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Introduction

The topic of these lecture notes is a recently developed theory describing the transport
of “rough” geometric structures, such as Lipschitz curves or surfaces, via a space-time
approach based on Geometric Measure Theory.

A particular motivation for this study comes from the theory of elasto-plasticity in crys-
talline materials, such as metals. While elasticity theory only considers reversible deforma-
tions of materials, plasticity is the study of permanent deformation. Both effects usually
go hand-in-hand, that is, a specimen deforms elastically up to a yield stress threshold, after
which plastic deformation occurs. Despite its great practical importance, no fully satisfac-
tory description of elasto-plasticity has emerged so far. Particularly in the (very nonlinear)
regime of large deformations, many challenges remain in the modeling, analysis, and com-
putation.

The theory described in these notes was developed to put the description of the micro-
scopic origins of elasto-plasticity on a sounds theoretical foundation. It is part of a larger
effort to develop physically sound, yet mathematically rigorous, models of elasto-plasticity
in crystalline solids. In such materials, the change in shape of a specimen is due to a rear-
rangement of bonds in its crystal lattice, which is prototypically depicted in Fig. 0.1: The
lattice “slips” (slides) over the plane H (with normal vector N ) in direction of the so-called
Burgers vector b.

The precise mechanism by which such lattice slip occurs was identified in the ground-
breaking work of Taylor and Orowan roughly 100 years ago, building on earlier work of
Volterra, as the motion of so-called dislocations. Roughly speaking, dislocations are line
defects in the crystal lattice, i.e., deviations of the atomic bonds from a perfect arrangement
along a line through the crystal. Such a dislocation is prototypically shown on the right in

Figure 0.1: Slip over a lattice plane.
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2 INTRODUCTION

Figure 0.2: A Burgers circuit in a perfect lattice and around an (edge) dislocation.

Fig. 0.2. Note that there is an excess plane of atoms above the dislocation line, which is
depicted by the arrow into the paper. The symbol “⊥” indicates where this excess plane of
atoms ends. Defects like the ones depicted always occur on lines (or curves) through the
crystal, which are either closed or end at the boundary of the crystal (or the boundary of a
crystal grain in polycrystals).

Consider again the lattice slip depicted in Fig. 0.1. At first sight, it appears that to bring
about this slip one would have to break all the vertical bonds crossing the slip plane at once,
slide the top of the crystal to the right, and then reconnect the atoms with bonds between
their new positions (in this very simplistic, but surprisingly accurate model of interactomic
bonds). It turns out, however, that this mode of slip would be very expensive energetically,
leading to predictions on the strength of metals that are wildly too large. It was Taylor’s
seminal discovery that the presence of dislocations in fact greatly reduces the force needed
for plastic deformation: Instead of having to break all bonds over the slip plane at once,
it suffices to break just one row of bonds at the leading edge of the progressing slip, as
depicted in Fig. 0.3. While the total number of bonds that have to be broken is the same as
in the naive slip motion described before, this progressive mode of slip propagation yields
a much reduced activation energy, which is in line with experimental observations [5, 22].

So, to understand how crystalline slip comes about, we need a way to model, and then
analyze, dislocation lines that are transported around in a crystal domain. Mathematically,
such an analysis is complicated by two pertinent phenomena, namely low regularity and
topological change. The first of these refers to dislocation lines having less smoothness than
one would hope for to employ the tools of Differential Geometry (which requires relatively
regular structures). The second refers to the fact that dislocation lines may split, merge, or
otherwise interact in a way that would destroy any attempt to handle them using any form
of parametrization.

The basic idea we will pursue in these notes to analyze transport phenomena of curves,
and also higher-dimensional geometric structures, is to encode their motion into a single ge-
ometric object, the space-time trajectory traced out by the motion. This space-time trajec-
tory is defined as the (hyper-)surface obtained by gluing all the objects at individual points
in time together along the time axis. For dislocations, this space-time surface is called a slip
trajectory: a two-dimensional surface, possibly with low regularity, in four-dimensional
space-time, whose time-slices recover the dislocation curves observed at individual times.

There are two fundamental origins of these space-time trajectories. One is to declare
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Figure 0.3: Dislocation motion deforming a lattice.

them as fundamental and work with them from the start, in what is termed the variational
approach since it originated from minimization problems over spaces of admissible tra-
jectories. Alternatively, we may take a time-indexed family of geometric structures and
investigate whether this family can be “glued” together to furnish a space-time trajectory.
The latter point of view is called the transport approach since it is intimately related to
whether or not the objects are in fact “advected” by a velocity field via the so-called Geo-
metric Transport Equation.

These two approaches are closely related, but not equivalent: It turns out that there are
reasonable evolutions represented by space-time trajectories that do not represent the ad-
vection of a geometric structure by any velocity vector field. Thus, the Geometric Transport
Equation should be viewed not as a replacement for the space-time viewpoint, but as its
more regular counterpart.

The appropriate mathematical language for the space-time theory as outlined above is
supplied by the field of Geometric Measure Theory. Unlike Differential Geometry, which
is primarily concerned with smooth geometric structures, Geometric Measure Theory is de-
signed to handle low-regularity structures. Thus, one may consider surfaces with Lipschitz-
type regularity and including folds, corners, junctions, or other singular features. These re-
quirements lead naturally to the notion of normal and integral currents, which are measure-
theoretic analogues of manifolds (and “density fields” of manifolds). The analytic aspects
of Geometric Measure Theory are equally important: It provides notions of convergence
for geometric structures as well as compactness principles that are strong enough to support
existence arguments.

The origins of the theory to be developed can be found in the modeling paper [21] on
elasto-plasticity driven by dislocation motion, as well as its mathematical implementation
in [28, 29]. Much of the material on the Geometric Transport Equation follows [9, 10].
Finally, some recent ideas from [11] have been employed to streamline the presentation.
However, much of the material from these sources has been revised and rearranged for the
present notes to create a more coherent presentation.

These notes are meant to be reasonably self-contained for a reader possessing a solid
knowledge of basic Functional Analysis and Measure Theory. As such, we develop many
concepts from Geometric Measure Theory in detail, without relying on the literature too
much. For background, the standard reference for Geometric Measure Theory remains Fed-
erer’s encyclopaedic monograph [19]; Morgan’s “pictorial guide” [27] is a useful compan-
ion. A more gentle introduction is provided by Krantz–Parks [23], partly based on Simon’s
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influential lecture notes [32]. For covering and rectifiability theory we refer to Mattila’s
treatise [26]. The first part of the book [4] gives a related treatment with applications to the
Calculus of Variations.

There is a large amount of material here, but the topics of the first two parts are clas-
sical, with the recent developments of the space-time theory entirely contained in the third
part. Thus, a reader in a hurry, and one who already has some familiarity with Geometric
Measure Theory, may jump straight to the third part and only consult the first and second
part for reference. No intimate knowledge of the proofs in the first two parts is necessary to
understand the third, and the proofs may be safely skipped on first reading.

I would appreciate comments, corrections and remarks about these lecture notes. They
can be sent back to me via

https://tinyurl.com/tgss26

or by scanning the following QR-Code:

Filip Rindler
August 2026

https://tinyurl.com/tgss26
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Basic Geometric Measure Theory
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Chapter 1

Measures

We assume that the reader is familiar with the basics of measure theory, for example at the
level of the relevant chapters of [31] or Chapter 1 of [4], whose conventions we follow to a
large extent. The encyclopedic works [6,7] contain a very thorough treatment of all details.
This chapter outlines all the required theory, but many proofs are omitted.

1.1 Measure theory

Let X be a normed finite-dimensional vector space or subset thereof (such as R3, R1+3 or
its subsets, together with the Euclidean norm), and let B(X) be its Borel σ-algebra, that
is, the smallest collection of subsets of X such that all open sets of X are in B(X) and for
every finite or countable collection E1, E2, . . . ∈ B(X) it holds that X \ E1 ∈ B(X) and⋃

j Ej ∈ B(X). The elements of B(X) are called the Borel(-measurable) sets.
A set function

ν : B(X) → V,

where (V, ∥ ∥) is another finite-dimensional normed vector space, is called a finite (vector)
measure if ν(∅) = 0 and for every finite or countable collection E1, E2, . . . ∈ B(X) of
pairwise disjoint sets, the σ-additivity

ν

(⋃
n

En

)
=

∑
n

ν(En)

holds. If the collection of sets En is infinite, then the right-hand side is to be understood as
converging in norm, that is, there is z ∈ V with ∥

∑
n≤N ν(En)− z∥ → 0 as N → ∞ and∑

n ν(En) := z. We write M(X;V ) for the set of all (vector) measures on X with values
in the finite-dimensional normed vector space V . We will often refer to vector measures
simply as “measures” in the following.

We will also need a slightly more general notion of (vector) measures: A set function
ν defined on the relatively compact Borel subsets of X , with values in a finite-dimensional
normed vector space V , and with property that ν’s restriction to B(K) is a (vector) measure

7



8 CHAPTER 1. MEASURES

for any compact K ⊂ X , is called a Radon measure. Note that this includes the finiteness
constraint ν(K) ∈ V (equivalently, ∥ν(K)∥ < ∞), whereas “ν(X)” is not necessarily
defined. All Radon measures on the space X with values in the finite-dimensional normed
vector space V are collected in the set Mloc(X;V ). Let us also remark that the defining
feature of “Radon” measures is their inner and outer regularity as in Proposition 1.3 below;
here, however, this regularity is automatic sinceX is always locally compact and separable.

A subset N ⊂ Z of a Borel set Z ∈ B(X) with ν(Z) = 0 is called ν-negligible or a
ν-null set. A set A ⊂ X that can be written as A = B ∪N with B ∈ B(X) a Borel set and
N µ-negligible, is called µ-measurable. The µ-completion Bν(X) of the Borel σ-algebra
B(X) is the σ-algebra of all sets A ⊂ X that can be written as A = B ∪N with B ∈ B(X)
a Borel set and N ν-negligible. For a ν-measurable set A = B ∪ N ∈ Bν(X) one sets
ν(A) := ν(B); this extends the domain of definition of ν to the ν-completion Bν(X).

If µ is a measure for target space V = R and µ(B) ≥ 0 for all Borel setsB, the measure
µ is called a positive finite measure. We can also allow the value +∞ (for which the above
σ-additivity still makes sense) to obtain the set of positive (Radon) measures M+(X);
note that here we still require finiteness of µ on compact sets. If the finiteness on compact
sets does not hold, then we speak of a positive Borel measure. We call µ ∈ M+(X)
σ-finite if there is a finite or countable collection of sets An ∈ B(X) with X =

⋃
nAn and

µ(An) <∞ for all n.
The following is a result from general measure theory, whose proof can for instance be

found in Theorem 1.49 of [4]:

Theorem 1.1 (Carathéodory). Let µ be a (positive) outer measure on X , that is, µ as-
signs to any subset A ⊂ X a value in [0,∞] and satisfies the following properties:

(i) µ(∅) = 0.

(ii) µ is σ-subadditive, i.e., for any A,An ⊂ X , where n ∈ N or from a finite subset
thereof, it holds that

A ⊂
⋃
n

An implies µ(A) ≤
∑
n

µ(An).

(iii) µ is metric additive, i.e., for any A,B ⊂ X it holds that

dist(A,B) > 0 implies µ(A ∪B) = µ(A) + µ(B).

Then, the restriction of µ to the µ-completion Bµ(X) (which includes the Borel σ-algebra
B(X)) is a positive Borel measure.

Note that an outer measure is not necessarily finite on compact sets, so we cannot in
general improve the conclusion of this theorem to entail that µ is a Radon measure.

The basic theory of vector (Radon) measures is in many respects the same as the theory
of positive measures, with only minor adjustments. Indeed, one can often identify V with
a normed copy of RN for some N ∈ N and then argue component-wise. However, new
aspects appear as well, some of which we will now discuss.
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For a vector measure ν ∈ M(X;V ) we define its total variation measure ∥ν∥ as
follows: Set for all Borel sets A ∈ Bµ(X),

∥ν∥(A) := sup

{ ∞∑
n=1

∥ν(An)∥ : A =
∞⋃
n=1

An, An ∈ B(X), Am ∩An = ∅ if m ̸= n

}
.

The following are standard results (see [4] for proofs).

Proposition 1.2. The set function ∥ν∥ is a positive and finite measure, ∥ν∥ ∈ M+(X),
and for all sets A ∈ Bµ(X) it holds that ∥ν(A)∥ ≤ ∥ν∥(A).

A similar definition and proposition can be given if only ν ∈ Mloc(X;V ), in which
case ∥ν∥ may not be finite.

For a positive measure µ ∈ M+(X) on a finite-dimensional vector space X , the sup-
port suppµ is the (closed) set of points x ∈ X such that for every open neighborhood U
of x it holds that µ(U) > 0. The support supp ν of a vector measure ν ∈ Mloc(X;V ) is
defined to be the support of ∥ν∥. The restriction µ E for a set E ∈ Bµ(X) is defined as
(µ E)(A) := µ(A ∩ E) for all sets A ∈ Bµ(X).

For a ν-measurable map f : X → R, that is, f−1(A) ∈ Bν(X) for any Borel set
A ⊂ R, and a vector measure ν ∈ M(X;V ), the integral∫

f dν ∈ V

is defined as in the standard Lebesgue theory, namely via approximation with step functions.
For instance, if f = α1A, where 1A is the indicator function of a µ-measurable set A ∈
Bµ(X) and α ∈ R, then

∫
f dν = α · ν(A), which is well defined since V is a vector space.

For the measure A ∈ Bµ(X) 7→
∫
A f dν we also use the notation “fν”.

Proposition 1.3. Let µ ∈ M+(X) be open σ-finite, that is, there is a sequence of open
sets Un, n ∈ N, such that µ(Un) < ∞ and X =

⋃
n Un. Then, for any µ-measurable set

A ⊂ X the outer regularity

µ(A) = inf
{
µ(U) : U ⊃ A open

}
and the inner regularity

µ(A) = sup
{
µ(K) : K ⊂ A compact

}
hold.

Finally, recall that Cc(Ω) denote the Banach spaces of continuous and bounded func-
tions φ : Ω → R with compact support, and C0(Ω) denotes the Banach space of continuous
and bounded functions φ : Ω → R with φ(x) → 0 as |x| → ∞, i.e., the closure of Cc(Ω) in
C(Ω) with respect to the ∥ ∥∞-norm. Then the following fundamental result holds:
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Theorem 1.4 (Riesz representation theorem). Let Ω ⊂ Rd be open. The dual space
to C0(Ω) can be identified with M(Ω;R). More precisely, for any linear functional T on
C0(Ω) satisfying ⟨T, φ⟩ ≤M∥φ∥∞ for all φ ∈ C0(Ω) and a constant M > 0, it holds that
there is a finite measure ν ∈ M(Ω;R) such that〈

T, φ
〉
=

∫
Ω
φ dν, φ ∈ C0(Ω),

and ∥ν∥(Ω) ≤M . Likewise, the dual space to Cc(Ω) can be identified with Mloc(Ω;R).

For later use we also recall how to define a “disintegration” of product (vector) measures
on a product measure space X ×Y , where both X,Y are normed finite-dimensional spaces
or open subsets thereof. A family of vector measures

(νx)x∈X ⊂ M(Y ;V ),

is called weakly* measurable with respect to a positive measure λ ∈ M+(X) if for all
Carathéodory integrands f : X × RN → R, the compound function

x 7→
〈
f(x, ), νx

〉
:=

∫
f(x,A) dνx(A), x ∈ X,

is λ-measurable.

Theorem 1.5 (Disintegration). Let X ⊂ Rd be open and let µ ∈ M(X × RN ;V ) be a
positive Radon measure. Define the measure κ ∈ M(X;V ) via

κ(B) := ∥µ∥(B × RN ) for any Borel set B ⊂ X

and assume that it is Radon, that is, κ(K × Y ) < ∞ for all compact sets K ⊂ X . Then,
there exists a κ-weakly* measurable family (µx)x∈X ⊂ M(Y ;V ) of measures such that

∥µx∥(Y ) = 1 for κ-almost every x

and

µ = κ(dx)⊗ µx,

that is,∫
f dµ =

∫
X

∫
f(x,A) dµx(A) dκ(x)

for all f ∈ C0(X × Y ). Moreover, also

∥µ∥ = κ(dx)⊗ ∥µx∥.

Finally, the family (µx)x∈X ⊂ M(Y ;V ) is κ-essentially unique, that is, if another family
(µ′x)x∈X ⊂ M(Y ;V ) also has the properties above, then µ′x = µx for κ-almost every
x ∈ X .
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A proof of this theorem can be found in Theorem 2.28 and Corollary 2.29 of [4] or, in a
slightly simpler case, in Theorem [30].

Remark 1.6. For κ-a.e. t ∈ R it holds that

µt = w*-lim
h→0

µ (t− h, t+ h)× Rd

κ((t− h, t+ h))
,

as can be seen without too much effort by integrating a test function from a countable dense
subset against µ and using the Lebesgue Differentiation Theorem 1.16 below.

Remark 1.7. For the special case X = R, Y = Rd, and f(t, x) = t(t, x) := t, an
important variation of the disintegration procedure described in the preceding theorem is
the following: Assume that the measure-theoretic pushforward t#µ := µ ◦ t of µ ∈
M(R1+d;V ) with respect to t, that is,

t#µ(I) := µ(t−1(I)) = µ
({

(t, x) ∈ R1+d : t ∈ I
})

for any Borel set I ⊂ R (or, equivalently, any interval I), satisfies

t#µ≪ λ

for a positive measure λ ∈ M+(R). Then, we could equivalently decompose

µ = λ(dt)⊗ µt

with a family µt ∈ M({t} × Rd;V ) that is weakly*-measurable with respect to λ. Tech-
nically, this is not a generalized product as above since the µt have different domains of
definition, namely the “slices” {t} × Rd. Nevertheless, we understand the above product
notation to mean

(λ(dt)⊗ µt)(A) :=

∫ ∫
1A(t, x) dµt(x) dλ(t)

for any Borel set A ⊂ R1+d. This decomposition is also referred to as the “disintegration”.

1.2 Coverings and differentiation of measures

The idea of coverings is to select from a family of sets a subfamily with controlled overlap
or even a pairwise disjoint or almost disjoint (with respect to a measure) subfamily. Their
proofs are more an exercise in geometry than in measure theory, so we here only quote the
most important results without proofs.

Let F be a family of subsets of Rd. Such an F is called a disjoint family of subsets of
Rd if for any E,F ∈ F with E ̸= F it holds that E ∩ F = ∅. We will also write the union
of F as⋃

F :=
⋃
E∈F

E.

The following is a very general covering theorem, whose proof can be found in Theo-
rem 2.7 of [26].
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Theorem 1.8 (Besicovitch covering theorem). There is a constant βd ∈ N, which only
depends on the dimension of the ambient space Rd, such that the following holds for every
family F of closed balls in Rd with the property that the set A of their centers is bounded:
There are βd disjoint and at most countable subfamilies F1, . . . ,Fβd

⊂ F with

A ⊂
βd⋃
n=1

(⋃
Fn

)
.

In particular, there is a finite or countable cover of A consisting of closed balls Bk ∈ F
(that is, A ⊂

⋃
k Bk) such that every point of Rd belongs to at most βd of the balls Bk.

The next covering result is an improved version of the classical Vitali covering theorem
for the Lebesgue measure. Given a set A ⊂ Rd, a fine cover of A is a family F of closed
balls such that every point in A is contained in a ball in F of arbitrarily small radius.

Theorem 1.9 (Besicovitch–Vitali covering theorem). LetA ⊂ Rd be a bounded Borel set
and let F be a fine cover ofA. For every (vector or positive) Radon measure µ ∈ M(Rd;V )
there is a disjoint and countable subfamily F ′ ⊂ F such that

µ
(
A \

⋃
F ′

)
= 0.

A proof can be found in Theorem 2.19 of [4].

Remark 1.10. The Besicovitch–Vitali covering theorem still holds if µ ∈ Mloc(Rd;V )
is σ-finite. Moreover, it remains true with open balls for the Lebesgue measure, or more
generally if µ does not charge the boundaries of balls, or even if F has a subcover of µ-
almost all of A with more than countably many balls for every center (exercise).

In general, a claim as in the Besicovitch–Vitali covering theorem with open balls instead
of closed balls is, however, false:

Example 1.11. Let A := {0} ∪ { 1/n : n ∈ N } and define the fine cover F of A to be

F :=

{(
− 1

m
,
1

m

)
: m ∈ N

}
∪
{( 1

n
− 1

m
,
1

n
+

1

m

)
: m,n ∈ N, m > n

}
.

Let µ be any positive Radon measure with µ({a}) > 0 for all a ∈ A. Then, one can
convince oneself (exercise) that there is no finite or countable disjoint subcover of F that
covers µ-almost all of A. On the other hand, if one instead uses closed intervals in F , then
a finite subcover exists (consisting of the single interval [−1, 1]).

Consider a positive measures µ ∈ M+(Rd) and a (vector) Radon measure ν ∈ M(Rd;V )
valued in a finite-dimensional normed vector space V . We say that ν has a Radon–Nikodym
density with respect to µ if there is a µ-measurable map g : Rd → V with ν = gµ. The
goal of this section is to find ways to decide when such a density g exists, perhaps after
subtracting a “singular part” from ν, and to compute it.
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We first consider the case where also ν is a positive or signed (and possibly infinite)
measure. In this case we define the lower density and the upper density of ν with respect
to µ at x ∈ suppµ as, respectively,

D−
µ ν(x) := lim inf

r↓0

ν(Br(x))

µ(Br(x))
, D+

µ ν(x) := lim sup
r↓0

ν(Br(x))

µ(Br(x))
.

If the lower and upper density agree, we call them just the density. By the regularity of
measures (see Proposition 1.3) we may replace open balls by closed balls in these definitions
without changing the value. We then have the following density lemma:

Lemma 1.12. Let µ, ν ∈ M+(Rd) or µ, ν ∈ M(Rd;R), let A ⊂ suppµ be a Borel set,
and let t ∈ [0,∞), or t ∈ (−∞,∞) if mu, ν are signed measures. Then:

D−
µ ν ≤ t on A implies ν(A) ≤ tµ(A)

and

D+
µ ν ≥ t on A implies ν(A) ≥ tµ(A).

If ν is finite, then {x ∈ suppµ : D+
µ ν(x) = ∞} is µ-negligible.

Proof. We only show the first assertion, the other is analogous. Assume without loss of
generality that A is bounded, take an open set U ⊃ A, and define for all ε > 0 the family

Fε :=
{
Br(x) : Br(x) ⊂ U, ν(Br(x)) ≤ (t+ ε)µ(Br(x))

}
.

If D−
µ ν ≤ t on A, then Fε is a fine cover for A. By the Besicovitch–Vitali Covering

Theorem 1.9, there exists an at most countable disjoint subfamily F ′
ε ⊂ Fε, so that

ν
(
A \

⋃
F ′
ε

)
= 0.

Then,

ν(A) ≤
∑
B∈F ′

ε

ν(B) ≤ (t+ ε)
∑
B∈F ′

ε

µ(B) ≤ (t+ ε)µ(U).

Letting ε ↓ 0, we obtain ν(A) ≤ tµ(U). We conclude by the outer regularity of µ, see
Proposition 1.3.

The additional claim follows directly from the estimate involving the upper density (note
that we always assume that µ ∈ M+(Rd) is Radon, i.e., finite on compact sets).

The following is the main theorem of this section.

Theorem 1.13 (Besicovitch differentiation theorem). Let µ ∈ M+(Rd) and ν ∈ M(Rd;V ),
where (V, ∥ ∥) is a normed vector space. Then, for µ-almost every x ∈ suppµ, the “blow-
up quotient” limit

dν

dµ
(x) := lim

r↓0

ν(Br(x))

µ(Br(x))
(1.1)
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exists in V and ν has the Radon–Nikodym decomposition

ν =
dν

dµ
µ+ νs,

where the singular part νs ∈ M(Rd;V ) is given as νs := ν E with

E := (Rd \ suppµ) ∪ {x ∈ suppµ : lim
r↓0

∥ν∥(Br(x))

µ(Br(x))
= ∞}. (1.2)

Proof. We first observe that we can argue componentwise, so we may assume that V = R
(i.e., ν is a “signed measure”) since our set E is the union of the componentwise E’s. We
also know from Lemma 1.12 that D+

µ ν is finite µ-almost everywhere.
For any Borel set A ∈ B(Rd) we define

λ−(A) :=

∫
A
D−

µ ν(x) dµ(x), λ+(A) :=

∫
A
D+

µ ν(x) dµ(x).

Fix t > 1 and let A ∈ B(Rd) with A ⊂ suppµ and D+
µ ν(x) ∈ (0,∞) for all x ∈ A. Now

split A into the disjoint sets

Ak :=
{
x ∈ A : D+

µ ν(x) ∈ (tk, tk+1]
}
⊂ Rd \ E, k ∈ Z.

Lemma 1.12 then implies

λ+(Ak) ≤ tk+1µ(Ak) ≤ tν(Ak).

Using now the σ-additivity, we conclude that λ+(A) ≤ t(ν (Rd \ E))(A). This then
clearly also holds for any A ∈ B(Rd) with A ⊂ Rd \ E. Letting t ↓ 1 and also using an
analogous argument for λ−, we arrive at

λ+ ≤ ν (Rd \ E) ≤ λ−.

Hence, since λ− ≤ λ+ trivially, we obtain that

D−
µ ν(x) = D+

µ ν(x) =
dν

dµ
(x) for µ-a.e. x ∈ suppµ \ E

and ν (Rd \ E) = λ± = dν
dµ µ.

The preceding theorem has a number of very well-known corollaries.

Theorem 1.14 (Radon–Nikodym). Let µ ∈ M+(Rd) and ν ∈ M(Rd;V ), where (V, ∥ ∥)
is a normed vector space. Assume that ν is absolutely continuous with respect to µ, in sym-
bols “ν ≪ µ”, which is defined to mean that

µ(A) = 0 for A ∈ B(Rd) implies ∥ν∥(A) = 0.

Then,

ν =
dν

dµ
µ

with the Radon–Nikodym derivative dν
dµ defined in (1.1).
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Proof. Observe that the absolute continuity implies supp ν ⊂ suppµ. Moreover, if we
had ∥ν∥(E) > 0 for the set E defined in (1.2), then from Lemma 1.12 it would follow that
µ(E) = 0, so by absolutely continuity ∥ν∥(E) = 0, a contradiction. Thus,E is ν-negligible
and the claim follows from the Besicovitch Differentiation Theorem 1.13.

Lemma 1.15. Let ν ∈ M(Rd;V ). Then the polar

dν

d∥ν∥
∈ L1(∥ν∥;V )

satisfies∥∥∥∥ dν

d∥ν∥
(x)

∥∥∥∥ = 1 for ∥ν∥-a.e. x.

Proof. Since clearly ν ≪ ∥ν∥, the Radon–Nikodym derivative h := dν
d∥ν∥ exists. By (1.1)

in conjunction with Proposition 1.2 we then see that ∥h∥ ≤ 1. Now estimate, for every
A ∈ B(Rd),

∥ν∥(A) = sup
∑
i

∥∥∥∥∫
Ai

h d∥ν∥
∥∥∥∥ ≤ sup

∑
i

∫
Ai

∥h∥ d∥ν∥ =

∫
A
∥h∥ d∥ν∥ ≤ ∥ν∥(A),

where the supremum is over all finite Borel partitions {Ai}i of A. So, all the inequalities
are in fact equalities and so ∥h∥ = 1 almsot everywhere with respect to ∥ν∥.

Theorem 1.16 (Lebesgue differentiation theorem). Let µ ∈ M+(Rd) and let f ∈
L1(µ), that is, f : Rd → R is µ-measurable and

∫
|f |dµ < ∞. Then, µ-almost every

x0 is a Lebesgue point of f with respect to µ, that is,

lim
r↓0

−
∫
Br(x0)

|f(x)−f(x0)| dµ(x) := lim
r↓0

1

µ(Br(x0))

∫
Br(x0)

|f(x)−f(x0)| dµ(x) = 0.

Proof. Let q ∈ Qd and apply the Besicovitch Differentiation Theorem 1.13 to |f − q|µ.
This yields

lim
r↓0

−
∫
Br(x0)

|f(x)− q| dµ(x) = |f(x0)− q|

for all x0 ∈ suppµ \Nq with µ(Nq) = 0. Thus, for x0 ∈ suppµ \
⋃

q∈Qd Nq, we have

lim sup
r↓0

−
∫
Br(x0)

|f(x)− f(x0)| dµ(x)

≤ lim sup
r↓0

−
∫
Br(x0)

|f(x)− q| dµ(x) + |q − f(x0)|

= 2|f(x0)− q|

for any q ∈ Qd. By the density of Qd in Rd the right-hand side is zero and the result
follows.
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Corollary 1.17. Let µ ∈ M+(Rd). Then, µ-almost every x0 ∈ suppµ is a density point
of µ, that is,

lim
r→0

µ(Br(x0) ∩ suppµ)

µ(Br(x0))
= 1.

Proof. Assuming without loss of generality that µ is finite, apply the preceding theorem to
the function f ≡ 1.

We now come to one of the fundamental theorems of Analysis, Rademacher’s theo-
rem. Because Lipschitz maps are ubiquitous in Geometric Measure Theory, Rademacher’s
theorem occupies a central place in the field.

Theorem 1.18 (Rademacher). Let f : Rd → Rm be Lipschitz. Then, at Ld-almost every
x ∈ Rd, the map f is differentiable in the classical sense (limit of difference-quotients). In
particular, the gradient of f at x,

∇f(x) =
[
∂f i

∂xj
(x)

]i
j

=


∂f1

∂x1
(x) · · · ∂f1

∂xd
(x)

...
. . .

...
∂fm

∂x1
(x) · · · ∂fm

∂xd
(x),


exists for such x.

Proof. Without loss of generality we may assume m = 1.
For d = 1, let µ ∈ M(R;R) be the signed measure uniquely defined via µ((−∞, t)) :=

f(t) (note that the intervals (−∞, t) generate the σ-algebra on R). Since µ([s, t)) = f(t)−
f(s) for s < t, the measure µ is absolutely continuous with respect to L1. Then, by the
Radon–Nikodym Theorem 1.14, there exists g ∈ L1(R) with

f(t)− f(s) = µ([s, t)) =

∫ t

s
g(τ) dτ

for any s < t. Then, for L1-almost all t,

f(t+ h)− f(t)

h
= −

∫ t+h

t
g(τ) dτ → g(t)

as h → 0 by the properties of integrals (or by a version of the Lebesgue Differentiation
Theorem 1.16 for one-sided intervals). With f ′ = g, this shows the claim for d = 1.

For d > 1, fix a direction v ∈ Rd with |v| = 1 and denote by Nv the set of those x ∈ Rd

for which the directional derivative ∂vf does not exist at x. It can be shown (exercise) that
Nv is Ld-measurable. By the one-dimensional case applied to s 7→ f(x + sv) for x ∈ Rd,
we get that (as a subset of R)

L1
(
Nv ∩ (x+ Rv)

)
= 0.
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Hence, Fubini’s theorem yields that Ld(Nv) = 0 and we conclude that ∂vf exists for Ld-
almost every x ∈ Rd. Taking the union N := Ne1 ∪ · · · ∪Ned , we see that the gradient ∇f
exists outside the exceptional set N .

Let φ ∈ C∞
c (Rd) be arbitrary, i ∈ {1, . . . , d}, and x /∈ N . By passing to the limit

h→ 0 in∫
Rd

f(x+ hei)− f(x)

h
φ(x) dx = −

∫
Rd

φ(x)− φ(x− hei)

h
f(x) dx

via Lebesgue’s dominated convergence theorem (we may restrict the integration to Rd \
N ), we further obtain the following integration-by-parts formula for the almost-everywhere
defined derivative ∂eif :∫

Rd

φ(x) ∂eif(x) dx = −
∫

Rd

∂eiφ(x) f(x) dx. (1.3)

Letφ ∈ C∞
c (Rd). Then, for x ∈ Rd\(Nv∪N), v ∈ Rd with |v| = 1, and h > 0, we have

by a change of variables, Lebesgue’s dominated convergence theorem, and an integration
by parts via (1.3),∫

Rd

f(x+ hv)− f(x)

h
φ(x) dx = −

∫
Rd

φ(x)− φ(x− hv)

h
f(x) dx

→ −
∫

Rd

∂vφ(x) f(x) dx

= −
∫

Rd

d∑
i=1

∂eiφ(x)vi f(x) dx

=

∫
Rd

d∑
i=1

φ(x) ∂eif(x)vi dx

=

∫
Rd

φ(x)∇f(x)v dx.

On the other hand,∫
Rd

f(x+ hv)− f(x)

h
φ(x) dx→

∫
Rd

∂vf(x)φ(x) dx

As φ was arbitrary, this shows that the directional derivative ∂vf(x) exists and equals
∇f(x)v outside an Ld-negligible set Ñv.

Now take a countable dense subset {vn}n of the unit sphere in Rd. It remains to show
that f is (totally) differentiable at points x ∈ Rd\Ñ , where Ñ :=

⋃
n Ñvn . We can estimate

that∣∣∣∣(f(x+ hv)− f(x)

h
−∇f(x)v

)
−
(
f(x+ hv′)− f(x)

h
−∇f(x)v′

)∣∣∣∣ ≤ (d+1)L|v−v′|
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for any x ∈ Rd \ Ñ , v, v′ ∈ Rd with |v| = |ṽ| = 1, and h > 0, where L is the Lipschitz
constant of f . Then, a straightforward compactness argument (details as exercise) shows
that

f(x+ hv)− f(x)

h
−∇f(x)v → 0 as h→ 0,

uniformly in these v. Together with the above estimate, this proves the total differentiability
(exercise).

1.3 Weak* convergence of measures

A sequence (µj)j ⊂ M+(Rd) converges weakly* in M+(Rd) to µ ∈ M+(Rd), in symbols

µj
∗
⇀ µ,

if 〈
ψ, µj

〉
→

〈
ψ, µ

〉
for all ψ ∈ C0(Rd), where

〈
ψ, µ

〉
:=

∫
ψ dµ.

Likewise, (νj)j ⊂ M(Rd;V ) converges weakly* in M(Rd;V ) to ν ∈ M(Rd;V ) if for
every ψ ∈ C0(Rd;V ∗) it holds that

〈
ψ, νj

〉
:=

∫ 〈
dνj
d∥νj∥

, ψ

〉
d∥νj∥ →

〈
ψ, ν

〉
.

The main compactness result is the following:

Theorem 1.19 (Banach–Alaoglu). Let (µj)j ⊂ M+(Rd) with supj µj(R
d) < ∞. Then

there exists a weakly* converging subsequence. Likewise, for (νj)j ⊂ M(Rd;V ) with
supj∥νj∥(Rd) <∞ there is a weakly* converging subsequence.

This follows from the usual (sequential) Banach–Alaoglu theorem via the Riesz Repre-
sentation Theorem 1.4.

We also recall a useful convergence lemma:

Lemma 1.20. Let µj
∗
⇀ µ in M+

loc(R
d). Then for every lower semicontinuous function

g : Rd → [0,∞] it holds that∫
g dµ ≤ lim inf

j→∞

∫
g dµj ,
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and for every upper semicontinuous function h : Rd → [0,∞) with compact support it holds
that ∫

h dµ ≥ lim sup
j→∞

∫
h dµj .

In particular, for U ⊂ Rd open and K ⊂ Rd compact,

µ(U) ≤ lim inf
j→∞

µj(U) and µ(K) ≥ lim sup
j→∞

µj(K).

A proof can be found in Lemma 1.62 of [4].
Two major convergence theorems for functionals defined on measures are the following:

Theorem 1.21 (Reshetnyak continuity theorem). Let g ∈ C(Ω × SN−1) be bounded.
For any sequence (µj)j ⊂ M(Ω;RN ) with µj → µ strictly it holds that∫

g

(
x,

dµj
d∥µj∥

(x)

)
d∥µj∥(x) →

∫
g

(
x,

dµ

d∥µ∥
(x)

)
d∥µ∥(x).

Theorem 1.22 (Reshetnyak lower semicontinuity theorem). Let g : Ω×SN−1 → [0,∞]
be bounded, lower semicontinuous, and convex in the second argument. For any sequence
(µj)j ⊂ M(Ω;RN ) with µj

∗
⇀ µ it holds that∫

Ω
g

(
x,

dµ

d∥µ∥
(x)

)
d∥µ∥(x) ≤ lim inf

j→∞

∫
Ω
g

(
x,

dµj
d∥µj∥

(x)

)
d∥µj∥(x).

A proof of the first result can be found as Theorem 13.3 in [30]. The proof of the second
result is similar and can be found for instance in Theorem 2.38 of [4].

1.4 Hausdorff measure

Recall that the volume of the unit ball in Rk is given as

ωk :=
πk/2

Γ(k/2 + 1)
,

where

Γ(z) :=

∫ ∞

0
tz−1e−t dt, z > 0,

is the Euler Γ-function. We can also use the above formula to define the volume of a ball
of real dimension k ∈ [0,∞).

Fix a “dimension” k ∈ [0,∞). Then, for any δ ∈ (0,∞] and any set A ⊂ Rd, we define

Hk
δ (A) :=

ωk

2k
· inf

{∑
n

diam(An)
k : A ⊂

⋃
n

An, diam(An) < δ

}
,
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where the infimum is over all finite or countable covers {An}n of A consisting of arbitrary
sets An ⊂ Rd. Here, the diameter is defined for a set A ⊂ Rd as

diam(A) := sup
{
|x− y| : x, y ∈ A

}
with the convention diam(∅) := 0. Clearly, Hk

δ (A) is increasing as δ ↓ 0. We may thus
define the k-dimensional Hausdorff (outer) measure of a set A ⊂ Rd as the limit

Hk(A) := lim
δ↓0

Hk
δ (A) ∈ [0,∞].

Example 1.23. For k = 0, we obtain the counting measure H0, which yields the number
of elements in a set.

Remark 1.24. One can constrain the setsAn to be convex, open or closed, and intersecting
A, which is often useful. However, restricting theAn to have a particular shape, e.g., balls or
cubes, yields different measures. For instance, only using balls gives the so-called spherical
Hausdorff measure, which is larger than Hk for some sets.

Remark 1.25. We have used the “Italian convention” to normalize the Hausdorff measure.
There is also the “Finnish convention”, which defines the Hausdorff measures without the
prefactor ωk/2

k (see, e.g., [26]). This avoids constants in several places at the expense that
the Hausdorff measure does not agree with the usual notion of area or volume any longer.
In any source one should always check which convention is used.

We will now investigate some properties of the Hausdorff measure.

Proposition 1.26. For every k ∈ [0,∞) the k-dimensional Hausdorff measure Hk is a
(positive) outer measure.

Proof. The first property is trivial. Combining covers for the An it is straightforward to see
that Hk

δ is σ-subadditive for any δ > 0. It is elementary to check that then also the limit as
δ ↓ 0 is σ-subadditive, from which (ii) follows.

Let now A,B ⊂ Rd with δ0 := dist(A,B) > 0. For δ < δ0/2 any partition from
the definition of Hk

δ applied to A ∪ B, splits into those An that intersect A and those that
intersect B (the An intersection neither A nor B can be discarded). Thus,

Hk
δ (A ∪B) ≥ Hk

δ (A) +Hk
δ (B).

Passing to the limit δ ↓ 0 and combining this with the other inequality from (ii), we obtain
the metric additivity in property (iii).

Thus we obtain directly via Carathéodory’s Theorem 1.1 the following statement:

Proposition 1.27. The restriction of Hk to the set of Hk-measurable sets (which includes
the Borel sets) is a positive measure.
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Lemma 1.28. The k-dimensional Hausdorff measure in Rd is invariant with respect to
translations, that is,

Hk(A) = Hk(A+ z)

for all A ∈ B(Rd) and z ∈ Rd. Moreover, for all A ∈ B(Rd) and all λ > 0 it scales via

Hk(λA) = λkHk(A).

Proof. The first assertion is trivial and the second one follows directly from the scaling
properties of diam( )k.

Lemma 1.29. Let 0 ≤ k < k′ <∞. Then, for all A ∈ B(Rd) it holds that

Hk′(A) > 0 implies Hk(A) = ∞

and

Hk(A) <∞ implies Hk′(A) = 0.

Moreover, for k > d, the Hausdorff measure Hk is identically zero.

Proof. The first claim follows from the inequality

Hk′
δ (A) ≤ ωk′

ωk
2k−k′δk

′−k Hk
δ (A),

for any δ > 0. This holds since all sets for a partition that is admissible in Hk′
δ have diameter

at most δ. Since k′ − k > 0, we may let δ → 0 to obtain the first and second claims.
For the third claim we observe that the unit cube Q = (−1/2, 1/2)d can be covered by

nd closed cubes with side length 1/n for any n ∈ N. Thus,

Hk
δ (Q) ≤ ωk

(√
d

2

)k

nd−k if δ <

√
d

n
.

If k > d, this implies Hk(Q) = 0. From the σ-subadditivity and translation-invariance of
Hk we obtain that Hk is identically zero.

Lemma 1.30. Let f : Rd → Rm be Lipschitz with Lipschitz constant L ≥ 0. Then, for all
A ∈ B(Rd) it holds that

Hk(f(A)) ≤ LkHk(A).

In particular, if Hk(A) = 0, then also Hk(f(A)) = 0.

Proof. This is a direct consequence of the inequality diam(f(A)) ≤ L diam(A) for any
Borel set A ∈ B(Rd).
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An important property of the Hausdorff measure is that it naturally agrees with Lebesgue
measure in the case k = d:

Proposition 1.31. For any Borel set A ∈ B(Rd) it holds that

Ld(A) = Hd(A).

For the proof we will need the following isodiametric inequality:

Proposition 1.32. For any Ld-measurable set A ⊂ Rd it holds that

Ld(A) ≤ ωd

(
diam(A)

2

)d

.

The proof of the isodiametric inequality will be part of the exercises.

Proof of Proposition 1.31. We first show the inequality Ld(A) ≥ Hd(A), for which we
may assume that A is bounded (by writing it as a union of bounded sets). Repeating the
argument of the third claim in Lemma 1.29, we see that Hd is finite on bounded sets, hence
a positive (Radon) measure.

Fix now δ > 0 and an open set U ⊃ A. By the Besicovitch–Vitali Covering Theo-
rem 1.9 we can find a countable family of closed disjoint balls Bn = Brn(xn) ⊂ U with
rn < δ such that their union covers Hd-almost all of A (and then also Hd

δ -almost all of A).
Then, by the σ-subadditivity of Hd

δ ,

Hd
δ(A) ≤

∑
n

Hd
δ(Bn) ≤ ωd

∑
n

rdn =
∑
n

Ld(Bn) ≤ Ld(U).

Hence, letting δ ↓ 0, we obtain Hd(A) ≤ Ld(U) and we conclude by the outer regularity
of Ld (see Proposition 1.3). This shows Ld(A) ≥ Hd(A).

For the other inequality Ld(A) ≤ Hd(A), let δ > 0 and take any finite or countable
cover {An}n of A, that is, A ⊂

⋃
nAn, with diam(An) < δ for all n. Then, via the

isodiametric inequality,

Ld(A) ≤
∑
n

Ld(An) ≤
ωd

2d

∑
n

diam(An)
d.

Thus, Ld(A) ≤ Hd
δ(A) and we conclude again by letting δ ↓ 0.

Remark 1.33. The proof also shows that Hd
δ(A) = Hd(A) for every δ > 0 (even δ = ∞).

1.5 Hausdorff dimension and densities

For a set A ⊂ Rd we define its Hausdorff dimension to be

H-dim(A) := inf
{
k ∈ [0,∞) : Hk(A) = 0

}
= sup

{
k ∈ [0,∞) : Hk(A) = ∞

}
∈ [0, d].

The equality and upper estimate follow directly from Lemma 1.29.
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Example 1.34. Let γ : [0, 1] → Rd be a non-trivial Lipschitz curve. Then it can be shown
by a simple covering argument that img γ has Hausdorff dimension 1 (details as exercise).

Example 1.35. Let C0 = [0, 1] and inductively construct Cj from Cj−1 (j = 1, 2, . . .) as
follows: The set Cj−1 consists of a collection of closed intervals. We split each of these
intervals into three intervals of the same length, with the middle interval open and the other
two intervals closed. Then, we obtain Cj by removing the middle (open) set. The Cantor
set is then defined to be

C∞ :=
⋂
j∈N

Ck.

We can estimate its Hausdorff dimension as follows: Every Cj is a cover for C∞. So, for
γ ∈ (0, 1) we have

Hγ(C∞) ≤ lim sup
j→∞

ωγ

2γ
· 2j

(
1

3

)j·γ

because in Cj there are 2j intervals of length 3−j . For γ > ln 2/ ln 3 the upper limit on
the right-hand side is zero, for γ = ln 2/ ln 3 it is finite, and for γ < ln 2/ ln 3 it is infinity.
Thus, the Hausdorff dimension of C∞ is at most ln 2/ ln 3. In fact, one can show (exercise)
that dimHC∞ = ln 2/ ln 3 ≈ 0.6309.

Example 1.36. Let λ ∈ (0, 1/2). The construction of the previous example can be gen-
eralized as follows: Instead of splitting each interval into three intervals of equal length in
the inductive construction, at each stage of the construction we now prescribe the length of
the kept intervals to be λa, where a is the length of the interval under consideration, and the
length of the removed interval to be (1− 2λ)a. For the resulting set C∞(λ) we now obtain
the estimate

Hγ(C∞(λ)) ≤ lim sup
j→∞

ωγ

2γ
· 2jλjγ ,

where by the Hausdorff dimension of C∞(λ) can then be shown to be dimHC∞(λ) =
ln 2/ ln(1/λ).

In the following chapters we will often need to integrate maps f : Rd → V with V
a finite-dimensional normed vector space with respect to a Hausdorff measure Hk, where
k ∈ [0,∞). Usually, integration is only defined for at least σ-finite measures, which Hk

is not (unless k > d). This can, however, be fixed easily: Let V be a normed finite-
dimensional vector space. We call a Borel-measurable map f : Rd → V Hk-integrable
if the restriction Hk {f ̸= 0} of Hk to the set Yf := {x ∈ Rd : f(x) ̸= 0 } (that is,
Hk {f ̸= 0}(A) := Hk(A∩{f ̸= 0}) for any Borel setA) is σ-finite and the now-defined
integral∫

{x : f ̸=0}
|f(x)| dHk(x)
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is finite. In this case, we may define∫
Rd

f dHk :=

∫
{f ̸=0}

f dHk.

Let µ ∈ M+(Rd) and let k ∈ [0,∞). We define the upper k-density of µ at x0 ∈ Rd

as

Θ∗
k(µ, x0) := lim sup

r↓0

µ(Br(x0))

ωkrk
. (1.4)

If the lim sup can be replaced by a proper limit, we denote the resulting k-density of µ at
x0 ∈ Rd by Θk(µ, x0). The following density lemma is often useful.

Lemma 1.37. Let µ ∈ M+(Rd), let A ∈ B(Rd) be a Borel set, and let t > 0. If
Θ∗

k(µ, x) ≥ t for all x ∈ A, then

µ A ≥ tHk A. (1.5)

In particular, if µ(A) = 0, then Θ∗
k(µ, x) = Θ(µ, x) = 0 for Hk-almost every x ∈ A.

Proof. Without loss of generality we assume k > 0 and that A is bounded. Let U ⊃ A be
open and bounded, and fix δ ∈ (0, t) and r0 < δ/2. We define the set Fδ to contain all
closed balls Br(x) ⊂ U for x ∈ A, r < r0, such that

µ(Br(x)) ≥ (t− δ)ωkr
k, µ(Br(x) \Br(x)) = 0.

Note here that the second condition can always be achieved since the finiteness of µ on
compact sets entails that µ(Br(x) \Br(x)) > 0 for at most countably many r’s.

By the Besicovitch Covering Theorem 1.8 we can select a countable subfamily (Bn)n
of the balls in Fδ that covers A and such that any point in A is contained in at most βd balls
Bn = Brn(xn). Then,

Hk
δ (A) ≤

∑
n

ωkr
k
n ≤ 1

t− δ

∑
n

µ(Bn) ≤
βd
t− δ

µ(U) <∞.

Letting δ ↓ 0, we have identified Hk A as a finite measure. We can now apply the
Besicovitch–Vitali Covering Theorem with the fine cover Fδ and select a countable disjoint
subfamily (Bl)l of Fδ consisting of closed ball Bl = Brl(xl) that covers Hk-almost all of
A. Hence, we estimate analogously to before

Hk
δ (A) ≤

∑
l

ωkr
k
l ≤ 1

t− δ

∑
l

µ(Bl) ≤
1

t− δ
µ(U)

Letting δ ↓ 0 and then letting U approximate A from the outside (via Proposition 1.3), we
obtain µ(A) ≥ tHk(A). The same argument applies to Borel subsets of A, whereby we
arrive at (1.5). The additional claim is a direct consequence.
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Remark 1.38. There is also a statement about the opposite inequality: If Θ∗
k(µ, x) ≤ t

for all x ∈ A, then µ A ≤ 2ktHk A (exercise). While for k ∈ [0, 1] the factor 2k is
optimal, it seems to be unknown if this is the case also for k > 1 (some people conjecture
the factor 2).





Chapter 2

Rectificability

The measure-theoretic generalization of a smooth k-dimensional surface (i.e., a manifold)
in Rd, possibly with boundary or only immersed (not embedded), is the notion of “Hk-
rectifiable” sets. One can think of them as being parameterizable, locally at least, by Lips-
chitz maps. As in the case of the area and coarea formulas, Lipschitz-type regularity turns
out to be just right: For instance, Hk-rectifiable sets still have tangent planes Hk-almost
everywhere and can thus still be thought of as locally linearizable (unlike fractal sets, which
do not have such approximating tangents). Moreover, there are versions of the area and
coarea formula on rectifiable sets. In this chapter, we will explore the properties of these
Hk-rectifiable sets, tangential differentiability of Lipschitz maps, and the area and coarea
formula on rectifiable sets.

2.1 Area formula

Before we can talk about rectifiable sets, we need to introduce two cornerstones of Geo-
metric Measure Theory, the area and coarea formulas. The first can be seen as a version
of the transformation formula for integrals that also applies to lower-dimensional sets. The
second is a far-reaching generalization of Fubini’s theorem. The basic ideas leading to these
formulas are easy to understand for polytopes, where they correspond to elementary geo-
metric observations. The technical part consists of extending these concepts to more general
geometric objects via an approximation procedure for Lipschitz maps by piecewise linear
ones.

We call a set P ⊂ Rd a k-dimensional parallelotope (anchored at the origin) if there
are k ∈ N linearly independent vectors v1, . . . , vk ∈ Rd with

P =

{
k∑

j=1

θjvj : θj ∈ [0, 1], j = 1, . . . , k

}
. (2.1)

The following can be proved (exercise) using elementary geometry (use Cavalieri’s prin-
ciple and reduce to orthogonal vectors vj):

27
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Lemma 2.1. The k-dimensional volume of a parallelotope P as in (2.1) is√
det(V TV ), V := (v1 · · · vk) ∈ Rd×k,

that is, V contains the vectors v1, . . . , vk as its columns.

Let f : Rk → Rm be differentiable at x ∈ Rk. If k ≤ m, define the k-dimensional
Jacobian of f at x via

Jkf(x) :=
√

det(∇f(x)T∇f(x)).

If k ≥ m define the m-dimensional Jacobian Jmf via

Jmf(x) :=
√

det(∇f(x)∇f(x)T).

Note that if k = m, then both definitions agree and reduce to

Jkf(x) = |det∇f(x)|,

which is the factor in the classical transformation formula for integrals.
The first version of the area formula concerns maps defined on the flat space Rk. We

will see another, more general, version in the next chapter.

Theorem 2.2 (Area formula). Let f : Rk → Rm be Lipschitz with k ≤ m. Then, for every
Lk-measurable map g : Rk → R, it holds that∫

Rk

g(x) Jkf(x) dx =

∫
Rm

∑
x∈f−1(y)

g(x) dHk(y).

In particular, if A ⊂ Rk is Lk-measurable,∫
A
Jkf(x) dx =

∫
Rm

H0(A ∩ f−1(y)) dHk(y) (2.2)

and, if f is injective,∫
A
Jkf(x) dx = Hk(f(A)). (2.3)

By the Rademacher Theorem 1.18 we know that f is differentiable Lk-almost every-
where, and so also Jkf exists Lk-almost everywhere. Hence, the above integrals are well-
defined. Note that the integral with respect to Hk on the right-hand side is understood in
the sense explained at the end of Section 1.4.

In order to show the area formula, it suffices to prove (2.2). The general case then
follows by approximation with step functions (details as exercise). Note that the statement
of (2.2) includes the claim that y 7→ H0(A∩f−1(y)) is Hk-measurable. We will accomplish
the proof of (2.2) in several steps, starting from the special case of f being a linear map and
then extending to a general Lipschitz map f by approximation.
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Proof of Theorem 2.2 for linear maps. 0 We first show the result in the case where f(x) =
Lx is linear for a matrix L ∈ Rm×k. A standard result from linear algebra yields that L has
a polar decomposition

L = OS

withO ∈ Rm×k orthogonal (OTO = Idk), and S ∈ Rk×k symmetric (ST = S) and positive
(semi-)definite (vTSv ≥ 0 for all v ∈ Rk). We have that LTL = S2, whereby

JkL = detS (≥ 0).

Let π be a k-dimensional subspace of Rm containing the image of L. Denote by Hk
π the

restriction of Hk to π, for which it holds that Hk
π(B) = Hk(B) for any Borel set B ⊂ π

(details as an exercise, for which one uses dimπ = k). Moreover, the Hausdorff measure is
obviously invariant under orthogonal transformations (isometries), so we have

Hk(L(A)) = Hk
π(L(A)) = Hk(S(A)).

Using also Proposition 1.31 as well as the transformation formula for Lebesgue integrals,
we obtain (in Rk)

Hk(S(A)) = Lk(S(A)) = detS · Lk(A) =

∫
A
JkL dx

This already yields the claim in the case that f is linear: Assume first that S has full rank
and thus that f is injective, whereby

Hk(L(A)) =

∫
A
JkL dx.

This is (2.3), which is equivalent to (2.2) in the injective case. Otherwise, S has rank less
than k, whence detS = 0 and Hk(S(A)) = 0 (because the image is contained in a subspace
of dimension at most k − 1). So, both sides of (2.2) are zero.

The first lemma in the procedure to extend the area formula to Lipschitz maps is the
following version of the Sard theorem:

Lemma 2.3. Let f : Rk → Rm be Lipschitz with k ≤ m. Then, for

Z :=
{
x ∈ Rk : Jkf(x) = 0

}
,

where the existence of Jkf(x) is part of the condition, it holds that Hk(f(Z)) = 0.

Proof. Fix ε ∈ (0, 1). For every x ∈ Z we infer from Taylor’s theorem that

f(Br(x)) ⊂ f(x) +∇f(x)Br +Bεr (2.4)
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for r > 0 sufficiently small (here Br is the open unit ball with radius r > 0). Since
∇f(x)Br is contained in a (k − 1)-plane π, we can use a cover consisting of cubes with
one face parallel to π and side length εr to estimate

Hk
∞(∇f(x)Br +Bεr) ≤ Cεrk

with a constant C > 0 that only depends on the dimensions and the Lipschitz constant of f
(the easy geometric details are an exercise).

Now use the Besicovitch–Vitali Covering Theorem 1.9 (and Remark 1.10) for Lk and
cover Z with countably many disjoint (open) balls Brn(xn) such that (2.4) holds. Then,

Hk
∞(f(Z)) ≤

∑
n

Hk
∞(f(Brn(xn)))

≤
∑
n

Hk
∞(∇f(xn)Brn +Bεrn)

≤ Cε
∑
n

rkn

≤ CεLk(Z +B1),

where the constant changes in the last line. Then let ε ↓ 0 to conclude that Hk
∞(f(Z)) = 0.

Hence also (exercise) Hk(f(Z)) = 0.

The following lemma shows that we may approximate a Lipschitz function well on the
on the set where the Jacobian is positive.

Lemma 2.4. Let f : Rk → Rm be Lipschitz with k ≤ m, let β > 1, and let A ⊂ Rk be
Lk-measurable with

Jkf > 0 Lk-a.e. on A.

Then, Lk-almost all of A can be covered with countably many disjoint compact sets An ⊂
Rk with the following properties for every n:

(i) f is differentiable and Jkf > 0 everywhere on An.

(ii) The restriction f |An is injective with a Lipschitz inverse on its image.

(iii) There is a matrix Ln ∈ Rm×k with JkLn > 0 and the Lipschitz constants of the
compound maps f |An ◦ L−1

n , Ln ◦ (f |An)
−1 are bounded from above by β (where we

have considered Ln as an invertible linear map from Rk to its image).

(iv) β−kJkLn ≤ Jkf ≤ βkJkLn on An.

Proof. Removing a Lk-negligible set, we can assume that ∇f exists and Jkf > 0 every-
where on A. Moreover, since any Lk-measurable set is equal to a Borel set in union with an
Lk-negligible set, we may further assume without loss of generality that A is a Borel set.
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Fix ε > 0 with β−1 + ε < 1 < β − ε, and a countable dense subset {xi} of A as well
as a countable dense subset {Lj} of the collection of matrices L ∈ Rm×m with JkL > 0.
Define Yij(r) to be the set of all y ∈ Br(xi) such that the following two conditions hold:

(β−1 + ε)|Ljv| ≤ |∇f(y)v| ≤ (β − ε)|Ljv| for all v ∈ Rk,

|f(z)− f(y)−∇f(y)(z − y)| ≤ ε|Lj(z − y)| for all z ∈ B2r(y).

For every y ∈ A by density we can choose a j (depending on y) such that the Lipschitz
constant of the compound map ∇f(y) ◦ L−1

j is bounded from above by β − ε and the
Lipschitz constant of Lj ◦ (∇f(y))−1 is bounded from above by (β−1 + ε)−1. Now pick
i,m ∈ N suitably such that y ∈ B1/m(xi) and

|f(z)− f(y)−∇f(y)(z − y)| ≤ ε|Lj(z − y)| for all z ∈ B2/m(y).

This is possible, since the right-hand side is of order o(1/m)|z − y|, hence we may bound
it by ε|Lj(z − y)| for m sufficiently large (note that Lj is invertible on its image). Thus,
y ∈ Yij(1/m) and hence the sets {Yij(1/m)}ijm form a cover of A.

For y ∈ Yij(r) and z ∈ B2r(y) we may also combine the above conditions (use v :=
z − y) to obtain

β−1|Lj(z − y)| ≤ |f(z)− f(y)| ≤ β|Lj(z − y)|.

Note also that Yij(1/m) ⊂ B1/m(xi) ⊂ B2/m(y) for any y ∈ Yij(1/m). As a consequence,
f is injective with a Lipschitz inverse on Yij(1/m).

We can thus construct from the Yij(1/m) disjoint Borel sets Fn whose union covers A
and, using the inner regularity of Lk, see Proposition 1.3, we obtain the desired collection
{An} satisfying (i)–(iii).

To show (iv) we employ once more the polar decomposition: Write, for fixed x ∈ An,

∇f(x) = OS, Ln = OnSn

with O,On ∈ Rm×k orthogonal and S, Sn ∈ Rk×k symmetric and positive definite. Then,

β−1|OnSnv| ≤ |OSv| ≤ β|OnSnv|, v ∈ Rk.

Hence,

β−1|w| ≤ |SS−1
n w| ≤ β|w| for all w in the image of Sn.

This implies β−k ≤ det(SS−1
n ) ≤ βk, from which (iv) follows.

We are now ready to utilize these lemmas to complete our proof of the area formula.

Proof of Theorem 2.2. As explained before, it suffices to show (2.2).
By Rademacher’s Theorem 1.18 we may assume that everywhere on A the gradient ∇f

exists. Moreover, by Lemma 2.3 we see that for Z := {Jkf = 0} it holds that

H0(Z ∩ f−1(y)) = 0 for Hk-a.e. y ∈ Rm.
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So, we may also assume that Jkf > 0 everywhere on A.
Via Lemma 2.4 we obtain for any fixed β > 1 a countable collection of disjoint compact

sets An ∈ B(Rk) covering Lk-almost all of A, and matrices Ln ∈ Rm×m with JkLn > 0
such that

(i) f is differentiable and Jkf > 0 everywhere on An.

(ii) The restriction f |An is injective with a Lipschitz inverse on its image.

(iii) The Lipschitz constants of the compound maps f |An◦L−1
n , Ln◦(f |An)

−1 are bounded
from above by β.

(iv) β−kJkLn ≤ Jkf ≤ βkJkLn on An.

We first observe that for Hk-a.e. y ∈ Rm it holds that

H0(A ∩ f−1(y)) =
∑
n

H0(An ∩ f−1(y)). (2.5)

Since the An are compact, so are the sets f(An), and thus the functions y 7→ H0(An ∩
f−1(y)) = 1f(An)(y) are upper semicontinuous, hence Hk-measurable. Then also the sum
in (2.5) is Hk- measurable. This implies that y 7→ H0(A ∩ f−1(y)) (which agrees with the
right-hand side Hk-almost everywhere) is Hk-measurable.

It remains to prove (2.2). By (iii) and Lemma 1.30 we observe

Hk(f(An)) = Hk
(
f |An ◦ L−1

n ◦ Ln

)
≤ βkHk(Ln(An)),

Hk(Ln(An)) = Hk
(
Ln ◦ (f |An)

−1 ◦ f |An

)
≤ βkHk(f(An)).

We now estimate for every n, using the area formula for linear maps and (iv),

β−2kHk(f(An)) ≤ β−kHk(Ln(An)) = β−k

∫
An

JkLn dx ≤
∫
An

Jkf(x) dx.

Similarly,∫
An

Jkf(x) dx ≤ βk
∫
An

JkLn dx = βkHk(Ln(An)) ≤ β2kHk(f(An)).

Now sum over n and use (2.5) as well as the injectivity of f restricted to An, to obtain

β−2k

∫
Rm

H0(A ∩ f−1(y)) dHk(y) = β−2k
∑
n

Hk(f(An))

≤
∫
A
Jkf(x) dx

≤ β2k
∑
n

Hk(f(An))

= β2k
∫

Rm

H0(A ∩ f−1(y)) dHk(y).

Letting β ↓ 1, we arrive at (2.2) and the proof of the area formula is complete.
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Example 2.5. Let φ : U → R be a Lipschitz map, where U ⊂ Rk is open. To compute the
(k-)area of the graph of φ over U , namely

Γ :=
{
(x, φ(x)) : x ∈ U

}
,

we can use the area formula: Set f(x) := (x, φ(x)), which is a Lipschitz map from U to
Rk+1. Then,

Hk(Γ) = Hk(f(U)) =

∫
U
Jkf(x) dx =

∫
U
Tkφ(x) dx.

with the metric tensor

Tkφ(x) :=

√
1 +

∑
M minor

M(∇φ(x))2,

where the summation is over the minors (i.e., determinants of square submatrices) of any
order. The last equality follows from the Cauchy–Binet theorem, which asserts that

JkL =

√ ∑
M k-minor

M(L)2,

where a k-minor is any (k× k)-subdeterminant in orthogonal coordinates of the linear map
L. Its verification belongs to the domain of linear algebra and can for instance be found in
Proposition 2.69 of [4].

Example 2.6. If k = 1 in the previous example, we obtain that for an injective Lipschitz
map φ : (a, b) → R (a < b), the length of the graph is∫ b

a

√
1 + φ′(t)2 dt,

in agreement with a classical fact for continuously differentiable φ. The injectivity can also
be dropped if we count overlapping parts with their multiplicity.

2.2 Coarea formula

The coarea formula is a generalization of Fubini’s theorem from flat slices to level sets of a
Lipschitz map.

Theorem 2.7 (Coarea formula). Let f : Rk → Rm be Lipschitz with k ≥ m. Then, for
every Lk-measurable map g : Rk → R, it holds that∫

Rk

g(x) Jmf(x) dx =

∫
Rm

∫
f−1(y)

g(x) dHk−m(x) dy.

In particular, if A ⊂ Rk is Lk-measurable,∫
A
Jmf(x) dx =

∫
Rm

Hk−m(A ∩ f−1(y)) dy. (2.6)
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Like in the proof of the area formula, we only need to show (2.6) and then conclude the
full theorem via an approximation with step functions. Furthermore, we again first prove
the coarea formula for linear f , where it is essentially a corollary to Fubini’s theorem.

Proof of Theorem 2.7 for linear maps. Let f(x) = Lx for a matrix L ∈ Rm×k with polar
decomposition L = SOT, where O ∈ Rk×m is orthogonal (OTO = Idm) and S ∈ Rm×m

symmetric and positive semidefinite. Consequently,

JmL = detS.

If detS = 0, then (2.6) holds trivially since the integrand on the right-hand side can be
non-zero only on an Lm-negligible set since the image of A under f is Lm-negligible by
Lemma 2.1 (or the area formula).

So, assume detS > 0, whereby f is surjective onto Rm and thus we may change
variables from y ∈ Rm to z = S−1y ∈ Rm (via the classical transformation formula) to
obtain∫

Rm

Hk−m(A ∩ L−1(y)) dy =

∫
Rm

Hk−m
(
A ∩ [OT]−1(S−1y)

)
dy

= detS ·
∫

Rm

Hk−m
(
A ∩ [OT]−1(z)

)
dz.

Here we use the notation L−1(y) for the (k − m)-plane of all x ∈ Rk with Lx = z and
likewise [OT]−1(z) for the (k−m)-plane of all x ∈ Rk with OTx = z. We remark that the
measurability of the right-hand side is a consequence of the transformation formula.

Furthermore, by Fubini’s theorem (more precisely, Cavalieri’s principle with respect to
the (k −m)-planes [OT]−1(z) for z ∈ Rm),∫

Rm

Hk−m
(
A ∩ [OT]−1(z)

)
dz = Lk(A).

Combining,∫
Rm

Hk−m(A ∩ L−1(y)) dy = detS · Lk(A) =

∫
A
Jmf(x) dx.

The proof in the linear case is thus complete.

In order to show the coarea formula in full generality, we again need an approximation
procedure for Lipschitz maps, contained in the following lemmas.

Lemma 2.8. Let f : Rk → Rm be Lipschitz with k ≥ m and let N ⊂ Rk be Hk-negligible
(equivalently, Lk-negligible). Then,

Hk−m(N ∩ f−1(y)) = 0 for Lm-a.e. y ∈ Rm.
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Proof. Fix ε > 0. Since N is Hk-negligible, there are (at most) countably many sets
An ⊂ Rk such that N ⊂

⋃
nAn, diam(An) < ε for all n, and∑

n

diam(An)
k < ε.

We may furthermore assume without loss of generality that the An are all compact. Now
set for y ∈ Rm,

hε(y) :=
∑
n

(
diam(An)

2

)k−m

1f(An)(y).

Then,

Hk−m
ε (N ∩ f−1(y)) ≤ ωk−mhε(y), y ∈ Rm.

By the isodiametric inequality, Proposition 1.32, and Lemma 1.30,∫
Rm

hε(y) dy =
∑
n

(
diam(An)

2

)k−m

Lm(f(An))

≤ Lm
∑
n

(
diam(An)

2

)k−m

Lm(An)

≤ C
∑
n

diam(An)
k

< Cε,

where L is the Lipschitz constant of f , which is later absorbed into a dimensional constant
C > 0. So, hε → 0 in L1 and we may find a sequence εj ↓ 0 so that hεj → 0 almost
everywhere. Thus, for Hm-almost every y ∈ Rm,

Hk−m
εj (N ∩ f−1(y)) ≤ ωk−mhεj (y) → 0

as j → ∞, yielding the claim.

Lemma 2.9. Let f : Rk → Rm be Lipschitz with k ≥ m, and let A ⊂ Rk be Lk-
measurable. Then, y 7→ Hk−m(A ∩ f−1(y)) is Lm-measurable.

Proof. It can be shown directly from the definition that for all compact setsK ⊂ Rk it holds
that

y 7→ Hk−m(K ∩ f−1(y))

is upper semicontinuous (details as exercise), hence measurable. From the σ-finiteness of
Lk we see that there is an increasing sequence of compact sets Kn ⊂ Rk with Lk(A \⋃

nKn) = 0. Thus, by inner regularity and Lemma 2.8,

Hk−m(A ∩ f−1(y)) = lim
n→∞

Hk−m(Kn ∩ f−1(y)) for Lm-a.e. y ∈ Rm.

The functions on the right-hand side are measurable, hence so is their almost everywhere
limit.
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Lemma 2.10. Let f : Rk → Rm be Lipschitz with k ≥ m. Then, for

Z :=
{
x ∈ Rk : Jmf(x) = 0

}
,

where the existence of Jmf(x) is part of the condition, it holds that

Hk−m(Z ∩ f−1(y)) = 0 for Lm-a.e. y ∈ Rm.

Proof. For a compact set K ⊂ Rk define the set function

ν(K) :=

∫
Rm

Hk−m
∞ (K ∩ f−1(y)) dy,

which is well-defined by the same proof as the one for Lemma 2.9. It is straightforward to
see that ν is σ-subadditive, i.e., for any at most countable family of compact sets Kn such
that also

⋃
nKn is compact, it holds that

ν

(⋃
n

Kn

)
≤

∑
n

ν(Kn).

Fix now x0 ∈ Z and define for r > 0 the blow-up map

fx0,r(z) :=
f(x0 + rz)− f(x0)

r
, z ∈ Rk.

With this at hand we can compute

ν(Br(x0)) =

∫
Rm

Hk−m
∞ (Br(x0) ∩ f−1(y)) dy

=

∫
Rm

Hk−m
∞

({
x0 + rz : f(x0 + rz) = y, z ∈ B1

})
dy

= rk−m

∫
Rm

Hk−m
∞

({
z ∈ B1 : fx0,r(z) = (y − f(x0))/r

})
dy

= rk
∫

Rm

Hk−m
∞ (B1 ∩ [fx0,r]

−1(y′)
)
dy′

by the change of variables x = x0 + rz (use Lemma 1.28) and y = f(x0) + ry′.
By the differentiability (which is entailed by the existence of Jmf(x0)), fx0,r converges

uniformly on compact sets to ∇f(x0) as r ↓ 0. The image of ∇f(x0) is contained in an
(m− 1)-plane π(x0) since Jmf(x0) = 0. If y′ /∈ π(x0), then B1 ∩ [fx0,r]

−1(y′) is empty
for r sufficiently small. On the other hand, the same conclusion holds for |y′| larger than
the Lipschitz constant of f . Thus, the integrand converges to zero almost everywhere and
is zero outside a compact set. The dominated convergence theorem thus yields

r−kν(Br(x0)) → 0 as r ↓ 0.

For a compact set K ⊂ Z and ε > 0 we observe that the closed balls Br(x) with
x ∈ K and r > 0 so small that ν(Br(x)) < εωkr

k form a fine cover of K. Thus, by the
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Besicovitch Covering Theorem 1.8 we may find an at most countable collection of these
balls Bn = Brn(xn) covering K such that every x′ ∈ K is contained in at most βk ∈ N
such balls. Hence, using the σ-subadditivity of ν,

ν(K) ≤
∑
n

ν(Bn) ≤ ε
∑
n

ωkr
k
n = ε

∑
n

Lk(Bn) ≤ εβkLk(K +B1).

Since ε > 0 was arbitrary, ν(K) = 0. Consequently, Hk−m
∞ (K ∩ f−1(y)) = 0 for Lm-

almost every y.
Finally, Lk-almost all of Z can be covered by an at most countable family of compact

sets Kn ⊂ Z. Since Hk−m
∞ (Kn ∩ f−1(y)) = 0 implies Hk−m(Kn ∩ f−1(y)) = 0, we thus

obtain

Hk−m

(⋃
n

Kn ∩ f−1(y)

)
= 0 for Lm-a.e. y ∈ Rm.

On the other hand, by Lemma 2.8, we have

Hk−m

((
Z \

⋃
n

Kn

)
∩ f−1(y)

)
= 0 for Lm-a.e. y ∈ Rm,

so the proof is complete.

Lemma 2.11. Let f : Rk → Rm be Lipschitz with k ≥ m, let β > 1, and let A ⊂ Rk be
Lk-measurable with

Jmf > 0 Lk-a.e. on A.

Then, Lk-almost all of A can be covered with countably many disjoint compact sets An ⊂
Rk with the following properties for every n:

(i) f is differentiable and Jmf > 0 everywhere on An.

(ii) There is a matrix Pn ∈ R(k−m)×k such that Fn(x) := (f(x), Pnx) is injective on An.

(iii) There is an invertible matrix Ln ∈ Rk×k such that the Lipschitz constants of the
compound maps L−1

n ◦ Fn, F−1
n ◦ Ln on An are bounded from above by β.

(iv) β−mJmLn ≤ Jmf ≤ βmJmLn on An.

Proof. Analogously to the proof of Lemma 2.4, we may assume that ∇f exists and Jmf >
0 everywhere on the Borel set A.

Fix a countable dense subset {Pj} of the matrix space R(k−m)×k. Then, for every x ∈ A
there is a j(x) such that the map F : A → Rk given by F (x) := (f(x), Pj(x)x) has a full-
rank gradient at x, or equivalently |det∇F (x)| > 0. Chopping A into corresponding Borel
measurable pieces Aj , we may in the following assume that there is one P ∈ R(k−m)×k

such that with F (x) = (f(x), Px) it holds that |det∇F | > 0 everywhere on A.
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By a similar procedure as in the Lipschitz-approximation lemma for the area formula,
Lemma 2.4, we may partition A further to assume that F is injective (on the restricted A),
its inverse F−1 (defined on F ’s range F (A)) is Lipschitz, and JkF = |det∇F | > 0 on A.
By the Kirszbraun theorem (or a weaker variant), we can extend F−1 to a Lipschitz map G
on the whole of Rk. Moreover, invoking Lemma 2.3, we see that also for G it holds that

JkG = |det∇G| > 0 Lk-a.e. on F (A).

Now we can apply the approximation procedure used in the proof of the area formula,
Lemma 2.4, to G to obtain that F (A) can be covered with an Lk-negligible set B0 ⊂ Rk

and countably many disjoint compact sets Bn ⊂ Rk with the following properties for every
n:

(a) G is differentiable and JkG > 0 everywhere on Bn.

(b) The restriction G|Bn is injective with a Lipschitz inverse on its image.

(c) There is an invertible matrixMn ∈ Rk×k with JkMn = |detMn| > 0 and the Lipschitz
constants of the compound mapsG|Bn ◦M−1

n , Mn ◦(G|Bn)
−1 are bounded from above

by β.

(d) β−kJkMn ≤ JkG ≤ βkJkMn on Bn.

For A0 := G(B0), An := G(Bn), Pn := P , Ln := M−1
n we have that A0 is Lk-negligible

(becauseG is Lipschitz) and that (i), (ii) are satisfied directly by construction. The claim (iii)
follows from (c) since

L−1
n ◦ Fn =Mn ◦ (G|Bn)

−1, F−1
n ◦ Ln = G|Bn ◦M−1

n .

If p : Rm × Rk−m → Rm, p(v, w) := v, denotes the projection onto the first m variables,
then

∇f = p ◦ ∇F = p ◦ Ln ◦
(
Mn ◦ ∇F

)
on An.

Then, it is only a matter of some estimates to conclude (iv) from (d) above.

We are now in a position to prove the coarea formula in the general case.

Proof of Theorem 2.7. We have already seen in Lemma 2.9 that y 7→ Hk−m(A ∩ f−1(y))
is Lm-measurable. As in the proof of the area formula, we may assume that everywhere on
A the gradient ∇f exists and (using Lemma 2.10 in place of Lemma 2.3) that Jmf > 0
everywhere on A.

Fix β > 1. Lemma 2.11 implies that Lk-almost all of A can be covered with countably
many disjoint compact sets An ⊂ Rk with the following properties for every n:

(i) f is differentiable and Jmf > 0 everywhere on An.

(ii) There is a matrix Pn ∈ R(k−m)×k such that Fn(x) := (f(x), Pnx) is injective on An.



2.3. RECTIFIABLE SETS 39

(iii) There is an invertible matrix Ln ∈ Rk×k such that the Lipschitz constants of the
compound maps L−1

n ◦ Fn, F−1
n ◦ Ln on An are bounded from above by β.

(iv) β−mJmLn ≤ Jmf ≤ βmJmLn on An.

Denote again by p : Rm × Rk−m → Rm, p(v, w) := v, the projection onto the first m
variables. Also splitLn = (Xn, Yn) in the same way withXn ∈ Rm×k and Yn ∈ R(k−m)×k.
One observes that JmXn = JmLn. Then, using the above properties as well as the coarea
formula for linear maps, we estimate∫

Rm

Hk−m(An ∩ f−1(y)) dy

=

∫
Rm

Hk−m
(
F−1
n

(
Fn(An) ∩ p−1(y)

))
dy

=

∫
Rm

Hk−m
(
(F−1

n ◦ Ln)
(
L−1
n (Fn(An) ∩ p−1(y))

))
dy

≤ βk−m

∫
Rm

Hk−m
(
L−1
n (Fn(An) ∩ p−1(y))

)
dy

= βk−m

∫
Rm

Hk−m
(
(L−1

n ◦ Fn)(An) ∩X−1
n (y))

)
dy

= βk−mJmXn · Lk
(
(L−1

n ◦ Fn)(An)
)

≤ β2k−mJmXn · Lk(An)

≤ β2k
∫
An

Jmf(x) dx.

On the other hand, we can also read the above from bottom to top, exchanging “≤” to “≥”,
and inverting the powers of β, to obtain∫

An

Jmf(x) dx ≤ β2k
∫

Rk

Hk−m(An ∩ f−1(y)) dy.

Now sum these estimates over n, use that Lm(A \
⋃

nAn) = 0 and Lemma 2.10, to arrive
at

β2k
∫

Rm

Hk−m(A∩f−1(y)) dy ≤
∫
A
Jmf(x) dx ≤ β2k

∫
Rm

Hk−m(A∩f−1(y)) dy.

Now let β ↓ 1 to conclude the proof of the coarea formula in the version of (2.6).

2.3 Rectifiable sets

For k ∈ {0, . . . , d} an Hk-measurable set R ⊂ Rd is called countably Hk-rectifiable if

R ⊂ N ∪
⋃
n

hn(R
k),

where hn : Rk → Rd are Lipschitz maps and N ⊂ Rd is Hk-negligible. We call R Hk-
rectifiable if R is countably Hk-rectifiable and Hk(R) <∞.
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Remark 2.12. One can find slight variations of these definitions in the literature. For
instance, [23] and [26] call the above sets “(countably) k-rectifiable”, which, however, in [4]
and [19] means that the set N above is empty. Often, also countably Hk-rectifiable sets are
simply called “Hk-rectifiable”. Another variation is that sometimes one allows the hn to
be defined on sets An ⊂ Rd instead of the whole of Rd, with or without replacing “⊂” by
“=” above . This, however, is equivalent by the usual Lipschitz extension theorems (e.g.,
the Kirzsbraun theorem).

Example 2.13. An important special case is the following: A set Γ ⊂ Rd is a Lipschitz
(or C1-regular) k-graph (k ∈ {0, . . . , d}) if

Γ =
{
x ∈ Rd : φ(πx) = π⊥x

}
for an orthogonal projection π onto a k-plane, which by a common convention we also
denote by π, with complementary projection π⊥, and a Lipschitz (or C1-regular) map
φ : π → π⊥. Any such Lipschitz k-graph is countably Hk-rectifiable. Indeed, take an
orthogonal basis {v1, . . . , vk} of π and define the Lipschitz map h : Rk → Rd via

h(z1, . . . , zk) :=

k∑
j=1

zjvj + φ

 k∑
j=1

zjvj

 .

Then, Γ = h(Rk) and thus Γ is countably Hk-rectifiable.

Example 2.14. Let {qn}n be a countable dense set of rational points in the unit ball B1 in
R2. Define

S∞ :=

∞⋃
n=1

Sn,

where Sn := ∂B2−n(qn) denotes the sphere around qn with radius 2−n. The set S∞ is
H1-rectifiable (the definition is evidently true).

Lemma 2.15. Let R ⊂ Rd be (countably) Hk-rectifiable.

(i) For any Hk-measurable set A ⊂ R, the set R ∩A is (countably) Hk-rectifiable.

(ii) For any Lipschitz map f : Rd → Rm be Lipschitz, the set f(R) is (countably) Hk-
rectifiable.

Proof. These claims follow directly from the definition.

The following is a rectifiability theorem, which allows one to check if a given set is
rectifiable by looking at its local behavior only. To set up the statement, we define for a
k-plane π ⊂ Rd (identified with its orthogonal projection) and M > 0 the cone around π
with opening M via

C(π,M) :=
{
x ∈ Rd : |π⊥x| ≤M |πx|

}
,

where π⊥ is the orthogonal projection onto the orthogonal complement of π.
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Theorem 2.16. Let A ⊂ Rd be Hk-measurable with the property that for all x ∈ A there
is a radius rx > 0, a k-plane πx ⊂ Rd, and Mx > 0 such that

A ∩Brx(x) ⊂ x+ C(πx,Mx). (2.7)

Then, A is countably Hk-rectifiable. In fact, A is even the countable union of Lipschitz
k-graphs with Lipschitz constants uniformly bounded by 2 supx∈AMx.

Proof. We will show the stronger statement that

A =
⋃
n

hn(R
k)

for countably many Lipschitz maps hn : Rk → Rd with Lipschitz constants bounded from
above by 2 supx∈AMx.

Splitting A into countably many subsets, we may assume that M := supx∈AMx <∞.
Fix δ > 0, to be chosen later, and pick a finite set of k-planes π̂n such that minn|π−π̂n| < δ
for any k-plane π (the norm being the Frobenius norm of the matrix representations of the
projections). Define

Amn :=

{
x ∈ A : rx >

1

m
, |πx − π̂n| < δ

}
.

Let B ⊂ Amn with diam(B) < 1/m. We will show that B is contained in a Lipschitz
k-graph with Lipschitz constant less than 2M . This suffices to show the theorem.

So, for x, y ∈ B we estimate, using the fact that π̂⊥n − π⊥x = πx − π̂n and the assump-
tion (2.7), as follows:

|π̂⊥n (x− y)| ≤ |π⊥x (x− y)|+ δ|x− y|
≤M |πx(x− y)|+ δ|x− y|
≤M |π̂n(x− y)|+ δ(M + 1)|x− y|
≤ (M + δ(M + 1))|π̂n(x− y)|+ δ(M + 1)|π̂⊥n (x− y)|.

Now choose δ > 0 so small (how small only depending on M ) that δ(M + 1) < 1 and that
M+δ(M+1)
1−δ(M+1) ≤ 2M . Then absorb the second term on the right-hand side into the left-hand

side to obtain

B ⊂ x+ C(π̂n, 2M).

In particular, π̂nx = π̂nx
′ implies x = x′ for any x, x′ ∈ B. For y ∈ π̂n[B] we then let

φn(y) be the unique z ∈ π̂⊥n with y + z ∈ B. It is easily seen that the Lipschitz constant of
φn is bounded from above by 2M . Hence, B is contained in a Lipschitz k-graph. Thus we
have written A as the countable union of Lipschitz k-graphs. The rectifiability of B then
follows from the preceding Example 2.13.

One application of this result is the following:
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Proposition 2.17. Let K ⊂ Rk be compact and let h : Rk → Rd be a Lipschitz map that
is injective on K and that has the property that for all z ∈ K the differential ∇h(z) exists
and rank(∇h(z)) = k. Then, h(K) is the countable union of Lipschitz (or C1-regular)
k-graphs with Lipschitz constants uniformly bounded by an arbitrary ε > 0. In particular,
h(K) is countably Hk-rectifiable.

Proof. It can be checked from Taylor’s theorem that for any x ∈ h(K) the assumptions of
Theorem 2.16 hold with πx := ∇h(h−1(x))[Rk], Mx = ε/2 with ε > 0 freely chosen, and
rx > 0 sufficiently small.

The next result characterizes rectifiability in terms of a decomposition into graphs.

Proposition 2.18. A Hk-measurable set R ⊂ Rd is countably Hk-rectifiable if and only if
there exist countably many Lipschitz or C1-regular k-graphs Γn such that

Hk

(
R \

⋃
n

Γn

)
= 0.

Moreover, the Lipschitz constants of the graphs Γn may be assumed to be uniformly bounded
by an arbitrary ε > 0.

Proof. The “if” direction follows immediately from Example 2.13.
For the “only if” direction, we need only show that for a Lipschitz map h : Rk → Rd we

can find countably many Lipschitz (or C1-regular) k-graphs Γn such that

Hk

(
h(Rk) \

⋃
n

Γn

)
= 0.

We will only prove the result for Lipschitz regularity. The result with C1-regularity can be
inferred from this using a Lusin-type approximation result for Lipschitz maps by C1-maps
(see Theorem 5.1.12 in [23], details as an exercise).

Define

A :=
{
z ∈ Rk : ∇h(z) exists and Jkh(z) > 0

}
.

By Lemma 2.4 on Lipschitz approximations, we can cover Hk-almost all of A with count-
ably many disjoint compact sets An ⊂ Rk such that h is differentiable and injective with
Jkh > 0 everywhere on An. By Proposition 2.17, h(An) can be written as a countable
union of Lipschitz k-graphs with Lipschitz constants uniformly bounded by an arbitrary
ε > 0. Hence, there are countably many Lipschitz k-graphs Γn such that (using also
Lemma 1.30 to show that Hk-null sets are mapped to Hk-null sets under Lipschitz maps)

Hk

(
h(A) \

⋃
n

Γn

)
= 0.

On the other hand, by the Rademacher Theorem 1.18 and Lemma 2.3,

Hk
(
h(Rk \A)

)
= 0.
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Thus, Hk-almost all of h(Rk) is covered by the Lipschitz k-graphs Γn and our claim, hence
the “only if” direction, is established.

Remark 2.19. In fact, in Proposition 2.18 the Γn may also be chosen as embedded C1-
manifolds by a straighforward exhaustion argument. See Lemma 5.4.2 in [23] for the de-
tails.

2.4 Approximate tangent spaces

Let A ⊂ Rd be Hk-measurable. We say that a k-dimensional linear subspace π ⊂ Rd is the
approximate tangent space to A at x0 ∈ Rd if

lim
r↓0

∫
r−1(A−x0)

φ(y) dHk(y) =

∫
π
φ(y) dHk(y) for all φ ∈ C∞

c (Rd). (2.8)

If such a π exists, it is obviously unique, and we denote it by Tx0 A.

Proposition 2.20. Let R ⊂ Rd be Hk-rectifiable. Then, R has an approximate tangent
space at Hk-almost every point of R. If R = h(K) with K ⊂ Rk compact and h : K → Rd

injective and Lipschitz, then

Tx0 R = ∇h(h−1(x0))[R
k] for Hk-a.e. x0 ∈ R. (2.9)

Moreover, the tangent space only depends on R, not the Lipschitz maps involved in the
definition of rectifiability.

Note that here we need Hk-rectifiability and not just countable Hk-rectifiability since
otherwise the left-hand side in (2.8) could be infinite (for instance, if we take countably
many lines with a fixed direction that concentrate at a line), but the right-hand side is always
finite. Alternatively, one could require that Hk(R∩K) <∞ for every compact setK ⊂ Rd.

Proof. Step 1. Let us first assume that R = h(K) for a compact set K ⊂ Rk and an
injective Lipschitz map h : K → Rd. Fix now z0 ∈ K such that

(a) Jkh(z0) > 0;

(b) Θk(K, z0) := lim
r↓0

Hk(K ∩Br(z0))

ωkrk
= 1;

(c) lim
r↓0

r−k

∫
Br(z0)

|Jkh(z)− Jkh(z0)| dz = 0.

The first condition holds at Lk-almost every z0 ∈ K by the injectivity of h. The other two
conditions hold at Hk-almost every z0 by Corollary 1.17 on density points and the Lebesgue
Differentiation Theorem 1.16, respectively.
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Let x0 := h(z0) and π := ∇h(z0)[Rk], which is a k-dimensional subspace of Rd by (a).
Clearly,

hr(y) :=
h(z0 + ry)− h(z0)

r
, y ∈ Kr := r−1(K − z0),

parameterizes the set r−1(R−x0). We now use the area formula, Theorem 2.2 and a change
of variables to compute∫

r−1(R−x0)
φ(x) dHk(x) =

∫
Kr

φ(hr(y)) Jkhr(y) dy

=

∫
Kr

φ

(
h(z0 + ry)− h(z0)

r

)
(Jkh)(z0 + ry) dy

= r−k

∫
K
φ

(
h(z)− h(z0)

r

)
Jkh(z) dz.

By condition (c) together with the fact that φ is bounded, we see that

lim
r↓0

∫
r−1(R−x0)

φ(x) dHk(x) = Jkh(z0) · lim
r↓0

∫
Kr

φ

(
h(z0 + ry)− h(z0)

r

)
dy.

Then, since ∇h(z0) has full rank, one observes that the supports of the maps

y 7→ φ

(
h(z0 + ry)− h(z0)

r

)
are uniformly bounded for r small enough. Moreover, these maps converge pointwise to
φ(∇h(z0)y). Also noting that, by (b), 1Kr converges to 1Rk pointwise almost everywhere,
we can use the dominated convergence theorem to see that

lim
r↓0

∫
r−1(R−x0)

φ(x) dHk(x) = Jkh(z0) · lim
r↓0

∫
1Kr(y)φ

(
h(z0 + ry)− h(z0)

r

)
dy

=

∫
Rk

φ(∇h(z0)y) Jkh(z0) dy

=

∫
π
φ(y) dHk,

where the last equality follows again from the area formula (in fact, the version for linear
maps suffices). This shows (2.9).

Step 2. By Proposition 2.18 we know that

Hk

(
R \

⋃
n

hn(Kn)

)
= 0.

for countably many compact sets Kn ⊂ Rk and injective Lipschitz maps hn : Kn → Rd.
Moreover, By Lemma 1.37 we know that

Θk(R \ h(Kn), x) = 0 for Hk-a.e. x ∈ hn(Kn) (n ∈ N).
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Hence, the approximate tangent can be computed separately in all the pieces hn(Kn), for
which we can apply Step 1.

Step 3. The uniqueness statements follow directly from the explicit formula (2.9) for the
approximate tangent space.

Example 2.21. The previous result in particular implies that any embedded (boundaryless)
k-dimensional C1-submanifold M of Rd has an approximate tangent space TyM at Hk-
almost every y ∈ M ; in fact, the proof above shows that this is the case for all y ∈ M .
It is easy to see that TyM agrees with the classical tangent space to M at y (how easy
depending on one’s choice for a definition of the tangent space).

Example 2.22. Let C∞(1/4) be the λ-Cantor set of Example 1.36 for λ = 1/4 (note
that dimHC∞(1/4) = 1/2). Define F := C∞(1/4) × C∞(1/4) ⊂ R2. It can be shown
(exercise) that 0 < H1(F ) < ∞, but F does not have an approximate tangent space for
H1-almost every point (exercise). Hence, F is not H1-rectifiable.

Lipschitz maps have even better differentiability properties than implied by the Rademacher
Theorem 1.18, namely the following tangential differentiability:

Proposition 2.23. Let f : Rd → Rm be Lipschitz and let R ⊂ Rd be an Hk-rectifiable set.
Then, f is tangentially differentiable at Hk-almost every x0 ∈ R, that is, the restriction of
f to x0 + Tx0 R (assuming that Tx0 R exists at x0) is differentiable at x0 with tangential
differential

DRf(x0) : Tx0 R→ Rm.

Proof. By Proposition 2.18 we may assume that R = h(K) for some compact set K ⊂ Rk

and an injective Lipschitz map h : K → Rd. Define the set

G :=
{
z ∈ K : ∇h(z),∇(f ◦ h)(z) exist and Jkh(z) > 0

}
.

By the Rademacher Theorem 1.18, Lemma 1.30, and Lemma 2.3 we infer that

Hk(R \ h(G)) = 0.

We will show the claim for all x0 = h(z0) with z0 ∈ G, for which we also we know from
Lemma 2.20 that Tx0 R = ∇h(z0)[Rk].

Let w := ∇h(z0)v ∈ Tx0 R for any v ∈ Rk. Set xt := x0 + tw = h(z0) + t∇h(z0)v,
yt := h(z0 + tv) (t ∈ R). By the differentiability of h at z0,

lim
t→0

|yt − xt|
t

= 0.

Then we use the Lipschitz continuity of f to see

lim
t→0

f(xt)− f(x0)

t
= lim

t→0

f(yt)− f(x0)

t
= lim

t→0

f(h(z0 + tv))− f(h(z0))

t
,
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from which we conclude that

∂f

∂w
(x0) = ∇(f ◦ h)(z0)[(∇h(x0))−1w]. (2.10)

As a consequence of the existence of the total differentials, the directional derivative ∂f
∂w (x0)

is linear in w. We may then use a similar density argument like the one at the end of
Rademacher’s Theorem 1.18, which also uses the Lipschitz continuity of f , to obtain the
(total) differentiability of f at x0 (details as exercise).

2.5 Area and coarea formula on rectifiable sets

Let R ⊂ Rd be an Hk-rectifiable set and let f : Rd → Rm be Lipschitz. For Hk-almost
every x ∈ R the approximate tangent space TxR is defined via Proposition 2.20, and the
restriction DRf(x) of the differential Df(x) to TxR exists by Proposition 2.23. Moreover,
we may identify DRf(x) with an (m × k)-matrix with respect to an orthonormal basis
{vi(x)}i of TxR.

Then, define the k-dimensional Jacobian JR
k f of f relative to R for k ≤ m via

JR
k f(x) :=

√
det(DRf(x)TDRf(x))

and for k ≥ m define the m-dimensional Jacobian JR
mf of f relative to R as

JR
mf(x) :=

√
det(DRf(x)DRf(x)T).

It is easy to see that the above formulas do not depend on the choice of the orthonormal basis
{vi} since the application of orthogonal change-of-basis matrices cancels in the formulas
for JR

k f(x), J
R
mf(x).

We can now extend the “flat” area formula in Theorem 2.2 to the following version on
rectifiable sets:

Theorem 2.24 (Area formula on rectifiable sets). Let R ⊂ Rd be a Hk-rectifiable set,
and let f : Rd → Rm be Lipschitz with k ≤ m. Then, for every Hk-measurable map
g : R→ R, it holds that∫

R
g(x) JR

k f(x) dHk(x) =

∫
Rm

∑
x∈R∩f−1(y)

g(x) dHk(y).

In particular,∫
R
JR
k f(x) dHk(x) =

∫
Rm

H0(R ∩ f−1(y)) dHk(y). (2.11)

and, if f is injective,∫
R
JR
k f(x) dHk = Hk(f(R)).



2.5. AREA AND COAREA FORMULA ON RECTIFIABLE SETS 47

Proof. By the usual approximation arguments we only need to prove (2.11). In fact, by
Proposition 2.18 it suffices to show (2.11) under the additional assumption that R = h(B)
with B ⊂ Rk a bounded Borel set, and h : Rk → Rd a Lipschitz map that is injective when
restricted to B. As in the proof of Proposition 2.23 we furthermore assume that

B ⊂ G :=
{
z ∈ B : ∇h(z),∇(f ◦ h)(z) exist and Jkh(z) > 0

}
.

Let us now express (2.10) as

∇(f ◦ h)(h−1(x)) = DRf(x) ◦Dh(h−1(x)) for Hk-a.e. x ∈ R,

where we have written Dh(z) = DRk
h(z) : Rk → Th(z)R for the (total) derivative of h.

Since the determinant is multiplicative with respect to the composition of linear maps, a
polar decomposition argument (exercise) yields

Jk(f ◦ h)(h−1(x)) = JR
k f(x) · Jkh(h

−1(x)) for Hk-a.e. x ∈ R. (2.12)

Using the flat area formula, Theorem 2.2, we have∫
B
Jk(f ◦ h)(z) dz =

∫
Rm

H0(B ∩ (f ◦ h)−1(y)) dHk(y).

The right-hand side is equal to∫
Rm

H0(R ∩ f−1(y)) dHk(y),

whereas for the left-hand side we compute, using Jkh > 0 Hk-almost everywhere, the flat
area formula again, and (2.12),∫

B
Jk(f ◦ h)(z) dz =

∫
B

Jk(f ◦ h)(z)
Jkh(z)

Jkh(z) dz

=

∫
R

Jk(f ◦ h)(h−1(x))

Jkh(h−1(x))
dHk(x)

=

∫
R
JR
k f(x) dHk(x).

Combining these statements, we obtain (2.11) and the proof is complete.

Also the coarea formula has a version for rectifiable sets:

Theorem 2.25 (Coarea formula). Let R ⊂ Rd be a Hk-rectifiable set, and let f : Rd →
Rm be Lipschitz with k ≥ m. Then R ∩ f−1(y) is Hk−m-rectifiable for Lm-almost every
y ∈ Rm and for every Hk-measurable map g : R→ R, it holds that∫

R
g(x) JR

mf(x) dHk(x) =

∫
Rm

∫
R∩f−1(y)

g(x) dHk−m(x) dy. (2.13)

In particular,∫
R
JR
mf(x) dHk(x) =

∫
Rm

Hk−m(R ∩ f−1(y)) dy. (2.14)
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Proof. We first prove the asserted rectifiability of the level sets. By Proposition 2.18, there
are countably many Lipschitz k-graphs Γj such that, for

N := R \
∞⋃
j=1

Γj ,

it holds that Hk(N) = 0. By Lemma 2.8,

Hk−m(N ∩ f−1(y)) = 0 for Lm-a.e. y ∈ Rm. (2.15)

It therefore suffices to prove rectifiability of the level sets on each Lipschitz graph. Thus let
Γ = ψ(U) be a Lipschitz k-graph, where U ⊂ Rk is Borel and ψ : U → Rd is Lipschitz.
Define F := f ◦ ψ : U → Rm. By the flat coarea formula, Theorem 2.7, for Lm-almost
every y ∈ Rm the setU∩F−1(y) is Hk−m-rectifiable. Since Lipschitz maps send rectifiable
sets to rectifiable sets, see Lemma 2.15 (ii),

Γ ∩ f−1(y) = ψ
(
U ∩ F−1(y)

)
is Hk−m-rectifiable for Lm-almost every y. Taking the countable union over the graphs Γj

and using (2.15) proves that R ∩ f−1(y) is Hk−m-rectifiable for Lm-almost every y.
It remains to prove the coarea formula (2.13). In fact, we will only show (2.14), from

which the general case follows by approximation with step functions.
As before we may assume, by virtue of Proposition 2.18, thatR is actually a graph (also

see Example 2.13), that is,

R =
{
z ∈ Rd : φ(πz) = π⊥z

}
for an orthogonal projection π onto a k-plane with complementary projection π⊥, and a
Lipschitz map φ : π → π⊥ with Lipschitz constant less than a given ε > 0. Set ψ(z) :=
z + φ(z) for z ∈ π and define

B := ψ−1(R) ⊂ π, By := B ∩ (f ◦ ψ)−1(y), y ∈ Rm.

For Lm-almost every y, the set By is Hk−m-rectifiable by the flat coarea formula. The area
formula on rectifiable sets, see Theorem 2.24, yields

Hk−m(R ∩ f−1(y)) =

∫
By

J
By

k−mψ(z) dH
k−m(z).

As we assumed the Lipschitz constant of φ to be bounded by ε, we then see that

Hk−m(R ∩ f−1(y)) = Hk−m(By)(1 + O(ε)).

Also apply the flat coarea formula, Theorem 2.7, on π, and a chain-rule formula for the
Jacobians that is analogous to (2.12), to see∫

Rm

Hk−m(By) dy =

∫
B
Jm(f ◦ψ)(z) dLk

π(z) =

∫
B
JR
mf(ψ(z)) · Jkψ(z) dLk

π(z),
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where we have denoted the k-dimensional Lebesgue measure on π by Lk
π. Then change

variables from z to x = ψ(z) via the area formula in the form of Theorem 2.24 applied to
ψ : π → R ⊂ Rd and g(z) = JR

mf(ψ(z)) to obtain∫
B
JR
mf(ψ(z)) · Jkψ(z) dLk

π(z) =

∫
R
JR
mf(x) dHk(x).

Combining and letting ε→ 0,∫
Rm

Hk−m(R ∩ f−1(y)) dy =

∫
R
JR
mf(x) dHk(x).

This proves (2.14).

2.6 Rectifiability theorems

If one cannot prove directly that a given set is rectifiable by writing it as the union of
Lipschitz graphs, one needs to rely on other rectifiability criteria. We have already seen
Theorem 2.16 in this direction: In conjunction with Proposition 2.20 it states roughly that a
set is countably Hk-rectifiable if and only if it has approximate tangent planes at Hk-almost
every point. In this section we briefly survey some stronger rectifiability theorems, without
giving the (very long and intricate) proofs; see [26] for many more details on this topic.

Theorem 2.26 (Besicovitch–Marstrand–Mattila). Let A ∈ B(Rd) with Hk(A) < ∞.
Then, A is Hk-rectifiable if (and only if)

Θk(A, x) := lim
r↓0

Hk(A ∩Br(x))

ωkrk
= 1 for Hk-a.e. x ∈ A.

We call Θ(A, x) the k-density of A at x. In fact, there is an even stronger version of the
above theorem:

Theorem 2.27 (Preiss). Let A ∈ B(Rd) with Hk(A) < ∞. Then, A is Hk-rectifiable if
(and only if) for Hk-almost every x ∈ A the k-density Θk(A, x) exists (as a limit) in (0,∞).

Note that if the hypothesis of the theorem is true, then automatically Θk(A, x) = 1 for
Hk-almost every x ∈ A by Corollary 1.17.

Another approach to rectifiability is furnished by the following idea. Call a set A ⊂ Rd

purely Hk-unrectifiable if Hk(A∩R) = 0 for every Hk-rectifiable set R ⊂ Rd. Then, we
have the following splitting result:

Proposition 2.28. Let A ∈ B(Rd) with Hk(A) <∞. Then,

A = R ∪ U

with R a Hk-rectifiable set and U a purely Hk-unrectifiable set. This decomposition is
unique up to Hk-negligible sets.
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This result is then combined with the following deep rectifiability result, whose proof is
in Section 18 of [26].

Theorem 2.29 (Besicovitch–Federer). Let A ∈ B(Rd) with 0 < Hk(A) <∞. Then:

(i) A is Hk-rectifiable if and only if Hk(πV [B]) > 0 for γd,k-almost all k-hyperplanes V
and all Hk-measurable subsets B ⊂ A.

(ii) A is purely Hk-unrectifiable if and only if Hk(πV [A]) = 0 for γd,k-almost all k-
hyperplanes V .

Here, πV : Rd → V is the orthogonal projection onto V and γd,k is the Haar measure
on the (Grassmannian) manifold of k-hyperplanes in Rd, i.e., the unique (up to constants)
measure that is invariant with respect to the action of orthogonal transformations.

Corollary 2.30. Let A ∈ B(Rd) with Hk(A) < ∞ have the property that for any Hk-
measurable subset B ⊂ A with Hk(πV [B]) = 0 for γd,k-almost all k-hyperplanes V , it
holds that Hk(B) = 0. Then, A is Hk-rectifiable.

Proof. According to Proposition 2.28 we may write A = R ∪ U with R Hk-rectifiable
and U purely Hk-unrectifiable. Via the Besicovitch–Federer Rectifiability Theorem 2.29
we know that Hk(πV [U ]) = 0 for γd,k-almost all k-hyperplanes V . Thus, by assumption,
Hk(U) = 0. We infer that A and R agree up to an Hk-null set and A has been shown to be
rectifiable.
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Chapter 3

Differential Forms

Differential forms are the natural objects that can be “integrated” over manifolds. Currents
will be introduced in the next chapter as dual to differential forms. Since we will only
discuss currents in a Euclidean ambient space, we likewise only needs differential forms
in Euclidean spaces. This simplifies some things, but nevertheless we need to first discuss
the language of multi-linear algebra as an efficient means to describe planes. Then we
will discuss differential forms and prove the fundamental Stokes theorem, which relates
(oriented) boundaries to the exterior differential of a form. Finally, as a preparation for
later, we discuss Lie derivatives and Hodge duality.

3.1 Multi-linear algebra

In 3-dimensional space, the tangent spaces to oriented (2-dimensional) surfaces can be spec-
ified by prescribing a unit normal vector at every point. The tangent space is then the 2-
dimensional plane orthogonal to this normal vector. Additionally, the normal vector induces
an orientation for the tangent space: If v1, v2 span the tangent space, then we prescribe that
the normal needs to be the cross-product v1 × v2 (and not v2 × v1), hence ordering v1, v2.
However, this approach is highly dependent on the ambient dimension being three (or two):
Even 2-dimensional planes in four ambient dimensions cannot be described by one normal
vector only. Hence, we need a better way of specifying oriented planes in arbitrary dimen-
sions. This leads to the concept of multi-vectors. In the following, it is best to keep the
intuition in mind that multi-vectors represent oriented and “weighted” planes when parsing
the algebraic definitions, which can be a bit cumbersome. Luckily, in practice the actual
definition of multi-vectors is largely irrelevant and one only needs to work with the compu-
tation rules, which are relatively easy to remember.

Let k = 1, 2, . . . , n and let V be a finite-dimensional real vector space. On the k-fold
product vector space V k we define an equivalence relation “∼” as follows: Denoting the
equivalence class of (v1, . . . , vk) ∈ V k under ∼ by v1 ∧ · · · ∧ vk (read “∧” as “wedge”),
we define ∼ as the smallest equivalence relation obeying the following three “determinant-

53
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type” rules:

v1 ∧ · · · ∧ (λvi) ∧ · · · ∧ vj ∧ · · · ∧ vk = v1 ∧ · · · ∧ vi ∧ · · · ∧ (λvj) ∧ · · · ∧ vk,
v1 ∧ · · · ∧ vi ∧ · · · ∧ vj ∧ · · · ∧ vk = v1 ∧ · · · ∧ (vi + λvj) ∧ · · · ∧ vj ∧ · · · ∧ vk,
v1 ∧ · · · ∧ vi ∧ · · · ∧ vj ∧ · · · ∧ vk = v1 ∧ · · · ∧ (−vj) ∧ · · · ∧ vi ∧ · · · ∧ vk,

where v1, . . . , vk ∈ V and λ ∈ R. Note that the first rule is to be understood as

(v1, . . . , λvi, . . . , vj , . . . , vk) ∼ (v1, . . . , vi, . . . , λvj , . . . , vk)

and analogously for the others.
Next, we consider the vector space of formal linear combinations of elements in the

quotient V k/ ∼ of V k by ∼ and define another equivalence relation “≈” as the linear
extension of the rules

λ(v1 ∧ · · · ∧ vk) = (λv1) ∧ · · · ∧ vk,
v1 ∧ v2 ∧ · · · ∧ vk + v′1 ∧ v2 ∧ · · · ∧ vk = (v1 + v′1) ∧ v2 ∧ · · · ∧ vk,

where again v1, v′1, v2, . . . , vk ∈ V and λ ∈ R. This quotient by ≈ is called the vector space
of k-(multi-)vectors over V and denoted by

∧
k V . Note that

∧
1 V can be canonically

identified with V itself and
∧

k V = {0} by the above rules if k > dimV . We also set∧
0 V := R. If an element ξ ∈

∧
k V can be written as (i.e., is ≈-equivalent to) an element

of the form v1 ∧ · · · ∧ vk, then the k-vector ξ is called simple.

Example 3.1. In R4, the 2-vector e1 ∧ e2 + e3 ∧ e4 is not simple since

(e1 ∧ e2 + e3 ∧ e4) ∧ (e1 ∧ e2 + e3 ∧ e4) = 2e1 ∧ e2 ∧ e3 ∧ e4 ̸= 0,

but the wedge-square of any simple vector must vanish by the calculation rules for the
wedge product (see the “nilpotence” property in Lemma 3.4 below). One can also show
that in R3 all multi-vectors (of any order) are in fact simple.

Next, one extends the notation “∧” (which, as defined above, is only a way to designate
equivalence classes of the relations ∼ and ≈) to the wedge product (or exterior product)
of a k-vector ξ ∈

∧
k V and an l-vector η ∈

∧
l V as follows: If ξ = v1 ∧ · · · ∧ vk and

η = w1 ∧ · · · ∧ wl, that is, both ξ and η are simple, then we define

ξ ∧ η := v1 ∧ · · · ∧ vk ∧ w1 ∧ · · · ∧ wl ∈
∧

k+l V.

Observe that is indeed consistent with the previous meaning of “∧”. For general ξ ∈
∧

k V
and η ∈

∧
l V we pick any decompositions

ξ =
∑
m

ξm, η =
∑
n

ηn,

with ξm, ηn simple k-vectors and l-vectors, respectively, for finite indicesm,n (this decom-
position is always possible by the definition). Then set

ξ ∧ η :=
∑
m

∑
n

ξm ∧ ηn.
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Of course, for this to be well-defined, one needs to show that this definition does not de-
pend on the chosen decompositions (which are not unique). This can be accomplished by
expressing every ξm further as a wedge product of basis vectors and using the computation
rules.

Together with the (associative) wedge product, the direct sum of the spaces
∧

k V , k =
0, . . . , d, is referred to as the exterior algebra

∧
∗ V .

Remark 3.2. Connoisseurs of algebra may also think of
∧

∗ V as the space of alternating
contravariant tensors (of any order k) over V , which is also isomorphic to (

⊗
∗ V )/I , where⊗

∗ V :=
⊕∞

k=0 V
⊗k and I ⊂ V ⊗2 is the ideal generated by all tensors of the form v ⊗ v

(v ∈ V ). The wedge product v1∧ · · · ∧ vk (vi ∈ V ) is then the image of v1⊗· · ·⊗ vk under
the canonical homomorphism.

We sum up this construction in the following proposition:

Proposition 3.3. For any finite-dimensional vector space V (e.g., R3 or R1+3) and any
k = 0, . . . ,dimV , there exists a vector space∧

k V

together with an operation

∧ : V × · · · × V︸ ︷︷ ︸
k times

→
∧

k V

that is linear in every entry and such that for v1, . . . , vk, v′1 ∈ V and λ ∈ R the following
identities hold:

v1 ∧ · · · ∧ (λvi) ∧ · · · ∧ vj ∧ · · · ∧ vk = v1 ∧ · · · ∧ vi ∧ · · · ∧ (λvj) ∧ · · · ∧ vk,
v1 ∧ · · · ∧ vi ∧ · · · ∧ vj ∧ · · · ∧ vk = v1 ∧ · · · ∧ (vi + λvj) ∧ · · · ∧ vj ∧ · · · ∧ vk,
v1 ∧ · · · ∧ vi ∧ · · · ∧ vj ∧ · · · ∧ vk = v1 ∧ · · · ∧ (−vj) ∧ · · · ∧ vi ∧ · · · ∧ vk,

λ(v1 ∧ · · · ∧ vk) = (λv1) ∧ · · · ∧ vk,
v1 ∧ v2 ∧ · · · ∧ vk + v′1 ∧ v2 ∧ · · · ∧ vk = (v1 + v′1) ∧ v2 ∧ · · · ∧ vk.

The following are some computation rules for wedge product, whose proofs follow
directly from the definitions:

Lemma 3.4. Let ξ ∈
∧

k V , η, ϱ ∈
∧

l V (where k, l ∈ {0, . . . , d}) and let λ ∈ R. Then:

(i) Linearity: ξ ∧ (η + ϱ) = ξ ∧ η + ξ ∧ ϱ and (λξ) ∧ η = ξ ∧ (λξ) = λ(ξ ∧ η).

(ii) Skew-commutativity: ξ ∧ η = (−1)klη ∧ ξ; in particular ξ ∧ ξ = 0 if k is odd.

(iii) Nilpotence: ξ ∧ ξ = 0 if ξ is simple; in particular v ∧ v = 0 for v ∈ V .
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The main reason for the introduction of k-vectors is that they allow one to specify ori-
ented vector sub-spaces. For this, we define the span of a simple k-vector ξ = v1∧· · ·∧vk ∈∧

k V by

span ξ := span{v1, . . . , vk}.

For a non-simple k-vector ξ =
∑

m ξm with ξm a simple k-vector for a finite index m, we
set

span ξ := span

(⋃
m

span ξm

)
,

which turns out to be well-defined.

Lemma 3.5. For ξ, η ∈
∧

k V simple, it holds that span ξ = span η if and only if η = λξ
for some λ ̸= 0.

Proof. For the non-trivial direction, we assume that ξ, η ̸= 0 and span ξ = span η. If
ξ = v1∧· · ·∧vk and η = w1∧· · ·∧wk, this impliesw1, . . . , wk ∈ span ξ, sowj =

∑
i λ

i
jvi.

Thus,

η =

(∑
i

λi1vi

)
∧ · · · ∧

(∑
i

λikvi

)
.

By a repeated application of the calculation rules for wedge products (exchanging factors
and linearity), we obtain that η is a non-zero multiple of v1 ∧ · · · ∧ vk = ξ.

Thus, as a consequence of the preceding lemma we obtain that a simple k-vector can
indeed be interpreted as a weighted oriented k-dimensional subspace of the ambient vector
space. As for the meaning of the weighting, let us from now on assume that V has a scalar
product that turns it into a Hilbert space. Then call a simple k-vector ξ a unit if it can be
expressed as ξ = v1 ∧ · · · ∧ vk with the {vi} forming an orthonormal basis of span ξ. For
V = RN we have the following interpretation of the “length” of a multi-vector:

Lemma 3.6. For ξ = v1 ∧ · · · ∧ vk ∈
∧

k RN simple, assume that ξ can be written as
ξ = λξ1 with a unit k-vector ξ1 and λ > 0. Then, λ is the (k-dimensional) volume of the
parallelotope spanned by the vectors vj , j = 1, . . . , k.

Proof. Let ξ1 = w1 ∧ · · · ∧ wk, where {wj} is an orthonormal basis of span ξ = span ξ1.
We write vj =

∑
i λ

i
jwi and collect all the λij into a matrix Λ = (λij)

i
j ∈ Rk×k (where

i is the row index and j is the column index). We can now bring the matrix to diagonal
form by the Gaussian elimination procedure. Note that every operation in the Gaussian
elimination corresponds precisely to one of the above computation rules for wedge products.
Geometrically, the Gaussian operations correspond to shearing the parallelotope, which
does not change its volume. The resulting diagonal matrix corresponds to a k-dimensional
cube with volume equal to the product of the obtained diagonal entries. Pulling these entries
in front of the matrix yields that λ is precisely the volume of this cube, hence also the volume
of the parallelotope spanned by the original vectors {vj}.
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A scalar product ( , ) on V extends to the scalar product of simple k-vectors ξ =
v1 ∧ · · · ∧ vk, η = w1 ∧ · · · ∧ wk by setting

(ξ, η) := det

v1 · w1 · · · v1 · wk
...

. . .
...

vk · w1 · · · vk · wk

 .

This definition is then extended to general k-vectors by linearity. This means, that if ξ =
ξ1 + ξ2 and η = η1 + η2 with ξ1, ξ2, η1, η2 simple, then by “expanding the product”,

(ξ, η) := (ξ1, η1) + (ξ1, η2) + (ξ2, η1) + (ξ2, η2),

with the individual products defined as above. By using a basis, for instance by first defining
this for wedges of the unit basis, one can show that the result is well-defined, meaning that
the value does not depend on which decomposition of ξ and η one chooses.

The (Euclidean) norm of k-vectors is then defined via

|ξ| := (ξ, ξ)1/2, ξ ∈
∧

k RN .

In particular, |ξ| = 1 for any unit k-vector ξ.
If L : V →W is linear, where V,W are real finite-dimensional vector spaces, we define

the linear map
∧k S :

∧
k V →

∧
kW by setting, for v1, . . . , vk ∈ V ,

(
∧k L)(v1 ∧ · · · ∧ vk) := (Lv1) ∧ · · · ∧ (Lvk)

and extending by (multi-)linearity to
∧

k V . We will usually write simply L also for
∧k L.

3.2 Covectors

We will also need multi-vectors based on the dual space V ∗ of a vector spaces V , which are
called k-(multi-)covectors and denoted by∧k V :=

∧
k V

∗.

Once again we set
∧0 V := R (or, more precisely, the dual of R) and define the wedge

product on covectors similarly to before, yielding
∧∗ V . As k-covectors are k-vectors in

the sense of the preceding section, all the theory developed there applies.
The space

∧k V can be identified with the dual space to
∧k V via the following duality

pairing: u1, . . . , uk ∈ V and α1, . . . , αk ∈ V ∗ one sets〈
u1 ∧ · · · ∧ uk, α1 ∧ · · · ∧ αk

〉
:= det

[〈
ui, α

j
〉]i

j
.

Then, the definition is extended bilinearly. This duality product is well-defined because the
right-hand side is alternating in u1, . . . , uk (swapping two ui negates the determinant) and
alternating in α1, . . . , αk likewise. In particular, it vanishes whenever two vectors or two



58 CHAPTER 3. DIFFERENTIAL FORMS

covectors coincide. Using the Leibniz expansion of the determinant, we may derive the
formula

〈
u1 ∧ · · · ∧ uk, α1 ∧ · · · ∧ αk

〉
=

∑
σ∈Sk

sgn(σ)

k∏
i=1

ασ(i)(ui).

Furthermore,
∧k V can be identified with the space of k-multilinear (linear in every argu-

ment) and alternating (switches sign when exchanging two arguments) functions on V k.
In V = RN the standard dual basis is usually denoted by dx1, . . . ,dxN (this can be

identified with the exterior differential of the coordinate functions, as we will see later,
motivating the notation).

One way to combine k-vectors and k-covectors is the following: For η ∈
∧

k V and
α ∈

∧l V we define the restriction η α ∈
∧

k−l V with k ≥ l (read “ ” as “restricted
to”) via〈

η α, β
〉
:=

〈
η, α ∧ β

〉
, β ∈

∧k−l V.

The metric dual ξ∗ ∈ V ∗ of a unit vector ξ ∈ V is defined by

ξ∗(v) := (ξ, v), v ∈ V.

Lemma 3.7. The following calculation rules hold:

(i) For any vectors v1, . . . , vn ∈ V and a covector α ∈
∧1 V ,

(v1 ∧ · · · ∧ vn) α =
n∑

i=1

(−1)i−1 α(vi) v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vn,

where v̂i denotes omission of vi.

(ii) For any φ ∈
∧

k V , ψ ∈
∧

l V , and α ∈
∧1 V ,

(φ ∧ ψ) α = (φ α) ∧ ψ + (−1)k φ ∧ (ψ α).

(iii) Let ξ ∈ V be a unit vector and let τ ∈
∧

1+k V with ξ ∧ τ = 0. Then,

ξ ∧ (τ ξ∗) = τ.

Proof. Ad (i). Let ω := v1 ∧ · · · ∧ vn and β ∈
∧n−1 V . Using the definition of the duality

product via the determinant,〈
ω α, β

〉
=

〈
ω, α ∧ β

〉
=

〈
v1 ∧ · · · ∧ vn, α ∧ β

〉
.

Expanding the determinant along the column corresponding to α, only the term with α
evaluated at vi and β evaluated at the remaining vectors survives. Hence,

〈
ω α, β

〉
=

n∑
i=1

(−1)i−1 α(vi)
〈
v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vn, β

〉
.
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Since this holds for all β, part (i) follows.

Ad (ii). By multilinearity it suffices to take φ = v1 ∧ · · · ∧ vk and ψ = vk+1 ∧ · · · ∧ vk+l

for v1, . . . , vk+l ∈ V . Applying (i) to φ ∧ ψ = v1 ∧ · · · ∧ vk+l gives

(φ ∧ ψ) α =

k∑
i=1

(−1)i−1 α(vi) v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vk+l

+

k+l∑
i=k+1

(−1)i−1 α(vi) v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vk+l.

By (i), the first sum equals (φ α) ∧ ψ. In the second sum, factor out φ = v1 ∧ · · · ∧ vk;
each remaining sign satisfies (−1)i−1 = (−1)k ·(−1)i−k−1, so by (i) the second sum equals
(−1)k φ ∧ (ψ α). This shows (ii).

Ad (iii). Apply (ii) with φ := ξ ∈
∧

1 V , ψ := τ , and α := ξ∗ to see that

(ξ ∧ τ) ξ∗ = (ξ ξ∗) ∧ τ − ξ ∧ (τ ξ∗) = τ − ξ ∧ (τ ξ∗).

Here, for the second equality we used that ξ ξ∗ = ξ∗(ξ) = ⟨ξ, ξ⟩ = 1 since ξ is a unit
vector. The hypothesis ξ ∧ τ = 0 makes the left-hand side vanish, so that (iii) follows by
rearranging.

The following is a useful technical fact:

Lemma 3.8. Let τ ∈
∧

1 V , σ ∈
∧

k V and α ∈
∧1 V , β ∈

∧k V , η ∈
∧k+1 V .

(i) Suppose that ⟨w,α⟩ = 0 for every w ∈ spanσ. Then,〈
τ ∧ σ, α ∧ β

〉
=

〈
τ, α

〉
·
〈
σ, β

〉
.

(ii) Suppose that τ ⊥ span η. Then,〈
τ ∧ σ, η

〉
= 0.

Proof. We only show (i); the proof of (ii) is similar.
Let W := spanσ, and let w1, . . . , wm be a basis of W . We can write σ as

σ =
∑
I

σIwI ,

where I = {i1, . . . , ik} ranges over all k-multi-indices of {1, . . . ,m} and we have set
wI := wi1 ∧ · · · ∧ wik . By linearity, it is sufficient to prove the claim when σ = wI for
some k-multi-index I and without loss of generality we may assume that I = {1, . . . , k}.
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Moreover, it suffices to consider β = β1 ∧ · · · ∧ βk for some β1, . . . , βk ∈ V ∗. We also
define, for notational simplicity w0 := τ and β0 := α. Then,〈

τ ∧ σ, α ∧ β
〉
=

〈
w0 ∧ w1 ∧ · · · ∧ wk, β0 ∧ β1 ∧ · · · ∧ βk

〉
= det

[〈
wi, βj

〉]i=0,...,k

j=0,...,k

=
〈
w0, β0

〉
·
[〈
wi, βj

〉]i=1,...,k

j=1,...,k

=
〈
τ, α

〉
·
〈
σ, β

〉
,

where expanded the determinant on the first column (j = 0) and used the assumption that〈
wi, α

〉
= 0 for i = 1, . . . , k.

Using the vector–covector duality one can then define the mass norm of ξ ∈
∧

k V and
the comass norm of η ∈

∧k V via

∥ξ∥ := sup
{
|⟨ξ, η⟩| : η ∈

∧k V, ∥η∥ = 1
}
,

∥η∥ := sup
{
|⟨ξ, η⟩| : ξ ∈

∧
k V simple, unit

}
Lemma 3.9. For all ξ ∈

∧
k V and α ∈

∧k V ,

(i) |ξ| ≤ ∥ξ∥, with equality if ξ is simple,

(ii) ∥α∥ ≤ |α|, with equality if α is simple.

Proof. The claims are trivial for ξ = 0 and α = 0 respectively, so assume both are nonzero.

Ad (ii). Via the inner product we identify
∧k V ∼=

∧
k V , so the comass norm reads

∥α∥ = sup
{
|(α, β)| : β ∈

∧k V, β simple, unit
}
.

Every simple unit β satisfies |(α, β)| ≤ |α| by Cauchy–Schwarz, so taking the supremum
yields ∥α∥ ≤ |α|. If α is simple, then β := α/|α| is a simple unit competitor, giving
∥α∥ ≥ |α|−1(α, α) = |α|, hence we obtain equality.

Ad (i). Let α0 ∈
∧k V be the metric dual of ξ/|ξ|, so that |α0| = 1 and ⟨ξ, α0⟩ = |ξ|. By

part (ii), ∥α0∥ ≤ |α0| = 1, so α1 := α0/∥α0∥ satisfies ∥α1∥ = 1 and is a valid competitor
in the supremum defining ∥ξ∥, giving

∥ξ∥ ≥
∣∣〈ξ, α1

〉∣∣ = |ξ|
∥α0∥

≥ |ξ|,

where the last inequality uses ∥α0∥ ≤ 1.
If ξ is simple, let ξ1 := ξ/|ξ|, which is simple and unit. For every α ∈

∧k V with
∥α∥ = 1, the definition of the comass norm gives |⟨ξ1, α⟩| ≤ ∥α∥ = 1, and therefore∣∣〈ξ, α〉∣∣ = |ξ| ·

∣∣〈ξ1, α〉∣∣ ≤ |ξ|.

Taking the supremum over all such α gives ∥ξ∥ ≤ |ξ|, and combined with the inequality
above we obtain ∥ξ∥ = |ξ|.
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3.3 Differential forms

Let Ω ⊂ Rd be an open set (the ambient dimension d being fixed). As usual we denote
by C(Ω) = C0(Ω),Ck(Ω), k = 1, 2, . . ., the spaces of continuous, bounded, and k-times
continuously differentiable functions with bounded derivatives. As norms on these spaces
we have

∥u∥Ck :=
∑
|α|≤k

∥∂αu∥∞, u ∈ Ck(Ω), k = 0, 1, 2, . . . ,

where ∥ ∥∞ is the supremum norm. Here, the sum is over all multi-indices α ∈ Nd
0 (N0 :=

N ∪ {0}) with |α| := α1 + · · ·+ αd ≤ k and

∂α := ∂α1
1 ∂α2

2 · · · ∂αd
d

is the α-derivative operator.
We define the set C∞(Ω) :=

⋂∞
k=0C

k(Ω) of infinitely-often differentiable functions
(but this is not a Banach space anymore). A subscript “c” indicates that all functions u in
the respective function space (e.g. C∞

c (Ω)) must have their support

suppu := {x ∈ Ω : u(x) ̸= 0 }

compactly contained in Ω (so, suppu ⊂ Ω and suppu compact).
The space C∞

c (Ω), that is, the set of all φ : Ω → R that are infinitely differentiable and
compactly supported, is called the space of test functions (on Ω). Denote further by Dk(Ω)
(k ∈ N ∪ {0}) the space of (smooth, compactly supported) differential k-forms, that is,

Dk(Ω) := C∞
c (Ω;

∧k Rd),

where C∞
c (Ω;W ) contains all smooth maps that take values in the finite-dimensional normed

vector space W and that are compactly supported in Ω. Since
∧0 Rd is identified with R,

we have that D0 contains the smooth and compactly supported functions with values in R.
In addition to the vector space structure of Dk(Ω), we also define the wedge product of
two differential forms: For ω ∈ Dk(Ω), η ∈ Dl(Ω), we define ω ∧ η ∈ Dk+l(Ω) by setting

(ω ∧ η)(x) := ω(x) ∧ η(x), x ∈ Ω.

One can think of a differential k-form ω as specifying a way to measure the size of
k-dimensional objects at any point of the ambient space. For instance, if we follow our
intuition that a simple k-vector ξ = v1 ∧ · · · ∧ vk ∈

∧
k Rd specifies the k-dimensional

parallelotope spanned by the vectors v1, . . . , vk, then pairing it with the k-covector ω(x) ∈∧k Rd via the duality pairing ⟨ξ, ω(x)⟩ yields a real number, which one may interpret as the
“oriented volume” assigned to ξ (or, more precisely, the k-parallelotope associated with ξ)
at x. In particular, let ξ = λξ1 ∈

∧
k Rd for ξ1 = e1 ∧ · · · ∧ ek, where we have denoted

the canonical basis vectors in Rd by e1, . . . , ed. Denoting by dx1, . . . ,dxd are the canonical
basis elements in

∧1 Rd (so that ⟨ei, dxj⟩ = δij),〈
ξ, dx1 ∧ · · · ∧ dxk

〉
= λ

〈
e1 ∧ · · · ∧ ek, dx

1 ∧ · · · ∧ dxk
〉
= λ
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is the standard volume of the parallelotope specified by ξ.
The exterior differential of ω ∈ Dk(Ω) is denoted by dω ∈ Dk+1(Ω) and defined as

follows: For a 0-form f ∈ D0(Ω) ∼= C∞
c (Ω), we set

df :=
∂f

∂x1
dx1 + · · ·+ ∂f

∂xd
dxd.

Here, one should think of dxj as the map that takes a (1-)vector and yields its j’s component
(recall that we are in the ambient space Rd here and have canonical coordinates). For a k-
form ω ∈ Dk(Ω) that can be written as ω = f dxi1 ∧· · ·∧dxik for f ∈ C∞

c (Ω) and indices
i1, . . . , ik ∈ {1, . . . , d}, we set

dω := df ∧ dxi1 ∧ · · · ∧ dxik .

If ω ∈ Dk(Ω) is not of the above simple form, then it is a linear combination of such simple
forms (by the definition of k-covectors, the dxi1 ∧ · · · ∧ dxik form a basis of

∧k Rd) and
we extend this definition by linearity, e.g., for ω = ω1 + ω2 with ω1, ω2 ∈ Dk(Ω) simple,
we set dω := dω1 + dω2, and so on. One can show easily that this definition is indeed
well-defined.

It is somewhat difficult to interpret the exterior differential. In fact, this interpretation is
best done in the context of Stokes’s theorem in the next section. Let us just remark that the
exterior differential of a 0-form (a function) corresponds to a gradient, the exterior differ-
ential of a (d−1)-form corresponds to a divergence and the exterior differential of a 1-form
in three ambient dimensions corresponds to a curl. In this way, the usual Vector Analysis
operations are contained in the exterior calculus, which, however, is more systematic. For
instance, we have only one Leibniz rule in the following lemma, and not a confusingly large
number of identities for the Vector Analysis operations.

Lemma 3.10. The exterior differential is linear and the Leibniz rule holds for ω ∈ Dk(Ω),
η ∈ Dl(Ω):

d(ω ∧ η) = dω ∧ η + (−1)k ω ∧ dη.

Proof. The linearity is obvious, so let us only show the Leibniz rule: By linearity it suffices
to consider the case where ω = f dxi1 ∧ · · · ∧ dxik and η = g dxj1 ∧ · · · ∧ dxjl for
f, g ∈ C∞

c (Ω) and indices i1, . . . , ik, j1, . . . , jl ∈ {1, . . . , d}. Then,

d(ω ∧ η) = d(fg) ∧ dxi1 ∧ · · · ∧ dxik ∧ dxj1 ∧ · · · ∧ dxjl

=
∑
i

(
∂f

∂xi
· g + f · ∂g

∂xi

)
dxi ∧ dxi1 ∧ · · · ∧ dxik ∧ dxj1 ∧ · · · ∧ dxjl

=

[∑
i

∂f

∂xi
dxi ∧ dxi1 ∧ · · · ∧ dxik

]
∧ η

+ ω ∧
[
(−1)k

∑
i

∂g

∂xi
dxi ∧ dxj1 ∧ · · · ∧ dxjl

]
= dω ∧ η + (−1)kω ∧ dη,
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where the factor (−1)k originates from the operation of pushing dxi through every one of
the dxi1 , . . . ,dxik .

One crucial property of the exterior differential is its nilpotence:

Proposition 3.11. For ω ∈ Dk(Ω) it holds that d2ω = d(dω) = 0.

Proof. Assume that ω = f dxi1 ∧ · · · ∧ dxik for f ∈ C∞
c (Ω) and indices i1, . . . , ik ∈

{1, . . . , d}. Then,

d2ω =
∑
ij

∂

∂xj

(
∂f

∂xi

)
dxj ∧ dxi ∧ dxi1 ∧ · · · ∧ dxik

=
∑
i<j

[
∂

∂xi

(
∂f

∂xj

)
− ∂

∂xj

(
∂f

∂xi

)]
dxi ∧ dxj ∧ dxi1 ∧ · · · ∧ dxik

= 0

since for smooth maps second derivatives commute. The case of general forms follows by
a decomposition into simple forms and the linearity.

We call a k-form ω ∈ Dk(Ω) closed if dω = 0 and exact if ω = dψ for some “potential”
ψ ∈ Dk−1(Ω). By the previous proposition, exact forms are closed, but the converse does
not hold. Quantifying the difference is the content of Cohomology Theory. However, for
simply connected sets Ω, it is true that closed forms are also exact by Poincaré’s lemma.

Let θ : Ω → Ω′ be a smooth map between open sets Ω ⊂ Rd, Ω′ ⊂ Rm that is proper,
meaning that preimages of compact sets are themselves compact. Let ω ∈ Dk(Ω′). Then,
the pullback of ω under θ is the k-form θ∗ω ∈ Dk(Ω) defined at x ∈ Rd via〈

ξ, (θ∗ω)(x)
〉
:=

〈
Dθ(x)[ξ], ω(θ(x))

〉
, ξ ∈

∧
k Rd.

Here, Dθ(x) =
∧k Dθ(x) denotes the extension of the differential Dθ(x)[v] := ∇θ(x)v to

k-vectors, that is, if ξ = v1 ∧ · · · ∧ vk, then

Dθ(x)[ξ] = Dθ(x)[v1] ∧ · · · ∧DF (x)[vk].

Note that the pullback θ∗ω as defined above is indeed a smooth, compactly supported dif-
ferential k-form on Ω by the smoothness and properness of θ (without the properness the
above definition may not be sensible since ω ◦ θ may then not have compact support).

Lemma 3.12. Let θ : Ω → Ω′ be a smooth and proper map between open sets Ω ⊂ Rd,
Ω′ ⊂ Rm, and let ω ∈ Dk(Ω′). Then,

d(θ∗ω) = θ∗(dω).
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Proof. Let first treat the case k = 0, in which θ∗ω = ω ◦ θ. Then, for all x ∈ Ω and all
v ∈ Rd ∼=

∧
1 Rd,〈

v, d(θ∗ω)(x)
〉
= ∇(ω ◦ θ)(x)v
= ∇ω(θ(x))∇θ(x)v
=

〈
Dθ(x)[v], (dω)(θ(x))

〉
=

〈
v, (θ∗(dω))(x)

〉
,

showing the claim for k = 0.
Next, if k = 1 and ω = dψ for ψ ∈ D0(Rd), then

d(θ∗ω) = d(θ∗(dψ)) = d2(θ∗ψ) = 0 = θ∗(d2ψ) = θ∗(dψ),

where we have used the case k = 0 and Proposition 3.11.
For the general case, we use the linearity and the Leibniz rule from Lemma 3.10 to

reduce to the above two cases by induction (details as exercise).

3.4 Stokes’s theorem

Roughly, Stokes theorem states that the exterior differential is dual to taking the (oriented)
boundary of a set. We will consider a version that is less than the most general one (which
involves manifolds), but which will give a good intuition about the central claim. The
boundary operator of currents will later yield a far-reaching generalization.

For k ∈ N, let R ⊂ Rk be a k-box, that is,

R = [a1, b1]× · · · × [ak, bk],

where ai, bi ∈ R with ai < bi for i = 1, . . . , k. Then, we can define the integral of a
k-form ω ∈ Dk(Rk) over R via∫

R
ω =

∫
⊕R

ω :=

∫
R

〈
e1 ∧ · · · ∧ ek, ω(x)

〉
dx.

The notation “⊕R” expresses that we have picked the “positive orientation” ofR by pairing
ω(x) with the d-vector e1∧ · · · ∧ ek. We could have also chosen the k-vector −e1∧ · · · ∧ ek
(note that these two are the only unit k-vectors in Rk). In this case we write∫

⊖R
ω := −

∫
R

〈
e1 ∧ · · · ∧ ek, ω(x)

〉
dx.

We can extend this definition to the integral of a (k − 1)-form on a (closed) (k − 1)-box

R = [a1, b1]× · · · × [ai−1, bi−1]× {c} × [ai+1, bi+1]× · · · × [ak, bk],

with ai, bi ∈ R with ai < bi for i = 1, . . . , i− 1, i+ 1, . . . , k and c ∈ R, as follows: For a
(k − 1)-form ω ∈ Dk−1(Rk) define∫

R
ω =

∫
⊕R

ω :=

∫
R

〈
e1 ∧ · · · ∧ ei−1 ∧ ei+1 ∧ · · · ∧ ek, ω(x)

〉
dHk−1(x)



3.4. STOKES’S THEOREM 65

and ∫
⊖R

ω := −
∫
R

〈
e1 ∧ · · · ∧ ei−1 ∧ ei+1 ∧ · · · ∧ ek, ω(x)

〉
dHk−1(x),

which is to be understood as the integral with respect to Hk−1 R. Note that in the case
k = 1, the above integrals are point-evaluations.

The symbols “⊕”, “⊖” can be used to form chains of boxes by linearity: For two k- or
(k − 1)-boxes R1, R2 and a corresponding form ω we set∫

R1⊕R2

ω :=

∫
R1

ω +

∫
R2

ω,

∫
R1⊖R2

ω :=

∫
R1

ω +

∫
⊖R2

ω =

∫
R1

ω −
∫
R2

ω,

and so on.
Let now F : U → Rd be a smooth and proper (but not necessarily injective!) map, where

U ⊂ Rk is open. For a k- or (k− 1)-box R ⊂ U and ω ∈ Dk(Rd) (if R is top-dimensional)
or ω ∈ Dk−1(Rd) (if R is codimension-1), we set∫

F∗R
ω :=

∫
R
F ∗ω.

Here, F∗R := F (R) is called the pushforward of R under F . This definition extends to
chains by (formal) linearity: For boxes R1, R2 as before, we set∫

F∗[R1⊕R2]
:=

∫
F∗R1

ω +

∫
F∗R2

ω,

∫
F∗[R1⊖R2]

:=

∫
F∗R1

ω −
∫
F∗R2

ω,

and so on. Formally, we can then define chains of pushforwards via F∗[R1 ⊕ R2] :=
F∗R1 ⊕ F∗R2, F∗[R1 ⊖R2] := F∗R1 ⊖ F∗R2, etc.

For a k-box R = [a1, b1] × · · · × [ak, bk] we can define an (oriented) boundary as
follows:

∂R :=
d⊕

i=1

⊖i−1(R+
i ⊖R−

i ) =
d⊕

i=1

(⊖i−1R+
i )⊕ (⊖iR−

i ).

where

R−
i := [a1, b1]× · · · [ai−1, bi−1]× {ai} × [ai+1, bi+1]× · · · × [ak, bk],

R+
i := [a1, b1]× · · · [ai−1, bi−1]× {bi} × [ai+1, bi+1]× · · · × [ak, bk],

and the powers of “⊖” are defined as follows:

⊖i :=

{
⊕ if i is even,
⊖ if i is odd.

Note that this extends the definition of the classical (topological) boundary ofR to a suitably
oriented chain of (k − 1)-boxes. This orientation is called the induced orientation.
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Example 3.13. If k = 1 and R = [a, b], then ∂R = {b} ⊖ {a}.

Example 3.14. If k = 2 and R = [a1, b1]× [a2, b2], then

∂R = ({b1} × [a2, b2])⊖ ({a1} × [a2, b2])⊖ ([a1, b1]× {b2})⊕ ([a1, b1]× {a2}).

Also the notion of boundary extends to pushforwards: Let F : U → Rd be a smooth and
proper map, where Ω ⊂ Rk is open. For a k-box R ⊂ U we set

∂(F∗R) :=
d⊕

i=1

⊖i−1(F∗R
+
i ⊖ F∗R

−
i ) = F∗(∂R),

where we interpret R±
i to lie in their own copies of Rk−1.

Comparing the relation ∂(F∗R) = F∗(∂R), which holds by definition, with the rela-
tion d(F ∗ω) = F ∗(dω), proved in Lemma 3.12, hints at a duality between the exterior
differential and the oriented boundary. This duality is the content of the Stokes theorem:

Theorem 3.15 (Stokes). Let R be a k-box in Rk and let F : U → Rd be smooth and
proper, where U ⊃ R is open. Then, for any ω ∈ Dk−1(V ), where V ⊃ F (U) is open, it
holds that∫

F∗R
dω =

∫
∂(F∗R)

ω.

Proof. It suffices to show that for all η ∈ Dk−1(Rk) it holds that∫
R
dη =

∫
∂R
η. (3.1)

Then, using Lemma 3.12,∫
F∗R

dω =

∫
R
F ∗(dω) =

∫
R
d(F ∗ω) =

∫
∂R
F ∗ω =

∫
F ∗(∂R)

ω =

∫
∂(F∗R)

ω

and the claim of the theorem follows.
To establish (3.1) we write

η =

k∑
i=1

ηi d̂xi,

where ηi ∈ C∞
c (Rk) for i = 1, . . . , k, and

d̂xi := dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxk

This is always possible since the (k − 1)-covectors d̂xi, i = 1, . . . , k, span
∧k−1 Rk (exer-

cise). By linearity we need only to show∫
R
d
[
ηi d̂xi

]
=

∫
∂R
ηi d̂xi (3.2)
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for all i = 1, . . . , k. For this, we compute

d
[
ηi d̂xi

]
=

∑
j

∂ηi
∂xj

dxj ∧ dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxk

=
∂ηi
∂xi

dxi ∧ dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxk

= (−1)i−1 ∂ηi
∂xi

dxi ∧ · · · ∧ dxk.

Assume that R = [a1, b1] × · · · × [ak, bk]. Then, using the definition of the integral over a
box and Fubini’s theorem,∫

R
d
[
ηi d̂xi

]
= (−1)i−1

∫
R

∂ηi
∂xi

〈
e1 ∧ · · · ∧ ek, dx

i ∧ · · · ∧ dxk
〉
dx

= (−1)i−1

∫
[a1,b1]×···[ai−1,bi−1]×[ai+1,bi+1]×···×[ak,bk]

∫ bi

ai

∂ηi
∂xi

dxi dx̂i

= (−1)i−1

(∫
R+

i

ηi dHk−1 −
∫
R−

i

ηi dHk−1

)
=

∫
⊖i−1(R+

i ⊖R−
i )
ηi d̂xi,

where we have abbreviated dx̂i := d(x1, . . . , xi−1, xi+1, . . . , xk) (here just in the sense of
integration in Rk−1). On the other hand, for j ̸= i, we write

êj := e1 ∧ · · · ∧ ej−1 ∧ ej+1 ∧ · · · ∧ ek

and observe∫
R±

j

ηi d̂xi =

∫
R±

j

ηi
〈
êj , d̂xi

〉
dx = 0

since ⟨êj , d̂xi⟩ = 0 for i ̸= j. Thus, by the definition of the boundary of a box, we obtain∫
R
d
[
ηi d̂xi

]
=

∫
⊖i−1(R+

i ⊖R−
i )
ηi d̂xi =

∫
∂R
ηi d̂xi.

Thus, (3.2) holds, which implies (3.1), and then the claim of the theorem.

3.5 Lie derivative

Suppose that v : Rd → Rd is a Lipschitz and globally bounded (time-independent) vector
field. It is a classical result from the theory of ODEs that there exists a unique flow of v,
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that is, a family of maps Φ: R1+d → Rd such that
∂

∂t
Φ(t, x) = v(Φ(t, x)), (t, x) ∈ R1+d,

Φ(0, x) = x, x ∈ Rd.

We will often write Φt(x) := Φ(t, x) for t ∈ R. The following proposition collects some
well-known facts:

Proposition 3.16. Let v : Rd → Rd is a Lipschitz and globally bounded. Then:

(i) For each t ∈ R, the map Φt : Rd → Rd is Lipschitz.

(ii) For every t ∈ R the map Φt is invertible and (Φt)−1 = Φ−t.

(iii) The family (Φt)t∈R forms a group under composition, that is,

Φt ◦ Φs = Φt+s = Φs ◦ Φt for all s, t ∈ R. (3.3)

(iv) If v ∈ C∞(Rd;Rd) is smooth, then for every t ∈ R the map Φt is a C∞-diffeomorphism
and the map t 7→ Φt is Lipschitz with values in C1(Rd;Rd).

Proof. All these statements follow from the classical Cauchy–Lipschitz theory, see, for
instance Chapter 9 of [24].

We also define the extended flow Φ: R1+d → R1+d given by

Φ(t, x) := (t,Φt(x)), (t, x) ∈ R1+d,

for which

Φ
−1

(t, y) = (t, (Φt)−1(y)) = (t,Φ−t(y)), (t, y) ∈ R1+d.

Lemma 3.17. Let v : Rd → Rd is a Lipschitz and globally bounded. Then:

(i) DΦt(x)[v(x)] = v(Φt(x)) for every (t, x) ∈ R1+d;

(ii) DΦ
−1

(s, y)[(1, v(y))] = (1, 0) for every (s, y) ∈ R1+d;

(iii) DΦ(t, x)[(1, 0)] = (1, v(Φt(x))) for every (t, x) ∈ R1+d.

Here, in vectors like (1, 0) the “0” is understood as the zero vector in Rd and thus
(1, 0) ∈ R1+d.
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Proof. We only show (i); the proofs of (ii) and (iii) follow a similar pattern. Denote by
Lip(v) the Lipschitz constant of v. For any (t, x) ∈ R1+d we estimate

∣∣Φh(x)− x− hv(x)
∣∣ = ∣∣∣∣∫ h

0
v(Φτ (x))− v(x) dτ

∣∣∣∣
≤

∫ h

0

∣∣v(Φτ (x))− v(Φ0(x))
∣∣ dτ

≤ Lip(v) · h · sup
0≤τ≤h

∣∣Φτ (x)− Φ0(x)
∣∣

≤ Lip(v) · h · sup
0≤τ≤h

∣∣∣∣∫ τ

0
v(Φσ(x)) dσ

∣∣∣∣,
whence∣∣Φh(x)− x− hv(x)

∣∣ ≤ Lip(v)∥v∥∞h2.

Combining this with the group law and the Lipschitz continuity of Φ, see Proposition 3.16,∣∣Φt(x+ hv(x))− Φt+h(x)
∣∣ = ∣∣Φt(x+ hv(x))− Φt(Φh(x))

∣∣
≤ Lip(Φt)

∣∣x+ hv(x)− Φh(x)
∣∣

≤ Lip(Φt)Lip(v)∥v∥∞h2.

Thus,

lim
h→0

Φt(x+ hv(x))− Φt+h(x)

h
= 0.

So,

DΦt(x)[v(x)] = lim
h→0

Φt(x+ hv(x))− Φt(x))

h

= lim
h→0

[
Φt(x+ hv(x))− Φt+h(x)

h
+

Φt+h(x)− Φt(x)

h

]
=

d

dt
Φt(x)

= v(Φt(x)),

which is the claim (i).

We can now use the flow map to define a sort of “directional derivative” of a differential
form: The Lie derivative of a smooth k-form ω ∈ Dk(Rd) with respect to the smooth
vector field v ∈ C∞(Rd;Rd) is the smooth k-form

Lvω := lim
h→0

Φh∗ω − ω

h
. (3.4)
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This is understood to mean that for every η ∈
∧

k Rd and every x ∈ Rd,〈
η, (Lvω)(x)

〉
:= lim

h→0

1

h

[〈
η, (Φh∗ω)(x)

〉
−
〈
η, ω(x)

〉]
exists. Here we recall that (Φt)∗ω is the pullback of ω under Φt, that is,〈

η, (Φh∗ω)(x)
〉
=

〈
DΦh(x)[η], ω(Φh(x))

〉
.

It is straightforward to see that the so-defined Lvω is indeed a smooth k-form on Rd. One
should understand Lvω as a “directional derivative” of ω along the flow of v. In particular,
for f ∈ D0(Rd) ≃ C∞

c (Rd), we have

(Lvf)(x) = lim
h→0

f(Φh(x))− f(x)

h
=

∂

∂v
f(x). (3.5)

The Lie derivative also satisfies a Leibniz rule:

Lemma 3.18. Let α ∈ Dk(Rd), β ∈ Dl(Rd) and let v ∈ C∞(Rd;Rd). Then,

Lv(α ∧ β) = (Lvα) ∧ β + α ∧ (Lvβ).

Proof. Since Φh∗(α ∧ β) = (Φh∗α) ∧ (Φh∗β), we compute

Φh∗(α ∧ β)− α ∧ β = (Φh∗α) ∧ (Φh∗β)− α ∧ β
= (Φh∗α− α) ∧ (Φh∗β) + α ∧ (Φh∗β − β).

Thus,

Lv(α ∧ β) = lim
h→0

Φh∗(α ∧ β)− α ∧ β
h

= lim
h→0

(Φh∗α− α) ∧ (Φh∗β)

h
+ lim

h→0

α ∧ (Φh∗β − β)

h
.

Since Φh∗β → β smoothly as h → 0, the first limit gives (Lvα) ∧ β, and the second gives
α ∧ (Lvβ).

The Lie derivative can be expressed in a more useful way using the interior product
η α ∈

∧l−k V of η ∈
∧

k V and α ∈
∧l V (V a finite-dimensional space) with k ≤ l

(read “ ” as “into”), which is defined via〈
σ, η α

〉
:=

〈
σ ∧ η, α

〉
, σ ∈

∧
l−k V. (3.6)

This operation is somewhat similar to the restriction “ ” defined in Section 3.1, but whereas
the restriction modifies a multi-vector with a multi-covector, here it is the other way around.

For a k-covector α ∈
∧k V and a 1-vector v ∈

∧
1 V we define the contraction (in

analogy to what is usually done in differential geometry, see, e.g., [24]) as

ιvα := (−1)k v α ∈
∧k−1 V, (3.7)
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with ιvα := 0 if k = 0 (since there no (−1)-forms). The contraction satisfies〈
η, ιvα

〉
=

〈
v ∧ η, α

〉
, η ∈

∧
k V. (3.8)

and, with β ∈
∧l V ,

ιv(α ∧ β) = (ιvα) ∧ β + (−1)k α ∧ (ιvβ), (3.9)

which both follow in an elementary way from the properties of the wedge product.
The following formula is a central result in the theory of differential forms. It expresses

the Lie derivative without resorting to a limit procedure.

Proposition 3.19 (Cartan’s Magic Formula). For ω ∈ Dk(Rd) and v ∈ C∞(Rd;Rd) it
holds that

Lvω = d(ιvω) + ιv(dω). (3.10)

This result is well-known and can be found in many texts on differential geometry, see,
for instance, Theorem 14.35 in [24]. For the sake of completeness, and because it will be of
crucial importance when we define the Lie derivative of currents, we give a complete proof.

Proof. We prove (3.10) by induction on the degree k.

Anchor k = 0. Let f ∈ D0(Rd) = C∞(Rd) be a smooth function. Then, ιvf = 0 and so,
using (3.8) with η = 1 ∈

∧
0 Rd, as well as (3.5), gives

〈
1, d(ιvf) + ιv(df)

〉
=

〈
v, df

〉
=

∂

∂v
f = Lvf,

establishing the induction anchor.

Inductive step (k − 1) → k. Let k ≥ 1 and suppose (3.10) holds for all smooth (k − 1)-
forms. By Lemma 3.18 and (3.9), and since all operators involved are linear, it suffices to
verify (3.10) for ω = du ∧ β, where u ∈ C∞(Rd) and β ∈ Dk−1(Rd).

Using Lemma 3.18, the induction anchor case in the form Lv(du) = d(Lvu) = d(∂vu)
(with ∂vu the derivative of u in direction v), as well as the induction hypothesis applied to
the (k − 1)-form β, we calculate

Lv(du ∧ β) = (Lvdu) ∧ β + du ∧ (Lvβ)

= d(∂vu) ∧ β + du ∧
(
d(ιvβ) + ιv(dβ)

)
. (3.11)

On the other hand, by Lemma 3.10, Lemma 3.11, and (3.9) (and where we consider d to
bind stronger than ιv),

d(ιv(du ∧ β)) = d
(
(ιvdu) ∧ β − du ∧ (ιvβ)

)
= d

(
(∂vu)β − du ∧ (ιvβ)

)
= d(∂vu) ∧ β + (∂vu) dβ + du ∧ d(ιvβ).
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Moreover, by similar arguments, we obtain

ιv(d(du ∧ β)) = −ιv(du ∧ dβ)

= −(ιvdu) ∧ dβ + du ∧ (ιv dβ)

= −(∂vu) dβ + du ∧ (ιvdβ).

Combining these computations,

d(ιv(du ∧ β)) + ιv(d(du ∧ β)) = d(∂vu) ∧ β + du ∧ d(ιvβ) + du ∧ (ιv dβ),

which agrees with (3.11). This completes the inductive step and hence the proof.

3.6 Hodge duality

In the vector space RN , equipped with the usual Euclidean inner product, we will now
consider an operation that gives the orthogonal (oriented) (n− k)-plane defined by a given
k-vector.

For a k-vector η ∈
∧

k RN , we define the Hodge dual ⋆η ∈
∧

N−k RN as the unique
vector satisfying, with E := e1 ∧ · · · ∧ eN ,

ξ ∧ ⋆η = (ξ, η) E

for all ξ ∈
∧

k RN . The existence and uniqueness of ⋆η here follows from the fact that the
map

(ξ, ζ) ∈
(∧

k RN
)
×
(∧

N−k RN
)
7→ f(ξ, ζ) ∈ R,

defined by ξ ∧ ζ = f(ξ, ζ) E is non-degenerate (note that the only N -vectors are ±E),
meaning that f(ξ, ) and f( , ζ) are non-zero linear maps for any ξ, ζ (this is elementary
to see). On the other hand, the map ξ 7→ (ξ, η) defines a linear functional on

∧
k RN for

any fixed η ∈
∧

k RN . Hence, by a version of the Riesz representation theorem for bilinear
forms, there is a unique element ζη ∈

∧
N−k RN such f(ξ, ζη) = (ξ, η) for all ξ ∈

∧
k RN .

Then set ⋆η := ζη.
For k-covectors α ∈

∧k RN we may use the same formula to define ⋆α ∈
∧N−k RN ,

with e1 ∧ · · · ∧ en replaced by dx1 ∧ · · · ∧dxn. All of the following properties also hold for
the Hodge star applies to k-covectors.

In the special case n = 3 we also have the following geometric interpretation of the
Hodge dual of a 2-vector: For η ∈

∧
2 R3, its dual ⋆η is an (oriented) normal vector to

any 2-dimensional hyperplane with orientation η. The orientation is given by the right-hand
rule. Note that no similar representation of a 2-plane by a normal vector holds in R4 since
the Hodge dual of a 2-vector in R4 is again a 2-vector!

The following result collects some properties of the Hodge star:

Lemma 3.20. The following rules hold:
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(i) For any k ∈ {0, . . . , N} it holds that

⋆(e1 ∧ · · · ∧ ek) = ek+1 ∧ · · · ∧ eN

and

⋆(ek+1 ∧ · · · ∧ eN ) = (−1)k(N−k)(e1 ∧ · · · ∧ ek).

(ii) The Hodge star is an isometry, that is, (⋆ξ, ⋆η) = (ξ, η) for all ξ, η ∈
∧

k RN . In
particular, |⋆ξ| = |ξ|.

(iii) The inverse of the Hodge star is given as

⋆−1 = (−1)k(N−k) ⋆.

Proof. Ad (i). Since the Hodge dual is unique, the first formula follows directly from the
definition.

For the second formula, we set e⟨k⟩ := e1 ∧ · · · ∧ ek and η := ek+1 ∧ · · · ∧ eN . Then,
by counting how many times the sign switches as we exchange vectors,

η ∧ e⟨k⟩ = (−1)k(N−k) e⟨k⟩ ∧ η = (−1)k(N−k) E.

In particular,

η ∧
[
(−1)k(N−k)e⟨k⟩

]
= E.

This means that ⋆η = (−1)k(N−k)e⟨k⟩ because any (N − k)-vector ξ can be extended by
using the canonical basis of

∧
k RN as (ξ, η) η plus simple (N − k)-vectors that have one

(or more) vectors in common with ξ and hence wedge to zero with it. Thus,

ξ ∧
[
(−1)k(N−k)e⟨k⟩

]
= (ξ, η) E

for all ξ ∈
∧

k RN , whereby the claim holds.

Ad (ii). We have

(⋆ξ, ⋆η) E = (−1)k(N−k) ⋆ξ ∧ η = η ∧ ⋆ξ = (η, ξ) E,

from which the claim already follows.

Ad (iii). For any ξ, η ∈
∧

k RN we compute, using (ii),

(ξ, η) E = (⋆ξ, ⋆η) E = ⋆ξ ∧ ⋆⋆η = (−1)k(N−k)⋆⋆η ∧ ⋆ξ = (−1)k(N−k)(⋆⋆η, ξ) E.

Since ξ is arbitrary, this implies the claim.

In R3, the wedge product has a close relationship with the vector cross product, namely:
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Lemma 3.21. For a, b ∈
∧

1 R3 ∼= R3 the identities

⋆(a× b) = a ∧ b, ⋆(a ∧ b) = a× b

hold, where “×” denotes the classical vector cross product in R3.

Proof. For any v ∈ R3 ∼
∧

1 R3, the triple product v · (a × b) is equal to the determinant
det(v, a, b) of matrix with columns v, a, b, and so

v ∧ ⋆(a× b) = v · (a× b) e1 ∧ e2 ∧ e3 = det(v, a, b) e1 ∧ e2 ∧ e3 = v ∧ (a ∧ b).

Hence, the first identity follows. The second identity follows by applying ⋆ on both sides
and using ⋆−1 = ⋆ via Lemma 3.20 (iii) for N = 3 and k = 1).

The transformation rules for the Hodge star in RN under linear transformations are given
in the following lemma:

Lemma 3.22. Let L : R3 → R3 be an invertible linear map, which is identified with its
matrix representation L ∈ R3×3. For η ∈

∧
2 R3, and v ∈ R3, the transformation rules

⋆(Lη) = (detL)L−T(⋆η) (3.12)

and

⋆(Lv) = (detL)L−T(⋆v)

hold.

Proof. Concerning the first claim, for every ξ ∈
∧

2 R3 it holds that

ξ ∧ ⋆(Lη) = (ξ, Lη) E = (LTξ, η) E = (LTξ) ∧ ⋆η = ξ ∧ [(detL)L−T(⋆η)],

where in the last equality we used that

L−Tζ = (detL)−1ζ

for any ζ ∈
∧

3 R3 (all of which are of the form λE for λ ∈ R). Thus, (3.12) follows.
For the second claim one argues in a similar way, using also that ⋆−1 = ⋆.

More geometrically, in three dimensions, we will denote by Jv ∧ wK the hyperplane
(through the origin) with orientation and weighting given by v ∧w ∈

∧
2 R3. Its (weighted)

normal is denoted by

⋆Jv ∧ wK := ⋆(v ∧ w) = v × w.

One advantage of this description is that it makes it easy to transform planes between differ-
ent frames (an operation we will have to perform many times in the sequel): If the transfor-
mation matrix for vectors is R ∈ GL+(3), then vectors transform via the relation v 7→ Rv.
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Applying this to the wedge product v ∧w gives R(v ∧w) = Gv ∧Gw, so the transformed
plane isR∗Jv∧wK := JRv∧RwK. We may compute from the definition that for η := v∧w
the Hodge dual ⋆Rη satisfies, for every ξ ∈

∧
2 R3,

ξ ∧ ⋆Rη = (ξ,Rη) E = (RTξ, η) E = (RTξ) ∧ ⋆η = ξ ∧ [(detR)R−T⋆η],

where in the last equality we used thatR−Tζ = (detR)−1ζ for any ζ ∈
∧

3 R3 (all of which
are of the form λE for λ ∈ R). For the weighted normal to the transformed planeR∗Jv∧wK
we get

⋆(R∗Jv ∧ wK) = (detR)R−T⋆Jv ∧ wK = (detR)R−T(v × w)

Note that these formulas express the transformation rules for normals to planes.





Chapter 4

Currents

Currents are generalizations of orientable surfaces, “density fields” of surfaces, as well as
much more pathological structures. Technically, they are defined as the dual objects to
(smooth, compactly supported) differential forms by abstract pairing, which one may think
of as the “integration” of the differential form over the current. This is in complete analogy
to the theory of distributions, which are defined dual to smooth and compactly supported
functions. We also discuss boundaries, mass as well as various operations on currents.

4.1 Currents via duality

We first need to specify the topological (not just vector space) dual to Dk(Ω) (Ω ⊂ Rd

an open set), which requires the following definition: A sequence (ωj)j ⊂ Dk(Ω) is said
to converge to zero in Dk(Ω), in symbols “ωj → 0 in Dk(Ω)”, if there is a compact set
K ⊂ Ω such that suppωj ⊂ K for all j ∈ N and ∥∂αωj∥∞ → 0 as j → ∞ for all
multi-indices α ∈ Nd

0. We say that (ωj)j ⊂ Dk(Ω) converges to ω ∈ Dk(Ω), in symbols
ωj → ω in Dk(Ω), if ωj − ω → 0 in Dk(Ω). It is an exercise to see that this convergence is
not induced by a metric.

A k-current on an open set Ω ⊂ Rd is a linear map T : Dk(Ω) → R with the property
that for every compact set K ⊂ Ω there is a constant C = C(K) > 0 and an integer
N = N(K) ∈ N0 such that∣∣〈T, ω〉∣∣ ≤ C

∑
|α|≤N

∥∂αω∥∞ (4.1)

for all ω ∈ Dk(Ω) with suppω ⊂ K. Here, ⟨T, ω⟩ = T (ω) is the application of the linear
map T on ω and ∂αω is the α-derivative of ω when considered as a function with values in
the linear space

∧k Rd. We collect all k-currents on Ω into the set Dk(Ω), which is a vector
space over R under addition and scalar multiplication.

Currents can also be characterized as those linear maps on Dk(Ω) that are continuous
with respect to convergence (to zero) in Dk(Ω):

Lemma 4.1. Let T : Dk(Ω) → C be a linear map. Then, the following are equivalent:

77
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(i) T ∈ Dk(Ω);

(ii) for every sequence ωj → 0 in Dk(Ω) it holds that ⟨T, ωj⟩ → 0;

(iii) for every sequence ωj → ω in Dk(Ω) it holds that ⟨T, ωj⟩ → ⟨T, ω⟩.

Proof. Since the equivalence between (ii) and (iii) is obvious, we only need to show that (i)
implies (ii) and that (ii) implies (i).

If T ∈ Dk(Ω) and ωj → 0 in Dk(Ω), then by (4.1) there is an N ∈ N0 and a C > 0
such that∣∣〈T, ωj

〉∣∣ ≤ C
∑

|α|≤N

∥∂αωj∥∞ → 0

as j → ∞, where we have used the definition of the convergence ωj → 0 in Dk(Ω).
For the other direction, let T : Dk(Ω) → C be linear and such that for every sequence

ωj → 0 in Dk(Ω) it holds that ⟨T, ωj⟩ → 0. Arguing by contradiction, we assume that
T /∈ Dk(Ω). So, there exists a compact set K ⊂ Ω with the property that for all N ∈ N0

there is a ωN ∈ Dk(Ω) \ {0} with suppωN ⊂ K and∣∣〈T, ωN

〉∣∣ ≥ N
∑

|α|≤N

∥∂αωN∥∞.

Set

ψN :=
ωN

N
∑

|α|≤N∥∂αωN∥∞
,

so that∣∣〈T, ψN

〉∣∣ ≥ 1. (4.2)

On the other hand, for every multi-index β ∈ Nd
0,

∥∂βψN∥∞ =
1

N
· ∥∂βωN∥∞∑

|α|≤N∥∂αωN∥∞
→ 0,

hence ψN → 0 in Dk(Ω). By our assumption on T , we have |⟨T, ψN ⟩| → 0, contradict-
ing (4.2).

For T ∈ Dk(Ω) we define the support as

suppT :=
⋂{

F ⊂ Ω relatively closed : ⟨T, ω⟩ = 0 for all ω ∈ Dk(Ω \ F )
}

The support of T is always a relatively closed subset of Ω.
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Example 4.2. Let R be a k-box. Then, we can associate a k-current JRK ∈ Dk(Rk) with
R by setting〈

JRK, ω
〉
:=

∫
R
ω, ω ∈ Dk(Rk).

The support of JRK is suppJRK = R. For the oppositely-oriented box, we define

J⊖RK := −JRK,

which is consistent with the earlier definition of “
∫
⊖R”.

Example 4.3. We can immediately extend the previous definition to chains of k-boxes by
setting, for k-boxes R1, R2 in Rk,

JR1 ⊕R2K := JR1K + JR2K, JR1 ⊖R2K := JR1K − JR2K,

and so on.

Example 4.4. Also k-dimensional oriented manifolds M that are embedded in Rd can be
considered as currents JMK ∈ Dk(Rd) by setting〈

JMK, ω
〉
:=

∫
M
ω, ω ∈ Dk(Rd).

For a k-current JRK or JF∗RK as defined before and λ ∈ R, we say that the k-current
λJRK has multiplicity λ.

Example 4.5. Let Q := (−1/2, 1/2) ⊂ R2 be the unit square in R2. One can check easily
that T1 := e1L2 Q and T2 := e1δ0 are both 1-currents in Q, i.e., T1, T2 ∈ D1(Q). This
shows that the (Hausdorff-)dimension of the support (suppT1 = Q, suppT2 = {0}) does
not have to agree with the “geometric” dimension k. Later, when we will restrict to special
classes of currents, we will restore this correspondence.

4.2 Boundaries

Define the boundary of a k-current T ∈ Dk(Rd), where now k ≥ 1, as the (k − 1)-current
∂T ∈ Dk−1(Rd) determined via〈

∂T, ω
〉
:=

〈
T, dω

〉
, ω ∈ Dk−1(Rd).

For a 0-current T ∈ D0(Rd), we formally set ∂T := 0. By Proposition 3.11, we have that
∂2T = ∂(∂T ) = 0.

Example 4.6. In the same way as in Examples 4.2, 4.3, one may consider the (k − 1)-
current JQK associated to a (k − 1)-box Q in Rk. In particular, for a k-box R, JR±

i K can be
defined in such a way and we obtain

J∂RK =

t
d⊕

i=1

⊖i−1(R+
i ⊖R−

i )

|

=

d∑
i=1

(−1)i−1(JR+
i K − JR−

i K).
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An important observation is now that, by Stokes’s Theorem 3.15, this in fact agrees with
the boundary of JRK in the sense of currents: For any ω ∈ Dk−1(Rk) we have

〈
∂JRK, ω

〉
=

〈
JRK,dω

〉
=

∫
R
dω =

∫
∂R
ω =

〈
J∂RK, ω

〉
.

Hence, ∂JRK = J∂RK. In this way, we see that the boundary operation for currents has the
correct geometric meaning, at least for boxes.

Example 4.7. Let R be a k-box in Rk and let F : U → Rd be smooth and proper, where
U ⊃ R is open. Then, also F∗R corresponds to a current JF∗RK ∈ Dk(Rd) given by

〈
JF∗RK, ω

〉
:=

∫
F∗R

ω =

∫
R
F ∗ω, ω ∈ Dk(Rd).

Once again we obtain from Stokes’s theorem that

∂JF∗RK = J∂(F∗R)K = JF∗(∂R)K.

Example 4.8. For a map g ∈ L1(Rd), we can define the d-current T = g e1 ∧ · · · ∧ ed Ld

via 〈
T, ω

〉
:=

∫
Rd

〈
e1 ∧ · · · ∧ ed, ω(x)

〉
g(x) dx, ω ∈ Dd(Rd).

In order to compute the boundary ∂T of this top-dimensional current T , let ω ∈ Dd−1(Rd)
be of the form

ω =
d∑

i=1

ωi d̂xi, ωi ∈ C∞
c (Rd).

By definition, and a similar computation as the one after (3.2) in the proof of Stokes’s
theorem,〈

∂T, ω
〉
=

〈
T, dω

〉
=

〈
T,

∑
i

(−1)i−1∂ωi

∂xi
dx1 ∧ · · · ∧ dxd

〉
=

∑
i

(−1)i−1

∫
Rd

∂ωi

∂xi
· g dx.

If we further assume that g is continuously differentiable with integrable partial derivatives,
then we may integrate by parts to arrive at

〈
∂T, ω

〉
=

∑
i

(−1)i
∫

Rd

ωi ·
∂g

∂xi
dx.
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Example 4.9. In a similar way to the previous example, one may associate to a map G =
(G1, . . . , Gd) ∈ L1(Rd;Rd) a 1-current

T :=
∑
i

Gi ei,

that is, for ω =
∑

i ωi dx
i ∈ D1(Rd),

〈
T, ω

〉
=

∑
i

∫
Rd

Gi · ωi dx.

For its boundary we compute, if G ∈ C1(Rd;Rd), as follows: For ω ∈ D0(Rd) we have
dω =

∑
i
∂ω
∂xi dx

i and hence

〈
∂T, ω

〉
=

〈
T, dω

〉
=

∑
i

∫
Rd

Gi · ∂ω
∂xi

dx = −
∫

Rd

divG · ω dx.

Thus,

∂T = − divG.

Note however, that the boundary of T is defined even if G is only integrable (and not nec-
essarily differentiable). In this case, we may consider −∂T as a “weak divergence” of G.

Example 4.10. Recall the definition of the Cantor set C∞ in Example 1.35 as well as the
definition of the sets Cj used in the construction of C∞. Set for t ∈ R,

fj(t) :=

∫ t

0

(
3

2

)j

1Cj (s) ds,

and define the linear and continuous functional Lj : C
1
0(R) → R via

〈
Lj , φ

〉
:=

∫ 1

0
f ′j(t)φ(t) dt, φ ∈ C1

0(R).

It is not difficult to see that the sequence (fj)j is Cauchy in C(R) and thus converges to a
continuous and monotone map fC ∈ C(R), the Cantor function. Since, for φ ∈ C0(R),

|
〈
Lj , φ

〉
| ≤ ∥φ∥∞

∫ 1

0
f ′j(t) dt = ∥φ∥∞fj(1) = ∥φ∥∞,

the Lj are uniformly bounded in the dual space to C0(R). Thus, we have Lj
∗
⇀ L in C0(R)∗

for some functional L. By the Riesz Representation Theorem 1.4, there exists a measure
µC ∈ M(R) with〈

L,φ
〉
=

∫
φ(t) dµC(t).
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In fact, using the self-similarity property of the Cantor set C∞, one can show (exercise) that

µC =
1

Hγ(C∞)
Hγ C∞, γ =

ln 2

ln 3
.

On the other hand, using an integration by parts,

〈
Lj , φ

〉
= −

∫ 1

0
fj(t)φ

′(t) dt→ −
∫ 1

0
fC(t)φ

′(t) dt.

for any φ ∈ C∞
c (R). Thus, for such φ,∫ 1

0
fC(t)φ

′(t) dt = −
∫
φ(t) dµC(t).

If we consider the 1-current TC := fC e1 L1 ∈ D1(R) we obtain from Example 4.8 that

∂TC = −µC ∈ D0(R).

In particular, even though a current may be carried by a rectifiable set (here, [0,∞)), this
does not imply that also the current’s boundary is carried by a rectifiable set (here, the
Cantor set C∞).

The boundary also satisfies a Leibniz formula:

Lemma 4.11. For any T ∈ Dk(Rd), for any ω ∈ Dl(Rd), the Leibniz rule holds in the
form

∂(T ω) = (−1)l
[
(∂T ) ω − T dω

]
.

In particular, for any f ∈ C∞
c (Rd), the Leibniz rule holds in the form

∂(fT ) = f∂T − T df.

Proof. Let η ∈ Dk(Rd) be a test form. By the Leibniz rule for exterior forms (Lemma 3.10),

(−1)lω ∧ dη = d(ω ∧ η)− dω ∧ η.

Therefore, using also the definition of ∂T and of restriction,

(−1)l
〈
T, ω ∧ dη

〉
=

〈
T, d(ω ∧ η)

〉
−
〈
T, dω ∧ η

〉
=

〈
(∂T ) ω, η

〉
−
〈
T dω, η

〉
.

So, 〈
∂(T ω), η

〉
=

〈
T, ω ∧ dη

〉
= (−1)l

〈
(∂T ) ω − T dω, η

〉
.

Since η was arbitrary, this gives the sought formula.
For the special case ω = f ∈ C∞

c (Rd) (a 0-form, so l = 0), the specialized formula
follows since T f = fT and (∂T ) f = f∂T .
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4.3 Mass and Radon–Nikodym decomposition

The mass of a current T ∈ Dk(Ω) in an open set U ⊂ Ω is defined to be

MU (T ) := sup
{ 〈
T, ω

〉
: ω ∈ Dk(U), ∥ω∥ ≤ 1

}
.

We simply write M(T ) for MΩ(T ).

Proposition 4.12. If T ∈ Dk(Ω) has finite mass, i.e., M(T ) <∞, then T is representable
by integration: There is a measure ∥T∥ ∈ M+(Ω) and a ∥T∥-measurable map T⃗ : Ω →∧

k Rd such that “T = T⃗ ∥T∥”, that is,

〈
T, ω

〉
=

∫
Rd

〈
T⃗ (x), ω(x)

〉
d∥T∥(x), ω ∈ Dk(Ω).

Moreover, ∥T⃗ (x)∥ = 1 for ∥T∥-almost every x, and M(T ) = ∥T∥(Ω).

The measure ∥T∥ is called the total variation measure of T and T⃗ is called the ori-
enting map. The resulting decomposition T = T⃗ ∥T∥, if it exists, is often called the
Radon–Nikodym decomposition of a current.

Proof. Consider the 0-current T i1,...,ik ∈ D0(Ω), with a set of indices 1 ≤ i1 < · · · < ik ≤
d, given by〈

T i1,...,ik , φ
〉
:= ⟨T, φdxi1 ∧ · · · ∧ dxik⟩, φ ∈ D0(Ω) ∼= C∞

c (Ω).

As M(T ) <∞, we have that∣∣〈T i1,...,ik , φ
〉∣∣ ≤ M(T )∥φ∥∞.

Hence, T i1,...,ik lies in the dual space to C∞
c (Ω) and then also in the dual space to C0(Ω)

since the bound above is uniform in the support of φ and only depends on ∥φ∥∞. By the
Riesz Representation Theorem 1.4 there is a measure µi1,...,ik ∈ M+(Ω) with

〈
T i1,...,ik , φ

〉
=

∫
Ω
φ dµi1,...,ik , φ ∈ C∞

c (Ω).

Then, decomposing an arbitrary differential form ω ∈ Dk(Ω) as

ω =
∑

1≤i1<···<ik≤d

φi1,...,ik dx
i1 ∧ · · · ∧ dxik ,

it follows that

T =
∑

1≤i1<···<ik≤d

ei1 ∧ · · · ∧ eik µ
i1,...,ik .



84 CHAPTER 4. CURRENTS

Setting

µ :=
∑

1≤i1<···<ik≤d

µi1,...,ik ∈ M+(Ω)

we see from the Radon–Nikodym Theorem 1.14 that T = V µ with a µ-measurable map
V : Ω →

∧
k Rd \ {0}. With T⃗ := ∥V ∥−1V and ∥T∥ := ∥V ∥µ we conclude that T =

T⃗ ∥T∥.
It is straightforward to see that M(T ) ≤ ∥T∥(Ω). The other direction follows by

choosing ω(x) such that approximately
〈
T⃗ (x), ω(x)

〉
= 1 ∥T∥-almost everywhere and a

smoothing argument (see below); we leave the details as an exercise.

Example 4.13. If T1 ∈ Dk1(R
d1), T2 ∈ Dk2(R

d2) with M(T1),M(T2) <∞. Then,

M(T1 × T2) ≤ M(T1) ·M(T2).

As convergence for currents we use the weak* convergence, i.e., we say that a sequence
(Tj)j ⊂ Dk(Rd) converges weakly* to T ∈ Dk(Rd), in symbols “Tj

∗
⇀ T ”, if〈

Tj , ω
〉
→

〈
T, ω

〉
for all ω ∈ Dk(Rd).

Note that it follows directly from the definition that if Tj
∗
⇀ T , then also ∂Tj

∗
⇀ ∂T .

Example 4.14. In Example 4.10 we have already shown that

Tj := fj e1 L1 ∗
⇀ TC := fC e1 L1

weakly* in D1(R).

Example 4.15. Consider the currents Tj ∈ D1(R2) given as

Tj := e1H1 (Rj ∪Qj),

where

Rj :=

j−1⋃
i=0

( 2i

2j
,
2i+ 1

2j

)
× {0}, Qj :=

j−1⋃
i=0

(2i+ 1

2j
,
2i+ 2

2j

)
× {1}.

Then, for any ω ∈ D1(R2), we have (using an argument with Riemann sums, the details of
which are an exercise)

〈
Tj , ω

〉
=

j−1∑
i=0

∫(
2i
2j

, 2i+1
2j

)〈e1, ω(x, 0)〉 dx+

j−1∑
i=0

∫(
2i+1
2j

, 2i+2
2j

)〈e1, ω(x, 1)〉 dx

→ 1

2

∫ 1

0

〈
e1, ω(x, 0)

〉
+
〈
e1, ω(x, 1)

〉
dx.

Thus, Tj
∗
⇀ 1

2e1H
1 [(0, 1)× {0, 1}].
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The condition M(T ) +M(∂T ) < ∞ appears so often in the theory of currents that it
has a name: One says that T ∈ Dk(Rd) is a normal current if

M(T ) +M(∂T ) <∞.

In this case, both T and ∂T are representable by integration as in Proposition 4.12. We
collect all normal currents into the set (k ∈ N ∪ {0}):

Nk(R
d) :=

{
T ∈ Dk(R

d) : M(T ) +M(∂T ) <∞
}
. (4.3)

The following compactness result holds for normal currents:

Proposition 4.16. Let (Tj) ⊂ Nk(Rd) with suppTj ⊂ K for a fixed compact set K ⊂ Rd

and

sup
j∈N

(
M(Tj) +M(∂Tj)

)
<∞.

Then, there is a subsequence (not relabeled) with Tj
∗
⇀ T .

Proof. This follows directly from Theorem 1.19.

Example 4.17. Assume that T ∈ N1(R). Since M(∂T ) < ∞, we know from Proposi-
tion 4.12 that there is a measure µ ∈ M(R;R) such that for all f ∈ D0(R) ≃ C∞

c (R) it
holds that〈

∂T, f
〉
=

∫
f dµ.

For the 1-current

T̃ := ϱ e0 L1, ϱ(t) := −µ((−∞, t)), t ∈ R

we obtain〈
∂T̃ , f

〉
=

〈
T̃ , f ′ dt

〉
=

∫
f ′(t)ϱ(t) dt =

∫
f(t) dµ(t) =

〈
∂T, f

〉
.

Thus, by the Constancy Theorem 4.23, T = T̃ (first, T = T̃ + λdtL1, but then λ = 0
because the mass must be finite) and we have concluded that T ≪ L1.

We define the flat norm of T ∈ Nk(Rd) as

F(T ) := inf
{
M(T − ∂S) +M(S) : S ∈ Nk+1(R

d)
}
, (4.4)

where we adopt the convention that inf ∅ := ∞. Clearly,

F ≤ M
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and F is a norm on Nk(K) for any compact K ⊂ Rd, as can be checked easily. It turns out
that the infimum in (4.4) is attained, which is immediate from Proposition 4.16 in conjunc-
tion with Reshetnyak’s Lower Semicontinuity Theorem 1.22.

We also define the homogeneous flat norm of T ∈ Nk(Rd) as follows:

F◦(T ) := inf
{
M(S) : S ∈ Nk+1(R

d), ∂S = T
}
.

Evidently, F◦(T ) = ∞ if T ̸= ∂S for all S ∈ Nk+1(Rd) (that is, T is not a boundary).
Moreover,

F ≤ F◦,

but the reverse inequality does not always hold:

Example 4.18. For

T := δ2 − δ−2 ∈ N0([−2, 2])

we have F[−2,2](T ) ≤ M(T ) = 2, but one can show using the Constancy Theorem 4.23
that

S := J(−2, 2)K ∈ N1([−2, 2])

is the unique normal 1-current with ∂S = T . So, F◦(T ) = 4.

Given a compact set K ⊂ Rd, one also defines FK and F◦
K , where the fill current S is

restricted to have support in K and we only consider the masses of the currents restricted to
K.

4.4 Operations on currents

Let T1 ∈ Dk1(R
d1) and T2 ∈ Dk2(R

d2). Then, the product current of T1, T2 is the current
T1 × T2 ∈ Dk1+k2(R

d1+d2) defined for simple forms ω ∈ Dk1+k2(Rd1+d2) via〈
T1 × T2, ω

〉
:=

〈
T1, ⟨T2, φ ω2⟩ω1

〉
if ω = φω1 ∧ ω2 with φ = φ(x, y) = φ(x1, . . . , xd1 , y1, . . . , yd2) ∈ C∞

c (Rd1 × Rd2) and
ω1 = dxi1 ∧· · ·∧dxik1 , ω2 = dyj1 ∧· · ·∧dyjk2 for some indices 1 ≤ i1 < · · · < ik1 ≤ d1,
1 ≤ j1 < · · · < jk2 ≤ d2; and〈

T1 × T2, ω
〉
:= 0

if ω = φω1 ∧ ω2 with ω1 ∈ Dl1(Rd1), ω2 ∈ Dl2(Rd2) but l1 ̸= k1, l2 ̸= k2; and for
non-simple forms defined by linear extension of the above rules.

For its boundary we obtain the following formula:
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Lemma 4.19. Let T1 ∈ Dk1(R
d1) and T2 ∈ Dk2(R

d2). Then,

∂(T1 × T2) = ∂T1 × T2 + (−1)k1T1 × ∂T2.

Proof. The proof is a direct computation (exercise).

Example 4.20. For T1 = J(0, 1)K, i.e., the canonical current associated to the interval
(0, 1) (with orientation +1 and multiplicity 1), and T2 = T ∈ Dk(Rd), we have that
J(0, 1)K × T ∈ Dk+1(Rd) and, via Lemma 4.19,

∂(J(0, 1)K × T ) = δ1 × T − δ0 × T − J(0, 1)K × ∂T,

where δz as usual denotes the Dirac point mass at z, here understood as a 0-dimensional
current.

Let ϱ ∈ C∞
c (B1; [0,∞)) with ϱ(x) = ϱ(y) whenever |x| = |y| (x, y ∈ B1) and∫

Rd ϱ dx = 1; we call such a ϱ a (radial) mollifier. Defining ϱδ(x) := δ−dϱ(x/δ), recall
that the mollification of f ∈ L1

loc(R
d;W ), where W is a finite-dimensional normed vector

space, is defined as

(ϱδ ∗ f)(x) :=
∫

Rd

ϱδ(x− y)f(y) dy.

Then, ϱδ ∗ f ∈ C∞(Rd) and ϱδ ∗ f → f in L1
loc; analogous statements hold for Lp-spaces,

1 ≤ p <∞. Moreover,

∂

∂xi
(ϱδ ∗ f) =

∂ϱδ
∂xi

∗ f

for i = 1, . . . , d and analogously for higher derivatives. Finally, ifφ ∈ C(Rd), then ϱδ∗φ→
φ uniformly on every compact subset of Rd. Finally,

∂

∂xi
(ϱδ ∗ φ) = ϱδ ∗

∂φ

∂xi

for i = 1, . . . , d and analogously for higher derivatives.
Now, for T ∈ Dk(Rd) the mollification T ∗ ϱδ ∈ Dk(Rd) is given via〈

T ∗ ϱδ, ω
〉
:=

〈
T, ϱδ ∗ ω

〉
, ω ∈ Dk(Rd).

Here, ϱδ ∗ ω is defined as above with W =
∧k Rd (normed by the comass norm).

Lemma 4.21. For T ∈ Dk(Rd) it holds that T ∗ ϱδ ∈ Dk(Rd) and T ∗ ϱδ is a smooth
k-current, that is,

T ∗ ϱδ =
∑

1≤i1<···<ik≤d

vi1,...,ikδ (ei1 ∧ · · · ∧ eik)L
d

with vi1,...,ikδ ∈ C∞(Rd); in fact, vi1,...,ikδ (x) = ⟨T, ϱδ(x− ) dxi1 ∧ · · · ∧ dxik⟩. Moreover,
T ∗ ϱδ

∗
⇀ T as δ → 0.
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Proof. It is a standard property of the convolution that for ω ∈ Dk(Ω) it holds that

∥∂α(ϱδ ∗ ω)∥∞ = ∥ϱδ ∗ (∂αω)∥∞ ≤ ∥ϱδ∥L1 · ∥∂αω∥∞ = ∥∂αω∥∞.

The fact that T ∗ ϱδ ∈ Dk(Rd) is then easy to see using the definition of currents.
To show that T ∗ ϱδ is given by integration, it suffices to consider the case where

T = ⟨T,dxi1 ∧ · · · ∧ dxik⟩ ei1 ∧ · · · ∧ eik

for a set of indices 1 ≤ i1 < · · · < ik ≤ d. The general case then follows by a linear
decomposition of T into all these parts and arguing separately. We will show that in this
case, T = vδ e

I Ld with

vδ(x) :=
〈
T, ϱδ(x− ) dxI

〉
, x ∈ Rd,

where we have employed the abbreviations eI := ei1∧· · ·∧eik and dxI := dxi1∧· · ·∧dxik .
We may first observe that vδ is smooth: For i ∈ {1, . . . , d} we have

vδ(x+ hei)− vδ(x)

h
=

〈
T,
ϱδ(x+ hei − )− ϱδ(x− )

h
dxI

〉
→

〈
T, ∂iϱδ(x− ) dxI

〉
since the difference quotient converges to the derivative in Dk(Ω) (this is an easy exercise).
Iterating this argument for higher derivatives, we obtain that v is smooth.

To show that T̃δ := vδ e
I Ld agrees with T ∗ ϱδ, for any ω ∈ Dk(Ω) we may write

⟨T̃δ, ω⟩ as a Riemann sum,

〈
T̃δ, ω

〉
=

∫
vδ(x)

〈
eI , ω(x)

〉
dx

= lim
ε↓0

∑
z∈Zd

εdvδ(εz)
〈
eI , ω(εz)

〉
= lim

ε↓0

∑
z∈Zd

εd
〈
T, ϱδ(εz − ) dxI

〉
·
〈
eI , ω(εz)

〉
= lim

ε↓0

∑
z∈Zd

εdϱδ(εz − )
〈
⟨T, dxI⟩ eI , ω(εz)

〉
= lim

ε↓0

∑
z∈Zd

εdϱδ(εz − )
〈
T, ω(εz)

〉
= lim

ε↓0

〈
T,

∑
z∈Zd

εdϱδ(εz − )ω(εz)

〉

since only finitely many terms in the sum are nonzero. Observe that

hε :=
∑
z∈Zd

εdϱδ(εz − )ω(εz)
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is a Riemann sum for the k-form ϱδ ∗ ω. Thus, by the smoothness of ω and ϱδ, we have
hε → ϱδ ∗ ω in Dk(Ω), meaning that the difference converges to zero (this is an exercise).
We can now invoke the continuity property of T (see Lemma 4.1) to see that〈

T̃δ, ω
〉
=

〈
T, ϱδ ∗ ω

〉
=

〈
T ∗ ϱδ, ω

〉
.

We have thus indeed verified that T ∗ ϱδ = vδ e
I Ld.

To see that T ∗ ϱδ
∗
⇀ T as δ → 0, it suffices to observe〈

T ∗ ϱδ, ω
〉
=

〈
T, ϱδ ∗ ω

〉
→

〈
T, ω

〉
for all ω ∈ Dk(Rd) by standard properties of the mollification, namely that ∂α(ϱδ ∗ ω) =
ϱδ ∗ (∂αω) → ∂αω uniformly for any (multiple) partial derivative ∂α.

Lemma 4.22. For T ∈ Dk(Rd) it holds that ∂(T ∗ ϱδ) = (∂T ) ∗ ϱδ.

Proof. For k = 0 there is nothing to show. For k ≥ 1, we note the following formula
(exercise) for ω ∈ Dk(Rd):

〈
∂T, ω

〉
=

d∑
i=1

〈
T,

∂

∂xi
[
dxi ∧ ω

]〉
.

Then, by the properties of the convolution,

〈
∂(T ∗ ϱδ), ω

〉
=

d∑
i=1

〈
T ∗ ϱδ,

∂

∂xi
[
dxi ∧ ω

]〉

=
d∑

i=1

〈
T,

∂

∂xi
[
dxi ∧ (ϱδ ∗ ω)

]〉
=

〈
∂T, ϱδ ∗ ω

〉
=

〈
(∂T ) ∗ ϱδ, ω

〉
and the claim has been proved.

The boundary of a current has another important use besides its geometric interpre-
tation: It turns out that boundaryless currents are given by integration against a constant
function on a hyperplane; in this context also consider the formula for the boundary in
Example 4.8.

Theorem 4.23 (Constancy theorem). Let T ∈ Dk(Rd) satisfy ∂T = 0 and suppT ⊂ H
with H a k-dimensional (affine) hyperplane in Rd. Then,

T = λ JHK = λ (v1 ∧ · · · ∧ vk)Hk H

for any orthonormal basis {vi} of H and λ ∈ R. More generally, if only ∂T = 0 in an open
and connected set U ⊂ Rd, then T = λ JHK on U (that is, when tested with forms supported
in U ). In particular, if T ∈ Dd(Rd) with ∂T = 0, then T = λ JRdK = λ (e1 ∧ · · · ∧ ed)Ld

for some λ ∈ R.
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Proof. We consider the approximation Tδ := T ∗ ϱδ with a family (ϱδ)δ>0 of (radial)
mollifiers. By Lemma 4.21, we have that Tδ is smooth, and from Lemma 4.22, we infer that
∂Tδ = (∂T ) ∗ ϱδ = 0. Then, considering T, Tδ to be currents on H ∼= Rk, we also have
that this restriction is boundaryless (exercise). From Example 4.8 we infer that all partial
derivatives of the density vδ (see Lemma 4.21, considered now on Rk, so there is only one
density) vanish. Thus, the densities vδ of Tδ must all be a constant for all δ > 0. Letting
δ → 0, we get that also T is given by integration against a constant density, as required.

The additional statement has the same proof once we notice that ∂Tδ = (∂T ) ∗ ϱδ = 0
in U ′ ⋐ U for δ > 0 sufficiently small.

Finally, the following lemma relates the boundary operator to the curl via Hodge duality;
it will be used many times in the sequel.

Lemma 4.24. For T ∈ D2(R3) it holds that ∂T = curl(⋆T ).

Proof. It can be checked (for instance by working with a basis) that the Hodge dual for a
k-covector α satisfies

⋆α = (⋆α♯)♭

with the musical isomorphisms ♭ :
∧

k V →
∧k V (“lowering an index”) and ♯ :

∧k V →∧
k V (“raising an index”), which are determined by〈

ξ, α
〉
=

(
ξ♭, α

)
=

(
ξ, α♯

)
, ξ ∈

∧
k V, α ∈

∧k V.

Then, let S ∈ D2(R3) and compute, using the symmetry of the curl operator, the classical
formula

(curlω♯)♭ = ⋆dω

for any ω ∈ D1(R3), which is proved in the following lemma, as well as the duality rule
⟨⋆ξ, ⋆α⟩ = ⟨ξ, α⟩ (which is analogous to the isometry property of the Hodge star, see
Lemma 3.20 (ii)), as follows:〈

curl(⋆S), ω
〉
=

〈
⋆S, (curlω♯)♭

〉
=

〈
⋆S, ⋆dω

〉
=

〈
S, dω

〉
=

〈
∂S, ω

〉
,

which proves the claim.

Lemma 4.25. It holds that (curlω♯)♭ = ⋆dω.

Proof. Write ω = ω1dx
1 + ω2dx

2 + ω3dx
3. Then, for cyclic indices i : 1 → 2 → 3 → 1,

dω =
3∑

i=1

(ωi+1ei − ωiei+1) dx
i ∧ dxi+1.

Since ⋆(dxi ∧ dxi+1) = dxi+2,

⋆dω =
3∑

i=1

(ωi+1ei − ωiei+1) dx
i+2.
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On the other hand, ω♯ = ω1e1 + ω2e2 + ω3e3, and by the definition of curl,

curl(ω♯) =
3∑

i=1

(ωi+1ei − ωiei+1) ei+2.

Lowering the index thus shows the sought equality.

4.5 Pushforwards

Let T ∈ Dk(Ω), where Ω ⊂ Rd is open, and let θ : Ω → Ω′ be a smooth and proper
map between Ω and another open set Ω′ ⊂ Rm (recall the definition of properness from
just before Lemma 3.12). Then, the pushforward θ∗T ∈ Dk(Ω

′) of T under θ (this is also
denoted by “θ#T ” in the literature, but this can lead to confusion with the measure-theoretic
pushforward) is defined via〈

θ∗T, ω
〉
:=

〈
T, θ∗ω

〉
, ω ∈ Dk(Ω′),

where θ∗ω ∈ Dk(Rd) denotes the pullback of the k-form ω.
More generally, we could only require that θ|suppT is proper, i.e., θ−1(K) ∩ suppT

is compact in Ω for every compact set K ⊂ Ω′. Then, in the definition of θ∗T above we
need to instead apply T to η · θ∗ω with a cut-off function η ∈ C∞

c (Ω; [0, 1]) with η ≡ 1 on
suppT ∩ supp θ∗ω, which is compact by the properness assumption and contained in the
open set Rd, hence such an η exists.

Lemma 4.26. Under the above assumptions, ∂(θ∗T ) = θ∗(∂T ).

Proof. This is a direct consequence of Lemma 3.12.

Lemma 4.27. Let T ∈ Dk(Ω) with M(T ) <∞ and let θ : Ω → Ω′ (with Ω′ ⊂ Rm open)
be a smooth and proper map. Then, θ∗T is representable by integration,〈

θ∗T, ω
〉
=

∫ 〈
Dθ(x)[T⃗ (x)], ω(θ(x))

〉
d∥T∥(x) (4.5)

for all ω ∈ Dk(Ω′) (here, Dθ(x) =
∧k Dθ(x) :

∧k Rd →
∧k Rm is the differential of θ at

x, extended to k-vectors).

Proof. This is just the definition of the pullback θ∗ω written out for currents representable
by integration, which our T is by Proposition 4.12.

We now consider homotopies, that is, smooth deformations of the ambient space. A ho-
motopy induces a corresponding deformation of currents, for which we have the following
homotopy formula:

Lemma 4.28. Let H be a smooth homotopy, that is, H ∈ C∞([0, 1] × Ω;Rm), where
Ω ⊂ Rd is open, and let T ∈ Dk(Ω) . Then, with f := H(0, ) and g := H(1, ), we have

g∗T − θ∗T = ∂[H∗(J(0, 1)K × T )] +H∗(J(0, 1)K × ∂T ).
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Proof. We compute, using Lemma 4.26 and Lemma 4.19 that

∂[H∗(J(0, 1)K× T )] = H∗∂(J(0, 1)K× T ) = H∗(δ1 × T − δ0 × T − J(0, 1)K× ∂T ),

where δz as usual denotes the Dirac point mass at z, here understood as a 0-dimensional
current. Realizing that H∗(δ0 × T ) = f∗T and H∗(δ1 × T ) = g∗T and rearranging, the
result follows.

Example 4.29. Let T ∈ Dk(Ω) with M(T ) <∞. An affine homotopy (in Ω ⊂ Rd open)
is a map H ∈ C∞([0, 1]× Ω;Rm) which can be written with f, g : Ω → Rm as

H(t, x) = (1− t)f(x) + tg(x), (t, x) ∈ [0, 1]× Ω.

A computation shows, where we denote by e0 the unit vector in the “time” direction,

DH(t, x)[e0 ∧ T⃗ (x)] = (g(x)− f(x)) ∧ ((1− t)Df(x) + tDg(x))[T⃗ (x)].

Thus, if M(T ) <∞, using Lemma 4.27 we have for ω ∈ Dk+1(R1+m) that〈
H∗(J(0, 1)K × T ), ω

〉
=

∫ 1

0

∫ 〈
DH[e0 ∧ T⃗ ], ω(H(t, ))

〉
d∥T∥ dt

=

∫ 1

0

∫ 〈
(g − f) ∧ ((1− t)Df + tDg)[T⃗ ], ω ◦H

〉
d∥T∥ dt.

Since ∣∣DH[e0 ∧ T⃗ ])
∣∣ = ∣∣(g − f) ∧ ((1− t)Df + tDg)[T⃗ ]

∣∣
≤ ∥g − f∥∞ · (|Df |k + |Dg|k),

we obtain the estimate (see also Example 4.13)

M
(
H∗(J(0, 1)K × T )

)
≤ ∥g − f∥∞

∫
|Df |k + |Dg|k d∥T∥

≤ ∥g − f∥∞ · (∥Df∥k∞ + ∥Dg∥k∞) ·M(T ). (4.6)

In particular, H∗(J(0, 1)K × T ) is a (k + 1)-current on all of Rm.

Since Lipschitz continuity is the natural notion of regularity in the Geometric Mea-
sure Theory, we would like to extend the definition of pushforwards to this class of maps.
This is complicated by the fact that a-priori the differential of a Lipschitz map, which by
Rademacher’s Theorem 1.18 exists L1-almost everywhere, may however not be defined on
the carrier set of a current. It turns out, though, that at least for normal currents we can use
the homotopy formula to extend the definition of pushforwards to maps with mere Lipschitz
regularity:
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Proposition 4.30. Let T ∈ Nk(Ω) be a normal current and let θ : Ω → Ω′ (with Ω′ ⊂ Rm

open) be a Lipschitz and proper map. Then, the pushforward θ∗T ∈ Nk(Ω
′) is defined as〈

θ∗T, ω
〉
:= lim

δ→0

〈
(ϱδ ∗ θ)∗T, ω

〉
, ω ∈ Dk(Ω′),

where (ϱδ)δ>0 is any family of (radial) mollifiers. This expression is well-defined and does
not depend on the choice of mollifier. Moreover,

M(θ∗T ) ≤ ∥Dθ∥k∞ ·M(T ), M(∂(θ∗T )) ≤ ∥Dθ∥k−1
∞ ·M(∂T ).

Proof. To show the well-definedness of the above limit, let θδ := ϱδ ∗ θ and for δ, η > 0
define the affine homotopy

Hδ,η(t, x) := (1− t)θδ(x) + tθη(x).

Then, by the homotopy formula,〈
θη∗T, ω

〉
−
〈
θδ∗T, ω

〉
=

〈
Hδ,η

∗ (J(0, 1)K × T ), dω
〉
+
〈
Hδ,η

∗ (J(0, 1)K × ∂T ), ω
〉
.

Applying (4.6), we arrive at∣∣〈θη∗T, ω〉− 〈
θδ∗T, ω

〉∣∣ ≤ ∥θη − θδ∥∞ · 2Lk · (M(T ) +M(∂T )) · (∥ω∥∞ + ∥dω∥∞),

where we have denoted by L (assumed to be at least 1) the Lipschitz constant of θ, which
also constitutes a bound on the Lipschitz constant of θδ, θη. Thus, ⟨θη∗T, ω⟩ is a Cauchy
sequence as δ → 0 and the well-definedness of ⟨θ∗T, ω⟩ is established. The independence
from the choice of mollifier is obtained from the fact that the difference of the mollified θ’s
must go to zero uniformly since both of these mollifications converge to the (continuous) θ.
The mass bounds also follows by a limit passage from the corresponding bound for θδ. In
particular, θ∗T is normal.

It turns out that a representation formula for the pushforward as in (4.5) holds also for
normal currents:

Theorem 4.31 (Alberti–Marchese [3]). Let T ∈ Nk(Ω) and let θ : Ω → Ω′ be a Lip-
schitz, proper (on suppT ) and injective map. Then, DT θ(x), that is, the differential of θ
restricted to the space span T⃗ exists for ∥T∥-almost every x ∈ Ω, and

θ∗T = θ∗[T⃗ ] θ#µ

with

θ∗[T⃗ ](y) := Dθ(θ−1(y))[T⃗ (θ−1(y))]

for ∥T∥-almost every y ∈ img θ.
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Proof. The key ingredient to the proof is that DT θ(x) indeed exists for ∥T∥-almost every
x ∈ Rd. This deep fact, whose proof goes beyond the present work, was first established by
Alberti–Marchese in Theorem 5.10 of [3]. It uses the normality of T in an essential way.
This result is essentially a measure-theoretic analogue of Proposition 2.20 (which would be
enough if we additionally assumed that T is integral, as defined in Chapter 5 below) and
intuitively says that Lipschitz maps have much better tangential differentiability properties
than may be expected.

One can furthermore prove, see Corollary 8.3 in [3] that there exists a sequence (θj)j ⊂
C∞(Rd; Ω′) such that θj → θ uniformly, Lip(θj) → Lip(θ) and DT θj → DT θ in the
operator norm (this is a technical result, which is not very hard to establish). Note that
here DT θj is the restriction of the (existing!) differential Dθj , whereas DT θ is not defined
outside span T⃗ .

Finally, we use that〈
θ∗T, ω

〉
= lim

δ→0

〈
(θj)∗T, ω

〉
, ω ∈ Dk(Ω′),

which follows by the same argument as in the proof of (4.30). Expanding the right-hand
side as in (4.5) and passing to the limit via the dominated convergence theorem (here we
use the normality), we see that〈

θ∗T, ω
〉
=

∫ 〈
DT θj [T⃗ ], ω ◦ θ

〉
d∥T∥ →

∫ 〈
DT θ[T⃗ ], ω ◦ θ

〉
d∥T∥.

Combining, we arrive at the claimed representation of θ∗T .



Chapter 5

Integral Currents

As we have seen, the class of general currents includes some highly pathological speci-
mens, at least when thinking of currents as being “geometric” objects. It was a decisive
breakthrough when Federer and Fleming in 1960 found a subclass of currents with a clear
geometric meaning that is closed under weak* convergence. This class consists of the so-
called integral currents, which are given by integration over oriented Hk-rectifiable subsets
with integer multiplicity and such that the boundary has the same property. This chapter
will discuss integral currents in some detail.

5.1 Integer-multiplicity rectifiable and integral currents

A (local) Borel measure T ∈ Mloc(Rd;
∧

k Rd) ⊂ Dk(Rd) (cf. Proposition 4.12 in this
context) is called an integer-multiplicity rectifiable k-current (IMR k-current) if it is of
the form

T = mT⃗ Hk R,

that is,〈
T, ω

〉
=

∫
R

〈
T⃗ (x), ω(x)

〉
m(x) dHk(x), ω ∈ Dk(Rd),

where

(i) R ⊂ Rd is a countably Hk-rectifiable set;

(ii) T⃗ : R →
∧

k Rd is an Hk-measurable map such that for Hk-almost every x ∈ R the
k-vector T⃗ (x) is a simple unit k-vector spanning the approximate tangent space TxR;

(iii) m ∈ L1
loc(Hk R;N);

One calls T⃗ the orientation map of T and m the multiplicity. By Theorem 1.14 and
Proposition 4.12 the total variation measure of T can then be seen to be

∥T∥ = mHk R ∈ M+
loc(R

d),

95
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so that T = T⃗∥T∥ is the Radon–Nikodym decomposition of T . The (global) mass of T is

M(T ) = ∥T∥(Rd) =

∫
R
m(x) dHk(x).

The members of the following sets are called integral k-currents (k ∈ N ∪ {0}):

Ik(R
d) :=

{
T IMR k-current on Rd : ∂T IMR (k − 1)-current and

M(T ) +M(∂T ) <∞
}
.

We quote without proof the following fundamental theorem, showing that the condition
on ∂T to be integer-multiplicity rectifiable is in fact redundant under a mass bound:

Theorem 5.1 (Boundary rectifiability). Let T ∈ Dk(Rd) be integer-multiplicity rectifi-
able such that M(T ) +M(∂T ) <∞. Then, also ∂T is integer-multiplicity rectifiable and
thus T ∈ Ik(Rd).

For integral currents we can obtain a mode detailed understanding of products and push-
forwards: Let T1 = m1 T⃗1Hk1 R1 ∈ Ik1(R

d1) and T2 = m2 T⃗2Hk2 R2 ∈ Ik2(R
d2)

with the property that the product setR1×R2 is countably Hk1+k2-rectifiable (in particular,
Hk1+k2-measurable, which is not automatic). Then, the product current of T1, T2 is

T1 × T2 = m1m2 (T⃗1 ∧ T⃗2)Hk1+k2 (R1 ×R2) ∈ Ik1+k2(R
d1+d2).

The fact that T1×T2 ∈ Ik1+k2(R
d1+d2) follows from straightforward mass estimates (cf. Ex-

ample 4.13) and Lemma 4.19.

Proposition 5.2. Let T = mT⃗ Hk R ∈ Ik(Rd) and let θ : Rd → Rm be a smooth and
proper map (on suppT ). Then, θ∗T ∈ Ik(Rm) and〈

θ∗T, ω
〉
=

∫
R

〈
DRθ(x)[T⃗ (x)], ω(θ(x))

〉
m(x) dHk(x)

=

∫
θ(R)

〈 ∑
x∈R∗∩θ−1(y)

m(x) · DRθ(x)[T⃗ (x)]

|DRθ(x)[T⃗ (x)]|
, ω(y)

〉
dHk(y)

for all ω ∈ Dk(Rm). Here, R∗ is the subset of all x ∈ R for which TxR, DRθ(x) exist and
DRθ(x) is of rank k.

Proof. The first equality is a rewriting of the result of Lemma 4.27 for integral currents.
Observe that TxR, DRθ(x) exist for Hk-almost every x ∈ R by Proposition 2.23. For

Hk-almost every y ∈ θ(R) and every x ∈ R∗ ∩ θ−1(y) we observe that

DRθ(x)[T⃗ (x)] = ±w1 ∧ · · ·wk

for an orthonormal basis {w1, . . . , wk} of Ty θ(R), and that

Jkθ(x) = |DRθ(x)[T⃗ (x)]|.
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Moreover, the set where DRθ(x) is not of rank k (hence Jkθ(x) = 0) can be neglected by
virtue of Lemma 2.3. The second equality in the statement of the proposition follows from
the area formula in its rectifiable version, see Theorem 2.24.

It remains to show the integrality of θ∗T . Proposition 2.17 implies that θ(R∗) is Hk-
rectifiable (note here that R∗ is Hk-rectifiable as a subset of an Hk-rectifiable set and we
have a finite mass bound) and by Lemma 2.3, Hk(θ(R) \ θ(R∗)) = 0. Thus, θ∗T is a
rectifiable current and it only remains to show the integrality. At y ∈ θ(R∗) such that
Ty θ(R) exists, and for every x ∈ R∗ ∩ θ−1(y) we have either

DRθ(x)[T⃗ (x)] = w1 ∧ · · ·wk or DRθ(x)[T⃗ (x)] = −w1 ∧ · · ·wk.

Since m is integer-valued, we thus obtain that

∑
x∈R∗∩θ−1(y)

m(x) · DRθ(x)[T⃗ (x)]

|DRθ(x)[T⃗ (x)]|

is an integer multiple of w1 ∧ · · ·wk. Hence, θ∗T is integral.

5.2 Deformation theorem

The following is one of the most important theorems in the theory of currents with numerous
applications:

Theorem 5.3 (Deformation). Let T ∈ Ik(Rd). Then, for all ϱ > 0 there exist R ∈
I1+k(Rd), S ∈ Ik(Rd), and a polyhedral k-current

P =
∑

F∈Fk(ϱ)

pF JF K ∈ Ik(R
d),

where JF K is the integral current associated to an oriented k-face F ∈ Fk(ϱ) of one of the
cubes ϱz + [0, ϱ]d (with unit multiplicity and a fixed choice of orientation), z ∈ Zd, and
pF ∈ Z, such that

T = P + ∂R+ S

and

M(P ) ≤ C(M(T ) + ϱM(∂T )),

M(∂P ) ≤ CM(∂T ),

M(R) ≤ CϱM(T ),

M(S) ≤ CϱM(∂T ).

Here, the constant C = C(d, k) > 0 depends only on the dimensions.
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Proof. Step 1. We start by observing that it suffices to prove the deformation theorem for
ϱ = 1; the general case is reduced to ϱ = 1 by scaling. Indeed, setting rα(x) := αx for
α > 0 and x ∈ Rd, we may apply the result in the version for ϱ = 1 to T̃ := r

1/ϱ
∗ T and in

this way obtain P̃ , R̃, S̃ as in the statement of the theorem for ϱ = 1. Then, set P := rϱ∗P̃ ,
R := rϱ∗R̃, S := rϱ∗S̃. These P, S satisfy the conclusion of the theorem for our ϱ since P, S
have the same dimension k and R has dimension k + 1, whereby

M(R) = ϱk+1M(R̃) ≤ Cϱk+1M(T̃ ) = CϱM(T ).

by the area formula. The other scalings follow in a similar way. So, in the following let
ϱ = 1.

Step 2. Define for n = 0, 1, . . . , d the n-skeleton of the cubical decomposition as

Yn :=
⋃

F∈Fn(1)

F

and the shifted n-skeleton as

Zn := (12 , . . . ,
1
2) + Yn.

Denote by ψn : Yd−n \ Zn → Yd−n−1 the radial projection of a point x in a face F ∈
Fd−n(1), except the center of F , onto the boundary of F , i.e., the union of F ’s (d−n− 1)-
faces. More precisely ψn(x), for x ∈ F not the center of F , is the intersection of the ray
originating at the center of F with the boundary of F . In the definition of ψn we have in
fact artificially excluded all of Zn (not just the mid-points), but this does not matter in the
following. Then define

ψ := ψd−k−1 ◦ · · · ◦ ψ0 : Rd \ Zd−k−1 → Yk.

Note that the map ψd−k−1 limits the domain of definition of ψ to the complement of
Zd−k−1.

An elementary, but uninspiring, proof shows that we may bound the gradient of ψ as
follows:

1 ≤ |∇ψ(x)| ≤ C(dist(x, Zd−k−1))
−1, x ∈ Rd \ Zd−k−1 (5.1)

for a constant C = C(d, k) > 0. The interested reader can find the details in Lem-
mas 7.7.3, 7.7.4 of [23].

We now show that∫
[− 1

2
, 1
2
]d
|∇ψ(x)|k dx <∞. (5.2)
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Using (5.1), the splitting x = (x′, x′′) ∈ Rk+1 × Rd−k−1, and Fubini’s theorem, we have∫
[− 1

2
, 1
2
]d
|∇ψ(x)|k dx ≤ C

∫
[− 1

2
, 1
2
]d

1

dist(x, Zd−k−1)k
dx

≤ C

∫
[− 1

2
, 1
2
]d
|x′|−k dx

≤ C

∫
[− 1

2
, 1
2
]k+1

|x′|−k dx′

<∞

since the |x′|−k is integrable in compact sets of Rk+1 (one can for instance use spherical
coordinates to see this explicitly).

Step 3. Our next claim is that there is a translation a ∈ [−1
2 ,

1
2 ]

d with the property that∫
Rd

|∇ψ|k d∥ta∗T∥ ≤ CM(T ),

∫
Rd

|∇ψ|k−1 d∥ta∗∂T∥ ≤ CM(∂T ), (5.3)

where ta(x) := x+ a and C = C(d, k) > 0 is a dimensional constant.
We first observe that from the construction of ψ and (5.2) it follows that∫

[− 1
2
, 1
2
]d
|∇ψ(x+ a)|k da =

∫
[− 1

2
, 1
2
]d
|∇ψ(a)|k da =: α

for almost every x ∈ Rd. Thus, by Fubini’s theorem,∫
[− 1

2
, 1
2
]d

∫
Rd

|∇ψ(x)|k d∥ta∗T∥(x) da

=

∫
Rd

∫
[− 1

2
, 1
2
]d
|∇ψ(x+ a)|k da d∥T∥(x)

= αM(T ).

Thus, there exists a set of a’s of measure at least 2/3 such that for the a’s from this set it
holds that∫

Rd

|∇ψ(x)|k d∥ta∗T∥(x) ≤ 3αM(T ).

Otherwise, the set where the above fails would have measure larger than 1/3, in contradic-
tion with the previous equality. A similar argument applies to the other integral in the claim.
Hence, the claim is established the intersection of the two exceptional sets, whose measure
is at least 1/3.

Step 4. Fix an a ∈ [−1
2 ,

1
2 ]

d with the property (5.3) and set

Q := ψ∗t
a
∗T.
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For the affine homotopy (see Example 4.29) H1(t, x) := (1− t)x+ tta(x) we may apply
the homotopy formula from Lemma 4.28 to obtain

T = ta∗T − ∂[H1
∗ (J(0, 1)K × T )]−H1

∗ (J(0, 1)K × ∂T ).

Further, with the affine homotopy H2(t, x) := (1− t)x+ tψ(x) we write

ta∗T = Q− ∂[H2
∗ (J(0, 1)K × ta∗T )]−H2

∗ (J(0, 1)K × ∂ta∗T ).

Thus,

T −Q = ∂R+ S̃

with

R := −H1
∗ (J(0, 1)K × T )]−H2

∗ (J(0, 1)K × ta∗T ),

S̃ := −H1
∗ (J(0, 1)K × ∂T )−H2

∗ (J(0, 1)K × ∂ta∗T ).

Via Proposition 5.2 we know that R and S′ are integral currents of dimension k + 1 and k,
respectively.

We can further estimate, using (4.6), (5.3), and Lemma 4.26 that

M(R) ≤ C

(
|a|M(T ) +

∫
|∇ψ|k d∥taT∥

)
≤ CM(T ),

M(S̃) ≤ C

(
|a|M(∂T ) +

∫
|∇ψ|k−1 d∥∂taT∥

)
≤ CM(∂T ),

with a dimensional constant C = C(d, k) > 0.

Step 5. Our Q is supported in Yk by construction. Let us first suppose in addition that
our current Q has boundary ∂Q concentrated on Yk−1; this is the case for instance if T
was boundaryless to begin with. Let F ⊂ Fk(1) be a face of the k-skeleton of the cubical
decomposition of Rd, and let F̊ be its relative interior (when F is considered embedded in
a k-plane). Then, since Q F̊ is boundaryless, by the Constancy Theorem 4.23 we deduce

Q F̊ = pF JF K

for some pF ∈ Z (recall that Q is integral). Thus, with

P := Q =
∑

F∈Fk(1)

pF JF K

and S := S̃ we have arrived at the sought decomposition

T = P + ∂R+ S.

Similar estimates as in Step 4 give that for P = Q = ψ∗t
a
∗T we have

M(P ) ≤ CM(T ).
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The estimates for R and S = S̃ have already been shown and the proof is finished in the
case that Q has boundary ∂Q concentrated on Yk−1.

Step 6. If ∂Q is not concentrated on Yk−1, we cannot conclude that Q is polyhedral (it is
an exercise to find a counterexample). However, we may apply Steps 1–5 to ∂Q, for which
∂(∂Q) = 0. In this way, we obtain a polyhedral (k− 1)-current P ′ supported on Yk−1, and
R′ ∈ Ik(Rd) (the corresponding S′ vanishes since ∂Q is boundaryless) such that

∂Q = P ′ + ∂R′.

Set

P := Q−R′, S := S̃ +R′.

Since this P satisfies the assumption at the beginning of Step 5, we conclude as before that
it is polyhedral. Then,

T = Q+ ∂R+ S̃ = P + ∂R+ S.

Because M(R′) ≤ CM(∂Q) ≤ CM(∂T ) (using (4.6) and Lemma 4.26), we have

M(P ) ≤ C(M(T ) +M(∂T )), M(S) ≤ CM(∂T ).

Thus, also in this case we have shown the desired claim.

Remark 5.4. A slightly more involved proof in the non-boundaryless case (due to Leon
Simon) shows that in fact one may sharpen the bound on P to M(P ) ≤ CM(T ). This
improvement, however, needs a better choice of P and a Poincaré-inequality for functions
of bounded variation; see Section 7.7 in [23] for the details.

/////////////////////;
A nice geometric consequence of the deformation theorem is the following.

Theorem 5.5 (Isoperimetric inequality). Let T ∈ Ik(Rd), k ≥ 1, with ∂T = 0. Then,
there exists a current R ∈ I1+k(Rd) such that

T = ∂R

and

M(R) ≤ CM(T )(k+1)/k

Here, the constant C = C(d, k) > 0 depends only on the dimensions.

Proof. If k = d, then by the Constancy Theorem 4.23, T = αJRdK = 0, and so the result is
trivially true.

Assuming that 1 ≤ k < d and T ̸= 0, we let T = P + ∂R as in the deformation
theorem with

ϱ := [2CM(T )]1/k,
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where C > 0 is the constant from said theorem. By a simple scaling argument, M(P ) =
N(ϱ)ϱk for some nonnegative integerN(ϱ). From the estimates in the deformation theorem
we have M(P ) ≤ CM(T ) and thus

N(ϱ) · 2CM(T ) = M(P ) ≤ CM(T ).

So, 2N(ϱ) ≤ 1, whereby N(ϱ) = 0, and hence P = 0. This immediately yields all the
claimed statements.

5.3 Compactness and flat convergence

The fundamental theorem about convergence of integral currents is the following:

Theorem 5.6 (Federer–Fleming compactness theorem). Let (Tj)j ⊂ Ik(Rd) with

sup
j∈N

(
M(Tj) +M(∂Tj)

)
<∞.

Then, there is a subsequence (not relabeled) of (Tj)j and a T ∈ Ik(Rd) such that Tj
∗
⇀ T .

Moreover,

M(T ) ≤ lim inf
j→∞

M(Tj),

M(∂T ) ≤ lim inf
j→∞

M(∂Tj).

We will not give a proof of this theorem here and only consider a few comments: First, it
is not too hard to see from abstract results in Functional Analysis, namely weak* compact-
ness results like the Banach–Alaoglu theorem, that there always is a weakly* convergent
subsequence. The difficult part is to show that the limit current is integral (hence, the above
theorem is sometimes referred to as the closure theorem for integral currents). There are
several strategies to achieve this, but all rely fundamentally on a number of further tools,
most prominently a form of slicing procedure for currents (either by level sets of a Lips-
chitz map or just on balls) as well as a rectifiability theorem which relates the rectifiability
of slices to the rectifiability of the whole current. The slicing part requires a number of
technical preparations, which are somewhat lengthy, but not particularly hard. The rectifia-
bility is a delicate matter, and builds on the rectifiability theorems surveyed in Section 2.6.
The interested reader can find a complete and readable proof in Chapter 8 of [23]. Another
proof based on slicing is in [33].

Example 5.7. In Example 4.15 we saw a sequence of integral currents that converge to
a non-integral current (rectifiable, but with multiplicity 1/2). It can be checked that for
this sequence the boundary masses are not uniformly bounded, so the Federer–Fleming
compactness theorem does not apply.

The Federer–Fleming compactness theorem has a number of important consequences,
including the following solution to (one possible version) of Plateau’s Problem:
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Theorem 5.8. Given R ∈ Ik(Rd), there exists a mass-minimizing current T ∈ Ik(Rd)
with the same boundary values as R, that is,

M(T ) = inf
{
M(T̂ ) : T̂ ∈ Ik(R

d), ∂T = ∂R
}

and suppT ⊂ BN with N so large that suppR ⊂ BN .

Before we come to the proof of the theorem, we need a fact about pushforwards:

Proposition 5.9. Let T ∈ Ik(Rd) and let θ : Rd → Rm be a Lipschitz and proper map (on
an open set containing suppT ). Then, θ∗T ∈ Ik(Rm).

Proof. From (the proof of) Proposition 4.30 we know that θ∗T = w*-limδ→0 θ
δ
∗T , where

(θδ)δ>0 is a smooth approximation of θ. From Proposition 5.2 we know that θδ∗T is inte-
gral. Since lim supδ→0(M(θδ∗T ) + M(∂θδ∗T )) < ∞, the Federer–Fleming Compactness
Theorem 5.6 yields that also θ∗T is integral.

Proof of Theorem 5.8. Set

m∗ := inf
{
M(T̂ ) : T̂ ∈ Ik(R

d), ∂T = ∂R
}
∈ [0,∞).

We employ the Direct Method of the Calculus of Variations: Let (Tj)j ⊂ Ik(Rd) with
∂Tj = ∂R and such that M(Tj) → m∗. Let N ∈ N be so large that suppR ⊂ BN and
denote by r : Rd → BN the retraction of Rd onto the nearest point in BN . This map r is
well-defined by the convexity of BN , has Lipschitz constant 1, and r∗(∂R) = ∂R. Then,
using the estimate (4.6),

M(r∗Tj) ≤ M(Tj)

and also, using Lemma 4.26, ∂(r∗Tj) = r∗(∂Tj) = r∗(∂R) = ∂R. Hence, replacing Tj by
r∗Tj , which is integral by Proposition 5.9 below, we may assume that suppTj ⊂ BN .

Now apply the Federer–Fleming Compactness Theorem 5.6 to obtain the existence of
T∗ ∈ Ik(Rd) with

m∗ ≤ M(T∗) ≤ lim inf
j→∞

M(Tj) = m∗.

Hence, this T∗ constitutes a solution to the minimization problem.

5.4 Flat convergence

Recall from (4.4) the definition of the flat norm, now on the whole space:

F(T ) := inf
{
M(T − ∂S) +M(S) : S ∈ Nk+1(R

d)
}
.

Lemma 5.10. Let Tj , T ∈ Nk(Rd). Then, for every ω ∈ Dk(Rd),〈
Tj − T, ω

〉
≤ F(Tj − T )(∥ω∥∞ + ∥dω∥∞).

Consequently, F(Tj − T ) → 0 implies Tj
∗
⇀ T as currents.
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Proof. Set Rj := Tj − T . Take an arbitrary Sj ∈ Nk+1(Rd). For ω ∈ Dk(Rd), then∣∣〈Rj , ω
〉∣∣ ≤ ∣∣〈Rj − ∂Sj , ω

〉∣∣+ ∣∣〈∂Sj , ω〉∣∣
=

∣∣〈Rj − ∂Sj , ω
〉∣∣+ ∣∣〈Sj , dω〉∣∣

≤
(
M(Rj − ∂Sj) +M(Sj)

)
(∥ω∥∞ + ∥dω∥∞).

Taking the infimum over Sj ∈ Nk+1(Rd) gives the sought inequality. The convergence
assertion is then clear.

In fact, even the following strengthening of this lemma is true:

Theorem 5.11 (Federer–Fleming flat-norm duality). For every T ∈ Nk(Rd),

F(T ) = sup
{ 〈
T, ω

〉
: ω ∈ Dk(Rd), ∥ω∥∞ ≤ 1, ∥dω∥∞ ≤ 1

}
.

The proof of this result can be found in Section 4.1.12 of [19].
For an integral T ∈ Ik(Rd), the integral flat norm is given by

FI(T ) := inf
{
M(R) +M(S) : R ∈ I1+k(R

d), S ∈ Ik(R
d) with T = ∂R+ S

}
.

Then, one can consider the flat convergence FI(Tj − T ) → 0 for a sequence (Tj)j ⊂
Ik(Rd) and T ∈ Ik(Rd). Notice that

F(T ) ≤ FI(T )

for all T ∈ Ik(Rd).
Under a uniform normality assumption this notion of convergence agrees with the weak*

one:

Proposition 5.12. Let (Tj)j ⊂ Ik(Rd) with suppTj ⊂ K for a fixed compact set K ⊂ Rd

and

sup
j∈N

(
M(Tj) +M(∂Tj)

)
<∞.

Then, Tj
∗
⇀ T for some T ∈ Ik(Rd) if and only if FI(Tj − T ) → 0. If ∂Tj = 0 for all j,

then we may replace FI by FI◦.

Proof. For the first direction, let us observe that for ω ∈ Dk(Rd) it holds that for any
R ∈ I1+k(Rd), S ∈ Ik(Rd) with Tj − T = ∂R+ S we have∣∣〈Tj − T, ω

〉∣∣ = ∣∣〈∂R+ S, ω
〉∣∣

≤
∣∣〈R,dω〉∣∣+ ∣∣〈S, ω〉∣∣

≤ (M(R) +M(S)) ·max
{
∥ω∥∞, ∥dω∥∞

}
.

Taking the supremum over all such R,S, we obtain∣∣〈Tj − T, ω
〉∣∣ ≤ FI(Tj − T ) ·max

{
∥ω∥∞, ∥dω∥∞

}
.
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Hence, if FI(Tj − T ) → 0, then also Tj
∗
⇀ T .

For the other direction, assume Tj
∗
⇀ T in Ik(Rd) with M := supj∈N (M(Tj) +

M(∂Tj)) <∞. We need to show that

FI(Tj − T ) → 0. (5.4)

The first step is to observe that for allN ∈ N sufficiently large there exists a finite collection
PN ⊂ Ik(Rd) such that for all T̂ ∈ Ik(Rd) with supp T̂ ⊂ K and M(T̂ ) +M(∂T̂ ) ≤ M
it holds that

FI(T̂ , P ) < 2−N for some P ∈ PN , (5.5)

where the lower bound for N depend only on the dimensions. Indeed, for PN we take
the collection of all polyhedral k-currents P that can possibly satisfy the conclusion of
the Deformation Theorem 5.3 for ϱ := 2−N/(Cd,kM) with Cd,k the constant from the
deformation theorem, for a T̂ as above (which implies a mass bound on P and hence a
bound on the polyhedral coefficients). The set of these P ’s is clearly finite.

Returning to our sequence (Tj)j , for every N ∈ N sufficiently large we find via (5.5)
a P ∈ PN such that FI(Tj , P ) < 2−N for infinitely many j’s. Applying this argument
repeatedly and selecting a subsequence at every step (such that the constraint holds for all
elements of that subsequence), we may find a diagonal subsequence, still denoted by (Tj)j ,
such that FI(Tl, Pj) < 2−(j+1) for all l ≥ j and a Pj ∈

⋃
N PN ⊂ Ik(Rd). Then, via the

triangle inequality,

FI(Tj , Tj+1) < 2−j .

Hence, there exist Rj ∈ I1+k(Rd), Sj ∈ Ik(Rd) with

Tj+1 − Tj = ∂Rj + Sj , M(Rj) +M(Sj) < 2−j .

For

Rm
j :=

m−1∑
l=0

Rj+l, Sm
j :=

m−1∑
l=0

Sj+l

it holds that

Tj+m − Tj = ∂Rm
j + Sm

j

and

M(Rm
j ) +M(Sm

j ) =
m−1∑
l=0

(
M(Rj+l) +M(Sj+l)

)
≤ 2−j+1.

We now pass to the limit m→ ∞. Via the Federer–Fleming Compactness Theorem 5.6
this yields Rj ∈ I1+k(Rd) and Sj ∈ Ik(Rd) with

∂Rj + Sj =
(
w*-lim
m→∞

Tj+m

)
− Tj = T − Tj
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and

M(Rj) +M(Sj) =
m−1∑
l=0

(
M(Rj+l) +M(Sj+l)

)
≤ 2−j+1.

Our Rj , Sj are admissible in the definition of the flat norm for Tj − T . So,

FI(Tj − T ) ≤ M(Rj) +M(Sj) → 0 as j → ∞.

In this way we can find for every subsequence of the original sequence (Tj)j (before taking
the repeated subsequences above) a further subsequence that converges in the flat sense to
T . Hence, also FI(Tj − T ) → 0 for the original sequence, proving our claim (5.4).

The proof in the case of boundaryless currents is the same, with only minor adjustments.

The deformation theorem can also be written in the following approximative form,
which allows to reduce many questions for general (integral) currents to the correspond-
ing question for (integral) polyhedral chains.

Theorem 5.13 (Polyhedral approximation). Let T ∈ Ik(Rd). Then, there exists a se-
quence (Pj)j of polyhedral k-currents, i.e.,

Pj =
∑

F∈Fk(ϱ)

p
(j)
F JF K ∈ Ik(R

d),

where p(j)F ∈ Z, such that Pj
∗
⇀ T .

Proof. From the Deformation Theorem 5.3, applied with ϱ = 1/j, we obtain a sequence
Pj with FI(Pj − T ) → 0 as j → ∞. By Proposition 5.12, then also Pj

∗
⇀ T .

Remark 5.14. One can prove a stronger version of the above theorem in which also
M(Pj) → M(P ), see [19, Theorem 4.2.24].

We can now also prove the Boundary Rectifiability Theorem 5.1.

Proof of Theorem 5.1. The Polyhedral Approximation Theorem 5.13 entails that there is a
sequence (Pj)j of polyhedral k-currents with Pj

∗
⇀ P . Then also ∂Pj

∗
⇀ ∂T (this just

means we test with dω instead of ω in the convergence). Since all the ∂Pj are clearly
integral, so is ∂T by the Federer–Fleming Theorem 5.6.

Finally, for T ∈ Ik(Rd) with ∂T = 0, we also define the homogeneous integral flat
norm of T as follows:

FI◦(T ) := inf
{
M(R) : R ∈ I1+k(R

d), ∂R = T
}
.

For general it is not known if FI◦ and F◦ are comparable, besides the dimensions in the
following result:
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Proposition 5.15. Let T ∈ Ik(Rd) with ∂T = 0. If k ∈ {0, d− 2, d− 1, d}, then

F◦(T ) = FI◦(T ).

Proof. The case k = d is trivial, since the only boundaryless normal d-current in Rd is the
zero current. In the case k = d − 1, one can show that there exists an integral current S
such that ∂S = T by the isoperimetric inequality, see Theorem 5.5. Such a current S is
also unique (in the class of normal currents with boundary T ): Suppose R1, R2 ∈ Nd(Rd)
are such that ∂R1 = ∂R2 = T , Then, R := R1 − R2 must then be a boundaryless normal
current. By the Constancy Theorem 4.23, R is a fixed multiple of Ld, which must vanish
since both R1, R2 have finite mass.

For a proof of Proposition 5.15 for the case k = d− 2 we refer the reader to, e.g., [20]
or [15, Remark 5], which also contains the proof of the case k = 0.
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Chapter 6

Space-Time Integral Currents

The basic idea of the space-time approach to transport of geometric structures is to consider
evolutions of integral k-currents to be identified with the space-time (1+k)-current “traced
out” by the moving k-current. This turns out to yield a satisfying mathematical theory, as
we will see in the present and the following chapters. In particular, we discuss how to slice
space-time currents in time and specialize various results for currents to that class. Finally,
we discuss how one can think of an integral space-time (1 + k)-current as “connecting” the
two k-currents at its “ends” and how this gives a way to metrize the weak*-convergence of
integral currents.

6.1 Time-slicing

We will work in the (Galilean) space-time R1+d ∼= R×Rd, where the first component takes
the role of “time” and the remaining components take the role of “space”. The unit vectors
in R1+d are denoted by e0, e1, . . . , ed with e0 the “time” unit vector (pointing in the positive
direction).

It will be convenient to write the time projection as

t : R1+d → R, t(t, x) := t,

and the space projection

p : R1+d → Rd, p(t, x) := x.

By convention, we also denote the linear extensions of these projections to multi-vectors by
the same symbols. to simply lengthy expressions, we usually write just tv and pv for the
application of t,p to a vector v ∈ R1+d.

Given a (normal or integral) space-time current

S ∈ N1+k(R
1+d),

it is a fundamental operation to determine the “slice” of S at a time t, that is, the trace of S
with the plane

{t = t} :=
{
(t, x) ∈ R1+d : x ∈ Rd

}
.

111
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Of course we need to take into account orientations and also deal with singularities.

Proposition 6.1. Let S ∈ N1+k(R1+d). For L1-a.e. t ∈ R, the time-slice, defined by

〈
S|t, ω

〉
:= lim

r↓0

1

2r

〈
S t∗(1[t−r,t+r] dt), ω

〉
, ω ∈ Dk(R1+d),

exists as a normal current, that is,

S|t ∈ Nk(R
1+d),

and the boundary formula

(∂S)|t = −∂(S|t) (6.1)

holds. Moreover, for every bounded Borel function g : R → R,∫
S|t g(t) dt = S (g ◦ t dt). (6.2)

Technically, g merely Borel is too rough to make the right-hand side of (6.2) well-
defined, but since S is representable by integration as a normal current (see Proposition 4.12),
we can also make sense of this for bounded Borel functions g as

〈
S (g ◦ t dt), ω

〉
:=

∫ 〈
S⃗, (g ◦ t dt) ∧ ω

〉
d∥S∥

for ω ∈ Dk(R1+d).

Proof. Let ω ∈ Dk(R1+d) and g : R → [0,∞) be a bounded Borel function. Then, we may
compute as follows:〈

S t∗(g dt), ω
〉
=

〈
S, t∗(g dt) ∧ ω

〉
= (−1)k

〈
S, ω ∧ t∗(g dt)

〉
= (−1)k

〈
t∗(S ω), g dt

〉
. (6.3)

The same remark as above regarding the interpretation of these duality products between
measures and rough functions applies.

In particular, for g := 1[t−r,t+r] in (6.3) with t ∈ R, r > 0 we obtain〈
S t∗(1[t−r,t+r] dt), ω

〉
= (−1)k

〈
t∗(S ω),1[t−r,t+r] dt

〉
. (6.4)

Since t∗(S ω) ∈ N1(R) (see Proposition 4.30), we can apply the argument of Exam-
ple 4.17 to see that there is an L1-integrable ϱω : R → R with

t∗(S ω) = ϱωe0 L1. (6.5)
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So, by Lebesgue’s Differentiation Theorem 1.16,

1

2r

〈
t∗(S ω),1[t−r,t+r] dt

〉
=

1

2r

∫ t+r

t−r
ϱω(s) ds→ ϱω(t) as r → 0, (6.6)

for L1-almost every t ∈ R.
Now take a countable set {ωj}j ⊂ Dk(R1+d) that is ∥ ∥∞-dense in Dk(R1+d). By

the above reasoning, in particular combining (6.4) with (6.6), there is a set N ⊂ R with
L1(N) = 0 such that〈

S|t, ωj

〉
:= (−1)kϱωj (t) = lim

r↓0

1

2r

〈
S t∗(1[t−r,t+r] dt), ωj

〉
(6.7)

for t ∈ R \ N and j ∈ N. Without loss of generality, we may furthermore require that for
t ∈ R \N it holds that

Θ1∗(t#∥S∥, t) := lim sup
r↓0

t#∥S∥([t− r, t+ r])

2r
<∞,

where Θ1∗(t#∥S∥, t) is the upper 1-density of the measure t#∥S∥, cf. the definition in (1.4).
Indeed, this follows by the Besicovitch Derivation Theorem 1.13 (with ν := t#∥S∥ and
µ := L1).

Fix t ∈ R \N . For any ω ∈ Dk(R1+d) and r > 0 we have the estimate

1

2r

∣∣〈S t∗(1[t−r,t+r] dt), ω
〉∣∣ ≤ ∥ω∥∞

t#∥S∥([t− r, t+ r])

2r
. (6.8)

For any ε > 0, there is a j ∈ N with ∥ω − ωj∥∞ ≤ ε and hence, applying (6.8) to ω − ωj

and combining this with (6.7),∣∣∣lim sup
r↓0

1

2r

〈
S t∗(1[t−r,t+r] dt), ω

〉
− lim inf

r↓0

1

2r

〈
S t∗(1[t−r,t+r] dt), ω

〉∣∣∣
≤ 2ε ·Θ1∗(t#∥S∥, t).

As ε > 0 was arbitrary, we conclude that〈
S|t, ω

〉
= lim

r↓0

1

2r

〈
S t∗(1[t−r,t+r] dt), ω

〉
(6.9)

exists for every ω ∈ Dk(R1+d). Moreover, from (6.8) we conclude that∣∣〈S|t, ω〉∣∣ ≤ ∥ω∥∞ ·Θ1∗(t#∥S∥, t),

whereby S|t is a k-current with finite mass, that is, M(S|t) ≤ Θ1∗(t#∥S∥, t).
For η ∈ Dk−1(R1+d), write (6.3) for ∂S to observe〈

∂S t∗(g dt), η
〉
= (−1)k−1

〈
t∗(∂S η), g dt

〉
.
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The conclusion of Lemma 4.11 reads as

∂(S η) = (−1)k−1
[
∂S η − S dη

]
Taking the pushforward under t and noticing that t∗(S η) = 0 (as S η ∈ D2(R1+d) and
there are no non-zero 2-currents in R), we have

t∗(∂S η) = t∗(S dη).

Combining, and also applying the original (6.3), we arrive at〈
∂S t∗(g dt), η

〉
= (−1)k−1

〈
t∗(S dη), g dt

〉
= −

〈
S t∗(g dt),dη

〉
= −

〈
∂(S t∗(g dt)), η

〉
Specializing to g := 1[t−r,t+r] for t ∈ R and r > 0,

1

2r
∂S t∗(1[t−r,t+r] dt) = − 1

2r
∂(S t∗(1[t−r,t+r] dt)). (6.10)

For any t ∈ R such that S|t exists, we can then repeat the above arguments to let r ↓ 0
in (6.10). In this way we deduce that (∂S)|t exists and the boundary formula (6.1) holds.
Moreover, M(∂(S|t)) ≤ Θ1∗(t#∥∂S∥, t), which we may assume to be finite for all but a
null set of t’s, as before. We have thus shown that

S|t ∈ Nk({t} × Rd) for L1-a.e. t ∈ R.

It remains to prove (6.2). For this, fix ω ∈ Dk(R1+d) and ψ ∈ C∞
c (R). Using the

representation t∗(S ω) = ϱωe0 L1 from above together with (6.9), (6.5), we compute〈∫
S|t ψ(t) dt, ω

〉
=

∫ 〈
S|t, ω

〉
ψ(t) dt

= (−1)k
∫
ϱω(t)ψ(t) dt

= (−1)k
〈
t∗(S ω), ψ dt

〉
.

Using g := ψ ◦ t in (6.3), we find

(−1)k
〈
t∗(S ω), ψ dt

〉
=

〈
S (ψ ◦ t) dt, ω

〉
.

Since ω ∈ Dk(R1+d) was arbitrary, (6.2) holds for g = ψ. The case for general bounded
Borel functions g then follows by approximation and the dominated convergence theorem.

Proposition 6.2. Let S ∈ N1+k(R1+d) and let g : R : R be a bounded Borel function.
Then, the following coarea formula holds:∫

g(t)M(S|t) dt =
∫
(g ◦ t) ∥S⃗ dt∥ d∥S∥
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To prove this, we first need an approximation lemma:

Lemma 6.3. Let µ ∈ M+(Rd) and let ξ : Rd →
∧

k Rd with

∥ξ(x)∥ ≤M for µ-a.e. x ∈ Rd

for an M > 0. Then there is a Borel set G ⊂ Rd with µ(Rd \ G) < ε and a smooth
k-covector field ω : Rd →

∧k Rd with ∥ω∥∞ ≤ 1 and〈
ξ(x), ω(x)

〉
≥ ∥ξ(x)∥ − ε for x ∈ G.

Proof. Take a countable dense subset {αn}n ⊂ {α ∈
∧k Rd : ∥α∥ ≤ 1 } and let for

x ∈ Rd,

ω̃(x) := αj(x), where j(x) := min
{
n ∈ N :

〈
ξ(x), αn

〉
≥ ∥ξ(x)∥ − ε

}
.

This is a measurable map satisfying ∥ω̃∥∞ ≤ 1 and〈
ξ(x), ω̃(x)

〉
> ∥ξ(x)∥ − ε

for all x ∈ Rd. Now uniformly approximate ω̃ by a sequence of smooth k-covector fields.
The existence of the set G and ω with the desired properties then follows from Egorov’s
theorem applied to that approximating sequence.

Proof of Proposition 6.2. Let t ∈ R be such that S|t exists. Since Dk(R1+d) is separable,
there exists a countable dense sequence {ωn}n ⊂ {ω ∈ Dk(R1+d) : ∥ω∥∞ ≤ 1 } such
that

M(S|t) = sup
n∈N

〈
S|t, ωn

〉
. (6.11)

Thus, t 7→ M(S|t) is measurable. Estimating in a similar way to (6.8),

1

2r

∣∣〈S t∗(1[t−r,t+r] dt), ω
〉∣∣ ≤ 1

2r

∫
[t−r,t+r]×Rd

|ω| d∥S dt∥.

Letting r ↓ 0, we thus obtain from (6.11) that

M(S|t) ≤ Θ1∗(t#∥S dt∥, t).

By the Besicovitch Differentiation Theorem, this gives

M(S|t) dt ≤ t#∥S dt∥,

as measures on R. Hence,∫
g(t)M(S|t) dt ≤

∫
g(t) dt#∥S dt∥ =

∫
g ◦ t d∥S dt∥. (6.12)
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For the opposite inequality, fix ε > 0. From Lemma 6.3 we obtain a Borel setG ⊂ R1+d

with ∥S dt∥(R1+d \ G) ≤ ε and a smooth maps ω : R1+d →
∧k R1+d with ∥ω∥∞ ≤ 1

such that

1− ε ≤
〈−−−−→
S dt(t, x), ω(t, x)

〉
for (t, x) ∈ G.

Since suppS is compact, we may without loss of generality assume that ω has compact
support, so ω ∈ Dk(R1+d). So, also using (6.2),∫

g ◦ t d∥S dt∥ ≤
〈
S (g ◦ t dt), ω

〉
+ ε∥g∥∞(1 +M(S dt))

=

∫
g(t)

〈
S|t, ω

〉
dt+ ε∥g∥∞(1 +M(S dt))

≤
∫
g(t)M(S|t) dt+ ε∥g∥∞(1 +M(S dt)).

Since ε > 0 was arbitrary, we obtain the opposite inequality to (6.12) and hence the claimed
identity.

Proposition 6.4. Let S ∈ N1+k(R1+d) and t ∈ R be such that

t#(∥S∥+ ∥∂S∥)({t}) = 0,

which holds outside of a countable set. Then S|t exists in the sense of Proposition 6.1, and
it satisfies the cylinder formula

S|t = ∂(S {t < t})− (∂S) {t < t}. (6.13)

Proof. Step 1. Write for any t ∈ R,

H+
t := {t > t}, H−

t := {t < t}, Ht := {t = t},

and set

S|+t := ∂S H+
t − ∂(S H+

t ), S|−t := ∂(S H−
t )− ∂S H−

t ,

both of which are well-defined elements of Dk(R1+d) for every t ∈ R, since restriction by
a Borel set is allowed for currents representable by integration (see Proposition 4.12).

For a t as in the statement of the proposition, it holds that ∥S∥(Ht) = ∥∂S∥(Ht) = 0
by hypothesis. This is indeed satisfied outside of a countable set, since t#∥S∥ and t#∥∂S∥
are finite Borel measures on R. Then, S Ht = 0, ∂S Ht = 0, whereby

S = S H+
t + S H−

t , ∂S = ∂S H+
t + ∂S H−

t .

Substituting these identities into the definition of S|+t ,

S|+t =
(
∂S − ∂S H−

t

)
− ∂

(
S − S H−

t

)
= ∂(S H−

t )− ∂S H−
t

= S|−t .
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Step 2. It remains to identify S|−t = S|+t with the limit defining S|t in Proposition 6.1.
Then, since H−

t = {t < t}, the cylinder formula (6.13) will be established.
For r > 0 define gr : R → [0, 1] by

gr(s) :=


1 s ≤ t− r,
t− s

r
t− r ≤ s ≤ t,

0 s ≥ t,

and hr : R → [0, 1] by

hr(s) :=


0 s ≤ t,
s− t

r
t ≤ s ≤ t+ r,

1 s ≥ t+ r.

Both are continuous, piecewise-linear, and [0, 1]-valued, with

g′r = −1

r
1[t−r,t], (hr)

′ =
1

r
1[t,t+r],

and as r ↓ 0,

gr → 1(−∞,t), hr → 1(t,∞)

pointwise almost everywhere (in fact for every s ̸= t) on R.
Next, we will show the Leibniz rule

∂
(
S (gr ◦ t)

)
= ∂S (gr ◦ t)− S t∗

(
g′r dt

)
. (6.14)

Indeed, the function gr is Lipschitz (it has corners at s = t− r and s = t), so Lemma 4.11
does not apply to it directly. We obtain the Leibniz formula (6.14) by approximation with a
family (ϱδ)δ>0 of standard mollifiers with supp ϱδ ⊂ [−δ, δ]. Set

gδr := ϱδ ∗ gr ∈ C∞(R).

Then gδr → gr uniformly on R as δ ↓ 0 and (gδr)
′ = ϱδ ∗ g′r → g′r in L1(R) as δ ↓ 0, where

g′r = −1
r1[t−r,t] is the almost everywhere defined derivative of gr.

Applying Lemma 4.11 to the smooth function fδ := gδr ◦ t,

∂
(
S (gδr ◦ t)

)
= ∂S (gδr ◦ t)− S t∗

(
(gδr)

′ ◦ t dt
)
.

As δ ↓ 0, we have that gδr ◦ t → gr ◦ t uniformly and hence S (gδr ◦ t) → S (gr ◦ t)
weakly* by dominated convergence. Moreover, ∂ is weakly* continuous and thus the left-
hand side converges weakly* to ∂(S (gr ◦ t)). Similarly, the first term on the right-hand
side converges to ∂S (gr ◦ t).
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The second term on the right-hand side converges to S t∗(g′r dt) because (gδr)
′ ◦ t →

g′r ◦t in L1(t#∥S∥) by dominated convergence since the only points where the convergence
does not hold pointwise are t − r and t, but without loss of generality we may require
t#∥S∥({t − r, t}) = 0 (for t this is by assumption and for t − r we can arrange it since
t#∥S∥ is a finite measure).

Step 3. Letting r ↓ 0 (along a sequence of r’s satisfying the additional constraint in the
preceding paragraph) in (6.14) and using gr ◦ t → 1(−∞,t) pointwise, we obtain via the
dominated convergence theorem and the weak* continuity of ∂ that

1

r
S t∗(1[t−r,t] dt)

∗
⇀ ∂(S H−

t )− ∂S H−
t = S|−t ,

and an analogous reasoning for hr gives

1

r
S t∗(1[t,t+r] dt)

∗
⇀ ∂S H+

t − ∂(S H+
t ) = S|+t .

Since S Ht = 0, we have S t∗(1{t} dt) = 0, so for every r > 0,

S t∗(1[t−r,t+r] dt) = S t∗(1[t−r,t] dt) + S t∗(1[t,t+r] dt).

Dividing by 2r and letting r ↓ 0, the two terms on the right converge weakly* to 1
2S|

−
t and

1
2S|

+
t respectively, so

1

2r
S t∗(1[t−r,t+r] dt)

∗
⇀

1

2

(
S|−t + S|+t

)
= S|−t ,

using that S|+t = S|−t shown in Step 1. The left-hand side is exactly the difference quotient
whose limit as r ↓ 0 defines S|t in Proposition 6.1, so S|t exists and equals S|−t .

For integral currents, also the slices are integral, as summarized in the following propo-
sition. For this, recall that for a (countably) H1+k-rectifiable set R ⊂ R1+d the tangential
differential

DRt(x) : T(t,x)R→ R

of t at x ∈ R, which was first encountered in Proposition 2.23, is the restriction of the
differential

Dt : R1+d → R, Dt(t, x)[s, z] = s,

to the approximate tangent space T(t,x)R toR at x. Moreover, this differential (a liner map)
can be represented by the tangential gradient ∇R, which is the projection of the gradient

∇t =
[
1 0 · · · 0

]
∈ R1×(1+d)

onto T(t,x)R. That is, if P(t,x) ∈ R(1+d)×(1+d) is the orthogonal projection onto T(t,x)R,
then

∇Rt(t, x) = ∇tP(t,x) ∈ R1×(1+d).

Note that ∇Rt = 0 if and only if T(t,x)R is contained in {0} × Rd, i.e., T(t,x)R is “space-
like”.
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Proposition 6.5. Let S = S⃗ mHk+1 R ∈ I1+k(R1+d) be an integral space-time current.
Then, for L1-almost every t ∈ R, the following assertions hold:

(i) The set

R|t := R ∩ t−1({t})

is countably Hk-rectifiable.

(ii) For Hk-almost every z ∈ R|t with ∇Rt(z) ̸= 0, the approximate tangent spaces TzR
and TzR|t exist, TzR|t = kerDRt(z) in TzR, and

TzR = TzR|t ⊕ span{ξ(z)}, ξ(z) :=
∇Rt(z)

|∇Rt(z)|
⊥ TzR|t.

Moreover, ξ(z) is a simple unit (1-)vector.

(iii) Define

m+(z) :=

{
m(z), if ∇Rt(z) ̸= 0,

0, if ∇Rt(z) = 0,

and

ξ∗(z) :=
DRt(z)

|DRt(z)|

wherever DRt(z) ̸= 0, and choose ξ∗ arbitrarily on the remaining set. With

S⃗|t(z) := S⃗(z) ξ∗(z) ∈
∧

k TzR|t,

where denotes contraction of a multivector by a covector, the time-slice satisfies

S|t = S⃗|tm+Hk R|t ∈ Ik(R
1+d).

Proof. Ad (i). The claim is precisely the rectifiability conclusion in the rectifiable version
of the coarea formula, Theorem 2.25, applied to f := t, that is, the slices R|t are countably
Hk-rectifiable after discarding a null set of t’s.

Ad (ii). Take a t ∈ R such that the conclusion (i) holds. Then, by the rectifiability the
approximate tangent space TzR|t exists for Hk-almost every z ∈ R|t by Proposition 2.20.

Fix a point z ∈ R|t at which TzR exists, t is approximately differentiable along R, and
∇Rt(z) ̸= 0. From the rectifiable coarea formula, Theorem 2.25,∫

R
Hk

(
R|t ∩ {∇Rt = 0}

)
dt =

∫
R∩{∇Rt=0}

|∇Rt| dHk+1 = 0.
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This implies the Hk-negligibility of the critical part {∇Rt = 0} on almost every slice.
Thus, points z as above exhaust almost every slice up to a Hk-null set and so it suffices to
show the claim for them.

Choose a countable rectifiable decomposition

R ⊂ N ∪
∞⋃
j=1

hj(R
k+1), Hk+1(N) = 0,

where each hj : Rk+1 → Rd is injective and Lipschitz (see Remark 2.12). Refining the
pieces if necessary, we may assume that, for Hk+1-almost every point z ∈ hj(Rk+1)
under consideration, if z = hj(y), then hj is differentiable at y (cf. Proposition 2.23),
Jk+1hj(y) > 0, and

Tz R = ∇hj(y)[Rk+1]. (6.15)

Set

gj := t ◦ hj : Rk+1 → R.

At the corresponding good points y, the map gj is differentiable and

∇gj(y) = DRt(z) ◦ ∇hj(y), z = hj(y). (6.16)

Indeed, this is exactly the chain rule for the tangential differential, using (6.15). Since
∇hj(y) maps Rk+1 onto Tz R and DRt(z) ̸= 0 on Tz R, we have

∇gj(y) ̸= 0.

We will use the following elementary consequence of the coarea formula: If g : Rk+1 →
R is Lipschitz, then for L1-almost every level s and for Hk-almost every point y ∈ K ∩
g−1(s) at which g is differentiable and ∇g(y) ̸= 0,

Ty

(
K ∩ g−1(s)

)
= ker∇g(y). (6.17)

Applying (6.17) to each gj and intersecting the resulting full-measure sets of levels over j,
we may also assume that, for the fixed t above and for Hk-almost every y ∈ Rk+1 ∩ g−1

j (t)
with ∇gj(y) ̸= 0,

Ty

(
Rk+1 ∩ g−1

j (t)
)
= ker∇gj(y).

Now let z = hj(y) be such a point. Since hj is differentiable at y and has rank k + 1,
Proposition 2.20, applied to the rectifiable set Rk+1 ∩ g−1

j (t) and then pushed forward by
hj , gives

Tz(R|t) = ∇hj(y)
[
Ty(R

k+1 ∩ g−1
j (t))

]
= ∇hj(y)[ker∇gj(y)].
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Using (6.16), and writing A := ∇hj(y) and L := DRt(z), we obtain

A[ker∇gj(y)] = A[ker(L ◦A)] =
{
v ∈ A[Rk+1] : L[v] = 0

}
.

By (6.15), A[Rk+1] = Tz R. Therefore,

Tz(R|t) = kerDRt(z) inside Tz R.

Finally, by definition of the tangential gradient,

DRt(z)[v] = ∇Rt(z)v for every v ∈ Tz R.

Thus

Tz(R|t) =
{
v ∈ Tz R : ∇Rt(z)v = 0

}
.

Since ∇Rt(z) ̸= 0, the vector

ξ(z) :=
∇Rt(z)

|∇Rt(z)|

is a unit vector in Tz R, and the previous identity yields

Tz R = span
{
Tz(R|t), ξ(z)

}
, ξ(z) ⊥ Tz(R|t),

so assertion (ii) follows.

Ad (iii). Let ω ∈ Dk(Rd). By the definition of the slice, see Proposition 6.1,〈
S|t, ω

〉
= lim

r↓0

1

2r

〈
S t∗(1[t−r,t+r] dt), ω

〉
= lim

r↓0

1

2r

∫
[t−r,t+r]×Rd

〈
S⃗, dt ∧ ω

〉
d∥S∥

= lim
r↓0

1

2r

∫
R∩{t−r<t<t+r}

m
〈
S⃗,Dt ∧ ω

〉
dHk+1.

Only the tangential part DRt contributes to the pairing with S⃗(z). At points where DRt ̸=
0, set

ξ∗ :=
DRt

|DRt|
, S⃗|t(z) := S⃗ ξ∗.

Then, 〈
S⃗(z),Dt(z) ∧ ω(z)

〉
= |∇Rt(z)|

〈
S⃗|t(z)(z), ω(z)

〉
.

Using m+ = 0 on {∇Rt = 0} and applying the rectifiable coarea formula, Theorem 2.25,

1

2r

∫
R∩{t−r<t<t+r}

m
〈
S⃗,Dt ∧ ω

〉
dHk+1 =

1

2r

∫ t+r

t−r

∫
R|s

m+

〈
S⃗|s, ω

〉
dHk ds.
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The inner integral is locally integrable in s, so the Lebesgue Differentiation Theorem 1.16
gives for almost every t that〈

S|t, ω
〉
=

∫
R|t

m+

〈
S⃗|t, ω

〉
dHk.

Therefore,

S|t = S⃗|tm+Hk R|t.

This current is rectifiable with integer multiplicity by (i), (ii), and its boundary has finite
mass for almost every t by the slice-boundary identity (6.1). Hence S|t ∈ Ik(R1+d).

6.2 Space-time currents

The fundamental idea of the space-time approach is to consider a space-time integral cur-
rent

S ∈ I1+k(R
1+d)

and think of it as describing the motion of its slices S|t, wherever these are defined. Based
on this intuition we can then study the motions’s velocity, traversed area, variation, etc., all
of which we will treat in detail in the following.

However, the intuition of “moving slices” is somewhat flawed since there may be jumps,
that is, times t ∈ R with

∥S∥({0} × Rd) > 0.

In general, jump points cannot be avoided since they may occur as the limit of faster and
faster transient motions, and we will need to develop a theory that is able to deal with jumps
and also with more general fractal-like phenomena, like singularities that are “smeared out
in time and space”. Much of the technical challenges associated with the theory of space-
time currents are related to these kinds of phenomena.

Remark 6.6. While from an applied one may be tempted to view the aforementioned
singular phenomena as “pathologies”, there are an inescapable consequence of continuum
mechanics modeling: Unless there is a mechanism that imposes a lower bound on the small-
est observable structures (like in gradient plasticity), jumps and more complex fractal-like
structures may indeed occur in (weak) limits. This is the price one pays for having a math-
ematically closed theory.

In the following we will repeatedly make use of the measure dt⊗ ∥S|t∥, defined via(
dt⊗ ∥S|t∥

)
(A) :=

∫
∥S|t∥(A) dt

for any Borel measurable set A ⊂ R1+d. Note, however, that as a consequence of the above
discussion, dt ⊗ ∥S|t∥ does not tell the whole story since it misses any part of S not seen
by the slices S|t.
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Remark 6.7. Technically, the notation “dt⊗∥S|t∥” is slightly incorrect since the measures
∥S|t∥ are already defined on the product set R1+d. It would be more correct to write “dt⊗
(p∗∥S|t∥)” or “

∫
∥S|t∥ dt”, as in [10], for this measure. However, this is significantly more

cumbersome, so will stick to the shorthand “dt⊗ ∥S|t∥” with the above interpretation.

Given a space-time integral current S ∈ I1+k(R1+d) we recall from Section 2.4 that for
∥S∥-almost every (t, x) the approximate tangent space T(t,x)S as well as the approximate
differential DSt(t, x) and the approximate gradient ∇St(t, x) of the time projection t exist.
Here and in the following we write T(t,x)S, DSt, ∇St instead of T(t,x)R, DRt, ∇Rt with
R the H1+k-rectifiable set carrying the integral current S. We recall that ∇St(t, x) is the
projection of ∇t(t, x) onto T(t,x)S and DSt(t, x) is the restriction of the differential to
T(t,x)S, which are well-defined ∥S∥-almost everywhere by Proposition 2.23. Moreover,
the regular set and the critical set of S are defined as

Reg(S) :=
{
(t, x) ∈ R1+d : ∇St(t, x) ̸= 0

}
,

Crit(S) :=
{
(t, x) ∈ R1+d : ∇St(t, x) = 0

}
,

respectively.

Lemma 6.8. Let S ∈ I1+k(R1+d).

(i) ∥S|t∥(Crit(S)) = 0 for L1-a.e. t ∈ R;

(ii) ∇St ̸= 0 almost everywhere with respect to dt⊗ ∥S|t∥;

(iii) for L1-a.e. t ∈ R and for any Borel set A ⊂ R1+d with ∥S∥(A) <∞ it holds that∫
A

1

|∇St|
d∥S|t∥ <∞.

Proof. Ad (i). By the coarea formula for slices from Proposition 6.2, applied to g :=
1Crit(S), we calculate∫

∥S|t∥(Crit(S)) dt =
∫ ∫

{t}×Rd

1Crit(S) d∥S|t∥ dt =

∫
Crit(S)

|∇St| d∥S∥ = 0,

whence ∥S|t∥(Crit(S)) = 0 for L1-a.e. t ∈ R.

Ad (ii). As a consequence of (i), it holds that

1Crit(S) = 0 (dt⊗ ∥S|t∥)-a.e.,

from which the claim follows immediately.
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Ad (iii). Using (ii) and the coarea formula for slices again, this time with g := |∇St|−11A\Crit(S),∫ ∫
A

1

|∇St|
d∥S|t∥ dt =

∫ ∫
{t}×Rd

1

|∇St|
1A∩Reg(S) d∥S|t∥ dt

=

∫
A∩Reg(S)

d∥S∥.

<∞

This shows the claim.

The displacement vector

ξ(t, x) :=
∇St(t, x)

|∇St(t, x)|
∈ Rd, (t, x) ∈ Reg(S), (6.18)

indicates the direction of motion for the slices S|t. As a consequence of (ii) in the preceding
lemma, ξ is well-defined almost everywhere with respect to the measure dt⊗∥S|t∥. More-
over, since ∇t = [1 0 · · · 0], its projection onto the carrier set R must have non-negative
first component, so that

tξ ≥ 0. (6.19)

From the slicing theory of Section 6.1 we obtain that for L1-almost every t ∈ [0, T ]
the slice S|t exists and for (dt ⊗ ∥S|t∥)-almost every (t, x) the approximate tangent space
T(t,x)S (more precisely, the approximate tangent space of the carrier set of S) satisfies

T(t,x)S = T(t,x)S|t ⊕ span ξ(t, x), T(t,x)S|t ⊥ ξ(t, x),

with “⊕” indicating the direct sum of vector spaces. Defining also the dual vector

ξ∗(t, x) :=
DSt(t, x)

|DSt(t, x)|
∈
∧1 R1+d,

we may then represent

S⃗|t = S⃗ ξ∗ = |DSt|−1 S⃗ dt. (6.20)

By Lemma 3.7 it furthermore holds that ξ ∧ (S⃗ ξ∗) = S⃗ since ξ ∧ S⃗ = 0, whereby

S⃗ = ξ ∧ S⃗|t. (6.21)

Remark 6.9. The displacement vector ξ, as defined in (6.18), is of fundamental impor-
tance in the space-time theory. If we considered instead of the space-time current S the
path of slices t 7→ S|t, then ξ is not directly available (as the missing vector to write (6.21))
and hence the geometric derivative cannot be defined in a straightforward way. Attempt-
ing to define ξ by some form of limit procedure is also problematic since it is not clear
which points on the respective curves to compare, and such an approach would also require
additional smoothness to be well-defined.
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In the following we fix (t, x) ∈ Reg(S) as above and suppress the arguments (t, x). Let
ξ be defined as in (6.18). Since |ξ| = 1, we observe

|∇St| = |(e0 · ξ)ξ| = |ξ · e0| = |(ξ · e0)e0| = |tξ| = tξ.

Here, for the last equality we used (6.19). Moreover, since |S⃗|t| = 1, we then infer
from (6.20) that

tξ = |tξ| = |∇St| = |DSt| = |S⃗ dt|. (6.22)

As a particular consequence of (6.22),

tξ(t, x) ̸= 0 for all (t, x) ∈ Reg(S).

Based on this fact we may define a central quantity in the theory of space-time currents,
namely the geometric derivative of S:

D

Dt
S(t, x) :=

pξ(t, x)

tξ(t, x)
, (t, x) ∈ Reg(S), (6.23)

with ξ defined in (6.18). By (6.22), we may equivalently use any of the quantities appearing
there as the denominator in this definition. One should think of the geometric derivative
as the (normal) velocity of transport (or “advection”) of the slices. This statement will be
made much more precise later, most notably in the Advection Theorem 8.18.

Proposition 6.10. For S ∈ I1+k(R1+d),

D

Dt
S ∈ L1(dt⊗ ∥S|t∥;Rd)

and ∣∣∣∣ DDtS
∣∣∣∣ ≤ 1

|∇St|
(dt⊗ ∥S|t∥)-a.e. (6.24)

Proof. The fact that the geometric derivative D
DtS is well-defined (dt ⊗ ∥S|t∥)-almost ev-

erywhere follows directly from Lemma 6.8 (i), which entails that ξ(t, x) defined in (6.18)
exists and is non-zero at (dt⊗ ∥S|t∥)-almost every (t, x).

The estimate (6.24) is clear from (6.23). Combining this fact with the coarea formula
for slices from Proposition 6.2 (with g := |∇St|−1), we estimate∫ 1

0

∫
{t}×Rd

∣∣∣∣ DDtS
∣∣∣∣ d∥S|t∥ dt ≤

∫ 1

0

∫
{t}×Rd

1

|∇St|
d∥S|t∥ dt = M(S).

This directly implies the claimed integrability.
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Example 6.11. In the so-called Space-Time Framework of dislocation-driven plasticity,
the fundamental objects are the slip trajectories, that is, 2-dimensional space-time integral
currents

Sb ∈ I2([0, T ]× Ω),

one for every Burgers vector b ∈ B = {±b1, . . . ± bm} (m ∈ N), which are defined in the
(closed) space-time cylinder [0, T ] × Ω, with Ω ⊂ R3 an open bounded Lipschitz domain
that is simply connected (e.g., contractible). We also require the boundary condition

∂Sb ((0, T )× Ω) = 0. (6.25)

and the symmetry relation

S−b = −Sb

for the family (Sb)b∈B. The corresponding dislocation system at almost every time t ∈
[0, T ] is given by

Sb(t) := p∗S
b|t, b ∈ B,

i.e., the pushforward under the space projection of the slice Sb|t of Sb at time t. The
pushforward is applied to move the slice from {t} × Ω to Ω. The slicing theory of integral
currents developed in recalled above entails that Sb(t) is well-defined for (L1-)almost every
t ∈ [0, T ] and is a 1-dimensional integral current in Ω. Further, (6.25) implies for such t
that Sb(t) is boundaryless in Ω, i.e.,

∂Sb(t) Ω = 0.

This reflects the modeling assumption that dislocation lines are always closed loops inside
the specimen Ω. Moreover, the symmetry relation

S−b(t) = −Sb(t)

holds for the family (Sb(t))b∈B and almost every t ∈ [0, T ]. Finally, the geometric deriva-
tive D

DtS
b corresponds to the dislocation velocity.

6.3 Variation

Let S ∈ I1+k([σ, τ ]×Ω), where σ < τ . We define the space-time variation (or just varia-
tion) and (space-time) boundary variation of S in the interval I ⊂ [σ, τ ] via, respectively,

Var(S; I) :=

∫
I×Rd

∥pS⃗∥ d∥S∥,

Var(∂S; I) :=

∫
I×Rd

∥p
−→
∂S∥ d∥∂S∥.
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Here, ∥ ∥ denotes the mass norm of multi-vectors. The variation equals the total traversed
(spatial) area with absolute multiplicity, that is, not letting opposite movements cancel each
other.

If [σ, τ ] = [0, 1], then we also write Var(S), Var(∂S) for Var(S; [0, 1]), Var(∂S; [0, 1]).
Clearly, the variation is additive in the interval I , that is, for σ ≤ r < s < t ≤ τ it holds
that

Var(S; [r, t)) = Var(S; [r, s)) + Var(S; [s, t)),

Var(S; (r, t]) = Var(S; (r, s]) + Var(S; (s, t]).

Remark 6.12. Since we assume that S is integral, S⃗ and
−→
∂S are simple multi-vectors.

Since the mass norm agrees with the Euclidean norm | | for simple vectors (see Lemma 3.9),
we may replace the mass norm with the Euclidean norm above. However, when we define
the variation also for normal currents, then we must use the mass norm.

We also define the (space-time) L∞-norm of S and ∂S on I as follows:

∥S∥L∞(I) := ess sup
t∈I

M(S(t))

∥S∥L∞(I) := ess sup
t∈I

M(∂S(t)).

Let σ, τ ∈ R with σ < τ . We define the space of Lipschitz integral (1 + k)-currents
in [σ, τ ]× Rd as follows:

ILip1+k([σ, τ ]× Rd) :=

S ∈ I1+k([σ, τ ]× Rd) :

∥S|L∞([σ,τ ]) + ∥S∥L∞([σ,τ ]) <∞,

∥S∥({σ, τ} × Rd) = 0,

t 7→ Var(S; (σ, t)) ∈ Lip((σ, τ)),

t 7→ Var(∂S; (σ, t)) ∈ Lip((σ, τ))

 ,

where Lip([σ, τ ]) denotes the space of scalar Lipschitz functions on the interval [σ, τ ]. Fur-
thermore, if K ⊂ Rd is compact, we define

ILip1+k([σ, τ ]×K) := ILip1+k([σ, τ ]× Rd) ∩ I1+k([σ, τ ]×K).

Fix S ∈ ILip1+k([σ, τ ]× Rd). We shall use Lip(S) to denote the Lipschitz constant of

t 7→ Var(S; (σ, t)) + Var(∂S; (σ, t))

in Lip((σ, τ)).
Via the slicing theory of currents, for L1-almost every t ∈ [σ, τ ] we can define

S(t) := p∗S|t ∈ Ik(Ω),

where S|t ∈ Ik([σ, τ ] × Ω) denotes the slice of S with respect to time (i.e., with respect to
t). Note that if S ∈ I1+k([σ, τ ] × Ω) has a jump at t ∈ [σ, τ ], that is, ∥S∥({t} × Rd) > 0,
then S|t does not exist and the vertical piece S ({t} × Rd) takes the role of a “jump
transient”, i.e., the specific surface connecting the endpoints of the jump.

Let us consider some examples to illustrate the above notions.
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Example 6.13. Let u ∈ BV([0, 1]) (see [4]) and define the associated graph currents
Su ∈ I1([0, 1]× R) via

Su := τ H1 graph(u)

with

graph(u) :=
{
(t, uθ(t)) : t ∈ (0, 1), θ ∈ [0, 1]

}
,

where uθ(t) := (1 − θ)u−(t) + θu+(t) is the affine jump between the left and right limits
u±(t) = u(t±) (which are equal to u(t) if t is a continuity point), and τ is the forward-
pointing unit tangent to graph(u) (with τ · e0 ≥ 0). In this case,

Var(Su; I) = Var(u; I) = ∥Du∥(I)

for every interval I ⊂ [0, 1]. This can be seen as follows: By a smoothing argument
and Reshetnyak’s Continuity Theorem 1.21 we may without loss of generality assume that
u ∈ C1([0, 1]). Then,

τ =
1√

1 + | .u|2

[
1
.
u

]
and hence

Var(u; I) =

∫
I
| .u| dt

=

∫
graph(u)∩(I×R)

| .u|√
1 + | .u|2

dH1

=

∫
graph(u)∩(I×R)

|p(τ)| dH1

= Var(Su; I),

where we used the area formula, Theorem 2.24. Clearly, Su ∈ ILip1+0([0, 1]× R) if and only
if u is Lipschitz. Moreover, here the vector ξ defined in (6.18) satisfies ξ = τ and hence

D

Dt
Su =

pτ

tτ
=

.
u.

In this sense, the classical notions of BV- and Lipschitz-functions (with scalar values) con-
stitute the 0-dimensional case of our theory.

Example 6.14. Let Ω be star-shaped with vertex p ∈ Ω, and let T ∈ Ik(Ω). Define
H(t, x) := (1− t)p+ tx and H(t, x) := (t,H(t, x)). The cone

p◁T := H∗(J(0, 1)K × T ) ∈ ILip1+k([0, 1]× Ω)

satisfies ∂(p◁T ) = δ1 × T − p◁ ∂T .
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Example 6.15. Let fC : [0, 1] → [0, 1] be the Cantor function, see Example 4.10, and
let SC be the “Cantor cone”, that is, the set in R1+2 obtained by rotating the graph of fC
around the time axis. As the graph of fC is 1-rectifiable (with length 2), we get that SC is
2-rectifiable. Hence, with a choice of orientation, SC ∈ I2(R3). Then, SC(t) ∈ I1(R2) for
t ∈ [0, 1] is the circle lying around the origin with radius fC(t) and

Var(SC ; [0, t]) = πfC(t)
2.

Hence, SC /∈ ILip1+1([0, T ]× R2).

Like the classical variation, also our space-time variation is invariant with respect to
time rescalings:

Lemma 6.16. Let S ∈ I1+k([σ, τ ]× Ω) and let a ∈ Lip([σ, τ ]) be injective. Then,

a∗S := [(t, x) 7→ (a(t), x)]∗S ∈ I1+k(a([σ, τ ])× Ω)

with

(a∗S)(a(t)) = sgn a′(t) · S(t), t ∈ [σ, τ ],

and

Var(a∗S; a([σ, τ ])) = Var(S; [σ, τ ]),

Var(∂(a∗S); a([σ, τ ])) = Var(∂S; [σ, τ ]),

∥a∗S∥L∞(a([σ,τ ])) = ∥S∥L∞([σ,τ ]),

∥∂(a∗S)∥L∞(a([σ,τ ])) = ∥∂S∥L∞([σ,τ ]).

If S ∈ ILip1+k([σ, τ ]× Ω), then also a∗S ∈ ILip1+k(a([σ, τ ])× Ω).

Proof. If S = mS⃗H1+k R with a countably (1 + k)-rectifiable set R ⊂ R1+d, we get
(see, e.g., [23, (3) on p. 197])

a∗S = m ◦ a−1 (DRa ◦ a−1)[S⃗ ◦ a−1]

|(DRa ◦ a−1)[S⃗ ◦ a−1]|
Hk a(R),

where here and in the following we identify a with the space-time map (t, x) 7→ (a(t), x).
Since a only transforms the time coordinate,

p((DRa ◦ a−1)[S⃗ ◦ a−1]) = p((Da ◦ a−1)[S⃗ ◦ a−1]) = sgn a′(t) · p(S⃗ ◦ a−1)

and

JR
k a = |(DRa)[S⃗]|.
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Hence,

Var(a∗S; a([σ, τ ])) =

∫
a(R)

∥∥∥∥p( (DRa ◦ a−1)[S⃗ ◦ a−1]

|(DRa ◦ a−1)[S⃗ ◦ a−1]|

)∥∥∥∥ m ◦ a−1 dHk

=

∫
a(R)

∥p(S⃗ ◦ a−1)∥
|JR

k a ◦ a−1|
m ◦ a−1 dHk

=

∫
R
∥pS⃗∥ m dHk

= Var(S; [σ, τ ]),

where we used the area formula of Theorem 2.24. The equality for the boundary variation
follows in the same way. The additional claim about Lipschitz integral currents is then also
clear.

Finally, we want to consider some estimates between mass and variation. First, we
observe that since ∥pS⃗∥ ≤ 1 the variation is dominated by the mass, that is,

Var(S; I) ≤ M(S (I × Rd)) ≤ M(S) (6.26)

and likewise for the boundary variation.
The next “Pythagoras” lemma gives a reverse estimate to (6.26). For this, let Λ(k, d)

be the set of ordered k-tuples (i1, . . . , ik) ∈ {1, . . . , d}k with i1 < · · · < ik; given J =
(i1, . . . , ik) ∈ Λ(k, d), we set eJ := ei1 ∧ · · · ∧ eik .

Lemma 6.17. Let S ∈ I1+k(R1+d). Then,

|tξ|2 + |pS⃗|2 = 1 ∥S∥-a.e. (6.27)

and, for I ⊂ R,

∥S∥(I × Rd) ≤
∫
I
M(S(t)) dt+Var(S; I) ≤ L1(I) · ∥S∥L∞(I) +Var(S; I).

Proof. Any η ∈
∧

1+k R1+d can be written in coordinates as

η =
∑

J∈Λ(k,d)

η0,J e0 ∧ eJ +
∑

J∈Λ(1+k,d)

ηJ eJ = η dt+ pη,

where η0,J , ηJ ∈ R. Here we have used that

η dt =
∑

J∈Λ(k,d)

η0,J eJ ,

pη =
∑

J∈Λ(1+k,d)

ηJ eJ .
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This decomposition also shows that η d and pη are orthogonal with respect to the scalar
product on k-vectors, whereby

|η dt|2 + |pη|2 = |η|2.

Applying this pointwise to η := S⃗ and also relying on (6.22), whereby

|S⃗ dt| = |∇St| = |tξ|,

we obtain (6.27). Moreover,

M(S I × Rd) =

∫
I×Rd

√
|S⃗ dt|2 + |pS⃗|2 d∥S∥

≤
∫
I×Rd

|∇St|+ |pS⃗| d∥S∥

=

∫
I
M(S|t) dt+Var(S; I),

where in the last line we have used the coarea formula for slices in the form of Proposi-
tion 6.2 and the definition of the variation together with Remark 6.12.

Alternatively, one could estimate the Euclidean norm by the mass norm, see Lemma 3.9,
to obtain

1 = |S⃗| ≤ |S⃗ dt|+ |pS⃗| ≤ ∥S⃗ dt∥+ ∥pS⃗∥ ∥S∥-a.e.

Integrating this estimate over I × Rd with respect to ∥S∥ and applying the coarea formula
we conclude again.

6.4 Operations on space-time currents

it is convenient to define the concatenation and reversal of space-time currents with bound-
aryless traces at the start end end points:

Lemma 6.18. Let S1, S2 ∈ I1+k([0, 1]× Ω) with

∂S1 = δ1 × T1 − δ0 × T0, ∂S2 = δ1 × T2 − δ0 × T1,

where T0, T1, T2 ∈ Ik(Ω) with ∂T0 = ∂T1 = ∂T2 = 0. Then, there is S2◦S1 ∈ I1+k([0, 1]×
Ω), called the concatenation of S1, S2, with

∂(S2 ◦ S1) = δ1 × T2 − δ0 × T0

and

Var(S2 ◦ S1) = Var(S1) + Var(S2),

∥S2 ◦ S1∥L∞([0,1]) = max

{
∥S1∥L∞([0,1]), ∥S2∥L∞([0,1])

}
.

Furthermore, if S1, S2 ∈ ILip1+k([0, 1]× Ω), then also S2 ◦ S1 ∈ ILip1+k([0, 1]× Ω).
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Proof. We set

S := a1∗S1 + a2∗S2, ai(t, x) :=

(
i− 1

2
+
t

2
, x

)
.

Then, all claimed properties follow directly from Lemma 6.16.

Lemma 6.19. Let S ∈ I1+k([0, 1]× Ω) with

∂S = δ1 × T1 − δ0 × T0,

where T0, T1 ∈ Ik(Ω) with ∂T0 = ∂T1 = 0. Then, there is S−1 ∈ I1+k([0, 1] × Ω), called
the reversal of S, with

∂S−1 = δ1 × T0 − δ0 × T1

and

Var(S−1) = Var(S), ∥S−1∥L∞([0,1]) = ∥S∥L∞([0,1]).

Furthermore, if S ∈ ILip1+k([0, 1]× Ω), then also S−1 ∈ ILip1+k([0, 1]× Ω).

Proof. We set

S−1 := a∗S, a(t, x) := (1− t, x)

and again conclude by Lemma 6.16.

Next we consider progressive-in-time deformations of (boundaryless) integral currents.
To see how one could generalize currents deformed via C1-homotopies (or Lipschitz-homotopies),
we first examine the classical situation: Let Ω ⊂ Rd be a bounded Lipschitz domain and
let H ∈ C1([0, 1] × Ω;Ω) be a C1-homotopy between the identity and g ∈ C1(Ω;Ω), i.e.,
H(0, x) = x and H(1, x) = g(x); we also set H(t, x) := (t,H(t, x)). For T ∈ Ik(Ω) with
∂T = 0 define the deformation trajectory

S := H∗(J(0, 1)K × T ) ∈ I1+k([0, 1]× Ω),

where we have denoted by J(0, 1)K the canonical current associated with the interval (0, 1).
Then, by the formula for the boundary of products, see Lemma 4.19, we have

∂S = δ1 × g∗T − δ0 × T.

Moreover, since H was assumed to possess C1-regularity,

S|t = δt ×H(t, )∗T, t ∈ [0, 1],

and t 7→ S|t can be understood as a continuous deformation of T into g∗T .
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Unfortunately, the class of C1-homotopies is not closed in a topology suitable for our
needs. Furthermore, C1-homotopies do not allow to move overlapping or intersecting parts
of currents into different directions since they represent deformations of the underlying
space and not of the currents themselves. Our generalization of a deformation is thus based
on the deformation trajectory S itself. In this spirit, the lemma below show that in the case of
“essentially injective” homotopies (which do not reverse direction and have no overlaps) the
variation measures precisely the mass of the pushforward of the space-time current under
the space projection (the “slip surface” in the situation of dislocations).

Lemma 6.20. Let Ω ⊂ Rd and Ω′ ⊂ Rm be bounded Lipschitz domains, let T ∈ Ik(Ω),
and let H ∈ Lip([0, 1]×Ω;Ω′) be a homotopy that is essentially injective in the sense that{

there is a Borel set N ⊂ [0, 1]× suppT with H1+k(N) = 0 such that

H is injective on D := ([0, 1]× suppT ) \ (N ∪ {p(DH[e0 ∧ T⃗ ]) = 0}),
(6.28)

where H(t, x) := (t,H(t, x)). Set SH := H∗(J(0, 1)K × T ). Then, for all intervals
[σ, τ ] ⊂ [0, 1],

Var(SH ; [σ, τ ]) = M(H∗(J(σ, τ)K × T )), (6.29)

Var(∂SH ; (σ, τ)) = M(H∗(J(σ, τ)K × ∂T )). (6.30)

Proof. Let T = mT⃗ Hk Rwith a countably k-rectifiable carrier setR such that Hk(R) <
∞, and a Hk-measurable and integrable multiplicity function m : R → N. Fix an interval
[σ, τ ] ⊂ [0, 1] and set Z := (σ, τ)×R, which is a countably (1+k)-rectifiable set. Assume
furthermore that

SH = mH S⃗H H1+k RH ∈ I1+k([0, 1]× Ω′).

We have for ω ∈ D1+k(R1+m) that〈
H∗(J(σ, τ)K × T ), ω

〉
=

∫ τ

σ

∫
R

〈
DZH(t, x)[e0 ∧ T⃗ (x)], ω(H(t, x))

〉
m(x) dHk(x) dt

=

∫
RH∩([σ,τ ]×Rm)

∑
{x : y=H(t,x)}

m(x)

〈
DZH(t, x)[e0 ∧ T⃗ (x)]
|DZH(t, x)[e0 ∧ T⃗ (x)]|

, ω(t, y)

〉
dH1+k(t, y)

by the representation formula for pushforwards, Proposition 5.2, and the area formula, The-
orem 2.24. Note that |DZH(t, x)[e0∧ T⃗ (x)]| is precisely the modulus of the k-dimensional
Jacobian of H at (t, x) with respect to Z. It follows, see, e.g., [23, eq. (7.29)]), that

mH(t, y) S⃗H(t, y) =
∑

{x : y=H(t,x)}

m(x)
DZH(t, x)[e0 ∧ T⃗ (x)]
|DZH(t, x)[e0 ∧ T⃗ (x)]|

. (6.31)

Define

η(t, x) := p(DZH(t, x)[e0 ∧ T⃗ (x)]).
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Our assumption (6.28) now implies that whenever η(t, x) ̸= 0, then in (6.31) we have

∥p(S⃗H(t, y))∥mH(t, y) =
∑

{x : y=H(t,x)}

m(x)
∥p(DZH(t, x)[e0 ∧ T⃗ (x)])∥
|DZH(t, x)[e0 ∧ T⃗ (x)]|

on a set of full measure (there is only one term in the sum). Thus,

Var(SH ; [σ, τ ]) =

∫
RH∩([σ,τ ]×Rm)

∥p(S⃗H)∥ d∥SH∥

=

∫
RH∩([σ,τ ]×Rm)

∑
{x : y=H(t,x)}

m(x)
∥p(DZH(t, x)[e0 ∧ T⃗ (x)])∥
|DZH(t, x)[e0 ∧ T⃗ (x)]|

dH1+k(t, y)

=

∫ τ

σ

∫
R
|η(t, x)| m(x) dHk(x) dt. (6.32)

By similar arguments as before, for ω ∈ D1+k(Rm) it also holds that〈
H∗(J(σ, τ)K × T ), ω

〉
=

∫ τ

σ

∫
R

〈
η(t, x), ω(H(t, x))

〉
m(x) dHk(x) dt

=

∫∫
D

〈
η(t, x), ω(H(t, x))

〉
m(x) dHk(x) dt.

We now find a measurable k-covector field ω̃ : D →
∧k Rm with |ω̃| ≤ 1 and ⟨η(t, x), ω̃(t, x)⟩ =

|η(t, x)|. Then, by (6.28), there exists a measurable k-covector field ω̂ : Ω →
∧k Rm satis-

fying |ω̂| ≤ 1 and〈
η(t, x), ω̂(H(t, x))

〉
=

〈
η(t, x), ω̃(t, x)

〉
= |η(t, x)|

for (t, x) ∈ D. By a standard smoothing argument we thus obtain

M(H∗(J(σ, τ)K × T )) ≥
∫ τ

σ

∫
R
|η(t, x)| m(x) dHk(x) dt

and the other inequality “≤” is easily seen to be true as well. Consequently, using this
equality in (6.32),

Var(SH ; [σ, τ ]) = M(H∗(J(σ, τ)K × T )).

This shows (6.29); the boundary estimate (6.30) follows in the same way.

The prototypical class of deformation trajectories is defined via affine homotopies:

Lemma 6.21. Let Ω ⊂ Rd and Ω′ ⊂ Rm be bounded Lipschitz domains and let H be an
affine homotopy between f, g ∈ Lip(Ω;Ω′), i.e.,

H(t, x) := (1− t)f(x) + tg(x), (t, x) ∈ [0, 1]× Ω.
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Let T ∈ Ik(Ω) and set SH := H∗(J(0, 1)K × T ), where H(t, x) := (t,H(t, x)). Then,

SH ∈ ILip1+k([0, 1]× Ω′) (6.33)

and, for all intervals [σ, τ ] ⊂ [0, 1] and almost every t ∈ [0, 1],

Var(SH ; [σ, τ ]) ≤ ∥g − f∥∞ · V k(f, g, T ) · |σ − τ |, (6.34)

Var(∂SH ; (σ, τ)) ≤ ∥g − f∥∞ · V k−1(f, g, ∂T ) · |σ − τ |, (6.35)

M(SH(t)) ≤ V k(f, g, T ), (6.36)

M(∂SH(t)) ≤ V k−1(f, g, ∂T ), (6.37)

where, for l = k − 1, k,

V l(f, g, T ) :=

∫
|Df |l + |Dg|l d∥T∥ ≤

(
∥Df∥lL∞ + ∥Dg∥lL∞

)
M(T ).

and the L∞-norms may be taken over the support of T .

Proof. We use the same notation as in the proof of Lemma 6.20. Recalling (6.31) (which
holds independently of the injectivity hypothesis (6.28)), we can estimate

∥p(S⃗H(t, y))∥mH(t, y) ≤
∑

{x : y=(1−t)f(x)+tg(x)}

m(x)
∥p(DZH(t, x)[e0 ∧ T⃗ (x)])∥
|DZH(t, x)[e0 ∧ T⃗ (x)]|

.

A computation shows

DZH(t, x)[e0 ∧ T⃗ (x)] =

[
1

g(x)− f(x)

]
∧
(
(1− t)

[
0

Df(x)

]
+ t

[
0

Dg(x)

])
[T⃗ (x)]

and then

∥p(DZH(t, x)[e0 ∧ T⃗ (x)])∥ =
∥∥(g(x)− f(x)) ∧ ((1− t)Df(x) + tDg(x))[T⃗ (x)]

∥∥
≤ ∥g − f∥∞ · (|Df(x)|k + |Dg(x)|k).
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So,

Var(SH ; [σ, τ ])

=

∫
RH∩([σ,τ ]×Rm)

∥p(S⃗H(t, y))∥mH(t, y) dH1+k(t, y)

≤
∫
RH∩([σ,τ ]×Rm)

∑
{x : y=(1−t)f(x)+tg(x)}

m(x)
∥p(DZH(t, x)[e0 ∧ T⃗ (x)])∥
|DZH(t, x)[e0 ∧ T⃗ (x)]|

dH1+k(t, y)

≤
∫
RH∩([σ,τ ]×Rm)

∑
{x : y=(1−t)f(x)+tg(x)}

m(x)
∥g − f∥∞ · (|Df(x)|k + |Dg(x)|k)

|DZH(t, x)[e0 ∧ T⃗ (x)]|
dH1+k(t, y)

=

∫ τ

σ

∫
R
∥g − f∥∞ · (|Df(x)|k + |Dg(x)|k) m(x) dHk(x) dt

= ∥g − f∥∞ ·
(∫

|Df |k + |Dg|k d∥T∥
)
· |σ − τ |,

where we have used the area formula again in the second-to-last equality. This shows (6.34).
For the boundary variation Var(∂SH ; (σ, τ)) we observe via the formula for the bound-

ary of products, see Lemma 4.19, together with the fact that boundaries and pushforwards
commute, see Lemma 4.26, the formula

∂SH = δ1 × g∗T − δ0 × f∗T −H∗(J(0, 1)K × ∂T ).

We can argue in a similar fashion to above to obtain (6.35) (note that the interval is open, so
that the endpoint terms are not counted). For (6.36) we use that for almost every t ∈ (0, 1)
it holds that

SH(t) = H(t, )∗T.

This follows from the cylinder formula (6.13). Then, for ω ∈ Dk(Rm),〈
SH(t), ω

〉
=

∫
R

〈
DRH(t, )[T⃗ (x)], ω(H(t, x))

〉
m(x) dHk(x).

Taking the supremum over all ω ∈ Dk(Rm) with |ω| ≤ 1 and employing a similar estimate
as above yields (6.36); likewise for (6.37). Then, also (6.33) follows.

Remark 6.22. Note that for an affine homotopy from f to g as in the preceding lemma,

η(t, x) = p(DZH(t, x)[e0 ∧ T⃗ (x)])
= (g(x)− f(x)) ∧ ((1− t)Df(x) + tDg(x))[T⃗ (x)],
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which is zero in particular where f = g (that is, where the affine homotopy “stands still”).
So, in this case, the assumption (6.28) in Lemma 6.20 is implied by the more restrictive, but
easier to check, condition{

there is a Borel set N ⊂ [0, 1]× suppT with H1+k(N) = 0 such that

H is injective on D := ([0, 1]× suppT ) \ (N ∪ {f = g}).

6.5 Weak* convergence and compactness

We say that (Sj) ⊂ I1+k([σ, τ ] × Ω) converges BV-weakly* to S ∈ I1+k([σ, τ ] × Ω) as
j → ∞, in symbols “Sj

∗
⇀ S in BV”, if{

Sj
∗
⇀ S in I1+k([σ, τ ]× Ω),

Sj(t)
∗
⇀ S(t) in Ik(Ω) for L1-almost every t ∈ [σ, τ ].

For this convergence we have the following compactness principle in the spirit of the clas-
sical Helly selection principle for BV-maps:

Theorem 6.23. Assume that the sequence (Sj) ⊂ I1+k([σ, τ ]× Ω) satisfies

∥Sj∥L∞([σ,τ ]) + ∥∂Sj∥L∞([σ,τ ]) +Var(Sj ; [σ, τ ]) + Var(∂Sj ; [σ, τ ]) ≤ C <∞

for all j ∈ N. Then, there exists S ∈ I1+k([σ, τ ] × Ω) and a (not relabelled) subsequence
such that

Sj
∗
⇀ S in BV.

Moreover,

∥S∥L∞([σ,τ ]) ≤ lim inf
j→∞

∥Sj∥L∞([σ,τ ]),

∥∂S∥L∞([σ,τ ]) ≤ lim inf
j→∞

∥∂Sj∥L∞([σ,τ ]),

Var(S; [σ, τ ]) ≤ lim inf
j→∞

Var(Sj ; [σ, τ ]),

Var(∂S; (σ, τ)) ≤ lim inf
j→∞

Var(∂Sj ; (σ, τ)).

If additionally (Sj) ⊂ ILip1+k([σ, τ ] × Ω) such that the Lipschitz constants Lj of the scalar
maps t 7→ Var(Sj ; [σ, t])+Var(∂Sj ; (σ, t)) are uniformly bounded, then also S ∈ ILip1+k([σ, τ ]×
Ω) with Lipschitz constant bounded by lim infj→∞ Lj . Moreover, in this case, Sj(t)

∗
⇀

S(t) in Ik(Ω) for every t ∈ [σ, τ).

Proof. From the assumptions we infer a uniform bound on the masses M(Sj) and M(∂Sj)

via Lemma 6.17. Then, the first convergence Sj
∗
⇀ S in I1+k([σ, τ ] × Ω), up to select-

ing a subsequence, follows directly from the Federer–Fleming compactness theorem in
I1+k([σ, τ ]× Ω), see Theorem 5.6.
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By the cylinder formula (6.13),

S|t = ∂(S {t < t})− (∂S) {t < t}

and likewise for Sj |t. If ∥Sj∥ + ∥∂Sj∥
∗
⇀ ν in M+([σ, τ ] × Rd) (for a subsequence),

then standard results in measure theory (see, e.g., [4, Theorem 1.62 (b)]) imply that for all
t ∈ [σ, τ ] with ν({t} × Rd) = 0 it holds that〈

Sj , 1{t<t} ∧ dω
〉
→

〈
S, 1{t<t} ∧ dω

〉
,

〈
∂Sj , 1{t<t} ∧ ω

〉
→

〈
∂S,1{t<t} ∧ ω

〉
.

for all ω ∈ Dk(R1+d). Thus, for these t,

∂
(
Sj {t < t}

) ∗
⇀ ∂

(
S {t < t}

)
, ∂Sj {t < t} ∗

⇀ ∂S {t < t}.

Since there are only at most countably many t’s with ν({t} × Rd) > 0, we obtain that

Sj |t
∗
⇀ S|t for L1-almost every t.

This shows the second convergence Sj(t)
∗
⇀ S(t) in Ik(Ω) for L1-almost every t ∈ [σ, τ ].

The lower semicontinuity of the mass and variation follow in the usual way from the
weak* convergences. Indeed, the variation Var(Sj ; [σ, τ ]) is lower semicontinuous by
Reshetnyak’s Lower Semicontinuity Theorem 1.22, i.e.,

Var(S; [σ, τ ]) =

∫
[σ,τ ]×Ω

∥pS⃗∥ d∥S∥

≤ lim inf
j→∞

∫
[σ,τ ]×Ω

∥p(S⃗j)∥ d∥Sj∥

= lim inf
j→∞

Var(Sj ; [σ, τ ])

since the integrand ∥p( )∥ is positively 1-homogeneous, convex (as the composition of a
convex and a linear map on

∧
1+k R1+d), and continuous.

Finally, assume that (Sj) ⊂ ILip1+k([σ, τ ]×Ω) and the Lipschitz constants Lj of the scalar
maps t 7→ Var(Sj ; [σ, t]) + Var(∂Sj ; (σ, t)) are uniformly bounded by L∗ > 0. Then, by
Lemma 6.17, for almost every s, t ∈ (σ, τ) and every j ∈ N,

∥Sj∥([s, t]× Rd) = M(Sj ([s, t]× Rd))

≤ |s− t| · ess sup
r∈[s,t]

M(Sj(r)) + Var(Sj ; [s, t])

≤ (C + L∗)|s− t|.

Likewise, we obtain ∥∂Sj∥([s, t]×Rd) ≤ (C+L∗)|s− t|. Then, for the measure ν defined
above it holds that ν({t} × Rd) = 0 for all t ∈ [σ, τ). Consequently, the same argument as
before yields that Sj(t)

∗
⇀ S(t) in Ik(Ω) at every t ∈ [σ, τ).
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Finally, for s, t ∈ [σ, τ ] it holds that

Var(S; [s, t]) ≤ lim inf
j→∞

Var(Sj ; [s, t]) ≤ L|s− t|

by the same argument based on Reshetnyak’s theorem as above, whereL := lim infj→∞ Lj ;
similarly for the boundary variation. In particular, S ∈ ILip1+k([σ, τ ]×Ω) with Lipschitz con-
stant bounded by L.

Corollary 6.24. Assume that Sj
∗
⇀ S in I1+k([σ, τ ]× Ω) and

∥Sj∥L∞([σ,τ ]) + ∥∂Sj∥L∞([σ,τ ]) ≤ C <∞

for all j ∈ N. Then, Sj
∗
⇀ S in BV.

Proof. Since Sj
∗
⇀ S and ∂Sj

∗
⇀ ∂S in the sense of measures (which follows from the

weak* convergence as currents), we have that M(Sj) + M(∂Sj) ≤ C for some constant
C > 0. Then also Var(Sj ; [σ, τ ]) + Var(∂Sj ; [σ, τ ]) ≤ C by (6.26) and so the assumptions
of the preceding theorem are satisfied. Since the limit is already determined, we get Sj

∗
⇀ S

in BV.

6.6 Deformation and connectivity theorems

In this section we establish a version of the deformation theorem (see [19, 4.2.9] or [23,
Section 7.7]) that is adapted to our BV-theory of integral currents. Let us emphasize that
this theorem requires the current being approximated to be integral and boundaryless. Also
recall our standing assumption that Ω ⊂ Rd is a bounded Lipschitz domain.

Theorem 6.25 (Space-time deformation). Let T ∈ Ik(Ω) with ∂T = 0. Then, for all
ϱ > 0 there exists S ∈ ILip1+k([0, 1]× Ω′), where Ω′ := Ω +B(

√
d+1)ϱ, such that

∂S = δ1 × P − δ0 × T, P =
∑

F∈Fk(ϱ)

pF JF K, ∂P = 0.

Here, JF K is the integral current associated to an oriented k-face F ∈ Fk(ϱ) of one of the
cubes ϱz + (0, ϱ)d (with unit multiplicity and a fixed choice of orientation), z ∈ Zd, and
pF ∈ Z. Moreover,

M(P ) ≤ CM(T ),

Var(S) ≤ CϱM(T ),

∥S∥L∞([0,1]) ≤ CM(T ).

Here, the constant C > 0 depends only on the dimensions.



140 CHAPTER 6. SPACE-TIME INTEGRAL CURRENTS

Proof. It suffices to prove the theorem for ϱ = 1; the general case is reduced to ϱ = 1
by scaling. Indeed, setting rα(x) := αx for α > 0 and x ∈ Rd, we may apply the result
in the version for ϱ = 1 to T̃ := r

1/ϱ
∗ T (in a suitable domain) to obtain P̃ , S̃ as in the

statement of the theorem for ϱ = 1. Then, set P := rϱ∗P̃ , S := rϱ∗S̃ (or, more verbosely,
S := [(t, x) 7→ (t, ϱx)]∗S̃). These P, S satisfy the conclusion of the theorem for our ϱ since
P, T and S(t) (for a.e. t ∈ [0, 1]) have the same dimension k and S has dimension 1 + k,
whereby

Var(S) = ϱ1+k Var(S̃) ≤ Cϱ1+kM(T̃ ) = CϱM(T ).

One quick way to see the first equality is to observe that

Var(S) = ϱ1+k Var
(
[(t, x) 7→ (t/ϱ, x/ϱ)]∗S; [0, 1/ϱ]

)
= ϱ1+k Var(S̃)

by the area formula and Lemma 6.16.
So, in the following let ϱ = 1. Inspecting the proof of the standard deformation theorem,

in the version of [23, Sections 7.7, 7.8], say, we observe that in the present situation of
boundaryless integral currents the proof proceeds by constructing a homotopy from T to a
P of the form

P =
∑

F∈Fk(1)

pF JF K

with

∂P = 0, M(P ) ≤ CM(T ).

We remark in particular that in the last step of the proof of the deformation theorem (as
in [23, Section 7.8]) we do not need to modify the retraction onto any k-face since ∂T = 0
(by the constancy theorem, see [23, Proposition 7.3.5]) and P is indeed a homotopical image
of T . The homotopy constructed is seen to be the concatenation of two affine homotopies:
The first affine homotopy, call it H1, goes from the identity to a translation ta(x) := x+ a
(|a| < 1). The second affine homotopy, H2, goes from the identity to the “radial” retraction
ψ onto the k-skeleton (defined in [23, Section 7.7]).

We have H1(1, )∗T = ta∗T and

SH1 := (H1)∗T ∈ ILip1+k([0, 1]× Ω+B1),

where H1(t, x) := (t,H1(t, x)). From Lemma 6.21 we obtain

Var(SH1) ≤ CM(T ).

Moreover, it can be shown (see [23, top of p. 218]) that a may be chosen such that∫
|Dψ|k d∥ta∗T∥ ≤ CM(T ).
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Thus, from Lemma 6.21 we get for

SH2 := (H2)∗[t
a
∗T ] ∈ ILip1+k([0, 1]× Ω+B1+

√
d),

where H2(t, x) := (t,H2(t, x)), that also

Var(SH2) ≤ CM(T ).

Once we concatenate SH1 and SH2 via Lemma 6.18, we obtain that for

S := SH2 ◦ SH1 ∈ ILip1+k([0, 1]× Ω′)

it holds that ∂S = δ1 × P − δ0 × T and

Var(S) ≤ CM(T ).

The statement about the essential mass bound on S(t) also follows from the estimates of
Lemmas 6.21, 6.18. This finishes the proof.

As a corollary, we obtain the following version of the isoperimetric inequality:

Theorem 6.26 (Isoperimetric inequality). Let T ∈ Ik(Ω), k ≥ 1, with ∂T = 0. Then,
there exists S ∈ ILip1+k([0, 1]× Ω′), where Ω′ := Ω +BCM(T )1/k , such that

∂S = −δ0 × T

and

Var(S; [0, 1]) ≤ CM(T )(k+1)/k, ∥S∥L∞([0,1]) ≤ CM(T ).

Here, the constant C > 0 depends only on the dimensions.

Proof. The proof is similar to the one for the classical isoperimetric inequality and follows
immediately from the deformation theorem: Assuming that T ̸= 0, we let P, S as in the
deformation theorem with

ϱ := [2CM(T )]1/k,

where C > 0 is the constant from said theorem. By a scaling argument, M(P ) = N(ϱ)ϱk

for some nonnegative integer N(ϱ). From the estimates in the deformation theorem we
have M(P ) ≤ CM(T ) and thus

N(ϱ) · 2CM(T ) = M(P ) ≤ CM(T ).

So, 2N(ϱ) ≤ 1, whereby N(ϱ) = 0, and hence P = 0. This immediately yields all the
claimed statements.
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The following is a metric measuring the distance between two boundaryless integral
k-currents via progressive-in-time deformations, namely Lipschitz integral currents: For
T0, T1 ∈ Ik(Ω) with ∂T0 = ∂T1 = 0, the (Lipschitz) deformation distance between T0
and T1 is

distLip,Ω(T0, T1) := inf
{
Var(S) : S ∈ ILip1+k([0, 1]× Ω) with ∂S = δ1 × T1 − δ0 × T0

}
.

That distLip,Ω( , ) : Ik(Ω)× Ik(Ω) → [0,∞] is positive definite, symmetric, and obeys the
triangle inequality follows immediately from Lemmas 6.18, 6.19 and the fact that Var(S) =
0 for S ∈ ILip1+k([0, 1]×Ω) with ∂S = δ1×T1−δ0×T0 implies that T0 = T1. We remark that
distLip,Ω( , ) is not necessarily finite if Ω has holes that can be detected by boundaryless
integral k-currents.

With regard to the notion of convergence induced by the (Lipschitz) deformation dis-
tance, we have the following space-time connectivity theorem:

Theorem 6.27. For every M > 0 and Tj , T (j ∈ N) in the set{
T ∈ Ik(Ω) : ∂T = 0, M(T ) ≤M

}
the following equivalence holds (as j → ∞):

distLip,Ω(Tj , T ) → 0 if and only if Tj
∗
⇀ T in Ik(Ω).

Moreover, in this case, for all j from a subsequence of the j’s, there are Sj ∈ ILip1+k([0, 1]×Ω)
with

∂Sj = δ1 × T − δ0 × Tj , distLip,Ω(Tj , T ) ≤ Var(Sj) → 0,

and

lim sup
j→∞

∥Sj∥L∞([0,1]) ≤ C · lim sup
l→∞

M(Tl).

Here, the constant C > 0 depends only on the dimensions and on Ω.

Proof. For the first direction, assume distLip,Ω(Tj , T ) → 0. For any S ∈ ILip1+k([0, 1] × Ω)
with ∂S = δ1 × Tj − δ0 × T0 it holds that ∂p∗S = Tj − T0 and so,

FI◦(Tj − T ) ≤ M(p∗S) ≤ Var(S)

by the definition of the variation. Taking the supremum over all such S,

F◦(Tj − T ) ≤ FI◦(Tj − T ) ≤ distLip,Ω(Tj , T ) → 0.

Then, the claim Tj
∗
⇀ T follows as the first (easier) part of Proposition 5.12, namely as

follows: For ω ∈ Dk(Rd),∣∣〈Tj − T, ω
〉∣∣ ≤ F◦(Tj − T ) · ∥dω∥∞ → 0.
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For the other direction, assume Tj
∗
⇀ T in Ik(Ω) with ∂Tj = ∂T = 0 and M :=

supj M(Tj) <∞. We need to show that

distLip,Ω(Tj , T ) → 0. (6.38)

The first step is to observe that for all N ∈ N sufficiently large there exists a finite
collection PN ⊂ Ik(Ω) such that for all T̂ ∈ Ik(Ω) with ∂T̂ = 0 and M(T̂ ) ≤ M it holds
that

distLip,Ω(T̂ , P ) < C2−N for some P ∈ PN , (6.39)

where the constant C > 0 and the lower bound for N depend only on the dimensions
and the domain Ω. We first claim that (6.39) holds (with C = 1 and for all N ∈ N) for
distLip,Ω′ , where we have set Ω′ := Ω + B(

√
d+1)ϱ ⋑ Ω is as in our deformation theorem,

Theorem 6.25, with ϱ := 2−N/(Cd,kM) (with Cd,k the constant from the deformation
theorem). Indeed, for PN we take the collection of all polyhedral chains P that can possibly
satisfy the conclusion of the deformation theorem for a T̂ as above, which is clearly a finite
set. Thus, (6.39) is established in Ω′.

Next, for N sufficiently large (how large only depending on Ω), we may retract Ω′

to Ω. In this context recall that Ω is always assumed to be a bounded Lipschitz domain
and hence a Lipschitz neighborhood retract, i.e., there exists a Lipschitz map that retracts
some neighborhood of Ω onto Ω. In fact, since Ω was assumed to be bounded and to
have a (strong) Lipschitz boundary, one may proceed by observing that Ω is a Lipschitz
manifold and thus a Lipschitz neighborhood retract, see, e.g., [25, Theorem 5.13 and Re-
mark 3.2 (3)]). Thus, (6.39) also holds for distLip,Ω and with PN containing the retracts
of the polyhedral chains. Note that the retraction itself only contributes a bounded factor to
the estimate of the variation.

Returning to our sequence (Tj), for every N ∈ N sufficiently large we find a P ∈
PN such that distLip,Ω(Tj , P ) < C2−N for infinitely many j’s. Applying this argument
repeatedly and selecting a subsequence at every step (such that the constraint holds for all
elements of that subsequence), we may find a diagonal subsequence, still denoted by (Tj),
such that

distLip,Ω(Tl, Pj) < 2−(j+1) for all l ≥ j and a Pj ∈
⋃
N

PN ⊂ Ik(Ω).

By the construction above Pj is the Lipschitz retract of a polyhedral chain. Then, via the
triangle inequality,

distLip,Ω(Tj , Tj+1) < 2−j .

Hence, there exists an Rj ∈ ILip1+k([0, 1]× Ω) with

∂Rj = δ1 × Tj+1 − δ0 × Tj , Var(Rj) < 2−j .
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Using the space-time currents constructed in the proof of the deformation theorem as wit-
nesses for distLip,Ω(Tj , Pj) < 2−(j+1) and distLip,Ω(Pj , Tj+1) < 2−(j+1) and concatenat-
ing them via Lemma 6.18 to obtain Rj , we may further require

∥Rj∥L∞([0,1]) ≤ C ·max
{
M(Tj),M(Tj+1)

}
.

For the concatenation of the Rl for l = j, . . . , j +m− 1, that is,

Sm
j := Rj+m−1 ◦Rj+m−2 ◦ · · · ◦Rj ,

see again Lemma 6.18, it holds that

∂Sm
j = δ1 × Tj+m − δ0 × Tj .

and

Var(Sm
j ) =

m−1∑
l=0

Var(Rj+l) ≤ 2−j+1,

Var(∂Sm
j ) = M(Tj) +M(Tj+m) ≤ 2M,

∥Sm
j ∥L∞([0,1]) ≤ C · max

l=j,...,j+m
M(Tl) ≤ C · sup

l≥j
M(Tl).

Moreover, via Lemma 6.16 we may rescale Sm
j in time (which we do not make explicit in

our notation) to assume

Var(Sm
j ; [0, t]) = tVar(Sm

j ), t ∈ [0, 1].

In this way, also the Lipschitz constants of Sm
j are uniformly in m bounded by 2−j+1.

We now pass to the limit m→ ∞. Via Theorem 6.23 this yields Sj ∈ ILip1+k([0, 1]× Ω)
with

∂Sj = δ1 ×
(
w*-lim
m→∞

Tj+m

)
− δ0 × Tj = δ1 × T − δ0 × Tj

and

Var(Sj) ≤ 2−j+1,

∥Sj∥L∞([0,1]) ≤ C · sup
l≥j

M(Tl).

Our Sj is admissible in the definition of the metric distLip,Ω( , ) and so,

distLip,Ω(Tj , T ) ≤ Var(Sj) → 0 as j → ∞.

In this way we can find for every subsequence of the original sequence (Tj)j (before taking
the repeated subsequences above) a further subsequence that converges in the distLip,Ω-
metric to T . Hence, also distLip,Ω(Tj , T ) → 0 for the original sequence, proving our
claim (6.38).

Finally, taking the upper limit of the mass estimate,

lim sup
j→∞

∥Sj∥L∞([0,1]) ≤ C · lim sup
l→∞

M(Tl).

This finishes the proof.



Chapter 7

Fine Properties of Space-Time
Currents

In this chapter we explore in detail the relationship between a space-time current and its
slices. In particular, there are two different decompositions of a space-time current, namely
the one given by current slicing and the one given by the measure-theoretic disintegration
(see Theorem 1.5 and Remark 1.7). Comparing them, we can understand whether or not a
given space-time current is essentially just a collection of slices, or if there are other singular
phenomena present (which may indeed happen).

7.1 Disintegration

Given a space-time integral current S ∈ I1+k(R1+d), define the positive measure

λ := L1 + λs, λs := (t#∥S∥)s.

Trivially, t#∥S∥ ≪ λ, so that we may consider the (unique) disintegration of the mass
measure ∥S∥ with respect to t and λ according to Theorem 1.5 and Remark 1.7, namely

∥S∥ = λ(dt)⊗ µt (7.1)

with

µt ∈ M
(
{t} × Rd;

∧
1+k R1+d

)
for λ-a.e. t ∈ R.

Also set

µ∗t := µt Crit(S).

Theorem 7.1 (Disintegration structure). Let S ∈ I1+k(R1+d) and let ∥S∥ = λ(dt)⊗ µt
be the disintegration of the mass measure as in (7.1). Then:

145
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(i) For L1-a.e. t ∈ R the measure µ∗t is singular with respect to |∇St|−1 ∥S|t∥ and µt
can be decomposed as

µt = |∇St|−1 ∥S|t∥+ µ∗t ,

(ii) For λs-a.e. t ∈ R the measure µt is concentrated on Crit(S), so µ∗t = µt.

Therefore, the disintegration structure formula

∥S∥ = dt⊗
(
|∇St|−1 ∥S|t∥+ µ∗t

)
+ λs(dt)⊗ µ∗t (7.2)

holds.

To establish this theorem, we first prove the following two lemmas.

Lemma 7.2. Let S ∈ I1+k(R1+d). For the measures

γ := |∇St| ∥S∥, Γ := ∇St ∥S∥

the following statements hold:

(i) t#γ ≪ L1 and γ = dt⊗ ∥S|t∥.

(ii) t#∥Γ∥ ≪ L1 and Γ = dt⊗ (ξ ∥S|t∥).

Proof. Ad (i). Let N ⊂ R be an L1-null set. Then, applying the coarea formula for slices
from Proposition 6.2 with g := 1N×Rd ,

t#γ(N) = γ(N × Rd)

=

∫
R1+d

1N×Rd |∇St| d∥S∥

=

∫
R

∫
{t}×Rd

1N×Rd d∥S|t∥ dt

=

∫
R

1N (t)

(∫
{t}×Rd

d∥S|t∥
)

dt

= 0, ,

Hence, t#γ ≪ L1.
By the disintegration procedure of Theorem 1.5 and the remark following it (for λ =

L1), we may write

γ = dt⊗ γt.

Combining this with the coarea formula for slices from Proposition 6.2, we obtain for all
Borel sets A ⊂ R, B ⊂ Rd that∫

A
∥S|t∥(B) dt =

∫
A×B

|∇St| d∥S∥ = γ(A×B) =

∫
A
γt(B) dt.
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Since A,B are arbitrary, (i) follows from the uniqueness of the disintegration.

Ad (ii). Clearly, ∥Γ∥ = γ, whereby t#∥Γ∥ = t#γ ≪ L1 follows directly from (i). For the
second claim we observe for any φ ∈ Cc(R1+d;R × Rd) tand with ξ defined in (6.18) that∫

R1+d

φ · dΓ =

∫
R1+d

φ · ∇St d∥S∥

=

∫
R1+d

φ · ξ |∇St| d∥S∥

=

∫ ∫
{t}×Rd

φ · ξ d∥S|t∥ dt,

where the last line follows from (i). We conclude again via the uniqueness of the disinte-
gration.

Lemma 7.3. Let S ∈ I1+k(R1+d). For the measures

σ := ∥S∥ Reg(S), Σ := S Reg(S)

the following statements hold:

(i) t#σ ≪ L1 and σ = dt⊗ (|∇St|−1 ∥S|t∥).

(ii) t#∥Σ∥ ≪ L1 and Σ = dt⊗ (|∇St|−1 ξ ∧ S|t).

Proof. Ad (i). Observe first that

1Reg(S) = 1 (dt⊗ ∥S|t∥)-a.e.

by virtue of Lemma 6.8 (i). Similarly to the proof of the previous lemma, we then apply
the coarea formula for slices from Proposition 6.2 with g := |∇St|−11(N×Rd)∩Reg(S) to
compute for any Borel set A ⊂ R1+d,

σ(A) = ∥S∥(A ∩ Reg(S))

=

∫ ∫
{t}×Rd

1A∩Reg(S) |∇St|−1 d∥S|t∥ dt

=

∫ ∫
{t}×Rd

1A |∇St|−1 d∥S|t∥ dt.

In particular,

t#σ =
(
|∇St|−1 ∥S|t∥

)
(R × Rd)L1(dt)

and hence t#σ ≪ L1. Then,

σ = dt⊗
(
|∇St|−1 ∥S|t∥

)
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must be the (unique) disintegration of σ with respect to L1, which concludes the proof of (i).

Ad (ii). Since ∥Σ∥ = σ, from (i) we immediately see that t#∥Σ∥ = t#σ ≪ L1. Then take
φ ∈ Cc(R1+d;R × Rd) and compute∫

R1+d

φ dΣ =

∫
(R1+d)∩Reg(S)

φ dS

=

∫
R1+d

φ · S⃗ dσ.

By (i) we thus obtain for the disintegration Σ = dt⊗ Σt with

Σt = S⃗ |∇St|−1 ∥S|t∥ = (ξ ∧ S⃗|t) |∇St|−1 ∥S|t∥ =
1

|∇St|
ξ ∧ S|t

for L1-a.e. t ∈ R, where we have also used (6.21). This shows the second claim of (ii).

Proof of Theorem 7.1. Summing up the the insights from the preceding two lemmas, we
have the following relations:

|∇St| ∥S∥ = dt⊗ ∥S|t∥, ∥S∥ Reg(S) = dt⊗
(
|∇St|−1 ∥S|t∥

)
,

∇St ∥S∥ = dt⊗ (ξ ∥S|t∥), S Reg(S) = dt⊗
(
|∇St|−1 ξ ∧ S|t

)
.

Write ∥S∥ = σ+ν with σ := ∥S∥ Reg(S) and ν := ∥S∥ Crit(S). From Lemma 7.3
we obtain the relations

σt = |∇St|−1 ∥S|t∥ for L1-a.e. t ∈ R,

σt = 0 for λs-a.e. t ∈ R.

Denoting by ν = dt⊗ νt the disintegration of ν with respect to λ,

∥S∥ = σ + ν

= dt⊗
(
|∇St|−1 ∥S|t∥

)
+ λ(dt)⊗ νt

= dt⊗
(
|∇St|−1 ∥S|t∥+ νt

)
+ λs(dt)⊗ νt.

Comparing this to (7.1), we obtain

µt = |∇St|−1 ∥S|t∥+ νt for L1-a.e. t ∈ R,

µt = νt for λs-a.e. t ∈ R.

In particular, since the νt are concentrated in Crit(S) for λs-a.e. t ∈ R, the same holds for
µt, which immediately yields (ii).

For the absolutely continuous parts, observe that µ∗t = νt and that this measure is
singular with respect to |∇St|−1 ∥S|t∥ by Lemma 6.8 (i). So,

µt = |∇St|−1 ∥S|t∥+ µ∗t .

This shows (i). Finally, (7.2) is a direct consequence of (i) and (ii).
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Remark 7.4. One can also show that µ∗t is singular with respect to Hk for L1-a.e. t ∈ R.
For this, notice that the set Crit(S) is (k + 1)-rectifiable, being a subset of (the carrier of)
S. By the coarea formula of Theorem 2.7, the set

Ct := Crit(S) ∩ ({t} × Rd)

is k-rectifiable for L1-a.e. t and∫
Hk(Ct) dt =

∫
C
|∇St| dHk+1 = 0.

So, Hk(Ct) = 0 for L1-a.e. t ∈ R. Since, by definition, µ∗t is concentrated on Crit(S) ∩
({t}×Rd) = Ct, we conclude that µ∗t is indeed singular to Hk for L1-a.e. t ∈ R. Moreover
µ∗t is concentrated on Crit(S) ∩ ({t} × Rd), which is Hk-null for L1-a.e. t.

7.2 Slices and AC space-time currents

An important consideration in much of the theory of space-time integral currents is the
relationship between a space-time currents and its slices. Since it is the most important case
we will only consider S ∈ Nk+1([0, 1]×Rd) with the additional property ∂W (0, 1)×Rd =
0, which entails that L1-almost all time slices are boundaryless.

Intuitively, we have purported that space-time currents are a model for the evolution of
its slices. This is clearly not the whole picture since we need to take into account singulari-
ties. The simplest ones are jumps, as in the following example.

Example 7.5. Consider S ∈ I2(R × R2) defined by S := S1 + S2 for

S1 := J0, 1K × C1, S2 := J1, 2K × C2 + δ1 ×W,

where C1 and C2 are circles of radius 1 and 2, respectively, and W is the annulus between
them. Hence, ∂W = C2 − C1 and ∂S (0, 1)× R2 = 0. Then,

t#∥S∥ = L1 [0, 2] + δ1.

Consequently, in the disintegration structure formula (7.2), λs is non-zero.

If all slices vanish, so we are considering “piecewise constant” evolutions, then jumps
are indeed the only type of singularity that can occur:

Lemma 7.6 (Zero-slices lemma). Let S ∈ I1+k([0, 1]× Rd) with ∂S (0, 1)× Rd = 0.
Then, the following are equivalent:

(i) S|t = 0 for L1-a.e. t ∈ [0, 1].

(ii) With κ := t#∥S∥, for κ-a.e. t there exists St ∈ I1+k({t} × Rd) such that

S = κ(dt)⊗ St and ∂St = 0 for κ-a.e. t.



150 CHAPTER 7. FINE PROPERTIES OF SPACE-TIME CURRENTS

Moreover, if one of these conditions holds, then κ is purely atomic, so that for an at most
countable collection of points tj ∈ [0, 1],

S =
∑
j

Stj , S⃗tj ∈
∧

k({0} × Rd) ∥Stj∥-a.e.,

Proof. Assume first that (i) holds. Disintegrating S with respect to the temporal projection
t via Theorem 1.5 and Remark 1.7, we write

S = κ(dt)⊗ St

with κ := t#∥S∥ and St ∈ M({t} × Rd;
∧

k+1 R1+d) for κ-almost every t ∈ [0, 1]. By
Remark 1.6, for κ-a.e. t ∈ (0, 1),

St = w*-lim
h→0

S (t− h, t+ h)× Rd

κ((t− h, t+ h))
.

By the cylinder formula (6.13) and the assumption (i) there is a sequence hj → 0 with

∂
[
S (t− hj , t+ hj)× Rd

]
= S|t+hj

− S|t−hj
= 0.

Passing to the limit (and using that the boundary operator is weakly* continuous), ∂St = 0.
Since S is integral, it is supported on a (k + 1)-rectifiable set R, and thus there can be
only countably many t’s for which ∥St∥(R) > 0 (there can only be finitely many t’s such
that ∥St∥(R) > 1/m for any m ∈ N). Therefore, κ must be atomic, say with carrier set
{t1, t2, . . .}. Since St is supported in {t} × Rd, its S⃗t must belong to

∧
k({0} × Rd). We

can also rescale, so that κ({tj}) = 1 for all j. This shows the claimed decompositions of
S. As S is integral, so must be the Stj . More precisely, we can write Stj as the weak*-limit
of a sequence of integral currents as above and apply the Federer–Fleming Theorem 5.6.

For the other implication, assume the decomposition (ii). We use the cylinder for-
mula (6.13) to infer that for L1-a.e. t ∈ [0, 1] and any ω ∈ Dk(Rd),〈

S|t, ω
〉
=

〈
∂(S {t < t})− (∂S) {t < t}, ω

〉
=

〈
S {t < t},dω

〉
=

∑
j

〈
Stj , dω

〉
= 0

because ∂St = 0 for κ-a.e. t and hence also ∂S = 0.

Example 7.7. One non-zero S ∈ I2([0, 1] × R3) that satisfies the assumptions of the
previous lemma is

S = δ1/2 × JS2K,

where JS2K is the (oriented) 2-sphere in R3.
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In the zero-slices lemma we have that t#(∥S∥ Crit(S)) is singular with respect to L1

and Var(S; {tj}) = M(Stj ) > 0.
As the preceding example shows, this does not exclude transient effects, where a current

flashes in and out of existence in an instant. To avoid this, we say that an integral current
S ∈ I1+k([0, 1]× Rd) satisfies the AC (absolute-continuity) condition if

t#(∥S∥ Crit(S)) ≪ L1,

where Crit(S) is the critical set of S. In the disintegration structure formula (7.2) of Theo-
rem 7.1 this corresponds to λs = 0.

The AC condition indeed prevents jumps in the variation:

Lemma 7.8. Let S ∈ I1+k([0, 1]× Rd) with ∂S (0, 1)× Rd = 0. Then,

S is AC if and only if Var(S; ) ≪ L1.

Proof. Assume first that Var(S; ) ≪ L1. For every (t, x) ∈ Crit(S) we have |p(S⃗(t, x))| =
1. So, for every open interval (a, b) ⊂ [0, 1],

t#(∥S∥ Crit(S))((a, b)) = ∥S∥(Crit(S) ∩ ((a, b)× Rd))

=

∫
Crit(S)∩((a,b)×Rd)

∥p(S⃗)∥ d∥S∥

≤
∫
(a,b)×Rd

∥p(S⃗)∥ d∥S∥

= Var(S, (a, b)).

This immediately implies the claim
Suppose now that S is AC, i.e., t#(∥S∥ Crit(S)) ≪ L1. Then, for every Borel set

A ⊂ [0, 1] we have

Var(S;A) =

∫
A×Rd

∥p(S⃗)∥ d∥S∥

≤ ∥S∥(A× Rd)

= (∥S∥ Reg(S))(t−1(A)) + (∥S∥ Crit(S))(t−1(A))

= t#(∥S∥ Reg(S))(A) + t#(∥S∥ Crit(S))(A),

whence

Var(S; ) ≤ t#(∥S∥ Reg(S)) + t#(∥S∥ Crit(S)).

The first term is always absolutely continuous with respect to L1 by Theorem 7.1 (or just
Lemma 7.3) and the second term is so by assumption.

In fact, AC space-time currents are in a sense orthogonal to the ones that occurred in the
zero-slices lem:
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Lemma 7.9. Let S ∈ I1+k([0, 1] × Rd) be AC with ∂S (0, 1) × Rd = 0. Then, ∥S∥ is
singular to ∥W∥ for any W ∈ I1+k([0, 1]× Rd) of the form

W =
∑
j

Wtj

where Wtj ∈ I1+k({tj} × Rd) with

∂Wtj = 0, W⃗tj ∈
∧

k({0} × Rd) ∥Wtj∥-a.e.

for an at most countable collection of points tj ∈ [0, 1].

Proof. Let

R :=

{
x ∈ R1+d : lim sup

ϱ→0

∥S∥(B(x, ϱ))

ϱk+1
> 0

}
,

which is a (k + 1)-rectifiable carrier set of ∥S∥. As S is an integral (k + 1)-current,

∥Wtj∥ R≪ Hk+1 R ≤ ∥S∥ R.

Now, Var(S; ) is non-atomic by Lemma 7.8, from which we know that ∥S∥({tj} ×
Rd) = 0 for every tj . It follows that ∥Wtj∥(R) = 0. Hence ∥W∥(R) = 0 and so ∥W∥ is
singular to ∥S∥.

Corollary 7.10. Let S, S′ ∈ I1+k([0, 1] × Rd) be AC with ∂S (0, 1) × Rd = 0 =
∂S′ (0, 1)× Rd and suppose that

S|t = S′|t for L1-a.e. t.

Then, S = S′.

Proof. By Lemma 7.6,

S − S′ =
∑
j

Wtj =:W

satisfies the assumptions of Lemma 7.9. Thus, ∥W∥ must be singular with respect to ∥S∥+
∥S′∥, from which we conclude that W = 0.

Example 7.11. Without AC, the slices alone do not determine the space-time current.
Consider, for instance the non-AC space-time current given in Example 7.7, which has zero
slices for L1-almost every point in time, but is not zero.

While space-time integral currents S ∈ I1+k(R1+d) satisfying the AC condition are
determined by their slices, it seems natural to conjecture that also ∥S∥ ≪ dt ⊗ ∥S|t∥, so
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that we could call S “slice-dominated”. However, inspecting the distrintegration structure
formula (7.2), we can only obtain that

∥S∥ = dt⊗
(
|∇St|−1 ∥S|t∥+ µ∗t

)
with µ∗t concentrated on Crit(S). Interestingly, the µ∗t may be non-zero and singular with
respect to ∥S|t∥. An example demonstrating this fact will be shown in the next section.
Thus, the above conjecture is false and in general ∥S∥ ̸≪ dt⊗ ∥S|t∥, even if S is AC.

The problem with S being “slice-dominated” is that µ∗t may contain singularities that
are smeared out in both space and time. To avoid this kind of pathology, we define the
following stronger condition: A space-time integral current S ∈ I1+k(R1+d) is said to
satisfy the NC (negligible-criticality) condition if

∥S∥ Crit(S) = 0.

Equivalently, we could require that for for ∥S∥-a.e. (t, x) it holds that

span S⃗(t, x) ̸⊂ {0} × Rd

or

S⃗(t, x) dt(t, x) ̸= 0,

meaning that at such (t, x) the approximate tangent space to S has a non-trivial time compo-
nent. So, under NC the geometric derivative D

DtS is well-defined ∥S∥-almost everywhere.

Lemma 7.12. Let S ∈ I1+k(R1+d).

(i) If S is NC, then S is AC.

(ii) If S is AC and t#(∥S∥ Crit(S)) is singular with respect to L1, then S is NC.

Proof. These claims are trivial.

Remark 7.13. In [10], S is said to have the “weak Sard property” if t#(∥S∥ Crit(S)),
which is equivalent to µ∗t = 0 for L1-a.e. t ∈ R, in the disintegration structure formula (7.2).

Lemma 7.14. Let S ∈ I1+k([0, 1]× Rd) with ∂S (0, 1)× Rd = 0. Then, S is NC if and
only if

∥S∥ ≪ dt⊗ ∥S|t∥

Proof. Assume first that S is NC. Then, in the disintegration structure formula (7.2), λmust
be singular with respect to L1 and therefore the disintegration of ∥S∥ Crit(S) with respect
to t and λ has the form

∥S∥ Crit(S) = λs(dt)⊗ µ∗t .
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Figure 7.1: The construction of the Flat Mountain (steps 1, 3, 5).

Thus, µ∗t = 0 for L1-a.e. t, whereby t#(∥S∥ Crit(S)) ≪ λs is singular with respect to
L1. We also know that λs = 0. Combining this with (7.2), we obtain

∥S∥ =

∫ 1

0
|∇St|−1 ∥S|t∥ dt,

whence the claim follows.
For the other direction it suffices to observe that by Lemma 6.8 (i) we have ∥S|t∥(Crit(S)) =

0 for L1-a.e. t ∈ R. Thus,∫ 1

0
∥S|t∥(Crit(S)) dt = 0

and this implies ∥S∥(Crit(S)) = 0 by the hypothesis.

Remark 7.15. If k = 0, for every S ∈ I1(R × Rd) by the area formula it holds that
H1(t(Crit(S))) = 0. So, t#(∥S∥ Crit(S)) is singular to L1. Thus, by Lemma 7.12 (ii),
S is automatically NC. This means that phenomena involving “critical singularities”, such
as the ones to be investigated in the next section, are a genuinely novel higher-dimensional
feature of the space-time theory, and do not occur in the classical theory of functions of
bounded variation (BV) or absolutely continuous functions on R, which can be recovered
as the k = 0 endpoint of the space-time theory (cf. Example 6.13).

7.3 The Flat Mountain

In this section we construct the so-called “Flat Mountain”, which is an AC integral space-
time current that does not possess the NC property. This space-time current SFM ∈ ILip2 (R×
R2) will be given as the graph of a BV-map u : [0, 1]2 → R (the “mountain”). Here we use
the convention that time goes upwards, i.e., the slices of SFM are given by intersection with
horizontal planes. For the theory of functions of bounded variation (BV) see [4] and also
Example 6.13.

One particular property of the construction is that the absolutely continuous part of the
derivative is zero, that is, ∇u ≡ 0 (“the mountain is flat”), yet the function is far from
constant. This property is somewhat reminiscent of the Cantor function fC , defined in Ex-
ample 4.10, for which f ′C ≡ 0 (the absolutely continuous part of the BV-derivative, or even
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Q0 Q1

Q2 Q3

Figure 7.2: The squares Q0, Q1, Q2, Q3.

classically via differential quotients almost everywhere), but fC increases monotonically
from 0 to 1 in the interval [0, 1]. The precise form of the construction was furthermore
inspired by the ideas from [2]. The result will be:

Proposition 7.16. There is a current SFM ∈ I2([0, 1]
2 × R) with ∂S R2 × (0, 1) = 0

(the time-axis being the last component here) and such that for the time-slices

S(t) := p∗S|t,

where we have employed the modified definitions t(x, t) := t and p(x, t) := x, it holds that

FI◦(SFM(t)− SFM(s)) = Var(SFM; [s, t]) = |t− s|, s < t,

and

∥SFM∥(Crit(SFM)) = 1.

In particular, SFM is AC, but not NC.

The proof will be accomplished in the remainder of this section via several lemmas.
The construction of the Flat Mountain is iterative and proceeds by successively sub-

dividing the square [0, 1]2 and raising the subsquares by a carefully chosen amount; see
Fig. 7.1 for an illustration. Then one passes to

We first define the cubes

Q0 := [0, 12)× [0, 12), Q1 := [12 , 1)× [0, 12),

Q2 := [0, 12)× [12 , 1), Q3 := [12 , 1)× [12 , 1),

Figure 7.2 for an illustration, and corresponding maps Ai : Qi → [0, 1)2,

A0(x) := 2x, A1(x) := 2x− (1, 0),

A2(x) := 2x− (0, 1), A3(x) := 2x− (1, 1),

which have as their inverse the maps Bi : [0, 1)
2 → Qi, given as

B0(x) :=
1
2x, B1(x) :=

1
2x+ (12 , 0),

B2(x) :=
1
2x+ (0, 12), B3(x) :=

1
2x+ (12 ,

1
2).
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Define the function u : [0, 1)2 → R via

u :=
3∑

i=0

i

4
1Qi .

and the map H : L1([0, 1]2) → L1([0, 1]2) via

H[v] := u+
1

4

3∑
i=0

(v ◦Ai) 1Qi . (7.3)

Lemma 7.17. The sequence (un)n ⊂ BV((0, 1)2) defined by u0 := 0 and

un+1 := H[un], n ∈ N,

converges in L∞ and in BV to a limit u ∈ BV((0, 1)2) with ∇u ≡ 0.

Proof. For any two v, w ∈ BV((0, 1)2) it holds that

∥H[v]−H[w]∥L∞ =
1

4
max

i=0,1,2,3
∥(v ◦Ai − w ◦Ai)∥L∞(Qi)

≤ 1

4
∥v − w∥L∞

and

∥DH[v]−DH[w]∥([0, 1]2) ≤ 1

4

3∑
i=0

∥D(v ◦Ai − w ◦Ai)∥(Qi)

=
1

4

3∑
i=0

1

2
∥D(v − w)∥([0, 1]2)

=
1

2
∥Dv −Dw)∥([0, 1]2).

Thus,H is a contraction in L∞ and BV, so the iteratively-defined sequence (un)n is Cauchy
in these spaces and hence converges to u ∈ BV((0, 1)2), as claimed.

Since Dun converges strongly to Du in the sense of measures and Dun is supported on
the set

Dn ×Dn, where Dn :=

{
j

2n+1
: j = 0, . . . , 2n+1

}
,

the measure Du must be carried by the set

J :=

∞⋃
n=1

Dn ×Dn.

This set is σ-finite with respect to H1 and the general properties of BV-maps, see [4, Propo-
sition 3.92], thus imply that u must be a pure jump map, that is, Du = Dju, and thus
∇u ≡ 0.
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Having defined u on (0, 1)2 above, we now consider it to be extended by zero to all of
R2. In this way, new jumps are added on the boundary ∂(0, 1)2. We will define the Flat
Mountain as the 2-current SFM associated with the graph of u, after completing the jump
parts. For this, define the 2-rectifiable sets

Γ :=
⋃

x∈[0,1]2\Ju

{(x, u(x))T}, ∆ :=
⋃
x∈Ju

{x} × [u−(x), u+(x)],

where [u−(x), u+(x)] denotes the segment between the two traces of u at the jump at x ∈
Ju. Then let

SFM := (e1 ∧ e2)H2 (Γ ∪∆).

Denote by (Du)⊥ the (divergence-free) measure that is obtained from Du by rotating the
gradient clockwise by π/2, that is,

(Du)⊥ =

[
−∂2u
∂1u

]
.

The layer cake decomposition and coarea formula for BV functions then imply that

u(x) e1 ∧ e2 =

∫ 1

0
1{u≥t}(x) dt and (Du)⊥ =

∫ 1

0
∂(1{u≥t} e1 ∧ e2) dt.

In order to derive the properties claimed about SFM in Proposition 7.16, we need per-
form a more precise analysis of the approximating maps un. For

For any finite sequence I = (i1, . . . , in) ∈ {0, 1, 2, 3}n, n ∈ N, let QI be the dyadic
cube

QI = Qi1,...,in := Bi1 ◦ . . . ◦Bin([0, 1)
2), (7.4)

which has side length 2−n. Intuitively, this corresponds to descending to finer and finer
subcubes, with the index determining which subcube to choose at each step (with 0, 1, 2, 3
giving the SW, SE, NW and NE subcubes, respectively); see Fig. 7.3 for an illustration.

For any dyadic cube QI , its dyadic subcubes are exactly those of the form QI′ , where
I ′ extends I (that is, the first n indices i′j in I ′ agree with those in I).

Moreover, for an infinite sequence J ∈ {0, 1, 2, 3}N we let xJ ∈ [0, 1)2 be the unique
point satisfying

{xJ} =
⋂
n∈N

Qi1,...,in .

Conversely, for any x ∈ [0, 1)2 denote by J(x) the (unique) index sequence such that
xJ(x) = x.
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Q3,1

Q2,1,1

x1,3,0,0,...

Figure 7.3: A few subsquares and points identified by a sequence of numbers in {0, 1, 2, 3}.

Lemma 7.18. On each dyadic cube QI for I = (i1, . . . , in), it holds that

un ≡
n∑

j=1

ij
4j
. (7.5)

Moreover, if we write J(x) = (i1(x), i2(x), . . .), then

u(x) =

∞∑
j=1

ij(x)

4j
. (7.6)

Proof. The first claim is clear if n = 1. Suppose now that (7.5) holds for n. We need to
show the claim for n + 1. For this, let x ∈ Qi1,...,in+1 . In particular, x ∈ Qi1 and by (7.4)
together with the fact that Ai and Bi are inverses of each other, we have

Ai(x) ∈ Qi2,...,in+1 .

Therefore, by (7.3),

un+1(x) = u(x) +
1

4

3∑
i=0

un(Ai(x)) 1Qi(x) =
i1
4
+

1

4
un(Ai1(x)).

From the induction hypothesis it then follows that

un+1(x) =
i1
4
+

1

4

n+1∑
j=2

ij
4j

=

n+1∑
j=1

ij
4j
,

which is the first claim for n+ 1.
The second claim follows since un → u in L∞ and hence we may pass to the limit

n→ ∞ in (7.5) to obtain (7.6).

The projected time-slices of SFM are given as

SFM(t) := p∗SFM|t = ∂(1{u≥t}e1 ∧ e2).

The above equality should be intuitively clear, but a more precise argument may proceed
via the cylinder formula (6.13) in Proposition 6.4 (adapted to our present convention of time
direction) together with the definition of SFM.
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Lemma 7.19. For every t, s ∈ [0, 1] it holds that

FI◦(SFM(t)− SFM(s)) = Var(SFM; [s, t]) = |t− s|.

Proof. It is clear from (7.5) that the superlevel sets {un ≥ t} only change when t is a
multiple of 4−n. In fact, for all m,n ∈ N with m ≤ n and all j = 0, . . . , 4n it holds that{

um ≥ j

4n

}
=

{
un ≥ j

4n

}
=

{
u ≥ j

4n

}
. (7.7)

The first equality is verified via (7.5) and the fact that

um ≤ un < um +
1

4m
.

The second equality follows from the L∞-convergence of un to u, which was proved in
Lemma 7.17.

If x ∈ Qi1,...,in , then by (7.6) in Lemma 7.18,

n∑
j=1

ij
4j

≤ u(x) =

n∑
j=1

ij
4j

+

∞∑
j=n+1

ij
4j
<

n∑
j=1

ij
4j

+
1

4n
.

The left-most inequality is an equality only at the point x0 for which it holds that J(x0) =
(i1, . . . , in, 0, 0, . . .). Thus,

Qi1,...,in \ {x0} ⊂


n∑

j=1

ij
4j
< u <

n∑
j=1

ij
4j

+
1

4n

 . (7.8)

On the other hand, let x ∈ Qℓ1,...,ℓn , with (ℓ1, . . . , ℓn) ̸= (i1, . . . , in). Then either

n∑
j=1

ℓj
4j

≤
n∑

j=1

ij
4j

− 1

4n
or

n∑
j=1

ℓj
4j

≥
n∑

j=1

ij
4j

+
1

4n
.

By Lemma 7.18, these cases imply either

u(x) <
n∑

j=1

ij
4j

or u(x) ≥
n∑

j=1

ij
4j

+
1

4n
.

Combining this with (7.8), we obtain

Qi1,...,in =


n∑

j=1

ij
4j
< u <

n∑
j=1

ij
4j

+
1

4n

 ∪ {x0}. (7.9)

Given h, k ∈ {0, . . . , 4n} with h ≤ k,{
h

4n
< u <

k

4n

}
= N ∪

k−1⋃
m=h

{
m

4n
< u <

m

4n
+

1

4n

}
,
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where L2(N) = 0. By (7.9), each set on the right-hand side corresponds to precisely one
dyadic cube of order n, up to all null set. So, after redefining N , it holds that{

h

4n
< u <

k

4n

}
= N ∪

⋃
I∈I(h,k)

QI ,

where I(h, k) is a set of n-indices with exactly k − h elements. Since the squares corre-
sponding to these indices in I(h, k) are essentially disjoint,

L2

({
h

4n
< u <

k

4n

})
=

∑
I∈I(h,k)

L2(QI) =
k − h

4n
.

We now observe

FI◦(SFM(t)− SFM(s)) = |t− s|

for all s, t ∈ [0, 1] that are multiples of 4−n for any n. Indeed, from the definition of
slices for SFM, FI◦(SFM(t) − SFM(s)) must equal the L2-measure of the set between
{u = 4−nh} and {u = 4−nk} (the corresponding current is admissible for FI◦ and it is
also the only such current by the Constancy Theorem 4.23). By the above relation, this
L2-measure equals |t− s|.

A similar argument yields that

Var(SFM; [s, t]) = |t− s|,

where we also use that ∥p(S⃗FM)∥ = ∥S⃗FM∥ = 1 since ∇u ≡ 1.
Since these relations hold for all s, t on a dense set, a continuity argument shows the

conclusion for every t, s ∈ [0, 1].

Proof of Proposition 7.16. The formula for the homogeneous integral flat norm and the
space-time variation was established in the preceding lemma. By Lemma 7.8 we see that
SFM is AC. On the other hand,

∥SFM∥(Crit(SFM)) = 1

because ∇u(x) = 0 for a.e. x ∈ [0, 1]2. Thus, SFM is not NC and the proof of Proposi-
tion 7.16 is complete.



Chapter 8

The Geometric Transport Equation

So far we have seen how one can represent the motion of geometric objects represented
by currents via space-time trajectories. Now we want to investigate a complimentary de-
scription of current transport via the Geometric Transport Equation. One may think of this
as writing down an evolution law for the slices of a space-time current. Specializing this
equation to different dimension, we will recover many known transport-type PDEs, like the
continuity and transport equations. This chapter will also discuss existence and uniqueness
theorems as well as various results on the relationship with the “variational” space-time
approach that was introduced previously.

8.1 Lie derivative and Geometric Transport Equation

Recall the definition of the Lie derivative of a k-form ω ∈ Dk(Rd) by a velocity vector field
v ∈ C∞(Rd;Rd) in (3.4). Moreover, by Cartan’s Magic Formula from Proposition 3.19, we
have that

Lvω = d(ιvω) + ιv(dω). (8.1)

Dualizing this, we will in the following be able to define the Lie derivative also for currents.
So, given T ∈ Dk(Rd), let

v ∈ L1(∥T∥+ ∥∂T∥;Rd),

that is, (∥T∥ + ∥∂T∥)-integrable (which we understand to contain the requirement that
v : Rd → Rd is measurable with respect to ∥T∥+∥∂T∥). We now define the Lie derivative
of a current LvT ∈ Dk(Rd) with respect to such a v via

LvT := v ∧ ∂T + ∂(v ∧ T ). (8.2)

This definition is motivated by the following result:

Proposition 8.1. For T ∈ Dk(Rd) and v ∈ C∞(Rd;Rd) it holds that〈
LvT, ω

〉
=

〈
T,Lvω

〉
, ω ∈ Dk(Rd). (8.3)

161
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Proof. We compute, using (3.8) and Cartan’s Magic Formula (8.1) (originally from Propo-
sition 3.19), as follows:〈

LvT, ω
〉
=

〈
v ∧ ∂T + ∂(v ∧ T ), ω

〉
=

〈
T, d(ιvω) + ιv(dω)

〉
=

〈
T,Lvω

〉
.

This yields the claim.

While it is tempting to define LvT via (8.3) and think of (8.2) as (dual) Cartan formula
for currents, our way of using (8.2) as the definition has the advantage that it works for a
larger class of velocities v without any approximation arguments. This will be useful in
many instances.

Finally, for non-autonomous vector fields, i.e., v : [0, 1]× Rd → Rd, we write vt(x) :=
v(t, x) and we define the Lie derivative of T with respect to vt as

LvtT := vt ∧ ∂T + ∂(vt ∧ T ),

whenever this is defined.

Remark 8.2. In contrast to [8–10] in (8.2) we use the “positive” sign convention in the
definition of the Lie derivative of a current (which also then necessitates a sign change in
the Geometric Transport equation relative to loc. cit.), which seems somewhat more natural.
Indeed, we will see in Theorem 8.14, whereby for any T ∈ Nk(Rd) it holds that

d

dt

〈
Φt
∗T , ω

〉∣∣∣∣
t=0

=
〈
LvT , ω

〉
, ω ∈ Dk(Rd),

with Φt
t the flow for a smooth vector field v ∈ C∞(Rd;Rd), which seems like a natural

requirement. Moreover, the “positive” sign convention reduces the number of overall minus
signs.

The Geometric Transport Equation is a differential equation for a path of normal cur-
rents

[0, 1] ∋ t 7→ Tt ∈ Nk(R
d),

where we recall the definition of the space Nk(Rd) of normal currents on Rd from (4.3),
namely

Nk(R
d) :=

{
T ∈ Dk(R

d) : M(T ) +M(∂T ) <∞
}
.

We will always tacitly assume the weak* measurability of the path, that is, for every ω ∈
Dk(Rd) the scalar mapping t 7→

〈
Tt, ω

〉
is assumed to be Lebesgue-measurable. Let us

remark that the time interval is only [0, 1] to simplify notation, but all results hold, with due
modifications, for a general interval.

Lemma 8.3. Let [0, 1] ∋ t 7→ Tt ∈ Nk(Rd) be a path of normal currents with∫
I
M(Tt) dt <∞ for all I ⋐ (0, 1). (8.4)

Then, the following statements are equivalent:
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(i) Tt = 0 for L1-a.e. t ∈ R.

(ii) For every η ∈ Dk((0, 1)× Rd),∫ 1

0

〈
δt × Tt, η

〉
dt = 0.

(iii) For every ω ∈ Dk(Rd) and for every function φ ∈ C∞
c (R),∫ 1

0
φ(t)

〈
Tt, ω

〉
dt = 0.

Moreover, in (ii) and (iii), we may equivalently replace Dk((0, 1)×Rd), Dk(Rd) and C∞
c (R)

with countable dense (with respect to the supremum norm) subsets thereof.

Proof. It is trivial to see that (i) implies (ii) and (ii) implies (iii), so we only need to
show that (iii) implies (i). We consider right from the start the additional claim and as-
sume that (iii) holds for countable dense sets {ωm}m and {φn}n. For each n, the map
t 7→ ⟨Tt, ωm⟩ is integrable over any open time interval I ⋐ [0, 1] by (8.4). By (iii), approx-
imating 1I with a suitable sequence of φn’s, we see that ⟨Tt, ωm⟩ = 0 for L1-a.e. t ∈ I .
Since I was arbitrary, we can thus find a full measure set Jm ⊂ R such that

〈
Tt, ωm

〉
= 0

for t ∈ Jm. Hence, for t ∈ J :=
⋂

m Jm,
〈
Tt, ωm

〉
= 0 for every m ∈ N. By the density of

the φm’s we conclude (i).

Remark 8.4. In (ii) it suffices to consider forms η ∈ Dk((0, 1)×Rd) of the form η(t, x) =
α(t)β(x) with α ∈ C∞

c (R) and β ∈ Dk(Rd) such that β =
∑

I βIdx
I , where I ∈ Nk

0

ranges over all multi-indices of order k in just the spatial variables since any term involving
dt is not seen by ⟨p∗Tt, η⟩.

Given a velocity vector field v : [0, 1] × Rd → Rd, we say that the path of currents
t 7→ Tt ∈ Nk(Rd) (t ∈ [0, 1]) is a weak solution of the Geometric Transport Equation
(GTE), written as

d

dt
Tt − LvtTt = 0, (8.5)

if v ∈ L1(dt⊗ (∥Tt∥+ ∥∂Tt∥);Rd), that is,∫ 1

0

∫
Rd

|vt| d(∥Tt∥+ ∥∂Tt∥) dt <∞ (8.6)

and the Geometric Transport Equation (8.5) holds distributionally, that is,∫ 1

0

〈
Tt, ω

〉 .
ψ(t) +

〈
LvtTt, ω

〉
ψ(t) dt = 0 (8.7)

for every ψ ∈ C∞
c ((0, 1)) and every ω ∈ Dk(Rd).
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Note that assuming that v is globally bounded, then we a stronger condition than (8.6)
is that the currents Tt are L1-normal, that is∫ 1

0
M(Tt) +M(∂Tt) dt <∞,

or even that they are uniformly normal, that is,

sup
t∈[0,1]

[
M(Tt) +M(∂Tt)

]
<∞. (8.8)

The following lemmas give equivalent ways to express the validity of (8.5).

Lemma 8.5. Assuming (8.6), condition (8.7) is equivalent to〈
Tt − Ts, ω

〉
=

∫ t

s

〈
LvτTτ , ω

〉
dτ, ω ∈ Dk(Rd). (8.9)

Moreover, t 7→
〈
Tt, ω

〉
is absolutely continuous and differentiable L1-almost everywhere

with

d

dt

〈
Tt, ω

〉
=

〈
LvtTt, ω

〉
. (8.10)

Proof. Fix ω ∈ Dk(Rd). Observe first that (8.6) implies∫ 1

0

∣∣〈LvtTt, ω
〉∣∣ dt ≤ ∥dω∥∞

∫ 1

0

∫
Rd

|vt| d∥Tt∥ dt+ ∥ω∥∞
∫ 1

0

∫
Rd

|vt| d∥∂Tt∥ dt

<∞.

So we may define

I(t) :=

∫ t

0

〈
LvτTτ , ω

〉
dτ, t ∈ [0, 1].

By Lebesgue’s Differentiation Theorem 1.16, this function is absolutely continuous and by
Rademacher’s Theorem 1.18 it is L1-almost everywhere differentiable with (8.10). Via an
integration by parts, for every ψ ∈ C∞

c ((0, 1)) it holds that∫ 1

0
I(t)

.
ψ(t) +

〈
LvtTt, ω

〉
ψ(t) dt = 0.

Now, if (8.7) holds, that is,∫ 1

0

〈
Tt, ω

〉 .
ψ(t) +

〈
LvtTt, ω

〉
ψ(t) dt = 0,

we thus obtain that∫ 1

0
I(t)

.
ψ(t) dt =

∫ 1

0

〈
Tt, ω

〉 .
ψ(t) dt.
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This implies that I(t) = ⟨Tt, ω⟩ + α, with a constant α ∈ R, whereby (8.9) follows from
the definition of I .

Conversely, if (8.9) holds, then t 7→ ⟨Tt, ω⟩ is absolutely continuous and an integration
by parts yields (8.7).

Lemma 8.6. Suppose that v is autonomous and smooth. Assuming (8.6), condition (8.7)
is equivalent to∫ 1

0

〈
δt × Tt,

.
η + Lvη

〉
dt = 0, η ∈ Dk((0, 1)× Rd). (8.11)

Proof. To see that (8.11) implies (8.7), just choose η(t, x) := ψ(t)ω(x). For the other
direction, one first observes that the subclass of k-forms given by ψω := (t∗ψ) ∧ (p∗ω),
with ψ ∈ C∞

c ((0, 1)) and ω ∈ Dk(Rd) are dense in the space of k-forms in R1+d and that
they, when written in coordinates dt, dx1, . . . ,dxd, do not contain terms involving dt (see,
e.g., Section 4.1.8 in [19] for a similar argument). Then, (8.7) implies (8.11) via Lemma 8.3,
taking into account Remark 8.4.

We would like to complement the Geometric Transport Equation with an initial condi-
tion. For this we need to verify that a solution path has a suitable continuity property. A
path [0, 1] ∋ t 7→ Tt ∈ Nk(Rd) of normal currents is called

(a) weakly* continuous if for every equence tj → t in [0, 1] it holds that Ttj
∗
⇀ Tt;

(b) F-absolutely continuous if for all s < t it holds that

F(Ts − Tt) ≤
∫ t

s
g(r) dr (8.12)

for some function g ∈ L1([0, 1]);

(c) F-Lipschitz if for all s < t it holds that

F(Ts − Tt) ≤ C|s− t|.

It is straightforward to see that F-Lipschitz continuity implies F-absolute continuity, which
in turn implies finite F-variation. We can of course also define absolute continuity and
Lipschitz continuity with respect to the other flat norms F◦, FI, FI◦.

Lemma 8.7. Let [0, 1] ∋ t 7→ Tt ∈ Nk(Rd) be a weak solution to the Geometric Transport
Equation for a velocity field v : [0, 1] × Rd → Rd. Then, there exists another path [0, 1] ∋
t 7→ T̃t ∈ Nk(Rd) such that the following conditions hold:

(i) Tt = T̃t for a.e. t ∈ [0, 1].

(ii) t 7→ T̃t is weakly* continuous.

(iii) t 7→ T̃t is F-absolutely continuous.
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(iv) If, in addition,

B(t) :=

∫
Rd

|vt| d(∥Tt∥+ ∥∂Tt∥)

is uniformly bounded on [0, 1] (e.g., if v is uniformly bounded), then t 7→ T̃t is
F-Lipschitz.

Proof. Let {ωm}m be a countable dense set in Dk(Rd). By Lemma 8.5, for each m the
function t 7→ ⟨Tt, ωm⟩ admits an absolutely continuous representative, that is, we can find
a set Jm ⊂ [0, 1] with L1([0, 1] \ Jm) = 0 such that t 7→ ⟨Tt, ωm⟩ is uniformly continuous
on Jm and

d

dt

〈
Tt, ω

〉
=

〈
LvtTt, ω

〉
for t ∈ Jm.

Set J :=
⋂

m Jm. Then for each ω = ωm from our dense collection, and all s, t ∈ [0, 1]
with s < t, we obtain the estimate∣∣〈Tt − Ts, ω

〉∣∣ ≤ ∫ t

s

d

dτ

〈
Tτ , ω

〉
dτ ≤ (∥ω∥∞ + ∥dω∥∞)

∫ t

s
B(τ) dτ, (8.13)

with B defined in (iv). This then extends to every ω ∈ Dk(Rd) by density. Thus, the
restriction J ∋ t 7→ Tt is uniformly weakly* continuous path.

Moreover, by the flat norm duality formula of Theorem 5.11,

F(Tt − Ts) = sup
{ 〈
Tt − Ts, ω

〉
: ω ∈ Dk(Rd), ∥ω∥∞ ≤ 1, ∥dω∥∞ ≤ 1

}
,

the inequality (8.13) shows that also

F(Tt − Ts) ≤ 2

∫ t

s
B(τ) dτ (8.14)

for s, t ∈ J . This proves that the restriction J ∋ t 7→ Tt is F-absolutely continuous, or even
F-Lipschitz if B is uniformly bounded.

It remains to show that we can extend J ∋ t 7→ Tt to the whole interval [0, 1] without
destroying these continuity properties. For this, fix t ∈ [0, 1] and pick a sequence (ti)i ⊂ J
with ti → t. Then, (Tti)i is a Cauchy sequence with respect to F by (8.14). Hence, by
Proposition 4.16 and Lemma 5.10, Tti

∗
⇀ T̃t for some T̃t ∈ Nk(Rd), and T̃t does not

depend on the choice of the sequence (ti)i. For this extended sequence, (i)–(iv) hold by
passing to the limit in the relevant estimates. We only make this explicit for (iv): Observe
that for s, t ∈ [0, 1] with approximating sequences (si)i, (ti)i ⊂ J such that si → s, ti → t,
it holds that

F(T̃t − T̃s) ≤ F(T̃t − Tti) + F(Tti − Tsi) + F(Tsi − T̃s)

≤ F(T̃t − Tti) + 2

∫ ti

si

B(τ) dτ + F(Tsi − T̃s)
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and sending ti → t and si → s we obtain that (8.14) holds for t 7→ T̃t at all s, t ∈ [0, 1]
with s < t.

As a consequence of the preceding lemma, one may complement the Geometric Trans-
port Equation (8.5) with an initial condition: Given T ∈ Nk(Rd) the initial-value problem
for the Geometric Transport Equation reads as follows:

d

dt
Tt − LvtTt = 0,

T0 = T ,
(8.15)

with the initial condition understood via a continuous representative of t 7→ Tt. In this
context note that T0 is uniquely defined because for two different weakly* continuous rep-
resentatives T̃ , T̃ ′ we can always find a sequence tj → 0 such that T̃tj = T̃ ′

tj = Ttj and
hence

T̃0 = w*-lim
j→∞

T̃tj = w*-lim
j→∞

T̃ ′
tj = T̃ ′

0.

One may also understand (8.15) in the following equivalent way: For every ω ∈ Dk(Rd)
and for every ψ ∈ C∞

c ([0, 1]) and ω ∈ Dk(Rd), it holds that∫ 1

0

〈
Tt, ω

〉 .
ψ(t) +

〈
LvtTt, ω

〉
ψ(t) dt =

〈
T̃1, ω

〉
ψ(1)−

〈
T̃0, ω

〉
ψ(0),

where T̃t denotes the continuous representative defined in Lemma 8.7. Thus, we may ex-
press (8.15) by requiring that for all ψ ∈ C∞

c ([0, 1)) (note the half-open interval [0, 1) here)
it holds that∫ 1

0

〈
Tt, ω

〉 .
ψ(t) +

〈
LvtTt, ω

〉
ψ(t) dt = −

〈
T , ω

〉
ψ(0).

In the following we will usually denote the initial value by T0 by a slight abuse of notation,
which should not cause any confusion due to Lemma 8.7.

If the velocity v is smooth, then by similar arguments as in the proof of Lemma 8.6, we
see furthermore that the initial-value problem is equivalent to∫ 1

0

〈
δt × Tt,

.
η + Lvη

〉
dt =

〈
T1, η(1, )

〉
−
〈
T0, η(0, )

〉
, (8.16)

for every η ∈ C∞([0, 1]×Rd;
∧k(R1+d)) (note that in there is no vanishing condition on η

at {0, 1}).

8.2 Particular dimensions

We now want to investigate special cases of the Geometric Transport Equation (8.5) for a
time-indexed path t 7→ Tt ⊂ Nk(Rd), where t ∈ R, that is,

d

dt
Tt = LvtTt = ∂(vt ∧ Tt) + vt ∧ ∂Tt,
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which is always to be understood in the weak sense (8.7). It is instructive to consider the
concrete form of this equation for different values of the dimension k. In this way it turns
out that the Geometric Transport Equation contains several classical transport-type PDEs as
special cases.

Example 8.8 (0-currents). In the case k = 0, the normal currents Tt ∈ N0(Rd) can be
identified with measures µt ∈ M(Rd;Rd), see Proposition 4.12. Then, analogously to the
arguments in Example 4.9, and also taking into account that ∂Tt = 0 (by convention, all
0-currents are boundaryless), we obtain that

LvtTt = ∂(vt ∧ Tt) = −div µt.

Therefore, the Geometric Transport Equation becomes

d

dt
µt + div(vtµt) = 0,

which is the classical continuity equation.

Example 8.9 (1-currents). Let us assume that we have a time-indexed path t 7→ Tt ∈
N1(Rd) satisfying the Geometric Transport Equation in the weak sense and such that, for
almost every t, the current Tt is absolutely continuous, i.e. Tt ≪ Ld. Then Tt = τtLd for a
time-dependent vector field τt = (τ1t , . . . , τ

d
t )

T on Rd.

For every smooth compactly supported 1-form ω =
∑d

j=1 ωj dx
j , we have

〈
Tt, ω

〉
=

∫
Rd

d∑
j=1

τ jt ωj dx.

Moreover, for the boundary and contraction (see (3.7)) of ω in coordinates we obtain

dω =

d∑
i,j=1

∂iωj dx
i ∧ dxj , ιvtω =

d∑
i=1

vitωi,

and also, using ιvt(dx
i ∧ dxj) = vitdx

j − vjtdx
i,

ιvt(dω) =

d∑
i,j=1

∂iωj (v
i
tdx

j − vjtdx
i) =

d∑
i,j=1

vit (∂iωj − ∂jωi) dx
j .
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Hence,〈
∂(vt ∧ Tt), ω

〉
=

〈
Tt, ιvt(dω)

〉
=

∫
Rd

d∑
i,j=1

τ jt v
i
t (∂iωj − ∂jωi) dx

=

∫
Rd

d∑
i,j=1

(τ jt v
i
t − vjt τ

i
t ) ∂iωj dx

= −
∫

Rd

d∑
j=1

[
d∑

i=1

∂i(τ
j
t v

i
t − vjt τ

i
t )

]
ωj dx

= −
∫

Rd

d∑
j=1

div(τt ⊗ vt − vt ⊗ τt)j ωj dx.

Also, for every φ ∈ C∞
c (Rd),〈

∂Tt, φ
〉
=

〈
Tt, dφ

〉
=

∫
Rd

τt · ∇φ dx = −
∫

Rd

div(τt)φ dx,

and therefore〈
vt ∧ ∂Tt, ω

〉
=

〈
∂Tt, ιvtω

〉
= −

∫
Rd

div(τt) ιvtω dx

= −
∫

Rd

div(τt)

d∑
i=1

vitωi dx.

We conclude that the Geometric Transport Equation in this case reads as

d

dt
τt + div(τt ⊗ vt − vt ⊗ τt) + vt div τt = 0.

Example 8.10 (1-currents, boundaryless). If in the situation of the previous example we
further assume that almost every Tt is boundaryless, or equivalently, div τt = 0, we obtain
instead the PDE

d

dt
τt + div(τt ⊗ vt − vt ⊗ τt) = 0.

Moreover, in R3, we have the standard vector-calculus identity

div(f ⊗ g − g ⊗ f) = − curl(g × f),

where × denotes the vector product; this can be verified by a straightforward calculation.
Hence, we may rewrite the PDE as

d

dt
τt − curl(vt × τt) = 0.
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This equation is connected to some models of incompressible magnetohydrodynamics [13,
14] and is also the basis for line transport in dislocation motion [1, 21].

Example 8.11 ((d−1)-currents, boundaryless). The following duality between (d−1)-
currents and 1-forms is quite well-known: Given α ∈ D1(Rd), define the current Tα ∈
Dd−1(Rd) by〈

Tα, ω
〉
:=

∫
Rd

α ∧ ω =

∫
Rd

〈
e1 ∧ · · · ∧ ed, α ∧ ω

〉
dx, ω ∈ Dd−1(Rd),

where e1, . . . , ed is the standard basis in Rd. This Tα is clearly representable by integration
with a smooth density. One can then establish the following facts from the Leibniz rule in
Lemma 3.10 together with some computations:

∂Tα = Tdα, ∂(v ∧ Tα) = ∂Tιv(α),

for any vector field v : Rd → Rd (with sufficient smoothness). In fact, the so-defined map-
ping α 7→ Tα is even invertible: For any absolutely continuous (d − 1)-current T = τLd

with τ ∈ C∞
c (Rd;

∧
d−1(R

d)) define

α := τ (dx1 ∧ · · · ∧ dxd) ∈ C∞
c (Rd;

∧1(Rd)),

where “ ” denotes the interior product defined in (3.6). Then, a computation shows that
⟨e1 ∧ · · · ∧ ed, α ∧ ω⟩ = ⟨τ, ω⟩ and hence T = Tα. Geometrically, the interpretation of
this duality is that if one thinks of α(x) as a vector (not a covector), then T⃗α(x) spans the
orthogonal plane at almost every x.

For a path of boundaryless (d − 1)-currents t 7→ Tt = Tαt and a smooth velocity field
v = (v1, . . . , vd)T : Rd → Rd, we obtain for the corresponding Lie derivative that〈

LvTt, ω
〉
=

〈
∂(v ∧ Tt), ω

〉
=

〈
Tιv(αt), dω

〉
.

Writing α =
∑

i αi dx
i and ω =

∑d
j=1 ωj d̂xj , where d̂xj := dx1∧ · · ·∧dxj−1∧dxj+1∧

· · · ∧ dxd, we thus get〈
LvTt, ω

〉
=

〈
Tιv(αt), dω

〉
=

∫
Rd

ιv(αt) ∧ dω

=

∫
Rd

(α⃗t · v)
d∑

j=1

(−1)j+1∂ωj

∂xj
dx

= −
∫

Rd

d∑
j=1

(−1)j+1 ∂

∂xj
(α⃗t · v)ωj dx,

where we have defined α⃗ := (α1, . . . , αd)
T. On the other hand,

d

dt

〈
Tα, ω

〉
=

d

dt

∫
Rd

α ∧ ω =
d

dt

∫
Rd

d∑
j=1

(−1)j+1αjωj dx,
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so that the Geometric Transport Equation (8.5) here translates to the system of conservation
laws

d

dt
α⃗+∇(α⃗ · v) = 0.

Example 8.12 (d-currents). For a path t 7→ Tt ∈ Dd(Rd) of top-dimensional currents,
we may write Tt = ut e1 ∧ · · · ∧ ed Ld with a scalar function ut. Then, vt ∧ Tt = 0 and
hence the Geometric Transport Equation (8.5) reads as

d

dt
Tt − vt ∧ ∂Tt = 0.

Every d-form ω ∈ Dd(Rd) can be written as ω = ω dx1 ∧ · · · ∧dxd with ω ∈ C∞
c (Rd), and

hence

ιvtω =
d∑

j=1

(−1)j−1vjt ω d̂xj ,

whereby〈
vt ∧ ∂Tt, ω

〉
=

〈
Tt, d(ιvtω)

〉
=

∫
Rd

ut

d∑
j=1

(−1)j−1 ∂

∂xj

(
(−1)j−1vjtω

)
dx

= −
∫

Rd

∇ut · vt ω dx.

Therefore, in this case we obtain

d

dt
ut + vt · ∇ut = 0,

which is the (classical) transport equation.

Remark 8.13. The work [12] (see also [16, 17]) takes a dual point of view to ours and
instead considers the general transport equation for differential k-forms. The transport
equation is now recovered for the case of 0-forms (scalars) and the continuity equation
for the case of top-dimensional forms (which represent volumes). However, currents are in
a sense the more natural objects to transport since they have a clearer geometric interpre-
tation. Moreover, the theory of currents allows to treat lower-regularity situations without
any additional effort. A concrete situation is the following: It is quite common to model
continuously-distributed dislocation fields via the torsion 2-form of an additional “mate-
rial” connection on a manifold. This additional connection is assumed to be flat (at least,
if no disclinations are present), but with non-zero torsion, turning a body manifold into a
so-called Weitzenböck manifold; see, e.g., [18] for an overview of this. The torsion of the
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material connection is then represented via the torsion 2-form, which represents the dislo-
cations. However, this approach only makes sense in the smooth setting since it is unclear
(or at least not classically defined) what “singular” forms should be. Thus, individual dis-
location lines cannot be represented. If one instead uses the duality in Example 8.11, one
obtains 1-currents. This not only corresponds better to the intuition of dislocation lines, but
also immediately opens the door to a low-regularity theory. In this way, The Geometric
Transport Equation gives a rigorous interpretation of the “transport of singular torsion”.

8.3 Existence of solutions

When our velocity vector field v is autonomous and Lipschitz, we have the following exi-
tence theorem

Theorem 8.14 (Existence of weak solutions [9, 10]). Let v : Rd → Rd be a globally
bounded and Lipschitz vector field and let Φ be its (unique) flow. Let T0 ∈ Nk(Rd) be a
given initial value. Then, the path of normal currents defined by

t 7→ Tt := Φt
∗T0

is a weak solution to (8.15) and (Tt) is uniformly normal, that is, (8.8) holds.

Remark 8.15. Note that the explicit formula for the solution in particular implies that if
T is integral, then so is Tt for all t ∈ (0, 1).

Proof. Step 1. Assume first that v is smooth. Then, the path t 7→ Tt satisfies the mass
bound (8.8) by Proposition 4.30. The bound (8.6) is trivially satisfied due to the global
boundedness of v. We will verify the condition in Lemma 8.6: Fix ω ∈ Dk(Rd). For s < t
it holds that

∣∣〈Tt, ω〉− 〈
Ts, ω

〉∣∣ = ∣∣〈(Φt − Φs)∗T0, ω
〉∣∣

≤ ∥ω∥∞
∫ ∥∥D(Φt − Φs)T⃗0

∥∥ d∥T0∥

≤ CM(T0)∥ω∥∞∥D(Φt − Φs))∥k∞
≤ C|t− s|

since the map t 7→ Φt is Lipschitz with values in C1(Rd;Rd) by Proposition 3.16 (iv).
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On the other hand, by Proposition 8.1,〈
LvTt, ω

〉
=

〈
Tt,Lvω

〉
=

〈
Tt, lim

h→0

(Φh)∗ω − ω

h

〉
=

〈
Φt
∗T0, lim

h→0

(Φh)∗ω − ω

h

〉
= lim

h→0

1

h

〈
T0, (Φ

t+h)∗ω − (Φt)∗ω
〉

=
d

dt

〈
T0, (Φ

t)∗ω
〉

=
d

dt

〈
Tt, ω

〉
,

where we have used the group property (3.3). The validity of the initial condition is obvious.

Step 2. In the general case, we cannot perform the manipulations in Step 1. However, we
can argue by mollification as follows: Let (ϱδ)δ>0 ⊂ C∞

c (Rd) be a family of mollifiers with
ϱδ → δ0 as δ → 0. Then set

vδ := ϱδ ∗ v,

which converges to v locally uniformly and with uniformly bounded Lipschitz constants.
Moreover, if we denote by (Φt

δ)t the flow of vδ, then

Tt := Φt
∗T0 = w*-lim

δ→0
T δ
t , T δ

t := (Φt
δ)∗T0,

by Proposition 4.30.
From Step 1 we know that (T δ

t )t is a weak solution to the Geometric Transport Equation.
It is clear from the properties of pushforwards of normal currents (see Proposition 4.30) that
the condition (8.6) to the limit δ → 0. Moreover, (8.7) in condition (8.7) for vδ reads as∫ 1

0

〈
T δ
t , ω

〉 .
ψ(t) +

〈
vδ ∧ ∂T δ

t , ω
〉
ψ(t) +

〈
vδ ∧ T δ

t , dω
〉
ψ(t) dt = 0

for every ψ ∈ C∞
c ((0, 1)) and every ω ∈ Dk(Rd). Here we have written out the defini-

tion (8.2) of the Lie derivative, namely,

LvδT
δ
t = vδ ∧ ∂T δ

t + ∂(vδ ∧ T δ
t )

Now, since vδ → v uniformly and T δ
t

∗
⇀ Tt (which implies also ∂T δ

t
∗
⇀ ∂Tt), the above

weak formulation of the Geometric Transport Equation passes to the limit, showing (8.7)
for (Tt)t and velocity v, that is, condition (8.7).

A result for non-autonomous (time-dependent) velocity fields can be found in [8].
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8.4 Uniqueness of solutions

Theorem 8.16 (Uniqueness of weak solutions [9, 10]). Let v : Rd → Rd be a globally
bounded and Lipschitz vector field and let Φ be its (unique) flow. Let T0 ∈ Nk(Rd) be a
given initial value. Then, the weak solution to (8.15) defined in Theorem 8.14 is the unique
weak solution in the class of normal currents.

The proof for a smooth velocity field v is relatively straightforward:

Proof for a smooth velocity. We will employ a duality strategy. By the linearity of the Ge-
ometric Transport Equation, it is enough to show that if T0 = 0 then for the solution t 7→ Tt
it holds that Tt = 0 for L1-a.e. t ∈ (0, 1). Fix ζ ∈ Dk([0, 1]× Rd) and consider the family
of k-forms on Rd given for t ∈ (0, 1) by

ηt := −
∫ 1

t
(Φs−t)∗ζs ds,

where ζs := ι∗sζ ∈ Dk(Rd) is the pullback under the immersion ιs : x 7→ (s, x). Then,

.
ηt = ζt −

∫ 1

t

d

dt
(Φs−t)∗ζs ds, (8.17)

which is to be understood as a pointwise equality in x ∈ Rd. On the other hand, by linearity
of the pullback and the dominated convergence theorem,

Lvηt = lim
h→0

(Φh)∗ηt − ηt
h

= −
∫ 1

t
lim
h→0

(Φh)∗(Φs−t)∗ζs − (Φs−t)∗ζs
h

ds

=

∫ 1

t

d

dt
(Φs−t)∗ζs ds.

Combining this with (8.17), we arrive at

.
η + Lvη = ζ.

Since (Tt)t solves the Geometric Transport Equation with initial value T0 = 0, we infer
from (8.16) that∫ 1

0

〈
δt × Tt, ζ

〉
dt =

∫ 1

0

〈
δt × Tt,

.
η + Lvη

〉
dt =

〈
T1, η1

〉
−
〈
T0, η0

〉
= 0,

where for the last equality we have also used η1 = 0. From Lemma 8.3 (ii) we thus infer
that Tt = 0 for L1-a.e. t ∈ (0, 1), as required.
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The general case is complicated by the fact that pushforwards of currents under Lips-
chitz maps are defined via an approximation procedure (see Proposition 4.30) and that the
gradient of Φh may not be defined everywhere on the carrier set of T0. Indeed, Rademacher’s
Theorem 1.18 only shows the existence of DΦh almost everywhere with respect to L1+d,
but this may not be enough to define it almost everywhere with respect to the mass measure
of the current at hand. Thus, the above arguments are not applicable since (8.16) is only
sufficient in the case of a smooth velocity field.

Proof of Theorem 8.16 for a general velocity. Without loss of generality we assume that
(Tt)t∈(0,1) ⊂ Nk(Rd) is a weakly* continuous solution to the Geometric Transport Equation
(see Lemma 8.7 for the weak* continuity).

Step 1. We will first prove the theorem under the additional assumption that ∂Tt = 0 for
t ∈ [0, 1). In Step 5 we will extend the proof to the general case.

Define

T⃗ (t, x) := (0, T⃗t(x)) ∈
∧

k R1+d for dt⊗ ∥Tt∥-a.e. (t, x),

which is a shorthand for the more precise definition T⃗ (t, x) := Det[T⃗t(x)] for et(x) :=
(t, x). Note also that here we write T⃗ (t, x) as a row instead of as a column vector (which is
our usual convention) to avoid a proliferation of transpositions.

We claim that

U = uµ with u := (1, v) ∧ T⃗, µ := dt⊗ ∥Tt∥ ∈ M(R1+d)

is a normal (k + 1)-current in (0, 1)× Rd, and

∂U (0, 1)× Rd = 0. (8.18)

It is easy to see that

M(U) ≤ C

∫ 1

0

∫
Rd

|vt| d∥Tt∥ dt <∞,

where we used the integrability condition (8.6) from the definition of weak solutions. Thus,
the normality of U will hold as soon as we have verified (8.18).

To show (8.18), we employ the density of linear combinations of tensor forms (see,
e.g., [19, 4.1.3 / 4.1.8]) to observe that it suffices to verify〈

U, dη
〉
= 0 (8.19)

for η = t∗α∧p∗β, where either (I) α ∈ D0((0, 1)) and β ∈ Dk(Rd), or (II) α ∈ D1((0, 1))
and β ∈ Dk−1(Rd). For case (I) let α ∈ D0((0, 1)) and β ∈ Dk(Rd). By the Leibniz rule
for the exterior differential,

dη = t∗dα ∧ p∗β + t∗α ∧ p∗dβ.
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We compute〈
U, t∗dα ∧ p∗β

〉
=

∫ 1

0

∫
Rd

〈
(1, v) ∧ T⃗, t∗dα ∧ p∗β

〉
d∥Tt∥ dt

=

∫ 1

0

∫
Rd

.
α(t)

〈
T⃗t, β

〉
d∥Tt∥ dt

=

∫ 1

0

.
α(t)

〈
Tt, β

〉
dt,

where we have invoked Lemma 3.8, using that span(T⃗ ) ⊂ {0} × Rd is space-like and
t∗dα =

.
α(t) dt is time-like.

On the other hand,〈
U, t∗α ∧ p∗dβ

〉
=

∫ 1

0

∫
Rd

〈
(1, v) ∧ T⃗, t∗α ∧ p∗dβ

〉
d∥Tt∥ dt

=

∫ 1

0

∫
Rd

α(t)
〈
(1, v) ∧ T⃗,p∗dβ

〉
d∥Tt∥ dt

=

∫ 1

0

∫
Rd

α(t)
〈
v ∧ T⃗t, dβ

〉
d∥Tt∥ dt

=

∫ 1

0
α(t)

〈
∂(v ∧ Tt), β

〉
dt.

Using the weak formulation (8.7) we deduce (8.19) in case (I).
For case (II) let α ∈ D1((0, 1)) and β ∈ Dk−1(Rd). Applying the Leibniz rule again,

dη = t∗dα ∧ p∗β − t∗α ∧ p∗dβ = −t∗α ∧ p∗dβ

since dα = 0. Then,〈
U, t∗α ∧ p∗dβ

〉
= −

∫ 1

0

∫
Rd

〈
(1, v) ∧ T⃗, t∗α ∧ p∗dβ

〉
d∥Tt∥ dt

= −
∫ 1

0

∫
Rd

〈
(1, v), t∗α

〉〈
T⃗,p∗dβ

〉
d∥Tt∥ dt

= −
∫ 1

0

∫
Rd

α(t)
〈
T⃗t, dβ

〉
d∥Tt∥ dt

= −
∫ 1

0
α(t)

〈
∂Tt, β

〉
dt

= 0.

Passing from the first to the second line we have used Lemma 3.8 (i), while the last equality
follows from ∂Tt = 0. So, (8.19) also follows in case (II).

Step 2. Notice that Ψ := Φ
−1 is Lipschitz, so via Proposition 4.30 we can define

W := Ψ∗U.
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By Theorem 4.31 we can write this explicitly as

W = Ψ∗[u] Ψ#µ

with the pushforward Ψ∗[u] of the multi-vector field u, which is given by

Ψ∗[u](t, x) = DΦ
−1

(Φ(t, x))[u(Φ(t, x))]

for ∥U∥-almost every (t, x). In fact, µ ≪ ∥U∥ ≪ µ because 1 ≤ |u| ≤ (1 + ∥v∥∞),
whereby this formula for Ψ∗[u] holds µ-almost everywhere.

By definition of Φ−1 and Lemma 3.17 (applied with s = t and y = Φt(x)), we obtain

Ψ∗[u] = (1, 0) ∧Ψ∗[T⃗ ] µ-a.e., (8.20)

which is still well-defined since DΦ
−1

(Φ(t, x)) exists on span T⃗ ⊂ span U⃗ .

Step 2. Since the boundary operator commutes with the pushforward, see Lemma 4.26, it
holds that ∂W = 0 in (0, 1) × Rd. Therefore, using again the Leibniz formula recalled
above, for every α ∈ D0(R) and β ∈ Dk(Rd),

0 =
〈
∂W, t∗α ∧ p∗β

〉
=

〈
W, t∗dα ∧ p∗β

〉
+
〈
W, t∗α ∧ p∗dβ

〉
.

The second term vanishes by Lemma 3.8 (ii) since p∗dβ contains only terms not involving
dt, so that the vector (1, 0) is orthogonal to spanp∗dβ, and also taking into account (8.20).

We will show that

0 =
〈
W, t∗dα ∧ p∗β

〉
=

∫ 1

0

.
α(t)

〈
Φ−t
∗ Tt, β

〉
dt. (8.21)

First, by Lemma 3.8 (i) we have〈
(1, 0)∧Ψ∗[T⃗ ], t

∗dα∧p∗β
〉
=

〈
(1, 0), t∗dα

〉
·
〈
Ψ∗[T⃗ ],p

∗β
〉
=

.
α(t)

〈
Ψ∗[T⃗ ],p

∗β
〉
.

Next observe that the maps p◦Ψ and Φ−t ◦p coincide on the plane {t}×Rd. Accordingly,
given any k-vector v ∈

∧
k({0} × Rd), we have

(p ◦Ψ)∗v = (Φ−t ◦ p)∗v.

In particular, we can apply the previous equality with v = T⃗ to obtain

(p ◦Ψ)∗[T⃗ ](t, x) = (Φ−t ◦ p)∗[T⃗ ](t, x)
= Φ−t

∗ p∗[T⃗ ](t, x)

= DΦ−t(Φt(x))[T⃗t(Φ
t(x))]
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for almost every (t, x) with respect to the measure Ψ#µ = dt⊗ Φ−t
# ∥Tt∥. Integrating,

〈
W, t∗dα ∧ p∗β

〉
=

∫
(0,1)×Rd

〈
w, t∗dα ∧ p∗β

〉
dΨ#µ

=

∫ 1

0

.
α(t)

∫
Rd

〈
Ψ∗[T⃗ ](t, x),p

∗β(t, x)
〉
dΦ−t

# ∥Tt∥(x) dt

=

∫ 1

0

.
α(t)

∫
Rd

〈
DΦ−t(Φt(x))[T⃗t(Φ

t(x))], β(x)
〉
dΦ−t

# ∥Tt∥(x) dt

=

∫ 1

0

.
α(t)

〈
Φ−t
∗ Tt, β

〉
dt,

where we used again the explicit formula for the pushforward Φ−t
∗ Tt given by Theorem 4.31.

Thus, (8.21) holds.

Step 4. In the previous step we have shown that∫ 1

0

.
α(t)

〈
Φ−t
∗ Tt, β

〉
dt = 0

for every α ∈ D0((0, 1)) and β ∈ Dk(Rd).
Via an integration-by-parts, thus the function t 7→

〈
Φ−t
∗ Tt, β

〉
is constant for any fixed

β ∈ Dk(Rd) and thus equal to its value at t = 0 (recall that we have chosen a weakly*
continuous representative of t 7→ Tt). Consequently,

Φ−t
∗ Tt = T ,

or equivalently, Tt = Φt
∗T . Thus the theorem holds in the case ∂Tt = 0 for L1-almost every

t ∈ (0, 1).

Step 5. Finally, if (Tt)t is a solution of (8.15) with the Tt’s not necessarily boundaryless.
Testing (8.7) with forms ω = dη for η ∈ Dk−1(Rd), one observes that boundary family
(∂Tt)t is a weak solution to the Geometric Transport Equation with the same velocity vector
field v and initial value ∂T0.

By Proposition 3.11, we have that ∂(∂Tt) = ∂2Tt = 0, so Step 4 becomes applicable,
so that

∂Tt = Φt
∗(∂T0) = ∂(Φt

∗T0).

The currents

St := Tt − Φt
∗T0

are normal and ∂St = 0, By the linearity of the Geometric Transport Equation, the family
(St)t are a weak solution for the initial value S0 = 0. But by Step 4 the unique solution
in this case is the family of zero currents, whereby we conclude that St = 0 for every
t ∈ (0, 1). Hence, Tt = Φt

∗T0 for every t ∈ (0, 1) and the proof is complete in the general
case.
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8.5 Advection theorem

The theme of the final two sections in this chapter is the relationship between paths of
currents, that is, mappings t 7→ Tt ∈ Ik(Rd) and the space-time current S ∈ I1+k(R1+d)
that is traced out by the path, so that p∗S|t = Tt. In particular, one should ask when we may
“glue together” the Tt into such an S, which chiefly a question about rectifiability, as well
as when we can find a vector field that agrees with the geometric derivative of the resulting
glued space-time current S. Since this is a question about “differentiability” of S (in the
geometric sense) and since a Lipschitz-condition on the path t 7→ Tt will play a decisive
role, such results may be considered to be in the spirit of Rademacher’s Differentiability
Theorem 1.18.

We first consider the situation of a given (integral) space-time current S ∈ I1+k(R1+d),
for which we recall that

D

Dt
S ∈ L1(dt⊗ ∥S|t∥;Rd)

by Proposition 6.10. It is a natural question to ask whether the slices are advected by D
Dt ,

that is, if the family of currents

S(t) := p∗S|t, (8.22)

with the slices S|t defined in Proposition 6.1, solve the Geometric Transport Equation for
the velocity field v := D

Dt . Let us first consider the question

Example 8.17. For k = 0 and u ∈ BV([0, 1]) consider the associated graph current
Su := τ H1 graph(u) ∈ I1([0, 1]×R) as in Example 6.13. From Example 6.13 we know
that in this case

D

Dt
S =

.
u,

with .
u only the absolutely continuous part of the (distributional or measure-theoretic) deriva-

tive Du of u, which in general also includes jump and Cantor parts. Now, assume that u is
not constant, but .

u ≡ 0. In BV there are in fact many such functions, namely u could be a
pure jump function (such as u := 1(1/2,1)) or a Cantor-type function (see Example 4.10), for
both of which it is well-known that .

u ≡ 0 (see [4] for the details). If Su were to be a weak
solution of the Geometric Transport Equation with the velocity field v : [0, 1] × R → R,
then (8.7) must hold, that is,∫ 1

0

〈
Tt, ω

〉 .
ψ(t) +

〈
LvtTt, ω

〉
ψ(t) dt = 0

for all ψ ∈ C∞
c ((0, 1)) and every ω ∈ D0(R) ≃ C∞

c (R). As Tt = δu(t) for L1-almost every
t ∈ [0, 1] and Lvt = ∂(

.
uδu(t)) ≡ 0, we obtain the necessary condition∫ 1

0
ω(u(t))

.
ψ(t) dt = 0.
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However, this would imply that the distributional (time-)derivative Du is zero, whereby u
would be constant, a contradiction. Note that in this case the currents Su are not AC by
Lemma 7.8 since we have seen in Example 6.13 that Var(Su, ) = Du and in both both the
pure jump and the Cantor-type example Du ̸≪ L1.

We conclude from the previous example that our question about the validity of the Ge-
ometric Transport Equation only makes sense if S is at least AC, which we henceforth
assume. However, this turns out to be not enough. Indeed, the Flat Mountain SFM con-
structed in Section 7.3 has zero geometric derivative everywhere and Var(SFM; ) ≪ L1,
so SFM is AC by Lemma 7.8, but SFM is non-constant in time. Thus, SFM is not advected
by any velocity field.

On the other hand, the Flat Mountain is not NC and this turns out to be the correct
condition to ensure the advection by a space-time current’s own geometric derivative:

Theorem 8.18 (Advection [10]). Let S ∈ I1+k([0, 1]×Rd) be NC and (∂S) (0, 1)× Rd =
0. Then,

d

dt
S(t)− LvtS(t) = 0 for v :=

D

Dt
S. (8.23)

Proof. The integrability condition (8.6) in the definition of a weak solution to the Geometric
Transport equation holds by Proposition 6.10.

Combining the NC-property of S with Lemma 7.3, we have the disintegration

S = S Reg(S) = dt⊗ (|∇St|−1 ξ ∧ S|t)

or, equivalently,

∫ 1

0

ξ

|∇St|
∧ S|t ψ(t) dt = (ψ ◦ t)S (8.24)

for every ψ ∈ C∞
c ((0, 1)), with ξ is given by (6.18). Here and in the following, the integral

on the left-hand side should be understood as for measures, that is,

〈∫ 1

0

ξ

|∇St|
∧ S|t ψ(t) dt, η

〉
=

∫ 1

0

〈
ξ

|∇St|
∧ S|t ψ(t), η

〉
dt

for any η ∈ Dk+1(Rd).
Recall the definition of the geometric derivative from (6.23), namely

D

Dt
S =

pξ

tξ
=

pξ

|∇St|
, (dt⊗ ∥S|t∥)-a.e.,
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with the second equality following from (6.22). Then, we compute via (8.24) as follows:∫ 1

0
vt ∧ S(t)ψ(t) dt =

∫ 1

0

p(ξ)

|∇St|
∧ p∗S|t ψ(t) dt

=

∫ 1

0
p∗

(
ξ

|∇St|
∧ S|t

)
ψ(t) dt

= p∗

(∫ 1

0

ξ

|∇St|
∧ S|t ψ(t) dt

)
= p∗[(ψ ◦ t)S].

Then use the definition of the Lie derivative to compute for every ω ∈ Dk(Rd) that∫ 1

0

〈
LvtS(t), ω

〉
ψ(t) dt =

∫ 1

0

〈
vt ∧ S(t)ψ(t), dω

〉
ψ(t) dt

=
〈
p∗[(ψ ◦ t)S], dω

〉
=

〈
∂p∗[(ψ ◦ t)S], ω

〉
=

〈
p∗∂[(ψ ◦ t)S], ω

〉
For any k-current T , for any f ∈ C∞

c (R), and any ω ∈ Dk(Rd), by Lemma 4.11 it holds
that

∂[(ψ ◦ t)S] = (ψ ◦ t)∂S − S d(ψ ◦ t) = (ψ ◦ t)∂S − S (
.
ψ ◦ t) dt.

Also taking into account (6.2) in the form∫
S|t

.
ψ(t) dt = S (

.
ψ ◦ t) dt,

we obtain∫ 1

0

〈
LvtS(t), ω

〉
ψ(t) dt =

〈
∂[(ψ ◦ t)S],p∗ω

〉
=

〈
(ψ ◦ t)∂S,p∗ω

〉
−
〈
S (

.
ψ ◦ t) dt,p∗ω

〉
=

〈
(ψ ◦ t)∂S,p∗ω

〉
−
∫ 1

0

〈
S|t,p∗ω

〉 .
ψ(t) dt.

Since ψ ∈ C∞
c ((0, 1)) and ∂S (0, 1)× Rd = 0, the first term vanishes. Recalling that, by

definition, S(t) = p∗S|t, we thus conclude∫ 1

0

〈
S(t), ω

〉 .
ψ(t) +

〈
LvtS(t), ω

〉
ψ(t) dt = 0,

that is, (8.7). Hence, the family (S(t))t is indeed a weak solution to the Geometric Transport
Equation with v = D

Dt .

Remark 8.19. In fact, the following converse of the theorem is true: For a space-time
current S ∈ I1+k([0, 1] × Rd) such that the Geometric Transport Equation holds for any
vector field v ∈ L1(dt⊗∥S|t∥;Rd), the S satisfies NC automatically; see Section 7 of [10].
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8.6 Rectifiability and differentiability

In this and the following sections we investigate the relationship between the space-time
approach and the more basic treatment of moving currents via a time-indexed family of
slices. Such results all concern the “advection” of the slices by the geometric derivative and
we consider a number of theorems relating these objects.

We first turn our attention to understanding which paths of integral currents are “space-
time rectifiable”, meaning that the path consists of the slices of a space-time integral current.
For this we first need to consider several notions of pointwise variation, as opposed to the
previously introduced space-time variation.

Let (X, d) be a locally compact metric space and let [a, b] ∋ t 7→ γ(t) ∈ X , Define the
pointwise d-variation of γ as

d-pVar(γ; [a, b]) := sup

{N−1∑
i=1

d(γ(ti), γ(ti+1)) : a ≤ t1 ≤ . . . ≤ tN ≤ b

}
(8.25)

and the essential d-variation of the path γ as

d-eVar((γ; [a, b]) := inf
{
d-pVar(γ̃; [a, b]) : t 7→ γ̃(t) ∈ X with γ = γ̃ a.e.

}
.

We extend these definitions to paths γ which are only defined for L1-almost everywhere in
[a, b]. In this case, the supremum in (8.25) is taken over families of partitions such that γ is
defined at ti for every i.

Thus, we may define the right-continuous good representative S̃ : [σ, τ) → Ik(Ω) of S
for any t ∈ [σ, τ) as

S̃(t) := S(t+) = w*-lim
s↓t

S(s) in Ik(Ω),

which satisfies S̃(t) = S(t) for L1-almost every t ∈ [σ, τ). In the following we will drop
the tilde and just refer to S̃(t) as S(t).

For S ∈ I1+k([0, 1] × Rd) and U ∈ Nk+1([0, 1] × Rd) with ∂S (0, 1) × Rd =
∂U (0, 1)× Rd = 0 we also set

FI◦-eVar(S; [a, b]) := FI◦-eVar(t 7→ S(t); [a, b]),

F◦-eVar(U ; [a, b]) := F◦-eVar(t 7→ U(t); [a, b])

for every closed interval [a, b] ⊂ [0, 1]. Here, as usual, we denote by S(t) := p∗S|t
the pushforward of the slice S|t onto Rd (cf. (8.22)). Likewise we define the slices U |t
and the pushforwards U(t) := p∗U |t for L1-a.e. t. Moreover, we have used the metric
d(T1, T2) := FI◦(T2 − T1) and d(T1, T2) := F◦(T2 − T1), respectively, in the definitions
for d-eVar above.

Proposition 8.20. Let S ∈ I1+k([0, 1]× Rd) with ∂S (0, 1)× Rd = 0. Then,

FI◦-eVar(S; [0, 1]) <∞ and FI◦-eVar(S; ) ≤ Var(S; ).
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Proof. Fix an arbitrary partition of times a ≤ t1 ≤ . . . ≤ tN ≤ b such that the slices S|ti
are defined at ti for i = 1, . . . , N . By the cylinder formula (6.13),

S|ti+1 − S|ti = ∂[S (ti, ti+1)× Rd].

Thus,

S(ti+1)− S(ti) = p∗∂(S (ti, ti+1)× Rd) = ∂p∗(S (ti, ti+1)× Rd),

Hence, S {ti < t ≤ ti+1} is a competitor in the definition of FI◦(S|ti+1 −S|ti), whereby

FI◦(S(ti+1)− S(ti)) ≤ M(p∗(S (ti, ti+1)× Rd))

≤
∫
(ti,ti+1)×Rd

∥pS⃗∥ d∥S∥

= Var(S; (ti, ti+1)).

Summing over i, we obtain

N−1∑
i=0

FI◦(S(ti+1)− S(ti)) ≤
N−1∑
i=0

Var(S; (ti, ti+1))

≤ Var(S, (a, b))

≤ M(S (a, b)× Rd)

<∞,

where we have used (6.26). Since the subdivision {ti}Ni=0 was arbitrary (with the constraint
of all slices being defined), we conclude that indeed t 7→ S(t) has finite pointwise FI◦-
variation and then also essential FI◦-variation.

By the same argument,

FI◦-eVar(S; I) ≤ Var(S; I)

for any closed subinterval I ⊂ [0, 1].

Remark 8.21. The opposite inequality namely FI◦-eVar(S; ) ≥ Var(S; ), is in general
false: Whenever a jump occurs at a time t0, Var(S; ) depends on the particular current that
connects S|t−0 and S|t+0 , while FI◦-eVar always measures the jump with the mass of the
minimal surface between S|t−0 and S|t+0 .

Proposition 8.22. Let [0, 1] ∋ t 7→ Tt ∈ Ik(Rd) with ∂Tt = 0 for every t ∈ [0, 1], and
such that

sup
t∈[0,1]

M(Tt) <∞, FI◦-eVar(t 7→ Tt; [0, 1]) <∞.
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Then, for every t ∈ [0, 1] the left and right limits

T (t+) = w*-lim
s↓0

Ts, T (t−) = w*-lim
s↑0

Ts

exist (only one-sided limits at the endpoints {0, 1}). They differ at most at countably many
t’s.

Proof. We only show this for the right limit at t ∈ [0, 1). Using the Federer–Fleming
Compactness Theorem 5.6 (which uses the uniform mass bound), for every sequence tj ↓ t
there is a further subsequence (not relabeled) such that the weak*-limit

w*-lim
j→∞

Ttj

exists in Ik(Rd). This limit is also unique: If there were sequences tj ↓ t and t̃j ↓ t with

0 < δ < F(S(tj)− S(t̃j)) for all j,

then, up to selecting a subsequence,

∞ =
∑
j

F(S(tj)− S(t̃j)) ≤ F-pVar(S; [t, τ ]) <∞,

which is a contradiction. Hence, every sequence tj → tmust yield the same w*-limj→∞ Ttj
and we may thus unambiguously define T (t+).

By a similar argument based on the finiteness of the variation, the set of t such that
F(T (t+)−T (t−)) > 1/nmust be finite for every n. Hence there can be at most countably
many t’s with T (t+) ̸= T (t−).

We now state a fundamental space-time rectifiability result, which entails that we may
“glue” together boundaryless integral currents with bounded FI◦-variation into a space-time
current with these currents as slices.

Theorem 8.23 (Space-time rectifiability [10]). Let [0, 1] ∋ t 7→ Tt ∈ Ik(Rd) with ∂Tt =
0 for every t ∈ [0, 1], and such that

sup
t∈[0,1]

M(Tt) <∞, FI◦-eVar(t 7→ Tt; [0, 1]) <∞.

Then, there exists S ∈ I1+k([0, 1]× Rd) with ∂S (0, 1)× Rd = 0 such that:

(i) S(t) := p∗S|t = Tt for L1-a.e. t ∈ [0, 1];

(ii) Var(S; ) = FI◦-eVar(t 7→ Tt; ).

Proof. We will construct a sequence of piecewise-constant approximations to the sought S
and then pass to the limit.
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Step 1. Fix ε > 0. By modifying t 7→ Tt on a null set we may assume without loss of
generality that

FI◦-pVar(t 7→ Tt; [0, 1]) ≤ FI◦-eVar(t 7→ Tt; [0, 1]) + ε. (8.26)

Furthermore, we assume without loss of generality that

T0 = w*-lim
s↓0

Ts, T1 = w*-lim
s↑0

Ts

are well-defined. This is possibly Proposition 8.22 and this also does not change the mass
and variation bounds assumed on the path.

For N ∈ N define

ti :=
i

N
, Ti := Tti i = 0, . . . , N.

Then, for every i = 0, . . . , N − 1 take an integral current Wi ∈ I1+k(Rd) with

Ti+1 − Ti = ∂Wi and M(Wi) ≤ FI◦(Ti+1 − Ti) +
ε

N

and define

SN := −
N−1∑
i=0

(
Jti, ti+1K × Ti + δti+1 ×Wi

)
. (8.27)

Using the formula for the boundary of a product current from Lemma 4.19, we compute

∂SN = −
N−1∑
i=0

(
δti+1 × Ti − δti × Ti + δti+1 × ∂Wi

)
= −

N−1∑
i=0

(
−δti × Ti + δti+1 × Ti+1

)
= −δ1 × T1 + δ0 × T0. (8.28)

So,

M(SN ) ≤ 1

N

N−1∑
i=0

M(Ti) +

N−1∑
i=0

M(Wi),

M(∂SN ) ≤ M(T1) +M(T0).

By assumption,

1

N

N−1∑
i=0

M(Ti) ≤ C <∞.
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and

N−1∑
i=0

M(Wi) =
N−1∑
i=0

(
FI◦(Ti+1 − Ti) +

ε

N

)
≤ FI◦-pVar(t 7→ Tt; [0, 1]) + ε <∞.

Likewise,

Var(SN ; [0, 1]) =

N−1∑
i=0

M(Wi) ≤ FI◦-pVar(t 7→ Tt; [0, 1]) + ε. (8.29)

Thus, by the compactness principle for space-time integral currents in Theorem 6.23 there
exists a subsequence Nj and S ∈ I1+k([0, 1]× Rd) such that{

SNj

∗
⇀ S

SNj (t)
∗
⇀ S(t) for all but countably many t ∈ [0, 1].

Step 2. Next we will show that S(t) = Tt for L1-almost every t ∈ [0, 1]. So, fix t ∈ [0, 1]

with SNj (t)
∗
⇀ S(t) and such that our path is left-continuous at t, that is,

T (t) = T (t−) = w*-lim
s↑t

Ts.

By Proposition 8.22, this is the case at all but countably many t’s.
Now observe

SNj |t = (∂SNj ) {t < t} − ∂(SNj {t < t})

by the cylinder formula (6.13) for slices. Observe that ⌊Njt⌋ (the largest integer below or
equal to Nt) is the index with the property

t⌊Njt⌋ < t < t⌊Njt⌋+1.

So, from (8.27) we obtain

SNj {t < t} = −
⌊Njt⌋−1∑

i=0

(
Jti, ti+1K × Ti + δti+1 ×Wi

)
− Jt⌊Njt⌋, tK × T⌊Njt⌋,

and thus

∂(SNj {t < t}) = −∂

⌊Njt⌋−1∑
i=0

(
Jti, ti+1K × Ti + δti+1 ×Wi

)−(δt−δt⌊Njt⌋
)×T⌊Njt⌋.

On the other hand, (8.28) entails

(∂SNj ) {t < t} = −∂

⌊Njt⌋−1∑
i=0

(
Jti, ti+1K × Ti + δti+1 ×Wi

)+ δt⌊Njt⌋
×T⌊Njt⌋.
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Thus,

SNj |t = δt × T⌊Njt⌋ and SNj (t) = T⌊Njt⌋/Nj
.

Since our path is left-continuous at t by assumption, we conclude

S(t) = w*-lim
j→∞

SNj (t) = w*-lim
j→∞

T⌊Njt⌋/Nj
= Tt.

We conclude that (i) holds at such t.

Step 3. To establish also (ii) we first notice that the inequality FI◦-eVar(t 7→ Tt; ) ≤
Var(S; ) follows directly from Proposition 8.20. For the other direction, we just need to
use that the variation is lower semicontinuous with respect to the BV-weak* convergence,
see Theorem 6.23, together with (8.29) and (8.26) to see

Var(S; [0, 1]) ≤ lim inf
j→∞

Var(SNj ; [0, 1]) ≤ FI◦-eVar(t 7→ Tt; [0, 1]) + 2ε.

As ε > 0 was arbitrary, the claim (ii) follows.

Remark 8.24. The current S constructed in Theorem 8.23 has minimal variation among
all those satisfying the conclusion. Also, one can dispense with the assumption ∂Tt = 0.
See Remarks 6.2, 6.3 in [10] for the details. Finally, also a version for normal currents holds
and is exposed as Proposition 6.4 in [10].

Assume that a path [0, 1] ∋ t 7→ Tt ∈ Ik(Rd) of currents is FI◦-absolutely continuous,
which is defined in analogy to (8.12), but with FI◦ in place of F. Then, t 7→ Tt also
has finite F-variation. Consequently, by Theorem 8.23 the path is space-time rectifiable
and moreover Var(S; ) is absolutely continuous with respect to L1 by (ii). Then, via
Lemma 7.8 we have that S has the AC property and so Corollary 7.10 implies the uniqueness
of the glued current S. Now, if we add the NC condition, then we even get geometric
differentiability:

Theorem 8.25 (Geometric differentiability [10]). Let [0, 1] ∋ t 7→ Tt ∈ Ik(Rd) be FI◦-
absolute continuous, satisfy ∂Tt = 0 for every t ∈ [0, 1], and be such that

sup
t∈[0,1]

M(Tt) <∞.

Let S be the unique space-time rectified current given by Theorem 8.23. If S is NC, then S
is advected by its own geometric derivative D

DS , i.e., (8.23) holds.

Proof. The existence and uniqueness of S has already been discussed. By assumptions S
is NC, so we can apply the Advection Theorem 8.18 to conclude.

Remark 8.26. In the case k = 0, corresponding to BV-functions as in Example 6.13, the
NC-condition is automatically satisfied by the area formula, see Remark 7.15. Thus, for
k = 0, the geometric differentiability holds without any further assumption. Of course, this
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is well-known and is a restatement of the “Fundamental Theorem of Lebesgue Calculus”,
namely that absolutely continuous functions can be written as the integral of their almost-
everywhere existing derivative.

The rectifiability proof relies crucially on the fact that we have absolute continuity with
respect to the (homogeneous) integral flat norm and so also the geometric differentiability
theorem requires this notion of continuity. For some dimensions, however, it is known that
FI◦ coincides with F◦ by Proposition 5.15 and we obtain the following stronger statement:

Corollary 8.27. Suppose k ∈ {0, d − 2, d − 1, d}. Let [0, 1] ∋ t 7→ Tt ∈ Ik(Rd) be
F◦-absolute continuous, satisfy ∂Tt = 0 for every t ∈ [0, 1], and be such that

sup
t∈[0,1]

M(Tt) <∞.

Let S be the unique space-time rectified current given by Theorem 8.23. If S is NC, then S
is advected by its own geometric derivative D

DS , i.e., (8.23) holds.

For general k it is an unsolved problem of Geometric Measure Theory whether F◦ ∼
FI◦ (for integral currents) and hence whether F◦-absolute continuity is the same as FI◦-
absolute continuity. As a result, for k ̸∈ {0, d− 2, d− 1, d} only a form of “weak differen-
tiability” holds; see Theorem 8.1 in [10].

Example 8.28. The Flat Mountain defined in Section 7.3 does not have the NC property.
Thus, as a consequence of Remark 8.19, there is no vector field v ∈ L1(dt⊗∥SFM|t∥) such
that SFM solves the Geometric Transport Equation with velocity field v, as would be the
case if Theorem 8.25 were applicable.
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σ-finite measure, 8
σ-subadditivity, 8

absolute continuity, 14
of a path of currents, 165

AC condition, 151
advection, 179
advection theorem, 180
approximate tangent space, 43
area formula

flat version, 28
rectifiable set version, 46

Banach–Alaoglu theorem, 18
Besicovitch covering theorem, 12
Besicovitch differentiation theorem, 13
Besicovitch–Federer theorem, 50
Besicovitch–Marstrand–Mattila theorem,

49
Besicovitch–Vitali covering theorem, 12
blow-up map, 36
blow-up quotient, 13
Borel σ-algebra, 7
Borel measure, 8
Borel set, 7
boundary

of a box, 65
of a current, 79
of a pushforward of a box, 66

boundary formula, 112
boundary rectifiability theorem, 96
boundary variation, 126
box, 64

Cantor function, 81
Cantor set, 23
Cartan formula

for currents, 162
Cartan’s Magic Formula, 71
chain, 65
closure theorem for integral currents, 102
coarea formula

flat version, 33
for time-slices, 114
rectifiable set version, 47

comass norm, 60
compactness theorem for integral cur-

rents, 102
completion of a σ-algebra, 8
concatenation, 131
cone, 40, 128
constancy theorem, 89
continuity equation, 168
contraction, 70
convergence

of currents, flat, 104
of currents, weak*, 84
of forms, 77

counting measure, 20
critical set, 123
curl, 62
current, 77

integer-multiplicity rectifiable, 95
mass-minimizing, 103
normal, 85
representable by integration, 83

cylinder formula, 116

193



194 INDEX

deformation distance, 142
deformation theorem, 97
deformation trajectory, 132
density

of a measure w.r.t. a measure, 13
of a measure w.r.t Hk, 24
of a set w.r.t. Hk, 49

density lemma, 13
density point, 16
diameter, 20
differential form, 61

closed, 63
exact, 63

Direct Method, 103
disintegration structure theorem, 145
disintegration theorem, 10
disjoint family, 11
dislocation system, 126
dislocation velocity, 126
displacement vector, 124
divergence, 62

essential variation, 182
Euler Γ-function, 19
Existence of weak solutions to GTE, 172
exterior algebra, 55
exterior differential, 62
exterior product, 54

Federer–Fleming theorem, 102
fine cover, 12
flat norm, 85

homogeneous, 86
integral, 104
integral, homogeneous, 106

flow, 67
extended, 68

geometric derivative, 125
geometric differentiability theorem, 187
Geometric Transport Equation, 163
good representative, 182
gradient, 16, 62
graph, 40

Hausdorff (outer) measure, 20
Hausdorff dimension, 22
Hodge dual, 72
homotopy, 91

affine, 92
homotopy formula, 91

IMR current, 95
indicator function, 9
induced orientation, 65
integrability w.r.t. Hk, 23
integral, 9
integral current, 96
integral of a form, 64
interior product, 70
isodiametric inequality, 22

Jacobian, 28
on a rectifiable set, 46

jump
in a space-time current, 122

Lebesgue differentiation theorem, 15
Lebesgue point, 15
Leibniz rule, 62
Lie derivative, 69

of a current, 161
Lipschitz continuity

of a path of currents, 165
Lipschitz deformation distance, 142
Lipschitz graph, 40
Lipschitz integral current, 127

mass, 83, 96
mass norm, 60
measurable map, 9
measure

finite, 7
positive, 8

metric additivity, 8
metric dual, 58
metric tensor, 33
mollification of a current, 87
mollifier, 87
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mu-measurable, 8
multi-covector, 57
multi-vector, 54
multiplicity, 79, 95

NC condition, 153
negligible set, 8
nilpotence of exterior differential, 63
norm

of a multi-covector, mass, 60
of a multi-vector, Euclidean, 57
of a multi-vector, mass, 60

null set, 8

open σ-finite measure, 9
orientation map, 95
orienting map, 83
outer measure, 8

parallelotope, 27
path of currents

L1-normal, 164
uniformly normal, 164

path of normal currents, 162
Plateau’s Problem, 102
pointwise variation, 182
polar, 15
polar decomposition, 29
polyhedral approximation theorem, 106
polyhedral current, 97
Preiss theorem, 49
product current, 86, 96
proper map, 63
pullback, 63
purely unrectifiable set, 49
pushforward

measure-theoretic, 11
of a box, 65
of a current, 91
of a current under a Lipschitz map,

93
Pythagoras lemma, 130

Rademacher theorem, 16

Radon measure, 8
Radon–Nikodym decomposition, 14, 83
Radon–Nikodym density, 12
Radon–Nikodym theorem, 14
rectifiability, 39
regular set, 123
regularity, inner/outer, 9
Reshetnyak continuity theorem, 19
Reshetnyak lower semicontinuity theo-

rem, 19
restriction, 9, 58
reversal, 132
Riesz representation theorem, 10

Sard theorem, 29
scalar product of multi-vectors, 57
simple multi-vector, 54
singular part, 14
slice, 112
slip trajectory, 126
space projection, 111
space-time, 111
space-time connectivity theorem, 142
space-time current, 111

integral, 122
space-time L∞-norm, 127
space-time rectifiability theorem, 184
space-time variation, 126
span of a multi-vector, 56
Stokes theorem, 66
support, 9

of a current, 78

tangential differentiability, 45
tangential differential, 45
tangential gradient, 118
test function, 61
time projection, 111
time-slice, 112
total variation measure, 9, 83, 95
transport equation, 171

union of a family, 11
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Uniqueness of weak solutions to GTE,
174

unit multi-vector, 56

variation, 126
vector measure

finite, 7

weak* continuity
of a path of currents, 165

weak* convergence
BV-weak* for currents, 137
for measures, 18

weak* measurability
of a family of measures, 10
of a path of currents, 162

wedge product, 54
of differential forms, 61

zero-slices lemma, 149
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