18.

Below, we give three distinct formulas for the spectral bordification functor, namely
in Proposition 3.6.5, Corollary 3.6.12 and Corollary 3.6.16, and it really is the compar-
ison between these that is most relevant for our work. While this comparison can be
established by direct calculations, that route does not lead to shorter arguments and
the present framework allows for a more conceptual interpretation; see Proposition 3.6.8.
Along the way, we also establish the cobordification in Proposition 3.6.5. We begin with

the following lemma.

LEMMA 3.6.4. If F:Catl, —& is arbitrary and G: Catl, —& is bordism-invariant,
then the spaces Nat(FvP, 9),Nat(9’ﬁg, ), Nat(G, FP) and Nat(G, (F¥P)hC2) are con-
tractible (assuming & admits sufficient (co)limits to form the homotopy orbits and fized

points appearing).

Proof. Since Hyp: Cato: — CatL, is both left and right adjoint to the forgetful functor
by [I, Corollary 7.2.21], the composite Catb, — Catos — Catl is both left and right adjoint
to itself. Hence, the association F+JF™P is both left and right adjoint to itself as well.
Since G"P~x for any bordism-invariant functor, it follows that the mapping space from

FhYP to and from any bordism-invariant functor is trivial. The computations
Nat(F1e2, G) = Nat(F¥P, §)" ~x  and  Nat(G, (FP)"2) = Nat(g, FP)hC2 v«

give the remaining claims. O

Next, recall from [I, Corollary 7.4.18] that the hyperbolic and forgetful maps refine

to Co-equivariant maps
Hyp(€,2) — (€,2) — Hyp(C, 2),

where (C,®) is considered with the trivial Ce-action. It then follows that the induced

natural maps P —F— FWP refine to maps of the form

T — F — (FP)C2,



300 B. CALMES ET AL.

As part of [I, Corollary 7.4.18], we also showed that the composite of these two maps
coincides with the norm map 3"}}1%2 — (FhvP)hC2 asg0ciated to the Co-action on FWYP; we
showed this at the level of Poincaré oo-categories and it persists since JF preserves finite
products. From Lemma 3.6.4, we find Nat(&"ﬁéz,Q):* if G is bordism-invariant. In

particular, assuming the existence of a bordification, there is a sequence
?hYP F H:'bord
hC,

whose composite admits an essentially unique null-homotopy. There is a universal way

to produce such a sequence.

PROPOSITION 3.6.5. Consider the functor ®: Fun®(Cat®_, 8p)—Fun®4(Cat®_, Sp)
given by the formula
h
OF = cof (Fy, — F).

Then, the canonical transformations F=®F exhibit ® as a bordification. Dually, we
have that fib(F— (FWYP)hC2) s ¢ cobordification of F.

Proof. Let F be an additive functor. We first verify that ®JF is bordism-invariant. By
Lemma 3.5.6, we need to check that ®F(Hyp(€))=~0, or, equivalently, that the canonical

transformation
Ft (Hyp(€)) — F(Hyp(€))

is an equivalence, which follows, similarly as in Example 3.5.7, from the observation that
Hyp(Hyp(C)) is an induced Cs-object. Now, for any bordism-invariant functor G, we
have a fibre sequence

Nat(®F, ) — Nat(F, §) — Nat(F;2F, 9)

and Nat(&"}ll{(yjs, G)~x* by Lemma 3.6.4. Consequently, the first map is an equivalence,
showing that §—®J is a bordification. The argument for the cobordification is entirely
dual. O

Ezamples 3.6.6. Let J: Catl —8p and G: CatZx —8p be additive functors. Using
Example 3.5.7, we find the following properties:

(i) (?hyp)bord:O:(.’fﬁg)bord and the natural map (FWP)hCz= (FhyP)tC2 descends
to an equivalence ((FhvP)hCz)bord ~ (Fhyp)tCz

(11) Duauy7 (grhyp)cbord:():((gjhyp)hCz)cbord and (S:E}él;)cbord:S71®(‘rjﬁhyp)tC2.

(iii) One also generally has (Gofgt)Prd~0~(Gofgt)°Prd. In particular, the bordifi-
cation of Cr, K, K, THH, TC and all similar invariants of Poincaré co-categories vanish:

(co)bordification is a genuinely hermitian concept that has no classical counterpart.
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We find a general form of our main result, the fundamental fibre sequence and

fundamental fibre square.

COROLLARY 3.6.7. For every additive functor F: CatL, —8p and Poincaré oco-category

(C,Q), there is a canonical fibre sequence

FIP(€,9) 2 F(e, Q) 22, Fhord (e, Q).
Moreover, applying bordification to the natural map F—(FP)hC2 it extends to a carte-

stan square
F(C,Q) ———— FPord(@, Q)

J |

(FP)hC2(€, Q) — (TP)F2(€, Q).

Proof. The first part is a reformulation of Proposition 3.6.5. For the second claim,
we use Example 3.6.6 to identify the bordification of (FW¥P)hC2 with (Fh¥P)*C2 via the
canonical map. It follows that both horizontal fibres identify with S"E}éz, and furthermore
the induced map between them identifies with the identity: by definition, a map into
the lower fibre is determined by the map to (F"P)hCz together with the null-homotopy
of the composite to (FM¥P)*2. Indeed, we have shown in [I, Corollary 7.4.18] that the

composite of the natural maps

Fo — F — (Fhyp)hee
is the norm map of F™P_ and there is only one null-homotopy of the further composite
by another application of Lemma 3.6.6. O

Corollary 3.6.7 can also be recast in terms of stable recollements and their associ-
ated fracture squares; see §A.2, and in particular Definition A.2.18 and the discussion

thereafter.

PRrROPOSITION 3.6.8. The diagram

bord (—ofgt)nc
bord l/oir\ add DI : add ex hC
Fun’?"“(Cat%_, 8p) &T)/ Fun®®?(Cat?_, Sp) z Fun®®(Catcs, 8p)~2,
cbord (—ofgt)C2

where the right unlabelled map is pullback along Hyp: (Cats )hc, —Catl,, constitutes a

00
stable recollement, whose associated fracture square is the fundamental fibre square from
Corollary 3.6.7. The images of the left and right adjoints on the right-hand side consist
of those additive functors F such that 9}}1%2%3" or F—(FWwP)hC2 s an equivalence,

respectively.



302 B. CALMES ET AL.

One might call the functors satisfying the properties characterising the essential
images above left and right hyperbolic, whence we find that 3"{1%2%3" is the terminal
approximation to F by a left hyperbolic, and F— (FPP)PC2 is the initial approximation
by a right hyperbolic functor.

Proof. Recall from the discussion above (or see [I, Corollary 7.4.18]) that the functor
Hyp: Catgl — Cath,

is a both-sided adjoint to fgt: Catl, —Catls, and that this adjunction is equivariant for

the trivial action of Cy on Catb, and the opposing action on Catls (i.e. it is a relative

adjunction over BCs). It follows formally that
Nat((Fefgt)nc,, §) ~ Nat((Fofgt), §)"> ~ Nat(F, GoHyp)",

and similarly Nat(G, (Fofgt)"2)~Nat(GoHyp, )2, so that we obtain the right-hand
adjunctions. Unwinding definitions, one finds that in the former case the counit evaluated

at some stable co-category C is the canonical equivalence
F(€) — (C20F(€))",

since the inclusion F(€) —=F(C)dF(CP) — F(fgt(Hyp(C))) gives rise to an equivalence
CaF(C)~F(fgt(Hyp(€))) by direct inspection. Thus

(—)P: Fun®d(Cat?_, 8p) — Fun®1?(Cat, Sp)h¢2

has a fully faithful adjoint, and is therefore a split Verdier projection. Its kernel is pre-
cisely Funbord(Catgc, 8p) by Lemma 3.5.6, whence Proposition A.2.19 and the discussion
thereafter give the recollement.

The claim about the fracture square is true by construction, and the conditions given
in the final statement unwind to the counit and unit being equivalences, respectively,

which characterise the essential images by the triangle identities. O

The construction of (co)bordifications via the hyperbolisation map 3"}}1%2 —J or for-
getful map F— (FHWP)hC2 discussed so far are, however, not very suitable for computations
of FPord or Febord - Therefore, we present two more formulas for the bordification, both
of which we put to use in the next section. These also have dual versions which yield
cobordifications, though we will not pursue this direction here. Our approach relies on
the following general recognition principle for bordifications.
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LEMMA 3.6.9. Let B:Funadd(Catgo,Sp)%Funadd(Catgo,Sp) be a functor equipped
with a natural transformation [:id=-B. Suppose the following conditions hold:

(i) B commutes with colimits;

(ii) if F is bordism-invariant, then Bs:F=BF is an equivalence;

(iii) B(FWP)~0 for every additive F: CatP, —8p.

Then, B ezhibits B as a bordification functor.

Let us explicitly point out that we do not assume a priori that B takes values in
bordism-invariant functors. The price is that we have to invest that we already know that
there exists a bordification functor into the proof. Direct arguments are also certainly

possible, but slightly more cumbersome.

Proof. Let F:CatL —8p be an additive functor. Applying B to the fibre sequence

?ﬁ‘g’ —F—Jbord from Corollary 3.6.7 yields a commutative diagram
2

hyp bord
TP T F

|

B(F1%) — BF — B(FPord)

in which both rows are bifibre sequences and the vertical maps are all the respective

Fhord i hordism-invariant and hence, by property (ii),

components of 5. By definition,
we get that the rightmost vertical map above is an equivalence. This implies that the
left square is cartesian. On the other hand, by properties (i) and (iii), the lower left
corner in the above diagram is zero, and hence the lower right map is an equivalence as
well. The right-hand square thus exhibits B as equivalent to bord under the identity of

Fun®¢(Cat®_, Sp). O

Our second formula for bordification is modelled on the classical definition of L-
theory spectra via ad-spaces. Its starting point is the ad-construction. For [n]€A, we
denote by T,,=Po([n])°P the opposite of the poset of non-empty subsets of [n]. We note
that 7, depends functorially on [n]€A, giving rise to a simplicial co-category p(C,?):
given a Poincaré co-category (€, ?), denote by p,,(C,?) the cotensor of (C,?) by T,,, i.e.

pn(C,2) = (Fun(T,, €),97").

Since T, is the reverse face poset of A™, we find from [I, Proposition 6.6.1] that the her-
mitian oo-categories p,, (C, ?) are Poincaré for every [n]€A, and from [I, Proposition 6.6.2]
that the hermitian functor o*: p, (€, ?)—p., (€, ?) is Poincaré for every o: [m]—[n] in A.
We may hence consider p(C, ?) as a simplicial object in Catb..
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Definition 3.6.10. Let € be an co-category with sifted colimits. Given a functor
F: Catb, — &, we denote by ad F: CatE, — & the functor given by

ad F(€,9) =|Fp(C,9)|.

Using the functoriality of the cotensor construction, we may promote the association
F—ad J to a functor
ad: Fun(Cat®_, &) — Fun(Cat%_, &).

The inclusion of vertices then equips ad with a natural transformation bg: F—ad &F.

In this section, we consider the ad-construction only in the case when E=8p, as this
entails great simplifications (though the case £=8 is fundamental for the discussion of
L-theory in §4.4). The key is that, for a stable &, the collection of additive functors
from Catl to & is closed under colimits inside the co-category of all functors. Since,
in addition, the functor p,,: Cat® — Catl  preserves split Poincaré—Verdier sequences by
Proposition 1.5.4, it follows that ad F is additive whenever F: Cat2, —8p is. In particular,

we may consider ad as an (evidently colimit-preserving) functor
ad: Fun®?(Cat®_, 8p) — Fun®(Cat®_, 8p).

Remark 3.6.11. The analogous statement with target category 8 requires an addi-
tivity theorem for the ad-construction. For the L-space functor, such a result is indeed
available. In fact, Lurie showed in [Lu3, Lecture 8, Corollary 9] (see Theorem 4.4.2) that
L=ad(Pn) is even Verdier-localising, generalising results of Ranicki in more classical

language; see e.g. [Ran3, Proposition 13.11].
Next, we set out to show the following result.

PROPOSITION 3.6.12. Let F: Catl, —8p be an additive functor. Then,

(i) if T is bordism-invariant, then the map by: F=ad F is an equivalence;

(ii) ad(FP)~0.

In particular, the natural transformation b exhibits ad as a bordification functor.
For the proof of Proposition 3.6.12, we denote by P([n]) the full power set of [n] and

endow Fun(P([n])°P, €) with the hermitian structure 9*' that sends a cubical diagram
©: P([n])°P—€ to the total fibre of 9o P; through the isomorphism

(=TT 0,

the hermitian co-category (Fun(P([n])°P, €),9%) is equivalent to Met™ ™V (€, 9lt)), but
in the form given, it is clear that it assembles into a functor Cat” —sCat™ . Through
the identification as an iterated metabolic category, it is, however, easy to check that it
restricts to CatE, —sCath .
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LEMMA 3.6.13. The sequence
on(C, Q) — (Fun(P([n])°P, €), @) =2 (e, o)

is a Poincaré—Verdier sequence for all Poincaré co-categories (C,?) and neN. Further-

more, there are equivalences
(Fun(P([~])P, Ax(€)), Uper) = dec(Fun(P([-])°P, €), ")
~ Met(Fun(P([—])°P, €), ¢*)

of simplicial Poincaré oo-categories.

Note that the left term in the second displayed formula is just Fun(P([—])°P, D), ®*f)
for (D, ®)=Met(C, ?).

Proof. The map evy is given by evaluation of the cubical diagram ¢ at &, together
with the canonical projection of hermitian functors. Under the equivalence of the middle
term with Met™+1 (€, @), the map evy becomes the (n+1)-fold iteration of the map
met:Met(G,Q[l])%(G,Qm); thus it is a split Poincaré—Verdier projection. Its kernel is
equivalent to p, (€, ?) by restriction along T,, =Py ([n])°P? CP([n])°P and by the equivalence

; 0,°P ~ ; (1], op
i W0 i ep(),

since, for p€ker(evy), the fiber on the right-hand side is equivalent to the total fibre
of 9Mtogop,

For the second claim, note that commuting limits and functor categories gives equiv-

alences
Fun(P([~])°P, Ar(€)), e) = Fun(P([-])°P x AT, €), ')
~ Met(Fun(P([-])°P, €), @),
and the middle term is the requisite décalage by inspection. O

Proof of Proposition 3.6.12. If ¥ is bordism-invariant, then it vanishes on the middle
term of the sequence of Lemma 3.6.13 (which is an iterated metabolic construction); we
conclude that the left term becomes constant in n, after application of F. This shows

(i). To show (ii), we note that, for a Poincaré co-category (C,?),
FP (Fun(P[-], €)) = F(Hyp(Fun(P[-], €))) > F(Met (Fun(P[-], €),2*))

by Corollary 3.1.5. But this is the décalage of F(Fun(P[—], €), 2"Y) by Lemma 3.6.13 with
augmentation induced by evgy. Interpreting this map as a map of split simplicial objects,
we conclude that its fibre FP(p,, (€, ?)) is split over zero, and therefore has contractible
realisation. The final claim follows from Lemma 3.6.9. [
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Remarks 3.6.14. (i) In paper [IV] we show that, more generally, the construction ad
actually gives the universal bordism-invariant replacement of an arbitrary (in particular,
not necessarily additive) functor Cath, — 8.

(ii) We expect an additivity statement similar to Theorem 2.5.1 to hold for ad(F)
for functors F: Cat2, —8, but do not pursue this here, since we will be mainly interested
in the case F=Pn in which case Lurie has provided as stronger result which we record
in Theorem 4.4.2 below, and on which we will base our analysis of L-spectra.

(iii) If F: Cath, —8p is an additive functor which factors through the forgetful func-
tor Cat® —Cat®, then F is a retract of F™WP (after forgetting the Cs-action), and
hence Proposition 3.6.12 (ii) implies that ad(F)=~0. More generally, this argument shows
that, if F is any additive functor on Catls, then the non-hermitian analogue of the
ad-construction vanishes on JF.

(iv) In [WW2, Lemma 9.3], Weiss and Williams give a direct verification that
ad(K)=~0. Their proof immediately generalises to give a different argument for the van-

ishing of ad on additive functors on Catg}.

Finally, we present a third formula for bordification, obtained by iterating the bound-
ary map F(C,?) =»S'@F (€, 9[71}) of the metabolic fibre sequence.

Definition 3.6.15. Let F: Cath —8p be an additive functor. We define its stabilisa-
tion stab & by the formula

(stab F)(C, ?) = colim(F(C, ?) » S'@F (€, ¢ 5 2o F(e,ol-2) — ..,

with structure maps being the shifts of the boundary map for F, and we denote by
03 : F—rstabJ the arising natural transformation.

Recall from the discussion preceding Corollary 3.4.10 that the boundary map
F(e,9) — StaF(e, 1)
of the metabolic fibre sequence
F(e, o) — F(Met(C, ) 2% F(€,9)

is also modelled by the inclusion of vertices og: F(C, ?)—|FQ(C, ?)|. So we equally well
find that

stab F(€, 9) ~ colim(F(€, 9) 225 |FQ(C, 9)| 272U |7Q@ (€,9) - ...)

arises from iteration of the (unshifted!) Q-construction.
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PROPOSITION 3.6.16. Let F: Catd, —8p be an additive functor. Then,
(i) if F is bordism-invariant, the map o°: F—stabF is an equivalence;
(ii) stab(FhyP)~0.

In particular, the transformation o exhibits stab as a bordification.

Dually, the limit over the stabilisation maps give a cobordification, as is easy to

check, but we shall not make use of that fact.

Proof. Property (i) follows immediately from Corollary 3.5.8. To prove (ii), it will
suffice to show that, for any additive F: Catl —8p and any stable co-category C, the
boundary map

F(Hyp(€)) — S'@F(Hyp(€))

is null-homotopic. But this follows immediately from the fact that the metabolic functor
met: Met(Hyp(€)) — Hyp(C)

is split, by [I, Corollary 2.4.9]. Since stab evidently commutes with colimits and preserves

additivity, we can apply Lemma 3.6.9 to obtain the final claim. O
COROLLARY 3.6.17. For every group-like additive F: Catb, —8, the map
m;:Cob” (€,9) — m;(Cob”)Perd(e, @)
is an isomorphism for <0, and for i=0 becomes the canonical projection
T0F (€, 2) —> mo|Cob? (€, 917 1)].
In particular, for every i€Z, we have canonical isomorphisms
mi(Cob”)Pord (@, Q) 22 vy (Cob” )Pord(@, I~ (+ D]y & 7y | Cob” (€, @l= (+ D]y,

The group m;(Cob”)P°rd(€, Q) is thus the F-based cobordism group of (€,917%). In
fact, the proof below will show that the colimit description for FP°'4 (@, 9)~stab F(C,?)

stabilises on m; after step 1.
Proof. By Corollary 3.4.8, the spectra Sk®(Cob&r(Met(€,9[7k])) are k-connective,
and so the maps in the colimit sequence

(Cob™)Pord (€, 9) = colim(Cob” (€,9) — S'@Cob” (€, 97 1) - S2@Cob” (€,9172) — ..,

have increasingly connective fibres. In particular, all of these induce an isomorphism on
negative homotopy groups, and all but the first induce an isomorphism on 7y, in which
case we furthermore apply Corollary 3.4.10. We conclude using Proposition 3.5.8. O
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Remark 3.6.18. Given an arbitrary additive functor F: Cat® —8p, the fundamental
fibre sequence of Corollary 3.6.7 combined with Corollary 3.4.8 shows that the fibre of

the comparison map
(Qoo?)bord — Q> ((Cobﬂm?)bord) QO™ (gbord)

is naturally equivalent to QW(SE&), where G=cof (Cob®” ¥ —F). Corollary 3.6.17 always
computes the homotopy groups of the source, but G can generally be hard to access. For
example, for F=GW, the Karoubi-Grothendieck-Witt spectrum we study in [IV], the
defect term is 2°°((7<oK)nc,). This observation ultimately encodes part of the classical
Rothenberg sequences for decorated L-groups, and we shall upgrade the statement to the

spectrum level in paper [IV].

We finally mention that the defining filtration of o5°: F—stab(F)~FP°rd is compati-
ble with the canonical filtration of (—)"C2 — (—)*“2 in the sense that from naive Karoubi
periodicity (Proposition 3.4.12), we obtain a diagram

F(€,9) —— S'@F(C, ) —— S22 F(e, 97F) — .. — 5 stab(F)(€, 9)

| | | |

(FIYPYhC2 (@, Q) = (ST @FWPYC2 (€, Q) = (S2 @FMP)IC2(C, Q) - ... = colimen (S @FWP)C2 (€, ),

with rightmost vertical arrow being equivalent to FP°rd(C,Q)— (FHyP)*C2(C,9Q). Con-
sidering horizontal fibres each of the occuring squares is cartesian as an application of
Corollary 3.1.5, which provides an alternative proof of Corollary 3.6.7. This filtration of
the fundamental fibre square plays a major role in the works of Weiss—Williams [WW3]
in case of LA-theory (which we identify with Grothendieck—Witt theory of parametrised
spectra in §4.7 below).

3.7. The genuine hyperbolisation of an additive functor

In this final subsection, we recast the fundamental fibre square from Corollary 3.6.7
of an additive functor F: Catb, —8p as the isotropy separation square of a genuine Ca-
spectrum, that is a spectral Mackey functor for the group Cs, refining the hyperbolisation
FhyP(C,9)€8phC2. This allows for a convenient way of combining Karoubi periodicity
with the shifting behaviour of bordism-invariant functors; see Theorem 3.7.5 below.

Let us briefly recall the notion of a spectral Mackey functor; see also [I, §7.4] for
further details. For a finite discrete group G, we denote by Span(Fing) the oo-category
of spans of finite G-sets, first used for the purposes of equivariant homotopy theory in

[Bar, Definition 3.6] (under the name effective Burnside category). We set

8ps“ =Fun™ (Span(Fing), Sp),
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the oo-category of product preserving functors, and refer to [Na, Appendix A], [GM,

Appendix C] or [CMNN] for comparisons with other models of genuine G-spectra.
Restricting to the relevant case G=Csy, we have associated to F €8p&©? an underlying

Ca-spectrum uEeSphC?7 the evaluation of F at the Cy-set Cy with Cs-action through

id fi
CQ(l—Cgi>C2

and the genuine fixed points E#2 €Sp, given by the evaluation at the Cy-set *, connected

by restriction res: £8¢2 — EPC2 and transfer maps tr: Ey,c, — E#°? coming from the spans
id id
$¢—Cog—Cy and Cy—Coy—x.

Finally, to E is associated E¥“2€Sp, the geometric fixed points, which for us are most
easily defined as the cofibre of the transfer; they can also more conceptually be defined
by left Kan extending F along the fixed points functor Span(Finc,)—Span(Fin) and

then evaluating at *; see [Bar, B.7]. In fact, there is a stable recollement

e o
Sp g: Spgcz + N Sphcz7
‘\L_/ &(i)s/

where R is given by restriction along the fixed point functor Span(Finc,)—Span(Fin),
under the identification Sp~Fun™ (Span(Fin), 8p), the lower left functor takes X to the
fibre of X&“2 — X"C2 and (—)% and (—)9 are Borel completion and cocompletion, respec-
tively, defined as the adjoints to the forgetful functor u described above. In particular,

there results a cartesian square
EeC2 __y geC2

|

Eth — EtCQ,
as a special case of the general theory in Appendix A, specifically Remark A.5.8. In fact,
Corollary A.5.7 implies that the entire co-category Sp&©2 can equivalently be described
via such isotropy separation squares.

In [I, Corollary 7.4.18], we showed the following result.

THEOREM 3.7.1. The construction of hyperbolic Poincaré co-categories canonically
refines to a functor gHyp: Catl, —Fun™ (Span(Fing, ), Caty,) together with natural equiv-
alences

(i) gHyp(C,2)8C2~(€, Q) of Poincaré oco-categories,

(ii) u(gHyp(C,Q))~Hyp(C,?) of Ca-Poincaré co-categories,



310 B. CALMES ET AL.

under which transfer and restriction
gHyp(€, ?)nc, — gHyp(€,9)5  and  gHyp(€, 2)5* — gHyp(€,?)"2,
are naturally identified, respectively, with
hyp: Hyp(C, nc, — (€,9) and fat: (C,Q) — Hyp(€,Q)"C2,

Definition 3.7.2. Let F: Catl, —8p be an additive functor. Then, we call the com-
posite

Cat?, LRI T (Span(Cs), Cat®,) 5 Fun* (Span(Cy), 8p) = Sps°2
the genuine hyperbolisation F8WP of F.

Now, from the identification of the transfer in Theorem 3.7.1 and Proposition 3.6.5,
there results an identification F&MP (€, Q)?C2 ~FPord(@ Q). and by the universal property

of bordifications, this determines the entire isotropy separation square.
COROLLARY 3.7.3. The isotropy separation square of the genuine Co-spectrum
Fehvp (@, Q)
18 naturally identified with the fundamental fibre square, in symbols

Fehyp(@,9)8C2 — FEhyp(@ Q)¥C2 F(C,9) Fbord (@, Q)

| | | J

FEWP(C, Q)12 — FEWP(C,Q)*C2  (FWP)RC2(E, Q) — (TIP)2(C, 9),

1

for any additive functor F: Catb, —8 and Poincaré oco-category (C,9).

Finally, we use the genuine Cy-spectrum F&™P(€,9) to combine naive periodicity
with the behaviour of bordism-invariant functors under shifting.
We denote by Co®—: Sp—8ps©2 the left adjoint to the forgetful functor.

LEMMA 3.7.4. Let F:Catl, —8p be an additive functor and C a stable co-category.

Then, the map of genuine Cs-spectra
Cy@F (Hyp €) — FEIYP(Hyp @)
adjoint to the diagonal
F(Hyp €) — F(Hyp €)@ (Hyp €) =~ F(Hyp € xHyp €) = F(Hyp(Hyp €))
18 an equivalence. In particular,

FEYP (Met (€, Q)) ~ Co@F (Hyp C).
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Proof. The map is an equivalence both on underlying spectra and on geometric
fixed points. On underlying spectra, this follows immediately from the corresponding

statement

Hyp(Hyp(€)) ~ Co@Hyp(C)

on underlying Cy-Poincaré co-categories from [I, Remark 7.4.15]. Furthermore, both
spectra have vanishing geometric fixed points: the left-hand side by the symmetric
monoidality of geometric fixed points together with C282=@, the right-hand side by

bordism invariance. O
As a direct generalisation of Proposition 3.4.12, we then have the following result.

THEOREM 3.7.5. (Genuine Karoubi periodicity) There is a canonical equivalence of

genuine Ca-spectra

Febvp (e, Q7)) ~ STl g FEvP (@, Q),

natural in the Poincaré oo-category (C,?) and the additive functor F: Catl, —Sp. Fur-

thermore, under this equivalence, the boundary map
FEYP(Q,Q)) — ST FEvP(e, oI~ y)

of the metabolic fibre sequence is induced by the inclusion S°— S as the fized points.

In particular, passing to geometric fixed points we recover the equivalence
gjbord(e7 Q[z]) ~ Sz ®Err~bord(e7 9)

from Proposition 3.5.8.

Proof. Given the previous lemma, the proof of Proposition 3.4.12 applies essentially
verbatim, when interpreted in the co-category of genuine Cy-spectra: Lemma 3.7.4 iden-

tifies the once-rotated metabolic fibre sequence
FEhYP (Met (@, Q)) 2ty gy (e, @) -2 Sl gelve (e, ol-1)

with
Cy@F (Hyp(C)) — FWYP(@, @) — ST T3P (,9)

obtained by tensoring F8WP(€, @) with S[Cg] +S—S°. O
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4. Grothendieck—Witt theory

We start this section by defining the Grothendieck—Witt space W(C, ?) and record its
properties, as specialisations of the general results of the previous section to the case
F=PneFun®(CatP_,8). We then proceed to analyse the Grothendieck- Witt spectrum
in the same manner, in particular identifying its hyperbolisation as K-theory and its
bordification as L-theory.

This leads to the identification of the homotopy type of the algebraic cobordism
categories in Corollary 4.2.3, the fundamental fibre square in Corollary 4.4.13, localisation
sequences for Grothendieck-Witt spectra of discrete rings in Corollary 4.5.3 and our
generalisation of Karoubi periodicity in Corollaries 4.3.4 and 4.6.5, constituting the main
results of the present paper.

In the final subsection, we spell out the relation of our constructions to the LA-
theory of Weiss and Williams from [WW3]. In particular, our results provide a cycle
model for the infinite loop spaces of their spectra.

4.1. The Grothendieck—Witt space

In this section, we define the Grothendieck—-Witt space of a Poincaré co-category (C,?),
whose homotopy groups are by definition the higher Grothendieck-Witt groups of (€, ?).

Recall that a functor Catb, — & into an co-category with finite limits is called additive
if it carries split Poincaré—Verdier squares to cartesian squares; see §1.6. Additive functors
automatically take values in E.-monoids (with respect to the cartesian product in &)
but may well not be group-like; the functor Pn: Catt —§ taking Poincaré objects being
the first example. Denoting by Fun®(CatP_, &) CFun(Cat®,_, €) the full subcategory of
additive functors, Corollary 3.3.4 asserts that the forgetful functor

Fun®4(CatP_, Grpg_ (8)) — Fun®4(Cat®_, 8)
admits a left adjoint (—)8"P, the group completion functor.
Definition 4.1.1. We define the Grothendieck—Witt space functor
GW: Catl, — Grpg__(8)

to be the group-completion
GW(€,?) =Pn®P(C,?),

of the functor Pne Fun®4(Cat®_, 8). Furthermore, for a Poincaré oo-category (G, %) and
120, we set
GW,(€,?)=m; GW(C,?),

the Grothendieck—Witt groups of (€, Q).
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Let us also mention that we frequently regard §W as a functor Cath —8 without
further comment. As a direct reformulation of the definition of the Grothendieck—Witt

functor, we record the following observation.

Observation 4.1.2. The functor GW: Catt — 8 is additive and group-like, and it is

the initial such functor under Pn: Catf —S§.

We will show in Corollary 4.5.1 that §W is in fact Verdier-localising (and not just
additive); that is, it takes all Poincaré—Verdier squares to cartesian squares (and not just
the split ones).

Also note that we have already introduced a group GW¢(C,?) explicitly in [I, §2.5],
which by Theorem 3.1.10 indeed agrees with 7o GW(€, Q).

COROLLARY 4.1.3. The natural map w9 Pn(C, Q) —mo GW(C, Q) exhibits the target as

the quotient of the source by the congruence relation generated by

(X, q] ~ [hyp(W)],

where (X, q) runs through the Poincaré objects of (€,Q) with Lagrangian W —X.

In particular, GW(C, ?) is the quotient of [mo Pn(C, ?)]8"P by the subgroup spanned
by the differences [X, g]— [byp(W)], but part of the statement is that one does not need
to complete mo Pn(C,?) to a group in order to obtain GW(C,?) as a quotient. From
Corollary 3.1.9, or indeed from [I, Lemma 2.5.3], we find that, for [X, ¢]e GW(C, ?),

—[X, ¢} =[X, —q] +hyp(QX).

Remark 4.1.4. Let us explicitly warn the reader that GW(C,?) is usually not the
group-completion Pn(C, )8 of Pn(C,?). Indeed, this termwise group completion of Pn
does not yield an additive functor. For the relation between Grothendieck—Witt spectra

defined by group-completions of forms and those considered here, see [HStm].

From the results of the previous section, we obtain several formulas for GW(C,?).
Recall from Definition 2.3.2 the cobordism co-category Cob(C,?) associated to the Segal
space Pn Q(C, 9[1]) given by the hermitian Q-construction. From Corollary 3.3.4, we find

the following result.

COROLLARY 4.1.5. There are canonical equivalences
GW(C, Q) ~ Q|Cob(€,9)| ~Q|PnQ(e, ol

natural in the Poincaré co-category (C,?).
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These formulas are in accordance with the usual definition of the K-space of C:
Q|Span(€)| ~ Q|CrQ(C)|.
COROLLARY 4.1.6. The functor GW: Catb, —8 preserves filtered colimits.
Proof. Tt is a composite of functors
(-t -

Catb, ——— Catl, =, sCat?, RN Juniiy SN

each of which preserves filtered colimits. The first is an equivalence: for Pn this is [I,
Proposition 6.1.8], for Q,, this follows from [I, Corollary 6.5.10], and for the remaining

two functors this is well known. O

Classically, the Grothendieck—Witt space is often defined as the fibre of the forgetful
functor from the hermitian to the usual Q-construction. We obtain such a description
from the fibre sequence, as we explain next. Applying the hermitian Q-construction and

Pn to the (split!) metabolic Poincaré—Verdier sequence
(€,9) —s Met(C, o) 2Ly (@, 9l
results in the fibre sequence
IPnQ(€, 2)| —> |PnQ Met(€, )| 245 |PnQ(e, 911,
Now, from Proposition 2.3.12 and Example 2.3.3, we obtain canonical equivalences
IPnQ Met(€, 1) <2 |PuQ Hyp(€)| 2% |CrQ(€)].

Inserting these and rotating the resulting fibre sequence once to the left, we find the

following result.

COROLLARY 4.1.7. The metabolic fibre sequence identifies with
[PuQ(e, 9)| = [CrQ(e)| = [Puq(e, o)
for every Poincaré oo-category (C,2), and there is a natural equivalence
GW(€,9) = fib(|PnQ(€, 2)| = [CrQ(e))).

This formula for the Grothendieck—Witt space is the transcription of the classical
definition, for example from [Schl], into our framework. We will say more about the
metabolic fibre sequence in §4.3 below.
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4.2. The Grothendieck—Witt spectrum
Our next goal is to deloop the Grothendieck—Witt space into a spectrum-valued additive
functor. To this end, recall from Corollary 3.3.4 that the forgetful functor

Q: Fun®4(Cat®_, 8p) — Fund4(Cat?,, Grpg_)

admits a left adjoint Cob.

Definition 4.2.1. We define the Grothendieck—Witt spectrum functor
GW: Catl, — Sp

by
GW(€,9)=Cobo™ (€, 9),

and denote by GW;(C, ?) its homotopy groups for i€Z.

We will see in Corollary 4.2.3 below that, for >0, this conforms with Definition 4.1.1.
Again, we list the properties that are immediate from the results of the previous section.

As a reformulation of the definition, we find the following result.

COROLLARY 4.2.2. The functor GW: Catb,—8p is additive, and it is the initial such
functor equipped with a transformation Pn=Q> GW of functors Catb ,—S§.

By adjunction, GW is also the initial additive functor GW: Catt —8p under S[Pn].
Moreover, we show in Corollary 4.5.1 below that GW is Verdier-localising and not just
additive.

Proof. By Corollary 3.4.6, the functor GW is the initial additive functor to spectra
equipped with a transformation GW=-Q> GW of E-groups. By the universal property
of GW established in Observation 4.1.2, the functor GW is therefore also the initial
additive functor to spectra with a transformation Pn=Q%° GW of E,.-monoids. O

Next, we identify the spaces Q°°~* GW(C,?). To this end, recall the i-fold simplicial
space
Cob; (€,9) =PnQ® (e, e,
given by the iterated hermitian Q-construction from Definition 2.2.1. These model the
extended cobordism categories of (C,?) and by Proposition 3.4.5 form a positive Q-
spectrum Cob"™ (€, ?). The natural map

Cob™™(€,2) — Cob"™(C,9) = GW(E, ?)

exhibits the right-hand side as the spectrification of the left. From Proposition 3.4.5, we
also find the following result.
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COROLLARY 4.2.3. For any Poincaré co-category (C,?), there are canonical equiv-
alences

GW(C,9) ~0® GW(C,9) and |Cob;(C,9)|~Q>~" GW(C,9),

for any i>1, that are natural in (C,?). In particular, we obtain isomorphisms
T GW(C,?) =2 GW;(C,?)

for all i>0.
COROLLARY 4.2.4. The functor GW: Cath —8p preserves filtered colimits.

Proof. The functor Cob"™ from Cat2, to the co-category of prespectra does, by our
description through the iterated Q-construction and the spectrification functor, preserve
filtered colimits. O

Remark 4.2.5. We propose to view the equivalences
|Cob; (€, Q)| ~ Q™" GW(€,?)
for i>1 as a close analogue of the equivalence
|Cobf| ~ Q" MTSO(d),

established by Galatius, Madsen, Tillmann and Weiss for i=1, and Bokstedt and Madsen
in general [GMTW], [BM]. In particular, the sequence of spectra GW(€,2=%) can be
considered as an algebraic analogue of the Madsen—Tillmann spectra MTSO(d).

Of course, our arguments so far correspond only to the statement that the higher
cobordism categories Cob; deloop one another, i.e. that |Cob|~Q|Cob}t!| for n>1.
The identification of the resulting spectrum via a Pontryagin—Thom construction has no
direct analogue in our work. We describe the homotopy type of GW(C,?) by different
means in Corollary 4.4.13 below.

We shall make this connection more than an analogy in future work by promoting

the association of its cochains or stable normal bundle to a manifold into functors
o: Cobg — Cob((Sp/ BSO(d))“, Q" .,,) — Cob(DP(Z), (¢°)!~%)

from the geometric to our algebraic cobordism categories. The Grothendieck—Witt spec-
trum of the middle term has already appeared in manifold topology (see §4.7), and we
expect the comma oo-category of the composite functor over zero to be closely related
to the co-category Cobg, 41 from [HP] for d=2n+1.
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Just as the negative homotopy groups of the Madsen—Tillmann spectra are given by
the cobordism groups, so are the negative homotopy groups of the Grothendieck—-Witt

spectrum. From [I, Definition 2.3.11], we recall the following definition.

Definition 4.2.6. The L-group Lo(C,?) of a Poincaré oco-category is defined as the
quotient monoid of mo Pn(C, ?) by the submonoid of forms (X, ¢) admitting a Lagrangian
W—-=X.

Also, Lo(€,?) really is a group. We showed in Proposition 2.3.7 that there is a
canonical isomorphism

7T0|COb<e, 9[_1])| = LO(G7 9)7

and consequently, we get
[iC, *q]+[iﬂ, q} =0

in Lo(C,?) from Proposition 2.3.7. In other words, Ly(C,?) is the cobordism group
of Poincaré forms in (€,?) and inverses are given by reversing the orientation. From

Proposition 3.4.7, we obtain the following result.
COROLLARY 4.2.7. For i>0 there are canonical isomorphisms
7_; GW(€,9) =Ly (e, )

natural in the Poincaré oo-category (C,2).

4.3. The Bott—Genauer sequence and Karoubi’s fundamental theorem

In the present section, we analyse the behaviour of the metabolic Poincaré—Verdier se-

quence
(€,9071) — Met (€, 9) 2% (€, 9)

under the Grothendieck—Witt functor. From Example 2.3.3 and Corollary 3.1.5, we

obtain the following result.

COROLLARY 4.3.1. For a Poincaré co-category (C,%), the functors
lag: Met(C, ?) +— Hyp(C) :can
induce inverse equivalences
GW (Met(€C,?)) ~ GW (Hyp(C))
and, for a stable co-category D, we have a canonical equivalence
GW(Hyp(D)) ~ K(D).

In particular, we find GW™P~K.
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Consequently, applying GW to the metabolic sequence gives a fibre sequence
aw(e, o) B k(@) 22 aw(e, 9),

of spectra, which we call the Bott-Genauer sequence. It is a general version of the
Bott-sequence appearing for example in [Sch3, §6].

Remark 4.3.2. We chose the present terminology to highlight the analogy with the
fibre sequence
MTSO(d+1) — S[BSO(d+1)] — MTSO(d)

originally appearing in [GMTW, §3], which complemented Genauer’s theorem in [G, §6]
that
|Cob| ~ Q=~1S[BSO(d)).

In particular, in the Bott—Genauer sequence, the algebraic K-theory spectrum really
arises via the metabolic category, encoding objects with boundary, rather than the hy-
perbolic category. From this perspective, the connectivity of the algebraic K-theory
spectrum corresponds to the fact that the bordism groups of manifolds with boundary

vanish.

Finally, note that the Bott—Genauer sequence gives a vast extension of Karoubi’s
fundamental theorem. Following Karoubi and Schlichting [Kar2], [Sch3], we define the

following functors:
U(C,9) =fib(K(C) 225 GW(€C,9)) and V(€,9)=fib(GW(C,?) -2 K(€)).

Karoubi’s fundamental theorem [Kar2, p.260] compares these functors in the setting of
discrete rings with involution. In the setting of Poincaré oco-categories, this statement
is a direct consequence of the Bott—Genauer sequence (we will specialise this abstract

version to discrete rings in Corollary 4.3.4 below).

COROLLARY 4.3.3. (Karoubi’s fundamental theorem) There is a canonical equiva-

lence

Ue, e ~s'ev(e,9)
natural in the Poincaré oo-category (C,9).

Proof. Simply note that the Bott—Genauer sequence identifies both sides with

caw(e,elth. O
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Now, we showed in [I, Proposition 7.4.19] that the Poincaré oco-category (C, 9[2]) can
be described in another way: By [I, Corollary 7.4.17], ? canonically lifts to a functor
Q: @°P 5 8psC2 with §g02 ~9Q, and QF: €— € upgrades to an equivalence

(e’ 9[2k]) ~ (e, (Sk—ko®§)g02)’

where S? is the suspension spectrum of the sign representation of C, on R. While more
complicated at first glance, the right-hand side is actually much easier to analyse directly,
and corresponds to the idea of “inserting a sign” into a Poincaré structure.

Let us spell this out for the Grothendieck—Witt theory of rings. Recall that these are
integrated into our setup via their derived categories of modules. More generally, consider
an E-ring k, an E;-algebra R over k and an invertible k-module with genuine involution
(M, a: N— M*C2) over R. Then, by [I, Proposition 3.5.3], the general equivalence above
becomes

(Mod“(R), (937)") = (Mod“ (R), 95,1, ).

Now, if k is equipped with a 2c-orientation, i.e. a factorisation of its unit map as
f
S —s (S* 2 k)0 L,

then we learn from [I, Remarks 3.5.13] that the module with involution S"~"® M only
depends on the parity of n modulo 2, up to a canonical equivalence. We denote the

common value for odd n by —M, so that we get
w 1 [e%
(Mod®(R), (95)1) = (Mod* (R), &' &)

as a special case of the above. This situation occurs most importantly, whenever k is
discrete, e.g. k=HZ, and if R and M are discrete as well, —M really is given by changing
its involution by a sign. The situation also occurs more generally, however, when k£ is
complex oriented (e.g. even periodic) or 2€mg(k)*™; see [I, Examples 3.5.14] for details.
A 20-orientation on k in particular produces an equivalence (—M )¢z ~S'@ MtCz,

so we obtain equivalences

(Mod® (R), (23,)"*)) = (Mod* (R), 9% 5),

(Mod®(R), (23,)")) = (Mod* (R), 92 )

R

and, whenever R is furthermore connective,

(Mod® (R), (277" ~ (Mod® (R), 22 +1).
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Also note that, if k¥ admits a o-orientation, e.g. it is discrete of characteristic 2 or more
generally real oriented, then we even find M ~—M.

Recall furthermore that, for a subgroup c€Kg(R)=Ky(Mod“(R)), we denote by
Mod®(R)CMod“(R) the full subcategory spanned by those R-modules X with [X]ec,

the most interesting special cases being
Mod® ) (HS)=DP(S) and Mod ™S (HS) =DI(S),

where S is an ordinary ring. We shall need to assume that c is closed under the involution
induced by M. This is clearly always true in the former case, and in the latter amounts
to [M]==%[S]€Ko(S5).

COROLLARY 4.3.4. For an Ej-algebra R over an Eo-ring k, which carries a 20-
orientation, an invertible k-module M with involution over R, and a subgroup ¢CKo(R)

closed under the involution induced by M, there are canonical equivalences

U(Mod®(R),9%,,) ~S'®@V(Mod®(R), ?%,),
U(Mod®(R), 2% ;) ~S'@V(Mod®(R), 25,)

and, if R is furthermore connective, also
U(Mod®(R), 27 ~ S'@V (Mod®(R), 92

for arbitrary meZ.

Now, these equivalences can be specialised further to a discrete ring R, ¢c=Kg(R)
and a discrete invertible module with involution over R, in which case one can take k=27
together with its canonical 20-orientation. Choosing either m=1 or m=2, we then obtain

the following extension of Karoubi’s fundamental theorem.

COROLLARY 4.3.5. For a discrete ring R and a discrete invertible module with in-

volution M over R, there are canonical equivalences

U(DP(R),9%%,) ~S' @ V(DP(R), 955).
U(DP(R), 9%, ~S' @ V(DP(R), 255)

and

U(DP(R),Q,,) ~S'@V(DP(R),?%,),
U(DP(R), 2 ;) ~S'@V(DP(R),95,).
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Given the comparisons in Appendix B, all of these equivalences collapse into the
classical formulation of Karoubi’s fundamental theorem upon restricting to discrete rings
in which 2 is invertible; if 2 is not assumed invertible they are, however, distinct. We

will explore their uses for discrete rings in the third paper of this series.

Let us also apply the fundamental Theorem 4.3.3 to the case of a form parameter,
as originally defined by Bak [Bak] and generalised by Schlichting [Sch5]. Recall from
[I, §4.2] that, given a discrete ring R and a discrete invertible module with involution
(M,o0) over R, a form parameter A on M is the data of an abelian group @, equipped
with an action by the multiplicative monoid of R through group homomorphisms, and

two R-equivariant homomorphisms
Mc, —Q 2> M©
whose composition is the norm map (i.e. the map induced by idy;+0) and such that
(at+b)xz=az+T7((a®b)p(x))+bx
for all a,b€ R and x€Q. As explained in [I, §4.2], the 2-polynomial functor

QA i Proj(R)°® —s Ab

proj-

sending P to its group of A-hermitian forms, followed by the canonical Eilenberg—-Mac
Lane inclusion Ab—8p extends (essentially uniquely) by non-abelian derivation to a

hermitian structure
Q&% DP(R)P — Sp.

Any form parameter (Q,, p) on M admits a dual form parameter \ given by

(—M)c, 2 M/Q "7 (—M)©

on (—M) in which the first map is surjective. For example, we have
+fs=TFev and “ev=Tq,

in what is hopefully evident notation. We showed in [I, Proposition 4.2.29] that the loop

functor refines to an equivalence of Poincaré co-categories
(DP(R), (%57)1%)) — (DP(R), 2%,

whenever p is injective in the original form parameter. Applying Corollary 4.3.3 to this
equivalence, immediately implies the following result.
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COROLLARY 4.3.6. For a discrete ring R, a discrete invertible module with invo-
lution M, a subgroup ¢cCKo(R) closed under the involution induced by M and a form

parameter \=(Q, T, p) on M, with p injective and dual \, there is a canonical equivalence
U(D(R),?%Y,) ~S' @V (D°(R), 95)).

Together with [HStm, Theorem A], which identifies the Grothendieck—Witt space
of (DP(R), 9%‘) considered in the present paper with the Grothendieck-Witt space con-
sidered in [Kar3] (which is defined as the group completion of the Eo-monoid of the
corresponding Poincaré forms on projective modules), this proves Conjectures 1 and 2
in §3.4 and §4.3 of [Kar3], respectively. Note for translation purposes that Karoubi’s
hermitian and quadratic modules for the form parameter A correspond to Poincaré forms

for the form parameters A and A, respectively, as explained in [Schb, Example 3.9].

4.4. L-theory and the fundamental fibre square

In this subsection, we prove our main result on the homotopy type of the Grothendieck—
Witt spectrum. In §3.6 we studied the bordification of an additive functor F: Catt, —
8p, and in Corollary 4.4.13 we produced a cartesian square reconstructing F from its
hyperbolisation P and its bordification F°°'4. In the previous subsection, we obtained
an equivalence GW™P~K, and in the present one we show that GWP™ ~L. To set the

stage, recall the p-construction from Definition 3.6.10.

Definition 4.4.1. The L-theory space is the functor Cat} —8 given by
£(€,9) = [Pup(€,9)|

obtained by applying Pn to the p-construction.

Since po(€,?)=(€,?), there is a canonical map Pn(C,?)—L(C,?) and, by construc-
tion, the 1-skeleta of the p and Q construction agree. So, from Corollary 2.3.7, we find
that the natural map moPn(C,?)—mL(C,?) descends to an isomorphism Ly(C,?)—
7o £(€, Q) for all Poincaré co-categories (C, ).

But much more is true: generalising a classical result of Ranicki, Lurie showed in

[Lu3, Lecture 7, Theorem 9] that there are canonical isomorphisms
™ £(€,9) =Lo(€C,217")

for all ©>0. While analogous to our results on bordifications, this is more difficult and
fundamentally rests on the fact that Pn p(C,?) is a Kan simplicial space. In fact, we have
the following result.
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THEOREM 4.4.2. Given a Poincaré-Verdier sequence (C,?)—(D,®)—(E, V), the
map Pnp(D, ®)—=Pnp(E, V) is a Kan fibration of simplicial spaces with fibre Pn p(C, ?).
In particular, the functor L: Caty, —8 is Verdier-localising, bordism-invariant, and it also

preserves filtered colimits.

The above identification of homotopy groups is then a consequence of Proposi-
tion 3.5.8. The result itself is the main content of [Lu3, Lectures 8 and 9]; we give

the proof here for completeness’ sake. It rests on the following lemma.

LEMMA 4.4.3. Given a Poincaré—Verdier projection (D,@)M(&,\P), an object
XeD, amap f:Y—=p(X) in € and a diagram

K *

| |

Q2d(X) 1 QU (p(X)) L Qeu(Y),

with K€8%, there exists an arrow g: Z— X in D lifting f, together with a lift

K—— %

| b

0°d(X) L5 Q%d(2)
of the original rectangle.

Proof. Since p is essentially surjective by Corollary A.1.7, there exists V in D, with
p(V)~Y, and applying [NS, Theorem 1.3.3 (ii)] we can then modify V to find h: W—Y
lifting f. From Remark 1.1.7, setting €=ker(p), we furthermore find

U(Y)~ colim ®(fib(W — C)).
(Y)= golim 2(fib(W — C))
So, putting U=fib(W—C) for an appropriate C, we find a lift s€Q*>°®(U) lifting ¢,
and the composite U—W =Y still lifts f. To find a lift of the homotopy of maps
K—Q>¥(Y), note that the colimit above is filtered, and hence, since K is assumed
compact, we also have
Homg (K, Q> ¥(Y)) ~ colim Homg (K, Q& (fib(U — C")),
re Uy

which for appropriate C’ yields all the desired data for Z=fib(U—C") and g being the
composite Z—U —Y. L]
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Proof of Theorem 4.4.2. We need to show that each solid diagram

| |

A" — p(&, 1)

admits a dotted filler, up to homotopy. Here, we regard A™ and A} as simplicial spaces
via the inclusion SetCS8.

To unwind this, recall that p, (D, ®)=(D, ®)7~, where T,,=Py([n])°P is the opposite
of the barycentric subdivision sd(A™) of A™. Denote then by H’CT, the opposite of
the subdivision of the i-horn, i.e. the collection of subsets missing an element besides 3.

Then, the lifting problem above translates to showing that the canonical map
T T . H;,
Pn((D,@) ) ‘_)Pn((qul) )Xpn((g’\p)H}l)Pn((Dch)) )

is surjective on 7. To this end, we first show the corresponding statement on spaces of
hermitian objects, and then explain how to adapt a lift in Fm((D, ®)”") to a Poincaré
one, provided its images in Fm((&, ®)7») and Fm((D,®)#~) are Poincaré. The first
claim even holds for boundary inclusions instead of horn inclusions, so denote by B,, the

opposite of the subdivision of 0A™, and consider hermitian objects
(F:T7,—¢&,q) and (G:B,—D,r)

and an equivalence between their images in Fm((€, ¥)5»). Let X €D be the limit of G.
By construction, there is then a canonical map f: Y —p(X), where Y=F(b), with b the

barycentric vertex [n] in T,,. Furthermore, regarding r€ ®(G) as a map
% ——)13}%1) QX PGP,
it is adjoint to a transformation const,=Q>°®-G°P, which gives rise to a map
B3|~ colim = — colim Q¥ 2e G — QO%(lgf G) = 0°(X),

whose composition down to Q¥ (Y') is canonically identified with the constant map
with value g€ QW7 (F)~Q>W(F (b)), since b=[n] is initial in TP, and so |TP|~x.

We can therefore apply the previous lemma to obtain a lift g: Z— X of f, together
with a lift s€Q>°®(Z) of ¢ and an identification of the composite

|B%P| — Q®3(X) L Q%0 (Z),
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with the constant map on s, that lifts the identification above. Since T, is the cone
on B, the map g precisely defines an extension of G to a map G: TP —D, on which s
defines a hermitian form, and the remainder of the data produced bears witness to (é ,8)
being a lift as desired.

For the second step, we need to modify a hermitian lift (G, r)eFm((D,®)7") of
(F,q)€Pn((€,¥)7")€ and (G, s)€Pn ((D, ®)") into a Poincaré lift. This is achieved by
performing surgery as follows: The algebraic Thom construction from [I, Corollary 2.4.6]
gives an equivalence

Fm((D, ®)”) ~Pn(Met((D, ®[1)7n)

refining the map taking (é, s) to
Dgr. (G) — cof (G2 Dy, (G)). (%)

In particular, the Poincaré objects in (D, ®)” correspond precisely to those arrows
with vanishing target (the target is the boundary of (C~v', s) in the sense of Definition 4.4.7
below). Since (F, q) and (G, ) and the boundary maps in the p-construction are Poincaré
(see the discussion before Definition 3.6.10), it follows that the target in our case already
lies in the kernels of both

DIn 5 DH  and DIm — &7n,

We claim that the intersection of these kernels is equivalent to Met(€, 21 ~™) as a Poincaré
oo-category. This is clear on underlying oo-categories, and follows for the hermitian
structures from the iterative formulas for limits of cubical diagrams, i.e.

lim X o X ([n]) X yim Xo(—Un)‘}(igl X,

op
Tn Tm—1 n—1

which is easily verified using [Lul, Corollary 4.2.3.10] by decomposing T,, as the pushout
of T,—1 and T,\{0,...,n—1} over their intersection. We thus find that the cofibre of sy
admits a Lagrangian L, since objects in metabolic Poincaré co-categories are canonically
metabolic, by [I, Remark 7.3.23]. We can thus perform surgery on (x) with the surgery
datum 0— L; see Proposition 2.4.3. The resulting arrow has vanishing target, and by
design the surgery changes neither the image in €7» nor the restriction to D', Trans-
lating back along the algebraic Thom construction thus provides the desired Poincaré lift
of (F,q) and (G, q).

To deduce the remaining claims, note that the statement about the fibre is immediate
from both cotensors and Pn preserving limits. That £ is Verdier-localising now follows,
since colimits of simplicial fibre sequences with second map a Kan fibration are again
fibre sequences; see e.g. [Lub, Theorem A.5.4.1].
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To obtain bordism invariance, one can proceed by observing that on account of the
Kan property the i-th homotopy groups of L(C,?)=|Pnp(C,?)| can be described as the

quotient of
7o fib(Homgs (A, Pn p(€, ®)) — Homgs (OAY, Pn p(C, 9?))),

by the equivalence relation generated by a pair of such elements admitting an extension
to
o fib(Homgs (A x A”, Pn p(€,?)) — Homgs (A x OA", Pn p(€,?))).

This quotient is readily checked to be exactly Lo(C, @), Since these L-groups evidently
take bordism equivalences to isomorphisms, bordism invariance of L follows. Finally, that
L preserves filtered colimits follows by the same argument as for GW in Corollary 4.1.6
above. O

It now follows from Theorem 3.5.9 that £ admits an essentially unique lift to a

functor with values in spectra.

Definition 4.4.4. We define the L-theory spectrum L: Catb —8p by
L(€,9) =Cob*(C,9),

with (€, ?) a Poincaré co-category, and denote by L;(C,?) its homotopy groups for i€Z.
The following result is then immediate.

COROLLARY 4.4.5. The functor
L: Cattl, — Sp

is Verdier-localising, bordism-invariant, and preserves filtered colimits.

The above definition of L-groups agrees with Definition 4.2.6, since from Proposi-

tions 3.4.5 and 3.5.8, we obtain the following result.

COROLLARY 4.4.6. There are canonical equivalences Q= L(C,Q)~L(€, Q1) for all

i1€Z. In particular, there are isomorphisms m; L(@,Q)%LO(QQ[*Z']) also for negative i.

In fact, the equivalence
L(C,2)~[£(€,9), £(C, M), £ (e, o), ..,

with structure maps arising from Proposition 3.5.8, is a direct generalisation of the
classical definition of L-theory spectra due to Ranicki (see for example [Ran3, §13]),
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which it is rather more elegant than our definition which iterates the Q-construction on
top of the p-construction.

One can also directly describe the boundary operator of the long exact sequence
on the L-groups of a Poincaré—Verdier sequence. To that end, we make the following

definition.

Definition 4.4.7. Given a Poincaré co-category (€, ?) and a hermitian object (X, q)€
Fm(C,?), the boundary of (X,q) is the Poincaré object d(X, q)€Pn(C, M) obtained as
the result of surgery on (X —0, q)€Surg,(C, 9[1])_

Note that, by the discussion preceding Proposition 2.4.3, the object underlying
0(X, q) is given by the cofibre of gs: X -DoX.

PROPOSITION 4.4.8. Given a Poincaré—Verdier sequence
(€,2) — (D, ?) — (€, 7),

the boundary operator L;(E,¥)—L;_1(C,Q) of the resulting long exact sequence takes a
Poincaré object (X, q)ePn(&, ¥1) to A(Y,q)ePn(C, =), where

(Y,q') € Fm(D, ol~7)

is any lift of (X,q).

In particular, the proposition asserts that such a hermitian lift of X can always be

found, and its image in L;_1(C,?) is the obstruction against finding a Poincaré lift of X.

Proof. From Proposition 3.1.11, we find that the inverse to the boundary isomor-
phism 71 L(&, ¥) =7 L(E, ¥[-1) takes a Poincaré object X in the target to the loop w
represented by 0+ X —0€Pn p;(€, V). We now compute the map L; (&, ¥)—Lo(C,Q),
the case of general i€Z follows by shifting the quadratic functor. That any Poincaré
object (X, q)ePn(&, UI-1) can be lifted to some (Y, ¢ )eFm(D, ®l-1) is an application
of Lemma 4.4.3 (with K=2).

Now, regarding the map (Y —0,¢’) as a surgery datum in Surgy(D,®), we can
apply Proposition 2.4.3 to obtain a cobordism from zero to the result of surgery, which
is (Y, q'). We regard this cobordism as an element of Pn(p; (D, ®)), and thus as a path
in L(D,®). By construction, this path lifts the loop in L(E, ¥) defined by X via the
consideration in the first paragraph. Therefore, its endpoint cof (Y —Dg-11Y") represents
the image of (X, ¢) under the boundary map as claimed. O

Now, by construction, there is a natural transformation Pn=£~Q° L, which uniquely
extends to a transformation bord: GW=-L of functors Cat?, —8p, by Corollary 4.2.2. We
record (see Corollary 3.6.17) the following result.
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COROLLARY 4.4.9. Under the identifications of Theorem 3.1.10, the map
bord: mg GW(C, Q) — 1o L(C, ?)

becomes the canonical projection GWy(C,2)—Lo(C,?). Similarly, for i>0, the induced

map

m_i GW(C,?) — m_; L(C,?)
is identified with the identity of L()(G,S?[i])7 by Proposition 3.4.7.
Remark 4.4.10. While the map

bord: GW(€C,9) — L(€, ?)

is most easily constructed via the universal property of GW, it is also easy to obtain a
direct map between these spectra when defining them via the Q- and p-constructions.

Consider the map of cosimplicial objects
7: (sd A™)°P — TwAr (A™),

that sends a non-empty subset T'C[n] to the pair (minT<max 7). It is an isomorphism
in degrees 0 and 1, and QQ(G,QM)—)pg(G, 9[1]) is depicted as follows:

A /N
~.

w

NSNS N

X Z.

The analogous operation on manifold cobordisms takes two composable cobordisms
to the 2-ad given by the cartesian product of their composition with an interval; the
ad-structure is given (after smoothing corners) by decomposing the boundary into the
original two cobordisms, represented along the diagonal edges, and their composite given
by the lower horizontal edge. In general, then, the transformation n: Q=p regards n
composable 1-ads as a special case of an n-ad.

Now, n induces a map

5W(e,2) = Q[PnQ(e, o) Ly o[Pup(e, o) 25 [Pup(€, 9)| = £(€, 9),
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and thus a map
n: GW = Cob" = Cob* =L.

Using Proposition 3.1.11, it is not difficult to check that this map satisfies the universal
property defining bord. Since we shall not have to make use of that statement, we leave
the details to the reader.

We now turn to the main result of this section.

THEOREM 4.4.11. The transformation bord exhibits L as the bordification of GW.
In particular, L: Catl —8p is the initial bordism-invariant, additive functor equipped with
a transformation Pn=Q>L of functors Catt ,—S8.

From Theorem 3.5.9, we also find that £: CatE —8 is the initial bordism-invariant,

additive functor under either Pn or GW.

Proof. The second statement follows from the first one and Corollary 4.2.2. For
the first statement, note that the canonical map GW—L induces a map GWPr 4 L.
We have recorded in Corollary 3.6.17 that GW—GWP'® induces an isomorphism on
negative homotopy groups, hence, by Corollary 4.4.9, the map GWPrd 1, also induces
an isomorphism on negative homotopy groups, and thus by Proposition 3.5.8 an isomor-

phism on all homotopy groups. O

Remark 4.4.12. We can also employ the stab-construction for a proof of Theo-

rem 4.4.11. By Proposition 3.5.8, the map bord factors over a map
colim SYoGW (e, M) — 1(e,9),

and it follows from Corollaries 4.4.9 and 3.6.17 that this map is an isomorphism on homo-
topy groups. Under the analogy between GW(C, 9[_d]) and MTSO(d) (see Remarks 4.2.5

and 4.3.2), this equivalence corresponds to the left of the equivalences
colim S?@Coby ~Q°%°  and colim ST@MTSO(d) ~MSO,

which is equated with the right-hand one by the theorems of Galatius, Madsen, Tillman
and Weiss on the one hand, and Thom on the other hand; even the definition of L(C, ?)
in terms of the p-construction is modelled on Quinn’s construction of the ad-spectrum

QSO

of manifolds , whose homotopy groups by construction are the cobordism groups.

Now, since the functor (€, ?)—K(C,?)t2 is bordism-invariant by Example 3.5.7, the
composite GW —K"“2 5K factors uniquely over a map Z=: L—K'2, and we obtain
the main result of this paper.
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COROLLARY 4.4.13. (The fundamental fibre square) The natural square

GW(e,9) 24, 1,(e,9)

E

K(€, Q)% — K(€, Q)

is cartesian for every Poincaré oco-category (C,?) and, in particular, there is a natural

fibre sequence

K(C,9)ne, —225 GW(C,9) 224, 1,(e,9).

Proof. This is a consequence of Corollary 3.6.7, in combination with Corollary 4.3.1
and Theorem 4.4.11. O

COROLLARY 4.4.14. There is a canonical equivalence
GW(C,?) [%] ~K(C,9) [%]hcz@L(ea ?) [%]
natural in the Poincaré co-category (C,%), and in particular
W€, D[] 2Ki(€) 1], SLi(€, ) [3].

Proof. Note that the homotopy orbit spectral sequence collapses for spectra in which
2 is invertible. Thus, the first claim implies the second one. For the first, note that the

composite

fgt

K(€,9)[4],, 2K (€ nc, [5] =2 GW(C,9)[4] 5 K(€,9)"2 [4] » K(€,9) [4]"

is the norm of K(G,Q)[%} which is an equivalence, and thus splits K(G,Q)[%}hcz off

GW(€,9)[3], as claimed. O

4.5. Localisation and the Mayer—Vietoris principle

We next use the fundamental fibre sequence to establish localisation sequences. Funda-

mentally, we have the following result.
COROLLARY 4.5.1. The functor GW: Caty, —8p is Verdier-localising.

Proof. Given Corollary 4.4.5, we need only recall that K-theory is a Verdier-localising
functor K: Catls—8Sp (as by Proposition 1.1.4 the underlying sequence of a Poincaré-
Verdier sequence is indeed a Verdier sequence). The statement about K-theory in large
parts goes back to Waldhausen’s fibration theorem and a direct proof in the present
context was recently recorded in [HLS, §6]. O
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This result is an extension of Schlichting’s localisation theorem [Sch3, Theorem 6.6]
in the context of differential graded categories on which 2 acts invertibly. As a conse-
quence, we now deduce localisation properties of Grothendieck—Witt spectra, which will
form the basis of our analysis of the Grothendieck—-Witt groups of Dedekind rings in the
third paper of this series; see e.g. [III, Corollary 2.2.5]. We recall that, in order to obtain
Poincaré—Verdier sequences from localisations, in general we need to introduce suitable

subcategories of DP(—), controlled by a subgroup ¢CKg(—) closed under the involution.

Remark 4.5.2. For algebraic K-groups, the map K;(D°(R))—K;(DP(R))=K;(R) in-
duces an isomorphism ¢>0, and is the inclusion ¢c—Kg(R) for i=0, by the cofinality
theorem. We extend Schlichting’s hermitian analogue thereof in paper [IV] by showing
that for any pair of involution-closed subgroups cCdCKy(R) the squares

GW(DS(R),?) —— GW(DI(R),?) L(D*(R),?) — L(DI(R),9)
| | o |
K(D¢(R), Dg)"C2 —s K(D4(R), D)2 K(D¢(R), Dg)'C> —s K(D4(R), Dy)tC2

are cartesian; see [IV, Theorem 1.1.3]. It follows that there are fibre sequences

GW(D(R),?) — GW(DY(R),?) — H(d/c)"*2,
L(D¢(R),?) — L(DY(R),?) — H(d/c)*“=.

In particular, the map
GW,(D°(R),?) — GW,;(DY(R),?)

is an isomorphism for positive i, and it is injective for i=0. On the L-theoretic side, we

recover ([Ranl, Proposition 9.1]) Ranicki’s Rothenberg-sequences
. — Li(D(R),9) — L (DY(R),9) — H™H(Ca; d/c) — Li_1(D(R), Q) —> ...

Next, recall the compatibility condition between a multiplicative subset and an in-
vertible module from Definition 1.4.4 and Example 1.4.5; in the setting of discrete rings
with SCA satisfying an Ore condition, it means that inverting the action of S on an
invertible module M with involution over A using one of the A-module structures on
M also automatically inverts the action of S on M using the other A-module structure.
From Corollary 1.4.10, we immediately obtain the following result.
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COROLLARY 4.5.3. Let A be a discrete ring, M be a discrete invertible module with
involution over A, cCKg(A) be a subgroup closed under the involution induced by M, and
SCA be a multiplicative subset compatible with M, such that (A, S) satisfies the left Ore
condition. Let D°(A)s denote the full subcategory of D(A) spanned by the S-torsion
complezes. Then, the inclusion and localisation functors fit into fibre sequences

GW(D(A)s,25,") — GW(D(A), 25/") — GW (D™ (A[S™])), 95715 ),
L(D*(A)s, 957") — L(D(A), 957") — L(D™(A[S™), 2515 1)),

for all meZU{+oo}.

If the hermitian cofinality theorem is assumed to be true, the above fibre sequence
of Grothendieck—Witt spectra corresponds to the affine version of Schlichting’s localisa-
tion sequence [Sch3, Theorem 9.5]. The fibre sequence of L-spectra recovers localisation
sequences of Ranicki’s from [Ran2, §3.2], upon investing the identification of the genuine
L-spectra in [III, Theorem 1.2.22].

Remark 4.5.4. By Corollary 1.4.7, the quadratic version, i.e. the case m=oc0, of
Corollary 4.5.3 holds true for an arbitrary E;-ring spectrum A and an invertible module
M with involution over A, but for the symmetric and genuine variants, one has to require

further conditions; see e.g. Example 1.4.8.

In a similar vein, one can compare localisations along a ring homomorphism. In
order to do this, we have to introduce a bit of notation. Given a map (f,g): A—A'xB
of rings, and an involution-closed (with respect to suitable modules with involution)
subgroup cCKq(A) as before, we denote by ¢ CKg(A) the subgroup f~1(f(c))Ng~1(g(c)).
Note that cCcCKp(A), where both inclusions can be strict.

PRrROPOSITION 4.5.5. Let p: A— B be a homomorphism of discrete rings, M and N
discrete invertible modules with involution over A and B, respectively, n: M — N a group
homomorphism that is pRp-linear, SCA a subset and meZU{+oo}. Assume that the
following conditions hold:

(i) the map B&aM— N induced by n is an isomorphism;

(ii) the subset S is compatible with M;

(iii) for every s€S the induced map p: AJfs— B//p(s) on cofibres of right multipli-
cation by s and p(s), respectively, is an equivalence in D(A);

(iv) the pairs (S, A) and (p(S), A) both satisfy the left Ore condition;

(v) the boundary map

H™™(Ca, N[p(S) ™)) — H™™+1(Ca, M)
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in Tate cohomology of the short exact sequence

2 mean)

(can

NoM[S™ - Np(5) ]

vanishes.

Then, the square
(D°(A), 25") —— (D™ (A[S]), 97 )

[ |

(DPO(B), 05™) — (DO (Bp(8) ™), Wys) 1)

is a Poincaré—Verdier square for every subgroup c¢CKo(A) stable under the involution

induced by M, and so in particular becomes cartesian after taking GW-, K- or L-spectra.

Here, condition (v) is to be interpreted as vacuous if m=+occ. In [CHN, Proposi-
tion 4.4.1], it is furthermore shown to hold for B a flat, commutative (discrete) A-algebra,
in case M is an invertible B-module and N is an invertible A-module. Note also that
condition (iv) is equivalent to requiring that p induces an isomorphism on kernels and
cokernels of right multiplication by any s€.S.

The K-theoretic part is a classical result of Karoubi, Quillen and Vorst (see [Vor,
Proposition 1.5]), and investing the identification of the L-spectra from the third instal-
ment in this series (see [III, Theorem 1.2.22]), the L-theoretic part recovers an analogous
result of Ranicki [Ran2, §3.6].

Proof. Let us start out by observing that the diagram
A—— A[STY

| |

B — B[p(S)™"]
is cartesian in D(A): Denoting the top horizontal fibre by F, this is equivalent to the
assertion that F— B®Y F is an equivalence in D(A), but combining Example A.4.4 with
assumptions (iii) and (iv), this holds for any object of D(A)g. Tensoring the square with
M (over A) then produces the short exact sequence appearing in (v). Furthermore, from
the Ore conditions, we also find that the natural map B®% A[S™!]—B[p(S)~!] is an
equivalence. It is then readily checked that p(S) is compatible with N.

Now, the rows of the diagram of Poincaré oo-categories
(DE(A)5, 05") —— (DE(A), B") ——— (D™O(A[S1]), 2507 )

| | |

(DP(C)(B)p(s),QJ%m) . (DP(C)(B),Q?") — (Dim(P(c))(B[p(S)]—l)’912\[7[2(8)_1])
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are Poincaré—Verdier sequences, by Proposition 1.4.9, and the vertical maps are Poincaré
functors on account of assumption (i); see [I, Lemma 3.4.3]. We next show that the right
square is cartesian, by verifying the criteria from Proposition 1.1.9. Adjointability of
the square is a special case of Example A.1.14. It remains to show that the left-hand
vertical map is an equivalence of Poincaré co-categories. The fact that the underlying
functor of stable co-categories is an equivalence follows from assumption (iii). Since the
oo-categories DP(A)g and DP(B),(,) are generated by the objects A/s and B //p(s) under
shifts, retracts and finite colimits (see Example A.4.4), essential surjectivity is clear and
it suffices to compute

Hom 4 (Affs, Ajft) ~Homa(A[s, B/p(t)) ~Homg(B/p(s), B/ p(t))-

for full faithfulness. See also [LT, Proposition 1.17] for an alternative argument. It re-
mains to check that the natural map 977" (X)—9%" (pX) induced by 7 is an equivalence
for all X€DP(A)s. For m==+oo, this follows from the fact that p is a Poincaré functor
and an equivalence on underlying oco-categories, as this evidently implies that p, induces
an equivalence on bilinear parts. We are thus reduced to considering the linear parts for
finite m. Using the adjunction pFp*, we have to show that for every S-torsion perfect

complex of A-modules X, the map
hom 4 (X, T m (M€2)) — hom 4 (X, p* Tsm (N€2))

induced by 7 is an equivalence. Since the co-category D% (A) is generated under finite
colimits and desuspensions by objects of the form A//s=cof(A-3A), one can equivalently
show that every element s€S acts invertibly on F,=cof (75, (M*©2)— f*rs,, (N*C2)),
i.e. that the canonical map

Fo— Fu[S7Y

is an equivalence. We note that F,,—F_ ., induces an isomorphism on homology groups

in degrees larger than m, and that there is an exact sequence
0—H,(F,) —H,(F.oo) — K —0,

where
K =ker(H™"1(Cy; M) — H-1(Cy; N)).

From the fact that the bilinear parts of the two functors agree, we find that S acts
invertibly on F_.,. Hence, it remains to show that S acts invertibly on H,,(F},). The
above short exact sequence maps into its localisation at S. Since this localisation is an
exact functor, the snake lemma implies that it suffices to check that the map K — K[S™!]
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is injective. Writing M[S™!] as (R[STY@R[S™!])®rer M, and likewise for N, using

assumption (ii), we find that
K5~ =ker(H™"*1(Ca; MS™1]) = H"1(Ca; Np(S ™)),

since Tate cohomology commutes with filtered colimits in the coefficients (see the discus-
sion in the proof of Proposition 1.4.9). The kernel of K — K[S™!] therefore canonically
identifies with the kernel of

H™"1(Cy; M) — H™ " (Co; N M[S™Y),

which vanishes by assumption (v). O

For example, with the same notation as in Proposition 4.5.5, we obtain the following

result.

COROLLARY 4.5.6. Let R be a discrete commutative ring, M be an invertible R-
module with an R-linear involution, f,geR be elements spanning the unit ideal and

cCKo(R) be closed under the involution associated to M. Then, the square

GW(D(R), 93/") ———— GW(D™(R1/ 1)), 95771 /1)

t |

GW(D™()(R[1/g]), 23711 /01) — GW(D™(R[1/£4)), 51T, o)

and the analogous squares in K and L-theory, are cartesian.

Proof. We verify conditions (i)—(v) of the previous proposition. (i) and (iv) are
obvious, and (ii) is implied by the two R-module structures on M agreeing. For (iii),
one simply notes that g acts invertibly on R/ f, since with f and ¢ also any powers
thereof span the unit ideal. To verify (v), recall that Tate cohomology groups over Cs
with coefficients in M are 2-periodic with values alternating between the kernels of the
norm maps idys +0: Mc, —M©2. Thus, we may check that M — M[1/f]@®M][1/g] induces
injections on both these kernels. But taking coinvariants commutes with localisation at

both f and g, so the map in question is injective on the entire coinvariants. O

Example 4.5.7. If A is a regular coherent ring, i.e. any finitely presented A-module
is perfect, Ko(A)—Ko(A[1/h]) is surjective for all he A satisfying the Ore condition,
so Corollary 4.5.6 holds true for the full co-categories of perfect complexes in all four
corners; indeed, the finitely generated projective A[1/h]-modules are a generating sys-
tem of Ko(A[1/h]), and writing some such P as a cokernel of a map between finitely
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generated free modules and clearing denominators, one sees that P can be lifted to a
finitely presented A-module P’. By assumption, P’ is then perfect, and thus a preimage
of P. Examples of regular coherent rings include regular Noetherian rings (in the case of
finite Krull dimension, see [SPA, Lemma 10.110.8]; for the general case one can run the
same argument using the upper-semicontinuity of the projective dimension of a finitely
generated A-module, thought of as a function on the quasi-compact space Spec(A), as
was explained to us by Tamme), and Bézout rings, in particular valuation rings by [SPA,
Lemma 10.50.15] (as then every finitely generated submodule of a finite free module is
again free by a simple induction).

4.6. The real algebraic K-theory spectrum and Karoubi—Ranicki periodicity

Just as in §3.7, the fundamental fibre square can be cleanly encapsulated as the isotropy

separation square of a genuine Ca-spectrum.

Definition 4.6.1. We define the real algebraic K-spectrum KR(C,?) of a Poincaré
co-category (€, ?) to be the genuine Cy-spectrum GWEWP(E, Q).

In particular, from Corollary 3.7.3, we obtain the following result.
COROLLARY 4.6.2. The real algebraic K-spectra define a Verdier-localising functor
KR: CatP — §ps©2
such that
uKR~K, KRE2~GW and KR¥“2~1,

where u: Sp8C2 —8pPC2 denotes the functor extracting the underlying Co-spectrum, and
(—)8C2 and (—)?C2:8peC2 =8p denote the genuine and geometric fived points, respec-
tively. Furthermore, the isotropy separation square associated to KR(C,Q) is naturally

equivalent to the fundamental fibre square of (C,2).
From Theorem 3.7.5, we succinctly find the following result.
COROLLARY 4.6.3. There are canonical equivalences

KR(C, M) ~S'=7@KR(C,?)

natural in the Poincaré co-category (€, Q). In particular, any equivalence (C,?)—(C, 9[”])

induces a periodicity equivalence

KR(€,9) ~S" " @KR(C, 9).
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Recall from [I, Proposition 7.4.19] and the discussion preceding Corollary 4.3.4 that,
generally,

(€,98") =~ (€, (5" "7 0 9)s%)

via the n-fold shift in C, and that there are many examples where @ and (S*~"? ©9)&C2)
are closely related, if not equal for some n. The simplest such situation is considered in

the following corollary.

COROLLARY 4.6.4. Let R be an Ei-algebra over an Eo-ring k equipped with an no-
orientation, M an invertible k-module with involution over R and cCKg(R) a subgroup

closed under the involution induced by M. Then, there are canonical equivalences

KR(Mod®(R),5,) ~S*" 2" @ KR(Mod®(R), ?%,),
KR(Mod®(R),?%,) ~S**~2"? @ KR(Mod®(R), 9%,)-

If n=2, e.g. if k is complex oriented or 2€my(k)™, this refines to

KR(Mod®(R),?" ;) ~S* 2 @ KR(Mod®(R), 25,),
KR(Mod®(R),?% ,,) ~S?* 2 @KR(Mod‘(R), 2,),

and if R is furthermore connective, we also have
KR(Mod®(R), 927) ~ 82727 9 KR(Mod®(R), 97/™).

In particular, we obtain the following periodicity result.

COROLLARY 4.6.5. (Karoubi-Ranicki periodicity) Let R be a discrete ring, M be
a discrete invertible module with involution over R and cCKg(R) be a subgroup closed

under the involution induced by M. Then, the genuine Co-spectra
KR(D*(R), %) and KR(D*(R),%})

are (4—40)-periodic, and even (2—20)-periodic if R has characteristic 2. Furthermore,

we have
S*2RKR(D(R), 257) ~KR(D(R), 2%%,,) ~S* 2 @ KR(D(R), 257

Passing to geometric fixed points in Corollary 4.6.4 extends Ranicki’s classical peri-
odicity results for L-groups from the case of discrete rings.
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COROLLARY 4.6.6. Let R be an Ei-algebra over an Eo-ring k equipped with an no-
orientation, M an invertible k-module with involution over R and cCKg(R) a subgroup

closed under the involution induced by M. Then, there are canonical equivalences
L(Mod®(R), ?5,) ~S*"®@L(Mod®(R), ;)
L(Mod®(R),?%,) ~S*®@L(Mod®(R), 2,)-

If n=2, e.g. if k is complex oriented or 2€my(k)™, this refines to
L(Mod®(R),? ;) ~S"®L(Mod®(R), 2,)
L(Mod®(R),?%,,) ~S"®@L(Mod“(R), 2%,)-

Of course, this corollary can also easily be obtained straight from the shifting be-
haviour of bordism-invariant functors. Let us also recall briefly from [I, Examples 3.5.14]
that there are also many examples with no-orientations for n>2. For example, any
Spin-orientation induces a 4o-orientation and any String-orientation an 8c-orientation
(to see the latter, one can use the fact that %pl reduces to wy in H*(BSpin; F3) or that
%pl € H*(BSpin; Z) is primitive). We thus find, for example, that

KR(Mod®“(ko),?%) and KR(Mod”(tmf),?®)
are (8—8c)- and (16—160)-periodic, respectively.
Let us finally discuss the case of form parameters, as discussed at the end of §4.3.

COROLLARY 4.6.7. For a discrete ring R, a discrete invertible module with involu-
tion M over R, a subgroup cCKg(R) closed under the involution induced by M and a
form parameter )\:(MC2—>TQL)MCZ) on M with p injective and dual form parame-

ter X, there is a canonical equivalence
KR(D(R),9%\,) ~ S22 @KR(D"(R), 9%)).
In particular, we find
L(D*(R),9%),) = S*®L(D(R), #7)

by passing to geometric fixed points (or directly from bordism invariance of L-theory).
Note also that this corollary can be applied twice whenever the dual form parameter
(=M)c,—M/Q—(—M)®? again has its second map injective. This is the case if and

gA

only if p: Q—M©? is an isomorphism, in which case Q87 =9%7, by construction. We thus

find equivalences
S*@L(D(R), 257) ~S*@L(D(R), 2%%,,) = L(D°(R), 95),

as claimed in the introduction.
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Remarks 4.6.8. (i) The genuine L-spectra really are not periodic in general, as we
will show in paper [III] of this series by explicit computation of L(DP(Z), ?5%).

(i) It follows from [WW3, Theorem 4.5], that L(Mod“(S), ?°) is not periodic, as we
will explain in Remark 4.7.6 below.

(iii) The higher periodicities for the KR~ and L-spectra of ring spectra such as ko
and tmf, or their periodic versions, have not been studied prior to our work. We cannot
rule out that they obey lower periodicities than what the respective symmetries provide.
To illustrate that this can actually occur, let us mention that the algebraic w-m-theorem
of Weiss and Williams from [WW1] (see also [III, Corollary 1.2.33]) gives an equivalence

L(Mod“(R), %) —s L(DP(mR), 29)

for all connective E;-rings R, so that these spectra are indeed always 4-periodic.

4.7. LA-theory after Weiss and Williams

In this final subsection, we will relate Grothendieck—Witt spectra to the LA-spectra
arising in the work of Weiss and Williams [WW3] via the fundamental fibre square. We
start by comparing the map Z:L—K'? appearing in Corollary 4.4.13 with the map
L—K'2 constructed by Weiss and Williams in [WW2, §9]. Translated to our setup,
they consider the map

L(€,9%) =|Crp(C, )2 | — Q|CrQp(€, (2°) )2 | — 0% ad(K"2) (€, %),

where the second map is a colimit-limit interchange and the first is the realisation (in
the p-direction) of the structure maps for the group completions of the additive functor
Cr©2. Here 9% denotes the symmetrisation of a hermitian structure ¢ on €, given by
(X)=Bo(X, X)2®2 as in [I, Example 1.1.17]. For the reader filling in the details of
the translation, we also note that Weiss and Williams use Q7|CrS¢p(C, ?)| in place of
Q|CrQp(€, (2%)[1)C2| | where S° is the edgewise subdivision of Segal’s S-construction.
We shall discuss the comparison between the Q- and S-constructions in some detail in
Appendix B.1, and the equivalence between these terms is then an instance of Karoubi-
periodicity, for example it is obtained by applying 2°° to the equivalence of Corol-
lary 4.6.3 above.

Precomposing with the composite

Pn(C,9) — £(C,9) =2 £(€,9%),
and unwinding definitions, this is the same as

Pn(C,9) — GW(C, Q) — | GW p(C, )| 215 | K p(€, 9%)1C2 | — 0 ad(K2C2) (€, ¢%).
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The latter part of this composite can in turn be rewritten as
GW(C,2) =~ Q™ GW(C, ) — Q™ ad GW(C, ) —2 0% ad (K"C2) (€, 9%).

Now, the canonical map ad(K"°?)(€,9)—ad(K"“?)(C,2") is an equivalence, so the for-
getful map is nothing but Q®Z: Q> £(€,?)—Q> K(C,?)*2 under the identifications of
Corollary 3.6.12 and Theorem 4.4.11. By the universal property of L-theory in Theo-
rem 4.4.11, we conclude that the Weiss—Williams map L=K'C: agrees with ours.

COROLLARY 4.7.1. For a space B and a stable spherical fibration & over B the spec-
trum GW (Sp$, 2¢), identifies with Weiss' and Williams™ LA"(B,§), where r&{s,v,q},

i.e. either of symmetric, visible or quadratic. In particular, we find equivalences
Q" 'LA"(B,€) ~ |Cob(8p, 2)|.

The displayed equivalence provides a cycle model for the left-hand object, which
seems to be new. In particular, specialising to B=x, we find that the (—1)-st infinite

loop spaces of
GW(8p”,?") ~LA®(x) and GW(Sp¥,Q")~LA"(x),

where ?": (§p®)°P —8p is the universal hermitian structure of [I, §4.1], are the homotopy
types of the cobordism oco-categories of Spanier—Whitehead self-dual spectra, and self-

dual spectra equipped with a lift along
DsX — (DsX)% ~homg p(X, Dg X )t¢2

of the image of the self-duality map, respectively.

Remark 4.7.2. Here, we applied a naming scheme similar to Lurie’s suggestion of
writing LY(R) and L*(R) instead of Ranicki’s L.(R) and L°(R) for what we would sys-
tematically call L(DP(R),?}) and L(DP(R), 2%).

In [WW3] the spectra LAY(B,&),LAY(B,&) and LA®(B, &) are called, respectively,
LA.(B,¢®S% d), VLA (B, £2S%, d) and LA* (B, £®2S%, d), where d is the dimension of &.

Proof of Corollary 4.7.1. The spectra LA"(B,€) of Corollary 4.7.1 are defined by
certain pullbacks [WW3, Definition 9.5]:

LAT(Baf) — LT(Bvé-)

T

A(B, )" — A(B, )",
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which we claim correspond precisely to our fundamental fibre square from Corollary 4.4.13
for (Sp%, ).

As we detailed in [I, §4.4], the sets of quadratic, symmetric and visible Poincaré
objects that Weiss and Williams consider, canonically map to Pn(8p%, ;) for the ap-
propriate value of r. Since they define their L-spaces by a point-set implementation of
the p-construction, and then deloop them by shifting the duality (see [WW2, §10 and
§11]), there result comparison maps between the L-spectra, which are equivalences by [I,
Corollaries 4.4.12 and 4.4.14]. As we identified the map = occurring in the definition of
the LA-spectra with ours above, we get the claim from the well-known equivalence

A(B)~K(8p%). O

Remark 4.7.3. In subsequent work, we will construct for ¢ a stable (—d)-dimensional

vector bundle over B a functor
Cob§ — Cob(8p%, 2F)

from the geometric, normally-¢ oriented cobordism category into the algebraic cobordism

oo-category of parametrised spectra over B. Through the equivalence
Q> LAY(B, ) ~Q|Cob(8p%, %),
this provides a factorisation of the Weiss—Williams index map
BTop® (M) — QLAY (B, €)

whenever M is a closed &-oriented manifold with stable normal bundle vy, through
the (topological) cobordism category Cobg. Here, Top® (M) denotes the E;j-group of &-
oriented homeomorphisms of M. Now, the homotopy type of the cobordism category is
excisive in the bundle data by the main result of [GLK], which was exploited by Raptis
and the ninth author in the K-theoretic context for a new proof of the Dwyer—Weiss—
Williams index theorem [RS2]. One can now follow their strategy, so as to provide a
canonical lift of the map Q|Cob§|%Q°°LAV(B ,€), into the source of the assembly map
of LAY. Inserting £=v)s, one obtains a lift of the Weiss—Williams index, resulting in a
new perspective on substantial parts of [WW3| and by compatibility with the classical

comparison between block homeomorphism and L-spaces also on Weiss—Williams’ map
Top(M)/ Top(M) — Q>+ (Wh(M)uc, ),

into the topological Whitehead spectrum of M, by investing the fundamental fibre se-

quence.
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We offer one application of the identification GW(8p®,?")~LA"(x). To this end,
recall from [I, Proposition 7.5.3] that the functors GWy, Lo, Ko: Catl, —Ab are compat-
ibly lax symmetric monoidal for the tensor product of Catt,, and that (Sp“,?") is the
unit of the tensor product on Catt, . Hence, there are ring maps

w fgt w ouy bord w ou
Abbreviating the underlying spectra to K(S), GW"(S) and L"(S), and similarly their

homotopy groups, we have the following result.

PROPOSITION 4.7.4. There is a commutative diagram with vertical maps isomor-

phisms
8¢1e, 2++h

+————Zle,h]/I Zle]/(e? —8e)

T

Ko(S) ¢—— GW(8) ———— Lo(9),

e—~e, h—0
e

where e and h denote the classes of the spherical Es-lattice and hyp(S), respectively,
and I is the ideal generated by e?>—8e, h?—2h and eh—8h.

The calculation of Ko(S)=mpA(x) is of course due to Waldhausen, while the calcu-
lation of L§(S) is due to Weiss—Williams (due to the identification L"(S)=L(8p%, 93)).
The spherical lift of the Eg-lattice comes from the canonical map mo?4(S®?) — 194 (Z%?)
being an isomorphism, which in fact implies that every quadratic form over Z lifts to S
uniquely up to homotopy.

Without multiplicative structures, the result says that GW{(S) is free of rank 3 gen-
erated by the Poincaré spectra hyp(S), (S, ids) and the spherical lift of the Eg-lattice. In
particular, as already observed by Weiss and Williams, the equality [Fs]=8]Z,idz] in the
symmetric (Grothendieck—)Witt group of the integers (a consequence of the classification
of indefinite forms over Z through rank, parity and signature) does not lift to the sphere

spectrum.

Proof. We first identify the underlying abelian groups. From Corollary 4.4.13, we

deduce a short exact sequence
0— Ko(S) 2 GWE(S) — LI(S) — 0.

Here, the injectivity of the map hyp follows, for example, from the observation that
the composite with the forgetful map GWg(S)—Ko(S) is the multiplication by 2 on Z.
Next, we argue that L (S) is free of rank 2. To do so, we recall that Weiss and Williams

constructed a fibre sequence

LYS) — LY(S) — SeMTO(1),
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by identifying the latter term with visible, normal (or hyperquadratic) L-theory of the
sphere in [WW3, Theorem 4.3]; a proof of this fibre sequence in the language of the
present paper will appear as part of [HNS], which derives a general formula for relative
L-spectra. By the algebraic m-m-theorem, the base change map L(S)—L%(Z) is an
equivalence; this appears for example as [WW1, Proposition 6.2], a proof in the present
language is given in [Lu3, Lecture 14], and we will also derive it in the third installment
of this series; see [III, Corollary 1.2.33]. Using that Lg(Z)—Lg(Z) identifies with the
inclusion 8ZCZ and that L%, (Z)=0, the Weiss-Williams sequence induces a short exact
sequence on my. To deduce that Lg(S)=2Z?2, generated by the spherical Eg-lattice and
(S,ids) (compare the discussion following [WW3, Theorem 4.3]), we will show that

Wo(MTO(l)) =0.

Then, since by [I, Example 5.4.11] the map Lg(S)—Lg(S) is an Lj(S)-module map, we
find that the map Ly(S)—mo(S®MTO(1))=Z admits the unit as a section, as needed.
Finally, 7o(MTO(1))=0 follows, for example, from the Genauer fibre sequence

MTO(1) — S[BO(1)] — S,

whose right-hand map is the transfer map for O(1) [GMTW, Remark 3.2], which is
evidently injective on 7y and surjective on m by the Kahn—Priddy theorem [KP] or
direct calculation.

We are left to calculate the ring structures on GW(S) and Ly(S). We start with
the latter. Using again that the map Lg(S)—Lg(S) is an L(S)-module map, we obtain
e?=ne for some n€Z. Mapping to the integers shows that n=8, giving the claim. For
the ring structure of GW{(S), we similarly observe that the exact sequence at the start of
the proof consists of GW{(S)-modules, by [I, Corollary 7.5.13]. This immediately gives

eh=8h and h?=2h, and also that e?=8e+kh for some k€Z. But then we find
64h = 8he = he* = h(8e+kh) = 64h+2kh,

which forces k=0. O

Remark 4.7.5. As a consequence of the fundamental fibre sequence, we find that
the map GW"(S)—L"(S) induces an isomorphism on negative homotopy groups. In
[ITII, Example 1.2.35], we show that the canonical map L"(S)—L#(Z) also induces an
isomorphism on negative homotopy groups. Combined with the calculation of the latter,

this results in
0, for n=-1,-2,

Li(z), forn<-—2.

n

GWﬂ&g{
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The case n<—2 is also a direct consequence of the Weiss—Williams fibre sequence
LY(S) — LY(S) — S&MTO(1)
and the 7m-m-theorem. Regarding the remaining degrees, one finds an exact sequence
0— L% (S) — 71 MTO(1) — L2,(S) — L%, (S) — 0,

with both middle groups isomorphic to Z/2, and one can indeed check by hand that a
generator of LY, (S)=Z admits a Lagrangian for ", just as the corresponding element of
L, (Z) admits one for 9°.

Remark 4.7.6. Similar to the sequence used in the previous remark, Weiss and
Williams produce a fibre sequence

LYZ) — L%(S) — (S5 ®S5)@eMTO(1)

in [WW3, Theorem 4.5], which rules out any sort of periodicity for L*(S).

Appendix A. Verdier sequences, Karoubi sequences and stable recollements

In this appendix we investigate in detail the oo-categorical variants of the notion of
Verdier sequences, i.e. sequences in Cato: that are simultaneously fibre and cofibre se-
quences, and the same notion up to idempotent completion, called Karoubi sequences.
The results are mostly well known and various parts can be found in the literature, but
we do not know of a coherent account at the level of detail we need. In the hope that
it can serve as a general reference for this material, we have attempted to keep this
appendix mostly self-contained.

For the reader familiar with [BGT], here is a comparison of the terminology we will
develop in this appendix. A Karoubi sequence is called an ezact sequence in [BGT], while
our notion of a Verdier sequence corresponds to that of a strict-ezact sequence in [BGT];
this follows from Corollary A.1.7, Proposition A.1.9 and Proposition A.3.8. Our notion
of a split Verdier sequence is however stricter than the corresponding notion of split-exact
sequence in [BGT], since we require the projection to have both adjoints (in which case
these adjoints are automatically fully faithful, and the injection has both adjoints as
well; see Proposition A.2.19), while in the corresponding notion in [BGT] only the right
adjoints are assumed to exist. In particular, the notion of a split-exact sequence in [BGT]
corresponds to what we call a right-split Verdier sequence.

We write Cato, for the oco-category of (small) co-categories, and Catoy for its (non-
full) subcategory spanned by stable co-categories and exact functors.
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Brief recollection of inductive and projective completions

For an co-category C, its inductive completion Ind(C) is given by the smallest full subcat-
egory of Fun(C°P, §) containing the representable functors and closed under filtered col-
imits. If € admits finite colimits, then we may also identify Ind(€) with the co-category of
left exact functors C°P—8, i.e. those preserving finite limits; see [Lul, Corollary 5.3.5.4].
If € is furthermore stable, then this is equivalent, by the universal property of Sp, to the
oo-category of exact functors C°P—8p (and in particular Ind(C) is stable as soon as C
is so). Under this equivalence, the covariant dependence of Ind(€) in € is via left Kan
extension (an operation which preserves exactness; see [I, Lemma 1.4.1]), so that each
induced functor Ind(€)—Ind(€’) admits a right adjoint given by restriction. We note
that, for € small, Ind(C) is generally large, but still locally small. The dual notion is that

of projective completion, which, for a stable €, is given by
Pro(€) =1Ind(€°?)°? = Fun® (€, Sp)°P.

For € small and € possibly large and possessing filtered colimits, restriction and left
Kan extension along the Yoneda embedding give inverse equivalences between functors
C— & and filtered colimit-preserving functors Ind(€)— &; see [Lul, Proposition 5.3.5.10].
For € and € in addition stable, they restrict to equivalences between exact functors €— &
and colimit-preserving functors Ind(€)—€. Finally, for an exact functor g: C—¢€’, the
left Kan extension gip of any (not necessarily exact) functor ¢: C— €& can be computed

as the composite

¢ — Ind(€) — Ind(€) 2> €,

where @ is the essentially unique filtered colimit-preserving extension of ¢, and r is the
right adjoint of Ind(g). In particular, this left Kan extension sends exact functors to
exact functors for any target €. Similarly, right Kan extensions can be computed via
Pro-completions, and preserve exact functors.

For an oo-category C, we denote by CY its idempotent completion. It can be con-
structed explicitly as the full subcategory of Ind(€) spanned by compact objects ([Lul,
Lemma 5.4.2.4]), or the full subcategory of Pro(€) spanned by the cocompact objects.

In particular, if € is stable, then € is again stable.

A.1. Verdier sequences

We begin by analysing in detail the notion of a Verdier sequence. We recall the following
definition.
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Definition A.1.1. Let
eLp2ye
be a sequence in CatSs with vanishing composite. We will say that it is a Verdier sequence

if it is both a fibre and a cofibre sequence in CatZ:. In this case we will refer to f as a

Verdier inclusion and to p as a Verdier projection.

Remark A.1.2. Note that the extension of a sequence C—D—E with vanishing
composite to a square with additional corner 0 is essentially unique, since 0€ Fun(C, &) is
initial (and terminal). The condition of being a fibre or cofibre sequence in CatS: refers

to such an extension being a cartesian or cocartesian square, respectively.

Ezample A.1.3. If R is a commutative ring, a€R is an element, and R[a~!] is the

associated localisation of R obtained by inverting a, then
Df(R) — DY(R) — D (R[a™!))

is a Verdier sequence, where D(R) and Df(R[a~!]) denote the corresponding finitely
presented derived categories (that is, the full subcategories of the respective derived
categories spanned by the bounded complexes of finitely generated free modules), and
DI (R) is the stable subcategory of Df(R) generated by R/a. Being of particular inter-
est in applications, we have dedicated §A.4 to a systematic study of Verdier sequences
among module co-categories (the above statement, for example, is a special case of Corol-
lary A.4.6).

To make the notion of a Verdier sequence more concrete, let us recall how to compute
fibres and cofibres in Catgy: The fibre of an exact functor f: C—D is computed in Cato,
and given by the kernel ker(f), which is the full subcategory of € on all objects mapping

to a zero object in D. Cofibres, in turn, are described by Verdier quotients:

Definition A.1.4. Let f: C—D be an exact functor between stable co-categories. We
say that a map in D is an equivalence modulo C if its fibre (equivalently, its cofibre) lies
in the smallest stable subcategory spanned by the essential image of f. We write D/C
for the localisation of D with respect to the collection W of equivalences modulo €, and
refer to D/C as the Verdier quotient of D by C.

By definition, the Verdier quotient D/€ only depends on the essential image of f,
and is characterised inside Cat, by the universal mapping property of localisations, that
is, for every oo-category &, functors D/C— & identify via restriction with functors D— &
sending equivalences mod € to equivalences. While D/€ is a priori an arbitrary oo-
category, it turns out to always be stable, and is in fact also characterised by a universal
property, as stated in the following result.
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ProrosITION A.1.5. Let f:C—D be an exact functor between stable oo-categories.
The oo-category D/C is stable, the localisation functor D—D/C is exact, and the se-

quence

C—D—D/C

is a cofibre sequence in Catos. In addition, for every x,y€D, the map

colim  homq (z, cof (8)) — homD/@([z], [y])
[B:z—yleC,y,

s an equivalence.
Proof. This is [NS, Theorem 1.3.3]. O

Remark A.1.6. In the situation of Proposition A.1.5, the mapping spectra formula
also holds on the level of mapping spaces, as can be seen by applying to both sides
the filtered colimit-preserving functor 2°°. Since colimits in spaces commute with base
change, we can pass to fibres over a given a: [z]—[y] in D/C, to deduce that the comma

category of the functor

Cry — D/
[8: 2= y] — (cof (B), [cof (8)] ~ [y])

over (,[a])€D /) is contractible, where on the right-hand side we have the equivalence
[cof(B)]~[y] inverse to the one induced by the mod-C equivalence y—cof(5). We hence
conclude that the above functor is cofinal, and so, for every functor ¢: D—A where A
is some (not necessarily small) stable co-category with filtered colimits, the left Kan

extension pyp of ¢ along p is given by the formula

(e)(l) = colim(cof(8))

Passing to opposites, we also deduce the dual formula

(Pep)(ly) = Tim — o(fib(5))

N [B:y—z]€Cy,
for the right Kan extension of ¢ along p.

COROLLARY A.1.7. Let p:D—E be an exact functor between stable co-categories.
Then, the following conditions are equivalent:

(i) the functor p is a Verdier projection;

(ii) the induced map D/ker(p)—E& is an equivalence;

(iii) the functor p is a localisation (at the maps it takes to equivalences);
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(iv) the functor p is essentially surjective, and for every exact functor o:D—A
where A is a cocomplete stable co-category, the fibre of the map ¢=p*pip is left Kan
extended from its restriction to ker(p);

(v) the functor p is essentially surjective, and for every exact functor ¢: D—8p, the
fibre of the map p=p*p1yp is left Kan extended from its restriction to ker(p).

In (iv) and (v), note that pyp is exact (see discussion in the recollection on Ind- and
Pro-completions) and that the restriction of p*pi¢ to the kernel of p vanishes, so that,

for the inclusion f:ker(p)—D, we obtain a fibre sequence

hre=p=r"pep
for every Verdier projection p.

Proof. By Proposition A.1.5, both (i) and (ii) are equivalent to p exhibiting its target
as the cofiber of ker(p) =D, and so (i) < (ii). Next, (ii) < (iii) holds because a morphism
in D maps to an equivalence in € if and only if its cofibre lies in ker(p) (by stability of &
and exactness of p). Now, if p is a Verdier projection and ¢: D—.A is an exact functor,
then, by the formula of Remark A.1.6, we have that

fiblp=p"pl(y) = colim — o(z) =fif*p,

[z—yl€ker(p) /y

so (i) = (iv), while clearly (iv) = (v). Finally, let us now show that (v)=-(ii). For this,
note that taking ¢=homp (z, —) in (v) gives that the functor

fiblhomyp (z, —) = home (p(z), p(—))]
is left Kan extended from ker(p), that is, the sequence

colim homq (z, 2) — homq (z, y) — home (p(x), p(y))
[B:2—y]€ker(p) /y

is a fibre sequence. By the last part of Proposition A.1.5, we hence see that (v) for all
representable ¢ is equivalent to saying that D— € is essentially surjective and that the
induced map D/ ker(p)— &€ is fully faithful. Since D—D/ker(p) is essentially surjective

(since localisations are so), we conclude that (v) = (ii). O

We now examine the notion of a Verdier inclusion. For this, we need the following

result.

LEMMA A.1.8. The kernel of the canonical map p: D—D/C consists of all objects
of D which are retracts of objects in the essential image of the exact functor f:C—D

between stable co-categories.
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Proof. Clearly, any retract of an object in C lies in the kernel of p. For the converse
inclusion, let = be an object of ker(p). We note that by Proposition A.1.5, every exact
functor D— 8p that vanishes on € also vanishes on ker(p). In particular, the exact functor

Yz D—8p given by the formula

¢o(y) =homp e(z,y)= colim homqp(z,cof(3))
[B:z—yleC )y,

vanishes on €, and thus on ker(p). In particular, ¢, vanishes on x€ker(p) itself, which
implies the existence of a map f: z—x for some z€C such that id: z—x is in the kernel

of the composite map
7o homp (x, cof (0 — )) — 7o homp (z, cof (5)).
We may then conclude that id: x—x factors through z, and hence z is a retract of z. [

ProroSITION A.1.9. Let f:C—D be an exact functor between stable oo-categories.
Then, the following conditions are equivalent:

(i) f is a Verdier inclusion;

(ii) the induced map C—ker(D—D/C) is an equivalence;

(iii) f is fully faithful and its essential image is closed under retracts in D.

Proof. If f is a Verdier inclusion, then it is a kernel, so that (iii) holds. On the
other hand, if (iii) holds, then f extends to a cofibre sequence C—D—D/C, and by

Lemma A.1.8 this is also a fibre sequence. The same lemma shows (ii) < (iii). O
Summarising our discussion, we obtain the following result.
COROLLARY A.1.10. For a sequence
cLyp2ye
in Catoy with vanishing composite, the following conditions are equivalent:
(i) the sequence is a Verdier sequence;
(i1) f is fully faithful with essential image closed under retracts in D, and p exhibits

€ as the Verdier quotient of D by C;
(i) p is a localisation, and f exhibits C as the kernel of p.

The collection of Verdier sequences is naturally organised into an oco-category; see
Definition A.1.16 below. The notion of a morphism we use in that definition is constructed
out of that of adjointable squares. For this, let us first say that a square of stable oco-

categories
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is vertically /horizontally inductively adjointable (or Ind-adjointable for short) if it be-
comes vertically/horizontally right adjointable after inductive completion, and that it
is vertically /horizontally projectively adjointable (or Pro-adjointable) if it becomes ver-
tically /horizontally left adjointable after projective completion; here, horizontally left
adjointable means that the Beck—Chevalley transformation imposed after replacing the
horizontal arrows with their left adjoints is an equivalence (and similarly for vertical
and/or right adjointability); see [Lul, Definition 7.3.1.1] .

Remarks A.1.11. (i) Concretely, a square as above is horizontally Ind-adjointable if

and only if, for every e€&, the induced map

colim  f(d) — colim d

p(d)>e€D ()1 (e)ED) )

is an equivalence in Ind(D’). Since equivalences in Ind(D’) are detected by mapping out
of objects in D’, this is the same as saying that, for every e€& and d’'€D’, the induced

map of spectra

colim  homqp (d’, f(d)) — home/ (p'(d), f'(€))
p(d)—eeD’,,
is an equivalence. In particular, if f is an equivalence, then the square is horizontally Ind-
adjointable if and only if the map home (p(d), e)—home. (f'p(d), f/(e)) is an equivalence
for every deD and every ecé&.

(ii) Another way of phrasing horizontal Ind-adjointability is that the Beck—Chevalley
transformation py f*@=-(f")*py¢ is an equivalence for every (not necessarily exact) functor
p: D' — A, with A (not necessarily stable) admitting filtered colimits to form the requisite
Kan extensions; indeed, the definition above is precisely this statement in the “universal
case” of ¢ being the canonical embedding D’—Ind(D’), while the case of a general ¢
follows by applying its unique filtered colimit extension @:Ind(D’)—A to the map of
inductive systems in (i), and using the pointwise formula for left Kan extensions.

The same relation holds between horizontal Pro-adjointability and the Beck—Chevalley

transformation involving the relevant right Kan extensions.

LEMMA A.1.12. For a square of stable co-categories, the following conditions are
equivalent:

(i) the square is horizontally Ind-adjointable;

(ii) the square is vertically Pro-adjointable;

(iii) applying (—)°P to the square yields a horizontally Pro-adjointable square;

(iv) applying (—)°P to the square yields a vertically Ind-adjointable square.
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Definition A.1.13. A square of stable co-categories is called adjointable if the square

and its square of opposites both satisfy the equivalent conditions of Lemma A.1.12.

Proof of Lemma A.1.12. Firstly, the equivalence Ind(—)°?~Pro(—°P) implies that
(i) & (i) and (ii) < (iv). Secondly, using Remark A.1.11 (ii) and the identification

Pro(—) =Fun®™(—, 8p)°?

with functoriality given by left Kan extension, we have that horizontal Ind-adjointability
implies vertical Pro-adjointability. Similarly, the same argument after taking opposites

and flipping the square shows that (iv) = (iii). O
Example A.1.14. For a square

A—— A

| |

B—— DB

of E1-rings, the associated square of co-categories of compact module spectra is vertically
Ind-adjointable if and only if the induced map a: A’® 4 B— B’ is an equivalence, and is
horizontally Ind-adjointable if and only if the induced map 8: B& 4 A’— B’ is an equiv-
alence. Indeed, this is a simple unwinding of the definitions, coupled with the fact that
natural transformations of exact functors out of DP(B) or DP(A’) are equivalences if and
only if they are so on BEDP(B) and A’€DP(A’), respectively. In particular, the square

of compact module categories is adjointable if and only if both o and 3 are equivalences.

LEMMA A.1.15. Given a commutative diagram

e’ f D’ p (c:/7
whose rows are Verdier sequences, the left square is horizontally projectively or inductively

adjointable if and only if the right one is. In particular, the left square is adjointable if
and only if the right square is adjointable.

We will say that a diagram as in Lemma A.1.15 is adjointable if it satisfies the

equivalent conditions of Lemma A.1.15.

Definition A.1.16. We define the oo-category of Verdier sequences to be the (non-
full) subcategory Ver CFun(A?2, CatSy) spanned by the Verdier sequences and the natural
transformations between them corresponding to adjointable diagrams as above.
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Remark A.1.17. By Lemma A.1.15, the co-category Ver is equivalent by the obvious
forgetful functor to the subcategory of Ar(Catl;) spanned by Verdier projections and
adjointable squares between them, and also to the subcategory of Ar(CatZ;) spanned by

the Verdier inclusions and adjointable squares between them.

Proof of Lemma A.1.15. Since taking opposites sends Verdier sequences to Verdier
sequences, it will suffice by Lemma A.1.12 to prove that the left square is horizontally
Ind-adjointable if and only if the right square is so. We use the characterisation of
Remark A.1.11 (ii), and hence fix a cocomplete stable co-category A. Since any functor
C’— A restricts from some functor D’—8p (e.g., from its own left Kan extension), the
condition that the left square is horizontally Ind-adjointable can be equivalently stated

as saying that, for every exact ¢: D'—A, the natural map
ff R o= AR (f) o= k" (f'\(f) e

is an equivalence. On the other hand, since the restriction along p is fully faithful, we have
that the right square is horizontally Ind-adjointable if and only if, for every ¢: D'—A,
the natural map

p'pk* o =>p"g"pio=Kk"(p')"piy
is an equivalence. Now, by condition (iv) of Corollary A.1.7, these two transformations

fit in a commutative diagram

fif ko == k"o == p*pk*p

| ] 1

E*fl(f') o = k*o = E*(p)*ple

whose rows are fibre sequences, and so we can conclude that one is an equivalence if and

only if the other one is. O

Our next goal is to prove that Verdier projections are closed under base change, and
that such base changes are automatically adjointable. The Poincaré analogue of such
squares plays an important role in the present paper, and the following statement is used

in the characterisation of such squares.

ProrosITION A.1.18. For a commutative square
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of stable co-categories and exact functors, the following conditions are equivalent:
(i) the square is cartesian and p' is a Verdier projection;
(ii) both p and p' are Verdier projections, the induced functor ker(p)—ker(p’) is

essentially surjective and the induced map

homqp (z, y) — homop, (f(x), f(y))

is an equivalence if at least one of x and y lies in ker(p);

(iii) the square is adjointable, both p and p' are Verdier projections and the induced
functor ker(p)—ker(p’) is an equivalence.

Similarly, the following conditions are equivalent:

(i) the square is cocartesian and f is a Verdier inclusion;

(i) the square is adjointable, both f and f' are Verdier inclusions and the induced

functor coker(f)—scoker(f’) is an equivalence.
The second criterion of the first three above is due to Krause; see [Kra, Lemma 3.9].

COROLLARY A.1.19. The collection of Verdier projections is closed under pullbacks,

and the collection of Verdier inclusions is closed under pushouts.

Proof of Proposition A.1.18. Throughout the proof, let us set h:=f"ep=fop’. Sup-
pose first that (i) holds. The condition that the square is cartesian implies, on the one
hand, that the induced functor ker(p)—ker(p’) is an equivalence, and on the other hand
that the map

homp (2, y) =home (p(), P(¥)) Xhom,, (h(x),h(y)) homo (f(z), f(y)) — homo (f(x), f(y))

is an equivalence if at least one of  and y is in ker(p). We now complete the implication
(i) = (ii) by showing that p is indeed a Verdier projection. We first note that, from
Remark A.1.11 (i), we get that the square

ker(p) — ker(p’)

T

p—T

is adjointable. Now, we use the characterisation of Verdier projections given by condition
(v) of Corollary A.1.7. In particular, by this characterisation p’ is essentially surjective,
and hence p is essentially surjective, since the square is assumed cartesian. Next sup-
pose given an exact functor ¢: D—8p. We need to show that fib[p=p*pi¢] is left Kan
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extended from ker(p). Writing ¢ as a colimit of representable functors, the assumption

that the square from the statement is cartesian implies that the square of exact functors

== f"fip

| ]

P pip = h*hp

is cartesian. It will hence suffice to show that fib[f* fio—h*hi] is left Kan extended
from ker(p). Now, since p’ is a Verdier projection, condition (v) of Corollary A.1.7
implies that fib[fip— (p’)*hi¢] is left Kan extended from ker(p’). Since the upper square
is adjointable, we now conclude that f* fib[fip— (p')*hip] =0b[f* fio—h*hi] is left Kan
extended from ker(p), as desired.

In order to prove that (ii) = (iii), note that (ii) still implies that the induced functor
ker(p)—ker(p’) is an equivalence and hence that the upper square is adjointable by
Remark A.1.11 (i), and, by Lemma A.1.15, this implies that the square from the statement
is adjointable as well.

We now prove (iii) = (i), and so we assume that p and p’ are Verdier projections, that
the square in the statement is adjointable, and that the induced functor g: ker(p) —ker(p’)
is an equivalence. By Lemma A.1.15, the upper square above is then adjointable as well.
We now run the argument of the previous part of the proof backwards. Given an exact
functor ¢: D—8p, condition (v) of Corollary A.1.7 for both p and p’ together with the
adjointability of the upper square implies that the lower square is cartesian: Indeed, the

induced map on vertical fibres can be identified with the composite
Wit =>i19"qri" o = friigri*o = f*i\(i")* fip

of the unit of gi-Hg* (which is an equivalence since g is) and the two Beck—Chevalley
transformations (which are equivalences by adjointability). Taking ¢ to be representable,

we thus conclude that the induced functor
D— EX er D’

is fully faithful. We now claim that the essential image of this functor is closed under

retracts, that is, this functor is a Verdier inclusion. For this, suppose given an object
(e,d',m: f'(e)~p'(d)) € Exe D
together with a retract diagram

(e.d',n) — (p(d), f(d),id) — (e, d’,n),
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with de€D. Then, e is a retract of p(d) and, by the last part of Proposition A.1.5, we
can find an x€D together with a map d—x covering the projection p(d)—e. But then
the fibre of the composite (e,d’,n)— (p(d), f(d),id)— (p(x), f(z),id) lies in the kernel of
Ex g D'—E&, and hence it is in the image of D. We conclude that (e, d’,n) is in the image
of D as well, and hence that D—& x¢. D’ is a Verdier inclusion.

Now, by the implication (i) = (iii) proven above, the sequence ker(p’)—& x g, D' — &
is a Verdier sequence. Taking the levelwise Verdier quotient of the two sequences we
hence obtain a cofibre sequence

0=ker(p’)/ ker(p) — (Exe: D) /D — €/E =0,

and therefore (€ x g/ D")/D=0. By Lemma A.1.8, we conclude that the Verdier inclusion
D—Exe D' is an equivalence, as desired.

To see the claims about cocartesian squares, we reduce to cartesian ones by taking
inductive completions and passing to right adjoints everywhere (this will require some
result from later in this appendix, but is not used in their deduction, or in fact anywhere
in this appendix). This entire process preserves and detects adjointable squares, sends
Verdier inclusions to Verdier projections (by Example A.2.15) and takes cocartesian
squares to cartesian ones. Furthermore, it detects Verdier inclusions and cocartesian
squares, up to idempotent completion. We thus deduce from the first part, that the two
statements are equivalent up to idempotent completions. For the implication (i) = (ii),
it then remains to show that f’ is a Verdier inclusion, i.e. its image is closed under
retracts in &', or equivalently, by Lemma A.1.8, that it agrees with &:=ker(&'—&'/€).
Using Thomason’s classification of dense subcategories (Theorem A.3.2), it suffices to
show that Ko (&) —Ko(€) is surjective, and this in turn follows via a diagram chase from
comparing the long exact sequences of K-groups associated to the Verdier sequences
D—D'—E&'/€ and E—E —E'/E, together with the fact that Ko(€)®Ko(D')—=Ko(€E)
is surjective. For the implication (ii)=- (i), we need to argue that &’ is the smallest
subcategory of its idempotent completion generated from the essential images of € and
D’ in it, or equivalently that Kq(€)®Ko(D')—=Ko(€') is surjective, which follows again

from a small diagram chase. O

Remark A.1.20. We have recorded several constructions preserving Poincaré—Verdier
sequences in §1.5; upon dropping hermitian structures, one obtains a number of construc-
tions that preserve Verdier-sequences (and their relatives discussed in the next two sec-
tions) using the tensor product of stable co-categories and the (co)tensor constructions

of CatZs over Catyo; we shall not repeat that material in this appendix.
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A.2. Split Verdier sequences and stable recollements

In this section, we discuss the notion of split Verdier sequence (Definition A.2.1), and its
relationship with stable recollements (Definition A.2.18 and Proposition A.2.19). The
hermitian analogue of this notion (see §1.2) plays a central role in the present paper.

Definition A.2.1. A Verdier sequence
ec-Lyp-tie

is right split if p admits a right adjoint, left split if p admits a left adjoint and split if
p admits both adjoints. In this case, we will refer to f as a (right or left) split Verdier
inclusion and to p as a (right or left) split Verdier projection. We write Ver® CVer for

the full subcategory spanned by the split Verdier sequences.

To obtain criteria similar to Corollary A.1.7 and Proposition A.1.9 for split Verdier
projections and inclusions, we first investigate further the existence of adjoints for local-

isation functors.

LEMMA A.2.2. Let D be a small co-category and W a collection of morphisms in D.
Write Dyw CD for the full subcategory spanned by the left W-local objects, that is, the
objects d€D such that Homq (d, —) sends the morphisms in W to equivalences. Then,
the projection p: D—D[W =] admits a left adjoint if and only if the composite functor
Dy < D—D[W 1] is essentially surjective. In addition, in that case the arising left
adjoint g: DW= —D is fully faithful and its essential image is exactly Dyy .

The analogous statement holds if we ask instead for a right adjoint to p, and we re-
place left W -local objects by right W -local objects, that is, the objects such that Homp (—, d)

inverts W.

COROLLARY A.2.3. For a functor p: D—E& the following conditions are equivalent:

(i) The functor p is a localisation functor and admits a left (resp. right) adjoint
E—D.
(ii) The functor p admits a fully faithful left (resp. right) adjoint €—D.

Proof. The first statement implies the second, by Lemma A.2.2. The second implies
the first by [Lul, Proposition 5.2.7.12]. O

We refer to functors satisfying the equivalent conditions of Corollary A.2.3 as right

(resp. left) Bousfield localisations.

Proof of Lemma A.2.2. The dual final statement is obtained from the main state-
ment by passing to opposites, and therefore we prove only the main statement. Since
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p: D—D[W 1] is essentially surjective, Yoneda’s lemma implies that p admits a left
adjoint if and only if, for each z€D, the functor

Hompy-1)(p(2), p(—)): D — S

is representable in D, in which case the desired left adjoint necessarily sends p(x) to the
representing object. We also note that, once such a left adjoint g: D[W 1] —D exists,
then it is automatically fully faithful by the full faithfulness of Yoneda and the fact that
the restriction functor Fun(D[W=1]°P 8)—Fun(D°P,8) is fully faithful by the universal
property of localisation.

To finish the proof, it will hence suffice to show that an object y€D represents
Homqp -1y (p(x), p(—)) if and only if y is W-colocal and p(y)~p(x). For this, note that,
as Hompy—17(p(x), p(—)) inverts W, such a representing object is necessarily W-colocal,
and, on the other hand, any W-colocal object y represents Homqpy—11(p(y), p(—)). In-
deed, since p: D—D[W 1] is a localisation, we have that, for any functor ¢: D—8 that
inverts W, the unit map ¢=p*pip is an equivalence, and the left Kan extension functor
pr sends Homop (y, —) to Homppy—17(p(y), —). O

Now, the statement of Lemma A.2.2 simplifies a bit in the stable case. For this,
given a stable co-category D and a full subcategory CCD, let us say that an object y€D
is right orthogonal to € if homyp (z,y)~0 for every x€C and that y is left orthogonal to C
if homop (3, 2)~0 for every x€C. Let us write C" and €! for the full subcategories spanned
by these objects, respectively. Applying Lemma A.2.2 in the case where D is stable and
W consist of equivalences modulo some full subcategory CCD, we immediately obtain

the following result.

COROLLARY A.2.4. Let D be a stable oo-category and CCTD be a full subcategory.
Then, the Verdier projection D—D/C admits a left adjoint if and only if the composite
functor @' —D—D/C is essentially surjective. In addition, in this case, the left adjoint
g:D/C—D is fully faithful and its essential image is exactly C'. Similarly, the analogous
statement for C" and a right adjoint to p holds.

COROLLARY A.2.5. An ezxact functor p: D—E& is a (left or right) split Verdier pro-
jection if and only if it admits fully faithful (left or right) adjoints.

Put differently, a left (resp. right) split Verdier projection is precisely a right (resp.
left) Bousfield localisation (so automatically exact) functor among stable co-categories,
and similarly a split Verdier projection is precisely a functor among stable co-categories

which is both a left and a right Bousfield localisation.

COROLLARY A.2.6. The collection of (right or left) split Verdier projections is closed

under pullbacks.
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Proof. This is a direct consequence of Corollary A.2.5. Using the universal property
of the pullback, one readily constructs the requisite adjoints from the original one (using
the fact that these are fully faithful, and therefore sections of the original Verdier projec-
tion). That these are again fully faithful adjoints follows immediately from the description

of mapping spaces in pullbacks of co-categories as pullbacks of mapping spaces. O

Remark A.2.7. There is another characterisation of left/right split Verdier projec-
tions worth mentioning: an exact functor €—D is a right split Verdier projection if and
only if it is a cartesian fibration, and similarly for left split Verdier projections and co-
cartesian fibrations. We proved one implication in Lemma 2.6.1 above, and the other
one is recorded in [HHLN, Example 5.6].

Passing now to split Verdier inclusions, we observe that the existence of adjoints on

the side of the projection implies the same for the inclusion, and vice versa.

LEMMA A.2.8. Let
el.p e

be a sequence in Catls with vanishing composite. Then, the following conditions are
equivalent:

(i) The sequence is a left (resp. right) split Verdier sequence.

(ii) The sequence is a fibre sequence, and p admits a fully faithful left (resp. right)
adjoint q.

(iii) The sequence is a cofibre sequence, and f is fully faithful and admits a left
(resp. right) adjoint g.

Furthermore, when these equivalent conditions hold the sequence
c+L-Delg,

formed by passing to left (resp. right) adjoints is a right (resp. left) split Verdier sequence.

Remark A.2.9. The proof of Lemma A.2.8 also shows the following important adden-
dum. In the case of a left split Verdier sequence, the adjoints participate in a canonical
exact sequence

qp=id= fg,

with the first map the adjunction counit and the second the adjunction unit. Dually, in

the case of right adjoints the unit and counit fit into a sequence in the opposite direction.

COROLLARY A.2.10. In a Verdier sequence C—D—E&, the projection admits a left
(resp. right) adjoint if and only if the inclusion admits a left (resp. right) adjoint.
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Proof. By Proposition A.1.9, any Verdier inclusion is fully faithful, and, by Corol-
laries A.1.7 and A.2.3, any adjoint to a Verdier projection is fully faithful. The desired

statement hence follows from Lemma A.2.8. O

COROLLARY A.2.11. An ezact functor f:C—D is a (left or right) split Verdier
inclusion if and only if it is fully faithful and admits (left or right) adjoints.

Proof of Lemma A.2.8. We prove the claim for left split Verdier sequences. The
claim for right split ones follows by the dual argument (or by replacing all oco-categories
by their opposites). Now, clearly (i) = (ii), and the combination of (ii) and (iii) implies (i).
We now show that (ii) and (iii) are equivalent to each other.

Suppose first that (ii) holds. Then, we obtain a left adjoint g of f by considering

the exact functor

g=cof[gp—id]: D — D

given by the cofibre of the counit. Since ¢ is fully faithful, the unit map id—¢p is an
equivalence, from which we can conclude that peg vanishes. Thus, g factors uniquely
through f, giving rise to a functor g: D—C. We now claim that the canonical transfor-
mation id—g=feg acts as a unit exhibiting g as left adjoint to f. Given objects X €D
and Y €@, it will suffice to check that the composite map

home(g(X),Y) — homyp (fg(X), f(Y)) — homp (X, f(Y))

is an equivalence of spectra. Indeed, the first map is an equivalence, since f is fully

faithful and the second map is an equivalence because its cofibre is

homq (¢p(X), f(Y)) ~home (p(X),pf(Y)) ~0.

In this situation, p is a localisation by Corollary A.2.3, so the sequence formed by
f and p is a Verdier sequence, by Corollary A.1.10, and in particular a cofibre sequence.
Also, the kernel of g consists, by the adjunction rule, of those objects that are left
orthogonal to € and, by Corollary A.2.4, this agrees with the essential image of g. So,
the sequence formed by the adjoints satisfies (ii) (in the version with right adjoints), and
is therefore also a Verdier sequence by what we have just shown.

Conversely, suppose that (iii) holds. Then, g is a localisation, by Corollary A.2.3,
and the essential image of f is given by the right orthogonal of ker(g) by Lemma A.2.2. Tt
is therefore, in particular, closed under retracts in D. But according to Corollary A.1.7, p
exhibits € as the Verdier quotient of D by this image, so it equals ker(p) by Lemma A.1.8.
This shows that the sequence in the statement is a fibre sequence. To see that p admits
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a left adjoint, we can appeal to Lemma A.2.2: for X €D, the fibre of the unit map
X — fg(X) clearly projects to p(X) under p and, for C' €€, we have

Homqp (fib(X — fg(X)), f(C)) =~ cof[Homp (X, f(C)) = Homp (fg(X), £(C))].

Since f is fully faithful, the latter term is also given by Home(g(X), C), which identifies
the map on the right as the adjunction equivalence. It follows that fib(X — fg(X)) is left
local for the equivalences mod € and thus left adjoint to p(X). O

COROLLARY A.2.12. The collection of (right or left) split Verdier inclusions is

closed under pushouts.

Proof. Given a diagram €'« C—D with pushout D’ whose right leg is a Verdier
inclusion, the collection of objects of the pushout admitting left adjoint objects for ¢’ — D’
is evidently stable. Therefore, it suffices to see that it contains the essential images of
C’'—=D’ and D—D’, as these generate D’. But the former of these is fully faithful by
Corollary A.1.19, so in this case there is nothing to do, and for the latter the projective
adjoint Pro(D’)—Pro(€’) takes values in €’ once restricted to D, by the adjointability
statement from Corollary A.1.19. O

Example A.2.13. The prototypical example of a split Verdier sequence is the se-

quence

e c—id, Ar(@) cof 67

for a stable co-category €, where Ar(C)=Fun(Al, @) is the associated arrow category and
cof sends an arrow to its cofibre, so that ker(cof) consists of the equivalences. The fully
faithful right and left adjoints of cof are given by ¢—[0—¢| and [Q2c—0], respectively,
and the right and left adjoints of id(_) send an arrow x—y to x and y, respectively. This
split Verdier sequence is in fact the universal split Verdier sequence with kernel C; see
Corollary A.5.6 below.

Ezample A.2.14. If D —¢ is a Verdier sequence (or in fact a Karoubi sequence
as in the next section), then the sequence of restriction functors

Fun®(C, 8p) «— Fun®(D, 8p) «— Fun®*(&, Sp)

is a split Verdier sequence (among large oo-categories). Indeed, as C—D—E is a cofibre
sequence the sequence of restriction functors is a fibre sequence, but since G°P—D°P ig
fully faithful the restriction functor on the left admits fully faithful left and right adjoints
in the form of left and right Kan extensions (operations which preserve exact functors,
see [I, Lemma 1.4.1]), and is hence a split Verdier projection by Corollary A.2.5.
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Example A.2.15. If C—=D— € is a Verdier sequence then the sequences
Ind(€) — Ind(D) — Ind(€) and Pro(€) — Pro(D) — Pro(&)

are right split and left split Verdier sequences (among large co-categories), respectively.
Indeed, under the equivalence Ind(€°P)=Fun®*(—, 8p)=Pro(€)°P, these examples are ob-
tained from the split Verdier sequence of Example A.2.14 by passing to the corresponding

sequence of left adjoints (before or after taking opposites) using Lemma A.2.8.

As a final method for producing split Verdier sequences, let C—D—E& be a (not
necessarily split) Verdier sequence. Write DP!CD for the full subcategory spanned by
those objects whose images under the inductive right adjoint D—1Ind(€) and projective
left adjoints D—Pro(€) lie in €. Then, D! contains € and we set 9P:=DsP! /€, and
we call the arising sequence the split core of a Verdier sequence. To state its universal
property fully, we finally let Fun¥* (D—&,D’'—¢&’) denote the full subcategory of the
pullback of

Fun®(D, D’) — Fun®*(€, D) +— Fun®*(€, €’)

spanned by those functors giving rise to adjointable squares for any two Verdier sequences
C—D—& and € —-D'—E&’, so that in particular

L(FunV" (D — &, D' — &')) ~ Homye, (D — €, D’ — &').
LEMMA A.2.16. For every Verdier sequence C—D—E, the sequence
€ — PPl gasl
is a split Verdier sequence. Also, for every split Verdier sequence €' —D’'—¢&'  the map
Fun V" (D' — &/, D! — £9P1) — Fun V" (D’ — &/, D — €)

is an equivalence, so that the formation of split cores constitues a right adjoint to the

inclusion Ver™ CVer.

In complete analogy, one can also form right split and left split cores of a Verdier

sequence, but these will not play a large role in the sequel.

Proof. Since i: C—D is fully faithful, the Pro-left and Ind-right adjoints of ¢ send
i(c) to c for every c€C, and so D! contains €. In addition, the inclusion €— DP' admits
both a left and a right adjoint by construction, and is hence a split Verdier inclusion, by
Corollary A.2.5, so that the split core is indeed a split Verdier sequence. To obtain the
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universal mapping property, it suffices by Lemma A.1.15 to note that in any adjointable

square
e——¢C

|,

o LD,
with @' =D’ a split Verdier inclusion, f must factor through DP! by adjointability. [

Finally, let us record the following recognition principle for left and right split Verdier

sequences, which we use in §3.2.

COROLLARY A.2.17. Let D be a stable co-category and C,ECD be two full stable
subcategories such that homop (z,y)~0 for every z€C and ye&. Then, the following
conditions are equivalent:

(i) €CD admits a right adjoint p: D—C and the inclusion ECC" is an equivalence;

(ii) ECD is a Verdier inclusion and the projection C—D/E is an equivalence;

(iii) ECD admits a left adjoint ¢: D—E& and the inclusion CCE! is an equivalence;

(iv) €CD is a Verdier inclusion and the projection E—D/C is an equivalence.

Furthermore, when either of these equivalent conditions holds, the resulting sequences
C—D—E and E—D—C

formed by the inclusions and their adjoints are right-split and left-split Verdier sequences,

respectively.

Proof. The implications (i) = (ii) and (iii) = (iv) are dual to each other, and the
same for (ii) = (iii) and (iv) = (i). It will hence suffice to show (i) = (ii) = (iii), along
with the last claim.

To prove the first of these implications, suppose that i: CCD admits a right adjoint
p: D—C and that ECC" is an equivalence. By the adjunction rule, C" agrees with the

kernel of p, so we have a right-split Verdier sequence
e—D-e

from which we conclude that the map D/E—C induced by p is an equivalence. The
projection C—D/E is a 1-sided inverse, and therefore also an equivalence.

On the other hand, if (ii) holds then, by Corollary A.2.4, the projection D—D/E
has a left adjoint, and the inclusion of € into & is an equivalence (since both project to
D/& by an equivalence); the existence of the left adjoint ¢ follows from Lemma A.2.8. [
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We now come back to the notion of a split Verdier sequence and show that it is
essentially equivalent to that of a recollement in the sense of [Lu4, §A.8] in the setting

of stable co-categories. We now specialise the definition to this case.

Definition A.2.18. A stable co-category D is a stable recollement of a pair of stable
subcategories C and & if

(i) the inclusions of both € and € admit left adjoints Le and Lg,

(ii) the composite eDEse vanishes,

(ili) Le and Le are jointly conservative.

ProproSITION A.2.19. If D is a stable recollement of C and &, then the sequence
esDrlie isa split Verdier sequence. Conversely, if Gi)Di)S is a split Verdier
sequence, then D is a stable recollement of the essential images f(C) and ¢q(&), where q

denotes the right adjoint of p.

Proof. Consider the first statement. We claim that the sequence under consideration
is a fibre sequence, so that it is split Verdier by Lemma A.2.8. Since the composite is
zero by assumption, we are left to show that every object x in ker(L¢) already belongs to
the essential image of C. Denoting by Le the left adjoint of the inclusion of €, then the
unit z— Le(x) is mapped to an equivalence under both Le and Le. By assumption, Le
and Le are jointly conservative, so the unit 2 — Le(x) is an equivalence, and therefore x
indeed lies in the essential image of C.

For the second statement, f admits a left adjoint g by Lemma A.2.8, since p does,
and it remains to see that p and g are jointly conservative. Since we are in the stable
setting, it will suffice to show that the functors p and g together detect zero objects.
Indeed, if z€D is such that p(x)=~0, then z belongs to the essential image of f. In this

case, if g(x) is zero as well, then z~0 because the counit of g-f is an equivalence. [

Another definition of stable recollements is given by Barwick and Glasman in [BG].
In pictures, the definitions of [Lu4, §A.8], [BG] and that of split Verdier sequences above
correspond to
Le
TN Le TN f TN
C—D——¢, €6——D—E and C—D —¢&,
K K K
respectively. Our results above show that all of these types of diagrams can be completed

to the full . g

KT TN
C—f—D—r—¢,
D N
T h
in which both the top and the bottom left pointing maps also form Verdier sequences.

In particular, all three definitions are equivalent.
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Remark A.2.20. There are many examples of split Verdier sequences, or stable rec-
ollements, arising “in nature”, often involving large oco-categories. One example we es-

tablished in [I] is given by

A (=)
TN TN
Fun®(€°P, 8p) —— Fun?(€°P, 8p) —— Fun®(C°P, Sp),
K=~ ~_—~“

=)

and a closely related example is that of genuine Ca-spectra discussed in §3.7. Many more
examples of split Verdier sequences among large co-categories can be obtained as special
cases of Example A.2.14. Another standard example is the case where D=8p and f is

the inclusion of those spectra on which a prime [ acts invertibly:

(=)/1 (=5)I]

Sp[1/1] i Sp i Sp[l-adic equiv’sfl]7
r&d‘_/ o
ivi )7

with X[1°°]~fib(X —X[1/1]) and div,(X)=fib(X —X}").

A.3. Karoubi sequences

We now proceed to the more general notion of Karoubi sequences, which is a version of

Verdier sequences invariant under idempotent completion.

Definition A.3.1. We call an exact functor C—D between stable co-categories a
Karoubi equivalence if it is fully faithful and has dense image, in the sense that every

object of D is a retract of an object in the essential image.

The most important example of Karoubi equivalences are of course idempotent com-
pletions €—Cf. When fixing the target, Karoubi equivalences can be entirely classified,
see [Tho, Theorem 2.1].

THEOREM A.3.2. (Thomason) A Karoubi equivalence induces an injection on
Ko: Catoy —Ab. Moreover, the poset of Karoubi equivalences to a fized stable oo-category
C, that is, the poset of dense subcategories of C, is isomorphic to the poset of subgroups
of Ko(@), by sending a dense subcategory C'CC to the image of Ko(C') in Ko(C), and
conversely sending a subgroup ¢CKq(C) to the full subcategory on objects x with [x]Ec.

Note that the statement in [Tho] is for triangulated categories, but the proof works
verbatim in the setting of stable co-categories.
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Definition A.3.3. Stable co-categories € with the property that Kq(€) vanishes are
called minimal, and we refer to the assignment sending € to the full subcategory €™ C €

spanned by the objects z€€ with 0=[z]€Ko(C) as minimalisation.

PROPOSITION A.3.4. The localisation of CatSs at the collection of Karoubi equiv-
alences is both a left and a right Bousfield localisation. The left and right local objects
are the minimal and idempotent complete stable co-categories, respectively, and the left
and right adjoints of the localisation at the Karoubi equivalences are given by [C]rs C™in
and [Cl—C8, respectively. Furthermore, an exact functor is a Karoubi equivalence if and
only if it induces an equivalence on minimalisations, and if and only if it induces an

equivalence on idempotent completions.

Let Cat‘;’f’h CCatg: denote the full subcategory spanned by the idempotent complete
stable co-categories. We then conclude that (—)%: Cat™ —Cat™* exhibits Cat™* as
the localisation of CatZ; by the collection of Karoubi equivalences. In particular, by
Proposition A.3.4, it is both a left and right Bousfield localisation, and hence preserves
both limits and colimits.

Proof of Proposition A.3.4. It is an exercise in pasting retract diagrams to check
that Karoubi equivalences are closed under 2-out-of-3. The characterisation in the last
statement then follows immediately from the fact that both inclusions emin CRCE! are
Karoubi equivalences, the former since every X €€ is a retract of X XX € C™in,

Together with [Lul, Lemma 5.1.4.7] and the preservation of exactness by Kan exten-
sions, this also means that given a Karoubi equivalence i: C—D and a functor f: D—E&,
the exactness of f is equivalent to that of fi. Combining this with [Lul, Proposition

5.1.4.9], we hence conclude that in this case the restriction map
i*: Fun®(D, ) — Fun®(C, &)

is an equivalence if in addition &€ is idempotent complete.
The statement about the adjoints now follows from Lemma A.2.2. That idempotent
completion satisfies the requisite conditions was just established and that minimalisations

do is immediate from the functoriality of K. O

COROLLARY A.3.5. The collection of Karoubi equivalences is closed under pullbacks

and pushouts.
Let us now define our main object of study in this section.

Definition A.3.6. A sequence eLs D25 ¢ of exact functors with vanishing composite

ex,f

o - In

is a Karoubi sequence if @"— DI — &Y is both a fibre and cofibre sequence in Cat

this case, we refer to f as a Karoubi inclusion and to p as a Karoubi projection.



366 B. CALMES ET AL.

Remark A.3.7. Equivalently, by Proposition A.3.4, we might ask the sequence
emin N Dmin N Emin

to be both a fibre and a cofibre sequence in the full subcategory of Catl: spanned by
the minimal stable co-categories, or more symmetrically, that the original sequence give
a fibre and cofibre sequence in the localisation of CatS: at the Karoubi equivalences.
We have chosen the present formulation as the idempotent completion plays a dis-
proportionally more important role, both in the detection of Karoubi sequences and in

applications.

We also have a concrete characterisation of Karoubi sequences, analogous to the one

for Verdier sequences of Corollary A.1.10.

PROPOSITION A.3.8. Let CL5D 258 be a sequence of exact functors between stable
oo-categories with vanishing composite. Then, the following characterisations hold:

(i) the sequence C'—DI—ER is a fibre sequence in Cat>" if and only if f becomes
a Karoubi equivalence when regarded as a functor €—ker(p);

(ii) the sequence CI—DI—E is a cofibre sequence in Cat™" if and only if the
induced functor from the Verdier quotient of D by the stable subcategory generated by
the image of f is a Karoubi equivalence to E.

(iii) the sequence C—D—E is a Karoubi sequence if and only if [ is fully faithful
and the induced map D/C—E is a Karoubi equivalence.

In particular, every Verdier sequence is a Karoubi sequence.

Let us explicitly warn the reader, however, that the Verdier quotient of two idem-
potent complete, stable co-categories need not be idempotent complete.

Proof of Proposition A.3.8. By Proposition A.3.4, the functor (—)¥: Cat®— Cat™?

ex,

preserves both limits and colimits, and Catcs” is closed under limits in Catoy. This yields
an equivalence

ker(p") ~ ker(p)*,

which proves (i).

Similarly, (ii) follows from the description of cofibres in Cato; as Verdier quotients
together with the preservation of cofibres under idempotent completion.

Finally, the forward direction of (iii) follows directly from the previous two state-
ments. On the other hand, if f is fully faithful, and D/C—¢& is a Karoubi equivalence,
then the kernel of p agrees with the kernel of the projection ¢: D—D/C. Thus, by
Lemma A.1.8, the map f: C—ker(q) has dense essential image and therefore is a Karoubi
equivalence. The reverse claim thus also follows from the first two statements. O
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COROLLARY A.3.9. An exact functor f:C—D is a Karoubi inclusion if and only if
it s fully faithful. It is a Karoubi projection if and only if it has dense essential image
f(C)CD, and the induced functor f:C— f(C) is a Verdier projection.

Combining this statement with Thomason’s result above, we find the following result.

COROLLARY A.3.10. Let p: D—E be a Karoubi projection. Then, the following con-
ditions are equivalent:

(i) p is a Verdier projection;

(ii) p is essentially surjective;

(iii) the induced group homomorphism Ko(D)—Ko(€) is surjective.
COROLLARY A.3.11. The collection of Karoubi projections is closed under pullbacks.

Proof. By Corollary A.3.9, the Karoubi projections are exactly the functors that
can be written as a composite of a Verdier projection followed by a Karoubi equivalence.
Both these classes of maps are closed under pullback by Corollaries A.1.19 and A.3.5,
respectively. O

Next, we record the following detection criterion for Karoubi-sequences, often called
the Thomason—-Neeman localisation theorem in the context of triangulated categories;
see [Nel, Theorem 2.1].

THEOREM A.3.12. A sequence C—D—E of stable co-categories and exact functors

with vanishing composite is a Karoubi sequence if and only if the induced sequence
Ind(€) — Ind(D) — Ind(&)

is a Verdier sequence (of not necessarily small co-categories). In addition, in this case,
the above sequence is automatically right split and the corresponding sequence of right
adjoints

Ind(€) +— Ind(D) +— Ind(€)

is a split Verdier sequence, i.e. both functors admit further right adjoints.

Proof. By [Lul, Proposition 5.3.5.11], the functor Ind preserves full faithfulness and
sends Karoubi equivalences to equivalences. At the same time, by Proposition A.3.8, we
have that every Karoubi sequence relates via a zig-zag of levelwise Karoubi equivalences to
a Verdier sequence, and hence Ind(—) takes Karoubi sequences to split Verdier sequences,
by combining Examples A.2.14 and A.2.15.

In the other direction, since the Yoneda functor €—Ind(C) is fully faithful, we have
that Ind(—) also detects full faithfulness, and by [Lul, Lemma 5.4.2.4] Ind(—) also detects
Karoubi equivalences, that is, a functor is a Karoubi equivalence if and only if it is sent
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to an equivalence by Ind. In particular, if C—D—E& is now a sequence which becomes
Verdier after inductive completion, then the functor €— D is fully faithful and the induced
functor D/C—¢€ is an equivalence on inductive completions, and hence a Karoubi equiv-
alence. We conclude that C—D— €& is a Karoubi sequence, by Proposition A.3.8. O

Remark A.3.13. To avoid confusion, note that while the characterisation of Theo-
rem A.3.12 works on the level of inclusions alone (f is a Karoubi inclusion if and only
if Ind(f) is a Verdier inclusion), it does not work on the level of projections: there exist
exact functors D— €& which are sent to Verdier projections under inductive completion,
but that are not themselves Karoubi projections: the kernel of Ind(D)—Ind(€) may
fail to be of the form Ind(C); see, e.g. Example A.4.4 below. The kernel is, however,
automatically a dualisable stable co-category, and can be taken into account by using
these as a foundational setup for Karoubi-localising invariants in place of small stable
oo-categories. This framework has recently been gaining traction as a preferred setup for

(non-connective) K-theory, topological cyclic homology and the like; see [E].

A.4. Verdier sequences among oo-categories of modules

Let ¢: A— B be a map of E;-ring spectra. Extension of scalars induces an exact functor

é1: Mod(A) — Mod(B),
M+ Boa M

on the co-categories of (left) modules, which is left adjoint to the restriction of scalars
functor ¢*: Mod(B)—Mod(A). Extension of scalars restricts to functors

¢1: Mod“(A) — Mod“(B) and  ¢y: Mod®(A) —s Mod®©)(B),

where ¢CKj(A) is a subgroup and Mod®(A) the full subcategory of Mod“ (A) spanned by
those A-modules X with [X]€cCKg(A). The most important special case of the latter
construction is the case where ¢ is the image of the canonical map Z—Kg(A), 1— A, in
which case Mod®(A)=Mod(A) is the stable subcategory of Mod“(A) generated by A.
In this section, we analyse when these functors are Verdier or Karoubi projections.

Now, let Mod(A)s CMod(A) denote the kernel of the functor ¢;: Mod(A)—Mod(B)
extending scalars. For the next lemma, we note that the restriction of scalars func-
tor ¢*: Mod(B)—Mod(A) admits hom 4 (B, —) as a right adjoint, which we denote by
¢.: Mod(A)—Mod(B).
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LEMMA A.4.1. Let ¢p: A—B be a map of Ei-ring spectra and denote by I the fibre
of ¢, considered as an A-bimodule. Then, the following conditions are equivalent:
(i) the multiplication B& s B— B is an equivalence;

(ii) we have B A1~0;
(iii) the map IQAI—AR4I=I is an equivalence;
(iv) the diagram

o] inc

RN LN
Mod(B) — ¢* —— Mod(A) — I®a(-) — Mod(A) g
R N
b homy (I,—)

is a stable recollement.

Note that (iv) in particular contains the statement that 7® 4 —: Mod(A4)—Mod(B)
has image in Mod(A)p as indicated. Of course, one may as well replace Mod(A) g in the
statement by the kernel of ¢, and extrapolating from the example B=A[s~!], one might
call such modules ¢-complete: in this case, the lower adjoint becomes the inclusion, the

right pointing map hom4 (7, —) and the top adjoint I®4 —.

Proof. For the equivalence between the first two items, simply note that

B~BoaiA-2%, Bo.B

is always a right inverse to the multiplication map of B. So, the latter is an equivalence
if and only if the fibre B® 41 of the former vanishes. Similarly, B® 4 is also the cofibre
of the map in (iii), and so the first three items are equivalent. The statement of (iv)
contains (ii), since I=I® 4 AcMod(A)p. Finally, assuming the first two items, we first
find that

BRaI®sX ~0,

so that T®4 X eMod(A)p for all XeMod(A), and the diagram in (iv) is well defined.
Furthermore, it follows that ¢* is fully faithful: for this, one needs to check that the
counit transformation B® 4 Y —Y is an equivalence for every B-module Y. But, as both
sides preserve colimits and B generates Mod(B) under colimits and shifts, it suffices to
check this for Y=B, where we have assumed it.

We have thus established that, under the first two equivalent items, the functor ¢* is
fully faithful. Since it admits both a left and a right adjoint, it is a split Verdier inclusion
by Corollary A.2.5. It then follows from Proposition A.2.19 that the diagram

¢
TN
Mod(B) — Mod(A)

N_—_~
o
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can be completed to a stable recollement, and the fibre sequences connecting the various

adjoints are easily checked to give the formulas from the statement. O

Definition A.4.2. We will call a map ¢: A— B of E;-ring spectra satisfying the equiv-
alent conditions of the previous lemma a localisation.
A map R— S between discrete rings is called a derived localisation if the associated

map HR—HS is a localisation in the sense above.

Before we give examples, we introduce one more bit of terminology that we will
need below. Given a full subcategory €CMod(A), let us write Cg=CNMod(A)p. For
the following definition, note that, by Lemma A.4.1, a map ¢: A— B is a localisation if
and only if its fibre fib(A— B) lies in Mod(A) 5.

Definition A.4.3. We say that a localisation ¢: A— B has perfectly generated fi-
bre if I:=fib(A— B)eMod(A)p lies in the smallest subcategory of Mod(A)p containing
(Mod®(A))p and closed under colimits.

Ezamples A4.4. (i) If A is an E;-ring and Sem,(A4) is a subset of homogeneous
elements satisfying the left or right Ore condition, then A— A[S™!] is a localisation with
perfectly generated fibre. Indeed, it is a localisation by Lemma A.4.1, since the forgetful
functor Mod(A[S~1])—Mod(A) is fully faithful, and, under the Ore condition, the fibre
Mod(A)s:=Mod(A) 4;s-1] is generated under colimits and shifts by the perfect modules
A/s=cof[A> A] for s€S; see [Lu4, Lemma 7.2.3.13].

(ii) The discrete counterpart of Definition A.4.2 for ordinary rings and ordinary
tensor products was studied by Bousfield and Kan in [BoK], where they have classified
all commutative rings R whose multiplication R®z R— R is an isomorphism, a property
which is called solidity in [BoK]. We note that, for a map of connective E;-rings A— B,
being a localisation implies the solidity of mgA—myB, but even for discrete A and B
the converse is not automatic, as it additionally entails that Tor:(B, B)=0 for all i>0.
Note that, for non-commutative ordinary rings, this condition is not even automatic for
localisations.

(iii) If R is a discrete commutative ring and U Cspec(R) is a quasi-compact open
subset, then it follows from [SPA, Lemma 0FLQ)] that the map R—RIT'(U, Og) is a de-
rived localisation. More generally, if U is an intersection of quasi-compact open subsets
of spec(R), then R—RT'(U, Or)=colimy ¢y RI'(V,OR) is again a localisation, where U
is the (filtered) family of all quasi-compact open subsets containing U. By [Tho, Theo-
rem 3.15], these are exactly all the localisations of R with compactly generated fibre, a
result previously proven in [Hop], [Ne2] for Noetherian rings. In fact, in the latter case,
all localisations of R have perfectly generated fibre, and are hence all accounted for by
this construction; see [Ne2, Theorem 3.4].
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(iv) Besides these examples, Falting’s almost ring theory provides another important
case of derived localisations, namely the projection R—R/J for a flat and idempotent
ideal J in a commutative ring R. The most prominent example of this situation is the
ideal J of topologically nilpotent elements inside the ring R of power bounded elements
in a perfectoid field; see e.g. [Bha]. Note that these examples have highly non-finitely
generated J, and indeed Nakayama’s lemma implies that a finitely generated idempotent
ideal J is principal on an idempotent element e. In this case R/J=R[(1—e)~!]. Examples
with non-principal J usually do not have perfectly generated fibre. This is the case, for
example, if R=Fk[t,t'/2,¢1/4,...] is obtained from the polynomial algebra k[t] over a field &
by adding all iterated square roots of ¢, and JC R is the ideal generated by /2 for i >0,
see [Kel]; a quick argument using Thomason’s classification is as follows: The Eo-rings
RI'(U, Og) for U Cspec(R) occuring in it all inherit the property from open affine subsets
that tensoring with them preserves coconnectivity. In particular, if discrete, they must be
flat as R-modules. But, in the example, k is not flat as an R-module, as Tor*(k, (t))=k.

A generalisation of this setup was recently developed in [HSch], showing that to every
idempotent ideal JCmg(A) in a connective E;-ring A corresponds a unique localisation
A/ J> of A which is also connective, and for which mq(A)—mo(A/J°) is surjective with
kernel J, in particular removing the flatness assumption on J entirely.

(v) The maps A—Ly A and A—LA2 A in chromatic homotopy theory are locali-
sations for every E;-ring spectrum; here, L, , denotes the localisation at @?:0 K(i,p),
where K(7, p) denotes the Morava K-spectrum at height ¢ and prime p (equivalently, it is
the localisation at a Lubin—Tate spectrum at height n and prime p) and Lgf‘p is similarly
the localisation at @, T(i,p) for some choice of v;-telescope T(i,p) at the prime p
(the localisation is independent of the exact choices); see e.g. [Rav], [M]. The fibre of
A—)Lflf‘pA is always perfectly generated, and for A=S it is a theorem of Hopkins and
Smith [Hop$S] that all localisations of S with perfectly generated fibre are tensor products
of the Li" S over different primes. Since the compact objects in the categories of Ly, -

P

and Lfl?p—acyclic spectra agree, the disproof of the telescope conjecture in [BHLS] shows

that S—L,, ,S does not have perfectly generated fibre, unless n=0, 1.

PROPOSITION A.4.5. Let ¢: A— B be a localisation of Ei-rings with perfectly gen-
erated fibre. Then,

Mod®(A4) %5 Mod®(B)  and Mod®(A) 25 Mod?© (B)

are Karoubi and Verdier projections for every cCKg(A), respectively.

Proof. Combining Theorem A.3.12 and Lemma A.4.1, it only remains to show that

Ind((Mod“(A))g) ~Mod(A)p



372 B. CALMES ET AL.

to obtain the first claim. But, by [Lul, Proposition 5.3.5.11], the former term is equiva-
lent to the smallest subcategory of Mod(A)p containing (Mod®”(A))s and closed under
colimits, so by assumption it contains I. But the smallest stable subcategory of Mod(A)
containing I and closed under colimits is Mod(A)p, as follows immediately from the
stable recollement of (iv) (since A generates Mod(A) under colimits and shifts).

As the inclusion Mod®(A)—+Mod“(A) is a Karoubi equivalence, and similarly for B,
it follows that ¢: Mod®(A)—Mod??)(B) is a Karoubi projection as well. But the essen-
tial image of this functor is then the Verdier quotient by its kernel (see Corollary A.3.9),
and therefore a dense stable subcategory of Mod“(B). The second claim follows from
the classification of dense subcategories (Theorem A.3.2 and Proposition A.3.10). O

Combining Proposition A.4.5 with Example A.4.4, we get the following result.

COROLLARY A.4.6. Given an Eq-ring A and a subset S€m,(A) of homogeneous el-
ements satisfying the left Ore condition, for ezample m,(A) could be (skew-) commutative,
then

Mod“(A) —2 15 Mod“(A[S™Y])  and  Mod®(4) —= L5 Mod™® (A[s~1])

are Karoubi and Verdier projections for every cCKo(A), respectively.

Remark A.4.7. In the situation of Proposition A.4.5, the map Mod* (4)—Mod*(B)
can fail to be a Verdier projection. For example, suppose that k is a field and RCk[s] is
the nodal curve we have also considered in Remark 1.5.6. There we noted that the funda-
mental theorem in K-theory implies that the cokernel of the map Ko(R[t]) —Ko(R[t*!])
contains K_1(R)=Z as a direct summand, showing that DP(R[t])—DP(R[t*!]) is not a

Verdier projection.

A.5. The classification of Verdier sequences

Our goal, in this subsection, is to develop the structure theory of Verdier, split Verdier
and Karoubi sequences. In the split case, the theory is rather well documented, often
from the point of view of classifying recollements; see e.g. [Lu4, §A.8], [BG] or [QS]. For
Verdier and Karoubi sequences this is new, originally conceived of by the eighth author.

To begin, let us extend the oco-category Ver to an oo-category VER consisting of
Verdier sequences (that is, fibre-cofibre sequences) €—D—E& of locally small stable co-
categories in which C is assumed small. We will call such sequences locally small Verdier
sequences, and similarly call locally small Verdier projections/inclusions for the projec-
tions and inclusions appearing in such sequences (so that, by definition, a locally small
Verdier inclusion has a small domain and a locally small Verdier projection has a small
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kernel). To apply the theory in this generality, we first note that by a direct adaptation
of Proposition A.1.5 a Verdier quotient of a locally small stable oco-category by a small
stable subcategory is again locally small, and similarly by Remark A.1.6 we have that if
p: D—E is a locally small Verdier projection then left Kan extensions along p exist for all
functors p: D— A with A locally small and possessing filtered colimits, and similarly for
right Kan extensions and A possessing cofiltered limits. Corollary A.1.7 then applies as
stated when D and € are locally small and ker(p) is assumed small. Taking the character-
isation of Remark A.1.11 (ii) as the definition of horizontal Ind- and Pro-adjointability,
we can then extend these notions to squares of locally small stable oo-categories whose
horizontal arrows are locally small Verdier inclusions or projections. Defining adjointabil-
ity as the conjunction of vertical Ind- and Pro-adjointability, Lemma A.1.15 then still
holds, and one can define morphisms in VER as adjointable diagrams analogously to Ver.
Finally, let us also note that, with these definitions, Proposition A.1.18 applies verbatim
when the co-categories in the first part of its statement are only assumed locally small,
as long as the vertical fibres are assumed small, and in the second part the lower row is
only assumed locally small.

Now, given a small stable co-category B, there are associated two locally small sta-
ble co-categories Tate(B) and Latt(B), abstracting the classical notions of Tate vector
spaces and lattices therein, originally constructed in [Hen]. We define Tate(B) to be the
smallest stable subcategory of Ind Pro(B) spanned by Pro(B) and Ind(B), and Latt(B)
to be the full subcategory of Ar(Ind Pro(B)) spanned by the arrows starting in Ind(B)
and ending in Pro(B). Let us warn the reader that Hennion works in the realm of idem-
potent complete stable co-categories and therefore considers the idempotent completion
of Tate(B) throughout; what we have called Tate(B) is said to consist of the elemen-
tary Tate objects in [Hen]. At any rate, assigning to an object b€B the identity arrow
idp, € Ar(B)CLatt(B) gives a fully faithful functor B—Latt(B). Sending an arrow to its
cofibre then gives a functor Latt(B)— Tate(B) which vanishes on the image of B. The

goal for the remainder of this section is to prove and exploit the following result.

THEOREM A.5.1. For every (small) stable co-category B the sequence
B% — Latt(B) — Tate(B)

is a Verdier sequence, and for every locally small Verdier sequence C—D— €& the resulting

map

FunVER(D — &, Latt(B) — Tate(B)) — Fun®*(€, Bh)

extracting kernels is an equivalence of (small) stable co-categories. Consequently, there
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exists an essentially unique adjointable square

D 2 Latt(€)

1, |

AN Tate(C) ,

inducing the inclusion @—C% on vertical fibres. This square is cartesian if and only if C
is tdempotent complete, so that in this case the Verdier projection p is pulled back from

the universal Verdier projection with fibre C on the right.

The exact functor ¢: &€ —Tate(C) is called the classifying functor of the given Verdier
sequence, and the square its classifying square. Theorem A.5.1 then implies the follow-
ing classification result for Verdier projections (among small stable oo-categories), for
the statement of which we note that K(Tate(€))~S'®K(C%), since Latt(€) admits an
Eilenberg swindle; compare [Hen, Corollary 4.3].

COROLLARY A.5.2. Given stable co-categories C and &, extracting classifying func-
tors and boundary maps on K-spectra induces an equivalence between the space of Verdier
sequences C—D—E and the space of pairs (1, n), where 1: E—Tate(C) is an exact func-
tor and 1n: K(&)—S'@K(C) is a lift of

K(€) 2 K(Tate(C)) 2> S' @ K(€Y).

Equivalently, it is the space of pairs (1, s), where v is as above, such that in the exact

sequence
Ko(€)/Ko(€) — Ko (Latt(€) X ate(e) €)/ Ko(€) —> Ko(€) — 0

the left-hand map is injective and s is a splitting of it as abelian groups.

A version for Verdier sequences among stably dualisable co-categories will appear in

[Ni], and a similar result was also obtained independently by Efimov [E, Theorem 3.4].

Proof. Theorem A.5.1 implies that the inverse construction to taking classifying
functors is given by sending (¢, 1) with ¢: & —Tate(C) and n: K(&)—+S!@K(€) to

D ={X € Latt(C) Xute(e) & : [X] € mo(fib(n))},

equipped with the evident inclusion and projection from € and to &, respectively, where

mo(fib(n)) is regarded as a subgroup of Ko(Latt(C) X mate(e)€) via

7o fib(n: K(&) = S'@K(€)) C 7 fib(1h.: K(€) — S'@K(€*)) = Ko (Latt(C) X ate(e) €)-
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But, through this description, it is also equivalent to the space of pairs (¢, 7)), where 9

is as before and 77 is a null-homotopy of the composite

DK (&) 5 K(Tate(€)) = S'®@K(CY) — S'@K(€F)/ K(C) = S @H (Ko (C?)/ Ko(C)),

where the final equality follows from the cofinality theorem. On general grounds, the
space of such null-homotopies is discrete with components corresponding to splittings of

the induced sequence
Ko (€%)/ Ko(€) — m fib(¢)) — 7o K(8),

which identifies with the sequence from the statement. O

Remarks A.5.3. (i) The functor homs: B°P x B—8p extends in an essentially unique
way to a functor
homa: Ind(B)°? xPro(B) — Sp,

which preserves limits in each variable. We claim that Latt(B) coincides with the as-
sociated pairing oo-category Pair(Ind(B), Pro(B), th\;Il'B), that is, with the bivariant un-
straightening of the space-valued functor Q”Ohfo\ﬂlg(—, —); see [I, §7.1 and §7.2]. Indeed,
we generally have Pair(€, C,home)~Ar(C) for stable €; see [I, Example 7.1.1]. Applying

this twice, we find cartesian squares

Ar(B#) — Pair(Ind(B), Pro(B), homs ) —— Ar(Tate(B))

J(Sﬂf) J J(syt)

B x Bf ——— Ind(B) x Pro(B) ——— Tate(B) x Tate(B),

the right one of which implies the desired identification.

(ii) The Ind-right and Pro-left adjoints of i: B—Latt(B) send an Ind-to-Pro arrow
fix—y to = and y, respectively. This follows from the fact that the right and left
adjoints of id(_y:Ind Pro(B)— Ar(Ind Pro(B)) are given by the source and target pro-
jections, respectively, and that this projection maps Latt(B)C Ar(Ind Pro(B)) to Ind(B)
and Pro(B), respectively.

(iii) Similarly, the projection Latt(B)—Tate(B) admits a partial left adjoint on
Ind(B)CTate(B) taking z to Qz—0, and a partial right adjoint on Pro(B)CTate(B)
taking z to 0—z.

Proof of Theorem A.5.1. The proof naturally splits into two independent parts. We
first verify that B—Latt(B)—Tate(B) is indeed a Verdier sequence. This is a special
case of Clausen’s discussion of co-categories of cones; see [Cla, §3.1], and particularly
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[Cla, Remark 3.23]. For the convenience of the reader, we briefly summarise the proof.
We first note that the fibre of Latt(B)— Tate(B) is Ind(B)NPro(B)=B%, and that the
image of the induced map Latt(B)/B—Tate(B) generates Tate(B) under finite limits
and colimits, by the definition of Tate(B). It will hence suffice to show that this map is
fully-faithful. Writing an [i—p]€Latt(B) as the middle object of the exact sequence

it —0

| |

i — p — cof[i — p]
in Ar(Ind Pro(B)) shows that the fibre of

7

homy ag4(5) (i — P, — p) — homage(s) (cof (i — p'), cof (i — p))
is
hom A (1nd Pro(®)) (' = p', i =1) = homiyg pro(s) (9, 7).
At the same time, the analogous fibre with Latt(B)/B instead of Tate(B) can be com-

puted using the colimit formula for mapping spectra in Verdier projections (Proposi-

tion A.1.5). Comparing the two expressions, it will suffice to show that the induced map

COlll’Il homlnd Pro(B) (pla a) — homlnd Pro(B) (p/u Z)
[a—ileB /;

is an equivalence. But this is clear, since p’ is compact in Ind(Pro(B)).
We now address the second statement, and first show that it holds after applying

cores. Write j, 7, 4, 7 and h for the inclusions appearing in the commutative square

BF —7 Ind(B)

j i
Pro(B) — Ind Pro(B).
Given an exact functor g: @— B, we show that the homotopy fibre of the map in question
over geMapcggex (C,B%) is contractible. By Lemma A.1.15, this homotopy fibre can

equivalently be described as the space of refinements of g to an adjointable commutative

square of the form appearing on the top left of the diagram

e g B h Ind Pro(B)
f{ id(-)
) SR » Latt(B) ——— Ar(Ind Pro(B))
(¢7P)\\\\\
“a

Ind(B) x Pro(B) — Ind Pro(B) x Ind Pro(B).
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The bottom right square is cartesian by the definition of Latt(B), and hence, temporarily
ignoring the adjointability constraint, the data of such an extension corresponds to the
data of a tuple (¢, p, 7), where ¢: D—Ind(B) is an extension of jg to D, p: D—Pro(B) is
an extension of jg to D, and 1: i¢p=>ip is a natural transformation between the resulting
composites D—Ind Pro(B), extending the identity transformation i¢|e=hg=ip|e on €.
As for the adjointability constraint, we note that, since the Ind-left and Pro-right adjoints
of B—Latt(B) are given by the source and target projections, respectively (see the last
part of Remark A.5.3), we have that the top left square in the larger diagram above
determined by a tuple (¢, p,7) is vertically Ind-adjointable if and only if ¢ is left Kan
extended from C, and is vertically Pro-adjointable if and only if p is right Kan extended
from € (see Remark A.1.11). In addition, since ¢ preserves filtered colimits and i preserves
cofiltered limits, these conditions imply that ¢ is left Kan extended from €, and ip is
right Kan extended from €. The space of natural transformations i¢p=-ip extending the
identity is hence contractible for such ¢ and p, and so, by uniqueness of Kan extensions,
we conclude that the space of triples (¢, p,n) satisfying the adjointability constraint is
contractible, as desired.

To finally obtain the statement at the level of functor categories, insert the Verdier
sequences Can —Dan —Ean formed by the tensor with A™€Cat, confer (the proof of)
Proposition 1.5.4 into the already proven statement, and use conservativity of Rezk’s

nerve. O

Remark A.5.4. The functors appearing in the classifying square of € can be explicitly
described. Let r: D—Ind(€) and ¢: D—Pro(C) be the Ind-right and Pro-left adjoints,
respectively, of f:C—D. Unwinding the proof of Theorem A.5.1 in this case, we see
that ¢ is determined by the unique natural transformation r=-¢g extending the identity
transformation on €, where both r and ¢ are considered as functors D—IndPro(C).
But this transformation is easily described: it is necessarily the preimage under f of
the composite of the unit and counit fr—id— fq in Ind Pro(D). Calling this canonical

transformation 7, we then conclude that
o(d) =[r(d) % q(d)] € Latt(€).

Consequently, 1 must send p(d) €& to cof[ng] € Tate(C).

Writing g: E—Pro(D) and h: E—Ind(D) for the Pro-left and Ind-right adjoints of p,
respectively, we have in Ind Pro(D) unit and counit maps gp(d)—d—hp(d) such that
q(d)=cof[gp(d)—d] and r(d)=fib[d— hp(d)]. For ec&, we hence conclude that

P(e) =cof[g(e) = h(e)],

an expression which a priori describes an object of Tate(D), but that by the above
actually lies in Tate(€) CTate(D).
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Example A.5.5. Let A be an E-ring spectum and consider the Verdier projection
Mod"(A)—Mod' (A[s~"]), for some se€m(A). Then, we have that the classifying functor
©: Mod! (A4)— Latt(Mod(A),) takes M eMod'(A) to the composite

colimS™'®@M /s’ Ly M2 lim M/s?,
€N jENeP
where 8 denotes the Bockstein operation associated with multiplication by the various s.
Identifying Tate(Mod'(A),) as a full subcategory of Pro(Mod(A),), we thus find that
¥: Mod"(A[s~1])—Pro(Mod(A),) is determined by taking M|[s~!] for M eMod'(A) to
cof(colimS_1®M/si 2, lim M/sj) ~ lim colim M/s"" ~ lim M/s>,
i€N JENeP jENOP ieN jENeP

where M /s> =cof(M — M[s~!]) and the transition maps in the rightmost term are given
by multiplication with s. Consequently, the composite with lim: Pro(Mod(A)s)—Mod(A)
is given by N+ A2 ®4 N on account of the fibre sequence M/* —lim;enor M /s — M /s>
in Mod(A).

Let us now explain how the above structure theory specialises to give a classifi-
cation of split Verdier sequences. Namely, suppose that B is an idempotent complete
stable co-category and consider the universal Verdier sequence with kernel B. Since by
Remark A.5.3 the Ind-right and Pro-left adjoints of B—Latt(B) are given exactly by
(i—p)+—i and (i—p)+—>p, respectively, we see that the split core of the universal Verdier

sequence is given by the split Verdier sequence

B br—idy AI‘(B) cof ‘:B,

of Example A.2.13. This operation gives us a universal split Verdier sequence with

kernel B. In fact, assuming that B is idempotent complete is not necessary.

COROLLARY A.5.6. Let B be a stable co-category. Then, for every split Verdier
sequence C—D—E, the map

Fun¥*" (D — &, Ar(B) — B) — Fun™(€, B)

extracting kernels is an equivalence. Consequently, there exists an essentially unique

adjointable square
D 5 Ar(@)

e—Y e

inducing the identity on vertical fibres. It is cartesian, so that the split Verdier projection

D—E& is pulled back from the universal split Verdier projection cof: Ar(€)—C.
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Proof. In the case where B is idempotent complete, this follows from Theorem A.5.1
via Lemma A.2.16. For arbitrary B, it suffices by Lemma A.1.15 to note that, in any
adjointable square

e —2— Bt

[ Jidm
D 5 Ar(BY),

the condition that p factors through BCBF is equivalent to the condition that ¢ factors
through Ar(B). O

We refer to the split Verdier sequence

B b—idy ‘AI‘(B) cof y B

of Corollary A.5.6 as the universal split Verdier sequence, and to its inclusion and pro-
jection as the universal split Verdier inclusion and projection, respectively. We obtain

the following well-known consequence.

COROLLARY A.5.7. Given two stable oco-categories C and & extracting classifying
functors induces an equivalence between the space of Verdier sequences C—D—E and
Homcaiex (€, €).

Remark A.5.8. Again the classifying functor can be described explicitly: given a

split Verdier sequence

&,

@@
{h

the functor ¢: D— Ar(€) sends an object d€D to the canonical unit-counit composite
map ng: 7(d)—q(d), as in Remark A.5.4. Since rh=¢g=0, we consequently have that the
functor ¥: E—C is given by

(€)= cof (nn(e)) = qhle),

and a similar calculation using the other adjoints gives v(e)=cof(ny())=%rg(e). For

every d€D, these formulas then yield the two following cartesian squares:

d —— fq(d) Qfyp(d) — fr(d)

T T

hp(d) — fip(d) p(d) ——
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Remark A.5.9. Applying the left /right split cores to the universal Verdier sequence,
one obtains similar classifications of left /right split Verdier sequences, respectively. The
universal right and left split Verdier sequences with fibre € (not necessarily idempotent

complete) are given by
¢ HLatt(G) XInd((‘Z)G *)PI‘O(G) and C —)Latt(@) Xpro(e)e —>Ind(€),

respectively, and the spaces of right and left split Verdier sequences with fibre € and base
& are equivalent to the spaces of functors €—Pro(€) and & —Ind(C), respectively.

Interpreting a functor € —Ind(C) instead as a functor C°P x €— 8§, the inverse process
to the formation of classifying functors for left split Verdier sequences is furthermore
simply given by forming the category of pairings as in [I, §7.1], and similarly for the right
split case by taking appropriate opposites.

Finally, let us explain how to deduce a classification result for Karoubi sequences,
essentially a direct consequence of Theorem A.5.1 and the universal property of idempo-
tent completions. In what follows, KAR denotes the co-category analogous to VER: its
objects are the Karoubi sequences among locally small stable co-categories with small
kernel, and its morphisms are those transformations inducing adjointable squares on the

level of Karoubi inclusions/projections.

COROLLARY A.5.10. For B a stable co-category, the restriction map
Fun®**(€ —» D — &, B — Latt(B) — Tate(B)?) — Fun™(€, B)

18 an equivalence for every locally small Karoubi sequence C—D—E&, and there is conse-

quently an essentially unique adjointable square

D — Latt(C)

1,

[N Tate(C)?

inducing the inclusion @—C% on vertical fibres. This square is cartesian if and only if C
1s idempotent complete, so that in this case the Karoubi projection p is pulled back from

the universal Karoubi projection with fibre € on the right.

COROLLARY A.5.11. Given stable co-categories C and & extracting classifying func-
tors and boundary maps on K-spectra induces an equivalence between the space of Karoubi
sequences C—D—E and the space of quadruples (1, &', €', n), where ¢: E— Tate(C)? is
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an exact functor, E™MPNCE'CE and CCC' CC! are stable subcategories and the morphism
n:K(&)—=S'@K(€') is a lift of the induced map K(&')—K(€)—K(Tate(C)?) along

S'@K(€) — S'@K(€") & K(Tate(€)) —s K(Tate(€)?).
Equivalently, it is the space of quadruples (1, e, c,s), where ¢ is as before,
e Cker(1h,: Ko(&) = Ko(Tate(€)F)) and Ko(€)C e C Ko(CH)
are subgroups such that in the exact sequence
Ko(€%)/c — Ko (Latt(€) X rate(e) E¢) Jc —> e — 0
the first map is injective, and s is a splitting of it as abelian groups, where
&={Xel:[X]ece}.

The subgroups e and ¢ simply record the essential image of D— & and the kernel of
D—E. Armed with this information, the statement easily follows from Corollary A.5.2.

Proof of Corollary A.5.10. By Proposition A.3.8 and Corollary A.3.9, both
cLyp e and ker(p) — D — im(p)

admit canonical pointwise dense inclusions into ker(p) —D— &, which then induce equiv-
alences on mapping spaces into Bf— Latt(B)— Tate(B)?, as the latter consists of idem-
potent complete co-categories. Similarly, the inclusion €Cker(p) induces an equivalence
on mapping spaces into Bf. But ker(p)—D—im(p) is a Verdier sequence, by Corol-
lary A.3.9, and so, combining the above with Theorem A.5.1, we conclude that the map

Fun™**([€ = D — €], [B¥ — Latt(B) — Tate(B)"]) — Fun®(€, BY),

induced by extracting kernels, is indeed an equivalence. O

Appendix B. Comparisons to previous work

For a ring R equipped with an invertible module with involution M and a form parameter
A on (R, M), the main result of [HStm] asserts that the canonical map

Unimod (R, \)8'? — GW(DP(R), 987)
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is an equivalence; here, Unimod(R, \) denotes the groupoid of unimodular, A\-hermitian
forms on finitely generated projective R-modules, symmetric monoidal under orthogonal
sum, and (—)&"P denotes group completion in the oo-category of E..-monoids in spaces.
For the symmetric and quadratic form parameters, the left-hand side is essentially the
classical definition of the Grothendieck—Witt spaces of Karoubi and Villamayor. When 2
is invertible in R, Schlichting [Sch3] refined these Grothendieck—Witt spaces to spectra,
whose negative homotopy groups are Balmer’s Witt groups. Keeping the assumption
that 2 is invertible, these coincide with the classical symmetric L-groups of Ranicki, and
hence with the L-groups of DP(R) with respect to the symmetric Poincaré structures
associated to M. Unwinding the definition of the relevant maps, the above comparison of
Grothendieck—-Witt groups thus extends to negative groups for the quadratic/symmetric
form parameter when 2 is invertible.

In this appendix, we extend such comparisons beyond the case of rings and to the
spectrum level, and equate our construction with previous work in two new cases. First,
in §B.1, we compare our Grothendieck—Witt space with the Grothendieck—Witt space of
Heine, Spitzweck and Verdugo in [HSV1], which is defined in the setting of Waldhausen
oo-categories with genuine duality. This in particular also implies an equivalence with
Spitzweck’s definition of Grothendieck-Witt spaces for stable co-categories with duality
[Spi] in the case where the Poincaré structure is the symmetric one associated to a given
duality. Then, in §B.2, we show that Hornbostel and Schlichting’s Grothendieck-Witt
spectrum of an exact category with duality on which 2 acts invertibly [Hor|, [Schl] can
be recovered as the symmetric Grothendieck-Witt spectrum of its derived co-category

(also known as its stable envelope, or stable hull; see [Kle]).

Remark. (i) The comparison results of §B.2 can sometimes be extended to situations
in which 2 is not invertible using the associated genuine symmetric Poincaré structure on
the derived co-category. The case of the exact category of vector bundles on a sufficiently
nice scheme is treated in [CHN, §4.6], for example.(!)

(ii) An equivalence of the real K-spaces (and thus in particular the Grothendieck—
Witt spaces) defined in [HLAS] with our genuine symmetric ones is given in [HStm, §8.4],
and Grothendieck—Witt spaces of split-exact categories with form parameters from [Sch5]
are treated in [HStm, §8.2].

(ili) We do not attempt here a comparison of our work to either the Grothendieck—
Witt space of [Sch5] for non-split exact categories or the entire real algebraic K-space
defined in [HSV1].(?)

(1) During the revision process of this paper, these results were improved quite drastically in [Sch7].
(2) During the revision process of this paper, a comparison in the former case was provided in
[SM], and in the latter in [HSV2].
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B.1. The Heine—Spitzweck—Verdugo Grothendieck—Witt space

In [HLAS], [HSV1] the authors study the Grothendieck—Witt theory of what they call
Waldhausen oo-categories with genuine duality. As they show in [HSV1, §6], this is
a direct generalisation of the notion of a Poincaré oo-category. In particular, the oco-
category V\/auldgf)l of Waldhausen oo-categories with genuine duality contains Cat, as a
full subcategory spanned by those objects whose underlying oco-category is stable and
whose Waldhausen structure is maximal. In [HSV1], the authors construct in particular
a Grothendieck-Witt functor, which they denote by KH, and which we will denote by
GWeY for the sake of notational consistency. Our goal, in this subsection, is to show
that both definitions of the Grothendieck-Witt space are compatible for Poincaré oo-
categories.

As the Waldhausen structure shall play no role in this appendix, we suppress it from
further discussion, and recall that the oco-category Catig of oo-categories with genuine

duality is defined via the cartesian square
d hC
Catgl — Cat 2
J JHeS
RFib — Cato.,

where RFibC Ar(Cat) is the full subcategory spanned by the right fibrations and He®

is the functor sending an co-category with duality (€, D) to the co-category
He®(@, D) := TwAr" (C)"C2

of symmetric hermitian objects in (€, D).

Poincaré oco-categories are then regarded as such objects, by means of the functor
Cat®, — Cat8d,

(€,2) —> (€, Dg, He(€, ) — He(€, 2°) = He®(C, Dy)).

In [HSV1, §6], the authors show that the essential image consists of exactly those oo-
categories with genuine duality whose underlying oo-category is stable, and for two

Poincaré oo-categories (€, ?), (D, ®) the map
HomCatgo ((Gv 9)7 (D’ (I))) — HomCatgg ((ea De, He(ea 9))7 (.D7 Do, HQ(D, (I))))

is a full inclusion of spaces whose essential image contains all duality-preserving functors

whose underlying functor is exact.
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The construction of Sng uses in an essential way that Catig is cartesian closed
[HSV1, Corollary 2.43]. An explicit model for the internal mapping object from (J,D, ¢)
to (3,D’, ¢') is given by the functor co-category Fun(J, J), equipped with the conjugation
duality f—D’f°PD°P, and with its genuine refinement classified by

He*(Fun(J, J), D'e—eD?)*? — 8,
f—Hom /yes (5,0 (0, He® ()" ¢').

Since the functor Fun(J, —) preserves stable co-categories and exact functors, this

1%
e}

operation restricts to a cotensoring operation (Catgg)of’xCatgoﬁCat naturally in J.
Let us denote its output by (G,Q)(j’D"b), which explicitly is the Poincaré oo-category
whose underlying stable co-category is €?=Fun(J, €), whose duality is the conjugation
duality Cf397 and whose Poincaré structure 929 Fun(J, €)°P - 8p fits into the carte-

sian square
QUDA () s limge T f*Q

T

nat(f, De fOPDOP)NC2 — limg, W*f*BgC2,

where 7 is the composite of ¢: H—He*(J,D) with the projection to J and the bottom

horizontal map is the composite

nat(f, D5 f°PD)"% = [lim By(f(i), /(D))"

— [lim Bo(f(x()), f(x(0)))]

i€ H

hC> _ li;fn ™ f* By,
with the left limit ranging over TwAr'(J).

This cotensor operation is used to define W54 (€, @) for a Poincaré co-category (€, ?)
as follows. One considers the poset [n]*[n|°P equipped with (unique) duality Dy flipping
the two components, and consider Ar([n]*[n]°?)=Fun([0]x[0]°P, [n]*[n]°P) as equipped
with the associated conjugation duality. Viewing Ar([n]*[n]°P) as a category with genuine
duality via genuine refinement the identity of He®(Ar([n]*[n]°P)), we can take the cotensor
Poincaré oo-category (€, Q)2 ("*[*°") in the above sense, and define the (edgewise sub-
divided) S-construction S¢(€,9) to be the full subcategory of (€, 2)A*(["*[""*) spanned
by those diagrams ¢: Ar(A™*(A™))—C€ such that ¢(i<i)~0 for every i€[n]*[n]°P, and

such that the square
p(i<k) — p(i<])

| ]

(i <k) — (i <I)



HERMITIAN K-THEORY FOR STABLE 0o-CATEGORIES II 385

is exact for every i<j<k<!in [n]*[n]°P, equipped with the restricted hermitian structure,
which is Poincaré since this full subcategory is duality invariant. We note that the
simplicial object in stable co-categories underlying S¢(€, ?) is the edgewise subdivision of
the usual S-construction S(€) used to define the algebraic K-theory of C; see the discussion
after Propositon 2.7.7 for a reminder. Finally, by [HSV1, Proposition 10.2], the space
GWeE4(@, Q) agrees with the fibre of |CrS¢(@,2)C?|—|CrS¢(€)|, where (—)°:Cat8d—8
is the genuine fixed point functor. Restricted to Poincaré oo-categories, it agrees (by
construction) with Pn, so we finally arrive at

GWe4(C, Q) ~ fib[|PnSe(C, ?)| — |CrSe (€, 9)]].

Remark B.1.1. When (€, ?) is the symmetric Poincaré category associated to a given
stable oo-category with duality (C,D), the vertical maps in the square defining 9->+%)
are equivalences, and so the cotensor construction of [HSV1] reduces to the usual coten-
sor construction (€, D)?"P)=(Fun(J, €),D’o—oDP) of co-categories with duality. Con-
sequently, the edgewise subdivided S-construction S¢(€, %) coincides with Spitzweck’s
edgewise subdivided S-construction for stable co-categories with duality. In particular,
for these types of Poincaré oo-categories, the Grothendieck—Witt spectrum of [HSV1]

recovers that of [Spi]; see [HSV1, Corollary 10.4].

PROPOSITION B.1.2. For a Poincaré oo-category (C,%), there is a natural equiva-

lence of simplicial Poincaré oo-categories S¢(C,2)~Q(C, Q).

COROLLARY B.1.3. For a Poincaré co-category (C,?), there is a natural equivalence
GWeEL (@, 9)~GW(C, 9).

Proof. Combine Proposition B.1.2 with Corollary 4.1.7. O

When (C,?) is the symmetric Poincaré co-category associated to a given stable co-
category with duality (C,D), the above comparison reduces to a comparison between
GW(C,?) and Spitzweck’s Grothendieck—Witt space of an co-category with duality [Spil;
see Remark B.1.1.

Proof of Proposition B.1.2. We construct an equivalence between the Q- and S-
construction in two steps. Let J,, CAr([n]+[n]°P) be the duality-invariant subcategory
spanned by those arrows of [n]x[n]°? whose source is [n] and whose target is in [n]°P.
Then J,,=[n] x [n]°P, and we write objects in J,, as pairs (i, j) with i€[n], j€[n]°P. We then
see that J,, is closed under duality and the induced duality on J,, is given by (4, ) (J, 7).
We can view J,, as an oo-category with genuine duality using the identity of He®(J,),
and view the inclusion J,, & Ar([n]*[n|°P) as a morphism of co-categories with genuine
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duality. Let T, (C,2)C(€,2)’" denote the full subcategory spanned by those diagrams

: 3, —C for which the square

| ]

is exact for every i<j€[n] and [ >k € [n]°P, with the restricted Poincaré structure and, ad-
hering to our conventions, denote by T,,(€) the underlying stable co-category of T,,(C, ?).

The induced functor on cotensors (as co-categories with genuine duality)
e, Q)Ar([n]*[n]"") —(€,9)’"

maps S¢(C) to T,,(€), and since the full subcategory J,, C Ar([n]*[n]°P) is clearly stable un-

der all simplicial transition functors, we obtain a map of simplicial Poincaré co-categories
Se(C,?) — T,(C,9).

Next, we observe that

He® (9,) = TwAr" ([n] x [n]°P)"“* = (TwAr*([n]) x TwAr* ([n]?))"“* = TwAr"([n])
with the equivalence realised by sending (i<j)€TwAr"([n]) to

(i<j4,j =1) € TwAr'([n]) x TwAr" ([n]°P).
Now, the cotensor construction comes with a canonical evaluation map
I, — Fun™((€, )", (€,9)),
in Catgg. Taking symmetric hermitian objects, we then obtain a functor
TwAr' [n] = He*(J,,) — He®*(Fun®™((€,9)°", (€,?))) = Fun"((€, ?)’", (€,9)),

which induces a hermitian functor ¢,: (€, 2)’» —(€,9)TWAr" "l To avoid confusion, let us
emphasise that the source and target of this map are cotensors of two different types: the
former is the cotensor of Poincaré co-categories over co-categories with genuine duality
constructed in [HSV1], while the target is the cotensor of hermitian co-categories over oco-
categories constructed in [I, §6]; the map g, is constructed using the universal property
of its target, and is hence a priori only a hermitian functor.
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Comparing the definitions of T¢ and Q,,, we see that g, sends the full subcategory

T,.(C) to Q,(C), and hence restricts to a hermitian functor
0 Tn(€,2) — Qu(C, 9).
We now claim that both functors in the sequence
S¢(C,2) — Tr(C,?) — Qn(C,?) (2)

are equivalences in Catgo (and thus Catl)). Let us first consider the situation on the
level of underlying stable co-categories. To see that the second map is also an equivalence
on the level of stable co-categories, note that, by construction, it is given by restriction

along the composite
TwAr'([n]) =He®([n] x [n]°P) — [n] X [n]°P,

which is just the full embedding of posets (i<j)—>(4,7). It is then straightforward to
verify that the left Kan extension along this full subposet inclusion sends Q,(C) to
T, (C) and constitutes an inverse to the restriction functor T,,(€)—Q,(€). For the map
S¢(€)—T,(C), one can argue in a similar manner, this time breaking the argument into
several steps which alternate between left and right Kan extension. We also point out
that the composite functor agrees with that used in Proposition 2.7.7, in turn the stable
analogue of the classical identification of the Q-construction and the edgewise subdivided
S-construction established by Waldhausen [Wal, §1.9].

Now, for the first functor in (2), we note that, since it is Poincaré by construction
and an equivalence on underlying oo-categories, it will suffice to show that it induces an
equivalence on colinear parts. By the formula in (1), this amounts to showing that, for
every €S (C), the map

lim A z)) — lim AY (o(z
(z<Dz)eHe® (Ar([n]*[n]opP))op Q(SO( )) (z<Dxz)€Hes(J,,)oP 9(<‘0< ))

is an equivalence, where
Ay (=) =fib[?(—) — B2 (—, )]
is the colinear part of . We prove this by showing that the induced map
TwAr'([n]) = He®(J,) — He®(Ar([n][n]°?)) 3)

is cofinal. For this, note that for co-categories with duality whose underlying categories
are posets, the category of symmetric hermitian objects embeds as the full subposet
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spanned by the elements which are smaller than their dual. Applying this principle
to the pair of posets J,, CAr([n]*[n]°P), we may view both sides of (3) as subposets of
Ar([n]*[n]°P), the source corresponding to the full subposet spanned by the arrows of
the form i <j; for i<<j€[n] (where ig is considered in [n] and j; in [n]°P), and the target
containing all these objects and in addition the objects of the form io<jo with 7, j€[n].
We then see that the comma categories of inclusion (3) all have initial objects and so
this map is cofinal, as desired.

We now show that the second map in (2) is an equivalence on hermitian structures.

Observing the formula in (1) and using the isomorphism
TwAr' (J,) =TwAr"([n] x [n]°?) = TwAr'([n]) x TwAr" ([n]P),

this amounts to showing that, for every ¢ €T, (C), the map
Nat (¢, Deonj(¢))"¢ 1 Be((i, ), o (k1)) "
at(y, Dconj ?= im i) - ) ’ :|
¥ Hoonf (¥ (<17 2h) € (TwAr ([nl) xTwAr (fnjery)er 2 79 #

BhCQ

lim
(i<j)ETwAr([n])°p
induced by restriction along the inclusion

TwAr"([n]) — TwAr"([n]) x TwAr' ([n]°P),
(i<j)— (i<, J =21),
is an equivalence. Consider the intermediate poset

TwAr"([n]) C€J, C TwAr'([n]) x TwAr' ([n]°P)

spanned by those objects (i<l,j>k) such that i<j and k<I. The exactness conditions
on pe€T,(€) imply that (i<, 72k)—Be(p(4,7),v(k, 1)) is right Kan extended from its
restriction to J,. To finish the proof, we now claim that the inclusion TwAr"([n])—J.,

is cofinal. Indeed, note that for a given (i<, j>k)€d,, we have
TWAI‘I([n])(ZglJ)k)/ = TWAI‘T([i, l] n [kj, j]),

and [i,1]N[k, j] is non-empty by the definition of J,,. O

B.2. Schlichting’s Grothendieck—Witt spectrum of an exact category with
duality

We now turn to the comparison with the classical setup of exact categories with weak
equivalences and duality from [Schl], [Sch2] and [Hor]. It consists of an additive (or-
dinary) category &, equipped with two special types of arrows, namely, inflations and
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deflations, satisfying suitable properties, as well as a duality D: € —E°P, which switches
between the inflations and deflations. A symmetric object in € is then an object X €&
equipped with a self-dual map ¢: X -DX. Such a symmetric object is said to be Poincaré
if ¢ is an isomorphism. More generally, Schlichting also considers the case where & is
endowed in addition with a collection W of morphisms called weak equivalences, and
satisfying suitable axioms. In the presence of such a W, the notion of a Poincaré object
(X, ¢) is adapted so that the self-dual map ¢: X —+DX is only assumed to be a weak
equivalence. One then defines Cor(&, W) to be the category whose objects are the ob-
jects of & and whose morphisms are the weak equivalences, and Poi(€,D, W) to be the
category whose objects are the Poincaré objects in € and whose morphisms are the form-
preserving weak equivalences. The Grothendieck—Witt space of an exact category with

duality and weak equivalences is then given by
GW(E, D, W) := fib[|Poi(S<(€, D, W))| = [Cor(S(€, W),

where S¢(€,D, W) is the simplicial object in exact categories with duality and weak
equivalences obtained by taking the edgewise subdivided S-construction of (€,D, W),
and |—| means that we take nerves levelwise and then geometrically realise the resulting
bisimplicial set (equivalently, we geometrically realise the categories levelwise and then
take homotopy colimit over A°P). In the case when W consists just of isomorphisms, one
speaks of the Grothendieck—Witt space of an exact category with duality.

In [Sch2, Proposition 6], Schlichting proves a Quillen-type resolution theorem, show-
ing that the Grothendieck—Witt space of an exact category with duality (€, D) is naturally
equivalent to the Grothendieck-Witt space of the category Ch(€) of bounded complexes
in &, considered as an exact category with duality and weak equivalences. Here, the in-
flations and deflations on ChP(€) are defined pointwise and the weak equivalences are the
quasi-isomorphisms, that is, the maps which induce isomorphisms on homology groups,
where these are computed in the abelian hull A(€) of €. The duality D, on ChP(&) is
then induced from the duality on €.

The oo-categorical localisation DP(&):=ChP(&)[qlso™ "] is stable; it is the bounded
derived oco-category of €. To avoid confusion, let us point out that the notion of a quasi-
isomorphism in ChP(€), and hence also the formation of DP(€), depend on the exact
structure of & (as they depend on the abelian hull). Since the duality preserves the weak
equivalences, it induces a duality D after localisation, and we may consider the associated
Poincaré co-category (DP(€),9%). This leads to the question of comparing Schlichting’s
Grothendieck-Witt space of (€, D), or equivalently that of (ChP(&), Dy, qlso), with the
Grothendieck-Witt space of (DP(€),9%) defined in the present paper.

Let us say that an exact category with duality and weak equivalences is homotopically
sound if the collection of deflations and weak equivalences exhibits it as a category of
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fibrant objects in the sense of [Cis2, Definition 7.5.7]. Since the duality preserves weak
equivalences and switches between inflations and deflations, this is also equivalent to
saying that the collection of inflations and weak equivalences exhibit it as a category of

cofibrant objects.

Ezample B.2.1. If (§,D) is any exact category with duality, then the exact category
with duality and weak equivalences (ChP (&), Dy, qlso) is homotopically sound. Indeed,
since quasi-isomorphisms are detected in the abelian hull A(€) of &, the collection of
trivial fibrations (that is, deflations which are also weak equivalences) is closed under
base change by the long exact sequence in (A(€)-valued) homology groups, and the

factorisation axiom follows from the mapping cylinder construction.

Now, suppose given an exact category with duality and weak equivalences (€,D, W)
such that &[W 1] is stable. Write D for the induced duality on E[W 1], and ¢}, for the
associated symmetric Poincaré structure. Then, we have a natural map from (Poincaré)
objects in (&, D, W) to (Poincaré) objects in (£[W ~1],9%), and similarly from (Poincaré)
objects in S¢(&,D,W) to (Poincaré) objects in S¢(E[W ~1],9%), assembling to give a

commutative square

[Poi(S¢(€, D, W))| — [Pn(S°(E[W 1], 95))| = [Pn(Q(E[W '], 95))]
| | | e
|Cor(S4(€, W))| —— [Cr(SS(E[W]))| —=— |Cr(QEW )],

where we have used Proposition B.1.2 and Remark B.1.1 to identify the Q- and edgewise
subdivided S-construction. The induced map on vertical fibres then gives, in light of

Corollary 4.1.7, a map
SW(E,D, W) — SW(E[W 1], 9%).

PropPOSITION B.2.2. Let € be a Z[%] -linear exact category with duality D and weak
equivalences W. Assume that (§,D,W) is homotopically sound and that E[W 1] is

stable. Then, the above comparison map of GW-spaces is an equivalence.
By Example B.2.1, we have the following consequence.

COROLLARY B.2.3. Let € be an exact category with duality D. Then, we have a

canonical equivalence of Grothendieck—Witt spaces

GW(E, D) =~ GW(Ch" (), qlso, Dy) = GW(D"(€), 9.
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In [Sch3, §5] Schlichting also defines a Grothendieck—Witt spectrum in the context
of Z[%]—linear dg-categories with duality. In particular, this can be applied to Ch”(€),

which admits a natural structure of a dg-category. One then considers the shifted duality
(D) ChP (&) — ChP(€)°P

obtained by postcomposing Dy, with the nth suspension functor. Then, Schlichting’s
Grothendieck-Witt (pre-)spectrum GW (ChP(€),Dy,) is defined as the sequence of spaces
GW(ChP(€), Dy) = ([Poi( Ch(€), Iso, Dy,
[Poi(S(Ch”(€), qlso, D)),
Poi((S¢)® (ChP(€), qlso, D)), ...),

with bonding maps induced by the functor
Poi(Ch"(€), qlso, DI™) — Poi(S§(ChP"(€), qlso, DI" 1Y),

as in the construction of the Grothendieck—Witt spectrum of a stable co-category using
the iterated Q-construction. Using Proposition B.1.2 and Remark B.1.1 to identify the

Q- and edgewise subdivided S-construction, the natural maps

[Poi((5°)™) (Ch"(€). qlso, (D))
— [Pn((39)) (D(2), (Dy) )] = [Pu(Q (D> (e), (25)™))]

then fit to give a natural map
GW(ChP(€),qlso, Dy,) — GW(ChP(€)[qlso '], 95).
COROLLARY B.2.4. The above comparison map among GW -spectra is an equiva-

lence.

The remainder of this section is devoted to the proof of Proposition B.2.2 and Corol-
lary B.2.4.

LEMMA B.2.5. Let € be an exact category with weak equivalences which is homo-
topically sound. Then, for every n=0, the exact category with weak equivalences S, € is
homotopically sound, and the natural functor S,&—S, (E[WL]) exhibits the co-category

Sn(E[W L)) as the localisation of S,& with respect to the pointwise weak equivalences.
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Proof. We note that S,,€ is equivalent to the category of sequences of inflations

X, Xl O X,

with the inflations in S,,€ being the Reedy inflations. It is then standard that, if € is
category of cofibrant objects, then the collection of Reedy inflations exhibits S,,€ as a
category of cofibrant objects; see e.g. [Cis2, Theorem 7.4.20 and Example 7.5.8]. On the
other hand, S,,(E[W ~1]) is equivalent to the co-category Fun(A™, E[W ~1]) of sequences of
n—1 composable maps in E[W~1]. The fact that Fun(A", E[]W1]) is the co-categorical
localisation of the category of Reedy sequences of inflations then follows from [Cis2,
Theorems 7.5.18 and 7.6.17]. O

PROPOSITION B.2.6. Suppose that € is a Z[%] -linear exact category with duality D
and weak equivalences W. Suppose that (€, W) is homotopically sound and that E[W 1]

is stable. Then, the natural map
|Poi(&, W,D)| — Pu(E[W '], 9%)
is an equivalence, where D denotes the induced duality on E[W 1.
Proof. Put &[W 1)=&, for readability. Consider then the diagram
Poi(€, W, D) — Pn(E, %)
T
W — Cré,

where the vertical functors are forgetful. By [Cis2, Corollary 7.6.9], the bottom horizontal
map becomes an equivalence upon realisation. By Quillen’s Theorem B, it hence suffices

to show that, for every X €€, the map
POi(((:, VV, D) xWW/X — Pn(&oo, 9%) XCréo (CI‘(C,OO)/X

is an equivalence after realisation. Let Jx CW),x be the full subcategory spanned by the

deflations Y —» X that are also weak equivalences. We claim that the map
i: Poi(€, W, D) xwIx — Poi(€, W, D) xw W, x (6)

induces an equivalence on realisations. To see this, let X —X’— X x X be a path object
for X, whose existence is guaranteed by our assumption that € is a category of fibrant

objects with respect to deflations. Construct a functor

¢: Poi(&, W, D) xyw W) x —s Poi(&, W, D) xw I x
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by sending (¢: Y —DY,Y —X) to (D(pr)ogepr,Y x x X! —% X), where pr: Y x x X1 —Y is

the projection to the first component. The natural map
(¢,Y=X) — (D(pr)egopr, Y xx X')

induced by the structure map X — X’ then determines natural transformations id=-goi
and id=-ioq, showing that (6) is an equivalence after realisation. It will hence suffice to

show that the map
[Poi(&, W, D) xw Ix | 5 Pn(Eas, 85) Xcre.. (Créac) x (7)

is an equivalence. We now observe that the left vertical map in (5) is a right fibration

classified by the functor
X — Homyy (X, DX)“2 ~ Homy, (X, DX)"C2;
recall that Set CS8 is closed under limits. Similarly, the right vertical map is classified by
X — Mapc,e__ (X, DX)hC2.

since Cr(€.),x is contractible, we do not need the full statement here, but rather only
that the fibre of Pn(€u, 95)—Cr(€x) over a point X is given by Mapg,¢ (X, DX)"Cz2.
This follows from the general fact that, for a Ca-space X €8Pz, the fibre of X"C2 - X
over some r€X is either empty or may be computed as Map, (S7, X)"C2 from the fibre
sequence

Map,, (S?, X) — Map(*, X) — Map(Cs, X).

Since total spaces of right fibrations are given as the opposites of the colimits in Cate,
of their classified functors by [Lul, Corollary 3.3.4.6], and thus their realisation as the

colimits in 8, we may identify (7) with the natural map

colim Homyy (Y, DY)2“2 — Homc,e _ (X, DX)PC2
Y —Xx]€I¥

in 8. Now, as 2 is assumed invertible in &, multiplication by 2 acts invertibly on the E.-
groups Homg (Y, DY), which is of course an ordinary abelian group, and Homg__ (Y, DY).
It follows that the norm map identifies their homotopy fixed points with their homotopy
orbits (in Es-groups). In particular, the homotopy fixed point functor commutes with
colimits of €,.-groups in which 2 is invertible. Now, note that the category Jx admits
products (given by fibre products in € over X), and so I is sifted in the co-categorical
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sense. Since the forgetful functor from €,.-groups to spaces preserves sifted colimits by
[Lud, Proposition 1.4.3.9], we conclude that

hC
colim  Homyy (Y, DY )hC2 ~ [ colim Homy (Y, DY) 2,
y—x1€I¥ [y —X]€I¥

so it suffices to establish that

colim  Homyy (Y, DY) — Homg,e_ (X,DX)
[y —» Xx]€9%

is an equivalence. Since J¥ is sifted, the map induced by the diagonal

colim Homy (Y,DY) — colim Homw (Y,DZ)
Y —X]eI¥ [V —»X,Z—»X]€I® x I

is an equivalence. We have thus reduced to showing that the natural map

colim Homyy (Y,DZ) ~Homc,e (X, DX)
Y —»X,Z—»X]€ILxIY

is an equivalence. Since the duality switches inflations and deflations, we may rewrite

this as
colim Homyy (Y, Z") — Homg,e (X, DX),
[V —»X,X& 21€eI8 xdIpx
where Jpx denotes the subcategory of Wpx, spanned by the inflations. Now, this last
map is an equivalence on general grounds; it is one formula for derived mapping spaces

in categories of fibrant/cofibrant objects [Cis1, Proposition 3.23]. O

Proof of Proposition B.2.2. Proposition B.2.6 and Lemma B.2.5 together imply that
the horizontal maps in the left square in (4) are equivalences, and so induce an equivalence

on vertical fibres. O

Proof of Corollary B.2.4. Combining Proposition B.2.6 and Lemma B.2.5, we get
that each of the maps

[Poi((S%) ™) (Ch® (€), also, (Dy)"))| — [Poi((8°)™ (D(€), (25)!"))]

is an equivalence of spaces, and so induce an equivalence on the level of pre-spectra, and

eventually of spectra. O
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