UNIVERSITA DI P1sa

FACOLTA DI MATEMATICA

Hopf Galois theory, tame

extensions and integral
structures

TESI DI LAUREA MAGISTRALE

IN MATEMATICA

CANDIDATO RELATORE

Tommaso Faustini Ilaria Del Corso

Universita di Pisa

ANNO AccADEMICO 2022 - 2023






Contents

Contents 1
1 Basics 7
1.1  Anintroduction to Hopf Algebras . . . . .. .. ... .. ....... 7
1.1.1  Algebrasand coalgebras . . .. ... ....... ... ..... 7

1.1.2 Hopfalgebras . .. ... ... ... ... .. ... .. ... .. .. 11

1.2 Algebraicstructures . . .. ... ... ... L 20
1.2.1  Modules and Comodules . . . . ... ........ ... .. .. 20

1.2.2  (Co)Module Algebras . . . . . ......... ... ....... 24

1.3 Hopf-Galois extensions . . .. .. ... . ... ... .. ....... 27
1.3.1 Base change and Galoisdescent . . ............... 32

2 Hopf Galois Theory 41
2.1 Specialcase . ... ... .. 42

2.2 Greither-Pareigis’s Theorem . . .. ... .. ... ........... 45
2.21  Application to Galois extensions . . . . . ... ......... 50

23 Byott’stheorem . . .. ... .. ... ... .. ... 51
23.1 Newpointofview . .......... .. .. .......... 51

23.2 Byott’stheorem . .. ... ... .. ... ... . ... . ..., 52

2.4  Hopf Galois structure on prime power cyclic extensions . . ... .. 58

3 Hopf-Galois Number Theory 61
3.1 Integralsandorders . ........... ... ... ... .. . ... 61
31.1 Integrals . ... ... ... ... ... 61

3.1.2 HopfOrders . .......... ... . . ... ... ... 64

3.1.3 Associatedorders . . ... ... ... ... 64

3.2 Tame extension . . . . . ... .. ...t 66
3.21 H-tameimply Hfree. ... .................... 67

3.2.2 Hopforder imply 24-free . . . .. ... ... ... L. 69

3.23  H-Galois implies H-tame . .................... 69

3.24 Equivalence betweennotions . . . .. ... ... ... .... 70

4 Integral Hopf-Galois structures 73



2 CONTENTS

4.1 Some notion about local extension of degree p . . . . ... ... ... 73
4.1.1 Behavior of &7 asa Galoismodule . . . .. ... ........ 76
4.2 Determining the Hopf-Galois Structures and Hopf Algebras . . . . . 77
43 Hopforderofrank p? . . ... ... ... ... . ... ........ 81
4.4 TField extensions of degree p® . . . . .. ... ... ... ... ... ... 87
4.4.1 Necessary condition for being Galois . . ... ....... .. 87
442 WhenisOp &,-Galois? . . ... ... ... ... .. ...... 89
45 Realizing . . ... ... 92
4.5.1  Which Hopf order is feasible? . ................. 92
4.5.2 Which i, j and d are achievable? ... ............. 95
4.6 Final classification . ... ... .. ... .. ... .. ... .. ..., .. 98

Bibliography 103



Introduction

After the introduction of Hopf algebras in 1941 due to Heinz Hopf, this objects have
proven useful in many areas of mathematics. In particular, they have been used to
generalize the classical Galois Theory with the so called Hopf Galois extensions,
defined in 1969 by Chase and Sweedler in [CSCS69].

Let L/K be a finite separable extension, then condition of being Galois with
group G is equivalent to the bijectivity of the following vector spaces homomor-
phism: j: L® KG — Endg(L) given by j(l® g)(I') — Ig(l"). Since the group algebra
KG is a Hopf algebra we may say that a Hopf Galois extension is a field extension
L/K with an action of an Hopf algebra H on L such that the above condition holds
with H instead of KG.

The initial purpose for the introduction of Hopf Galois extensions was to use
them with the goal of understanding the automorphisms of purely inseparable field
extensions. The idea doesn’t work properly and it was recovered only in the eight-
ies by Greither and Pareigis in [PG87] to investigate the separable extensions. They
prove a fundamental theorem that reduces the problem of finding all the Hopf Galois
structure on a given separable field extension, to a pure group theoretic question.
More precisely, let L/K be a finite and separable extension with normal closure
E, and Galois groups G = Gal(E/K) and G’ = Gal(E/L). Then the theorem states
that there is a bijective correspondence between the Hopf Galois structures of L/ K
and the regular subgroups N of Perm(G/G') normalized by A(G), where A is the
left multiplication immersion of G in Perm(G/G'). The determination of all regular
subgroups of Perm(G/G') normalized by A(G) becomes really difficult for extension
of high degree. In order to solve this problem Byott in [Byo96] reverses the relation
between N and G proving that the Hopf Galois structures on L/K correspond to
the embedding of G in the holomorph, Hol(N) (that is considerably smaller then
Perm(G/G'")), where N varies into the set of groups of the same cardinality as G.

In the case of number fields and local fields extensions, the study of the Galois
module structure presents very important and long studied questions, especially in
relation to the structure of integers. Many of this questions can be generalized to
the Hopf Galois context. For example, let L/K be an A-Galois extension of local
fields and call S and R the corresponding valuation rings, the notion of associated
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order introduced by Leopoldt in [Leo59] extends naturally to the Hopf Galois setting
by defining g = {a € AlaS < S}, while the notion of tameness needs to be reinter-
preted to be generalized, as Childs shows in [CH86]. Similarly with the classical case
the associated order is the only R-order over which S can be free (as demonstrated
in Proposition 3.1.15).

Another important concept is the one of R-Hopf order of a K Hopf algebra A.
Essentially, it is an R-order of A equipped with the additional structure of a Hopf al-
gebra. Using this notions, Noether’s theorem can be generalized in the Hopf Galois
setting and this result is due to Childs (Theorem 3.2.7). The theorem asserts that if
we have an R-Hopf order H within A, contained within the associated order, such
that S is H-tame, then it follows that S is H-free. Furthermore, in the case where
the Hopf algebra is local, these three notions, tame, free, and Galois are equivalent
(as shown in Theorem 3.2.13). In this context the notion of Hopf order plays an
important role: if the associated order 24 is a Hopf order, then S is free over it (as
established in Theorem 3.2.9). However, it’s crucial to acknowledge that the reverse
implication doesn’t necessarily hold, as discussed in Remark 4.3.15.

A crucial question that emerges is how to compare the behavior of the valua-

tion ring @ within various Hopf-Galois structures over the same field extension
L/K. To study this question we restrict to consider a specific family of extensions:
the totally ramified, normal extensions L/K of p-adic fields of degree p?, such that
K contains a primitive pth root of unity. Childs in [Chi96] studied the cyclic case,
under the hypothesis of p odd and certain restrictions on the ramification numbers,
finding a criterion to determine whether &, is Hopf Galois with respect to a given
Hopf order. A few years later Byott in [Byo02] proved that that criterion remains
valid also without the assumption on the ramification number and in the case of
elementary abelian extension and p = 2. In this case there is an explicit description
of both the possible Hopf Galois structure (Theorem 4.2.1) and the Hopf order asso-
ciated with each structures (Theorem 4.3.12). Studying the question of when is O,
Hopf Galois, Byott prove that all the extensions L/ K such that € is Hopf Galois has
to satisfy some arithmetic conditions (Lemma 4.4.2); then after a deep study of the
extension with such necessary arithmetic properties (Lemma 4.4.4), finally he finds
necessary and sufficient conditions under which @ receives a Hopf-Galois structure
with respect to a fixed Hopf order in the corresponding Hopf algebra (Proposition
4.4.7).
In the same article, the author specifies all the possibilities for the ramification num-
bers of L/K under the assumption @} is Hopf Galois (Theorem 4.5.3). Finally, Byott
arrived at a complete characterisation of the behavior of @y in the different Hopf
Galois structures, distinguishing the cases of cyclic and elementary abelian exten-
sions, and the cases with p odd and p =2 (Theorems 4.6.4A-D).

In this thesis we present the result of Childs and Byott. Our work is organized
as follows.
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In Chapter 1 we introduce the basic definitions and results on Hopf algebras and
define the Hopf Galois extensions following [Chi00]. In Chapter 2 we present the
already mentioned theorem by Greither and Pareigis and the so called Byott’s trans-
lation. As an application of these results, we count the number of different Hopf
Galois structure that a cyclic Galois extension of degree a power of a prime may
have. Main sources for this chapter are [Chi00], [PG87] and [By096]. In Chapter 3,
we introduce the associated order and the concept of tame H-extension; moreover
we investigate the relation between being free, Galois and tame. We found that for
the associated order being an Hopf order is a sufficient but not necessary condi-
tion for being isomorphic to the ring of integers and we prove the generalization of
Noether’s theorem due to Childs. In the last chapter, we consider a totally ramified
normal extension L/K of p-adic fields with degree p? and we investigate for which
Hopf-Galois structure over L/ K we have that G is Hopf-Galois following [Byo02]
by Byott described in the previous paragraph. To provide a deeper understanding
of these situations, we clarify the results through two illustrative examples.






CHAPTER

Basics

In this chapter we will introduce the concepts of Hopf Algebra and Hopf Galois
extension. We want to describe many tools that we will use in the following chapter.
The result in this section follows mostly [Chi00] and [Und15], with some integration
from [Swe69].

1.1 An introduction to Hopf Algebras

1.1.1 Algebras and coalgebras

The usual definition of algebras over a commutative ring with unity R can be for-
mulated in terms of commutative diagrams:

Definition 1.1.1. A R-algebraisatriple (A, u,t) where Aisa R-module, : A®r A —
A is a linear map, called multiplication, such that the following diagram

ueid
ARA®A —— A®A

idoy| |

A®A —— A

commutes and ¢ : R — A is a linear map, called unity, such that the following dia-
grams

1®id idet

R®A — AQA AR —— AQ® A
\i’" \iﬂ
s s
A A

commute (where s is the scalar multiplication).
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The properties of distributivity and compatibility of u with respect to the sum
of A and to s are encoded in linearity. The first diagram illustrates the associativity
of p, while the last two diagrams ensure that ((1g) serves as the unity for p.

When there is no confusion, we will use A to refer to (A, y,1), and we will use ab to
represent p(a® b). The unadorned tensor ® always represents tensors over R.

We prefer this definition of algebras because in this way we can define the coal-

gebras simply by taking the dual of the diagram, as follows:

Definition 1.1.2. A R-coalgebra is a triple (C, A, €) where C is a R-module A: C —
C® C is a linear map, called comultiplication, such that the following diagram

CeCoC &% ceC

] T

C®C<TC

commutes and ¢ : C — R is a linear map, called counit, such that the following
diagrams

id®e

ReC &4 ceC CeR 4% cgC

\ IA \ IA

commute (where ¢, t’ are respectively the maps c— 1®c¢,c— c®1).

Notation 1.1.3. We use the term "coassociativity" referring to the property that the
first diagram commutes, while "counitary" describing the property that the last two
diagrams commute.

Same basic example of algebras and coalgebras:

Example 1.1.4. R is clearly an algebra over itself. It is also a coalgebra over itself
thanks to the maps: Ag(r) =1®r and eg = idp.

Example 1.1.5. R[x] has a structure of R-coalgebra, given by the maps:

{1 ifn=0

n
Alx™ = Iox" i d ny _
(x™) Ex X and €(x") 0ifn=0

i=0

(1.1)

extended linearity.

Example 1.1.6. Let S be a set. We denote with RS the free module over R with
basis S. If we define

A:s—s®s,e:s—1 forseS



1.1. AN INTRODUCTION TO HOPF ALGEBRAS 9

and we extend linearly, we get that RS is a R-coalgebra. This is especially inter-
esting when S is a group, because in this case we have that RS is both an R-algebra
and a R-coalgebra.

Example 1.1.7. If A and B are R-algebras, so is A® B equipped with

idA®T®idB

tasp: A®B® A B IS Ag Ao Be BM 2L Ao B

A ®
e : R—2 RORZF A®B

where 7 is the switch map that is, the linear extension of the map a® b— b® a.
So paep is the componentwise multiplication.

In the same way, if C and D are R-coalgebras, so is C® D with
Acop:CoD " CoCaDeD 22 CeDoCaD
ecap:Co®D 2 Re RLE R,

Now we introduce a very useful notation, used for the first time by Moss E.
Sweedler, for the expression of A:

Notation 1.1.8 (Sweedler). If c is an element of C, we can write:

n
Alo)=) a;®b;,
i=0

for some a;,b; € C. In Sweedler notation we use the symbols cq), ¢y to denote
the first and second factor of the comultiplication and the indexing is over (c) with the
convention that we are summing up all the terms we need for a given c, so it becomes:

A(c) = Z c1) ®Cpy.
(c)

We can look at the propriety of coalgebras in terms of Sweedler notation:
« Counitary becomes: ¢ =Y (5 €(cy) c2) = X0 cye (c@)-
+ Coassociativity becomes:
2cme® ( 2. Com 8 C(2)(2>) =2 ( 2. com® 0(1)(2)) ®C2)
(© (c) © \(ew)
that can be summarized with ¥y cq) ® (c2) ® ¢3)) = X (o) (c) ® c2)) ® €c3)-
« Cocommutative becomes: ¥ () c1) ® c2) = X €2 ® cq1)-

Remark 1.1.9. We have seen that if C and D are R-coalgebras, so is C® D . Now
id we write Acgp(c ® d) in Sweedler notation, we get ¥ eq)(c® d)1)® (c® d)(2) =
Yo (coy®dwy) ® (e ® dw)).
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We have defined the object of our interest, and now we need to define the mor-
phisms between them:

Definition 1.1.10. Let (A,MA,LA) and (B,,uB,LB) be R-algebras. A R-linear map
f:A— Bis an algebra homomorphism if the diagrams

A—TL 4 ALy

IJAT TIJB k B
fef

A® A —— B®B R

commute.

Remark 1.1.11. The commutativity of the diagrams above is equivalent to: for a,a’ €
AandreR

flad) = f(uaa®a)) = ug(f(@) ® f(a)) = f(a)f(a') and fta(r) = tp(r).

Definition 1.1.12. Let (A, pua,ta) and (B, up,t5) be R-algebras. A R-linear map
f:A— Bis an algebra antihomomorphism if the diagrams

A f s B !

wal T <>

T fef
ARA —— A®A —— B®B

b

’:U—)bu

commute.

Definition 1.1.13. Let (C,Ac,ec¢) and (D,Ap,ep) be R-coalgebras. A linear map
g:C — D is a coalgebra homomorphism if the diagrams

c—2% D c ¢

ST T

8®8
C®C —— D®D

bu(—b

commute.

Remark 1.1.14. The commutivity of the diagrams above is equivalent to: for ce C

Ap(f(e) =) flca)) ® f(ce) and ep(f(c) =ec(c).
(c)

Definition 1.1.15. Let (C,A¢,ec) and (D,Ap,ep) be R-coalgebras. A linear map
g:C — D is a coalgebra antihomomorphism if the diagrams
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C ) c -8

N o ~

g®g T
C®C —— D®D —— D®D

€D

m<— O

Definition 1.1.16. A R-bialgebra is a quintuple (H, u,t, A, €) where (H, u,1) is a R-
algebra, (H, A, ¢) is a R-coalgebra and either of the following conditions hold:

1. A and ¢ are algebra homomorphisms;
2. pand 1 are coalgebra homomorphisms.
When there is no confusion, we will use H to refer (H, u,(,A,€).

Remark 1.1.17. Upon drawing the diagrams for the algebra homomorphism prop-
erty of A and ¢, and explicitly writing out the maps pigey and tyem as in Example
1.1.9, we can observe that conditions 1) and 2) are equivalent.

Example 1.1.18. Given any group G, the group algebra RG is a R-bialgebra. As
seen in example 1.1.6, RG is a coalgebra and an algebra. So we only have to check
that A and ¢ are algebra homomorphisms, i.e.

Aop=prcerc o (A®A),AoL=IRrGeRG
Eoll=URo(e®E),E0L=IR.
But for every 0,7 € G we have UpGerG(A®A(0®T)) = URGerG(O®OT TR T) =
01®07T = A(u(0®71)), and by linearity of all maps the property holds for all elements

in RG; furthermore trgerg(r) = r(t(1) ® (1)) = A@(r)), where r € R. The property
for ¢ is straightforward.

Definition 1.1.19. If H, H' are R-bialgebras, f: H — H' is a bialgebras homomor-
phism if it is both an algebra and a coalgebra morphism.

1.1.2 Hopf algebras

In this section we introduced the Hopf algebras and we trace a parallel between
them and groups, clarifying why they are consider to the a generalization of groups.

Definition 1.1.20. Let H be a R-bialgebra. A linear map A: H — H is an antipode
for H if it satisfies the following conditions:

po(id®A)oA=1toe

1.2
po(A®id)oA=1toe (1.2)

A R-Hopf algebra is a R-bialgebra with an antipode.
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Remark 1.1.21. In the definition of R-Hopf algebra sometimes it is required that the
antipode is an R-algebra and R-coalgebra antimorphism. We don’t ask that since
this request is implied by the condition 1.2, as we will prove later in Proposition
1.1.33.

Example 1.1.22. The R-bialgebra structure on R, together with the antipode 1 =
idg define a structure of Hopf algebra.

Example 1.1.23. Let K be a field, the polynomial ring K[x] has a structure of free
K-algebra, a structure of K-coalgebra with maps that are clearly algebra homo-
morphism so it is a K-bialgebra. This, together with the map A defined as linear
extension of x" — (—x)", define a structure of Hopf algebra.

Example 1.1.24. Let us consider the bialgebra RG again. We want to define an
antipode for RG, for o € Glet 1: 0 — o™}, it extend for linearity to a endomorphism
of RG. We check that 1 is an antipode, let 0 € G:

p(ide M)(A©)) =00~ =1=ue0) =0 o = p((A® id)(A(0)))

and by linearity of all maps involved the condition holds for all elements in RG.
Thus RG is a Hopf algebra.

We have define some new mathematical object, and now we define what does
it mean to be a sub-object:

Definition 1.1.25. Let (H,u,t,A,¢) be a R-Hopf algebra, we says that H a R-
module of H is a sub-Hopf algebra of H if H' € H ;4 is a R-subalgebra, H' € Hcoa14
isa R-subcoalgebra and H' is closed under antipode. In this case (H', pl g7, tl g7, Al g, € i)
is a Hopf algebra.

Now we define some interesting proprieties that Hopf algebras may have:

Definition 1.1.26. A Hopf algebra H is classified as:

« commutative if its algebraic structure Ha;g = (H, y,1) satisfies o7 = y, mak-
ing it a commutative algebra .

« cocommutative if its co-algebraic structure Hcoalg(H, A, €) satisfies ToA = A,
making it a cocommutative coalgebra.

« abelian if it satisfies both conditions.

Remark 1.1.27. The Hopf algebra RG is always cocommutative:

Pzl

> rg(A(a))) :T(Z rg(a®0))

oeG oeG
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using the linearity of T we obtain that the previous equation is equal to:

Y ret0®0)=) ry(0®0) =A(Z rga)
oeG oeG oeG

Inspired by the example above we define:

Definition 1.1.28. Given H a Hopf algebra, we define a non-zero element h € H
to be grouplike if A(h) = h® h.

Proposition 1.1.29. If R has no idempotents but 0 and 1, and H a Hopf algebra. If
h € H is grouplike, then

e(h)=1.

Moreover the set G(H) = {h € H : h is grouplike} is a subgroup of the multiplicative
group of units of H.

Proof. Let h be grouplike element of H, then it follows easily from counitary that
h=pule®id)A(h) = he(h),

hence e(h) = e(h)e(h). Thus €(h) is an idempotent of R; so 0 or 1, and it cannot be
zero because (h # 0 and h = he(h)), necessarily €(h) = 1. We now check that G(H)
is a group. Since A is an algebra homomorphism, if &, i’ € G(H) we have:

A(hK)=AMWA (W) =(heh)(h'®K')=hh'®hH,

so G(H) is closed under multiplication. Remain to prove that G(H) is closed
under antipode. Let h € G(H), then:

AAh) =A@ AN)TAh)=A®A)(he h)=A(h)® A(h).
Finally, for h € G(H) we have A(h) = h™!:

1=1e(h) =pu(ide® A)A(h) = p(id® A)(h® h) = hA(h),

and so G(H) is closed under inverse and its elements are units of H.
O

Proposition 1.1.30. Let K be a field. Distinct grouplike elements are linearly inde-
pendent over K.

Proof. Let hy,..., h;, be grouplike linearly independent elements of H and h € H a
grouplike element such that h =", r;h;, r; € K. Applying A we have:

h®h=zri(hi®hi)
i
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thus, replacing h with 37" | r;h;
h®h:Zrirj(hi®hj).
Lj

Since hy,..., h, on H are linear independent in H, {h,- ®h j} are linearly inde-
pendent in H® H. So
rirj = ovi#j,

and
2 _ .
ry =r;Vi.

This two conditions imply that at most one r; =1 and so either h =0 or h = h; for
that value of i. O

We now introduce the convolution product of function between Hopf Algebras,
it is an extension of the usual one for function defined over a group.

Let C be a R-coalgebra and A a R-algebra. We can define an internal multipli-
cation x on module Homg(C, A), called convolution such that for f, g € Hompg(C, A)
it is:

(f,8)— frg=po(feg)oA.

Note that f x g is a map from C to A and is linear because all maps involved in
its definition are linear. In Sweedler notation we have (f x g)(c) =Y ) f (c1) g (¢c2).
Now we can prove the following important proposition:

Proposition 1.1.31. With the above notation (Homg(C, A), x,10¢€) is a R algebra.

Proof. The product « is associative, indeed: if f, g, h € Hompg(C, A), by coassocia-
tivity of A, we have:

(fxg)*xh)(c) = Z(f*g) (C(l)) h(C(z)) = Zf(c(l))g(C(Z)) h((,‘(g)),
= Zf(c(l)) (gxh (C(z)) =(f*x(g*xh)(c).

Moreover toe € Hompg(C, A) is a unity:

(f *(oe))(©) =) f(cay) toe) (cey) =) f(cy)e(cw) 1a= f(o),
(toe) * N(e)=>_woe) (cwy) fc@) =X e(cw) - 1af (cey) = f(o).

O

Now we obtain important result applying the above proposition for H a Hopf
algebra, A= Hpg,C = Hconlg:
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« we have that (Endgr(H), *,t0¢€) is a R-algebra,

« an antipode A is an inverse for idy in (Endg(H), x,t0¢€) :

idxA=po(ideA)oA=10oe=po(A®id)ocA=Axid
+ the antipode is unique: it is right and left inverse for id in the algebra (Endg (H), %,10¢).

We have defined some object so as always we need to define the morphisms between
them:

Definition 1.1.32. A Hopf algebra homomorphism is a bialgebra homomorphism. If

H, H' are Hopf algebras, we denote with Homgop ’ (H JH' ) the set of R-Hopf algebra

homomorphisms from H to H'.

Note that we did not require that Hopf algebra homomorphism preserve the
antipode. Indeed if f: H — H' is a bialgebra homomorphism between Hopf algebras
with antipode A, 1’ respectively, it follows that foA = Ao f. In order to prove this,
we can show that for any f € Hompg (H, H') we have:

fx(fod)=iog,
(Aof)xf=ioe.

Let us check just the first, for h € H we have:

(1.3)

Fx(fo)(h) =) f(ha) f(Alhw))
=) f(haAlhe))
= f(e(h)
=1og(h).

This easily imply the thesis:

fod=(loe)x(fol)=((Aof)*xf)x(fol)=(Ao(f*x(fol)
=(Aof)x('oe)=(Aof).

Now we can prove that A is a R-algebra and R-coalgebra antimorphism:
Proposition 1.1.33. Let H be a Hopf algebra over R; then:

1. Aopu=po(A®A)ot, meaning that A(hh') = A(h")A(h) for every h,h' € H;

2. doL=1;

3. To(A®A)oA = Ao A, meaning that AA(h)) =Ly A (he) ® A(hq)), for he H;

4 god=¢€.
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Proof. We start proving 1. From proposition 1.1.31 we know that Homg (H ® H, H)
is a R-Algebra. Using universal propriety of tensor product we can define two maps
f,g:H®H— H as

f(h®h') = A(hh"),

gheh') = A(h)A(h).
Since ¢ is a linear map, for h,h' € H one has tegep(h® h') = ege(h® h')1y; so
we omit 1z and write simply €pep for teger. We prove 1) showing that f* u =

Egey =P *x g inthiscase f= fXxepepg=fr(Uuxg) =(fru) xg=€cpgenp*g=§.
We have:

(fxmwtheh)= ) f((heh)n)u(theh)y)

(heh')
= Y, flhoy®hy)p(he ®hp) = Y A((hh) ) ((RR) )
(), (h) (hi)

=Axid)(hh)=ehh)=eh)eh)=epe(h®h),

where the third equality holds because A is an algebra homomorphism, so h; h(”
(hh') (). On the other hand

(wxg)heh)= 3 pu(ha e hgy)g(he @hiy)

(), ()
= Y hwhyA(hiy)A(he) =3 ko (Z heyA (I )) (he)
(), () w \w
:Zh(l)ﬁ‘(h/)ﬂ(h(g)) (Z h(l)/l( ))E(h )
(h) (h)

=e(he(h) =epon(h®K).

Now we prove 2. Since H is a R-Hopf algebra, ¢ is a R-coalgebra homomorphism,
thus, using equation 1.3 we get (1o1) %t =1. But toep =1 is the identity of the Hopf
algebra Hompg(R, H), so 1= (Ao1) x1=(Ao1). A similar argument holds for 3) and
4) taking A in place of u, f =Aoland g=10(A® 1) 0 A O

Remark 1.1.34. Remember that in RG we have the antipode map A ="1 and in K[x]
we have the antipode map that is the linear extension of x" — (—x"). In both case
the antipode map is such that Ao A = id. This is note a case, as we will show in the
following proposition.

Proposition 1.1.35. Let H be a R-Hopf algebra with antipode A. If H is commutative
or cocommutative, we have Lo A =id.



1.1. AN INTRODUCTION TO HOPF ALGEBRAS 17

Proof. Suppose that H is commutative, the other case is similar. Then A is a R-
algebra homomorphism. So we can use equation 1.3 with f = A obtaining A x (Ao
A) =toe=1ioxA.So:

AoA=(tog) % (Aod)=(id*A) x (AoA)=id*(Ax(AoA)) =id* (to€e) =id.
O

Definition 1.1.36. We say that an R-module M is finite if it is finitely generated
and projective.

Now we introduce an important class of examples of Hopf algebras, the dual
Hopf algebras.
We start with the dual of C a R-coalgebra; if we take A= R in Proposition 1.1.31,
we get that C* = Hompg(C, R) is a R-algebra with multiplication pc+ := * and unit
1o+ :=1tgoé&. Explicitly, for f,g€ C*, ce C,r € R we have:

pe-(feg)e)=(fxg)e) =) f(cm) g (ca),
te+(r)(c) = r(e(re)) = re(e).

For R-algebras the setting has to be changed a bit, indeed: given A a R-algebra
its dual A* = Hompg(A, R) in general is not a R-coalgebra. The problem is that in
general is not true that (A® A)* is isomorphic to A* ® A*. But this become true
under the assumption: A finite R-module. In this case we can dualize what we have
done for the coalgebra getting:

Ap: A" — (AR A) " =A"0 A"
f—fou
EA*ZA*—>R
f—rQa.

It is easy to check coassociativity and counitary of the above maps, thus they define
a structure of R-coalgebra.

Notation 1.1.37. If M, N are finite R-module and f : M — N is a linear map, we
write fJr for the transpose map, that is, fT ‘N* — M*,fT((/))(m) =¢(f(m)).

Remark 1.1.38. Let (C,A,¢) be a R-coalgebra, considering the identification of (C®
C)* with C* ® C* and of R with R*, our definition of multiplication and unity on
the dual (C*,u*,1*) can be re-write as pu* = AT and 1* = €.

Now we can note that some property of C (resp. A) pass to the dual:

Remark 1.1.39. If C is cocommutative then C* is commutative:

the first condition is equivalent to }_ ¢(1)® c2) = X ¢2) ® cy V¢ € C, while the second
condition is the same as Y. f (c1)) g (c@)) = L g(cq)) f(c@)) ¥V f,g € C* and Yc € C.
Therefore, the implication holds because of commutativity of R.
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We have also a dual statement, i.e. if A is commutative then A* is cocommutative.
By definition of A*, for f € A*,a,b € A we have that A*(f)(a® b) = f(u(a® b)) =
fube a)) = A*(f)(b® a); in Sweedler notation A*(f)(b® a) =Y. fu)(b) fio) (@) =
T (A* (f )) (a® b), again by commutativity of R.

Actually in the previous remark the implication could be reverse thanks to the
following proposition:

Proposition 1.1.40. Let C (resp. A) be a finite R-coalgebra (resp. a finite R-algebra).
Then (C,A,€) = (C**,A*™,&**) as coalgebras (resp. (A, u,1) = (A**,,u**,t**) as alge-
bras).

Proof. We only prove the statement for C (a similar argument holds for A ). We
already know that there is a module isomorphism

p:C—C*"
C — (pC
where, for f € C*,p.(f) = f(c). We now check that ¢ is also a coalgebra iso-

morphism, i.e., for c € C,A**(¢p(c)) = (¢ ® p)A(c) and €**(¢)(c) = £(c). Regarding
the last equality

(@) =€ (pc) =pc Q) =@c (¢ AR)) =1* (1g) () = 1ge(c) = €(c),

while for the first one we have A** (¢(c)) = A** (¢¢), (9@ PIA(C) = X ey, ® Doy
and, for f,ge C*,

A () (feg =g (u"(feg)=u"(feg)) =) f(cw)g(cw)
= Z‘pcu) (Nepey, (&) = (Z Pey) ®‘Pc(z)) (feg.

O

Remark 1.1.41. As already said the above proposition yields the converse implica-
tions of the statements in remark 1.1.39, thus C is cocommutative iff C* is commu-
tative and A is commutative iff A* is cocommutative.

Proposition 1.1.42. Let C, D be R-coalgebras and A, B be finite R-algebras. If f : C —
D is a coalgebras homomorphism, then f': D* — C* is an algebras homomorphism;
in the same way, if g : A— B is an algebras homomorphism, then g': B* — A* is a
coalgebras homomorphism.

Proof. In order to show that f is an algebra homomorphism we have to check that
fToup =1c- and fToup: = pc-o(fT® f7). Since f is a coalgebra homomorphism,
epof=¢€candfor c€ C we have Ap(f(c)) =X () flcay) ® fcw). So,forreR,ce C
we have:
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(fT °LD*) (r)(c) = fT (rep)(c) =rep(f(c)) =rec(c) =ic+(r)(c).

Furthermore, for ¢, € D*, c € C we have:

(o) @ow@ = (1o @x 1)) (@ = @ *W)(f(e) = i oWIA(F(©)
=ppey) (3 f(cw)e f(cw)) =X of (cw)vf(ce)
= (po P * o MO =pc- (F@e f'w)©
=uc- (e ) wevio
For the second part of the statement we can proceed in a similar way. O

Let (H,,1,A,€) be a finite R-bialgebra. For what seen above, (H*,,u*,t*,A*,E*)
is both an R-algebra and a R-coalgebra. Furthermore, thanks to Remark 1.1.38 and
Proposition 1.1.42 we can say that Ay and e+ are algebra homomorphism so H*
is a R-bialgebra. If we take H to be a Hopf algebra, we have that H* inherits also the
structure of Hopf algebra. Indeed, we can define the antipode to be: 1*: f— foA.
Thanks to Remark 1.1.41 we have that H is commutative iff H* is cocommutative
and that H is cocommutative iff H* is commutative. Moreover, as a corollary of
Proposition 1.1.40 we have , H = H** as Hopf algebras. Thanks to this identification
we can define the pairing map:

(Y:H*xH— R
(f,h)—(f, h) = f(h).

In order to avoid confusion we will write (f, k) in place of f(h), h(f).

Now we see this new construction in the context of group algebras:

Example 1.1.43. Let G be a finite group and H the Hopf algebra RG. Let us study
the structure of the dual hops algebra H* = Hompg(RG, R). Let {eys: 0 € G} be the
dual basis, i.e. e;(t) =04,r. Every f € H* can be written in a unique way as f =
Y 1eG frer- Now we examine the multiplication of element of the dual basis:

(eger) (p) = ex(p)er(p) = 60,p61,p

so for 0 = T, we have e2(p) = bg,0 = es(p), while for o # 7 we have that e,
and e; are orthogonal. Then {e, : 0 € G} are idempotents pairwise orthogonal. The
unity is 1+ = Y yec €0, indeed for f € H* we have:

1-f= (ZGeU) (Zfrer) :;fr (es - er) :;fTeT =/

and similarly f-1= f. Now we examine the comultiplication for element of the
dual basis:
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Ales) (T®p) =es(Tp) = 50’,Tp7

so since {e, : 0 € G} is a basis we have that A(e,;) = er:a e; ® ey. The counit
is such that €(ey;) = ey (1g) = 04,1, and finally the antipode is such that A (es) =
egoly=e;1.

Furthermore, H* is always commutative because H = RG is always cocommu-
tative.

Remark 1.1.44. This remark explain why we call abelian the propriety of being com-
mutative and cocommutative:

H™ is cocommutative iff G is an abelian group. Thanks to a precious remark this
imply that: H is commutative iff G is an abelian group.

Let us prove the first statement. By linearity of A we can reduce ourselves to
check cocommutativity only on the element of the dual basis {es:0 € G}. Let us
assume that H* is cocommutative, then for all 0 € G we have that },;—,e; ® ¢y =
Y pr=0 €p ® er. Since both sides are sum of elements of the basis {eu ®e,:U,VE G},
the equality holds only if each addendum of the LHS appears also on the RHS and
vice-versa. So it means that: the set of all 7, p such that 7p = o coincides with the
set of all 7, p such that pt = 0. Then for the arbitrariness of o € G we have that G
is abelian. The reverse implication is easy to check.

Now we look at what does it means for an element of H* to be grouplike:
Remark 1.1.45. Let f € H* =Hompg(H, R), it is grouplike iff f: H — R is an algebra
homomorphism. Indeed, for f € H*, h,h' € H, we have:

AT (f)(heh')=f(u(heh'))= f(hR),
URr(f® f) (h®h’) :/,LR(f(h)®f(h’)) :f(h)f(h').

Note that, the map A*(f) has image in R, while the map f® f has image in R®R,
so we need to identify R and R ® R with p. So for f to be grouplike we require that
A*(f) is the same as u(f ® f).

1.2 Algebraic structures

1.2.1 Modules and Comodules

Definition 1.2.1. Let A be a R-algebra. A left module over A is a couple (M, @)
where M is a R-module and @ : A® M — M is a linear map such that the following
diagrams

A®Ae M “9%% Ag M RoM 2% Ag M

i Sk
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commute, where s is scalar multiplication.

Remark 1.2.2. The commutativity of the diagrams above is equivalent to: Va, b € A,
VmeM and Vr € R:

(ab)-m=a(u(a®b)em)=ala®abe®m)) =a-(b-m),

rm=a(r)®em)=s(rem)=rm.

Definition 1.2.3. Let C be a R-coalgebra. A right comodule over C is a couple (N, B)
where N is a R-module and f: N — N® C is a linear map such that the following
diagrams

N—F s NsC

NeC ‘9% NgR
ﬁl lﬁ@id ﬁT /'
t/
N

NeC m NeCeC

commute, where t’ is the map n— n®1.

When no confusion may arise we will use M (resp. N) instead of (M, @) (resp.
(N, B)), we will call @ and f respectively as action and coaction and we will write
am or a-m for a(a® m).

Notation 1.2.4. We adapt the Sweedler notation to coactions in this way: forne N
we write

B(n) =) ne ®na,
(n)

and it should be kept in mind that n) € N and ng) € C.

Proposition 1.2.5. Let N be a right comodule over C then it inherits the structure of
left module over C* defined by the map:

a:C*eN— N
fen— spotid® f)op(n) =Y. f(nw) nw).

where sgp: N® R — N is the scalar multiplication.

Proof. We need to prove that (NN, a) satisfies the properties of a left module over C*,
Le.

ao(idc-®a)=ao(u" ®idy),
ao(t*®idy)=s.

First propriety: f,g € C* and n€ N, we have
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a(idc-®a)(fogen) =a(fealgen))
= “(f@’zg(n(l))n(o))
=2 g(nw)a(feno)
=2 8(nw) X f (row) noo)
=2 g(ne) f(nm) no
= Z (Zg (nmo) f (nom)) no
=) (f* 8 (nw) no
=a((fxgen=a(p*®id)(fegsn).

Second propriety: for re R,ne N :

a(*®idy)(ren) =a(reen) =) re(na) n
=r) e(ny)ne =rn=s(ren).

We now prove a similar result for algebras:

Proposition 1.2.6. Let A be a finite R-algebra and M is a left module over A. If
{a;,a't;—1..; let be a projective coordinate system A. Then M inherits the structure of
right comodule over A* defined by the map:

B:M— MeA*
l .
m— Y aimead.
i-1

Proof. We need to prove that (M, ) satisfies the properties of a right comodule over
A*, le.

(Boida-)of=(idu®A*)op,
(idyoe*)op=1t"

First propriety: for m € M, the left-hand side equals:

1

(Beida)p(m)=(feid) (Zaimwi) =Y Blamead

=Z(Zaj (aim)®aj)®ai :Z“j (aim)® al ® a',

i\ i,j

so evaluating in b, c € A we obtain:



1.2. ALGEBRAIC STRUCTURES 23

(Boidsy)p(m)(bec) = Zaj (a;m)® (aj ®ai,b®c)
i,j
= aj(aim)(a’,b)a’,c) =} (a’,bya;(}_(a',c)a;(m))
i,j ] 1

= b(cm).

For the right-hand side, instead, we have:

(idy @A) B(m) = (id o A¥) (Z a,-m@ai) =Y aime® (Z a'® ®ai(z))
i i (@)

Z amea'Veq®

i,(ab)

so evaluating in b, c € A we obtain:

(idy®A*)B(m)(b®c) = (Z aime (a’m ® ai(z))) (b®oc)
= Zaimai(bc) = (bc)m.

Then the thesis follows from the associativity of the action. The second propriety
can be check in a similar way. O

Remark 1.2.7. Based on the preceding discussion, given a left module (M, &) over an
algebra A, the action a induces a coaction B, which makes (M, B) a right comodule
over A. Similarly, the coaction 8 induces an action a, making (M, @) a left module
over A. It is important to note that A is isomorphic to A, which raises the question
of whether a and a* coincide up to isomorphism. As it turns out, they do coincide,
and we can show this by the following equation:

a**(a® m) = sg (T(Zaim®<ai,a>)) :Z<ai,a>aim: am=ala® m.)

A similar conclusion can be drawn when starting with a right module (V, ) over
a coalgebra C. In this case, the coaction f§ induces a module action @ on N over
C, which in turn induces a comodule coaction 8 on N over C. This coaction f is
the same as the original coaction f up to the isomorphism C = C*, and this can be
shown using the following equation:

B*m=Y a -nea;= Z(Z no) <ai,n(1)>) ®a; =) no®n = pn).

As we did before, after introducing new mathematical objects we have to define
their morphisms:
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Definition 1.2.8. Let (M,a) and (M’,a’) be left modules over an algebra A. A
homomorphism of the left modules on A is a linear map f: M — M’ such that the
following diagram

M;)M’

G
A®MW A®M

commutes, i.e. forallae Aand me M f(a(a® m)) = a'(a® f(m)).

Definition 1.2.9. Let (N, ) and (N’,ﬁ') be right comodules over a coalgebra C. A
homomorphism of right comodules over C is a linear map g: N — N’ such that the
following diagram:

NL)N'

| b

NeC —> N&C,
geid
commutes, i.e. forall ne N §'(g(n) =Y. g(ng)) ® nq).

1.2.2 (Co)Module Algebras

Let H be a Hopf algebra, then we can consider left modules and right comodules
over H. For the modules for example we have:

e« Risaleft H-moduleviae: h-r=¢e(h)r,

« let M, M’ be left modules over H, then we have that M® M’ is a left H-module
via A:
h'(l’)’l@l’}’l,) =A(h) (m®m’) =Zh(1) me h(z) -m’

So, if @, &' are the actions on M, M’, the action on M® M’ is the tensor product
a®a.

Remark 1.2.10. Notice that if H has only the structure of algebra, M ® M’ can be
enrich with a module structure over H but associated action will not be the tensor
product of the actions.

If a left module over H is also a R-algebra, seeing S® S and R as H-modules, we
can define an additional structure:

Definition 1.2.11. Let H be a Hopf algebra, and S be both a left module over H
and a R-algebra. S is a (left) H-module algebra if us and ts5 are H-module homo-
morphism.
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Remark 1.2.12. The condition "ug,ts are H-module homomorphisms" can be made
explicit. For h e H and s, f € S we have:

s (ases(h®s® 1) = us (Z hay-s®he) - l‘) = Z (hay-s) (he - 1),
(h) (h)

as(ideus)(heset)=as(h®st)=h-st.

So ps is a H-module homomorphism iff h-st =¥ 1 (hqy - ) (h@) - t). For re R
and h € H we have:

ar(id®ig)(her)=ar(h®1g5(r)) =e(h)is(r),
is(as(her))=is(h-r).

So 15 is a H-module homomorphism iff h-r = e(h)r

Now we present our first example of non-trivial H-module algebra, which will
bring also the first connection between Hopf algebra theory and Galois theory:

Example 1.2.13 (Galois). Let L/K be a finite Galois extension with G = Gal(L/K)
then L is a left module over the Hopf algebra KG. The action ap/x: KG® L — L
is given by the linear extension of the Galois action G~ L. For 0,7 € Gand [ € L
we have (o7)(l) = 0(z(])), so L is a KG-module. Note that L is also a K-algebra.
By linearity of the action we can check that L is also a KG-modulo algebra simply
proving the properties only for the elements in G: for all o € G,I,m € L we have
o(lm)=o0(l)o(m) and for k € K we have o(k) = k.

Now we notice that module algebras are the generalization of action of groups:

Example 1.2.14. Let G be a finite group and let S be a finite commutative R-algebra,
then S is a RG-module algebra if and only if G acts as automorphisms of S. Indeed,
if G is a subgroup of the algebra homomorphism group Aut(S), then for any 0 € G
and s,t € S, we have o(st) = o (s)o(t). A RG-module action on S can be defined, as
in the previous example, by mapping Y k;0 ® s to Y ks0(s), and under this action,
S becomes a RG-module algebra:

Y re0) (s =) reo(st) =) roo(s)o (1)
=) 1s(080)(s81)=A() ro0)(s®1).

The reverse implication can be easily verified.

Now we investigate the corresponding definition for comodules. As for the mod-
ules, we have:

« Risaright H-comodule via ¢: Br(r) =r®t(1p)



26 CHAPTER 1. BASICS

« let N, N’ be right comodules over H, then N® N’ is a right H-comodule via
w:
Bnen (n@n') =) ne® ”EO) ® u(nw® "Eu)

Seeing now N ® N’ and R as right H-comodules, we can define an additional
structure:

Definition 1.2.15. Let H be a Hopf algebra and S be both a right comodule over
H and a R-algebra. S is a (right) H-comodule algebra if pg,ts are H-comodule
homomorphisms.

Remark 1.2.16. The condition “ug, ts are H-comodule homomorphisms" can be made
explicit. For h € H and s, t € S we have:

B(us(s® ) =p(st),
(us®id) (D so® to @ p(sw® ) =Y so ko @ su tay = BB,

so us is a H-comodule homomorphism iff § is a R-algebra homomorphism. For
r € R we have:

Bus))=PBrisQp)=rPs)=r1se1ly)),
(ts®id)Br(r)=(s®id)(ret(1r) =rts(1r) ®t(1R)),

therefore tg is a H-comodule homomorphism iff tg (1) = 1s.

Let S be a H-module algebra, we already know that S has also a structure of
H™-comodule; it is easy to check that S is also a H*-comodule algebra and that also
the reverse holds.

Example 1.2.17 (H* is a H-module algebra). Let H be a finite-dimensional Hopf
algebra. H* is a H*-comodule through A*. Furthermore, from remark 1.2.16 to
prove that g+ and 1+ are homomorphisms of H*-comodules we can simply notice
that f = A* is a R-algebra homomorphism. So H* is a H*-comodule algebra, that
is the same as saying that H* is a H-module algebra.

Now we give a definition that able us to explain that comodule algebras gener-
alize the grading with groups:

Definition 1.2.18. We say that S is a G-graded R-algebra if

S= Ss

oeG

with the properties R < S;; and S; - Sy € Sy¢ for all 0,7 € G.
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Example 1.2.19. Let S be a G-graded algebra then the G-grading on § induces a
map:

f:S— S®RG

s— §®0;

Where o is such that s € S;. B is a R-linear map and it is an algebra homomorphism
by the property Sy - Sy € Syr, so f is a coaction and S is a RG-comodule algebra.

1.3 Hopf-Galois extensions

In this section we want to generalize the definition of Galois extension in the context
of Hopf algebra. In order to do this we start showing an equivalent condition for a
finite field extension L/K for being a Galois extension with group G.

From now on, we will assume that all extensions of fields are finite and separable.
Let L/K be a Galois extension with Galois group G. In the example 1.2.13, we have
seen that the Galois action G ~ L extends linearly to a module-algebra action a :
KG — Endg(L). Notice that the map

idea:L®KG— Endg(L)
l® (Z kga) — la (Z kga) Tm— Z(Z k(,a(m))

is a bijective homomorphism of vector space. Notice that the two vector space
has the same dimension, so we need only to prove the injectivity.

If id® a)(I® () ky0)) =0, it means that the map [(}_ k;0) is the null map in
Endg(L). But Proposition 1.1.30 tell us that grouplike elements are linearly inde-
pendent so all the coefficients are zero, and therefore [ ® (3_ ky0) = 0. This implies
that id ® a is injective.

Remark 1.3.1. Let L be a field and G < Aut(L) finite, the Example 1.2.14 told us that
there is a modulo algebra action a which makes L a KG-modulo algebra. More-
over, by classical Galois theory, L/L® is a Galois extension with Galois group G =
Aut (L/LG). Thus if id ® a, as defined above, is an isomorphism, we have that
[L: K] =|G]|. Then we have L° = K and G = Gal(L/K), indeed:

|G| = |Aut(L/L°)| < |Aut(L/K)| < [L: K].

The discussion above together with the remark above gives us an equivalent
definition of Galois extension:

Definition 1.3.2. Let L/K be a fields extension and G < Aut(L) finite, we have that
L/K is a Galois extension with group G = Aut(L/K) iff id ® a is an isomorphism
between L ® KG and Endg (L).
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The significance of this definition lies in its applicability to Hopf algebras, as it
can be extended to this context:

Definition 1.3.3. Let S be a finite commutative R-algebra and H a cocommutative
R-Hopf algebra. S is an Hopf Galois extension over R with Hopf algebra H (shortly
S/R is H-Galois) if:

+ Sisaleft H-module algebra with action as.
+ The map

j:S® H— Endg(S)
s®h— j(s®h):t—s-(ht):=us(s®as(h®r),

is an isomorphism.

We consider again a finite Galois extension L/ K and dualize the argument above;
the action @ : KG® L — L gives us a coaction

f:L— L®KG*
I— Y o)ees

oeG
(where {es : 0 € G} is the dual basis of {0 : 0 € G} ) that makes L a KG* comodule
algebra. As for the case above we have that the vector spaces homomorphism:

y:LeL— Lo KG"

lem— ) lo(m)® e,
g

is a bijection. As already observed above, for dimensional reason we just need
to prove the injectivity of the map. Let {m,,...,m,} be a K-basis for L. We can
express any element in L® L as ) ;I; ® m;. Suppose y(zg l;® mi) = 0, meaning
YoXilio(m)®es =0.Since }; l;o (m;) =} k{ m; where k7 € K, wehave }.; ; k7 m;®
eg =0, which implies k7 = 0 forall {,0. Hence, }_; [;0 (m;) =0 forall o,andso [; =0
for all i. Therefore, v is injective.
Also in this case the discussion gives us an equivalent definition of Galois extension:

Definition 1.3.4. Let L/K be a fields extension and G a finite subgroup of Aut(L),
L/K is Galois with group G=Aut(L/K) iff L L=L® KG* viay.

Hence we have a generalization also for the dual structure:

Definition 1.3.5. Let S be a finite commutative R-algebra and H a finite cocom-
mutative R-Hopf algebra with finite and commutative dual Hopf algebra H*. Sis a
H*-Galois object (shortly S/R is H*-Galois) if

+ Sis aright H*-comodule algebra with coaction fs.
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+ The map:
y:S¢S— Se® H*
s®t— (s®1)p(1)

is an isomorphism

The term “H-Galois object" originates from the common use of referring to H-
comodules as H-object.
As we could expect, these definitions are equivalent.

Proposition 1.3.6. Let H be a finite R-Hopf algebra and S a finite commutative R-
algebra which is also a left H-module algebra. We have that j is an isomorphism iff y
is an isomorphism.

Proof. Consider

S® H — % Homg(s,S)

) I

Homgs(S® H*,S) —— Homgs(§®S,95)
Y

where n(s® h)(t® f) =s- (tf(h), v(g)(s® ) = s-g(f) and YT is the transpose
map Y (f)(s® ) = fy(s® ) = fF(s® V(1) = (X (1 Sto) ® tay). Notice that the
previous diagram is commutative, indeed:

v(ijseh)(teou) =t(js®h)(n)=t-s-(hu);

yimse m)(teu) =n(se h) (Z tug) ® u(l))
(w)

=5t (Z u(h, u(1)>)

(u)
=s-t-(hu).

Notice that thanks to the assumption H and S finite we have that 7 and v are iso-
morphisms, so ¥ is an isomorphism iff y' is an isomorphism. This conclude simply
noticing that y' is an isomorphism iff y is an isomorphism. O

Corollary 1.3.7. Let S be a finite commutative R-algebra that is also a H module
algebra, with H* a finite cocommutative R-Hopf algebra. We have that S is H-Galois
iff S is a H* -Galois object.

Remark 1.3.8. The R-module Endg(S) is also a R-algebra endowed with composi-
tion. Furthermore, we have already seen that the tensor product of algebras is also
an algebra.
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If S is H-Galois then we have that y is an isomorphism, so we can "pullback"
the structure of algebra for S® H* to S® H. In this case we simply obtain the
componentwise multiplication:

Remark 1.3.9. Let S be a finite commutative R-algebra, H a finite cocommutative
R-algebra and suppose that S is a H*-comodule algebra; the vector spaces S® S and
S® H* equipped with the componentwise multiplication are R algebras. We have
that y: S® S — S® H* is an algebras homomorphism; for s, ¢,s', ' € S

Y((s®t)(a® b)) =(sa®1)B(th) = (sa®1)B(t)B(b)

(Z satp) ® fu)) (Z b ® b(n) ,

(0 (b)

where the second equality holds because S is a H*-comodule algebra, thus f
is an algebras homomorphism. Recalling that on S® H* we have componentwise
multiplication, by commutativity of S the last quantity equals

(Z St) ® I(l)) (Z ab(o)b(l)) = Y(S ® t)y(a ® D).
(1) (b)

If S is H-Galois then we have that j is an isomorphism, so we can "pullback”
the structure of algebra of Endg(S) to S® H. In order to investigate this structure
we consider:

Definition 1.3.10. Let S be a H-module algebra. The smash product § on the R-
module S® H is given by: for s,t€ Sand h,g € H:

(sehi(reg) =) shay (D)@ hpg,
(h)

=r®l=15(r)®ty(1).

The following proposition explain the importance of the newly introduced prod-
uct:

Proposition 1.3.11. The map j: (S® H,{) — (Endg(S), o) is a R-algebras homomor-
phism.

Proof. We need to prove the commutativity of the following diagram:
Js

S®H > Endp(S)

.U#T 9

(S®H)®(S® H) m} Endg(S) ® Endg(S)
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For s,t,ue Sand h,ge H:

Jjsemireg)w) =j(d_su(t)®hpg) W) =) shay(D)he(gw)
=sh(tg(w)) = (j(s® ) (rg(w))
=jsen)(j(re @ W) = (j(s®h)oj(re g)(w).

Finally, we need to prove the commutativity of the following diagram:

Se H — Endp(S)

|

R
For all s€ S and for all r € R, we have:
Jg(r)(s) = jls(r) @ g (D) (s) = ts(r) (kg ()(8) =75
O

Definition 1.3.12. Let S be a H-module algebra, the ring of the invariants of the
H-action is " = {s€ S: h(s) =¢&(h)s Vh e H}.

Let Sbe a H-comodule algebra the ring of the coinvariants of the H-coaction is S¢°H =
{seS:B(s)=sely}.

Now we prove a theorem that extend what we know about invariant in the usual
Galois extension:

Proposition 1.3.13. Let H be a R-Hopf algebra and S a H-Galois, then S = R.

Proof. Form the definition of H-module algebra follows that for all r € R h(r) =
e(h)rforall he H, so R< S”. Now, we suppose s € SH: for t€ S, h € H we have:

(t® h)l:t(s@ 1) = Z th(l)(s) ® h(z) = Z te (h(l)) $® h(z)

=15() e(hw) ® hey) = ts(1s® ) e (hw) he)
=ts®h=(s® Di(r® h).

Therefore s® 1 commutes with all elements t® h and, since j is an isomorphism,
also j(s®1) commutes with all elements j(¢® h). So j(s®1) commutes with all maps
in Endg(S), moreover j(s®1) = s- 1y is the multiplication by s, so it must be in R.

O
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1.3.1 Base change and Galois descent

In this last paragraph we introduce the concepts of Base change and Galois descent.
Although totally general, we restrict ourselves to presenting them for Hopf algebras
over fields, this will greatly simplify the exposition.

We want to extend the concept of base change that we have in usual Galois theory,
i.e. extending the base field to a larger field while preserving the underlying Hopf-
Galois structure. The following theorem will be the pillar on which the Greither-
Pareigis’s Theorem will be based.

Theorem 1.3.14 (Base Change). 1. Let L/IK be a H-Galois fields extension and
F a finite fields extension of K; then (F ® L)/ F is an (F ® H)-Galois extension.

2. Let L be a field which is also a H-module algebra over K and F a finite extension
of fields of K. If (F® L)/ F is (F ® H)-Galois with action induced by H ~ L, then
L/K is H-Galois.

Proof. 1. It is easy to check that F® H is a F-Hopf algebra; we have also that
F® L is a F-algebra with component-wise product, and the action induced
by H ~ L makes F® L a (F® H)-module algebra: for f, f’, f”" € Fhe H and
I, melL,

feh((f'eh(f"em)=(foh(f f"olm)=fff"e®h(lm)

=ff'f"e (Z h(l)(l)h(z)(m))

(h)

=f (Z (f'®hayD) (f"® e (’”)))

(h

:f( > (1®h(1))(f,®l)(1®h(2))(f"®m)),

(1®h)

(fem(1el)=feoh(l)=fel-eyh) = feghol=c(feh) ol.

It remains to check that the Galois map j': (F® L) ® (F® H) — Endp(F ® L)
is an isomorphism. But, recalling that j is an isomorphism, the thesis follows
from the commutativity of:

(Fel)®r(F® H) ;’) Endr(F®L)

| :

Fe®(L® H) T@j) F® Endg(L)
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2. Here we have only to check that j is an isomorphism. Looking at the above
diagram we have that id ® j is an isomorphism, therefore, by flatness of F, so

is j.
O

Form usual Galois theory we know that if L/K is a finite Galois extension, we
know the following:

+ let Abe a K-vector space, then A® L is a L-vector space;
« let f: A— B be a homomorphism of K-vector spaces, then:

(idef):L® A— L®B,
(Il®a)—1f(a)

is a homomorphism of L-vector spaces.

More generally, that the same holds with algebras or Hopf algebras instead of vector
spaces.

Galois descent, on the other hand, is the inverse process of base change. It involves
descending a Galois extension to a smaller field while preserving essential proper-
ties and structures. By applying Galois descent, one can explore the Galois theory of
the original field using tools and techniques from a smaller field, which often leads
to simplifications. So Descent theory provide criteria that determine when one can
assert one of the following:

« let Abe a L-vector space, then A = L® Ay as L-vector spaces, with Ay K-vector
space,

« if f:L® Ag — L® By is a L-vector spaces homomorphism, then f = id; ®
fo with fy: Ag — BoK-vector spaces homomorphism, (and make analogous
assertions for algebras or Hopf algebras).

Now we want to prove the Morita Theorem, because it will be useful in the
development of the descent theory. In order to do that we introduce some basic
concept in module theory:

Notation 1.3.15. Let A be a ring, we write ,29 for the category of left A-modules.
Definition 1.3.16. Let A be a ring, we call progenerator a P € ,O that satisfy:
1. P is projective and finitely generated,
2. for all M € 9N, exist a set I such that exist 7 : PPT — M epimorphism.

Example 1.3.17. For example M = A is always a progenerator.
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Theorem 1.3.18 (Morita). Let A, B be two rings, then ,29 and ;)N are equivalent iff
there is a progenerator P € ;9 such that Endg(P) = A

Proof. For the sufficient part: let F: ;91 — ;90 equivalence of categories and let
P =F(A) € ;2. Now we check that P is a progenerator:

1. Being projective and finitely generated is preserved by the equivalence of
category. (Notice that the definition of projective involves only arrows.)

2. Let M € ;M and let G be the quasi-inverse equivalence of F. For Exam-
ple 1.3.17 exist a set I such that exist an epimorphism 7 : A®T — G(M).
Then since F and G are adjoint we have the existence of an epimorphism
n': F(A®1) = p®T . M.

In order to conclude notice that:
Endg(P) = End(F(A)) = Ends(A) = A.

For the necessity part: Let us suppose we have a progenerator P € 391 such that
A =Endp(P). We may look at P as a left A— B-bimodule thanks to the following
product:
AxP—P

(fsp)— f(p)
Now we consider the two following functor:
F=Hompg(B_): g — ,IN,
G=_®AP2A9:R—>BW.

For a famous result of category theory we know that G is left adjoints to F, some-
times this adjunction is called “tensor-hom adjunction".
In order to show that F and G are inverse of each other we may consider :

Nat(F, F) — Nat(GE, Id)

Idp*—*é’

Nat(G, G) — Nat(FG, Id)
ldg—n
where, for any Y € ;9 and X € ,0:
ey :Homp(PY)®P —Y
pep—¢(p)

Nx:X — Hompg(P X ® P)
xX—(p—x®p)
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are the counite and unite. The goal is to check that ey and nx are isomophism.
We do it for ey, the other case is similar. We start noticing that for Y = P €p is an
isomorphism:

ep:Homg(BP)® P— P

pep—(p)=¢-p.
where we use A =Endp(P) and the structure of P as an A-module. Now using the

fact that P is a progenerator we have that, for any Y € 90, exists I, I such that
there is an exact sequence:

pOL y pOL » Y >0
Ker(m)

Since P is projective we know that F is an exact functor and commute with direct
sum. On the other hand G is right exact and commutes with coproduct. So we get
the following commutative diagram:

GF(P)®L — 3 GF(P)®h — 3 GF(Y) ——> 0

\LE;? L2 ls? A l/ey

pOL > pOL > Y > 0.

Thus, being ep an isomorphism we conclude that €y is an isomorphism using the
snake lemma. ]

Remark 1.3.19. Let Sbe a finite K-algebra and M a left E-module, then Homg(S, E)®f
M =Hompg(S, M). Indeed, if we fix M, the equality holds for S = E, hence for a free
E-module, hence for a projective E-module. Then it holds for S.

Then from Morita Theorem and the previous remark, it follows:
Corollary 1.3.20. Let K be a field, S a finite K-algebra and E := Endk(S). Then the
covariant functors
S®r_: Km — Em
HomE(S,E) ®F Em —_— KZ)JT

define an equivalence of categories between 9 and IN.
This theorem immediately tell us something about descended modules:

Corollary 1.3.21. Let S be a finite K-algebra, then a S-module M descends iff the
S-action on M can be extended to an action on Endg(S) on M.

Now if L/K is a Galois extension with Galois group G (i.e. j: L& KG — Endg (L)
is an isomorphism), then a left Endg(L)-module is simply a L-vector space with
a compatible action of G (i.e. so that for all me M, 0 € G and s € S o(sm) =
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o(s)o(m).). In this case we see that the inverse of the base change functor is given
by the functor: M — MY, This can be generalized for Hopf-Galois as shown by the
following:

Proposition 1.3.22. Let S be a finite commutative K-algebra and a H-Galois. We
find that for any M € ;9, M is isomorphic to S® M*! via the map s ® m— ms.

Proof. By Corollary 1.3.20 we have:

M=S®xHomg(S,E)®g M.
Furthermore, using (E, o) =~ (S® H, #) as algebras, we get Homg(S, M) =~ Homge (S, M)
and so:
M =S®rHomgg (S, M).
We claim that Homgg (S, M) = M* via the map:
¢ : Homgg (S, M) — MY

¢— ).
For any s € S we have (s®1)1 = s and so ¢(s) = ¢p((s®1)1) = (s® 1)¢(1). This imply

that phi is completely determined by the value in 1. Now, for h € H, we have:
ho(1) = (1@ hp(1) =p((1@ h)1) = p(e(W)]) = e(h)p(1)

so ¢(1) € MH. We have that ¢ is well defined and injective. The surjectivity
follows from the fact that for m € MH, m is the image of ¢ : s — sm. O

The above proposition tell us that the functor () is the inverse of the base
change module. Then, there is an equivalence of categories:

RAM — g M
N—S&gN

M — p M
M— M.

Definition 1.3.23. Let L/K be a Galois extension with group G and A is a L-vector
space, we say that A is a G-compatible L-vector space if it is a KG-module and the
structure map of A is G-equivariant, i.e. so(g:) = (g:) os for every g € G, where
s:L® A— Ais the scalar multiplication and G acts on L ® A diagonally.

This definition is justified by:

Proposition 1.3.24. We have the following equivalences:
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1. Aisa(L® KG)-module iff A is a G-compatible L-vector space;

2. f: A— B is a (L® KG)-modules homomorphism iff f is a L-linear map G-
equivariant.

Proof. 1. Suppose that A is a (L ® KG)-module, so

¢:L® KG— End(A)

0 — @i5:a—lo(a)

is a rings homomorphism. Restricting this module action to {{ ® 1},c; and
{l®0}sec wWe get a L-module structure and a KG-module structure on A given
by ¢(I®1) = ¢; and ¢(1 ® 0) = @, respectively. Since (1 ® 0)f(I® 1)) =
p(leo)opl®l) ie Qg =@sop; forallac A

o(la) = @s (91(@) = ponye(@) =o(Do(a).

Note that the above condition is exactly the G-equivariance of the scalar mul-
tiplication of A, so A is a G-compatible L-vector space. On the contrary, let
A be a G-compatible L-vector space, so that we have the modules actions
¢r: L — End(A),pr(l)(a) = ¢;(a) = la and ¢g : KG — End(A), ¢g(o)(a) =
@s(a) =o(a). As we now show, the diagonal G-action on L® A allows us to
extend the L-module action over A to a (L® KG)-module action over A. Firstly
we note that any /® 0 € L® KG can be written as [® 0 = (1® 0)4 (0'_1(1) ® 1);
thus we define

¢: Lo KG— End(A)
I®1— @
1®0+— g
I®0— @5 := Qo O Pg-1(1)
so that (@) = 9o (ps-1)(@) = o (07 (Da) = lo(a). We now check that ¢

is a ring homomorphism: for [,me L,0,7 € G,a € A we have

pleo)i(me))(a)=d(lo(m)®oT)(a) = Pigmer (@) = lo(m)or(a)
@pUoo)op(men)(a) = (PpigoPmr) (@) = p1g(mT(a) = lo(mT(a)),

and, by compatibility of the G-action, lo(m)ot(a) = lo(mt(a)). Thus ¢ is a
rings homomorphism.
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2. Let f be a (L ® KG)-modules homomorphism between A and B. A and B,
endowed with the structure defined in the proof of 1 ), are G-compatible L-
vector spaces. Therefore f is an homomorphism of G-compatible L-vector
spaces iff it is both L-linear and G-equivariant.

O]

Since a (L® KG)-module is a G-compatible L-vector space, for A a L-vector space
we have:

A descends © the L-action on A extends to a (L ® KG)-action on A © G acts on
A compatibly with the L-vector space structure.

In this case, by Morita’s theorem and Proposition 1.3.22 we have A=~ L® AC,
where A is a K-vector space. The functors of Morita’s theorem can be applied also
to maps; for A, B two (L ® KG)-modules and f: A— B a L-linear map, we have

f descends < f is a (L ® KG)-modules homomorphism
< f is G-equivariant,
and in this case f = idr ® fy, where fy: A° — BY is a K-linear map.
Thus, if Ais a (L® KG)-module and we have a commutative diagram involving
only (L ® KG)-modules and (L ® KG)-modules homomorphisms and which defines

a property for A, then we have the same commutative diagram for fixed spaces
through the functor (*)¢ and so the property holds also for fixed space AC.

Definition 1.3.25. Let A be a L-algebra (or a L-Hopf algebra), we say that Ais a G-
compatible L-algebra (resp. L-Hopf algebra) if A is a KG-module and the structure
maps of A are G-equivariant (here G acts diagonally on A® A).

Let A be a G-compatible (Hopf) algebra over a field L then for the structure
maps we have the diagram:

ueid
ARA®A —— AR®A

idoy| I

A® A T> A
then applying the functor ()¢ we have the following commutative diagram:

(Ao As A0 2% (ag A)C

idoy| 1

(A® A ——— A°

Remember that A° ® AS ® A® embeds in (A® A® A)C, so this last diagram enrich
AC with a structure of (Hopf) algebra over L.
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Now, let H be a Hopf algebra over L and A a L-algebra which is also a H module
algebra, i.e. the properties h(ab) = u(A(h)(a® b)) and h(l) = €(h) -1 hold. Both
this properties can be expressed by commutative diagrams, so working as before
we have that if H and A are a G-compatible (Hopf) algebras and that the module
algebra action is G-equivariant, then we can enrich A® with a structure of HC-
module algebra.






CHAPTER

Hopf Galois Theory

In the previous chapter we have generalized the concept of Galois extension, this
new extension has some difference with classic Galois theory, for example a fields
extension can be Hopf Galois for different Hopf algebras H. In this chapter we want
to determinate all possible Hopf Galois structures for a given fields extension. In
order to do this we will follow the path lined by the fathers of the so-called separable
Hopf-Galois theory, Greither and Pareigis in [PG87]. Remember that we always
consider finite and separable extension.

Framework

We want to characterize the Hopf Galois structures H for a fields extension, L/K,
of degree n. We will refer to the following setup as () :

E L/K fields extension

‘ ¢ E normal closure of L/K
G| L G=Gal(E/K)

‘X G'=Gal(E/L)

K X =G/ G set of coset

By Primitive Element theorem, there exist a € L such that L = K(a), and a poly-
nomial p, that is the minimal polynomial of a over K. If we call ay, ..., @, the roots
of pq we have that E = K(ay, ..., @,). We will use the left translation map:

A:G— Perm(X)
0— Ay :T— 0T,

which allows us to think of G as a subgroup of Perm(X).

41
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Lemma 2.0.1. The translation map A is injective.

Proof. We have
Ker(A) ={0€G:A; =idx}={0€G: A;(T) =TVT € X}
c{oeG: ;D) =1}={0€G:6=1}=G.

Moreover M = Ker(A) <G, so EM/K is a normal extension; since M < G' < G,
EC = K< EY = L< EM. The latter inclusion, together with EM/K being a normal
extension, implies, since E is the normal closure of L/K, that E = EM and so M is
trivial. O

We have defined A using the left action, but we can also consider the right one,
which define an injective group homomorphism as well:

p: G — Perm(X)

o— Ay :T— 70,

2.1 Special case

We start with a characterization of the Hopf Galois structures for a special type of
extensions. This section is based on section 6 of [Chi00].
We start giving some definition of group theory:

Definition 2.1.1. Let X be a finite set and Perm(X) its permutation group. A sub-
group N < Perm(X) is regular if two of the following conditions hold:

« [Nl =1|X]|
« the action N ~ X is transitive;

« Stabpy(x) =idy for all xe X.

The action N ~ X and a fixed x € X yields a map -x: N — X. It is easy to note
that N is regular iff the map -x is a bijection for every x.

Notation 2.1.2. Let E be a field, X a finite set. We will write XE for the E-vector
space Map(X,E) ={f: X — E}.

An orthogonal basis for XE is given by {uy : x € X}, where:
Uy: X —E

y’_’(sx,y.

Since E is a field we can see XE as E-algebra with componentwise multiplication;
in this way we have that all u, are idempotents.



2.1. SPECIAL CASE 43

Definition 2.1.3. For any x € X we call u, primitive idempotents.

The name is justified by the following:
Remark 2.1.4. Note that if f € XE is idempotent, f =) .cx axu, and we have

2 2
Y axux=f=f"= ) acayucu,= ) ajuy
xeX x,yeX xeX
that is, each a, € E must be idempotent, i.e. ay =0or a,=1,andso f = Zyey uy
forYcX

Theorem 2.1.5. Let E be a field, X a finite set. We have:

1. if XE/E is Hopf Galois with Hopf-algebra H, then H is a group ring EN, where
N is (identified with) a regular subgroup of Perm(X);

2. if N is a regular subgroup of Perm(X), then XE/E is EN-Galois.
Proof. O

1. Recalling that an extension is H-Galois iff is an H*-Galois object, we have
the following E-vector spaces isomorphisms (where n = |X| ):

Ex---xE~Map(Xx X,E)~ XE®g XE~XE®pH*~H" x---x H"
(S "
n? times n times
It is easy to check that they are all isomorphisms of E-algebras as well. Thanks
to the finite-dimensional assumption the decomposition of a semisimple alge-
bra in simple algebras is unique, thus we get that H* = E x --- x E as algebras.
Since a basis for (E x --- x E)* is given by m; for i = 1,...,n (where 7; is the
projection on the i-th coordinate), a basis for H** is given by: fori =1,...,n

viiH* —>Ex--xE-%E.

We know that the v; are algebras homomorphisms and so, by 1.1.45, they are
grouplike elements of H**. We also know that H** = H, therefore we can
identify N={v;:i=1,..., n} with a basis for H made by grouplike elements.
Allin all, since N is a basis of H and it is made up of grouplike elements, that
are independent by proposition 1.1.30 N consists of all grouplike elements in
H. For Proposition 1.1.29 N is a group, so H is the group algebra EN.

Claim 1. (N is a a subgroup of Perm(X)) Since XE/E is H-Galois we have
that H = EN acts on XE as a modulo algebra. We will show that this action
restrict to 9 = {uy : x € X} obtaining:

NxB— B

(v, ty) — v(uy) = uy for some y € X.
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Now, since 48 is indexed by X, we rewrite this action as the injective homo-
morphism:

N — Perm(X)

v x— yif v(uy) = uy,
We start looking at action of N on 28:

V(U V(Uyx) = p((AW) (Ux ® Uy)) =V (UxUy) =V (Uy)

v (ux)v(uy) =v(uxuy) =0 for x # y.

So v maps primitive idempotents of XE in orthogonal idempotents of XE.
We want to show that for every x there exists y such that v (uy) = uy, in
order to do that we prove that v(u,) are primitive. It is easy to check that
1xg = Y, Uy, moreover v(lxg) = €(v)1xg = 1xg (where we have used the
Proposition 1.1.29); combining these two equalities:

Ixg=v(xEg) ZV(Z ux) =) v(uy)
xeX xeX

Notice that this imply that each v (uy) is not zero, because uy = 1 (uy) =
v (uy).

So, v (uy) # 0) and idempotent, therefore exist some Y < X such that v (uy) =
Y yey Uy. Since v(uy) are orthogonal we have that an element of 98 can appear
in one and only one of the {v(uy)}xex. So |Y| =1 and for any x € X exist a
¥ € X such that v (uy) = u,.

Claim 2: (N is regular) By definition of regular we have to prove that |N| = | X]|
and N v X is transitive. The first follows from dimg(EN) = dimg(XE).

For the second statement we suppose, on the contrary, that the action is not
transitive, i.e. Nuy ={uy: y € Y} for Y C X. By assumption the Galois map:

j: XE® EN — Endg(XE)
Ur®vi— j(Ur®v;i):ux — urvi(Ux)
is bijective. The contradiction will come by seeing that j is not surjective.
Let z be an element in X\Y; we definite the elements e, in Endg(XE) to be
ex; (Uy) = Uy and ey, (uy) =0 for y # x. By bejectivity of j it must exist an

elementa =3 ,,a;yu,;®ve XE®EN such that j(a) = ey;. For a general a
we have:

jl@=]j

Y azyu.®v
Zv
= Z Az yvUzV(Uy)

z,V
= Z ayly
yey
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We conclude noticing that ey (uy) = u; ¢ ({uy: y € Y}).

2. Let x,z € X and ey, defined as above, then we have that 8 = {e,,: x,z€ X} is
an E-basis for Endg(XE). Moreover, by regularity of N we know that exist
v € N such that v(x) = z. We want to prove that the Galois map j is surjective,
this will be sufficient since |N| = |X| by regularity and so dimg(XE® EN) =
dimg(Endg(XE)). For the surjectivity is sufficient to notice that 6 < Im(j),
but we know that for a v € N as above we have j(u; ® V) = ey;.

2.2 Greither-Pareigis’s Theorem
In This section we finally prove Greither-Pareigis’s Theorem in the setting ().
Notation 2.2.1. We will simply say G-module for KG-module.

Example 2.2.2. (E® L) is a G-module by G-action on the first component. Note
that XE = Map(X, E) = Homg(EX, E), and G acts both on E and EX, so G acts on
Hompg(EX,E)= XE :

o(NW=0(fle"' W)
for 0 € G, f e Homg(EX,E) and y€ EX.
The idea of Greither and Pareigis is based on the used of Base change: the strat-
egy is to classify those Hopf Galois structures on (E ® L)/E on which G acts, and

then take the ring of invariants under the G-action. This strategy is facilitated by
the special form of E® L, and E® H.

Proposition 2.2.3. Suppose to be in the setup (%), then we have that:
9:E®L— XE
e®l—@e®l):6—ea(l)

is a E-algebras and G-modules isomorphism.

Proof. The map ¢ is well-defined: if ¢ = 7, then o = 79’ for some p’ € G’ and, since
L=E% wehaveo()=T (0'(D) = 7(1). Now we prove that ¢:

+ is a E-algebras homomorphism: ¢ is E-linear by definition. We need to check
that it preserves the multiplication: Vo € G/G', e® [’ ® I

p(ea (e ®1) @) =g(ee) ® (11N)(0) = (ee)a (Il
= (eeNa(Da(l") = (ea(D))(€'a(l")
=(ple® D@ g’ ®1N(©) = (ple® Dy’ ®!)(©)
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+ is a G-module homomorphism: for every 7 € G we have:

7 (ple® D)(3) =7 (plew DT 1)) =7 (elr ' o))
=17 (t7 (@) =1(@a(])
=@ (o) =¢-(e®])(d).
« is bijective: Let {l;};=; _, be a K-basis for L; thus {1®/;};—; n 1s a E-basis
for E® L and so we can write a =) e; ® [; for every a € E® L. If a € Ker(¢),

then @(a) =0, that is, }_; e;0 ({;) = 0 for all o € G. Therefore e; is zero for
every i and ¢ is injective. For dimensional reasons it has to be bijective.

.....

O]

Notation 2.2.4. Let L/K be a H-Hopf Galois extension we will sometimes refer to the
module algebra action H® L — L as Hopf action.

We are now ready to state the following fundamental result:

Proposition 2.2.5. Suppose to be in the setup (%) and that L/ K is H-Galois; the base
change action
a:(E® H)®pg(E®L)— E®L

is equivalent to an action

o :ENep XE— XE

which corresponds to a regular embedding N — Perm(X) such that the image of
N in Perm(X) is normalized by A(G), where A is the left translation.

Proof. Notice that we know two actions on XE. On one hand, we have the action
of G over XE as described in Remark 2.2.2. Let us look at the action of G on the
elements of the basis {us: 0 € G/G'}:

0 (ur) () = 0 (ur (0 p) = s (07 p) = gz (p) = t, (1 (P).

Since 0 (uz) = uy, (), the G-action on {us}seG/c corresponds to the left transla-
tion. On the other hand, as described in the proof of Theorem 2.1.5, N acts on the
basis {u : 3 € GIG'} by

v (Ug) = Uy(g).

This N-action on {us}seg/g corresponds to an embedding N — Perm(X).

Claim 1: G acts on N
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The Galois action G ~ E gives a G-modules structure on E® L and E® H acting
on first components. It is immediate to check that E® L is a G-compatible E-algebra,
E® H is a G-compatible E-Hopf algebra and using that the action is component-
wise, that the action a is G-equivariant. Theorem 2.1.5 imply that E® H ~ EN and
Proposition 2.2.3 imply that E® L = XE via ¢ so the Hopf action a is isomorphic to
a G-equivariant Hopf action:

a':EN®p XE — XE.

Moreover, since E® H =~ EN as Hopf algebras, G acts on EN with a G-compatible
action. So, if A is the comultiplication of EN we have:

g(A(WV)) =A(c(v))

Recall that N is the set of grouplike elements of EN, thus o(v) ® o (v) = A(g(v)) and
G acts on N.

Claim 2: The cation of G over N is via conjugation by 1
Let us look now at the action defined above; by G-equivariance we have:

o (uz)) =oWo (uz),

and writing explicitly the actions of N and G on the {us}5eG/6, We get:

o (v(u) = 0 (Uvp) = tp, iy,
oo (ur) = (W) (Un,®) = Uow)(wym)-
Hence A (v(7)) = () (ua, @), that is, (6(V))() = (AeVAs1) (), and o (v) =
AgVAy-1, as desired. O

The theorem of Greither and Pareigis asserts that the above proposition has
converse:

Theorem (Greither-Pareigis). Suppose to be in the setup (%), then there is a bijec-
tive correspondence between Hopf Galois structures on L/ K and regular subgroups of
Perm(X) normalized by A(G). The bijection is given by:

{H Hopf Galois strucure on L/K} — {N < Perm(X) | N is normalized by /I(G)}
H— N=G(E®H)
E[N]® — N.
Proof. By Proposition 2.2.5, to prove the statement we have only to check that if we

have a regular subgroup N of Perm(X) normalized by A(G), we can find a unique
Hopf Galois structure H on L/K.
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Claim 1: The base change action is G-equivariant.

Since N is regular, by Theorem 2.1.5, X E/ E is EN-Galois, so that the Hopf action
is defined on the basis as:

a:EN®g XE— XE
Ve uz — v(Ug) = Uyg)-

We want to show that XE and EN are G-compatible E-vector spaces and «a is
G-equivariant. Notice that XE, with the action of G defined in example 2.2.2 is a
G-compatible E-vector space:

aleNT) =o@o(f (e (D)) =a(@a(f)@).

Similarly, we have that EN, with the action defined in Proposition 2.2.5 is a G-
compatible E-vector space:

o(eev))=c(eev)=0c(e)a@ow)=a(e)olev).

Finally, we check that the E linear map a is G-equivariant, i.e. a(o(ev® f))(T) =
o(a(ev® [))(T). The left hand side:

aloleve f))F) = (a(ev)a(f)F) =ale)a(f) () @)
=)o (f (Ag1 (o' (D)))
=0 (e)o (f (A1 AoV A1) (D)
=00 (f (v Ae1) (D)
where we have used that N is normalized by A(G). The left hand side:

olaleve @) =olevf) (@) =o(e)o (vf) (A1 (D))
=a@o(f(v' (A D)) =0a@a(f(v ') (D).

Then, by Proposition 1.3.24 we have that XE and EN are (E® KG)-modules and
the action a, being G-equivariant, is an (E ® KG)-modules homomorphism.

Claim 2: The extension (XE)°/K is Hopf Galois

Since E/K is a Galois extension with group G, it follows that Endg (E) = E® KG.
For Morita’s theorem, we have that there is a equivalence of category between
K-vector space and E ® KG-modules, so in particular we have that the (E® KG)-
modules homomorphism @ corresponds to a unique K-vector spaces homomor-
phism:

a%: (EN)C®x (XE)° — (XE)°.
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It an easy verification that XE is a G-compatible E-algebra and EN is a E-
compatible E-Hopf algebra; then (XE)Y is a K-algebra and (EN)C is a K-Hopf
algebra. Moreover, since @ is a module algebra action, so is a®. By Proposition
1.3.22 we know that E®x (EN)¢ = EN, E®x (XE)© = XE; so from the isomorphism
j: XE®p EN — Endg(XE), we get the isomorphism:

(Eex (XE)°) ®p (E®x (EN)®) = Endg (E®x (XE)©).
which is the same as:
Eog (XB)°®x (EN)?) = E®x Endk ((XE)©).

Now, by flatness of E, the map

j%: (XB)%®x (EN)° — Endk ((XE)€)

is an isomorphism and so (X E)C is a H-Galois extension of K, where H = (EN)C.

Now we are able to conclude the proof: Let us consider the map:

f:L— (XE)°
[— Z o(Dug,

oeX

It is well-defined: if [ € L and T = 0, then exist p € G’ such that 0 = 7p. So, from
the fact that EG' = L it follows that o/() = 7(p(])) = 7(]).
For any 7 € G and [ € L we have:

T (Z o)) u(}) = Zra(l) Uss = Za(l) us,

soIm(f) € (X E)C. Since the us ’s are a basis for XE, we get immediately that f is
injective.
Finally we check the surjectivity: let Y5 esus € (X E)C, then we have

Y esus =1 (Z eaua) =) 1(es) Usq,
[ [ [

so in particular 7 (ez) = ezs. If we take o the identity class we have t (ej) =e;
and so if we take also 7 € G/, we have 7(eg) = ey € EC = L. Therefore fleg) =
Y o (eg) us = ¥ esus. Thus L= (XE)“ and L/K is (EN)®-Hopf Galois. O

Remark 2.2.6. The action of H on L come from the identification of Homg(G, L)
with L via the valuation 1¢ the identity of G. Explicitly, H acts on L via:

(Z xnn)-l: Y xunt1e) (D)

neN neN
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2.2.1 Application to Galois extensions

Let L/K be a Galois extension with group G; in the notation of Theorem 2.2, E =L
and X = G. The translation map

A:G— Perm(G)

O— Ay :T— 0T,

embeds G in Perm(G) as a regular subgroup normalized by A(G). Another way
to do this is given by the right translation:

p:G— Perm(G)
0"—>pgiT'—>TO'_1.

It is easy to check that p(G) is a regular subgroup of Perm(X), and moreover

(Aoprlo) (1) = oo ltn = p,(0),

s0 A(G) acts (by conjugation) on p(G) leaving all elements fixed and in particular
A(G) normalizes p(G).
It holds:

A(G) = p(G) & G is a abelian group.

Indeed, if G is abelian, then A; = ps-1. To show the other implication, suppose
Az = pg; thus o l= Po(1) = A;(1) = . Now, if there exist 7,0 € G such that o7 #
70, then py (1) =707 #0711 = 151 (1), against py = Ay-1.

We get that if L/K is a non abelian Galois extension, there are (at least) two
different Hopf Galois structures.

Proposition 2.2.7. Let L/K be a Galois extension. The regular subgroup p(G) nor-
malized by A(G) corresponds to the classical Galois structure.

Proof. By Theorem 2.2, we know that N = p(G) corresponds to the Hopf Galois
structure H = (LN)°, where G is identified with A(G). By the discussion above,
G = A(G) ~ p(G) = N trivially (that is, leaving all elements fixed), so H = LGN =
KN. The action KN = H ~ (GL)S is induced by the action LN ~ GL; moreover
(GL)S = L, hence, if L€ L corresponds to Y. 7(Du; € (GL)Y, for o € G we have

Po (Zr(l) uT) =) 1Py (Ur) =) T(Dtrg-1 =) 10(1) (Us).

Thus, since Y ;To(l) (1) corresponds to o(l), the action N = p(G) ~ (GL)C
corresponds to the action G ~ L (and therefore the Hopf action of KN on (GL)C
correspond to the Hopf action of KG on L). O
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2.3 Byott’s theorem

One difficulty with Greither-Pareigis criterion is that, applied directly, we need to
find out which regular subgroups of Perm (G/G') are normalized by G, and for large
n, Perm (G/G') has a huge number of regular subgroups. In this section we present
a method that reverse the relationship between G and N.

2.3.1 New point of view

In this section suppose L/K is Galois with group G. We look for regular subgroups
N of Perm(G) normalized by G. If N is a regular subgroup of Perm(G), as we have
notice in the previous section, there is a bijection:

'€GZN—>G
n—1-ec=1(eq)

where eg is the identity element of G. The previous bijection induces the fol-
lowing isomorphism:
@ :Perm(G) — Perm(N)

m— (-eq) " omo (-eg).
Now, let us notice that under ¢, N is mapped to An(N) in Perm(N) : for every
,n € N, we have:

P = Ceq) ™" (u(n-ec)) = b~ ((um-eg) = .
Moreover, A¢(G) is mapped to some group Gy = G in Perm(N) :
A :G — Perm(G) 2 Perm(N)
G—Ag(G) — Gy=EG,

since A (G) normalizes N in Perm(G), Gy normalizes A (NN) in Perm(N).
Thanks to this translation, we are able to rewrite the problem in term of the
holomorph of N, that is smaller than Perm(G) and easy to describe.

Definition 2.3.1. Let N be a group. The holomorph of N is the normalizer of 1(N)
in Perm(N).

The next proposition show one of the big advantages of this translation, the
holomorph has a simple structure:

Proposition 2.3.2. Hol(N) = p(N) x Aut(NN).

Proof. Firstly, we check that p(N) - Aut(N) € Hol(IN). We start proving this for the
two factors. p(IN) centralizes A(N), in particular p(N) normalizes A(N). Indeed,
given 7, L € N, by the definition of A and p we have that p(n)A(1) = A(w)p ().
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On the other hand, we want to prove that Aut(N) normalizes A(N). Given y €
Aut(N), we want to see YA(N) = A(N)y (in Perm (N)). Indeed, for every n,ue N :

YA W) =yAm W) =y =ymy) = Aym)yw = Alym)y) (w

Notice that the same proof shows that Aut(/N) normalizes p(N). Hence, we have that
the product is a subgroup as well. Indeed, for every 1,1’ € p(IN) and 7,0’ € Aut(N) :

n-0)(n'-0')=n(on'c™)(00") = (non'a™) (00’). (2.1)

Conversely, we check that Hol(N) € p(N) - Aut(N). Let n € Hol(N), then for
every 11 € N, nxl(n)n_l € A(N). Hence for every 1 € N, there exists y(n) € N such
that:

aAmat = Ay ().

Since A is injective, this y(n) is unique, so that the map y: N — N can easily be
seen to be an automorphism of N. For any ne N :

nm =mn(nen)
=7n(A(nen)
=Alym) (m (en))
=ymn(en)
= (o (mem)™") (ym)

Hence 7 = p (m (en) ™) oy € p(IV) - Aut(N).

Finally, it remains to show that Hol(IV) = p(IN) X Aut(N).

On the one hand, since every automorphism is in particular a group morphism,
it maps the identity element to itself. Thus Aut(N) fixes e;. On the other hand, since
the action of p is by (right) translation, only the identity leaves fixed elements, so
that p(N) is a regular subgroup of Perm(N). Therefore, Aut(N) n p(N) = {1n3}, so
that every element in Hol(N) is a product of an element of p(N) and an element of
Aut(N) in a unique way. Moreover, since Aut(/N) normalizes p(N), the formula of the
product 2.1 leads to conclude that the product is, indeed, a semidirect product. [

2.3.2 Byott’s theorem

Here we present Byott’s translation theorem, from [Byo96]. Recall that to count
Hopf Galois structures on L/ K with normal closure Land G = Gal(L/K),G' = Gal(L/L),
we seek regular subgroups of Perm (G/G') normalized by A(G).

Theorem (Byott translation). Let G' < G be finite groups, let X = G/G' be the left
coset of G in G and let N be an abstract group of order | X|. Then there is a bijection



2.3. BYOTT’S THEOREM 53

between the following sets:

N ={a: N — Perm(X) injective homomorphism s.t. a(N) is regular}
G ={f: G — Perm(N) injective homomorphism s.t. f(G') = Stabperm(n) (en)}

Under this bijection, if a,a’ € N correspond to B, B € G, respectively, then:
1. a(N)=a'(N) iff B(G) and B'(G) are conjugate by an element of Aut(N);
2. a(N) is normalized by Ag(G) < Perm(X) iff B(G) is contained in Hol(N).

Proof. We start creating a map from N into G. Let @ € N, that is, a(N) is a regular
subgroup of Perm(X). As we have previously notice a induces a bijection:

a:N—-X
n— a(n)(e)

where é is the left coset in X = G/G' of eg. As before, the map a in turn yields
an isomorphism:

C(a) : Perm(N) — Perm(X)

T— aomoa !

Let Ag: G — Perm(X),Ay : N — Perm(N) be the left translation maps. Then
C(a)'oAg:G— Perm(N) is an injective homomorphism, since it is the composi-
tion of an injective homomorphism and an isomorphism. In order to prove that it is
in G, it remains to show that (C(d)_l o AG) (G’) = Stabperm(y) (en) - For every o € G:

(C@odg) @) en)=en < (Cl@ " (Ac(0))(en) =en

& a ' (Ag(o) (alen)) =en
< Ag(o) (a(en)) = a(en)
o Aglo)(e)=e
©oe=¢e
o d=ezG

so that C(a) "o Ag € G, as desired.

The bijection we are looking for is the following:

O:N—-G

a—C@ toldg

Claim 1: C(a) ' oa = Ay, so that @ = C(a) o Ay.
Indeed, for every n,pu€ N,
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Cla)™ (am)) (W
atoam)(a(w)
=(a"toam) (a(w) (@)
=a '((ama(w)@)
=a (anw) (@)

= ANm) (1)

(C@oa)mw

- (
-

so that C(@) " 'oa = Ay, as desired.
Now, working in a similar way we define the inverse ¥ of ®. If §: G — Perm(N) is
in G, then by definition f (G’ ) = Stabperm(n) (€n). Thus B yields a bijection:
b:X— N

g — p(o) (en)

Indeed,

« Well-defined: given 7,7 € X

b(@)=b(T) < Bo)(en)=p1)(en)

< (B o f0) (en) = (B(1) o (D)) (en)
< (Ba) o Blo)) (en) =en
& (B(r7) o p@) (en) =en
< pB(r7lo)en) =en
o1lged
soe1G
S0=T1

where:

1. B(7) € Perm(N),

2. ) tof(r) =1,

3. @) =Bz,

4. B is a group morphism.

« Bijective: injectivity follows from the previous computation and since | X| =
|N| holds by assumption, it is bijective.
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Observe that by definition of b :

b(e) = B (eg) (en) = lpermv) (€N) = €N

Hence, by reasoning as in Section 4.1 , the map b induces an isomorphism:

C(b) : Perm(X) — Perm(N)
m—bomob™!
Then C(b)~! oAy : N — Perm(X) is a regular embedding, since it is the compo-

sition of a regular embedding and an isomorphism. Thus it is in N.
The bijection we seek from G to N is the following:

¥Y:G—-N
B— C(b) Loy

Claim 2: C(b)~! of=Ag, so that B=C(b)o Ag.
Indeed, for every 0 € G, T € X,

(Ch) o p))@® =(C)(BO)) @
(b~' o B(0)) (b(F))
(b71o (@) (B() (en))
b ((B(0)B(T)) (en))
=b"1(B(oT) (en))
=b~!(b(o7))

=6(0) (@)

Claim 3: ¥ and ® are inverse maps.

« Yod=1y:foragivenae N,let f:=®P(a)=C(a) lodg. Thenb=a"!: for
every 0 € X,

b(G) =) (en)
= (C@ ™ (Ag(0))) (en)
=(a o Ag(0)) (alen))
=(a"to2g(0)) (@
=a'(Ag(0)(@)
=al(ce
=a (o)

Therefore, it follows that Yo ® =1y :
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Y(@(a) =Y
=C() oy
=C(b 1oy
=C(a)oAn

=

e DoV =1g:foragiven feG,leta:=Y(B) = C(b)™YoAy. Then a=b""!: for
everyne N

a(n) =am)(e)
=(C) ™ (Anm)) (&)
= (b~ o An() (b(e)))
= (b~ o AN() (en)
=b~ (AN (en))
=b~" (nen)
=b~'(n

Therefore, it follows that ®o W =1 :

O(Y(P) =o(a)
=C(a)tolg
=C(a)oAg
=C(b)oAg
=p
Now, let us prove (i). We have to see that a(N) = a'(N) if and only if f(G) and

B'(G) are conjugate by an element of Aut(N).
Notice that by definition of N

aN)=d'(N)ey:=a'oad' eAut(N e a' =aoy
We have seen that every a € N yields a f = ®(a) = C(a) ' o Ag € G. So if we
replace a by a’ = ay, with y € Aut(N), we obtain:
Clay)' =C(y)"1C(a)™! : Perm(X) — Perm(N)
where since y € Aut(N), then C(y) is defined as:

C(y) : Perm(NN) — Perm(N)

7w yomoy™!
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Indeed, for every 7 € Perm(X),

Clay) ') =(ay) tomo(ay)
=y 'e(alna)oy
=C(y) ' (a'na)
=C~ (C@ ')
=(CpC@™) ()

Thus B and ' are embedding which are conjugate by an element in Aut(N) :
ﬁl =® (al)
=0 (ay)
= C(anf)_1 oAg
=C(y) 'eCla) toAg
=C(y) top
Finally, let us prove (ii). Let @ () be normalized by A(G) € Perm(X) and let us
see that B(G) € Hol(N), that is, f(G) normalizes A (N) € Perm(N) :
B@OANMPB(0™") € An(N)
Indeed, if a(N) is normalized by A(G), then for every 0 € G,n€ N,

Ag@amAg (o) € a(N) < Perm(X).

Mapping to Perm(N) via C(a)™!, we have:
C@ ' (Ac@amic(o7!)) e C@ ™ (@(N)) € Perm(N).

Observe that for every 0 € G,n€ N,

C@™" (Ag@amic(o™!)) = C@™ Ag0) C@)  am)C@™ (Ag(c7"))
eCla) (@(N)

= C@) A ANmC@ " (Ag(0™h)
= p(a)AN(n)ﬁ(a‘l)

J

eCl@(a(N)
where:
1. Cl@ lisa group morphism,
2. by Claim 1
3. defp.
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Hence, by the previous computation and f = ®(a) = C(a)~! o Ag, we conclude
that B(G) normalizes An(N) :

BAnmB (o) e Cl@ HalV) = An(N)

Conversely, let B(G) be such that it normalizes A (N) € Perm(N) and let us see
that a(N) is normalized by A¢(G), that is:

Ag@amic (o) € a(lN)
Indeed, if B(G) normalizes Ay (IV), then by definition, for every 0 € G,p€ N,

B@)AnmB(0") € An(N) € Perm(N)
Mapping to Perm(X) via C(b)~!, we have:

C) H(B@AnmB (o)) e Ch) ! (An(N)) € Perm(X).
Observe that for every 0 € G, € N,

C) ' (B@AnmB(o™h))=C) BNCB) T (Anm)CB) H(B(o7h)

v~

eC(b) " (An(N)

= C) ' (B@)amCm ™ (B(o7)
=Z1G(0)a(17)/1c; (0_11
€Cb) T (An(N))

O

Definition 2.3.3. Call an injective homomorphism a : N — Perm(X) such that
a(N) is regular, a regular embedding.

Remark 2.3.4. Greither-Pareigis’s Theorem shows that the number of Hopf Galois
structure on L/K is in bijection with regular subgroups N of Perm(X). This by
Byott translation are in bijection with the equivalence class of embedding of G into
Hol(N) modulo conjugation by elements of Aut(N). This is really important since
Hol(N) is way smaller then Perm(G) and easy to describe, as we have seen in 2.3.2.

2.4 Hopf Galois structure on prime power cyclic
extensions

In this last section of the second chapter we study with how many different Hopf
Galois structure could be enrich a cyclic Galois extension of degree a power of a
prime. Thanks to the Greither-Pareigis Theorem the problem could be reduce to a
purely group-theoretic question.

We want to prove the following theorem:
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Theorem 2.4.1. There are exactly p"~' Hopf Galois structures on a cyclic Galois
extension L/ K of order p" with p an odd prime.

Firstly, we notice that if G is cyclic of order p” then by Proposition 2.3.2 his
holomorph is isomorphic to p(G) X Aut(G) = (Z/p"Z) x (Z/ p"Z)* so there are only
p"~1 different embedding of G in his holomorph.

Thanks to this remark the theorem follows from the following one:

Theorem 2.4.2. Let p be an odd prime, G be a cyclic of order p"and N a group of
order p" but not cyclic. Then there is no embedding of G into Hol(N).

Proof. The statement is equivalent to show that in Hol(N) there are not element of
order p".

By Proposition 2.3.2 we know that Hol(N) is a semidirect product between N and
Aut(N), with the propriety: for all n € N and a € Aut(N)

an=apmn) =plama=aa.

Then more generally, if e = 1 then (na)® = (]_[l?;é ai(n))ae, hence if (na)® =1 then
a’ = 1. Now suppose that exist an element in the holomorph of order p”, then there
is also a automorphism of N with order p. For classic group theory result this imply
the existence of a composition series for N of the form:

{el=Nyg<N1 <Ny<..<N,=N,

where N; <N, a(N;) = N; for all i and since N si not cyclic Np = (Z/pZ)Z. For the
second propriety a induce an automorphism of N;/N;.; = (Z/pZ), but remember
that a has order p so it induce the identity. This cam be express as: for every n; € N;
exist a 7;—1 € N;—1 such that

a(m) =niNi-q (2.2)

Claim: for any n€ N, aP’ = NN p—s for some 1,,_5 € Np_s.
The claim certainly holds for s = 1. For s = 2: Suppose that a” () =nn’ _;n,-2 for
some 1) ,-2 € Nj_», then exist a 77,n—2 € N, such that:

" m) = 1 n—1m_) @ n—2).

Now, since N; are normal in N1, (,-17,_,)" =n",_,n’_, for some 1,2 € Ny_»,
then a’*!(n) has the same structure of the case r. Finally, since 17’:1_1 € N,,_o we
have that a”(n) = nn,-2 so the claim holds for 2. Using the same argument we can
prove that the claim always work.

In particular, al"’ () =n since Ny = {1}, and than no element of Aut(N) has order
n

p".
Let na be the element of Hol(N) of order p”, we have already notice that a has



60 CHAPTER 2. HOPF GALOIS THEORY

order a power of p. So using what we prove in the proof of the claim for s =2 we
find that:

p-1 p-1 .
ma)” = ([T ' mna? =n([] m' Ha”
i=0 i=1

=nm” [0\ DaP =nPnu_1a” € Npy(ab),
where nz(,f)_l,n(ni)_/l
Na(aP" ™).
Let us call y = aP"” and let 712 € Ny. Then we have:

and 1,_; are in Ny_;. Then by induction we obtain (1705)’7H €

M21)P =027 02)..¥P02)Y” = n2ym2)..yP " ().

Now since y has order p and | N;| = p we have that y(n,) =21 for 2.2 and )/2 (n2) =
Y(M2m1) =12m1 11 = 1213 so reiterating y" (n2) = n21nY. Finally, since N, = (21 pz)?

we have:
p(p-1)

(le)’)p=712(772771)---(7727I’1?_1):775771 *o=L

So we have that (na)” ~1 =1 that is a contradiction.

In particular we have prove the following:

Corollary 2.4.3. Let L/K be a Galois extension of fields of degree p an odd prime.
Then L/ K admits only one Hopf—Galois structure, namely the classical one.



CHAPTER
Hopf-Galois Number Theory

In this chapter we present associated orders and the concept of tame H-extension.
In usual Galois module theory we see that the concept of being tame is a necessary
and sufficient condition for an extension of local fields to admit a NIB!, this result
is called the Noether’s Theorem. We prove a generalization of Noether’s Theorem ,
due to L.N.Childs, that holds for Hopf Galois extension. At the end of the chapter we
prove that in the local case the concept of Galois, free and tame extension coincide.

3.1 Integrals and orders

3.1.1 Integrals

Now we introduce the concept of integral element of an Hopf algebra, this will help
us to understand the structure of H as a H*-module.

Definition 3.1.1. Let H be a R-Hopf algebra. An element 6 of H is called left
integral if it satisfies: for all he H

ho = e(h)0.
An element 0 of H is called right integral if it satisfies: for all he H
0h=¢e(h)6.
Remark 3.1.2. Let M be a left H-module, then the set of invariants, M, is a H-

submodule of M. Then, viewing H as a left H-module via multiplication, we find
that the set of left integrals is HY, therefore it is an ideal of H.

INormal Integral Basis

61




62

CHAPTER 3. HOPF-GALOIS NUMBER THEORY

Notation 3.1.3. Thanks to the previous remark we call the ideal of integral of a Hopf
algebra H by I(H) and if it is clear from the context we will write just I.

As an example we look at the group algebra RG, where G is a finite group:

Example 3.1.4. 1. Let H = RG for G a finite group. Consider x =) ;e ro0 €

RG and 6 =) ;¢ 0, then we have:

xe:zaga-(zr)

oeG 7€eG
_y (z)

oeG 1€G
=e(x)6.

so RO c RGRG. Now we prove that this is an equality. Let x = Y ;e 74T €
RGRS and o € G then:

x=¢e@)x=0x=) r;oT= ) r;p(1),
1€G 1€G

where p is a permutation of G. So for every 7,y € G we have r; = ry, so the
thesis.

. Let H = (RG)* = Y. ,¢c Res where e; (1) = §5; for every 0,7 € G. We know

that H is commutative, so the module of left and right integrals coincide. It
can be proven that the module of integrals is generated as an ideal by e;. For
example:

ege1 =015e1 = €(eg)er,

then by linearity e; is an integral.

The structure of H as a module over its dual is explicated by the following the-
orem:

Theorem (Larson-Sweedler). Let H be a finite R-Hopf algebra, then the action of H

over H* defines an isomorphism H* = H® I(H*).

Corollary 3.1.5. Let H be a finite R-Hopf algebra, then the module I(H™) is a pro-
jective R-module of rank 1.

Proof. We may assume that R is connected (i.e. without other idempotents except
for 0 and 1). In this case, H is a projective R-module of rank n, and the same holds

for H*. Larson-Sweedler Theorem we have H* = H® I as R-module, and for the
splitting of the surjective map &€ we have that R is a direct summand of H. Then I
is projective and for dimension reason it has rank one. O
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Remark 3.1.6. In PIDs the projective modules are free, so if we assume R to be PID
we see that I(H") is free of rank one. If I(H*) = RO, then H* = HO is a free H-
module and the map:

H— H*

x—x-0,
is a left H-module isomorphism.
Now we introduce a new type of algebra:
Definition 3.1.7. An associative unital algebra A over a ring R is a Frobenius alge-
bra if it has finite dimension and is equipped with a non-degenerate bilinear form
0 : Ax A— R that satisfies the following equation:

o(ab,c) =0o(a,bc).

Proposition 3.1.8. Let R be a PID and H a finite R-Hopf algebra, then H is a Frobe-
nius with the bilinear form:
p:He H— R
h® k— (hk,0).
Proof. The defined map is clearly bilinear. We need to prove that is associative and
non-degenerate. For the first, let &, g, k € H then B(hg, k) = (hgk,0) = B(h, gk). For
the second, let {h;,..., h,} be a R-basis of H, and let {h, ..., h,} be the dual basis in
H*. Then for Remark 3.1.6 h;.* = k;0 for some k; € H, and so {kj, ..., k;} is another
R-basis of H. For the definition of the action we have:
ol = (hi, kj0) = (hik;,0) = B(hi, k).
Then from a common argument of representation theory f is non-degenerate. [J

Know we prove one last lemma about the integrals that will be useful in the
next sections:

Lemma 3.1.9. Let 0 be a left integral of H, then for all h € H we have:
(he 1)(1®VADB)) = (18 1)AB) (1 h).
Proof.
(he1)(1®V)AB) =) hbu) ®A(0)

=2 hwyehe0i) ® A0)
=2 hay0a ® A0p)e(he)
=2 hmbn ® A0 Ahe )
=) 1@ D)AhmO) (1 h)
=) (18 )A(e(hn)0)(1® hz)
=) 1o MAO) (1 & e(ha)he) =18 V)AB) (1 h)
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3.1.2 Hopf Orders

In this short section, we introduce the important concept of Hopf Order.

Definition 3.1.10. Let R be a Dedekind domain with quotient field K of character-
istic 0 and let A be a finite K-Hopf algebra. An R-order of A is a R-submodule H of
A such that:

1. H is finite,
2. KH=A.

In this context we may identify H ® g H with a subset of A®x A. In fact, let us
consider the homomorphism ¢ : Hogr H — A®g Athatsends 3 h;®pkjto} h;®k;.
This is injective, in order to prove this, since injectivity is a local propriety, we can
assume that R is local. With this assumption H is free, let {ay, ..., a,} be a R-basis of
H, then {a; ® a;|i, j = 1,...,n} is a basis of H®g H. The map ¢ send this basis into a
K-basis of A®k A so it is injective. Thanks to this identification we can define the
Hopf orders:

Definition 3.1.11. Let R be a Dedekind domain with quotient field K of charac-
teristic 0 and let A be a finite K-Hopf algebra. An R-order of A is a Hopf order if
it equipped with the operation induced from those of A by restriction is a R-Hopf
algebra.

Example 3.1.12. Let G a finite group and A = KG. Then the ring group RG is a
Hopf order.

Moreover, the Hopf order in the example is minimal in KG:
Proposition 3.1.13. If H is a Hopf order over R in KG, then RG c H.

Proof. We may assume that R is local, so H is finitely generated and free. Then H*
is a finite R-Hopf order in (KG)*. Now, (KG)* is commutative, so it has a unique
maximal R-order. On the other hand, it has K-basis {e;}secG, Where e; (1) = 451,
which is the basis dual to the basis of KG formed by the elements of G. Moreover,
it is easy to check that this is a basis of primitive pairwise orthogonal idempotents
of (KG)*. Thus, the unique maximal order is (RG)*, with basis e;0 € G. Since H is
an R-order, H* € (RG)*, hence RG< H. O

3.1.3 Associated orders

Let L/K be an A-Galois extension, where K is the fraction field of a Dedekind do-
main R and A a K-Hopf algebra. Let S be the integral closure of R in L. When L/K
is a classical Galois extension, so A = KG, we consider the module structure of S
over its associated order:
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Ak ={1eKG|ASc S}

In complete analogy, for an arbitrary Hopf-Galois structure, we have:
Definition 3.1.14. The associated order of S in A is:
Aa={acAlaSc S}

Its algebraic properties are similar to those for the classical case. Clearly 24
is an R-algebra and moreover it is an R-order in A. However, it is not necessarily
an R-Hopf algebra. For instance, if L/Q is a finite abelian extension with group G
which is wildly ramified at some odd prime, then 2k is not an R-Hopf algebra (see
Corollary 5.6 of [Chi87]). The following proposition justify the choice of 2 as the
"correct” order:

Proposition 3.1.15. IfL/K is A-Galois and H is an R-order in A such that S is H-free,
then H =21 4.

Proof. Let t be a generator of S as H-module. Tensorizing by K, we have that ¢ is
a generator of L as free A-module. Let a € A4, so at € S, but S = Ht then there is
some h € H such that a - ¢ = h-t. This equality in particular holds in L= A- ¢, and
hence a =he H. O

Now we make an example where S is free over the associated order but not over
ZG:

Example 3.1.16. We consider the extension L = Q(v/2) of Q. Then L/Q is Galois
with group G = Z/2Z = (o). The ring of integers of L is S = Z[V?2]. We know
that L/Q is tamely ramified at a prime p if and only if the image of the trace tr:
Z[v2] — Z is not divisible by p. Since tr(a+ bv/2) = 2a we have tr(S) = 2Z, then
the only wildly ramified prime is 2. By Noether’s theorem, S is not locally free as
ZG-module, so it is not ZG-free. However, S is g(g)-free. Indeed, the elements

l1+o0 l1-0
ep=——, e 1=——m7,
1= 1=

are primitive pairwise orthogonal idempotents of Q[G] and then Z[e;,e_] is
the maximal Z-order in Q[G]. In particular, g = Z[ej,e_1]. Let a =1+ V2, then:

efl@)=1, e_j(@)=V2

so S =Rg[g)a and hence S is g free.
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3.2 Tame extension

In this section we want to generalize the concept of tame extension for the Hopf-
Galois setting. Whereupon we study some important theorem in Galois module
theory in the setting of Hopf-Galois. Finally, we prove that the notion of being a
tame extension in the local case coincides with being free or being Galois.

In the classic Galois setting we have the definition:

Definition 3.2.1. A Galois extension of p-adic fields L/K is tamely ramified if p
does not divide the ramification index e(L/K).

It is not hard to show that: L/K is tamely ramified if and only if the trace map

tr:S— R
a— 0(a) = Z o(a)

o€eG
is surjective. Now, recall that 8 generates I(KG). Then L/K is tamely ramified if
and only if I(KG)S = R. This motivates the following definition:

Definition 3.2.2. Let R be a commutative connected ring and let H be a cocom-
mutative R-Hopf algebra which is finite as R-module. Let S be a finite R-algebra
and assume that S is an H-module algebra with S¥ = R. We say that S is a tame
H-extension of R or H-tame if:

1. rankg(S) = rankg (H).
2. Sis a faithful H-module.
3. I(H)S=R.

The initial two prerequisites are compatibility conditions that are guaranteed in
the Galois scenario. In fact, they are always satisfied when S and R represent valua-
tion rings of a local field A-Galois extension L/K. The condition that R is connected
(i-e., lacking non-trivial idempotents) it is required so that projective modules have
a well defined rank. Specifically, the rank is a function that is defined at Spec(R)
and is locally constant. If R is connected, then this function is constant.

On the other hand, the third condition means that I(H)S is as large as possible,
because of the following result:

Proposition 3.2.3. Let H be a finite cocommutative R-Hopf algebra and let S be an
H-module algebra. Then I(H)S < SH.

Proof. Let{ =3} ;0;s;, where 6; € I(H) and s; € S for all i. Given h € H,

h¢ = h(zeisi) =) (h0;)si =) e(h)b;s; =e(h)é.

Thus, é € S7. O
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3.2.1 H-tame imply H-free

In this subsection we want to generalize the Noether Theorem for classical tame
extension. We start by proving a theorem that shows that tame imply being projec-
tive:

Theorem 3.2.4. Let R be a local ring. Let H be a finite cocommutative R-Hopf algebra
and S a finite R-algebra which is an H-module algebra. If S is H-tame, then S is H-
projective.

Proof. Let I(H) = RO be the module of left integrals of H. Since S is H-tame, then
0S = R, so there exists z € S such that 8z = 1. Since S is R-projective and H is R-free,
the H-module H®g S (H acts on H®p S by product in the first factor) is projective.
In order to prove that S is H-projective, we prove it is a direct summand of H®g S.

Let y: H®S — Sbe the R-linear map defined by u(h®s) = hs, which clearly is an
H-module homomorphism. If we prove that this map splits, then H® S =Ker(u) @ S
as desired. Let us define v: S — Hog Sby v(s) = X (9)01) ® 2(A (02)) s). We need to
prove that v is an H-module homomorphism and pov =1Idg. First, we prove that v
is an H-module homomorphism. For every h € H,s € S, we have:

h-(v(s))=h (29(1) ®z(1(0) 3))
©)

=) (h0w)®z(A(0)s)
©

=(1®2) (Z (h@(])) ® /1(0(2))) (1®5s)
(@)

=(1ez)(he)(1®1)AB)1®s)

Now using Lemma 3.1.9 we have the equality:

h(v(§) =1®2)(1®AN)AB)(1®h)1®s)

=(1®2) (Z@(l) ®ﬂ(9(2)) h) (1®39)

©
=Y 0 ®z(A(0) (h9)
©
=v(hs)

which proves that v is an homomorphism of H-modules.
Finally, we show that pov is the identity. Let s € S. Then
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pov(s) = %9(1) (2(A(02)5))

= ; (6w2) (02 (A (0)) s))
= %: (0w z)(e(02)s)
=2 ((0we(0w))2)s

(@)
=(0z)s=s,

as we wanted. In the second equality we used that S is a H-module algebra and
so the product ps is a H-module morphism. O

Now we state, without proving it, an important general result:

Theorem 3.2.5. (Schneider [Sch77]). Let R be a local domain with fraction field K
of characteristic zero. Let H be a finite cocommutative R-Hopf algebra and let P and
Q be finite left H-modules. If K®gr P = K®g Q as K ®g H-modules, then P = Q as
H-modules.

We apply the previous theorem:

Proposition 3.2.6. Let L/ K be an A-Galois extension of local fields of characteristic 0
and let us call S and R the corresponding valuation rings. Let H be an R-Hopf order in
A such that H<= A4 and S is H-projective. Then, S is H-free (in particular, H="24).

Proof. Let us check that we can apply Schneider’s theorem. H is an R-Hopf order in
A, and hence a finite cocommutative R-Hopf algebra. Since L/K is A-Galois, L= A
as A-modules. But L = K®g S and A = K®pg H, so Schneider theorem gives that
S = H as H-modules. O

As a consequence of Theorem 3.2.4 and Proposition 3.2.6 , we obtain the follow-
ing generalization of Noether’s Theorem:

Theorem 3.2.7. Let R be a local domain with quotient field K of characteristic zero.
Let H be a finite cocommutative R-Hopf algebra and S be a finite R-algebra. Suppose
S is H-tame of R then S is a free H-module of rank one.

In particular we have the following formulation:
Theorem 3.2.8. Let L/ K be an A-Galois extension of p-adic fields and call S and R

the corresponding valuation rings. Let H be an R-Hopf order in A such that H S 4
and S is H-tame. Then, S is H-free (in particular, H =204 ).
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3.2.2 Hopf order imply 2 4-free

Thanks to Theorem 3.2.8 we have understood the importance of being tame over an
R-order of A. Now we show that for the associated order this condition is implied
by being an Hopf order:

Theorem 3.2.9. Let L/ K be an A-Galois extension of local fields, let R be the valuation
ring of K and let S be the integral closure of R in L. If 24 is an R-Hopf order in A,
then S is A 4-tame.

Proof. Since R islocal, for Corollary 3.1.5 the ideal I = I(2 4) is R-free of rank one, let
us say generated by 6. Since L/K is A-Galois, L* = K, hence S*4 = R. By Proposition
3.2.3, 0S < S¥4 = R, from which 6S is an ideal of R. If 7 is a uniformizer of R, this
means that 0S = 7' R for some i = 0, so %S = R. In particular, % €A,.

Let us check that % is actually a left integral of 2 4. Indeed, given a € 2 4, since

. . 0
0 is a left integral, %a = &[”Li()a. Now

0 0 ; 0\
ea,0) =2, (;”’) ~ (n—) ex, 7] =22, (;)”l'

Adding this to the last expression gives %a =&, (%) a, as desired.
Then, we have proved that % € I, while 0 is a generator of I as a R-module.
Then, i =0 and 6S =R, so S is A 4-tame. L]

The previous Theorem together with Theorem 3.2.8 give us a criteria for being
free over the associated order:

Corollary 3.2.10. If2l, is an R-Hopf order, then S is 2 4-free.

The converse of the previous corollary is false: we present a counterexample in
Remark 4.3.15.

3.2.3 H-Galois implies H-tame

We start to investigate the relationship between H-Galois and H-tame. In this sec-
tion we prove that the first condition is in general stronger. This should be expected,
since in the classical case H = RG and S the valuation ring of an extension of local
fields, Galois is equivalent to unramified and tame to tamely ramified.

To prove this implication, we will need Morita theory. Let R be a commutative ring
with unity and H a finite cocommutative R-Hopf algebra. Let S be an H-Galois
extension and let E = Endg(S).

Proposition 3.2.11. For any left E-module M, we have

MP = ()M
In particular, M = S® I(H)M as left E-modules.
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Proof. Since S is H-Galois, by Proposition 1.3.22, for any E-module M have the
isomorphism:
M" = Homg(S, M).

Using the previous isomorphism and the one in Remark 1.3.19 we have:

MY = Homg(S,E) @ M

In particular, for M = E we have

E” = Homg(S, E)
Then,

M zEHep M,
and it is enough to prove that EX = [(H)E.
Since S is H-Galois, E = H® S as left H-modules. Then, the last isomorphism is
equivalent to (H®pg SH = 1(H) (H®grS). Now, if P = Z?leVi is a finite free R-
module with basis {vy, ..., v,}, then:

n H n n
(HoP) = (Z Hvi) =) I(H)v; =) I(H)(Hv) = I(H)(H® P),
i=1 i= i

i=1 i=1

so the isomorphism holds for any free R-module. Since S is R-projective, it is
the direct summand of a free R-module, and then it also holds for S.
Finally, using the previous equivalence,

M=SeMI=Se I(H)M

Proposition 3.2.12. Let S be an H-Galois extension of R. Then, S is H-tame.

Proof. Since S is H-Galois, rankg(S) = rank (H) and S is H-faithful. On the other
hand, applying Proposition 3.2.11 to the E-module M = S, we have I(H)S = R. Then
S is H-tame. OJ

3.2.4 Equivalence between notions

If the Hopf algebra is local, then the three notions studied in this section are equiv-
alent:

Theorem 3.2.13. Let R be a local ring with maximal ideal m, let H be a local cocom-
mutative R-Hopf algebra with module of integrals RO and let S be a finite R-algebra
which is also a faithful H-module algebra. The following are equivalent:
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1. S is H-tame.
2. S is H-free.

3. S is H-Galois.

If so, any element t € S satisfying Ot =1 is a free generator of S as H-module.

Proof. The part 1. imply 2. is given by Theorem 3.2.7. The part 3. imply 1. is given
by Proposition 3.2.12. Finally for 2. imply 3. we use the following theorem that we
only state:

Theorem 3.2.14. Let H be a finite local cocommutative Hopf algebra over a field
K, and let S be a H-module algebra which is free of rank one, then S is an H-Galois
extension.

The proof can be found in section 14 of [Chi00]. Since S is free it is isomorphic
to H as H-module, so localizing in m we have that S/mS is isomorphic to H/mH
as H/mH-module. Now we notice that H/mH = H' is a local cocommutative K :=
R/mR-Hopf algebra, so for the previous theorem S/mS is H/mH-Galois. From
Nakayama’s lemma follows that being

(S®rS)®rRIMR=S/mSex S/mS— S/mSex (H/mH)*(Segr H*)®gr R/ImR

an isomorphism, then S® S — S® H* it is. O
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Integral Hopf—Galois structures

In this last chapter we report and detail the results of [Byo02] by N.P.Byott.
Consider a totally ramified, normal extension L/K of p-adic fields with a degree
of p?, with primitive pth root for the unity ¢ contained in K. The study revolves
around examining the behavior of the valuation ring €, within the diverse Hopf-
Galois structures present in L/K. We report the characterization of the possible
Hopf Galois structure (Theorem 4.2.1) and the Hopf order associated to a fixed struc-
ture (Theorem 4.3.12). In the attempt to answer the question "When &}, is Hopf
Galois?", Byott firstly find some arithmetic necessary conditions on an extension
L/K that makes €@ Hopf Galois (Lemma 4.4.2); secondly he studies the structure
of an extension with such proprieties (Lemma 4.4.4); finally he finds necessary and
sufficient conditions under which &} receives a Hopf-Galois structure with respect
to a fixed Hopf order in the corresponding Hopf algebra (Proposition 4.4.7).

Then we move our attention to the realizability of an Hopf order ©, in the sense that
there is an extension L/K such that Gf, is O-Galois. Theorem 4.5.2 gives sufficient
and necessary conditions for this question.

Finally, the main result is given by Theorem 4.6.4A-D, that is a complete character-
isation of the behavior of @} in the different Hopf Galois structures, distinguishing
the cases of cyclic and elementary abelian extensions, and of p odd and p = 2.

4.1 Some notion about local extension of degree p

In this section we will recall some propriety of extensions of p-adic field that can
be found in [Ser79]. After that we briefly introduce some result about Hopf-Galois
structure on this extensions.

Let K be an extension Q, of degree n. We write Ok for the valuation ring
(ring of integers) of K, P = (1) for the unique maximal ideal of Gg and ordg : K —
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Z U{oc} for the normalized valuation on K. Finally, we call ex = ordg (p) the absolute
ramification index of K.
Could be useful to introduce a valuation on the group of units G of Ok.

Definition 4.1.1. Let x € O we define:
ordg (x) == ordg (x —1).
An easy but very useful propriety is the following:

ordy (xy) = min (ord g (x),ordg (), (4.1)
with equality holds if and only if ordg (x) # ordg (y).
Thanks to this valuation we have a filtration of the unit group O:
Uk ={xe0g|ordg(x)=n} for n=0.

Thanks to the propriety (4.1) we have that this filtration is made of subgroups, not
only of sets. We now state some properties of these subgroups:

Proposition 4.1.2. (i) Foralln=1, Up =~ ZIplz

Un+1 =
(ii) Foralln=1, U% = (%)

From now on let us assume that K contains a primitive p-th root of unity ¢, then
ex = (p—1)ordg({) is a multiple of p—1.

Using the binomial theorem and the completeness of K, one obtains the follow-
ing well-known results:

Let u € Up\Up+1, then exist a a € O such that u =1+ an”. For the Newton
binomial formula we have:

uP =1 +an™P =1+ pan"+ (g) " + ...+ aPrP".
Then using that ordx(a) =0, ordg (p) = er and ordx (1) = m we obtain:

Proposition 4.1.3. Let K contain a primitive p-th root of unity {, and set e} =
ordg({) = ex/(p—1). Then

(i) ordy (xP) = pordg(x) if ordg (x) < el;
(ii) ordg (xP) = ordg (x) + e if ordy (x) > e};
(iii) Up=Ul_,, if n> pé;

(iv) ordy (xP) = pe}. ifordy (x) = e}, with equality unless ordg ((*x) > e} for some
ac”Z

(v) the group Upe;(/Ufk has order p.
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Notation 4.1.4. For0< j<e':= e} wewrite j'=¢' —j.

Let us begin by recalling some definitions and findings from ramification theory.
Suppose that L is a normal finite extension of K with a Galois group G = Gal(L/K).
In this case, we can define the ramification groups of L/K as follows:

Definition 4.1.5. Let ¢ = —1 than we define the i-th ramification group to be:
G;={oeGlordr(oc(x)—x)=t+1forall xeOp}.

Itis easy to check that G=G_1 2 Gp2--- 2 G, = {id} and G; <G, since the chain
will stop after max,{ord; (o (a)—a)}+1 steps, where a € Oy is such that 01 = Ok[al.
Moreover, we call Gy the inertia group.

If x € 0 with ordz(x) # 0 mod (p), and if 0 € G; but o ¢ G4 for some £ =1,
then

ordy(o(x) —x) =ordy(x) + ¢, ordz (c(x)/x) = ordz (x)+t (4.2)

Definition 4.1.6. The ramification numbers (break numbers) of L/ K are the values
of t for which G;41 # G.

Remark 4.1.7. The extension L/K is said to be unramified if the only ramification
number is £ = —1, which can only happen only if G is cyclic. On the other hand, the
extension is called totally ramified if all the ramification numbers satisfy ¢ = 0.

In order to understand the relation between the ramification number in the
tower of extension, it is interesting to study the ramification group of subgroups
and quotients of our Galois group. For the sub groups we have the following result:

Lemma 4.1.8. Let H< G and call M = LH, then we have H; = HN G;.
Proof. See [Ser79, Prop. 2, Page 62] t

In the case of quotients it is more complicated, we need to introduce a function
associated with the extension L/K:

Definition 4.1.9. Let u € R then we define G, = G|, and the following function:
prk:R—R
f” dt
Uu— | —.
0 [Go:Gil

It is easy to notice that for u € [-1,0] the function is the identity and for u €
(m, m+ 1] we have:

1 m
Prk() =— Y |G|+ (u—m)|Gpal. (4.3)
|GO| i=1

Now we are able to state the result for the quotients:
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Theorem 4.1.10 (Herbrand). Let H<G and M = LY, then

(G) _ GyH

H), H'’

where v = @r/p(U).

Proof. See [Ser79, Lemma 5, pag. 75] O

If L/K has degree p, we have that |G| = p so there is a unique ramification
number that we call 17,.
For future use, we next record some properties of the norm Ny /k:

Proposition 4.1.11. Let L/K be a totally ramified normal extension of degree p, with
Galois group G = {(a), and with ramification number t. Then

(i) Npk (Urspier,n) = Upskrr,x for k=1;
(ii) {o(x)/x|x€ G} = Upr,p nKer (N k).

Proof. The first point can be found in [Ser79] as Corollary 3 at page 85. The second
point can be found in [Gre92] as Lemma I1.3.6 O

4.1.1 Behavior of 0} as a Galois module

As we have seen in Chapter 2 section 4, in the cyclic extension of degree p there
is only one Hopf-Galois structure, the classical one. Then Base Change Theorem
and Theorem 3.2.13 tell us that @ could be a Hopf-Galois extension of Ok only if
is Galois over the associated order. So in the study of Hopf Galois structure on L/K
such that @ is Galois, is interesting to find all the possible Hopf order occurring in
the various Galois Hopf structure. In this case as already reminded we have only
the classical Galois structure an the following proposition describe the Hopf orders:

Proposition 4.1.12. For a cyclic group G = (o) of order p, the only Hopf orders in
the group algebra K[G] are the orders

0j=0x[r -] foros<j<e
Proof. See Proposition 3.3 of [Lar76] O

Now we are interested in understanding when @ is O;-Galois. The problem
has been solved in [Chi87] and [Gre92]. We state the key result:

Theorem 4.1.13. Let L be a normal extension of K of degree p, with Galois group
G = (o). Then Oy is Dy-Galois if and only if L/K is unramified. For 1 < j <€, the
following are equivalent:

(i) Op is O j-Galois;
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(ii) tyxk=pj-1
(iii) L=K(z) for some z € L such that zP € K,0(z) = {z, and ordg (z") = pj' +1.

If these conditions hold, then L/ K is totally ramified, ord] (z) = pj' + 1, and, setting

U= n‘j'(z -1)
we have ordy (u) =1 and G = Okul.

Proof. See [Byo02, Theorem 3.4] O

Remark 4.1.14. This result is really strong cause it prove that in this kind of exten-
sion f1/x determines whether O}, is Hopf-Galois.

Corollary 4.1.15. For a normal extension L/ K of degree p, O, is Hopf Galois if and
only l'ftL/K = -1 mod p.

Corollary 4.1.16. Let G be a group of order p, and let O be a Hopf order in K[G].
Then there exists an extension L of K such that Oy is O-Galois.

Proof. By Proposition 4.1.12, we have O = O for some j = 0.

If j =0, take L to be the unique unramified extension of K of degree p, it work
thanks to Theorem 4.1.13.

If j >0, we take w € K with ordg(w) = pj'+1 and set L = K(2) with z” = w.
Clearly L/K is cyclic of degree p with Galois group generated by a map o such
that 0(z) = (pz. Finally, if we check that z ¢ K, by Theorem 4.1.13 we have that
Oy is O j-Galois. Notice that if z € K then for Proposition 4.1.3 we should have that
ordg (w) is equal to pordg(z) or ordg(2) + e or greater then pe', but all this three
cases are absurd because ordg(w) = pj'+1< p(e'—1) +1 < pe’ = €' + e and is not
divisible by p. O

4.2 Determining the Hopf-Galois Structures and Hopf
Algebras

Now let L/K be a Galois extension of fields of degree p?, with group G. Thus G
is either cyclic or elementary abelian. We present some results from the article
[Byo96] that show that L/K has p Hopf-Galois structures if G is cyclic and has
p? Hopf-Galois structures if G is elementary abelian. As always in order to inves-
tigate the number of Hopf Galois structure of an extension we reduce to a group
theoretic question thanks to Greither-Pareigis’s Theorem. We describe explicitly
the p? regular subgroups of Perm(G) which are normalised by A(G).



78 CHAPTER 4. INTEGRAL HOPF-GALOIS STRUCTURES

Theorem 4.2.1. (Byott). Let L/K be a Galois extension of fields with group G. Let
T <G have order p, let d € {0,1,...,p—1}, and fix 0,7 € G satisfying:

olP=1 i li
T = (1), if eyelic , G={o,7)
oP =1 otherwise.

There are well defined elements p,n) € Perm(G) determined by:

p(akrl) — gkt

n (O'k‘[l) = gh-1gl+k-Dd fork,lez

We have pn=np and

p_q p_ J o if G cyclic or non-cyclic with p=2,d =1
pm=L5L n=
1 otherwise

Now set N = N1 g ={p,n). Then N is a subgroup of Perm(G) of order pz, and
N Z G unless p=2,d =1. In all cases, N is a regular subgroup of Perm(G), and is
normalised by A(G). Thus N gives rise to a Hopf-Galois structure on L/ K, with Hopf
Algebra H=Hrg=1L [NT,d]G. Ifd =0 then N = A(G), giving the classical structure
regardless of the choice of T. If d # 0 then the p — 1 possible choices of d, together
with the p+1 (resp. 1) possible choices of T in the case G is elementary abelian (resp.
cyclic), yield p? — 1 (resp. p — 1) distinct groups N, each giving rise to a non-classical
structure on L/ K. This Hopf Galois structure are the unique on L/ K.

Proof. See [By096, Theorem 2.5]. O

Thanks to 2.4.1 we already knew part of the previous Theorem, but describing
each of the (possibly cyclic) groups G = (0,7) and N = (p,n) in terms of two gener-
ators has enable us to treat the cyclic and elementary abelian cases simultaneously
and to handle the exceptional case p = 2.

Remark 4.2.2. When G is an elementary abelian group, we derive p +1 distinct
representations of the group N = p(G) by setting d = 0 and allowing T to vary
over all subgroups of G with order p. Nevertheless, when d # 0, the group T is
uniquely determined by N (and consequently by H = L[N]®) due to the fact that
the intersection of A(G) and N is {p) = T}.

Notice that in the case of an odd prime p and G a cyclic group the element 7 of
theorem 4.2.1 can be written as:

nr(o_i) :U(i—r)+(ir—r”T+U)pd' (4'4)

From now on we will investigate two particular extensions as an example of
application of the theory:
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Example 4.2.3. Let K = Q,({p) and L = Qp(Cps), then L/K is a totally ramified
cyclic Galois extension of degree p?. If we take p = 3, then G = Gal(L/K) = Z/9Z
is generated by:
o:L— L
C 27— (37

We investigate the possible Hopf Galois structures in this extension using Theorem
4.2.1. Identifying G with A(G) < Perm(G) we have that ¢ is identified with the
permutation (1,2,3,4,5,6,7,8,9). Now using the formula (4.4) we obtain thatif d = 1
then n(oi) = gU=D4 otherwise if d = 2 we have n(ai) = ¢~V7  This tells us that
in Nj (resp.N>) the generator 7 is identified with the permutation (9,5,7,6,2,4,3,8)
(resp. (0,2,7,6,8,4,3,5,1))

Example 4.2.4. Let K = Q» and! L = @2(\/5, (4), then L/K is a totally ramified
elementary abelian Galois extension of degree 4. The Galois group G = Gal(L/K) =
7127 x Z12Z is generated by:

a:L— L b:L— L,
64'_>_(41 \/E'-’-\/z

Similarly to Example 4.2.3 we investigate the possible Hopf Galois structures. Iden-
tifying G with A(G) < Perm(G) we have that a is identified with the permutation
(0,1)(2,3) and b with (0,2)(1,3). For d = 0 we have the classical structure for ev-
ery subgroup of order 2 of G. On the other hand, for d =1 we have three different
structures in correspondence with the three subgroups of order 2 of G. In the case
T = (b) we have p =(0,2)(1,3) and 1= (0, 3,2, 1), for T = {a) we have p =(0,1)(2,3)
and = (0,3,1,2) and, finally for T = (ab) we have p =(0,3)(1,3) and n=(0,2,3,1).
So we found, according to Theorem 4.2.1, that when d =1 we have N Z G.

Now we give a more explicit description of the algebra Hr 4.
By Remark 4.2.2 we know that K[p] c H, then we start studying this subgroup. Since
K contains the p-th root of unity, the group algebra K[p] has a basis of mutually
orthogonal idempotents:
1!

es=— Y (FpF foros<s<p-1 (4.5)
P k=0

satisfying

pes=esp={_e;. (4.6)

Let M = LT be the subfield of L fixed by T = (r). Thus M/K is cyclic of degree
p- Fix v € M™ satisfying

IWe call the forth root of unity {4 and not i in order to avoid confusion in the other part of the
example.
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o) =", (4.7)
and set
p-1
ay =) v'ese Mlpl. (4.8)
s=0

Proposition 4.2.5. With the above notation, for d # 0, we have Hy,q = K [p, ay1|

Proof. Let H=Hr.

By Greither-Pareigis theorem, H = L[ N] G for some regular subgroup N of Perm(G)
which is normalised by A(G), and where G acts on L as the Galois group and on N
by conjugation via A.

We recall that H has dimension p? as a K-algebra. Since p” = 1)y and

p-1 p-1
(am)” =3 vPenP =} vPese Klp]
s=0 s=0

we have that K [p, a,n] is also a K-subalgebra of L[N] of dimension p?. It will
therefore suffice to show that K [p, a,n] is fixed element wise by G. We see easily
that §p = p for all g € G, and so every element of K[p] is fixed by G. In particular this
implies that the idempotents e; € K[p] are fixed by G. Now K [a,n, p] is generated
over K[p] by a,mn, so it remains only to show that a,7n is fixed by G. We calculate
™n=n,1n=p%n and recall that ve LT = L™ Then:

p-1

T(avm) =3 T()* (" (esn))

s=0
p-1

= Z viesn
s=0

= av’r]

and

p-1

o (aym) = o’ (7 (esmn))

s=0
p-1
d
=) o) ’espn
s=0

p-1

— Z (—dsvsescdsn
s=0

= aUT])

where we use (4.6) and (4.7). This completes the proof. O
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Example 4.2.6. Assume we are in the setting of Example 4.2.3. In this case we
have that necessarily T = (1) with T = ¢ and M = Q3({y). We need to find a v that
satisfies equation 4.5:

if we assume d = 0 it is pretty easy and we can take v = (3. In the case d =2 we can
take v = (2, indeed

0((5) =037 ={34=05=05-(5=05-(5".
Similarly, if d = 2 we can take v ={{.

Example 4.2.7. Assume we are in the setting of Example 4.2.4. We need to find a
v that satisfies equation 4.5, in this case we can take the following:

e d=0:v=1

d=1and T =(b): v=_4,and ﬂv=(1d+9)(1;(4)

d=1and T=(a): v= "2, and a, = (1d + p) (57)

d=1and T =(ab): v={_4v2,and a, = (Id + p) (‘1_(24\/5)'

4.3 Hopf order of rank p°

As we said in Section 4.1.1 in order to investigate the Hopf Galois structure of Or
is important to know all the possible Hopf order over which it can be a Hopf Galois
module. In this section we study the Hopf orders contained in the Hopf algebras
found in Theorem 4.2.1. We start explaining what it means for a sequence of R-Hopf
algebra homomorphism:

R—JLl & p_nR

to be exact. Let H be a R-Hopf algebra, the kernel of the counit ¢ is denominated
H*.

Definition 4.3.1. Let f: ] — H be a Hopf algebra homomorphism. Then f is nor-
mal if fUNH = Hf (™).

Now we want to definite a similar propriety for the surjective map g. In order
to do that we have to introduce some particular subalgebras:

Definition 4.3.2. Let g: H — P be a Hopf algebra homomorphism. The algebra of
right coinvariants, H°'8), is the equalizer of the two maps from H to H® P: (1®g)oA
and (1®ig)oA. The algebra of left coinvariants, co® H, is the equalizer of the two
maps from Hto P® H: (g®1)oA and (ie®1)oA.

Definition 4.3.3. The Hopf algebra morphism g : H — P is conormal if “*®) H =
Hco(g).
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Now we state a Proposition that will clarifies how to create short exact sequence
starting from a surjective and conormal map:

Proposition 4.3.4. If g is conormal and Hy = H°°® is an R-module direct summand
of H, then Hj is a sub-Hopf algebra of H.

Proof. See [Chi00, Chapter 1, Proposition 4.10]. O

Definition 4.3.5. If g : H — P is conormal and H®’® is a Hopf algebra, then
H®) = hker(g) is called the Hopf kernel of g.

Definition 4.3.6. A short exact sequence of R-Hopf algebras is a sequence of Hopf
algebramaps f: J — H, g: H— P, such that f isinjective and normal, g is surjective
and conormal, P = H/J via g and J = hker(g) via f.

Related to the concept of short exact sequence we state the following lemma:

Lemma 4.3.7. Let R be a noetherian integral domain and let ] — H — P be a short
exact sequence of finite R-Hopf algebras. Let S be an H-module algebra, and set

S/ =(seS|j-s=¢(j)s forall j€ J}

Then:
S is H-Galois over R

S’ is P-Galois over R and S is ] ® g S’ -Galois over S’.
Proof. The proof can be found in [Gre92] as Lemma II.1.7. O]

Let K and L be two fields as in the previous section. If @} is O-Galois for a
Ox-Hopf algebra O, then O must be a Hopf order in one of the Ox-Hopf algebras
denoted as H = Hy 4 in Theorem 4.2.1. Consequently, we say that &y is Hopf-Galois
with respect to H. If G}, is Hopf-Galois with respect to any Hopf-Galois structure
on L/ K, we simply refer to it as Hopf-Galois.

We express H as H = L[N]°, where N = Nrq4={p,n). Within N/{p), we denote
the image of i as 7). As a result, the short exact sequence of abelian groups:

0—=(p)>N—=(—0

gives rise to a short exact sequence of K-Hopf algebras:

Klp] — H — K]

In this sequence, the idempotent e; € H of (4.5) is mapped to 1 when s =0 and to
0when1<s<p-1 Let O =9OnK[p] and OP be the image of O in K[7].
Consequently, O and D@ are Gx-Hopf orders in the K-Hopf algebras K[p] and
K7, respectively. Thus, we have a short exact sequence of Gx-Hopf algebras:
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oW 9~ ®,

We can improve the previous discussion using the characterization of Hopf orders
in KG:

Lemma 4.3.8. Let L, K as in the previous discussion, let M = LT and suppose that O
is ©-Galois for some Hopf order O c H = Hr 4. Then we have a short exact sequence
of Ox-Hopf algebras:

Oi—=O—-9j, (4.9)

forsome0O<i,j<e.
Furthermore, if LI K is totally ramified then i, j > 0 and tyyjx = pj— 1, tppr = p2i—1.

Proof. From the preceding discussion and Proposition 4.1.12 we have the short exact
sequence (4.9). By Lemma 4.3.7, Oy is ; ® O);-Galois over O); and O is 9 j-Galois
over Ok. (More precisely, Oy is Galois for Gy [n_i (p— 1)] =0um [n]_wpl (p— 1)] where
p acts on L like 7 € Gal(L/M) < Gal(L/K), and @) is Galois for O [77/ (- 1)]
where 7 acts on M like 0T € G/T = Gal(M/K).) If we assume that L/K is totally
ramified then M/K and L/ M are both totally ramified, so in particular not unram-
ified. Applying Theorem 4.1.13 to M/K we find that j >0 and fy;x = pj—1. Ap-
plying the same Theorem to L/M, and noting that since the extension is totally
ramified ordy; () = p, we obtain i >0 and? 7,y = p?i — 1. O

Notice that is not unique the short exact sequence of a certain order O:

Remark 4.3.9. If L/ K is elementary abelian and d = 0, then we obtain the same H for
any of the p+1 choices of T and correspondingly obtain p+1 short exact sequences
(4.9) containing the same . The parameters i, j may depend on the choice of T.

We need to compute the ramification numbers for our examples to understand
which Hopf Galois structures are interesting in the sense of Lemma 4.3.8:

Example 4.3.10. Let us assume that we are in the setting of Example 4.2.3. We can
write explicitly the ramification group of the extension Q({,3)/Qp:

. Gy=G,
e G1=Go={ae(Z/272)*|a=1 mod 3}

o« G3=..=Gg={ac(Z/272)*|a=1 mod 9}

ZNote that Gy [ﬂ_i(p - 1)] =9, since if wp7 is an uniformizer of O we have that n]l\]/I =T.
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Using Lemma 4.1.8 and noticing that G; = Gal(L/K) we have that the ramification
numbers of L/K are f; =2 = p—1and £, = 8 = p*> — 1. So thanks to Lemma 4.3.8
we can reduce to study the structure with i = j = 1. Moreover, we notice that ex =
ordg(p) = p—1 and e}( = ordl’“((fg) = 1, consequently in our case we have that
i'=j'"=0.

Example 4.3.11. Let us assume that we are in the setting of Example 4.2.4. Let
us consider the subextensions Fj = Q2({4) and F» = Q2(v/2). The former has ram-
ification number fr = 1 and uniformizer mr, = {4 + 1, the latter has ramification
number tg, =2 and uniformizer g, = V2. Since tr, > tr, we have that 1 = tp, =1
and f, = 2(tp, — tr,) + tr, = 3. So thanks to Lemma 4.3.8 we can reduce to study the
structure with i = j = 1. Moreover, we notice that ex = ordg(2) = 1 and e}( =1, con-
sequently in our case we have that i’ = j' = 0. In order to understand who is G, we

notice that 7 = 1\7%“ —1 is a uniformizer and ordy (a(n) —7) = 01rdL(—M - ﬂ) =

V2 V2
ordy (21+—g4) = 4. From this follows that G, = G3 = (b). Let us assume that we are in

the setting of Example 4.2.4.

Now, as done for the extension of degree p, we aim to provide a comprehensive
description of all the Gx-Hopf algebras © which are Hopf orders in a given Hopf
algebra H=Hp g4 = L[N]C. In this case, thanks to Lemma 4.3.8, we can also assume
that they fit into a short exact sequence (4.9) for given i and j. This problem was
solved by Byott, Greither and Childs in some of their previous work. The theory
has been summarized in Chapters 9 of [Chi00]. The following theorem summarizes
the results and gives a complete characterization of the Hopf orders depending on a
parameter v € M (notice that this parameter is the same that appear in the explicit
description of H in Proposition 4.2.5):

Theorem 4.3.12. Let H = Hr 4 be a K-Hopf algebra giving a Hopf-Galois structure
toLIK, let M= LT and let0< i, j < e'. Then the Hopf orders O of H that fit into the
short sequence (4.9) are the orders:

S, =0k |n(p-1),n/ (ayn- 1)]
where v €O, witho(v) = {~%v and one of the following holds:

(i) (Hopf orders of elementary abelian type) N is elementary abelian and

vP € Upirs j,k N Upjvir k (4.10)

(ii) (Greither orders) N is cyclic, pj < i, and

vP e Upi’+j,K and (vPe Upj+i’,K (4.11)
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(iii) (dual Greither orders) N is cyclic, pi’ < j', and vP satisfies the preceding condi-
tion (4.11).

In each of these cases we have G, =&, © vw™' € Uitk

Proof. The correspondence between Hopf order and the element v is the Theorem
3 of [Byo93]. Moreover, arguing as in Theorem 2.1 of [Chi96] we find the necessity
and sufficiency of one of the condition (i), (ii) or (iii). O

Example 4.3.13. Thanks to Example 4.3.10, we need to investigate only the case
i = j = 1. Hence, the only case of Theorem 4.3.12 that is interesting for us is (iii).
Since j’ =i’ = 0 the condition needed for v® becomes:

l}3 € Ul_[( and (3 U3 € Ug‘K.

In Example 4.2.6 we decided to take as v one of the following {3, {3 or {§, depending
on the d chosen. For example, if d =1 then v = Ez) so we have that 13 =( g € Uy x and
(sv¥=1¢€ Us, k., so in this case the unique Hopf order to consider is the dual Greither

order: 6(3 =0k [(63 - 1)_1(p -1),3-D7! (“(ﬁn - l)J On the other hand, for d =
0 and i = j =1 there are no Hopf orders, indeed v*=1andso 13(3={3¢ Us k.

Example 4.3.14. Thanks to Example 4.3.11, we need to investigate only the case
i = j = 1. In this case, the only case of Theorem 4.3.12 that is interesting for us is (7).
The condition 4.10 becomes v” € Uy g N Us x = Uy, k. For that reason the case d =1
with T = (a) or T = (ab) doesn’t have an Hopf order since they have respectively
v=+2and v ={4V2. So we exclude this two case, in accordance with Lemma 4.4.2
that tells us that the only interesting case are the ones with T = Gy,. In the case
d =1 and T = (b) we have the Hopf order:
-1 m+m) 5 -1

Sy =7 ,
=2 2

Remark 4.3.15. In Example 4.3.13 we found an extension L/K of p-adic fields such
that in the classical Galois structure there are not Hopf orders, so the associated
order can’t be an Hopf order. Moreover thanks to Theorem 1 of [Let98]:

Theorem 4.3.16. Let L be a finite extension of a p-adic field K. If the extension L/Q,,
is abelian, then Op = k.

We have that the extension @, ( ;’,)/ Qp(lp) is an example of extension with &
free over the associated order (of the classical structure) but such that the associated
order is not an Hopf order.

In the previous Theorem there is an ambiguity on the name of the different
orders:
if N is cyclic both the conditions pj = i, pi’ = j' may hold. In this case each Hopf



86 CHAPTER 4. INTEGRAL HOPF-GALOIS STRUCTURES

order can be viewed either as a Greither order or as a dual Greither order (with the
same parameter v). It is convenient to remove this ambiguity, in order to avoid any
possible misunderstanding, by making the following assumption:

Convention 4.3.17. For N cyclic, we regard a Hopf order with parameters i, j as a
Greither order if i + j < €' (that is, if j <i' ) and as a dual Greither order if i + j > €.

The names of the various classes of orders are justified by the following consid-
eration:

Remark 4.3.18. Away from the line i + j = ¢/, the dual of a Greither order is a dual
Greither order, and the converse is true, since duality interchanges i’ and j. When
i+ j = €, the previous convention forces us to label the dual of a Greither order as
another Greither order. This slight anomaly will not cause us any difficulties.

The pairs (i, j) for which Greither orders and dual Greither orders can occur are
then as indicated in figure 4.1.

]

] o
pil =g
4=
Dual
Greither
orders
pj =1 _
/ Greither orders
dasll

1= i=¢'

Figure 4.1: Regions of definition of Greither orders and dual Greither orders.

Remark 4.3.19. (i) Inthe case of Greither orders we have { € Up i k, since ordIX((C) =
¢ and pj <1, so that (4.10) and (4.11) are equivalent. In the case of dual Gre-
ither order the condition (4.11) for the dual orders can be rewrite as:

(VP eUpitjxkNUpjsink
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(ii) To construct the Hopfalgebra Hr 4 and the Hopf order G, inside it, we do not
need to specify the field L completely. The data required to construct &, con-
sist of the group N, the integers i, j, and the parameter v (which determines
the field M=K(v) if d#0).

4.4 Field extensions of degree p*

From now on, we consider only totally ramified extensions L/K. In this section
we study the arithmetic of a totally ramified normal extension L/K of degree p? in
which 0}, is Hopf Galois. This study bring us to answer the question:

When 0} is Hopf Galois?

4.4.1 Necessary condition for being Galois

In this subsetion our aim is to find some arithmetic necessary condition on an ex-
tension L/K that makes @1 Hopf Galois. Let us describe briefly our setting:

Thanks to assumption of total ramification we need to consider only Hopf or-
ders ©,, as in Theorem 4.3.12, with i,j > 0. The extension L/K either has two
distinct ramification numbers #; < t; (so Gy, has order p) or has a unique ramifi-
cation number ¢ (so G, has order p? but G, is trivial). In the latter case we set
1 = f, = t. We consider a presentation of G = Gal(L/K) as in Theorem 4.2.1 and as
already done we take T = (1) and M = LT,

Now we have two important subgroups of G, both of order p. The first one is T
that appear in the chosen rappresentation of G, the second one is G;, that except for
the case with only one ramification number has also order p. Notice that the second
group is only related with the arithmetic of L/K. If G is cyclic, these subgroups
necessarily coincide. If G is elementary abelian, they may or may not coincide.
Let H = Hr 4 be a Hopf algebra endowing L/K with a Hopf-Galois structure, as in
Theorem 4.2.1. In the remark 4.2.2 we notice that T is completely determined by H
except when d = 0, and in this last case all the subgroup T give the classical Hopf
Galois structure. So there is a natural convention that we will adopt:

Convention 4.4.1. IfL/K has two distinct ramification numbers then, in the classical
Hopf-Galois structure on L/ K, we take T to be Gy,. That is, if H= Hr 4 determines a
Hopf-Galois structure on L/ K, we shall always assume that either T = Gy, ord # 0. (If
L/K has a unique ramification number, T may be chosen arbitrarily.)

Now we prove a lemma that shows some necessary condition on the arithmetic
of the extension in order to have the existence of an Hopf order that makes &1, Hopf
Galois. Returning to the previous discussion the following lemma state also that
in the assumption of being Galois the two subgroups that we point out from the
arithmetic and the presentation have to coincide:
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Lemma 4.4.2. Suppose that Oy, is S, -Galois, where S, is a Hopf order in H= Hr4
with parameters i, j,d as in Theorem 4.3.12. Then M = K(z) with zP € K,0(2) =(z
and ordy,(z) = pj' + 1. The ramification numbers t, < t, of L/K satisfy

h=tmk=pj-1, b=tym=pii-1,

so that, in particular, j < pi. If ty # tp then T = G;,. Moreover:

v=cz % forsomece Ox. (4.12)
Proof. Since M/K is totally ramified, we have tyx = pj—1, trpm = p?i—1 by
Lemma 4.3.8, and M = K(z), with z as stated, by Lemma 4.1.13. From Theorem
4.3.12, v € O} so vz e Oy, and o(v) = (~%v. Since vz? is fixed by both 7,0 we
have that it belong to 05, N K = O, giving (4.12).

« If 1 <t and T = Gy, then using Lemma 4.1.8 we have f7,)s = f, and, using
Herbrand’s Theorem, we find that #; = tyy/x. Thus j < pi.

« If fj = £, then using the same statement used in the previous case we have
tiym = tuyk = 1 and Jj= pi.

« Finally if #; < tp, T # Gy,, then we find a contradiction. By Convention 4.4.1
we have that d # 0. Now using Lemma 4.1.8 we obtain #;,y = 1, and by
Herbrand’s Theorem and (4.3) we find fyyx = 1 + (f2— t1)/p > t1. Thus
j > pi. Now either (4.10) or (4.11) holds, so ordg (v”) = pi'+ j > pe’. Whence
using that the extension M/K has degree p and is totally ramified we obtain
ord;\‘,[ (vP) > pze’. Using Proposition 4.1.3, it follows that3:

ord},(v) = pe’ > pj’ +1=ord},(z) = ord},(z”%),

from which using 4.12 we deduce:

A =pj+1.

ordy,(c) = ordy,(z
This is impossible since ¢ € K: ord;,(c) = pordg(c) =0 (mod p).
O

Example 4.4.3. The results from Lemma 4.4.2 are almost trivial in the case of our
example. Indeed, being a cyclic extension, the condition T = Gy, is trivial and it is
clear that we can take z = (9. The only thing to check is equation 4.12:

e« ifd=0:wehave v={_3€0,

« ifd=1:wehave v=05=03-(8=03-(5",

3We are using that since the extension is totally ramified we have j > 0.
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« if d =2: we have v:(g:(gz.

When L/K has two distinct ramification numbers, Lemma 4.4.2 indicates that
our focus should be solely on Hopf-Galois structures where T = G;,. Consequently,
in the context of an elementary abelian L/ K with two distinct ramification numbers,
it can be deduced that @y is Hopf-Galois in a maximum of p out of the p?> Hopf-
Galois structures available, the same number of possible extension as in the cyclic
case.

4.4.2 Whenis 0; G,-Galois?

Now we know some arithmetic propriety that L/ K must have to be consistent with
O, being Hopf-Galois. So our focus shifts to study those extension L of K that have
the required properties. The following proposition algebraically characterizes these
extensions depending on a parameter f € M*:

Lemma 4.4.4. Let L/K be a totally ramified extension of degree p?, with Galois group
G asin 4.2.1, and let M = LT. Suppose that tyx = pj—1 and tp v = pzi -1 with
J < pi. Then there exist z€ M and x € L such that

M=K(2), o0(@)=(z, 1(2=2 "€k,
ordyg (27) =pj' +1

and

L=M(x), tx)=(x, xPeM,
ordy, (x7) = p*i’ + 1.

Setting | = n‘j/(z— 1) andv = n"'/(x —1), we have ordps(u) = ordz(v) = 1 and
O1 = OkIv]. Also, o (x) = Bx for some B € M satisfying

1 if G is elementary abelian

Nyyx(B) = { (4.13)

¢ if G is cyclic
and
ord}y,(8) = pi’' +j, ord},(B”) = p*i' +pj.

Proof. The existence of z and x as stated comes from Lemma 4.1.13, applied first to
the extension M/K and then to the extension L/ M. This also shows that ordy, (i) =
ordy(v) =1, so that O = Ok|[v] since L/K is totally ramified.

Now define f € L as the element such that o(x) = fx. Then 1o (x) = t(B)T(x) =
7(B){x, while on the other hand 1o (x) = o(7(x)) = 0((x) = {o(x) = {Bx. Thus
7(B) = B and hence € M. Also

p-1
Nyx(B) = Ny (o) /x)= || o' (0(x)/x) = 0P (x)/ x. (4.14)
r=0
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If G is elementary abelian then o” =1 and Ny (B) = 1. If G is cyclic then
oP =1 and Ny x(B) = 1(x)/x = . This proves (4.13).

As j < pi by hypothesis, so #; < £ and either the equality hold or not we have
o € Gy, but 0 ¢ G 41. Since ordy,(u) = 1 and ordy,(7) = p we may write x” =
1+ P! pu where u e Oy Then

(8P =1)xP =) —xP =P (0 - 1) - (uw).

So by (4.2):

ord}, (BP) = *ordp (8P — 1)xP)

= ordM(n”i/) +ordp(uw) + tyyx = pi’ +pj.

In particular, we have ord},(B”) < p*¢’ = pord},((). Using Proposition 4.1.3,
we therefore have ord},(8) = p~'ord}, (B?) = pi’ + .
0

Example 4.4.5. Let us assume to be in the setting of Example 4.2.3. In this case
we are in the hypothesis of Lemma 4.4.4 so we can explicitly find z € M = Q3({9),
xXeL= @3((27) and ,3 € M.

The value of z had already been determined in Example 4.3.13, while as x we can
take (7. Indeed, 7((a7) = {3, = (53 = (32 = {sla7, (3, = {9 € M and ord};({y) = 1.
Finally, we compute f:

0 (l27) = {37 = Loloz,
so = {o.

Example 4.4.6. Let us assume to be in the setting of Example 4.2.4. We are in
the hypothesis of Lemma 4.4.4 so we can explicitly find z€ M = Q2({4), x€ L =
Q2((4,V2) and B € M. The value of z is {4 but the value of x can’t be V2 since it is
not a unity. So we take x = 1+—\/g4 Now we find S:

0(1“4):1‘54:_( Lt
V2 V2 ! V2
then 8= -{4.

We have seen in Theorem 4.3.12 that if © is a Hopf order in one of the Hopf
algebras Hr 4, and O fits into the short exact sequence O; — O — O, then O =&,

for some parameter v. Our next task is to determine, in function of v and f, when
0} is G,-Galois:

4Remember that x” is in Oy so doesn’t change the valuation
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Proposition 4.4.7. Let L/K be a totally ramified normal extension of degree p?, let
H = Hyt, be one of the Hopf algebras giving a Hopf-Galois structure to L/K, and
suppose that tyyx = pj—1, try = p?i— 1 with j < pi, where M = LT. Then:

01, is ©,-Galois if and only if vf=1 (modn"’”@’M).

Proof. Theorem 4.1.13 and the given ramification numbers ensure that 0y is O; ®¢,
O)-Galois over Oy, and Gy is O j-Galois over Ok. Thus by Lemma 4.3.7, O, will
be &,-Galois if and only if &1 admits the action of &,. Now we introduce a O -
submodule of &, such that as a ring it generates the whole algebra:

M=0x [ (p- 1]+ 0k |77 (0= )| 77 (an-1).

Then 901 is a free Og-direct summand in the free Gx-module &,,.

By definition of 91: & will admit an action of G, if it admits one of 91. More-
over, L is an H-module algebra so since O = Og[v] with v as in Lemma 4.4.4, we
only have to check that:

c-veOr forall ceIM.

After the previous simplification we start looking at the action, using remark 2.2.6
we calculate:

n_i(p “Dov=aTx) —x) = n_e’((— 1)x € Og + Okv.

As c-r =¢€(c)r € Ok for all r € Ok, it follows that Ok + Ok is stable under the
action of Ok [n7/(p —1)]. Finally we deduce the last simplification: &), admits an
action of &, if and only if 77/ (aym-1)-veoy.

Using how the action work, see 2.2.6, we have that (a,n) - (mx) = vo(mx) for any
m € M. Using this remark we find:

n/ (aym-1)-v= i (aym-1)-(x-1)
= (ayn-x—x)
= n_il_j(va(x) - X)

= n_i/_j(vﬁ -1x,

and this last expression lies in @7, if and only if ordK(n_"l_j (vB-1)x)=0if and
only if vﬁzl(modni'+j@’M), since x€ 0. ]

Now using Proposition 4.4.7 we can understand which Hopf Galois structure on
L/K induces a Hopf Galois structure on Oy in our examples:
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Example 4.4.8. As we have seen in Example 4.4.5 we have 8 = {9. Now using
Proposition 4.4.7 we can understand which Hopf Galois structure on L/K induces a
Hopf Galois structure on Oy. The element v has to solve:

vlg=1 (mod ({3-1)0n),
then we must have v = g and consequentially d = 1.

Example 4.4.9. As we have seen in Example 4.4.6 we have f = —{4. The element
v has to solve:
v-—(4=1 (mod (2C)y),

then we must have v = {4 and consequentially d = 1.

Thanks to examples 4.4.8 and 4.4.9, we found two extensions, one cyclic and one
elementary abelian, such that 0 is not Hopf Galois on the classical structures but
it is on a non-classic one.

4.5 Realizing

In this section we study some propriety of realizability. We are interest in which of
the the Hopf orders G, of Theorem 4.3.12 are realizable in the sense that there is
an extension L/K such that 0} is &,-Galois. With the same meaning we are also
interest in condition on i, j and d.

4.5.1 Which Hopf order is feasible?

Firstly we focus on the feasibility of the Hopf order G,. As done before the idea
is to find some necessary condition on v. In this regard it is useful the Proposition
4.4.7, that has the following as an easy corollary:

Corollary 4.5.1. Let O}, be G ,-Galois. Then:

ordy,(v) = ordg (vP) = pi' +j.

Proof. From Lemma 4.4.2 we have j < pi and Lemma 4.4.4 gives us:

ordy,(B) = pi' + j < pe' = ¢€),.

Thus ordy, () < p (i’ + j) < ord},(vB) where the last inequality hold using the
Proposition 4.4.7. Then from (4.1) we have that ord},(v) = ord,,(8) = pi' + j other-
wise the order of the product v coincide with the minimum and so it is impossible
for it to be strictly greater than the order of .

We now consider vP. If ordy,(v) < pe’, then by Proposition 4.1.3, ordy, (v”) =

X

pordy, (v) and hence ordg (v”) = ordy,(v). On the other hand, if ord},(v) = pe’ then
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j=pi>i, sothati'+j>eé. Thus ord},(vp) = p(i’' + j) > pe/, and by Proposition
4.1.3:

Ord;/[(ljpﬁp) = OId&(Vﬁ) +ordy(p) > pe’ +pp- e = pZel.

But from Lemma 4.4.4 we know that ord}, (67) = p*i’ + pj = p?€, so that again
ordg (vP) = p~tordy, (BP) = pi' +j O

Having established a necessary condition, we now proceed to demonstrate its
sufficiency. In the case where d # 0, the field M = K(v) is determined by the param-
eter v. Hence, assuming M and &, are given, we proceed to construct the required
field L as an extension of M. The construction of L is primarily attributed to Gre-
ither [Gre92], who previously focused exclusively on the cyclic case. However, in
this treatment, we consider both the cyclic and elementary abelian cases simulta-
neously, thanks to the representation 4.2.1.

Theorem 4.5.2. Let M be a given extension of K, cyclic of degree p, with tyrx = pj—
1> 0. Let i be an integer with j < pi, and let S, be a Hopf order as in Theorem 4.3.12,
where the parameter v lies in M. Then there exists a totally ramified normal extension
L/K of degree p* such that M c L and Oy is &,-Galois if and only if ordg (vP) =
pi'+].

Proof. The condition ordy (v”) = pi’ + j is necessary by Corollary 4.5.1, and since
pi’ + j < pe it implies that ord},(v) = pi' + j.

Now we prove sufficiency. We start noticing some simple facts: by Theorem 4.3.12
the Hopf algebra &, is a Hopf order in H = Hr 4 < M[N], n € N induces an auto-
morphism o of M which generates Gal(M/K) and we have that o(v) = ~dy. From
Lemma 4.4.4 we know that a proper f has some condition that may respect, in par-
ticular Nz x(B) and ord™ (B) are fixed. Proposition 4.4.7 suggest to look for a f as
a product of v™! and an element ¢ € Upj+pir,m. In order to understand what norm
must have £ we calculate:

p-1 p-1
Nyyx) = [[o" ) = [[ 4w = PP-Dd2yp
r=0 r=0

vP if pisodd or d =0,
-vP ifp=2andd=1.
Next set:

vP  if N is elementary abelian
(vP  if N is cyclic.

In either case, the conditions in Theorem 4.3.12 ensure that w € Upj+i k. By
Proposition 4.1.11, we have
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Nyix (Upjspinm) = Upjsink

so there exists € € Upj+pir,m With Nyyk(e) = w. Now € has all the necessary
condition that we are looking for, so let = ev™!. Then Ny x(B) = wNyx(v) L.
Thus if p is odd or d =0 then:

1 if N is elementary abelian,
Numyx(B) =
¢ if N is cyclic,

while if p =2 and d =1 we have { = —1 and the two cases above are reversed.
In all cases, Ny (ﬁp ) =1, and since the order of ¢ is strictly greater then the one
of v from (4.1) we have:

ordy,(B) = ord},(v) = pi' + j < pe'.

As ordg (vP) = pi’ + j by hypothesis, we can act as in Corollary 4.5.1, this time
with the role of v and B reversed, in order to obtain:

ordy, (B”) = pordy,(B) = p*i' + pj = pj = tmyx +1.

Hence 7 realize the hypothesis of Proposition 4.1.11 that give us an y € O},
such that o(y)/y = BP. Multiplying y by an element of O, we may assume that
ord},(y) is not divisible by p. Then by (4.2):

p*i'+ pj=ord;(a(y)/y) = ord () + tumyk,

so ordy,(y) = p?i’ +1.

Now let L = M(x) with x” = y. Then L/M is normal of degree p and® 1 pm =
p2i — 1. Since o (xP) = (Bx)”, we may extend o to an automorphism of L (which
we again denote by o) with o(x) = Bx. As BP # 1 it follows that the group of K-
automorphisms of L is strictly larger than Gal(L/ M), and hence that L/K is a normal
extension of degree p?.

We next verify that G = Gal(L/K) has the correct isomorphism type, as given by
Theorem 4.2.1. By equation (4.14): 07 (x) = Nk (B) x. For odd p with N elementary
abelian (and for p = 2, with either d = 0, N elementary abelian or d = 1, N cyclic)
we have Ny (B) =1, so that 0P = 1. This shows that G is elementary abelian of
order p?, generated by o and the subgroup Gal(L/ M) of order p. In the remaining
cases, Nyy/x(B) =, so o #1 and G is cyclic of order p?, generated by o.

It now follows from Theorem 4.2.1 that H induces a Hopf-Galois structure on

L/K. Since by construction vf=¢e=1 (mod mi*i @’M), Proposition 4.4.7 shows that
0y is G ,-Galois, as required. O

3Tt comes from the fact that it is an Kummer extension and the valuation of y — 1 is known.
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4.5.2 Which i, j and d are achievable?

We next determine the values of i, j and d for which there exists a Hopf order &,
of Hr 4 some some T that fits in 4.9 and an extension L/K such that O} that fits
& ,-Galois. As done for the feasibility of the Hopf order ©, we start by proving a
theorem that give some necessary condition and then we prove that all the case that
appear in the theorem can occur. The second part is constructive so sometimes we
may also assume extra hypotheses to simplify the process.

Theorem 4.5.3. Let L be a totally ramified normal extension of K of degree p?, with
ramification numbers t; = pj—1<t; = p>i — 1. Let &, be a Hopf order in H = Hr 4
as in Theorem 4.3.12. If O is & ,-Galois then one of the following holds:

(i) [Region A]: pj<i,i+j<é,andplj;

(ii) [Region B]: pj>i,i+j<eée,(p+1)j<pi+1,andplj;
(iii) [Region C]: (p+1)j>pi+1,j<pi,plj,andd=0;
(iv) [Line segmentL]: (p+1)j=pi+1l,i+j<é€,j=1(modp), andd #0
(v) [Line segment M]:  pi'=j',e/(p+1)<j<[(p—1e +1]/p,andp|j
(vi) [Line segment N]: pi'=j',j>[(p—1)e +1]/p,p|j, andd=0

(vii) [PointP]:  i=[(p*-1)e'+1]/p* j=[(p-De' +1]/p, j=1 (mod p), and
d#0.

In case (i), &, is either of elementary abelian type or is a Greither order. In cases
(ii)-(iv), G, is of elementary abelian type. In cases (v)-(vii), S, is a dual Greither order.

Proof. By Lemma 4.4.2, j < pi and v = cz~¢, where c € O and where z generates
the intermediate field M = LT = K(z) and satisfies ord},(z) = pj’ + 1. Moreover, we
have ordy,(v) = ordg (vP) = pi’ + j by Corollary 4.5.1.

Claim: either i + j < €’ or &, is a dual Greither order with pi’ = j'.
For this we consider the three cases in Theorem 4.3.12. If N is elementary abelian
then ordy (vP) = pj + i’ by (4.10), so we have pi'+ j = pj+i', which simplifies to
i+j<eé. If &, isa Greither order then automatically i + j < ¢’ by Convention
4.3.17. Finally, if &, is a dual Greither order then i+ j > ¢’ and pi’ < j/, and it
remains to show that in fact pi’ = j'. Suppose for a contradiction that pi’ < j'. Then
ordg (vP) = pi' + j < €' = ordg({), and hence by propriety (4.1) also ordy ({v”) =
pi' + j. By (4.11) we therefore have pi’' + j = pj +i'. This simplifies to i + j < ¢/,
giving the required contradiction. Hence pi’ = j'.

For the remainder of the proof, we distinguish three possibilities:



96

(a)

(b)
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i wl)

t=10 g

Figure 4.2: Values of (i, j) where @ can be Hopf-Galois.

pj'+1> pi’'+j, that can be rewrite as (p+1) j < pi+1. This inequality is cer-
tainly implied by pj < i. Then for Proposition 4.5.1 the initial inequality can
be written as ord* (z) > ord},(v). Using that v = cz~¢ and the usual argument
with the propriety (4.1), we have that

pi' + j = ord},(v) = ordy,(c) = pordg(c),

where for the last equality we used that ¢ € 05 and M/K is totally ramified.
Hence p | j. If i+ j < €' then for the convention &, cannot be a dual Greither
order, then if N is cyclic &, has to be a Greither order. This gives cases (i) and
(ii) since for what we have noticed by Theorem 4.3.12 the cyclic case imply
pj<i.If i+ j> e then &, is a dual Greither order and pi’ = j', giving case
(v).

pj +1< pi'+ j, that can be rewrite as (p+1)j > pi + 1. Notice that since
ord;,(z) =1 (mod p) and c € K, we cannot have the equality ordy,(c) =
ord},(z). Thanks to propriety (4.1) and v = ¢z~ this imply that ord},(v) =
min(ord,,(z),ord,,(c)). Again, as in (a), for Proposition 4.5.1 the initial in-
equality can be written as ord;,(z) < ordy,(v) = min(ord},(2),ord;,(c)) then
we must have d = 0 and then v = c € 6. As ord},(v) = pi' + j, this implies
that p| j. If i + j < € this gives case (iii), while if i + j > ¢’ then &, is a dual
Greither order with pi’ = j/, giving case (vi).
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(c) pj'+1=pi'+j, that can be rewrite as (p + 1)j = pi + 1. Using arguments
similar to cases (a) and (b) we have ordjxw(v) = ordX/[(z) = 1(mod p) so that
j=1 (mod p). As v = cz ¢ with ordy,(c) = 0 (mod p), it follows that
ordg(c) > ordy,(v) and d #0. If i + j < €’ we have case (iv), and if i + j > ¢’
then &, is a dual Greither order with pi’ = j', giving case (vii).

O]

Now we investigate the possible case depending on the the type of extension
(cyclic or elementary abelian):

Remark 4.5.4. We distinguish two case:

Odd p: If L/K is cyclic, all the Hopf orders involved will either be Greither orders
or dual Greither orders, which implies that points in regions B or C, as well as on
line segment L, cannot occur. Similarly, points on line segments M and N, along
with the point P, cannot occur when L/K is elementary abelian.

p=2:1f L/K is cyclic, points in region C cannot occur since, if d =0, &, must be
either a Greither order or a dual Greither order. However, points in region B are
possible since here we can have d = 1 so that the Hopf order is of elementary abelian
type. Similar considerations demonstrate that point P cannot occur for L/K cyclic,
and points on the line segments L and N cannot occur for L/ K elementary abelian.

As a consequence we recover the Corollary 3.4 of [Chi%6]:

Remark 4.5.5. If pis odd, L/K is cyclic, and 0 < pj < i, then only case (i) of Theorem
4.5.3 can arise. So under this hypothesis p | j and the relevant Hopf orders here are
always Greither orders.

Now we want to check that all the possibilities list in the Theorem 4.5.3 can
occur. In order to do that can be useful to add some hypothesis to make it easier to
create some appropriate field extension using the Theorem 4.5.2:

Lemma 4.5.6. Let i, j,d be given with1<i,j<e' and0<d < p— 1, satisfying one
of the conditions (i)—(vii) of Theorem 4.5.3. In some cases we add some hypotheses: In
cases (v)—(vii), suppose that K contains a primitive p?th-root of unity, ¢ and in case
(v), assume also that d = 0.

Then there exists a Hopf order &, as in Theorem 4.3.12, with the given parameters
i,j,d, and a normal extension L of K such that Op, is &,-Galois. Moreover except
for case (vii) L may be chosen to contain a given normal extension M of K of degree p
such that tyrx = pj—1, and any generator Gal(M/K) may be chosen as o in Theorem
4.3.12.

Proof. As usual let M = K(z), where z is chosen so that ordlxw(z) = pj +1 and
0(2) = {z. In cases (v)-(vii), we may assume that ¢ is chosen so that ¢P = {. The
general idea is to create a v € M that respect the hypothesis of Theorem 4.5.2. Again
we distinguish several possibilities:
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(a) Cases (i)-(iii). Here p | j, and by Proposition 4.1.3 we can find ¢ € O with
ordg(c) = i'+(j/p) < €' and ordy (cP) = pi'+j. Set v = cz~%. Since ordy,(2) >
ordy,(c) in cases (i) and (ii), and d = 0 in case (iii), we have ordy (vP) =
ordg (¢P) = pi’ + j. Since i+ j < €’ we have that pi’ + j = pj+i', indeed
pi'+j—-pj—i'=(p-1( -i-j)=0. Then (4.10) holds. Thus in case (ii)
and (iii), that occur only for elementary abelian extension, we have a Hopf or-
der &, of elementary abelian type satisfying the condition of Theorem 4.5.2,
which gives the existence of L as stated. Moreover, in case (i), v satisfies (4.11),
so we obtain a Greither order (or a elementary abelian order depending on the
extension type) G, and a corresponding field L.

(b) Case (iv). Take v = z~%. Since d # 0 we have® ord]XV[(v) = ordl’\‘,l(z) =pi'+],
so that again v satisfies (4.10). As above, Theorem 4.5.2 completes the proof.

(c) Cases (v), (vi). Here d =0 and pi'+ j = €/. Take v=¢ ! € K. Then v” ={!
and {vP = 1. Hence ordg (v”) = pi’ + j and (4.11) is satisfied. We therefore
have a dual Greither order &,, and Theorem 4.5.2 yields a suitable field L.

(d) Case (vii). In this case we take M = K(¢). For i, j to be integral we require e’ =
1 (mod p?). In particular ¢’ is not divisible by p, so M is a totally ramified
extension of K of degree p. (Recall that we always assume { € K.) Since
by hypothesis pj’+1 = € = ord}((), we have ord},(¢) = pj’ + 1, whence’
tmixk = pj —1. We make a specific choice of ¢ depending on the given d;
namely, we take o € Gal(M/K) such that a(¢) =¢ d(/). We then set z = (,bf and
v=2z"% where fd=1 (mod p). Thus 0(2) ={z,v” ={7!, and (v’ = 1. We
then obtain &, and L as in (c).

O

4.6 Final classification
In this final section, we address a fundamental question:

Suppose we have a totally ramified, normal extension L of K with a degree of p?,
and O}, is Hopf-Galois in one of the Hopf-Galois structures on L/K. What occurs
in the other Hopf-Galois structures on L/K?

If L/ K possesses a unique ramification number, then we have j = pi. Under this
assumption, the only case from Theorem 4.5.3 that aligns with the given values of
i and j is case (iii). However, this case implies that d = 0, resulting in the classical
Hopf-Galois structure as the only possibility for &, to be Hopf-Galois.

®Notice that under the hypothesis of (iv) we have that pj’+1= pi’ + j.
"We are using the connection between the order of the generator and the ramification break that
occur in Kummer extension.
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On the other hand, when L/ K features two distinct ramification numbers, Lemma
4.4.2 tell us that @y can only be Hopf-Galois with respect to a Hopf algebra H = Hr 4
where T = Gy,. Consequently, we can consider T as fixed, and our focus shifts to ex-
amining the effect of altering the parameter d. The subsequent lemma describes, in
terms of i and j, the conditions under which a change in d still define a Hopf-Galois
structure for L/ K such that @} is Galois:

Lemma 4.6.1. Let O, be Hopf-Galois with respect to Hr,;. We assume L/ K is totally
ramified, with ramification numbers t; = pj — 1 and t, = p?i — 1, where j < pi.

(i) If i = 2, then O is Hopf-Galois with respect to Hy 4 for alld’' €0,1,...,p—1.
Thus, Oy, is Hopf-Galois with respect to exactly p of the Hopf-Galois structures
on L/K.

(ii) If i <2j, then O, is Hopf-Galois with respect to a unique Hopf-Galois structure
on L/K.

Proof. We have that 0} is & ,-Galois for some Hopf order &, in Hr 4, where the pa-
rameter v satisfies ord};(v) = pi'+j,v=z"%cwithce 6}, and vf =1 (mod n"'”'@’M).
Here B is as in Lemma 4.4.4 and does not depend on d. We first note that

z=1 (mod nil+j@’M)©ordX/[(z) =p(i'+j)
spj'+1zp(i'+))
o8j'=i'+j
oeé-jze—-i+]j
©i=2j.

If i > 2j we may therefore replace v =z %cby =z %cforanyd € {0,1,...,p—1}.

We then have # = v(mod7ni+/@)) and hence 7f =1 (mod 7'*iG,). Thus 6}
will be &-Galois, provided that G is indeed a Hopf order in Hy ;. But v satisfies
one of the conditions (4.10) and (4.11), and & will be a Hopf order if # satisfies the
same condition. Thus it suffices to verify that z” € Uy jx NUpjrink. Asi=2j we
have pi+1=2pj+1>(p+1)j,sothat ordg (zP) =pj'+1>pi'+j,and 2pj—i<
(p-1i<(p-1)¢'+1,s0that pj'+1> pj+i, as required.

Now suppose i <2j. If 0, is Hopf-Galois with respect to Hy, ; then O, is G-
Galois for some ¥ = z74¢ with ¢ € Og. We therefore have 7 =1 = vf (mod
7' *iGyy). Thus 0= v (mod 7' T/ 0y), so z9%=¢éc™! (mod 7' tiGy). Ifd #d, it
follows that ord},(éc™!) = ord},(2) = pj'+ 1 #0 (mod p), contradicting éc™! € K.
Hence we must have d = d. Thus @}, is Hopf-Galois with respect to only one Hopf-
Galois structure. O

We can interpret Lemma 4.6.1 in terms of Fig. 4.2 as follows:

8Because, in the equation above, the left side can’t be divisible by p so the inequality is strict.
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Remark 4.6.2. + Odd p: In this case the line i = 2 divides the region B into two
regions By, By, and the line segment M into two segments M), M>, as shown
in Fig. 4.3. In regions A, By, and on line segment M) (including the points on
the boundary i = 2j), if 0y is Hopf-Galois, it will be Hopf-Galois with respect
to exactly p of the Hopf-Galois structures. In regions By, C, on line segments
L, My, N, and at point P, there can be at most one Hopf-Galois structure on
L/K in which @, is Hopf-Galois.

+ p=2:Inthis case, the line i = 2 is already depicted in Fig. 4.2 as the boundary
between regions A and B. Outside of region A, there can be at most one Hopf-
Galois structure on L/K in which 0 is Hopf-Galois.

/ /
# M,

Bs
E
T A

/f

/
e
%//

3=
i=10 &

Figure 4.3: Values of (i, j) where @}, can be Hopf-Galois in one or in p of the Hopf-

Galois structures.

By combining Lemma 4.6.1 with Theorem 4.5.3 and Remarks 4.6.2 and 4.5.4, we
can provide a comprehensive answer to our question regarding the behavior of O,
in different Hopf-Galois structures on L/K. Depending on the values of i and j, O
is Hopf-Galois in either just one or exactly p of the Hopf-Galois structures on L/K.
We will now present the complete statement, taking into account the various cases:
p odd, or p =2 and G cyclic or G elementary abelian.

The following hypotheses and notation are assumed in each of the following theo-
rems A—D:
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Notation 4.6.3. L/K is a totally ramified normal extension of degree p?, with ramifi-
cation numbersty =pj—1<t, = pzi— 1 and with Galois group G = Gal(L/K) = (o, 1).
We write T = (1) and set G' = Gy, if t < to, taking G’ to be an arbitrary subgroup of
G of order p if t; = 1.

Theorem 4.6.4A. Let p be odd and let L/ K be cyclic. If O, is Hopf-Galois with respect
to some Hopf-Galois structure on L/ K then one of the following holds:

(i) [Region A]: pj<i,i+j<eé€. Thenpl|j &S, isa Greither order, and O is
Hopf-Galois with respect to all p Hopf-Galois structures on L/ K.

(ii) [Linesegment My]: pi'=j',e'/(p+1)<j<(p-1e'/2p-1). Thenp|j, &S,
is a dual Greither order, and Oy, is Hopf-Galois with respect to all p Hopf-Galois
structures on L/ K.

(iii) [Line segments M, N, point P]:  pi'=j',j>(p—-1)e'/2p—1). Then S, isa
dual Greither order, and Oy, is Hopf-Galois with respect to exactly one of the p
Hopf-Galois structures on L/ K. This Hopf-Galois structure is the classical one if
j>[(p=1e€ +1]/p andis one of the non classical ones if j = [(p —1)e’ + 1] / p.
Moreover, j=1 (mod p) if j=[(p— 1) € +1|/p and j| p otherwise.

Theorem 4.6.4B. Let p be odd and let L/ K be elementary abelian. If 01, is Hopf-

Galois with respect to some Hopf-Galois structure on L/ K then one of the following
holds:

(i) [Regions A,B1]: 2j<i,i+j<é. Thenpl| j, &, isaHopforderof elementary
abelian type, and Oy is Hopf-Galois with respect to exactly p of the p*> Hopf-
Galois structures on L/ K, namely those with T = G' (including the classical one).

(ii) [Regions B,,C, line segment L] :2j > i,j < pi,i+ j<e€'. Then &, is a Hopf
order of elementary abelian type, and Oy, is Hopf-Galois with respect to exactly
one of the p*> Hopf-Galois structures on LIK. If (p +1)j > pi+1 (respectively,
(p+1)j = pi+1) then this is the classical Hopf-Galois structure (respectively,
one of the non-classical Hopf-Galois structures). In any case, it is one of the p
Hopf-Galois structures corresponding to the subgroup T = G'. Moreover, j =
1 (mod p) if j=[(p—1€ +1]/p and j| p otherwise.

Theorem 4.6.4C. Let p =2 and let L/ K be cyclic. If O1, is Hopf-Galois with respect
to some Hopf-Galois structure on L/ K then one of the following holds:

(i) [Region A]:2j <i,i+j<e'. Then2]| j, and Or is Hopf-Galois with respect
to both Hopf-Galois structures on L/K. In the classical Hopf-Galois structure
&, is a Greither order, and in the non-classical Hopf-Galois structure S, is of
elementary abelian type.
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(ii) [Region B, line segment L] : 2j =i,3j<2i+1,i+j<é'. Thend=1,s00 is
Hopf-Galois with respect to the non-classical Hopf-Galois structure but not with
respect to the classical one, and &, is of elementary abelian type. Moreover, j is
even unless 3j =2i+1 (in which case j is odd).

(iii) [Line segments M,N]: 2i'=j',i+j>e'. Thend =0 and j is even, so &, is
a dual Greither order, and O, is Hopf-Galois with respect to the classical Hopf-
Galois structure on L/ K, but not with respect to the non-classical one.

Theorem 4.6.4D. Let p =2 and let L/ K be elementary abelian. If G, is Hopf-Galois
with respect to some Hopf-Galois structure on L/ K then one of the following holds:

(i) [Region A]: 2j <i,i+ j<eé€. Then 2| j and Oy is Hopf-Galois with respect
to two of the four Hopf-Galois structures on L/ K, namely the classical one (in
which &, is a Hopf order of elementary abelian type) and the non-classical one
withd =1 and T =G (in which &, is a Greither order).

(ii) [Regions B,C]:2j=1i,j<2i,i+j<eé'. Thend =0 and j is even. Thus S, is
of elementary abelian type and Oy, is Hopf-Galois with respect to the classical
Hopf-Galois structure but not with respect to any of the three non-classical ones.

(iii) [Line segment M, point P] : 2i’ = j',e'/3 < j < (€ +1)/2. Then G, is a dual
Greither order, so d = 1. Thus Oy, is Hopf-Galois with respect to exactly one
of the four Hopf-Galois structures on L/ K, namely the non classical one with
d=1and T = G'. Moreover, j is odd if j = (¢’ +1)/3 (this can occur only if
¢ =2 (mod 6)), and j is even otherwise.
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