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#. INTRODUCTION ④
&
Motivation: Elasto-plasticity in
Crystalline solids le

.g . metals) :

Et actio,
Sip : ship plane

↓
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Q : But break all bonds over the ship
plane at the same time ?

· Do , gives wildly off prediction
to the strength of metals !

· Volterra/Taylor/Orowan, 100 yers ago :

EWWWfffWDislocation motion causes plasticity
〜

↓ Crystallineline defects

_; !上選 。
Birgemb =*

V
↑

^
_ extra plane in

·

_ ㅣ
ㆀ crystal -> defect

..
I d

. o{
_

dislocations occur along a curve
-> Line defects
entialmode of plastic slip :
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Abstractpicture : "moving loops"
~

จ √

θ

∞ 7
→ →

√ v velocity
_

Observations :
time

_

θ tops for atomistic reasons

·rientedlps to reflect crystal
deformation direction

……:

slipplee
V

·ow regularity (corners) due to
crystal anisotropy r)
Couly few allowed directions) 1

· Topologicalchange - 5.
This leads to

....
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... the theory of normal and integral currents
ー

'

a form of
" measure-theoretic

grometry
K

-

(Federer
,
Flewing, Almgre,

itegralI current Conti, Ortiz, Garroni, ...)∅

-

curve

^T = TG) m(e) se
'

c ze
↑ λ

orienting multiplicity IDHausdarff
Hangent) measure

vecter -R9
(d =2

,3) EN HLY(A)
with IT()) =1 := Length of in A

aJe
γ

a

nornadl
TII " le,

with the "boundary" general measurealso a measure
,
l

. g .

(> Later) ←

-4-
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· integral 2- current : surfaceー

S = mmce) PLE
2-vester (-late) iaㄻ Hausdorff mens .

Λ
("area in RY)

I: ]
≈

· normal 2- current
..騷

·Integral/normal K-currents
…

...
all these are rector measures on IR&
ー

G laterl

&: Regularity of J ,
R ?

& What are k-vectors ?

&: Boundary ?

- 5 -



TheSpace - Time Framework (Hudson - R
.

22
,

R .

「
23

,
25)

〜

v
一: 一tr

Say boundary of Tt
x

[aijst -t Tt , OTE =o

is an evolution of dislocation loops .

& How to define a "velocity"
(in normal direction) :

O
9 how to

compare pts ?D % difference quatients !

1 : What crea is traversed Edissipation) !

gama ?

"variation"

- 6 -



Idea : Instead of the path the To
_

consider the-pace-timetrajectory
S"traced out" by the Tt:

S _ (t = t3

↓
。

{e.
Rin - m)

-
n

time space

→ SIt" " Sn {l = t }
with respect to thetime projection
lt( (

t ,e ) : =

-> S() := p*(lt) poshformed want
the spatial projection sCfit) : = t

-7



leyues ·

· Is this "equivalent" to the path ?

· Define velocity ?

· Define "variation" ?

·Convergence of such surfaces ?

· satisfies a "transport equation"?

〜 S

{ All these can be satisfactorily iresolved in the Space-Time Frauewak
ー

< 8 .



ZMEASURES ORECTIFIABILITI ⑫ー
Basicterminology :

& B=B(R% the Baulo-algebra on Pa

· Let V be a narmed
,
finite-dim .

wester space.

A set function

v : BIR - V
that is oadditive ,

i

. e
.

_

ci ) γ ( $) 20
'

(ii) ~ (WEn) = [UEn)
v

far
any countable

(or finite) family

of disjoint Bore) sets EnEB(IR")
is calledareclr) measure (or IR")

,

written v = M(R" , V) .

· If only v : B(K) -> V is a

measure for all KCIRA compact ,
the

v -> MJoc (R" ; V) ,
a Radon (vectal measue

.

ー

8 If instead M
: BCRP)+ 2007 with (i)

,
(ii)

and such that r(k) < for KCI?
are called #citivemeasures

,nect)
.

_g



The forms of willset Stati

the mor_ containing the

MMeasurable Sets (A = Bri , BeB(RN)O
are used as usual.

· For VeM(RV) and
F : IR' →

Rf^ (

A

)
☆
n (Ra) “CR Bal

,

the integral_

Stdr eV
is defined as usual , first for step
functions F = AA , AEBr ( IR

'
)

,

then by approximation for general f.

· For NEMIR"; 1) def .

the totalvariation

measure WilleM+ (R% for At B(RY as
v

UVIICA ) : =Sup{ E(
An'

N all : A = UAa : AnEB(R
'

)
,WEI γ

Then
,
1w/leut Ci .

Am An= formtn)
.

- I-



#m(1 . 13) (Besiconitch differentiation)
het me MICR") ,

veM(r ,V) .Forma.ex,
the "blow-up quotient" limitzopen r-ball
dr around X

In K) = = Line
W (Br

decompositionexists in V andtheMadon-Nikodym
w = dame + is 1

WS : = NLE
*
sngularpartholds

,
where

1Iw Il. (Br(x))
E := (Risuppm) vSetsuppe : Limー 二∞3.+NO M(Br(IS

Ihm [1 . 14] (Radon- Nikodym)

If additionally VM ,
that is

u(A) = 0 for AtB(i) => IIvIl(A) = 0,
di

then w =

In M (i . e ., w(A) =f)
( ( 5]( polor )

Let veMIR" V) . Then the lar
du

llutt E L
'

Chrll ; V ) = {t : RdsV inl1-measmable :

satisfies Iwill = 1 IIvl-a.e.
SifIdlIrllan]

いに



~eak* convergence

We say
that (Mjlj <MIR;v)veryes
w* to MMCRV) ,writteMit
(4

,ri) :=Sy , 47 alli -> <4 ,
2)

fer all CoRY) =T
Here :

Ihm(1 .
4] (Riesz)

Let ohc be open .
Then,

(^; V)
*

)
*
= µ (r ; V ) -

Ihm [1 . 19) (Bauach-Alaog(v)
Let Ijlj < M(RP; v) with sup; /(10.

Then there is a weakly * conveying

subsequence.

ー 12 ー



#ausdorftmeas
e

volume of the unit ball in
Set for

.

ACR"
:

Hatian convention !
^

H* (A) : = E . inf&diam (An" : AcUAs{ h

diamAn5]
H
“

(A ) : =
oH
(A )εCo ,∞J.

Ren : One could equivalently require the
_

An to be open ,
closed or conver,

but restricting their shape (e .g .
to balls

Yields different measures.

Intuition : Hleugteー

ㅣ

· It = curve lenght A
· H2 = surface area

注· se" = volume

et c.

but without parametrization !
13-



Prop[2z] : Restricting H"to the He measurable
_

sets Lrecall : A is semeasurable if A:BrN

With B Barel and HECN) =0) yields
a positive measure on

R%

hem 11. 27%: Let OLkCK'ax. Then
_ 최
(i) U (A)70 = HF(A) = 0.

(ii) U" (A) co => f
*
CAl = 0 .

↳m .30%: Let f :R-> 12 be Lipschitzwith

Lipschitz-constant 7 . Then
,
for AcRa,

H (f(A)) 1 LHFCA) .

Prop [1 .
31 : For any At BIRY) ,

Ld (A) = fed CA) .

~ 14 -



⑬mcifiablesetiscalledcountably &Erectifiable,
ke So, ..., dy if

A s Nw Uhn(RY)
h

where H"(N) =0 and Un : /R
* -R is

Lipschitz . f additionally H*(A) <n
,

them we callRrectifiable.

Intuition : A "measure-theoretic" Lipschitz-regularー

K-manifold.

EX : Leta beaschitz (or()
_

k-graph
i

-e
.
there is a projection Itー

onto a k-plane it and y :T-i Lip/
s-t-

C = { EiRd : φ (+* )
=} .

Then I is K-rectifiable .

&: Let v, . .

., UK
an GND of it . Then set

h (a
1/
-、8 R ) := vs +φ (} 8; ^s ) ,

for which Sh
~ 15.



Ee : Let Eqm3u be a countable dense
_

set in B
,
C 1? Then

,

So := USn ,
Su : = & By n(qu)

is countably H-rectifiable.
^
∴

·
·.::
…

-> rectifiable sets can
be quite irregular !

Irop[2. 18 : A H"-measurable set RCM is

UK-rectifiable if and only if there exists

a countable collection 34mYm of Lipschitz

Cor (l) graphs s .

f.

み
“

(R \ U 9 . ) =
0

い

Ren : One can even choose theIn to

ー

be enbedded C-manifolds.

- l 6



let Ac Robe HK-measurable
·

A K-dlimensional

subspace it Ca is called the approximateー
Eugentspace Two A at XoEA if

liro f ely) ase
"
(y) = fely) ase

"

(y )
トー

“ (A - to) T

for all ye CI(1R%

#op [2 . 20]: Let R be He rectifiable .

Then
,

TroR exists for H"- a.e . XoER .

Rem :
-

In fact , also the converse holds
.

If : Assume that R = h(k) for KERK

compact h injective and Lipschitz .

The
1

general case follows by exhaustion.

Let Xo := h1z0)
,
zotk and assume that

i = Uhzo)[RYY is a
k-dimensional subspace,

which holds for Ihae . zotk by the

injectivity and Rademader's theorem.

set

hrly ) : =

hltot
.

Kr i= +
/

(k - X0)
- 17 -



and compute as follows :

him y(x) CHE = him JyChrly)) Johrly) dy
rto 周 NO

r
-

「CR-±0 krㅣ(a. e. xo)

Thm22 .27 Carea formula) : Let f : R"-Rh be Lipschitz,
kem

. Then, fr any
f"-measurable g :R

*
+IR

,

SgKArtGd = [gk) aIly,, ,fipm ×ef
'

cy)

where Juf := vofTof) "k-Jacobian"
.

In particular ,
H
*
(+ (A)) = SJnf de .

↑monic: = = f(y) = dH
Y
(z) = butdy]

“臨に
φ

( ).Jkhla) do
z = xotry
dz = rkdy

=

↑
IkhGo) 品 K。 4() dy

rebesque diff. thm

= Sakφ (ohCto )y )Jkh(zo )dy aS5
φate
,

~ 18 -



3
·

DIFFERENTIAL FORMS & CURRENTS
一

#Multi-linearalgebra

Problem : Need an efficient way to specify a〜 d

K-dimensional (target) space it in R 1
together with an orientation .

Attempt : Use a normal : in 13

↓
veater product

⇌
π

BUT : · This ouly works in 2 or 3 ambient
_

dimensions ! (a I-plane in IRP has I normals)
_
_

· Even in 3D : What is the place namal
we get as the image Lit under
a linear map L ?

L() × (() = (tL) (
T
(vew )

BTTER : keep information of v
,
w

"modulo natural identifications"-> "1"
- 19 -



Prop (3 .37 : For any finite-dimensional nector-

Space ~ and K = 0, . . .

.,
dim V

,
there is a rector

space

1v ( ≠ {0 } )

together with thehedge product

1 : Vv ...x -> 1nV
zu

k times

that is linear in every entry and st . for
「

V,, . .

.,Vk EV , VEV , YeR the following
&cossian rules hold : Clike rows in

determinant)
(a) v ,

1. .. 1 (avi) 1---1Vj1 . -nVk

=> v, 1 .. . svin . -. (Xvj) 1 . - 1Vk

(b) v
,
1 ... 1Vj1 ... 1Vj1 -- - 1Vk

= V11 ... 1 (vittrj) 1 ... 1 Vj 1 . -AVk

(2) v, 1 ... 1Vf1 ... 1Vj1 .. - 1Vk
= Vir -novj(Ir …n Vin - - nvr

I ) λ Cu , h … ^Vk ) =A) e … ivk

(e) v, 1 ... nVx + VInVe ... 1Vk

= (v + vileve ... nvk Pf : doesn't matter!
- 20 -



km [ . 4] : let 3 1rV
, y .gE NeV ,

YER
.

Theni

iC ) Lority : 31 (y+ g) = 51 y +31
(5)
-y

= x(31y)

(ii) summulativity : 31=
(1)"y15

(in particular
,
515 =0 if K is add

(iii) Nilpotence : 515 =0 if E isph, i .e.ー

3 = 1
,
1 ... 1v for some v

, ...,EV.

(in particular , ver
= 0 for all ver).

Ex : In R" the 2-reaterset egtly
is not simple :

(e
, 12 2 + e= 1ey)1(e , nez + 2124)

Ci)
=> e, 1ez1e , 1e2 + e, 1221ez1ly

-> esreple , let eleg 11 , 114
(b) ,(d)
=o + ze, 1e,1ezley + 0 * 0 '

so by (iii) this 4-rester cannot be

Simp
σ 21 -



Intuition : The simple K-rester V.
1:NVk

〜

represents the Cordered) restor space
span(v ,

1 ... ) := Span Su, . . .

, Va3

Last : For 5, + /V simple

span 5 = span in E) y = X5.

[- 61Far Z = V
.
^ … NVREMKIRd ,_

Cet 3 = λ 5
,
witeh a, tehatis

,

去
、

= wih - - ^Wk with {Wi } ian
othonormal basis of span 5 ,, and 170,
Then i is the volume of the
parallelotape spanned by the Svjlj.

#
II
vi

P : Reduce to cube by Gaussian rules_

which leave the volue invariant) . I
-



heartransformations : If L : V+Wislinear
,

then

↳ (r
,
1 . . ..V) : = (Lv) 1 - -

e (LV)
and extended by multilinearity to 1V
Chris is unique ! ) -

#product and norm : Fr 3
,761rV

with 3 = v, 1... eVK
, z = W

, 1... Mhx :

(5
,2) := det [view]

ad extendby multilinearity .
Al,a

-oreators: Elementsa

1
*
V := 1nV*

are called Ecovectors .

We have

Λ̂ v = ( uV)
←

via

Ju , 1 ... sur ,
an ... rak) := det Kri,]]

and extended by multilinearity.
23〜



4ifferential forms
: Whbe

D
"
(∞) == C& (r ; K

(
R
α )

is called a (smorth
, compactly supported)

-ferentialk-form .

Thtriar differential d : DY(r)+0*
+

(r)
is given as :

(i) For f + D
°

(2) :

df = 모: 떤
(x,, . .

., (d)+ Xi

(ii) For w = f dein ... ravik-8"(t)
,

dw : = df 1dx"r ... ndyik

(iii) For general we DK(a) extend

hi) by Linearity.

&.10] (Leibniz rule) : ForWe bel
, yeBial :

d(w(z) = dw1y + (1)wi dn
PE : By classical Leibniz

rule
.

□
- 24 -



Erop[3 . 117: For we D
*

(e)
,
dw = d(dw) =0

.

# : Assure Whog . W = fdx n ...ndrik
,

wherefo C
.

(e) .

Then
,

d2
w = 常前 ()di ' ndeirde…naic

=did...
isj

= O
.

□
"

every exact form is

od
"

↓
w =d for dw =0

.

some yepk
+
(e)

-negrationof differential forms
A K-form We DK(RP) can be integrated over
a #bax R= [a

, ,
b

,
] X . .

. x [ad
,
bd] with

&< bi for i = /, ..., d s .t . ai < bi fo precisely
k indices i .... in .

Then

Sa = Seie....in ,Wk)
↑ canonical orientation of R

〜25 一



This can be extended to "chains"
,

i
. e.

formal sums of boxs ,
e .g . for 1 R

,@P2 :

λ k
.orz

- =
,

ω t Sw
R2

This is independent of the Coriented/parametization !

Stokes Theorem ;
ーー

There exists a (-1) - chain
,
the boundary &R,

for every
k-box (which is a particular

orientation of the topological boundary ofR)
,

such that

Sw = fdw
O R R

(this can also be extended to k-manifeds)

N 1R = oI 다
ィ

↑

「コ…と

□
感飛1たいいい θoo
ex θ

1F'1000
- 26 ー



Currents

Anteger-multiplicityrectifiable (MMR) K-current

is a linear and continuous functional Ton
DFCIR LaTEDKIR): - = DKCR^)*]
given as

T = Tm &
“

Lr
where
· R is a countably IF-rectifiableter set
· F : Rt MaR is a He measurablecienting map :
↑() simple,

unit
,
and spanF(x)

=ToRfor S-a . e
. x

,

∞ m ELCHER; IN) is an integer multiplicity,
which acts on we DF(i

&) via

[
T

, w] : = S(F(t),w(] m() dOY .

R

(think : T is the "integral" and w the "integrand)
# : For a k-box R,

let ERT] be the
asso ziertsch IMR K-current

,
that is,

< IRD
,w) == w

.Sk
For the oppositly-criented box ,

het

CORD := - ERD
,
i . e

. <ORD ,w = -Jew ·

~ 2F -



The boundary&T of an LIMR)K-current is
_

the linear functional on DK-CRY) given by

[ &
T

, w] : = <T

, dw]
,
W ε DKを 、Rd)

.

# : For the boundary of a K-box R
,
the

boundary &R induces an MMR (K-1) - current

FORT and for we DK-CRY) it holds that

[OKRJ ,wYaSIRD , dw]
= faw
R

Stokes

Em S
- a --chain

= < FoRP , ω>

So th definition of "d" is natural.

The mess of an IMR K-current is

M(T) := Smcx dH
*
()

- 288 -



If T is an IMRK-current
,
Ot is an

IMR (K-1) - current and

MCT) E IM ( OT) Ci ∞
'

then T is called an integral k-currentー
all of which are collected in the

recfer space Fr (IR9).

Whycurrents ?
·Construct a "measure-theoretic" form of

geometry and use the large measure theorytoolbox.
"

· "Calculate with geometric structures.

· Do analysis with geometric structuress....

Ihm(5.63) (Federer -Fleming) : Let (Tj)j cIrCtY)
with

sup; (MCTj) + MOT; )) < 0.

Then
, up

to selecting a subsequence,

Tj * T ε IK ( RO ) with

IM(t) ≤ liwint MCg)andalsoOT
;*OT.

j+

I : quite invtoshawlved'teafBanach
-Alaoglu
,is integral . □

- 2g .



4
.
SPACE -TIME FRAMEWORK ⑯
ー

、

↑ space-timeAgral current

Se Fin (ii
+a)
& space-time (Galilean)

describes the motion of its "slices".

_

千√
Here

,
も( tie ): = t ,

( t
,e

)
: = ← .

To define the & Sit (as an integral
current) at teR with

( $11 + HOS 1 ) {t 3 :NSH I) CCSt)
= ⑪ sIl+ 1 / 0s 11 ) { t( } eiRd)

,

noting that the set of these t's is all of
# without at most a will set ,

- 30 -



define It via the cylinderformula

Sit : = 0(SLYst)) (os) L* +3,
meaning that for we DF (1) ,

[Slt, w] : = { (5(4,
x)
,
dw(c, x)] d(/S // (+, x)

t < t }

{( siterdisct }

、 {ct 3<os Ceie) , w (τ,
*)} dllosll?

iutritiom
Sit = 0 (SL(t3)

OJ
- (as)L{ut]

Re : There are various equivalen definitions
for sit , but the above is the most

geometric.
- 3 가



Let s = 5 m H ** LRE FItk (Md)
.

The tantialdifferential DR :TH
,
xR+ R

a H
,
HER Is the restriction of the differential

Dも : (RitA→ R( DECHα
)
[s ,Z

}
=s ) to the

approximate tangent space TC ,4
R

.

Then, the tangential gradient XR isー

the 1x ( l+d) matric

ORE (+, ) =OEPa( ot= G0 … 00)
,

where Pct) is the orthogonal projection
outo TCAR at (t ,%) · Set ot: = 0 R

.

Note : 0R( ,) =0 if and only if
TheR is "space-like" , i . e . TGAR is

contained in 203 x1R9.

Define the↓striction 3LXEAm-nIRN
of S-1mRN by x- 1"IN as

(525
, 3) : = <5

, <1B) , BEMM-p

- 32 -



65 ?
For y'-a .e .

tet :

(i) RI := RnE-t} is countably HErectifiably
,

(ii) For H
*
- a .e. ze RIt with 8R(z) + 0 ,

TER = TZRIt ④ span { 5 (z)} )
where

る (t) : =飛1
”

is a simple unit 1-vector.

(iii) Define
m(z ) if( z) # O,

mx (a) = [ O othwise
,

and

ち*:= もし「
(wheever DRE +c)

.

with
⇌

Slt (z)= 5(z) LE* (z) -> InTanzRIt
it holds that

SIt = THt m + H
*

LRIt EFu(Ri +d)
.

Mareover, 5 : z 1Jlt.
- 33 -



Huustration :

んな
*

= 51t*
b

Sit

Ne : In the space-time approach ,
E is

&ven by the space-time current , but

if we instead considered a path
tot St , the

we would not know E
!

rop (6 .2] Coarea formula for slices) :

let SeFitu (Ditt) and g : R-R Barel .
Then
,

Sg(t) (M (Slt) dt = ((got) 15Ld+ / dIlsIl
.

- 34 .



Morand critical points ⑫
LetSe Fit (Rtds . Define the sets

Reg(s) : = { (+,x) [Rtd : SHY tO3
Crit (s ) : ={ CH, ) ER 'td :OSelt 、 e) = 0}
of reylar andcrticalpoints , respectively,

쁘 [ 6 . g] :

(i) 1St/l (Crit(s)) = 0 for a .e .

+ER
.

hiil ost to a. e
.
w . r -t . doS ,

where

(d+ @ S(t)(x) := SSIt(A) &t ,
ACRYBorl

.

(iii) For a.e
.

teR, AcR
+*
Bacl with ISI CA)O

,

Spallst < o
.

A

# : () By the cocrea formula forslices with

g
:= 1 wit(s) ,

fusiellCEnts)( ) at = SS
{

Yaits dlUsielldtfes,6o
'

も ldllsl 1
= 0 .

t } e1rd
ー35 一



(i): Follows from ts.

(iii): By the corea formula for g := 10HACrit:

SSiSET * IIsAlldt
=Sdlls.A

□

Define (as before)

教 (+
、
t) : =

0も( +、 t
) l

/
(+

、
e) EReg (s) .

By Sii)
,
this is well-defined (dt@St) -a

.e
.

tZ ≥ O .Moreover 1

metricdrivative

Fix (t ,
x) = Reg(s) · Then ,

l 0stl = 1 le 0z ) を= 1 。 時に 断=逃る
(proj . of to outof)

Also
,
since SH = JLE*= ID" SLdt ,

.

= 1Dstl = 15 Ldt 1 .

ー 36 一



Then define the-metric derirative
as

品 s (+ ie ) :
=1CE,

t
) ,

(
+,

e
)eRegls).

Inferition :

wwstt
.

Λ品 s

=timtsptmant)
->R is the formal) velocity of travel !

Ex : This corresponds for the dislocation Pity.

[ 6. 11] : SE L ' ldtollsitll ; 1Re) and

1 混引 ≤ ItUsttlD -a -e.

# : well-definedness follows from Siri) in Lemma
.

The estimate follows from the definition
and by the cocrea famula ,

51usldllsitlat≤ ff 能idlisiellat
= IMCS) as 、

□
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Spare-time
r SE IIHK ( Co,CJ ± IR

9
) ad Ic Caic]

I-measurable
,
define the(space-time)

Liation of S inI as (recall ppHit :=X)

norm
Var (s ; F) : = /I'dISII

I - IR
이 π

extended to 1,k+
+

cudteSpace-time) Lo-norm of Son I as

USILL(I
)

=
IM

( SIt )-

Intuition :
ー

bunds

入
Var(S ;I)

… larea between
,
but

_ with absolute
_

I multiplicity

E : In dislocation theory ,
this is fan approximationtol

the dissipation If number of broken bonds) .ー
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트 (BV-functions) : Let neBVIO , 1)
,
so that

the distributional drivative is of u is

a measure ,
i. e., there is MEM (101) ; IR)S .

- Suigdt-Jydu , yecol
Then i

ω

:=µ

(e.g . we C'(0 , 1) with Skido) ·
Let

graph(u)
:
= 3(t, u9CH) : te (0 , 1)

,
0efo is ]

where OtuOC) is the jump interpolant
(constant in O if t is not a jump point).

ult)
〜

/ uo+)
〜

{
Set

Su := H'L graph(u) ,
- the tangent.

For a . e .

+, (f) exists (i = Hd++ sing)
and

τ= 園 [ ¿]
- 3 g -



Then :

DSu= at a.e .

E

If : The slices are O-dimensional and G = 4
.

Thus ,
where I is given as above,

品== び 、 □

2) Var (ujl) = Vor (Suil) ,
IC [o , i] interal

ination, w. l. 0
. g. ne

D.If : By approx
Then, fr I

an
interval (say) ,

1

well

Vor(nit)Erns li) at
ㅇ

area gas
formula graph (u)n[EXII

= f lrel dse
'

graph (n) n (FXR)

= Var (Sui]) - □

So : The space-time notions generalize_

the classical ones
.
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Estimates & convergence ⑱
ー

Clearly '

Var (S ; 1) <MM(SLIXRY
Also a reverse estimate is true :

&m [6. 13] ("Pythagoras") :
L

itR t 1 pp5p= 1 $ sl 1- a_ e
.

and for ICR
,

IISI( CItIR
)
≤ I ' (1) 11 s 1int Var (s;上 )

E : Every yel +KIR'I can
be written as

←
with to

←
withoutso

n
= 2 40,3201ez

+ C nzes
JE

_
A(k

,d) JEACi+kid )

where 1(k
,d) are the ordered k-tuples in S1, . .

.,d3
and ter ZaCj , , - - iju) , eg =

ej .
t …

nejr .

Thus
, そ =

そ Ldt t py and this is an
orthogonal decomposition. Hence ,

-5 = eon[s(dt)+
and

に 15p = 15 Ldtp+ 1p
5 P = 1もを14 lp5 に

ー4 ( 一



sol

M (SL ItIRO ) = IraIs' tdtalls1

ar sal+Ibl
and 15dt) = 10crsel e1psldlisl 1

coarea 9 M (S lt) at + Var(S ;7).

= ISlyp + Var(s ; F) .
□

In the following we often assume for

Se lik ([o ,] xIRY
that

OS ( (0 ,t) = 0 .

Then (by the cylindr formula,

OSIt = 0 fr ae
.

te (o, c ) .

Ex : In dislocation theory , the dislocations
are closed loops for a . e

.

t.
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Ihm (6 .25] (compactness) : Let (5j)j Firu (o+]e)ー

with (0Sj)L(0 ,4)XM=0 for all ; and

5up (1ISj/lp + Var(s;; [0 ,t])) < u .

Then
,
there exists Se Fith([o,

+]xe)
witls &SL(0 ,5)x1E0 and , up to a subsequence,
SjES in BV,

that is,

{ SjES
in IAk

,

Silt* SIt in Ik for a .e
.

t.

Moreoverr,

Var(s ; (0,i]) = Liminf Vor(s;; [0, t]) .

j→∞

Pf : By the Pythagoras Lemma,

Syp M(s;) < 0.

By the Federer-Fleming compactness
theorem

,
the first convergence SES inFik

follows after selecting a subsequence.
'
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Since (cylinder formula

SIt = O ( SL {< t}) - US ) L {tct},

If I Sill + 118s; /Ev in
+

Cup to a subsequences,
then for t s .

t
. ~(StixRY) = 0 ,

then

[Sj, #ty1dw] -> < S ,
#*t31dw)

<85;,#(t1wY + <S,+z1w)
for all we D

" (d) · This is just
measure theory because it MjEM
for rector measures Mi ,M and

Mill = 1,
then

Sudn; -> In du
for any n whose discontinuity points
are 7 negligible (elementary .... ) ∆

Thus
,
for these>s

, Sil* Sit in In
The lowe semicontinuity follows from

Reshetuyak's lower semicontinuity theorem
or more general lower semicontinuity
results (see my Calculus of Variations book) . 1
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Deformation
ー

In the following ,
of <R& is a Lipschitz domain,

I [6 . 27] (space-time deformation) :

Let TCInCe) with &T =0 .
Then

,
for

all so there is JEFH(laD),
「

where - : = e + Bag (c= <(d) S .

7
.

& S = &
,
xP - GxT

,

P = & PFTD ,
84 = 0 ("polyhedral chain'

FeFr(e)
where Frlg) contains all k-faces of the
cubes gz + 10 . 9)8 ,

ze
,
and PE .

Moreover,

M(P) = ( M(T),

Var(s) = CgM(T) (Var(s) : = Var(s;)) ,
IIsIlLw ≤ CIM (T )

'

and I can be chosen st.t Vor(S ;[0t))
is aLipschitz function.

Here : & xT is the#at current (onGoBxR) etc.ㅇ
_

# : Similar to the classical deformation
theorem(retract to skeleton). 15
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Illustration
w

〜

ㅇinauncain
Pf idea Retract outo skeleton.
-

「#ludei & MITTED ㄱ
thm [6 .28] (isoperimetric inequality) :

_

Let FtInCe) , kil , with OT=0 .
Then there

is St[itk(Co, + =1) Chipschitzt with
t := 2+ BLiMLilYn S .

t
.

GS = - GoXT O→
and , for C=Id ,

KI ,

Var(s) - cM(T)
1
ISI 0
≤
CPMCT)

。

If : Let P
,
S as in the deformation theorem

fer 8 : =RCd
'
MC)tk"Byscaling,

M(P) = Ngg" for NgEIN.
Then

, (M(P) = CofM(T) .
Thus

,

Ng · 2 Cy (T) =M(P) = CofM(T) .

(Thus , 2Ng =1 , whereby Ne = 0 and P=O
. 므
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#hm [6 .28] (space-time connectivity) : ⑮
het Tj Tin InCE) , OTj = 0

, supj(Tjkr.
Then there are SjEIAk([

,
13x)

Sif
.

&Sj = JT-JoxTj,
Vor (s ; )+ O

,

himsup IISjlly = 2 . Limsup MCTj) <i.
jx∞ j+ s

Hutration:

ー

∞ Sj O "Si connects TjtaT"

_
Tπ 丁

&m : Also the other direction holds

(Var(s;)to TjT) .

θ can also do "Lipschtz-in-time "regularity. -

· this result is very important in applications !

PI : set M := sup ; M(Tj) .

Define

for To
,

T
,

-> IkIE) with OTo=OT
,

= 0

diste (To,Ti) : = inf [Var (s) : StInu([0 ,1Jxit)
}dS = d, xT, - doxto

-47 .



Laim : For NEW ,
there is a finitecollection PNCIkle)

3.to for any F-Ik(e) with &T
=0
, MIT) IM

there is PEPo and

dist(p ,5)<(2
- N

CC =-2 1d,4,22)).

↑Claim :

「

1) First ,
we allow StIHu([aj) with

a = = 1 + Bes & I as in the

deformation theorem with

S:i CCf constant from there

For this Por we take the set of
all polyhedral chains that satisfy
the conclusions of

&

the deformation
theorem fer any T .

This is a

finite set cusing the mass bound !)

2) Retract & to - (which is possible
since the has a Lipschitz
boundary) -

δ

_48 .



Now
,
for every

N find P t Po s
.

t
. fer

infinitely many is it holds that \

dist= (Tj, P) < 2

Applying this argument repeatedly , selecting
a subsequence at every step ,

and using
a diagonal procedure , we may
find a subsequence ,

still denoted by
CTj)j ,

such that

dist
= (Te , Pj) <

z
- (j+)

for all 12 j and a Pj-In(e) .

By the triangle inequality,
distz (Tj, [jt1) < 2-5.

So
,
there is RieFHk([aijx) with

OR; = G.*+1 -GorT;
Vor (Rj ) < 2

IIRjllis≤ C -mar { MCE ,
)
,MCT;t 、 ) } ECM .

Concatenate the Rj's ter E=

j, . .

. jama, ie
Sj
:

=Ritm ,oRjtm.z.
. … o Rj ,

-4 g -



rescaled in time to [0
,
D

,
so that

seFit([0ix) ,
ปั สี  : ม้าxTjem-
Vor (s) = [Var(ixe) -2-jt

e=o

"t

II s1l = C .

sup MCTj) .

erj

Passing to mi by the compactness thm,
we get

S; e Fitk ([0 , 1]x )
,

GS; = GLXT- GoxT;
var(Sj) -

> 2
- j + )

IIs1l = C . sup MCTj) .
e≥j

So,

dist
= (Tj,T) = Var (sj) -+ 0 as je0 .

Since this holds for all subsequences
of the original sequence (Tj)j, the
claims follow

. □
- 50 -



HEGEOMETRIL TRANSPORT EQUATION ⑳
* PDE-type approach to the transport of
currents needs a directional drivative...

Mv v : velocity field

IT advested by v

θ지
Ir
trto go

about this ?

If v : IRP-IRA is smooth Cor Lipschitz) and bounded
,

define its How as the map

I : R
+d
+> R

&

1

으

{otE ((x) = v (E(,x)
, (ix) - RHd

⑤ (o ,
←) = +

,
Xe R9

->> I~ =·
_ 51 -



&rup. [3 . 167 :

Let v : R
*-IRA be Lipschitz and bounded .

Lis E(x) : = E( ,x) is Lipschitz for all telR
.

(ii) (t)
"

= E'
t

(iii) (E) ter is a group :

It . $
'

=Itts =$ . It
. stEr.

Let TE In 152)
,
8 : ett

,

where

& RP
,
&'CRm

,
be smooth and

#gor, i.. e
.,preimages of compact sets are

compact. Then
, theforward

OT is the K-current on Al given by

LoxT , w) := <T,
O
*w) ,

wele)
.

Here
,
Oep(e) is theback of W,

< 3
,

(*w)(x)) := < DO(x)[E]
,
w(o())

forIG 1uRm

T
ー52 ー



&m [4 .27] : If 0 : ->e is smooth and

Propr and TFIk(E)
,
then ExtInIE')

and for we DK(si),

LOxT,w) : = (<DOG) [F(1] , w(O(H)) alITIIk)
.

Ihm [ . 31] : The same holds for O only

Lipschitz (andT only "normal").

(for normal currents : Alberti-Morchese 16 !)
(or smooth)

For v : R
*
- R
&
Lipschitz and bounded

,

and To EIk(RP) consider

t → Tc :=④T0.
Then

,
for we DF(RY)

,

& (ST+, ) =f<To,
)

*>
= 筑0

六

〈T0,
Ψ
t
()*

ω

- ( £t
)
*☆]

= 數T0, ☆
。

).
〜

二 To
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The quantity (if defined)

Iw := Iim
h->0

is called theduivative of w
in direction v .

So
, if we define also

for T- > In (RP) its [edvivative as

&vT , w] : = <T, Evw) ,
WEDYRY

,

then we have shown

く Tt,ω> =< Lr「t ,
ω)

,

that is
,
the Geometric Transport Equation_

Ttttt =0
Prop [8. 1] : IrT = vnOT+& (unT)

&
_

(which makes sense if only VEL(IITI+ 110T//: )

# : Dualization of "Cartan's magic formula" . 17

Ihm 8 .
14] (existence) ! For was before ,

there is a
solution to (GTE).

PI . s -a . □
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Thm 8 .16 [uniqueness] :
一

This solution is unique (even in the

class of "normal" currents·

Rem : Can also treat time-dependent.
ー

v = v(t, x) .

Rem : In coordinates
,
the STE is :

ー

· k=0 : Thecontinuity equation_

fst + dir ( VSC) = ·

· H (dislocations ! ) , bounday less :

f( t-curl (VatE ) = 0

(well-known in the field
!)

· E in R3 : membrane transport
· Led : The No sportequation

futt Vta tht = 0
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Ihm [8 .18] (advection) :

Let SeFit([oix Rd) beC ,
thatis

,

I/S// LGrit(s) = 0

and ⑥stL Co , Derd = 0
.

set

SC+) : =XSIt
They

업 s (+) - Lrasa) = 0

fer

V にに前 S
.

Rens : One can also conversely start with
_

a path tit It
and glue the It

together if some (Lipschitz) continuity
assumptions are met

.

Conclusion : The space-time apprach and
ー

the GTE one (more or less) equivalent !

_ END-
_
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