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A central obstacle to understanding the route to
turbulence in wall-bounded flows is that turbulence
initially appears only intermittently within an
otherwise laminar background. In the case of pipe
flow, models have deepened our understanding of
turbulent onset by providing valuable theory to
complement experiments and simulations. In planar
configurations, the large-scale flows associated with
intermittent transitional turbulence are considerably
more complex than for pipes, limiting our ability
to develop models and provide theoretical analyses
for these cases. We address this challenge here
by deriving from the Navier-Stokes equations a
simplified model for transitional turbulence in a
planar setting. The Reynolds-averaged and turbulent-
kinetic-energy equations are projected onto a minimal
set of wall-normal modes and justified model closures
are used for the Reynolds stresses and turbulent
dissipation and transport. The model reproduces
phenomena found at the onset of turbulence in
planar shear flows, such as turbulent-laminar
patterns (turbulent bands) oriented obliquely to the
streamwise direction and large-scale flows associated
with both stationary patterns and growing turbulent
spots. We demonstrate the model’s utility by showing
that patterns arise with decreasing Reynolds number
via a linear instability of uniform turbulence and
by deriving a bound on the pattern angle at onset:
0 < |6 <45°.
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1. Introduction

The route to turbulence in many wall-bounded shear flows is mediated by a fascinating regime
in which turbulence cannot be sustained throughout the system; rather, it occurs intermittently
within laminar flow [1-5]. While the laminar state is stable to small perturbations, strongly
nonlinear patches of turbulence may be sustained via interactions with neighbouring regions
of quiescent laminar flow [6-9]. Figure 1 illustrates the broad characteristics of wall-bounded
transition in prototypical geometries: pipes and planar shear flows. In pipe flow, the turbulent
patches take the form of axially localized turbulent structures known as puffs. Their dynamics
and interactions along the pipe are crucial to the intermittent state mediating transition. In planar
flows, transition is mediated by turbulent bands, also known as turbulent stripes, tilted obliquely
to the streamwise (horizontal) direction. As is clearly evident, transition via turbulent bands is
spatially richer than transition via pulffs.

A vast amount is known about both cases, but our theoretical understanding of transition in
pipe flow is superior because we are able to reproduce and analyse the transition scenario with
simple models. These are systems of partial differential equations that depend only on the axial
coordinate and time, based on the interaction between large-scale (coarse-grained) turbulence and
mean flow. Although the first models based on turbulent mean-flow interaction in pipes appeared
more than a decade ago [10], there has been no adequate extension of such models to the planar
case, and this has hindered our theoretical understanding of the transition to turbulence in wall-
bounded flow. We address this here by deriving from the Navier-Stokes equations a simplified
model for transitional turbulence in a planar setting.

We expand on the introductory paragraphs, beginning with further details on the intermittent
route to turbulence, specifically the boundaries of the intermittent regime. As the flow rate, or
Reynolds number (Re), decreases, puffs become sparse, and turbulent bands take on a fragmented
form until a critical point is reached below which turbulence is no longer sustained. Universal
scaling laws associated with directed percolation (DP) have been established for such critical
points in some flows [11-14]. Although critical phenomena have received considerable attention,
this is not the focus of our work. As Re increases, laminar regions disappear, and puffs and
bands give way to a uniform turbulent state, whose mean recovers the full symmetry of the
flow geometry. Equivalently, a symmetry breaking of the uniform turbulent state occurs as Re
decreases. A substantial body of work has analysed and characterized this transition in the planar
case [9,15-21], but the understanding remains incomplete. This is, in part, the focus of our work.
Figure 1 is intended to illustrate only generic characteristics of wall-bounded transition. Many
variations of such shear flows exist, differing in geometry (e.g. ducts, concentric cylinders, and
disks) and in the mechanisms driving the shear (e.g. pressure gradients, moving walls, and body
forces). While analogues of puffs and bands are generic, the details of intermittent state and
what takes place at the boundaries of the intermittent regime may vary with the particular flow
configuration.

In this work we focus on a modelling approach aimed at describing the large-scale (coarse-
grained) dynamics of the flows. As illustrated in figure 1, turbulent structures vary over distances
much longer than the constrained direction of shear—the scale at which turbulence is generated
[15,22-25]. Turbulent fluctuations may be viewed as ‘microscopic’ [26,27] and averaged over, an
approach pioneered by Reynolds [28]. For pipe flow, models in two scalar fields—the amplitudes
of large-scale turbulence and mean flow—have proven successful in representing the dynamics
of transitional turbulence in a single spatial coordinate (the pipe axis) and time [10,27,29].
Phenomenological equations capture turbulent puffs as smooth, non-fluctuating structures and
provide an underlying bifurcation sequence for the route to turbulence, which can be readily
analysed using dynamical systems theory [27,30]. The role of ‘microscopic” turbulent fluctuations
can be examined separately by incorporating noise terms into the model [26,27]. Other modelling
approaches to pipe flow exist. Notable cases are models based on azimuthal zonal flow [31], which
have been extended to include effects of the large-scale streamwise flow [32], and models of puffs
as discrete objects whose dynamics are modelled from experiments and simulations [33].
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Figure 1. Sketch of the basic transition scenario in many wall-bounded shear flows. Flow states are illustrated for a pipe and
shear flow between parallel planes, with the inset depicting the geometry rotated into perspective. Black signifies turbulent
regions, where the fluid motion is highly fluctuating, while white signifies quiescent regions of smooth laminar motion. Three
regimes are encountered as a function of the Reynolds number. At low Re, laminar motion is the only asymptotic state available
to the system. At large Re, turbulence can be triggered, and its asymptotic state is spatially uniform, meaning that it adopts
the full symmetry afforded by the system. Separating these two extremes is an intermittent regime where, once triggered,
turbulence develops into a spatio-temporally intermittent form, composed of turbulent puffs or oblique turbulent bands. Two
band states are illustrated: sparse bands (at lower Re) and dense bands (at higher Re). The sketches are not to scale: the length
scale L of turbulent structures, whether puffs or bands, is much larger than the wall separation €, which sets the scale of
turbulent fluctuations. Coarse-grained modelling exploits that £ /L << 1.

Turbulent bands are more complex than turbulent puffs, and pipe models do not readily
extend to the planar case. As a result, our understanding of bands is less developed than
that of puffs. For example, turbulent bands are tilted relative to the streamwise flow direction,
with typical angles ranging from approximately 20° to 45°, depending on Re and details of the
flow geometry. We lack a fundamental mechanism explaining why bands are tilted and what
determines their angle. This is not to say that there is no theoretical understanding of the band
angle. Numerical studies have imposed, and thereby investigated the range of allowed tilt angles
and how this depends on Reynolds number [7,21]. Furthermore, using a series of numerical
simulations, Kashyap et al. provide evidence of a linear instability of the uniform turbulent state
to turbulent bands tilted at 23° £ 0.5° [19]. The origin of the band angle and the role of linear
instability as a mechanism for symmetry breaking are precisely the types of issues that can be
effectively addressed through modelling.

The difficulty of extending pipe modelling arises primarily from the large-scale mean flow. In
a pipe, the mean flow is effectively unidirectional and can be adequately represented by a single
scalar field [27], whereas in the planar case, the mean flow must be described by a vector field
(see figure 2b discussed below). Fluid advection plays a crucial role in these flows [7,9,25], and
the vector nature of the mean flow must be properly accounted for if a model is to accurately
capture the fluid mechanics of turbulent bands. There are alternative modelling approaches to
planar flows distinct from that pursued in our work. One broad approach is to reduce the wall-
normal resolution, either by lowering the resolution in an otherwise standard simulation [34]
or by projecting the Navier-Stokes equations onto a few modal basis functions [12,35-38]. Such
approaches can capture bands and the vector character of mean flow, but require the simulation
of small-scale turbulence fluctuations. Another interesting modelling strategy introduces spatial
coupling to the ordinary differential equations describing the self-sustaining process of wall-
bounded turbulence [18,39]. While these models provide insights into turbulent bands, they lack
a vector representation of the large-scale flow and the associated mechanisms.

In this paper, we derive a quantitative, coarse-grained model of planar shear turbulence
directly from the Reynolds averaged Navier—Stokes equations through specified truncations and
model closures. The large-scale mean flow is represented by the smallest possible set of modes
describing a three-dimensional vector field. We show that the model successfully captures a wide
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Figure 2. (a) Waleffe flow geometry. Fluid is confined between two parallel, stress-free boundaries and is driven by a body force
of the form f = f sin(7ry /2)e,. Shown are illustrations of the five wall-normal (vertical) modes in the model used to represent
the large-scale flow. The mode labelled t; has the same form as the forcing and the laminar flow: sin(7zy /2)e,. (b) Turbulent
band in Waleffe flow. Visualized is the time- and vertically-averaged turbulent kinetic energy (TKE) (colour) and velocity field
(arrows) from a direct numerical simulation at Re = 140. The averages were taken over 990 advective time units. Along- and
across-hand directions are shown and are referred to frequently in the text.

range of behaviours associated with turbulent bands. The model is readily amenable to analysis,
as we demonstrate by identifying a linear instability of uniform turbulence to turbulent bands
and deriving a selection criterion for the band angle at the onset of this instability. We leave the
issue of fluctuations, especially their role in the transitions at the boundaries of the intermittent
region, to future work.

2. Model derivation

(a) Geometry and governing equations

We derive our model from the most mathematically tractable planar flow that exhibits turbulent-
laminar bands: a shear layer between parallel, stress-free boundaries, driven by a sinusoidal
body force rather than by wall motion or a pressure gradient. Studies of this configuration in
the inviscid case date back to at least Tollmien [40]. In the transition literature, the system is
called Waleffe flow (Wf), after Waleffe who used it in his work on the self-sustaining process
[41]. It reproduces the same transitional phenomena as plane Couette flow (pCf) and other planar
wall-bounded shear flows [4,12,35], while the sinusoidal driving force and stress-free boundary
conditions significantly simplify both analytical and computational treatments.

We use coordinates (x,y, z) aligned with the streamwise, wall-normal (vertical), and spanwise
directions, respectively. See figure 2a. The components of the velocity v are denoted by (i1, v, @).
We non-dimensionalize using a length scale /1 equal to the half gap between the stress-free walls,
and a velocity scale U, equal to the maximum laminar velocity. Thus, time is non-dimensionalized
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by the advective timescale /1/U. In non-dimensional coordinates, the walls are at y = £1. We use
B = n/2 for the lowest vertical wavenumber allowed by the geometry.
The governing equations for the flow are the Navier-Stokes equations,
v

1
§+€/~VG=—V;§+EV2‘7—M~/H+f (2.1)

and

V.v=0, 2.2)

where p is the pressure, Re = Uh/v is the Reynolds number, and v is the kinematic viscosity. In
addition to pressure and viscosity, there are drag and body-force terms on the right-hand side of
momentum equation (2.1). The drag term, —aVy, only acts on (and against) the horizontal velocity
components Vi = itex + We,. The parameter « is the drag coefficient and is taken to be small.
Such a drag term, often called Rayleigh or Ekman friction, is used frequently in hydrodynamic
modelling contexts to approximate the effect of friction due to a no-slip boundary that has been
omitted from the model [4,12,42—44]. It was introduced by Chantry et al. [12] in Wf and is only a
significant source of dissipation relative to viscous effects for y-independent modes and large
horizontal scales. Since the goal of the model is to capture flow features on large horizontal
scales, Ekman drag plays an important role. As part of our forthcoming model closure, the drag
coefficient will ultimately take different values for the y-independent and y-dependent modes
(§2).
The body force f is defined to be,

82
f= <a + Re) sin(By)ey. (2.3)

This force drives a laminar flow of the form Vj,,, = sin(By)ey. Although the laminar solution has
an inflection point, it is nevertheless linearly stable due to wall confinement [41].

The governing equations are accompanied by periodic boundary conditions in the horizontal
(x, z) directions, and stress-free boundary conditions in the vertical direction

dyii(x, +1,2) = v(x, £1,2) = dyw(x, £1,2) =0, (2.4)

which includes a no-penetration condition on the wall-normal velocity component.

To establish the model closures and calibrate the parameter values introduced below, we
performed fully-resolved direct numerical simulations (DNS) of the governing equations using
the open-source pseudo-spectral code Dedalus [45]. We simulated the equations in a domain of
dimensions Ly x 2 x L,, imposing periodic boundary conditions in the horizontal directions. For
time-stepping, we used a Crank-Nicolson method for the linear terms and forward Euler for the
nonlinear terms ('CNAB1’ solver in Dedalus [45]), with a time step At =0.003. A Fourier-spectral
method with 3/2 dealiasing was applied in the horizontal directions, with a resolution of eight
grid points per spatial unit. In the vertical direction, we used a SinCos basis with the same spatial
resolution. We initialized the simulations with random conditions at higher Re, and we obtained
the banded solution shown in figure 2b by incrementally decreasing Re from the resulting uniform
state.

In addition to the DNS in streamwise-spanwise domains shown in figure 2b, we performed
simulations of turbulent bands using the tilted domain approach introduced by Barkley &
Tuckerman [23]. In this setup, the streamwise direction is shortened, the spanwise direction
is extended, and the domain is then tilted at a fixed angle (24° in our case) so that the
shortened direction aligns with the along-band direction (figure 2b). Averaging such simulations
in the along-band and time directions gives profiles depending on the across-band direction
only. These are presented in figures throughout this section and are used for final model
calibration.
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(b) Reynolds average

We apply Reynolds averaging to the momentum equation by letting v =u + u’, where u= (¥)
is the mean velocity field and u’ is the fluctuating velocity field satisfying (u’) =0 [28]. The
components of u are denoted by (1, v,w), and similarly v’ = (i, v, w’). We will refer to u as
the large-scale flow. We define g= (u’-u')/2 and refer to this as the turbulent kinetic energy
(TKE), although it should be understood that the fluctuating field u’ may be very small in
some regions, reflecting small fluctuations about the laminar state. We are agnostic regarding
the specific averaging operation (-) used in the Reynolds averaging to defined the large-scale
fields. In practice, for the flows of interest, ensemble averaging, spatio-temporal averaging, or
filtering may be applied, e.g. [4,7,9,19,25,46,47]. The averaging used below for model calibration
is an along-band and time average [4,7,46].

Following standard procedures [48], we arrive at the Reynolds-averaged equations of motion
for the large-scale flow,

Ju 1 _,
_ Vu=—-Vp+ —Viu— f+V. 2.
8t+u u p—I—Re u—oug+£f+V-R, (2.5a)
and TKE,
O Vg4V T=P et —v2_2 (2.5b)
— . T=P—e+ — —2aq, .
ot 1 Re 1 1

where u satisfies the same incompressibility constraint and boundary conditions as v:
equations (2.2) and (2.4). The TKE also has a vanishing wall-normal derivative at the two walls.
A small approximation is already made in equation (2.5b). The exact drag term from averaging
is a((u)? + (w')?), and we have approximated it as 2aq = a((1')? + (v')? + (w')?). Since ((v')?) <
(()? + (w')?), this approximation has negligible effect.
The averaging has introduced four new fluctuation correlation terms that will eventually
require closure choices. These are the Reynolds stress,

Rij=—(u), (2.6)
the turbulent production,
P= —(uéu})Bjui, (2.7)
the pseudo-dissipation rate,
&= % (ouiour), (2.8)
and the turbulent transport,
T, = %(u;u]’u]’) + (uip'). (2.9)

We use the Einstein summation convention, with u; representing an indexing of u,v,w and
similarly for u; Note that closing the Reynolds stress term also closes the production term.

(c) Truncation of vertical modes

We turn to modelling. Our first step is to introduce a Galerkin truncation in the vertical direction.
Severe truncations, in both the wall-normal and streamwise directions, have been shown to
successfully reproduce turbulent statistics at both low [12,34-38] and high [49-53] Reynolds
numbers in a variety of settings such as plane Couette and plane Poiseuille flows. Given the
sinusoidal body force f, corresponding sinusoidal laminar flow, and the stress-free boundary
conditions, we use a sine-cosine basis and project onto the first two vertical modes (that is, the
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y-independent mode and sin(By) or cos(By) mode). The model large-scale flow and TKE are
represented by

u(x,y,z,t) =up(x, z,t) + ui(x, z, t) sin(By), (2.10a)
v(x, Y, 2, t) = v1(x, 2, t) cos(BY), (2.10)
w(x,y,z,t) = wo(x, z, 1) + wi(x, z, ) sin(By) (2.10c)
and q(x,y,z,t) = qo(x, z, 1) + q1(x, z, t) sin(By), (2.104)

where indices now represent vertical mode number, rather than velocity components as was done
in the previous subsection. The no-penetration condition v(x,+1,z) =0 implies both that vy =0
and that the lowest v-mode goes as cos(By). The five vertical modes used to represent the large-
scale flow are illustrated in figure 2a. The pressure field p in (2.51) that enforces incompressibility
is represented in the form p(x,y, z,t) = po(x, z, t) + p1(x, z, t) sin(By).

The retained modes in (2.10) represent the minimal set necessary to describe a three-
dimensional vector field, and DNS of Wf confirms that these modes are the most energetic in
turbulent bands. It is therefore reasonable to base our model on this minimal set. While v is
small in magnitude, it is essential to the flow dynamics. For the TKE field, qo represents the y-
averaged turbulence and q; accounts for an asymmetry between the upper and lower halves of
the domain. This is important for capturing the so-called overhangs at the edges of turbulent bands,
where turbulence is not vertically uniform due to the mean shear [7,25,54]. Substitution of (2.10)
into (2.5), followed by a Galerkin projection, yields evolution equations for the fields. However,
before proceeding, we must first consider the turbulence closures.

(d) Turbulence closures

The turbulence closures are based on DNS of Wf, described in §2a, as well as four-mode
simulations of Wf from previous work [35]. Each of the four fluctuation correlation terms (2.6)—
(2.9) has an expansion in vertical modes; however, it is only the pseudo-dissipation ¢ that will
explicitly require two vertical modes.

(i) Reynolds stress

We start with the Reynolds stress tensor. The DNS reveals that only two components play a
significant role in the dynamics, namely —(u'v’) and —(#'t/). In our truncated space of vertical
modes, —(u'v") has non-zero projection onto only the first vertical mode cos(8y). The truncation
is supported by DNS results for a steady band in Wf at Re =140, from which the root-mean-
square (RMS) magnitude of the first vertical mode of —(u'v’) is, respectively, 10.2, 7.5, and 67.7
times larger than the second, third, and fourth vertical modes. The — (/) component projects
onto both the zeroth (constant in y) and first vertical modes, but from DNS, the zeroth mode is
dominant (5.2 times larger than the first vertical mode for a steady band in Wf at Re =140) and
we consider only the zeroth mode. It is assumed that the amplitudes of these Reynolds stress
components depend only on the TKE and have the form:

Ri2 = Ra1 = —(u'v') = A(q) cos(BYy) (2.11)
and
Rt =—W'u') =—B(g). (2.12)

This results in two Reynolds-stress forces—one in the streamwise direction x, and one in the
wall-normal direction y:

V- R = (—A(g)B sin(By) — 9:B(q))ex + (cos(By)dxA(q))ey- (2.13)

We have chosen the signs so that A(g), B(g) > 0.
We now neglect the — (/1) stress, and take B(g) = 0 for the remainder of this work. The reason
we have included it in the discussion to this point is because this stress accounts for the largest
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-2 (b)

Figure 3. Dependence of (a) the first mode amplitude of —(u"v") on go, and (b) the vertically averaged pseudo-dissipation
rate &y on go. Data is from a DNS of a steady band in Wf at Re = 140, with averaging along the band and over 1000 time units.
The black curve tracks the values of — (u/v’) or g with gq as the across-band direction is traversed. The maximum of gy occurs
atthe band centre, while small gy corresponds to the quasi-laminar regions between turbulent bands. Two lines appear because
the averages extracted from DNS are not exactly symmetric about the band centre. See for example figure 4b for the variation
of &9 across the band direction. In (a) the dashed line shows A(qq) for the model and the vertical grey line highlights g, = 1,
where p =5 x 1073, In (b) the dashed line (displaced vertically for clarity) represent best fits of the DNS data.

effect that we have measured in DNS but that we do not include in the present model. This
stress couples the ug field to gqg and g;. Its associated Reynolds-stress force acts to reduce the
amplitude of up, while its associated production term increases qq (its effect is small compared
to other production terms). We have briefly investigated the role of this stress in the model and
have found that including it does not alter the model dynamics in a significant way. Therefore,
for simplicity, we neglect it in the present model. Future studies may wish to include it. We find
that taking B(g) linear in g is a reasonable approximation.

Since A(q) is the amplitude of an even mode in y, it depends on the even part of the TKE field,
that is qg in our model expansion. The Reynolds-stress closure is thus specified by a function
A(go). We use the following functional form,

A(qo) = a((q5 + nH)'* = n), (2.14)

where a and 7 are parameters with n small. Figure 3a compares A(gg) with data from DNS. For
qo > 1, A(qo) ~ aqgo, meaning that R1» is simply proportional to the TKE. For small g, that is,
qo < 1, we have A(gg) ~ aq(z) /2n, and A(qo) goes to zero quadratically in gg. This serves to cut off
turbulent production at small g9. The importance of this will be clear in the analysis of the model
in §3a. While A(gg) underestimates the data for small g9, and the Reynolds stresses do depend
slightly on Re, we find that fitting the stresses to a more complicated functional form does not
significantly alter the model dynamics. For simplicity, we choose not to account for these factors
in the present model. Figure 4a compares DNS-measured values of the actual Reynolds-stress
force across a turbulent band with closure (2.14), as well as with the corresponding force from
model simulations of a turbulent band (figure 7a, t =25 350).

(i) Production

The production P is just the contraction of the Reynolds stress tensor R and large-scale velocity
gradient tenor Vu, followed by projection back onto the retained modes. Given our simplification
of R, the only terms appearing in the production are R12dyu + Ro1dyv. Using our expansions and
projecting gives

1
P =A@ + byl

It is constant in i and only couples to gg.
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Re. stress force, —8A(qq Pseudo-dissipation, g; Pseudo-dissipation, €1

0.007 0.001
0.006
-0.01
0.0001+
Z0.02 0.004
-0.03 0.002 -0.001
() 0.000 (b) .
0 Across-band direction 80 " 0 Across-band direction 80 0 Across-band direction 380

Figure 4. Comparison of Reynolds-stress force and pseudo-dissipation from DNS, model closures, and a model solution. Panel
(a) shows the Reynolds-stress force in the u; mode. DNS results are obtained from a steady band in Wf at Re = 140, with
averaging along the band and over 1000 time units. The dashed curve shows the corresponding force using closure (2.14) with
qo obtained from the DNS. The model curve (green) shows the force for a steady band in the model at Re = 75. (See §2f for a
discussion on the shift in Re.) Panels (b,c) show similar plots, but for the pseudo-dissipation rates &y and &, respectively.

It is worth emphasizing that the large-scale flow and TKE, equations (2.5a) and (2.5b), are
coupled only via the advective nonlinear term u - Vg, which requires no modelling assumptions
other than the vertical mode truncation, and via the Reynolds stress and production terms. As
the model closure for the Reynolds stress also dictates the production, this closure completely
determines the coupling between the large-scale flow u and the TKE .

(iii) Dissipation and transport

There are two closures left in the TKE equation: the turbulent pseudo-dissipation rate and the
turbulent transport. We first focus on the pseudo-dissipation, which we explicitly expand as
e =¢go(x,z,t) + e1(x, z, 1) sin(By).

As with A(g), the even term in the pseudo-dissipation rate &y depends only on gg. DNS
results show that the dependence of gy on g¢ is approximately a power-law, with an exponent
slightly greater than one (figure 3b). In keeping with our goal of model simplicity, we model
this dependence as linear. Tests confirm that a linear approximation is adequate (figure 4b). DNS
results also support that the coefficient of proportionality depends on Re approximately as Re ™!
throughout the transition region. Hence, our closure for ¢ is

C
£0(qo; Re) = zo107 (2.15)

where c is a model parameter. A similarly simple closure exists for £1(g), thatis £1(q1) = kg1, where
k does not depend on Re (figure 4c).

Turning to the transport term T, DNS results and model tests indicate that only the zeroth
vertical mode of the transport term plays a significant role in the turbulence budget, and thus
in our model we ignore all but the zeroth vertical mode for this term. We invoke the gradient-
diffusion hypothesis [48, §10.3] which states that,

T(q0; Re) = —vr(q0; Re) Viqo. (2.16)

This is the simple physical assertion that (due to microscopic velocity and pressure fluctuations)
there is a flux of g9 down the gradient of gp, with a transport coefficient, turbulent diffusivity
vr, itself depending on the go. The turbulent diffusivity is defined in a standard way to be
proportional qé /€0 (see Pope [48, §10.3]). Given the form for gy =cqo/Re, equation (2.15), the
turbulent diffusivity thus has the form

vr(qo; Re) = d Reqo, (2.17)

where d is a model parameter.
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Figure 5. Across-band profiles of mode amplitudes from (a) DNS of a steady band in Wf at Re = 140, with averaging along the
band and over 1000 time units, and (b) a model band at Re = 75. Although curves are plotted as a function of the across-band
direction, the vectors have not been rotated, so that, for example, uo and v, still represent vertical modes of the streamwise
velocity.

(e) Quasi-static approximation for the g; dynamics

We simplify the model through a series of assumptions on the g; field which allow us to express
it as an explicit function of gg and the large-scale flow. Projecting the TKE dynamics (2.50) into the
sin(8y) mode gives the evolution equation for the g; field. We assume q; adjusts on a fast timescale
(quasi-static approximation) and that the advective derivatives in q; are small compared to those
in go, as supported by DNS. The resulting evolution equation for the q; field is,

2

%+u18xq0+W182q() + UgdeqT + Wodgl = — <2a+ i) q1 — kq1, (2.18)

where we have crossed out the terms that we ignore based on the assumptions above. As already

noted, turbulent transport does not play a significant role in the g; dynamics and is not included.

Our assumptions imply that the q; field adjusts instantaneously, such that the linear dissipative

terms in g1 are always in balance with the source terms due to the advection of gg. Thus, in our

model, the q; field is simply proportional to the dominant advective source driving it, and is given
by

(19x 4+ w192)q0

20 +k + B2/Re’ 219)

q1(u1, wi, go) = —

(f) Parameter fits

Model parameters have been calibrated starting from a DNS of a turbulent band in Wf at Re = 140.
From measured Reynolds-stress amplitudes, turbulent dissipation, and turbulent diffusion, we
obtained a first estimate for model parameters. We subsequently refined values to ensure model
simulations match reasonably well with those of the DNS, as shown in figure 5, albeit with a
necessary shift in Re (discussed momentarily). We summarize here the most relevant aspects of
the parameter fitting.

The Reynolds stress and dissipation from the DNS of Wf are seen in figure 3. The model
parameters a and c associated with these effects, (2.14) and (2.15), are particularly important as
they dictate the onset of sustained turbulence in the model (see §3a). We attempted to tweak a2 and
¢ so that sustained turbulence first appears at Reynolds numbers close to those observed in Wf.
However, matching these Reynolds numbers results in the formation of sharp gradients in the
model large-scale flow, which also leads to instability and unphysical phenomena. We therefore
settled on values of 2 and c such that model turbulent bands occur around Re >~ 75. These Re
values are roughly half of the corresponding values in Wf [35]. This shift to lower Re is a common
feature in modal truncations [34,35]. Indeed, turbulent bands occur in the range 50 S Re S 90 in a
four-vertical-mode truncation of Wf [12,35], so it is sensible to aim for such Reynolds numbers in
our model. Our study will focus on Reynolds numbers in the range 60 to 100, where the model
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exhibits the spatiotemporal dynamics of transitional turbulence. Outside the range the model
produces only either fully laminar or fully turbulent solutions.

After calibrating a and ¢, we performed simulations of turbulent bands using the model
equivalent of the tilted domain technique [23], much like the DNS used for calibration. Assuming
bands are tilted at 24° to the streamwise direction and are invariant in the along-band direction,
the model reduces to a system of one-dimensional PDEs in the across-band coordinate, which
we term the ‘one-dimensional tilted domain” (appendix A). We performed a series of simulations
and observed how the turbulent bands” width, amplitude, and disappearance to uniform flow
depended on Re and other model parameters. From these runs, we modified the rest of the
parameters, in particular the turbulent diffusivity coefficient d, so as to best match the results
found in the DNS. We did not attempt a more sophisticated parameter optimization beyond what
is described here.

Throughout our experimentation in the tilted one-dimensional domain, we observed steady
bands and their transition scenario to be extremely robust to parameter changes. In the two-
dimensional model simulations, we also observed initial band formation to be a very robust
phenomenon. However, experimenting with parameter values in two-dimensional simulations
also revealed various instabilities in the along-band direction and cases where the large-scale-
flow amplitude is unrealistically large. Neglecting the Reynolds stress (1//u/), which plays a role
in the budget of 1, could be an issue, but tests including B(go) did not solve the issue of band
instabilities. We believe that ultimately the issue is that the truncation of vertical modes results
in too little dissipation in the large-scale flow, especially in the zero modes 19 and wg. Even after
choosing parameter values that lower Reynolds numbers in the model, we found it necessary to
increase the value of the drag coefficient « for the zero modes. This solves the issues of instabilities
and the amplitude of the large-scale flow. We let o9 denote the drag coefficient for the zero modes
and in practice use g = 3a. The introduction of « is our final modelling assumption.

(g) Summary

In summary, the model is represented by six fields, ug, 111, v1, wp, w1, 4o, corresponding to the mode
amplitudes of large-scale flow and TKE. The evolution equations of these fields in (x,z,t) are
obtained by substituting expansion (2.10) into the Reynolds average equations (2.5), using model
closures for R, P, ¢, and T, using a quasi-static approximation for g1, imposing incompressibility,
and applying a Galerkin projection. The resulting evolution equations are

ou 1
Tto + (udx + wodz)up + E(Mﬁx + Bu1 + w1dz)uq
1 -
= —0ypo + Re Vi —ag ) uo, (2.20a)
duq
YIRS (100x + wodz)u1 + (u10x + w10z)ug
1
v 1 5 2
ot + (pdy + wodz)v1 = —Pp1 + E(VH — B + %@Q’ (2.20c)
dwg 1
o + (1gdy + wodz)wp + E(”lax + Bu1 + w1dz)wy
1
=—0d,p0 + ( V2 — a0> wo, (2.20d)
Re
8w1
rTals (1 dy + wodz)wy + (u1dx 4 w19z)wo

=—0:p1+ (é(vé - B - a> w1, (2.20e)

L660S207 181 ¥ 205§ 204g edsy/jeuinof/ioBuysiigndiiaposiefos



Downloaded from https://royal societypublishing.org/ on 08 October 2025

0 1
% + (ugdx 4+ wod2)q0 + E(ulax + Bu1 + w1 9z2)q1(u1, w1, o)

1
— 3AGIB + 1] = 209 = eo(q0;Re)

+ gV + Vi (vrlay RO Vo), @20
where f = + B2 /Re, B=m/2, and Vy = (dy, 3;). The terms coming from the turbulence closure
are highlighted by a wavy underline. The forcing of the large-scale flow by Reynolds stresses
appears only via two terms. All other terms in the momenta equations arises just from modelling
by Ekman friction and a Galerkin projection of the Navier-Stokes equations onto the retained
modes.

The pressures pg and p; ensure incompressibility for each set of large-scale modes,

Oyug + 0;wg=0 and 0yu1 — Bv1 + d,w1 =0.

The equations are closed with the following,

Algo) =a((@ + D)2 =), eo@oiR) = -qo, vr(quiR)=dReqo,}  (@221)

and
(110 4+ w192)q0

20 +k + B2/Re’ 2.22)

q1(u1, wi, go) = —

Equations (2.21) constitute the turbulence closures, expressing the dependence of Reynolds stress,
pseudo-dissipation, and turbulent transport on turbulence amplitude gg. Equation (2.22) follows
from the quasi-static approximation for the g7 field.

Model parameters have the values

1=03, n=5x10"% ¢=9.65 d=0.05,

(2.23)
k=0.09, =001 and oy=0.03.

The parameters a and n control the Reynolds stress closure, with a setting its amplitude and
setting the turbulence level below which the turbulence production rapidly decreases. Parameter
c sets the amplitude of turbulent dissipation associated with go; d is the coefficient for the turbulent
diffusivity of qo. Parameter « sets the turbulent dissipation for g1, which for the model affects the
amplitude of q; via the quasi-static approximation. Finally, « is the Ekman drag coefficient and g
is the modified Ekman drag coefficient for the zeroth vertical modes.

3. Model dynamics

(a) Local dynamics

We begin by considering the model’s local dynamics—the homogeneous dynamics in the absence
of spatial derivatives. One may naturally think of these as the dynamics of horizontally uniform
states with no (x, z) dependence, such as fully laminar flow or fully turbulent flow, or one may
think more loosely of these as the model dynamics within a small domain, a minimal flow unit
[41,55], in which large-scale spatial variation is not possible. From either perspective, the local
dynamics are very informative of the core model behaviour.

Dropping all spatial derivatives in the model equations, one immediately sees that the only
fields that play a role in the local dynamics are 17 and go. The other fields decouple and are either
necessarily zero by incompressibility, as is the case for v1, or they undergo exponential decay to
zero, as in the case of ugp, wp, and wyi. We let uq(x, z,t) — u(t) and go(x, z,t) = q(t). Then the local
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Figure 6. (a) Nullclines and (b) bifurcation diagram for local dynamics. In (a), the u nullclines, on which i = 0, are shown
in blue and the g nullclines, on which ¢ = 0, are shown in red. Nullclines intersect at steady states of the local dynamics. At
Re = 65, the only steady state is laminar flow (us;, gss) = (1, 0), while at Re = 85, there are two additional steady states. In
(b), steady states are plotted as a function of Re. Reg, = 72.4 marks a saddle-node bifurcation in which upper- and lower-branch
solutions emerge. Lower-branch solutions are unstable; upper branch solutions are unstable to patterns below Re, = 85.1and
stable above.

dynamics are governed by the ordinary differential equations

:32
U= (a + Re) 1 —u)—BA@Y) (3.1a)

and

1
q= 7 PuA(q) — 20q — eo(q; Re). (3.1b)

These equations capture the essence of the interaction between the sinusoidal shear profile
with amplitude u and turbulent kinetic energy with amplitude 4. They contain the two most
important model closures: A(q) modelling the Reynolds-stress amplitude and £y(g; Re) modelling
the dominant component of the turbulent pseudo-dissipation rate (see equations (2.11), (2.14) and
(2.15)). The 1 appearing in the expression (1 — #) in momentum equation (3.12) comes from the
body force that acts against viscous decay and Ekman friction to drive u toward the laminar value
u = 1. The Reynolds-stress divergence, —8A(g), is a force acting against the shear whenever g > 0.
Recall that A(0) =0. In the TKE equation (3.1b), TKE is generated by production, % BuA(g), and
dissipated by Ekman friction and the turbulent pseudo-dissipation rate.

The local dynamics described by equations (3.1) can be understood in terms of nullclines:
curves in the (u,q) phase plane on which #t=0 and §=0. These are shown in figure 6a for
two values of Re. Steady states of the local dynamics occur where the nullclines intersect and
hence 1t = 4 =0. We denote steady states by (s, gss). One steady state is laminar flow (s, gss) =
(1,0) that exists for all Re. For Re above Regsn, =72.4, the nullclines intersect at a pair of steady
states with uss <1 and gss > 0, corresponding to turbulent states. These states are shown in the
bifurcation diagram in figure 6b, with turbulent states referred to as upper branch and lower
branch depending on the value of gss. These local dynamics are very similar to those in models
exhibiting a Turing instability [18,39].

The linear stability of states will be addressed in full in §4, but here we note that the
laminar state is always linearly stable. Upper-branch states are linearly stable to spatially uniform
perturbations, while the lower-branch states are unstable to such perturbations. Hence, the local
dynamics given by equations (3.1) exhibits bistability for Re > Resn. While stable to uniform
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Figure 7. Representative model solutions starting from a localized initial condition for (a) Re = 75 and (b) Re = 78, and from
a uniformly turbulent initial condition at Re =78 (c). Snapshot times are indicated, with the middle snapshot at t = 750 for
(a,b), but at t = 3000 for (c). Visualized is the model field go, representing the vertically-averaged turbulent kinetic energy.
Vectors and streamlines show the vertically-averaged large scale flow. Panel (d) shows a vertical slice of the reconstructed
turbulence field g (top panel) and large scale flow velocities (bottom two panels), taken across the final steady band in (a),
as shown with a cyan line. The middle panel in (d) shows the two-dimensional in-plane flow, or equivalently contours of the
streamfunction 1/ for this flow, while the bottom panel shows the along-band flow visualized as a deviation from the laminar
flow, Auy = uy — Ujgmy, Where || is the direction parallel to the band.

perturbations, the upper-branch state is unstable to spatial modulations, leading to patterns,
below a critical value Re. = 85.1, as indicated in figure 6b.

Finally, the closures of the Reynolds stress A(g) and the pseudo-dissipation &g are central to the
model. The dependence of A(g) on g gives a quadratic cut-off in production as g — 0. Since & is
linear in g, production will necessarily fall below dissipation at small q. This ensures the stability
of the laminar flow with respect to small perturbations in 4. Physically this rules out ‘infinitesimal
turbulence’, accounting for the fact that very small fluctuations (deviations from laminar flow) are
not turbulent but rather are small laminar disturbances that we know do not sustain nonlinearly.

(b) Turbulent bands

Going beyond the local dynamics, the model reproduces many features of turbulent bands
observed in experiments and DNS of planar shear flows: plane Couette flow, Waleffe flow, and
plane Poiseuille flow. We illustrate here some of the most significant dynamics captured by the
model. For this we simulate the model equations on a doubly-periodic domain of size Ly x L,
using the pseudo-spectral code Dedalus [45]. Second-order Runge-Kutta time stepping is used
with a time step At =0.04, approximately 10 times larger than can be used in a corresponding
DNS of the Navier-Stokes equations. The time step in both cases being set based on numerical
stability. A Fourier-spectral method with 3/2 dealiasing is used with a resolution of one grid
point per space unit, approximately ten times fewer than for a DNS. Based on the numerical
time step and (x, z) spatial discretizations alone, the model is 0O(10) faster to simulate than the
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Navier-Stokes equations. Two types of initial conditions (ICs) are used to initialize simulations.
A localized IC comprises a finite region of turbulence of length 25 and width 14 tilted at 24° to the
x direction. The second IC is uniform turbulence (ug, 11, v1, wo, w1, 40)(x,z,0) = (0, uss, 0,0, 0, Gss)-
In all cases, the initial large-scale flow fields are additionally seeded with small-scale noise. (To
account for turbulent fluctuations on the ‘microscopic scale’, noise may be further included in
simulations. We do not consider this here. The only source of randomness is the ICs.)

Figure 7a shows a simulation at Re=75 starting from the localized IC. During the initial
evolution, a large-scale, quadrupolar velocity field is established. Such fields are well documented
[25,35,37,47,56-60], and reproducing them is an important validation of the model. The turbulent
patch elongates through the growth of its two tips. They eventually join and the system settles into
a single steady, straight turbulent band tilted at § =24° to the streamwise direction [61, Movies
51-52]. While the final angle of the band to the streamwise direction is constrained by the domain,
during the initial band elongation (figure 7a, t =750), the angle is not far from 6 =24° (see also
figure 9a, t =2700, discussed below). Furthermore, doubling the domain size in the spanwise
direction still results in 24° bands [61, Movie S8]. This is consistent with numerous observations
of bands where angles typically line in the range 24° <6 < 45° [4,12,13,19,22,24,25,62-64]. The
large-scale flow directed along the edges of the turbulent bands is typical of that observed in
experiments and DNS [7,9,25,54,65]. It is worth emphasizing that the large-scale velocity vectors
seen in the midplane are given by ug(x, z)ex + wo(x, z)e.

Figure 7b shows a simulation at Re=78. At this slightly higher value of Re, we observe
more growth at the tips and also lateral splitting of the band, eventually resulting in two
identical steady bands within the domain [61, Movies S3-54]. Figure 7c shows the Re=78
case again, but now starting from the uniform IC. Initially, there is competition between
symmetrically related orientations (the system is symmetric under spanwise reflections, z - —z).
Eventually, one orientation emerges and a single pair of steady bands forms [61, Movie S5]. Both
lateral splitting [23,24,65—-67] and band competition [12,13,15,19,22,24,68] are well-documented
phenomena.

Figure 7d shows a vertical slice of the reconstructed turbulence field g (top panel) and large-
scale velocities (bottom two panels), taken across the final steady band at Re =75 (cyan line in
figure 7a, t = 25350). The plots are strikingly similar to vertical slices in DNS of turbulent bands
[4,7,9,35]. The top panel highlights the so-called overhang turbulent regions [7,25,54] that are
generated through advection of the turbulent field by the mean shear and captured by the gq; field
in the model. The middle panel visualizes the streamlines of the large-scale flow in the slice plane
and the bottom panel shows contours of the well-documented along-band flow (through the slice
plane) [7,35,69]. The structure in the wall-normal direction seen in figure 7d highlights that, while
model fields are functions of (x, z), they describe non-trivial, three-dimensional flows very much
like those seen in DNS.

We now survey the spatiotemporal dynamics of bands in the one-dimensional tilted domain,
such that bands are at a fixed angle and independent of the along-band direction. We do so by
working in coordinates (¥, z) rotated by 6 = 24° with respect to the (x, z) coordinates and setting to
zero all derivative in the along-band direction, x = x cos # + zsin 6. Restricting to such solutions,
the model reduces to a system of one-dimensional PDEs in the across-band coordinate (appendix
A). While restricting the band angle eliminates fully two-dimensional phenomena, such as seen
in the early times in figure 7, it provides insights into some of the key spatiotemporal features of
turbulent bands.

Figure 8 shows spatiotemporal diagrams at representative values of Re, with the band angle
fixed at # =24°. Simulations are initiated from a localized IC (a steady band solution at Re = 66),
except in figure 8f where the simulation is initiated with a uniform turbulent IC. At sufficiently
low Re, turbulent bands are not sustainable and localized initial states rapidly decay, as illustrated
at Re = 64. Note the timescale of panel figure 8a in comparison with the other panels. Starting at
Re =~ 66, steady bands are sustained in the form of localized, isolated structures. This is well below
the onset of bistability in the homogeneous dynamics in figure 6.
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Figure 8. Spatiotemporal dynamics of one-dimensional bands at a fixed angle & = 24°, for various Re indicated in the panels.
Visualized is the turbulent field go(z’, t), where Z’ is the across-band coordinate. (a—e) Dynamics starting from a localized
turbulent patch illustrating the following behaviour: (a) relaminarization, (b) single, localized turbulent band, (c,d) expanding
turbulence in the form of band splitting or patterned slug, (e) expanding turbulent slug. (f) lllustration of band formation from
uniform turbulence. Panels (¢,f) correspond to the same conditions, just different initial conditions. Beyond the time shown in

(c) the system develops eight steady turbulent bands.
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Figure 9. lllustrative model dynamics in large domains. Temporal evolution of turbulent bands for three values of Re, all
initialized with the same localized initial condition. (a) Re = 75, (b) Re =78, and (c) Re = 80 [61, Movies S9-S11, respectively].
The colour represents the amplitude of g, the vertically-averaged turbulent kinetic energy.

Atlarger Re, figures 8c—e, an initially localized turbulent patch spreads laterally. At Re =80 and
Re = 82, the spreading occurs via what is known as splitting, and the resulting asymptotic states
are regular periodic patterns of turbulent bands. (Beyond time shown in figure 8c, the system
reaches a steady pattern with eight turbulent bands.) At Re =90, turbulence expands rapidly in
what is referred to as a slug [6,29,70]. The asymptotic state is uniform turbulence. As can be seen,
the expansion rate is an increasing function of Re. The final panel, figure 8e, shows the formation
of bands from uniform turbulence at Re =280, the same Re as in figure 8c. This demonstrates
explicitly the instability of the uniform turbulent state at this Re.
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Finally, returning to the two-dimensional model dynamics, we show in figure 9 some of the
model’s behaviour in larger domains—twice the size in each horizontal dimension compared to
figure 7—starting from the localized ICs. While the initial evolution (first column of figure 9)
resembles that of runs in figure 7, the larger domain better captures the complex process of
turbulence proliferation. The single band in figure 9a elongates through the growth of its two
tips, as before, but no longer simply reconnects with itself upon reaching the boundaries. Instead,
it produces a complex web of chaotic bands [61, Movie S9]. At slightly higher Re, proliferation
changes markedly due to band splitting (figure 9b). Turbulence expands in all directions—albeit
anisotropically—via the continuous generation of new bands through splitting [61, Movie S10].
This spreading behaviour is strikingly similar to that observed in plane Couette flow [24,65]. At
yet higher Reynolds number (figure 9¢), the initial spreading occurs more like a front of nearly
uniform turbulence, which subsequently develops laminar gaps, resulting in bands [61, Movie
S11]. For all cases, intermediate times reveal long-lived complex dynamics as the system adjusts
toward equilibrium. During this phase, bands of different orientations compete (middle column
of figure 9). Not all combinations of ICs, Reynolds number, and domain size lead to simple bands.
We observe a variety of other steady states, such as criss-crossing bands [61, Movie S6], non-
uniform bands (figure 9b), and instances featuring simple bands of both orientations separated
by domain boundaries (figure 9c) [15,22]. Some runs never reach a steady state: bands nearly
form, become unstable, break up, and re-form in a repeating cycle. The dynamics of the model
are rich, and there is much more to explore, but we leave this for future work.

4. Linear stability

The model provides a powerful means to analyze band formation in ways that experiment
and DNS do not have access to. In particular, with the model we can directly address the
transition from uniform turbulence to turbulent bands via linear stability analysis. We develop
this approach over the next two sections. In this section, we present numerical results and
establish the fidelity of long-wavelength approximation to the linear stability equations. In the
next section, we derive a bound on the critical angle for the onset of patterns in the long-
wavelength approximation. In this section, we refer to the approximate system as the ‘long
wavelength’ system, and the model without any approximations as the ‘full’ system.

(a) Stability analysis of the full system

Recall that the uniform turbulent state in the model is a steady state of the form
(1o, 11, v1,wo, w1,q0) = (0, s5,0,0,0, gss), where uss and gss satisfy equations (3.1) after dropping
the t derivatives. Straightforward linearization of the model equations about a uniform turbulent
state gives an eigenvalue problem for linear modes of the form iy exp(ikyx + ik;z 4+ ot) and
similarly for i1y, vy, Wo, W1, §o, where o is the temporal growth rate and ky, and k; are streamwise
and spanwise wavenumbers of the perturbation. The linearized model equations are stated in
full in appendix B and details of their derivation are found in the electronic supplementary
material [61].

For a given value of Re and pair of wavenumbers (ky, k), the linearized equations become a
simple matrix eigenvalue problem that can be written

ok =Mx 4.1)
where X = (ilg, i1, 01, @0, @1,40)7 and M is a 6 x 6 matrix. This equation is easily solved
numerically for the eigenvalues o, which can then be ordered by real part. Positive real part
correspond to linear instability. Stability at zero wavenumber, (ky, k;) = (0,0), is equivalent to
stability of the local dynamics, given by the linearization of (3.1).

Stability of the uniform states is indicated in the bifurcation diagram of figure 6b. The laminar
state is linearly stable for all Re, independently of (ky, k). The lower-branch turbulent states
are unstable. The focus is on possible instability of the upper-branch turbulent states. At large
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Figure 10. Maximum growth rate for linear perturbations to the upper-branch turbulent state at a Reynolds number (a) just
above the onset of bistability, and (b) just below Re. where a positive growth rate appears. The solid black line represents the
neutral stability curve. (c) Maximum growth rates of the simplified linearized equations under the long-wavelength assumption
k< B).

Re the upper branch is linearly stable, as expected since uniform turbulence is the observed
state in model simulations. With decreasing Re, a positive real eigenvalue first appears at a
critical Reynolds number Re. = 85.1. Hence, for Re < Re, uniform turbulence is unstable to spatial
modulations, as indicated by the dashed portion of the upper branch in figure 6b, and as seen in
figures 7c and 8f.

Figure 10 shows the maximum growth rates in the (ky, k.) plane for two values of Re: one just
above the saddle-node marking the appearance of the upper branch and one just below Re, where
instability sets in. A mode with wavenumbers (ky, k;) corresponds to a stripped pattern with

wavelength A =2 /k =2m/ VK2 + k2 and angle 6 to the streamwise direction, where tan 6 = ky /k.
At the onset of instability, Re = Re,, the critical values of the wavelength and angle are: 1, =23.6
and 6, =22.5°. With decreasing Re, the unstable region enlarges and the fastest growing mode
shifts to larger wavelength and slightly lower angle (A ~ 32 and 6 ~ 21.5° at Re = 73). These results
align very well with evidence of a linear instability of uniform turbulence in plane Poiseuille
flow at a critical angle of 6, ~ 23° [19]. Nonlinear model simulations of the one-dimensional tilted
domain setup show that the bifurcation to bands at Re; and 6. is supercritical. That is, modulation
strength grows continuously from zero as Re is decreased below Re. with 6 fixed at 6. The
transition is not hysteretic. The bifurcation in the model is not always supercritical, however;
for some fixed angles and wavelengths, the transition from uniform turbulence to bands as Re is
decreased is subcritical. This is discussed in a separate publication.

(b) Long-wavelength simplification

Turbulent bands have wavelengths that are an order of magnitude larger than the wall spacing.
Equivalently, the ratio of horizontal wavenumbers (ky, k;) to the wall-normal wavenumber g is
small. We can exploit this to remove small, unimportant terms from linear stability equations
while maintaining all the essential balances. This will simplify the algebra and thereby clarify the
analysis to follow in §5b.

Formally, we assume ky/f <« 1 and k,/B <« 1, or for simplicity, k/B « 1, so that terms order
(k/B)? terms are negligible compared with order (k/B), and larger, terms. For example, the three-
dimensional spectral Laplacian —(k? 4 2) is approximated as —pg2. We relegate the details to
appendix B, and to §5b where we take up the stability equations explicitly. At present, it is
sufficient to understand that the long-wavelength approximation slightly alters the stability
matrix M in equation (4.1). We do not introduce separate notation for the stability matrix,
eigenvalues, and eigenvectors of the approximate system.
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Making the long-wavelength approximation, the critical values for the onset of patterns change
slightly to: Rec =93.3, A = 20.1 and 6. = 21.5°. The dominant effect of the approximation is a shift
in the critical Reynolds number to a slightly larger value. Figure 10c shows the leading eigenvalue
of the approximate system for the same conditions as in figure 10b. The region of instability in
(ky, kz) is slightly larger under the approximation, which can be accounted for by the shift in Re,,
but otherwise plots figures 10b,c are very similar. We now proceed to analyse the transition to
patterns in the simplified stability equations.

5. Analysis of the critical point

We show explicitly that, in this long-wavelength approximation, the selected angle of turbulent
bands at onset, the critical angle 6., is bounded by 0 < |6,| < 45°.

(a) Infinitesimal balances

The analysis can continue by focusing on the linear system at the onset of the instability, in other
words, the case of marginal stability where o =0. This is both the most interesting case, as it
corresponds to a bifurcation point, and also the most analytically tractable case, because with
o =0 the stability equations become algebraic equations. In the long-wavelength approximation,
these equations are

1 L1 :. .
streamwise (bulk) : = ikylssily + = PBulssD = Bulss =01 —apily , (5.1a)
2 2 k2 ——
. dissipation
advection pressure
ﬁZ
streamwise (shear) :  ikyussilo = — | @ + = | 11 —BAL7o, (5.1b)
—_— Re —————
advection ‘———on —— Re. stress
dissipation
o ik WA
wallnormal: 0=— (o + — | 01 —ikxAgqo (5.1¢)
Re —_—
‘~——— ——— Re. stress
dissipation
1 N 4 A
and TKE: 0= -pBAsin + 22| 4. (5.1d)
2 3q0 Uss (s

This is a closed system for the momenta and energy balances that must hold for an infinitesimal
perturbation, (ilg, it1, 01, §o), to be neutral.

Thus far we have relegated details of the model linearization to appendix B and the electronic
supplementary material. Now that we will explicitly present the equations, we take the time to
discuss the physical meaning of the equations and the various terms that appear. Equations (5.1a)
and (5.1b) correspond to the equations for ilp and ii1, respectively, and are streamwise momenta
balances in the modes sin(0y) and sin(By), naturally thought as the streamwise ‘bulk” and ‘shear’
modes. Equations (5.1c) and (5.1d) are wall-normal momentum and TKE balances, respectively.
The spanwise-flow perturbations, @y and @;, do not appear in equations (5.1), and hence we may
analyse bifurcations without explicit reference to the spanwise momentum balances.

Terms on the left-hand-side result from linearization of the advective nonlinearity about the
homogeneous steady state (ug, 11, v1, wo, w1, qo) = (0, uss, 0,0, 0, gss). Factors of 1/2 in (5.1a) result
from Galerkin projection onto the mean. The pressure term enforces incompressibility of the
infinitesimal flow perturbation and is calculated in the electronic supplementary material [61].
Although the spanwise flow components do not appear in equations (5.1), their presence is
necessary for determining the pressure term. The dissipation terms, viscous and Ekman friction,
are straightforward as these are linear effects. The Reynold stresses are modelled with A(qg), and
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when linearized about gss become A/ jo, where A}, =dA/dg(gss). The Reynold-stress forces in
(5.1b) and (5.1¢) include a pressure projection to divergence-free form.

The terms in the TKE balance (5.1d) are more involved, but as we shall see, the details
are mostly unimportant for the analysis to follow. The large-scale flow field enters the TKE
budget only through the production P (the product of Reynolds stress and velocity gradient).
When linearized about gss, this gives a single term involving the infinitesimal flow perturbation
il1, where Ag = A(gss) is the Reynolds stress of the homogeneous state. All other terms in the
linearization give the factors of the TKE perturbation §g. Explicitly, the terms are

din

1 1 u% sin® 0
= Bug Al — 20 — sl —K [ o + vr(gesiRe) + 20 ) (59
3q0 Uss Jss 2

Re et + BUR)

Lo(Re) L.(6,Re)

We have separated the k-independent terms from those proportional to —k?, and used that k2 =
k2 sin? §. The three terms in Ly are the linearization of the production, the Ekman friction, and the
dissipation, respectively, where ¢’ = deg/dqo(gss). These are necessarily the terms that occur when
differentiating (3.1b) with respect to g¢, and they are functions only of Re, and not wavenumbers.

Before turning to calculations, it worth discussing what these infinitesimal balances equations
tell us about neutral modes (i, fi1,01,40). In the case of a homogeneous bifurcation with
wavenumbers ky =k, =0, (e.g. the saddle-node bifurcation at Res, in figure 6b), the components
ilp and 01 are zero. The non-zero components il and §o simultaneously satisfy the momentum
balance of the streamwise shear, equation (5.10) with the left-hand-side equal to zero, and TKE
balance (5.1d). In other words, the ratio of infinitesimals 717 and gg is such as to neither increase or
decrease the streamwise momentum nor the TKE, pointing to spatially-uniform balances of the
standard type that maintain wall-bounded shear turbulence.

For the bifurcation to patterns, the TKE balance now includes turbulent diffusion and
advection in equation (5.2). The momenta balances are, however, now more interesting as they
involve many additional effects. From equation (5.1c), for ky #0, the streamwise variation of
the Reynolds stress force induces a wall-normal flow ;. This wall-normal flow produces a
momentum source in the streamwise bulk momentum equation (5.14) via lift up of the base flow
1gs. The streamwise variation of 71 is also a source of streamwise bulk momentum. Together, these
are balanced by the pressure gradient and dissipation from the streamwise bulk perturbation .
Then in the streamwise shear momentum (5.10), the Reynolds stress force acts against not only
dissipation (as it does for homogenous bifurcations), but additionally against the momentum
source from spatial variation of ilg. All balances hold simultaneously at a bifurcation, but as we
now see, it is the advection and pressure terms in the streamwise bulk balance, equation (5.1a),
that are particularly significant for gaining insight into how the band angle is determined.

(b) Angle selection

From the marginal stability equations, we derive a bound on the band angle at the onset of
patterns. All calculations follow exactly equations (5.1), and no further approximations are made.
The algebra is straightforward, but we relegate full details to the electronic supplementary
material [61].

Using (5.1b), (5.1¢), and (5.1d) to express ilg, il1, and §o in terms of 7, one can substitute
these into (5.1a) to obtain an equation of the form: 0 = coefficient x 1. Then, since the size of
the infinitesimal v is arbitrary, the coefficient must be zero, giving:

1 1
0= —Ecl(k,H,Re)kz sin?6 — Ek2 sin? 6 4+ k*sin* 6 + o ( (5.3)

——
advection pressure

1—cq(k,0,Re)
ca(Re) )

dissipation
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where we have defined two combinations of model parameters and closures

2(c + B2/Re)
B2 AssAls

2
Uss

(o + B2/Re)’

c1(k, 0, Re) = (Lo(Re) — KL (Re, 6))

(5.4)
and c2(Re) =

We explicitly indicate the dependencies on k, 6, and Re.

Letting Fo(k, 0, Re) denote the right-hand side of (5.3), the condition for a zero eigenvalue,
o =0, is written 0 = Fy(k, 0, Re). This is simply the statement that the determinant of the linear
stability matrix is zero at a bifurcation, but written with readily identifiable physical meanings
for each term. We are interested in the critical condition where a zero eigenvalue first appears
with decreasing Re. At such a point we have

0="Fo(ke,0c, Rec), (5.5a)
0= 2r (5.5b)
= 2F .
L A
d
and 0= —Fg , (5.5¢)
a6 ke,0:,Rec

where Re, is the critical Reynolds number and (k, 6;) are the associated critical wavenumber and
critical angle.! In principle, given the model closure parameters, the three expressions (5.5) could
be evaluated and used to find Re, k., and 6.. We have not found this to be analytically viable.
However, the condition on the derivative with respect to angle (5.5¢) itself can be used to establish
a bound on 6,.

In evaluating (5.5c), that is in differentiating (5.3) with respect to 6, one must take into account
that ¢1(k, 0, Re) depends on 0. While this is not difficult, the algebra obscures the essential ideas.
For presentation purposes, let us momentarily ignore the #-dependence of c;. One can then easily
differentiate (5.3), cancel the common factors, and evaluate at (k., 6, Re;) to arrive at

0=—cy(ke, 6, Rec) — 1 + 4sin® 6, (5.6)
from which
1
sin’ O = 1(1 + c1(ke, 6, Rec)). (5.7)
One sees clearly that this expression arises because the advection and pressure terms in (5.3) have

different dependencies on 6. Taking into account the 6-dependence of L., the exact statement is
instead the inequality (see electronic supplementary material [61]):

1
sin’ 0 < Z(l + c1(ke, 6, Rec)). (5.8)

We have incorporated all the model closures and parameters into the expression c1(k, 6, Re),
which we now bound independently of (k,0,Re) using a very general argument. Consider the
system’s homogeneous dynamics governed by equations (3.1). The stability of (1, gss) to uniform
perturbations is determined by the eigenvalue problem

~ — + /372 — A;q ~
o (“) - (e ) —pa <”> : (5.9)
1 %ﬂAss Lo 1

1To understand why (5.5¢) must hold, suppose that d,Fy # 0 at the critical point (k, 6, Re.). Then by the implicit function
theorem, there is a function 6 = g(Re) such that Fy(k., g(Re), Re) = 0 for Re on an open interval containing Re.. This implies that
there is a zero eigenvalue both above and below Re,. The contradicts the assumption that Re, is the maximum Re for which
there is a zero eigenvalue. A similar argument applies fixing 6 and varying k.
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For (uss, gss) to be a linearly stable steady state of (3.1), the determinant of the 2 x 2 stability
matrix must be positive. This gives

2 1
- <a + 1’;) Lo+ 5 B2AssAL >0 (5.10)
or )
2 R
MLO <1. (5.11)
ﬂ ASSASS
Referring back to the definition of ¢, we have
2(a + B2/Re) 2(c + B%/Re)

c1(k, 0, Re) = (Lo — K’L1(6, Re)) < Lo <1. (5.12)

ﬂzASSA;S ﬂzASSA;S

We have used that all terms in L, equation (5.2), are positive. Thus we have established
c1(k,6,Re) <1, independently of (k,6,Re), for any uniform turbulent state that is linearly
stable to spatially uniform perturbations. Using this bound in (5.8) gives sin? 0, <1/2.
Moreover, evaluating equation (5.3) at 6 =0 gives 0=1 — c1(k, 0, Re), which is impossible since
c1(k,0,Re) <1, thus ruling out the possibility of any instability to a mode with 8 = 0. Combining
these two conditions, we obtain a bound on the critical angle:

1
0 <sin? 6, < 5 (5.13)

Hence, stability of the uniform turbulent state to uniform perturbations implies a bound on the critical
angle for turbulent bands at onset: 0 < |0,| < 45°.

While this is a statement about the onset of bands in the model, the result is independent of
the particular choices for the turbulence closures. It arises because the advection and pressure
terms in the streamwise momentum balance have different dependencies on 6. This follows
from basic incompressible hydrodynamics and the result is thus quite general. It is possible to
improve the bound by exploiting the specific closures used in the model, but we leave this for
future work.

6. Conclusion

In this work, we have developed a simplified model for transitional turbulence in a planar shear
flow. Through Reynolds averaging, vertical-mode truncation, and suitable turbulence closures,
we have arrived at a model in six smooth fields that reproduces many phenomena observed in
experiments and simulations, and yet is simple enough to facilitate analysis. We have achieved
three distinct advances over the existing literature.

First, we have obtained a model incorporating the large-scale flow associated with transitional
turbulence in a planar flow geometry. Advection plays a dominant role in transitional turbulence
and the large-scale flow is an essential ingredient to faithful modelling. In earlier work on
pipe flow [10,27,29], a single scalar variable (the mean shear or, equivalently, the centreline
velocity) was shown to be sufficient to capture the main effects of the large-scale mean flow.
This was possible because, in pipes, flow is confined transverse to the streamwise direction.
In contrast, planar cases are unconstrained in the spanwise direction and the large-scale flows
are correspondingly richer. This has held back development of planar models. By considering
stress-free boundaries and a sinusoidal driving force, we have succeeded in capturing the
incompressible, vector character of the large-scale flow using a minimal expansion in five
fields.

Our second advance is in connecting model equations directly to the Navier-Stokes
equations. Our model is obtained by projecting the standard Reynolds-averaged Navier-
Stokes equations and turbulent-kinetic-energy equation onto a small set of wall-normal
modes, and then introducing model closures for the usual higher-order statistical quantities:
Reynolds stress, turbulent dissipation and turbulent diffusion. The closures are justified

L660S207 181 ¥ 205§ 204g edsy/jeuinof/ioBuysiigndiiaposiefos



Downloaded from https://royal societypublishing.org/ on 08 October 2025

against statistical quantities extracted from direct numerical simulations of the Navier-Stokes
equations.

Our third contribution is new theoretical insights into turbulent bands—the key building block
of transitional turbulence in a planar setting. In the model, periodic turbulent bands (turbulent-
laminar patterns) unambiguously bifurcate via a linear instability of uniform turbulence as
Re is decreased. While this linear instability is expected given the literature on turbulent-
laminar patterns [4], especially recent work by Kashyap et al. [19], the model captures the
instability in a simple linear system for momentum and energy balances. Analysing this linear
system we establish a selection criterion for the pattern orientation at onset, namely, 0 < |6| <
45°, where the critical angle 6. is the angle of the pattern to the streamwise direction when
instability first occurs with decreasing Re. Oblique periodic bands in planar shear flows have
been ubiquitously observed at angles 45° or smaller, often in the range 24° to 30°, and never
at 0° [4,12,13,19,21,22,24,25,62-64,68]. Our analysis provides physical insight into what selects
such angles—the relationship between advection and pressure in the streamwise momentum.
Moreover, the bound suggests a reason why turbulent structures (puffs) in pipes do not arise as
periodic patterns from uniform turbulence [71]. Confinement forces the wavevector to point in
the streamwise direction, corresponding to 6 =90°, which is outside the allowed range of angles
for instability to periodic patterns.

We offer some further comments and observations on the model. We find that the linear
instability of spatially uniform turbulence and the existence of bands are extremely robust to
changes in closure parameters. Specifically, all the dynamical behaviour illustrated in figure 8
is observed over a wide range of closures. However, the full nonlinear dynamics of turbulent
bands, such as depicted in figure 9, are more sensitive to model details. As discussed in §2f, this
sensitivity appears to be primarily due to the reduced dissipation of the large-scale flow from the
modal truncation and stress-free boundaries, and is not due to the model closures in the turbulent
kinetic energy equation. The closures for the Reynolds stress, turbulent dissipation and turbulent
diffusion are all based on DNS and standard turbulence theory. We have, however, opted here for
mathematical simplicity over precise quantitative agreement with DNS, and this is an area that
could be explored further in the future.

Finally, the model opens several new avenues of research. One could add new mechanisms
or modify the model to describe other flow configurations, such as pressure-driven pipes and
channels, and rotating flows [72-75]. One of the more important avenues to pursue is a detailed
understanding of the transition scenario using dynamical systems theory, similar to the successful
analysis of models of pipe flow [27,30,76]. Closely related to this would be to exploit the physical
mechanisms captured by the model to understand how energy balances adjust and break down
with decreasing Re [9,20]. As stated in §5b, it should be possible to improve the bound on the
angle selection by taking into account details of the turbulent field. Finally, the effect of turbulent
fluctuations can be included via a noise term to investigate rare events [77-79] and percolation
transitions [11-14] in the planar setting.

Data accessibility. The electronic supplementary material [61] also preserved in the Figshare repository
[80] contains (i) details of the stability analysis, bound on the critical angle and description of the
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this work.
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Appendix A. Model equation in a one-dimensional tilted domain

In this appendix we present the model equations restricted to solutions at a prescribed angle 6
with respect to the streamwise direction. For this purpose, we work in horizontal coordinates
(x,z) rotated by angle 6 with respect to the streamwise-spanwise coordinates (x,z). The bases
vectors, coordinates, and horizontal velocity components obey

ey =cosfey —sinfle,, e;=sinbe, + cosbe, (A1)
X=cosfOx +sinfz, z=—sinfx+ cosbz (A2)
and il =cosOu —sinfw, w=sinfu + cosbw, (A3)

where rotated quantities appear on the left. We take ez to point in the along-band direction and
ez in the across-band direction. The wall-normal coordinate i and velocity v, and scalar TKE g are
unaffected by horizontal rotation. The model simplification comes by considering solutions that
are independent of the along-band direction x. Hence, model fields become functions of (z, t) only
and all along-band derivatives, dz, vanish from the governing equations.

While applying the change of coordinates is straightforward, the system is not isotropic and
some terms in the governing equations explicitly depend on streamwise direction ey. These terms
pick up cos 6 or sin § factors when expressed in rotated coordinates. Specifically, the driving body
force takes the form

B\ . B\ . ,
f= ((x + Re) sin(By)ex = (a + Re) sin(By)(cos Hex + sin fez)

The divergence of the Reynolds stress takes the form
V- R = —BA(q0) sin(By)ex + dxA(qo) cos(By)ey
= —pA(qo) sin(By)(cos He; + sin Hez) + sin 09z A(qo) cos(By)ey,

where in the last term we have used that 9y = cos 69z + sin 9z = sin #9;. Finally, the production
terms take the form

P = (dyu + 0xv)A(qo) cos(By) = (cos 83y + sin 03w + sin H9;v)A(qo) cos(BY).
Thus, the model equations in rotated coordinates become

1 - — 1 2 —_
T +§(/3v1 +w1dz)ur = | =05 —ap | to,

Re

ou 1
% + w1zl = <R—e(822 -3 - oz) il + f cos 6 — BA(qo) cos 6,

ovq 1 .

P —Bp1 + ﬁ(822 — B — 9zA(g0) sin 6,
0 1

dun _ —0zp1 + | (02 — B*) — o | W1 + BA(qo) sin® — f sin®,
ot Re™ *

990

1 _ o 1 _ - .
ot + E(ﬂvl + W1 0z)q1 (i1, W1, q0) = EA(‘]O)[ﬂ(ul cosf — w1 sinf) — dzv1 sin ]
1
— 2aq0 — €0(q0; Re) + R—eazz q0 + 9z(vr(q0; Re)dzqo),

where f=o + B%/Re and B = /2. The fields iiy(z, t) and i1z, t) capture flow along the bands,
while w1(z,t) captures flow across the bands. The field wg, describing the vertically constant
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across-band flow, vanishes by incompressibility: dz1g + 0z = d;w =0, from which wy =0,
assuming no bulk flow. The system of equations can be further reduced to only four independent
fields, since incompressibility of the first vertical modes implies Bv; = d;w1. Two possible
approaches are: replace the evolution equations for the v; and w; fields with a single evolution
equation for the vorticity component ¢ = fw; — d;v1, or use incompressibility to obtain an
expression for the pressure p;. The two approaches are ultimately equivalent and result in the
simplest formulation of the one-dimensional model equations. We have solved these equations
numerically to produce figure 8.

Appendix B. Linear-stability equations

In this appendix we provide a complete statement of the linear-stability equations.
Uniform steady states are of the form (ug, 11, v1, wo, w1, qgo) = (0, uss, 0,0, 0, gss). Straightforward
linearization of the full model about such a steady state gives the following eigenvalue problem
for the temporal growth rate o of a linear mode, denoted with hats, with wavenumbers (k, k)

.1 ) k2B . k2 .
oily + Suss(ikxily + 1) = WP =0y — <+°‘0) o,

k2 Re
ity + il =~ 051 - (k2 i oz) in
- (1 - Ié’%) BAL o,
o= oy ’fﬁz b nea Cot (1 - kffzﬂz) il AL o, (B1)

.1 . ke . K? .
owq + Eikxusswl == Zkfuss U] — (Re + ao) wo,

ik k2 + B2 o 2keksBAL. .
ikzaB ( +B +a>wl xkz BAG

oW + ikxtss o = 22t |\ TR rp
A 1 . 1 a 0 «
and oqo = = BAssiiy + = Asstky V1 + 2490 qo,
2 2 aqo Uss Jss

where k? = k,% + kg, and

0A de
Ass = A(qss), A;s =-—(9ss) and Sés = 70(%51 Re) (B2)

3!]0 dqo

and

dqo k? uZ k2

1
=5 BussAlg — 20 — gl — R VT (gss; Re)k® — (B3)

990 s s 2a 4« + p2/Re)’
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In the long-wavelength approximation, k/8 < 1, many terms can be neglected and the linear-

stability equations simplify to

~ 1 N
and oqo= EﬂAssul + —

R S K N

oug + Euss(lkxul + Bi1) = ﬂusskjvl — oto,
,32

ol + thyutgstip = — [ @ + Re uy — ﬂAéqu'

B .
ov1=—|a+ E 0] — Z'kxAgSqo,
(B4)

.1, . kykz . A
owp + Elkxusswl = ,BusskTvl — oW,

2
oW1 + ikyltssTo = — (0( + ;;) w1
9o .
q Go.
Uss Mss

940

For a detailed derivation of the linear-stability equations, see the electronic supplementary
material [61].
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