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Introduction

The topic of these lecture notes is a recently developed theory describing the transport
of “rough” geometric structures, such as Lipschitz curves or surfaces, via a space-time
approach based on Geometric Measure Theory.

A particular motivation for this study comes from the theory of elasto-plasticity in crys-
talline materials, such as metals. While elasticity theory only considers reversible deforma-
tions of materials, plasticity is the study of permanent deformation. Both effects usually
go hand-in-hand, that is, a specimen deforms elastically up to a yield stress threshold, after
which plastic deformation occurs. Despite its great practical importance, no fully satisfac-
tory description of elasto-plasticity has emerged so far. Particularly in the (very nonlinear)
regime of large deformations, many challenges remain in the modeling, analysis, and com-
putation.

The theory described in these notes was developed to put the description of the micro-
scopic origins of elasto-plasticity on a sounds theoretical foundation. It is part of a larger
effort to develop physically sound, yet mathematically rigorous, models of elasto-plasticity
in crystalline solids. In such materials, the change in shape of a specimen is due to a rear-
rangement of bonds in its crystal lattice, which is prototypically depicted in Fig.[0.1} The
lattice “slips” (slides) over the plane H (with normal vector V) in direction of the so-called
Burgers vector b.

The precise mechanism by which such lattice slip occurs was identified in the ground-
breaking work of Taylor and Orowan roughly 100 years ago, building on earlier work of
Volterra, as the motion of so-called dislocations. Roughly speaking, dislocations are line
defects in the crystal lattice, i.e., deviations of the atomic bonds from a perfect arrangement
along a line through the crystal. Such a dislocation is prototypically shown on the right in

d

Figure 0.1: Slip over a lattice plane.



2 INTRODUCTION

Figure 0.2: A Burgers circuit in a perfect lattice and around an (edge) dislocation.

Fig.[0.2] Note that there is an excess plane of atoms above the dislocation line, which is
depicted by the arrow into the paper. The symbol “_L” indicates where this excess plane of
atoms ends. Defects like the ones depicted always occur on lines (or curves) through the
crystal, which are either closed or end at the boundary of the crystal (or the boundary of a
crystal grain in polycrystals).

Consider again the lattice slip depicted in Fig. [0.1] At first sight, it appears that to bring
about this slip one would have to break all the vertical bonds crossing the slip plane at once,
slide the top of the crystal to the right, and then reconnect the atoms with bonds between
their new positions (in this very simplistic, but surprisingly accurate model of interactomic
bonds). It turns out, however, that this mode of slip would be very expensive energetically,
leading to predictions on the strength of metals that are wildly too large. It was Taylor’s
seminal discovery that the presence of dislocations in fact greatly reduces the force needed
for plastic deformation: Instead of having to break all bonds over the slip plane at once,
it suffices to break just one row of bonds at the leading edge of the progressing slip, as
depicted in Fig.[0.3] While the total number of bonds that have to be broken is the same as
in the naive slip motion described before, this progressive mode of slip propagation yields
a much reduced activation energy, which is in line with experimental observations [5}22].

So, to understand how crystalline slip comes about, we need a way to model, and then
analyze, dislocation lines that are transported around in a crystal domain. Mathematically,
such an analysis is complicated by two pertinent phenomena, namely low regularity and
topological change. The first of these refers to dislocation lines having less smoothness than
one would hope for to employ the tools of Differential Geometry (which requires relatively
regular structures). The second refers to the fact that dislocation lines may split, merge, or
otherwise interact in a way that would destroy any attempt to handle them using any form
of parametrization.

The basic idea we will pursue in these notes to analyze transport phenomena of curves,
and also higher-dimensional geometric structures, is to encode their motion into a single ge-
ometric object, the space-time trajectory traced out by the motion. This space-time trajec-
tory is defined as the (hyper-)surface obtained by gluing all the objects at individual points
in time together along the time axis. For dislocations, this space-time surface is called a slip
trajectory: a two-dimensional surface, possibly with low regularity, in four-dimensional
space-time, whose time-slices recover the dislocation curves observed at individual times.

There are two fundamental origins of these space-time trajectories. One is to declare



Figure 0.3: Dislocation motion deforming a lattice.

them as fundamental and work with them from the start, in what is termed the variational
approach since it originated from minimization problems over spaces of admissible tra-
jectories. Alternatively, we may take a time-indexed family of geometric structures and
investigate whether this family can be “glued” together to furnish a space-time trajectory.
The latter point of view is called the transport approach since it is intimately related to
whether or not the objects are in fact “advected” by a velocity field via the so-called Geo-
metric Transport Equation.

These two approaches are closely related, but not equivalent: It turns out that there are
reasonable evolutions represented by space-time trajectories that do not represent the ad-
vection of a geometric structure by any velocity vector field. Thus, the Geometric Transport
Equation should be viewed not as a replacement for the space-time viewpoint, but as its
more regular counterpart.

The appropriate mathematical language for the space-time theory as outlined above is
supplied by the field of Geometric Measure Theory. Unlike Differential Geometry, which
is primarily concerned with smooth geometric structures, Geometric Measure Theory is de-
signed to handle low-regularity structures. Thus, one may consider surfaces with Lipschitz-
type regularity and including folds, corners, junctions, or other singular features. These re-
quirements lead naturally to the notion of normal and integral currents, which are measure-
theoretic analogues of manifolds (and “density fields” of manifolds). The analytic aspects
of Geometric Measure Theory are equally important: It provides notions of convergence
for geometric structures as well as compactness principles that are strong enough to support
existence arguments.

The origins of the theory to be developed can be found in the modeling paper [21]] on
elasto-plasticity driven by dislocation motion, as well as its mathematical implementation
in [28,29]. Much of the material on the Geometric Transport Equation follows [9}|10].
Finally, some recent ideas from [[11]] have been employed to streamline the presentation.
However, much of the material from these sources has been revised and rearranged for the
present notes to create a more coherent presentation.

These notes are meant to be reasonably self-contained for a reader possessing a solid
knowledge of basic Functional Analysis and Measure Theory. As such, we develop many
concepts from Geometric Measure Theory in detail, without relying on the literature too
much. For background, the standard reference for Geometric Measure Theory remains Fed-
erer’s encyclopaedic monograph [19]; Morgan’s “pictorial guide” [27] is a useful compan-
ion. A more gentle introduction is provided by Krantz—Parks [23], partly based on Simon’s
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influential lecture notes [32]. For covering and rectifiability theory we refer to Mattila’s
treatise [26]]. The first part of the book [4] gives a related treatment with applications to the
Calculus of Variations.

There is a large amount of material here, but the topics of the first two parts are clas-
sical, with the recent developments of the space-time theory entirely contained in the third
part. Thus, a reader in a hurry, and one who already has some familiarity with Geometric
Measure Theory, may jump straight to the third part and only consult the first and second
part for reference. No intimate knowledge of the proofs in the first two parts is necessary to
understand the third, and the proofs may be safely skipped on first reading.

I would appreciate comments, corrections and remarks about these lecture notes. They
can be sent back to me via

https://tinyurl.com/tgss26

or by scanning the following QR-Code:

Filip Rindler
August 2026


https://tinyurl.com/tgss26

Part I

Basic Geometric Measure Theory






Chapter 1

Measures

We assume that the reader is familiar with the basics of measure theory, for example at the
level of the relevant chapters of [31]] or Chapter 1 of [4]], whose conventions we follow to a
large extent. The encyclopedic works [6}/7]] contain a very thorough treatment of all details.
This chapter outlines all the required theory, but many proofs are omitted.

1.1 Measure theory

Let X be a normed finite-dimensional vector space or subset thereof (such as R?, R'*3 or
its subsets, together with the Euclidean norm), and let B(X) be its Borel o-algebra, that
is, the smallest collection of subsets of X such that all open sets of X are in B(X) and for
every finite or countable collection Ey, Eo, ... € B(X) it holds that X \ E; € B(X) and
U; Ej € B(X). The elements of B(X) are called the Borel(-measurable) sets.

A set function

v: B(X)—=V,

where (V, ||-]|) is another finite-dimensional normed vector space, is called a finite (vector)
measure if v(()) = 0 and for every finite or countable collection E1, Fs,... € B(X) of
pairwise disjoint sets, the o-additivity

v <U En> = Z v(Ey)
n n

holds. If the collection of sets F,, is infinite, then the right-hand side is to be understood as
converging in norm, that is, there is z € V with ||>_ _y v(E,) — z|| = 0as N — oo and
> v(Ey) = 2. We write M(X; V) for the set of all (vector) measures on X with values
in the finite-dimensional normed vector space V. We will often refer to vector measures
simply as “measures” in the following.

We will also need a slightly more general notion of (vector) measures: A set function
v defined on the relatively compact Borel subsets of X, with values in a finite-dimensional
normed vector space V', and with property that v/’s restriction to B(K) is a (vector) measure

7



8 CHAPTER 1. MEASURES

for any compact K C X, is called a Radon measure. Note that this includes the finiteness
constraint ¥(K) € V (equivalently, ||v(K)| < oo), whereas “v(X)” is not necessarily
defined. All Radon measures on the space X with values in the finite-dimensional normed
vector space V' are collected in the set Mj,.(X; V). Let us also remark that the defining
feature of “Radon” measures is their inner and outer regularity as in Proposition [I.3| below;
here, however, this regularity is automatic since X is always locally compact and separable.

A subset N C Z of a Borel set Z € B(X) with v(Z) = 0 is called v-negligible or a
v-null set. A set A C X that can be written as A = BU N with B € B(X) a Borel set and
N p-negligible, is called py-measurable. The p-completion 5, (X)) of the Borel o-algebra
B(X) is the o-algebra of all sets A C X that can be written as A = BU N with B € B(X)
a Borel set and N v-negligible. For a v-measurable set A = B U N € B,(X) one sets
v(A) := v(B); this extends the domain of definition of v to the v-completion B, (X).

If 1 is a measure for target space V' = R and p(B) > 0 for all Borel sets B, the measure
4 is called a positive finite measure. We can also allow the value +oo (for which the above
o-additivity still makes sense) to obtain the set of positive (Radon) measures M ™ (X);
note that here we still require finiteness of 1 on compact sets. If the finiteness on compact
sets does not hold, then we speak of a positive Borel measure. We call p € M™(X)
o-finite if there is a finite or countable collection of sets A,, € B(X) with X = |J,, 4,, and
p(Ay) < oo forall n.

The following is a result from general measure theory, whose proof can for instance be
found in Theorem 1.49 of [4]:

Theorem 1.1 (Carathéodory). Let i be a (positive) outer measure on X, that is, |1 as-
signs to any subset A C X a value in [0, 00| and satisfies the following properties:

(i) p(0) =0.

(ii) wp is o-subadditive, i.e., for any A, A,, C X, where n € N or from a finite subset
thereof, it holds that

AcC UA” implies  p(A) < Z,u(An).

(iii) | is metric additive, i.e., for any A, B C X it holds that

dist(A, B) > 0 implies u(AUB) = u(A) + u(B).

Then, the restriction of i to the pi-completion B,,(X) (which includes the Borel o-algebra
B(X)) is a positive Borel measure.

Note that an outer measure is not necessarily finite on compact sets, so we cannot in
general improve the conclusion of this theorem to entail that 1 is a Radon measure.

The basic theory of vector (Radon) measures is in many respects the same as the theory
of positive measures, with only minor adjustments. Indeed, one can often identify V' with
a normed copy of R"V for some N € N and then argue component-wise. However, new
aspects appear as well, some of which we will now discuss.
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For a vector measure v € M(X;V) we define its total variation measure ||v/|| as
follows: Set for all Borel sets A € B, (X),

lv|I(A) = sup{ZHV(An)] A= U An, An € B(X), AmﬂAnzwifm;én}.
n=1

n=1
The following are standard results (see [4] for proofs).

v|| € MT(X),

Proposition 1.2. The set function ||v|| is a positive and finite measure,
and for all sets A € B, (X) it holds that ||v(A)|| < ||v]|(A).

A similar definition and proposition can be given if only v € M,.(X; V), in which
case ||| may not be finite.

For a positive measure 1 € M™(X) on a finite-dimensional vector space X, the sup-
port supp p is the (closed) set of points x € X such that for every open neighborhood U
of x it holds that ;(U) > 0. The support supp v of a vector measure v € Mj,.(X; V) is
defined to be the support of ||v||. The restriction ;. L F for a set E € B,(X) is defined as
(n E)(A) :=p(ANE) forall sets A € B, (X).

For a v-measurable map f: X — R, thatis, f~'(A) € B,(X) for any Borel set
A C R, and a vector measure v € M(X; V), the integral

/fdyEV

is defined as in the standard Lebesgue theory, namely via approximation with step functions.
For instance, if f = aly, where 1, is the indicator function of a y-measurable set A €
B,(X)and a € R, then [ fdv = a-v(A), which is well defined since V' is a vector space.
For the measure A € B, (X) — [, f dv we also use the notation .

Proposition 1.3. Let u € M™(X) be open o-finite, that is, there is a sequence of open
sets Up, n € N, such that (U,) < oo and X = \J,, Uyn. Then, for any ji-measurable set
A C X the outer regularity

w(A) =inf{ w(U) : U D Aopen}
and the inner regularity

p(A) = sup{ u(K) : K C Acompact }
hold.

Finally, recall that C.(£2) denote the Banach spaces of continuous and bounded func-
tions : 2 — R with compact support, and Cy(£2) denotes the Banach space of continuous
and bounded functions ¢: Q — R with p(z) — 0 as |x| — oo, i.e., the closure of C.(2) in
C(©) with respect to the ||+ || -norm. Then the following fundamental result holds:
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Theorem 1.4 (Riesz representation theorem). Let Q C RY be open. The dual space
to Co(Q2) can be identified with M(Q;R). More precisely, for any linear functional T on
Co(Q) satisfying (T, ) < M||p||cc for all p € Co(2) and a constant M > 0, it holds that
there is a finite measure v € M(§2; R) such that

<T7S0>_/Q§0dy7 SOGCO(Q)a
and ||v||(Q2) < M. Likewise, the dual space to C.(Q2) can be identified with M,.(2; R).

For later use we also recall how to define a “disintegration” of product (vector) measures
on a product measure space X X Y, where both XY are normed finite-dimensional spaces
or open subsets thereof. A family of vector measures

(Vz)xEX C M(Ya V)v

is called weakly* measurable with respect to a positive measure A € M™(X) if for all
Carathéodory integrands f: X x RV — R, the compound function

oo (o) i= [ @A) dula),  zeX,
is A-measurable.

Theorem 1.5 (Disintegration). Let X C R? be open and let p € M(X x RN; V) be a
positive Radon measure. Define the measure k € M(X; V) via

#(B) := |ul|[(B xRY)  for any Borel set B C X

and assume that it is Radon, that is, k(K x Y) < oo for all compact sets K C X. Then,
there exists a k-weakly* measurable family (piz)zex C M(Y; V') of measures such that

luz||(Y) =1 for k-almost every x
and
= k(dz) ® pa,

that is,

[ au- /X [ . A) din () an(a)
forall f € Co(X X Y). Moreover, also

lll = r(dz) @ [[pell

Finally, the family (uy).ex C M(Y; V) is k-essentially unique, that is, if another family
(ul)zex C© M(Y;V) also has the properties above, then i, = i, for k-almost every
r e X.
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A proof of this theorem can be found in Theorem 2.28 and Corollary 2.29 of [4] or, in a
slightly simpler case, in Theorem [30]].

Remark 1.6. For k-a.e. ¢t € R it holds that
y pl (t —h,t+h) xR?
= w'-11m
e e k(t—ht+h)

as can be seen without too much effort by integrating a test function from a countable dense
subset against 4 and using the Lebesgue Differentiation Theorem below.

Remark 1.7. For the special case X = R, Y = R? and f(t,z) = t(t,z) := ¢, an
important variation of the disintegration procedure described in the preceding theorem is
the following: Assume that the measure-theoretic pushforward tp = potof u €
M(R'4; V') with respect to t, that is,

tup(l) = p(t (D) =p({(t.z) R 1 teTl})

for any Borel set I C R (or, equivalently, any interval I), satisfies
tup <A

for a positive measure A € M™(R). Then, we could equivalently decompose
= A(dt) ® pu

with a family p; € M({t} x R% V) that is weakly*-measurable with respect to . Tech-
nically, this is not a generalized product as above since the p; have different domains of
definition, namely the “slices” {t} x RY. Nevertheless, we understand the above product
notation to mean

() @ ) (4) = [ [ La(t.2) dpa(a) drge)

for any Borel set A C R'*¢, This decomposition is also referred to as the “disintegration”.

1.2 Coverings and differentiation of measures

The idea of coverings is to select from a family of sets a subfamily with controlled overlap
or even a pairwise disjoint or almost disjoint (with respect to a measure) subfamily. Their
proofs are more an exercise in geometry than in measure theory, so we here only quote the
most important results without proofs.

Let F be a family of subsets of R%. Such an F is called a disjoint family of subsets of
R? if for any E, F € F with E # F it holds that E N ' = (). We will also write the union
of F as

U=y

The following is a very general covering theorem, whose proof can be found in Theo-
rem 2.7 of [26].



12 CHAPTER 1. MEASURES

Theorem 1.8 (Besicovitch covering theorem). There is a constant 343 € N, which only
depends on the dimension of the ambient space R, such that the following holds for every
family F of closed balls in R® with the property that the set A of their centers is bounded:
There are 34 disjoint and at most countable subfamilies F1, . .., Fg, C F with

AC§1<UH>.

In particular, there is a finite or countable cover of A consisting of closed balls B), € F
(that is, A C |, By,) such that every point of R? belongs to at most 34 of the balls By,

The next covering result is an improved version of the classical Vitali covering theorem
for the Lebesgue measure. Given a set A C R?, a fine cover of A is a family F of closed
balls such that every point in A is contained in a ball in F of arbitrarily small radius.

Theorem 1.9 (Besicovitch—Vitali covering theorem). Let A C R? be a bounded Borel set
and let F be a fine cover of A. For every (vector or positive) Radon measure i € M(R%; V)
there is a disjoint and countable subfamily F' C F such that

[ (A U f’) ~0.
A proof can be found in Theorem 2.19 of [4].

Remark 1.10. The Besicovitch—Vitali covering theorem still holds if ;1 € Mec(R%; V)
is o-finite. Moreover, it remains true with open balls for the Lebesgue measure, or more
generally if 1 does not charge the boundaries of balls, or even if F has a subcover of p-
almost all of A with more than countably many balls for every center (exercise).

In general, a claim as in the Besicovitch—Vitali covering theorem with open balls instead
of closed balls is, however, false:

Example 1.11. Let A:= {0} U{1/n : n € N} and define the fine cover F of A to be

1 1 1 11 1
}“;:{(—,) :mGN}U{(—,—I—) :m,neN,m>n}.
m’'m n o mmn m

Let 1 be any positive Radon measure with p({a}) > 0 for all @ € A. Then, one can
convince oneself (exercise) that there is no finite or countable disjoint subcover of F that
covers p-almost all of A. On the other hand, if one instead uses closed intervals in F, then
a finite subcover exists (consisting of the single interval [—1, 1]).

Consider a positive measures ;1 € M™*(R?) and a (vector) Radon measure v € M(R%; V)
valued in a finite-dimensional normed vector space V. We say that v has a Radon-Nikodym
density with respect to s if there is a y-measurable map g: R — V with v = gu. The
goal of this section is to find ways to decide when such a density g exists, perhaps after
subtracting a “singular part” from v, and to compute it.
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We first consider the case where also v is a positive or signed (and possibly infinite)
measure. In this case we define the lower density and the upper density of v with respect
to p at z € supp u as, respectively,

“v(z) :=limin M +tu(x) = limsu V(L(x))
D) lriof/L(Br(m))’ Duvle):=1 o i(By(z))

If the lower and upper density agree, we call them just the density. By the regularity of
measures (see Proposition[I.3])) we may replace open balls by closed balls in these definitions
without changing the value. We then have the following density lemma:

Lemma 1.12. Let i,v € MT(RY) or p,v € M(R%R), let A C supp p be a Borel set,
andlet t € [0,00), ort € (—o0,00) if mu, v are signed measures. Then:

D,v<tonA implies v(A) <tu(A)
and
D:l/ >ton A implies v(A) > tu(A).
If v is finite, then { x € supp i : D:[Z/(:B) = o0 } is u-negligible.

Proof. We only show the first assertion, the other is analogous. Assume without loss of
generality that A is bounded, take an open set U D A, and define for all € > 0 the family

Fe:={By(z) : Br(z) CU, v(By(z)) < (t +e)u(By(x)) }.

If D,v < ¢ on A, then F; is a fine cover for A. By the Besicovitch-Vitali Covering
Theorem (1.9} there exists an at most countable disjoint subfamily F. C F, so that

v(a\Jrt) =o.
Then,
v(4) < Z v(B) < (t+¢) Z w(B) < (t+e)u(U).

BeF! BeF!

Letting € | 0, we obtain v(A) < tu(U). We conclude by the outer regularity of u, see

Proposition [I.3]
The additional claim follows directly from the estimate involving the upper density (note
that we always assume that ;1 € MT(R?) is Radon, i.e., finite on compact sets). O

The following is the main theorem of this section.

Theorem 1.13 (Besicovitch differentiation theorem). Let . € M+ (R?) andv € M(R% V),
where (V. ||-||) is a normed vector space. Then, for u-almost every x € supp p, the “blow-
up quotient” limit

(1.1
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exists in V and v has the Radon—Nikodym decomposition
dv L
v=— v
it
where the singular part v° € M(R%; V) is given as v° := v _ E with

E:= R\ suppp)U{x €suppu : limwzoo}. (1.2)

Proof. We first observe that we can argue componentwise, so we may assume that V' = R
(i.e., v is a “signed measure”) since our set F is the union of the componentwise E’s. We
also know from Lemma that D} v is finite y-almost everywhere.

For any Borel set A € B(R?) we define

A (A) = /AD;I/(JJ) dp(x), AT(A) = /AD:I/(CC) dp(x).
Fix t > 1 and let A € B(RY) with A C supp p and D}v(x) € (0,00) forall z € A. Now
split A into the disjoint sets

Ap={x €A :Div(x) e (" "]} cRI\E, kezZ
Lemma [I.12]then implies

A (Ag) < M u(Ag) < tr(4y).

Using now the o-additivity, we conclude that A\*(A4) < t(v L (R?\ E))(A). This then
clearly also holds for any A € B(R%) with A ¢ R?\ E. Letting ¢ | 1 and also using an
analogous argument for A~, we arrive at

M <vL (RI\E) <\,
Hence, since A\~ < AT trivially, we obtain that

_ dv
D, v(x) = D/fl/(:z:) = @(x) for p-a.e. x € suppp \ E

andyL(Rd\E):)\i:‘di—Zu. O
The preceding theorem has a number of very well-known corollaries.

Theorem 1.14 (Radon-Nikodym). Let i € M*(RY) andv € M(R% V), where (V|- |)
is a normed vector space. Assume that v is absolutely continuous with respect to i, in sym-
bols “v < u”, which is defined to mean that

w(A) =0for A e B(RY) implies ||v||(A) = 0.

Then,

dv
V= —
du'u

with the Radon—Nikodym derivative S—Z defined in (1.1).
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Proof. Observe that the absolute continuity implies supp v C supp p. Moreover, if we
had ||v||(E) > 0 for the set E defined in (I:2)), then from Lemma|[1.12]it would follow that
wu(E) = 0, so by absolutely continuity ||~||(E£) = 0, a contradiction. Thus, E is v-negligible
and the claim follows from the Besicovitch Differentiation Theorem [I.13] O

Lemma 1.15. Let v € M(R%; V). Then the polar
dv
o € (vl v)
dl[vl
satisfies

H dv
dfjv||

|-a.e. x.

<w>H 1 for|w

Proof. Since clearly v < ||v||, the Radon—Nikodym derivative h := ﬁ exists. By (L.1)

in conjunction with Proposition |1.2| we then see that ||h|| < 1. Now estimate, for every
A€ B(RY),

i) = s 3| [ | < so S [ gl = [ g < ),

where the supremum is over all finite Borel partitions {4;}; of A. So, all the inequalities
are in fact equalities and so ||| = 1 almsot everywhere with respect to ||v/|. O

Theorem 1.16 (Lebesgue differentiation theorem). Let ;1 € M™(R?) and let f <
LY(p), that is, f: R — R is u-measurable and [|f|dp < oco. Then, u-almost every
xo is a Lebesgue point of f with respect to u, that is,

im £ 1£(@)— Fwo)] dpu() o= lim ——

™0 J B, (20) 10 m /Br(xo)|f(95) — f(xo)] du(x) = 0.

Proof. Let ¢ € Q¢ and apply the Besicovitch Differentiation Theorem to |f — qlp.
This yields

lim |f(z) = ql du(z) = [ f(z0) — 4l
rl0 Br(z0)
for all zy € supp p \ Ny with 1(Ng) = 0. Thus, for 2o € supp p \ quQd Ny, we have
fimsup {|f(@) = fa0)] du(o)
Br(wo)

rl0

<timsup [ (@)~ q] du(e) + |a  F (o)
7,0 Br(z0)
=2|f(z0) — 4l
for any ¢ € QZ By the density of Q% in R? the right-hand side is zero and the result
follows. m
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Corollary 1.17. Let ;1 € M (R®). Then, p-almost every xo € supp y is a density point
of i, that is,

gy A(Br(z0) Nsupp p)

P B

Proof. Assuming without loss of generality that y is finite, apply the preceding theorem to
the function f = 1. O

We now come to one of the fundamental theorems of Analysis, Rademacher’s theo-
rem. Because Lipschitz maps are ubiquitous in Geometric Measure Theory, Rademacher’s
theorem occupies a central place in the field.

Theorem 1.18 (Rademacher). Ler f: RY — R™ be Lipschitz. Then, at L%-almost every
x € RY, the map f is differentiable in the classical sense (limit of difference-quotients). In
particular, the gradient of f at x,

of! of!
o | am@) o (@)

_ 8fl . (2 _ 0 1 d
V= [axﬂ'( )L_ 8f”§( ) ) afm:( )
Tml €T Txd €T ,

exists for such x.

Proof. Without loss of generality we may assume m = 1.

Ford = 1, let u € M(R;R) be the signed measure uniquely defined via p((—00,t)) :=
f(t) (note that the intervals (—oo, t) generate the o-algebra on R). Since p([s,t)) = f(t) —
f(s) for s < t, the measure y is absolutely continuous with respect to £!. Then, by the
Radon-Nikodym Theorem there exists g € L*(R) with

t
ﬂﬂ—ﬂﬁ=u@¢»=/ghﬁh
for any s < t. Then, for £'-almost all ¢,

ft+h)—Ft)

t+h
) _ ]{ o(7) dr — g(t)

as h — 0 by the properties of integrals (or by a version of the Lebesgue Differentiation
Theorem [1.16] for one-sided intervals). With f’ = g, this shows the claim for d = 1.

For d > 1, fix a direction v € R? with |v| = 1 and denote by N, the set of those 2 € R?
for which the directional derivative 0, f does not exist at x. It can be shown (exercise) that
N, is £L?-measurable. By the one-dimensional case applied to s — f(x + sv) for z € RY,
we get that (as a subset of R)

LY(Ny N (z+Rv)) = 0.
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Hence, Fubini’s theorem yields that £L¢(N,) = and we conclude that 9, f exists for £%-
almost every = € RY. Taking the union N := N, - U Ne,, we see that the gradient V f
exists outside the exceptional set V.

Let o € CX(R?) be arbitrary, i € {1,...,d}, and x ¢ N. By passing to the limit
h — 0in

f(z + he;) — f() p(x) — p(x — hey)
y A o(z) de = — /Rd h f(x) dz

via Lebesgue’s dominated convergence theorem (we may restrict the integration to R? \
N), we further obtain the following integration-by-parts formula for the almost-everywhere
defined derivative O, f:

| e@ai@ o= [ a0 . (13)

Let o € C°(R%). Then, for z € R?\(N,UN), v € R?with [v| = 1,and h > 0, we have
by a change of variables, Lebesgue’s dominated convergence theorem, and an integration
by parts via (1.3),

[z + ) — f(x) p(r) — p(z — hv)
» . o(z) de = — /Rd . f(x) dz
— Oup(x) f(x) da
R4
d
_ / S Gepla)os f(x) da
RYGZ1
-/ 3 o) S
RTGZ1
= / o(z) Vf(x)v de.
Rd
On the other hand,
TR0 oy ae > [ 0,f@)ota) ao
Rd Rd

As ¢ was arbitrary, this shows that the directional derivative 0, f(x) exists and equals
V f()v outside an £%-negligible set N,,.

Now take a countable dense subset {v,, },, of the unit sphere in R%. It remains to show
that f is (totally) differentiable at points 2 € R\ N, where N := U,, Vo, . We can estimate
that

‘<f(fv + h@;L) — f(z) —Vf(w)v> B (f(w + hvf;) — f(z)

—Vf(x)v’)‘ < (d+1)Ljv—v/|
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forany z € R?\ N, v,v/ € R? with [v| = || = 1, and h > 0, where L is the Lipschitz
constant of f. Then, a straightforward compactness argument (details as exercise) shows
that

flz + ) = f(z)
h

—Vf(x)v—0 ash — 0,

uniformly in these v. Together with the above estimate, this proves the total differentiability
(exercise). L]

1.3 Weak* convergence of measures

A sequence (u;); € M*(R?) converges weakly* in M*(R?) to u € MT(R?), in symbols

*

By —
if

for all ¢ € Co(RY), where

(o) = [ v

Likewise, (vj); € M(R% V) converges weakly* in M(R%: V) to v € M(R% V) if for
every 1) € Co(R% V*) it holds that

dv;
v i= [ ) dlvl = (6.0
< J> d”’/jH J < >
The main compactness result is the following:

Theorem 1.19 (Banach-Alaoglu). Let (1;); C M™*(R?) with sup; 11;(RY) < co. Then
there exists a weakly* converging subsequence. Likewise, for (v;); C M(Rd; V) with
sup; [|v;]| (R?) < oo there is a weakly* converging subsequence.

This follows from the usual (sequential) Banach—Alaoglu theorem via the Riesz Repre-
sentation Theorem
We also recall a useful convergence lemma:

Jr

o C(Rd). Then for every lower semicontinuous function

Lemma 1.20. Let pi; — pin M
g: RY — [0, 00| it holds that

/g dp < liminf/g dpy,
J—00
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and for every upper semicontinuous function h: R¢ — [0, 0o) with compact support it holds
that

/hdyzlimsup/hd,uj.

Jj—00
In particular, for U C R* open and K C R* compact,

p(U) < liminf p;(U) and  p(K) > limsup p;(K).

j—o0 j—00

A proof can be found in Lemma 1.62 of [4].
Two major convergence theorems for functionals defined on measures are the following:

Theorem 1.21 (Reshetnyak continuity theorem). Let g € C(Q x SN~1) be bounded.
For any sequence (ij); C M(Q;RN) with pi; —  strictly it holds that

Jolgiaeg) b + [ (= gt datio

Theorem 1.22 (Reshetnyak lower semicontinuity theorem). Letg: QxSV~! — [0, o0]
be bounded, lower semicontinuous, and convex in the second argument. For any sequence

(115); C M(Q;RN) with p; = it holds that

[ o5 @) @) < timint [ (o, @) ) o)

A proof of the first result can be found as Theorem 13.3 in [30]. The proof of the second
result is similar and can be found for instance in Theorem 2.38 of [4]].

1.4 Hausdorff measure

Recall that the volume of the unit ball in R¥ is given as
k)2

T T(k/2+1)

oo
I'(z) := / t#~te7t dt, z >0,
0
is the Euler I'-function. We can also use the above formula to define the volume of a ball

of real dimension k € [0, c0).
Fix a “dimension” k € [0, o). Then, for any § € (0, oc] and any set A C R?, we define

HE(A) mf{ Zdlam  AC UA”’ diam(A4,,) < o },
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where the infimum is over all finite or countable covers {4, },, of A consisting of arbitrary
sets A,, C R?%. Here, the diameter is defined for a set A C R as

diam(A) :=sup{ |z —y| : z,y € A}

with the convention diam(()) := 0. Clearly, H§(A) is increasing as § | 0. We may thus
define the k-dimensional Hausdorff (outer) measure of a set A C R? as the limit

HE(A) = 15%1%5;(14) € [0, o0].

Example 1.23. For k = 0, we obtain the counting measure 7", which yields the number
of elements in a set.

Remark 1.24. One can constrain the sets A,, to be convex, open or closed, and intersecting
A, which is often useful. However, restricting the A,, to have a particular shape, e.g., balls or
cubes, yields different measures. For instance, only using balls gives the so-called spherical
Hausdorff measure, which is larger than H* for some sets.

Remark 1.25. We have used the “Italian convention” to normalize the Hausdorff measure.
There is also the “Finnish convention”, which defines the Hausdorff measures without the
prefactor wy, /2F (see, e.g., [26])). This avoids constants in several places at the expense that
the Hausdorff measure does not agree with the usual notion of area or volume any longer.
In any source one should always check which convention is used.

We will now investigate some properties of the Hausdorff measure.

Proposition 1.26. For every k € [0,00) the k-dimensional Hausdorff measure H* is a
(positive) outer measure.

Proof. The first property is trivial. Combining covers for the A,, it is straightforward to see
that ’H§ is o-subadditive for any § > 0. It is elementary to check that then also the limit as
6 } 0 is o-subadditive, from which (ii) follows.

Let now A, B C R? with g := dist(A4, B) > 0. For § < &/2 any partition from
the definition of H5 applied to A U B, splits into those A,, that intersect A and those that
intersect B (the A,, intersection neither A nor B can be discarded). Thus,

HE(AU B) > HE(A) + HE(B).

Passing to the limit 6 | 0 and combining this with the other inequality from (ii), we obtain
the metric additivity in property (iii). O

Thus we obtain directly via Carathéodory’s Theorem [I.1]the following statement:

Proposition 1.27. The restriction of H* to the set of H*-measurable sets (which includes
the Borel sets) is a positive measure.
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Lemma 1.28. The k-dimensional Hausdorff measure in R® is invariant with respect to
translations, that is,
HE(A) =HE (A +2)
forall A € B(RY) and z € R%. Moreover, for all A € B(R?) and all X\ > 0 it scales via
HE(NA) = NHF(A).

Proof. The first assertion is trivial and the second one follows directly from the scaling
properties of diam(-)*. O

Lemma 1.29. Let 0 < k < k' < occ. Then, for all A € B(R?) it holds that
H¥(A) >0 implies HF(A) = oo

and
HF(A) < 0o implies H¥ (A)=0.

Moreover, for k > d, the Hausdorf{f measure H* is identically zero.

Proof. The first claim follows from the inequality

HE (4) < %’:ﬁ—k’a’f’—’ws(m,

forany § > 0. This holds since all sets for a partition that is admissible in 7—[? have diameter
at most J. Since k' — k > 0, we may let § — 0 to obtain the first and second claims.

For the third claim we observe that the unit cube Q = (—1/2,1/2) can be covered by
n? closed cubes with side length 1/n for any n € N. Thus,

k
HE(Q) < wk<\ég> nd=Fk if 6 < \T/ﬁ

If k > d, this implies H*(Q) = 0. From the o-subadditivity and translation-invariance of

H* we obtain that H* is identically zero. O

Lemma 1.30. Let f: R? — R™ be Lipschitz with Lipschitz constant L > 0. Then, for all
A € B(RY) it holds that

HE(f(A)) < LFHE(A).
In particular; if H*(A) = 0, then also H*(f(A)) = 0.

Proof. This is a direct consequence of the inequality diam(f(A)) < L diam(A) for any
Borel set A € B(RY). O
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An important property of the Hausdorff measure is that it naturally agrees with Lebesgue
measure in the case k = d:

Proposition 1.31.  For any Borel set A € B(R?) it holds that
LYUA) = HYUA).
For the proof we will need the following isodiametric inequality:

Proposition 1.32.  For any L%-measurable set A C R% it holds that

LYA) < wy (diar;(Aﬁ)Cl.

The proof of the isodiametric inequality will be part of the exercises.

Proof of Proposition[I.31} We first show the inequality £4(A) > H%(A), for which we
may assume that A is bounded (by writing it as a union of bounded sets). Repeating the
argument of the third claim in Lemma we see that ¢ is finite on bounded sets, hence
a positive (Radon) measure.

Fix now 6 > 0 and an open set U D A. By the Besicovitch—Vitali Covering Theo-
rem we can find a countable family of closed disjoint balls B,, = B, (x,) C U with
rn < ¢ such that their union covers #%-almost all of A (and then also Hgl—almost all of A).
Then, by the o-subadditivity of 7,

HY(A) <D HI(Bn) <way ri=> LYB,) < LYV).

Hence, letting § | 0, we obtain H%(A) < £4(U) and we conclude by the outer regularity
of L (see Proposition . This shows £4(A) > HI(A).

For the other inequality £9(A) < H%(A), let > 0 and take any finite or countable
cover {A,}, of A, thatis, A C (J,, An, with diam(A,) < ¢ for all n. Then, via the
isodiametric inequality,

£ha) <3 A, < % 3 diam(4,)".

Thus, £4(A) < H(A) and we conclude again by letting 6 |, 0. O

Remark 1.33.  The proof also shows that H{(A) = H%(A) for every § > 0 (even § = o0).

1.5 Hausdorff dimension and densities

For a set A C R? we define its Hausdorff dimension to be
H-dim(A) == inf{ k € [0,00) : H*(A) =0}
=sup{ k € [0,00) : HE(A) = oo } € [0,d].

The equality and upper estimate follow directly from Lemma|1.29]
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Example 1.34. Let ~: [0,1] — R? be a non-trivial Lipschitz curve. Then it can be shown
by a simple covering argument that img ~ has Hausdorff dimension 1 (details as exercise).

Example 1.35. Let Cy = [0, 1] and inductively construct C; from C;_; (j = 1,2,...) as
follows: The set C;_1 consists of a collection of closed intervals. We split each of these
intervals into three intervals of the same length, with the middle interval open and the other
two intervals closed. Then, we obtain C; by removing the middle (open) set. The Cantor
set is then defined to be

JeN

We can estimate its Hausdorff dimension as follows: Every C) is a cover for C,. So, for
v € (0,1) we have

w /1 J
HY(Cs) < limsup 2—;’ -2 ()

Jj—00 3

because in C there are 27 intervals of length 377, For v > In2/In 3 the upper limit on
the right-hand side is zero, for v = In2/1n 3 it is finite, and for v < In 2/ 1n 3 it is infinity.
Thus, the Hausdorff dimension of C is at most In 2/ In 3. In fact, one can show (exercise)
that dimy Co = In2/1n3 ~ 0.6309.

Example 1.36. Let A\ € (0,1/2). The construction of the previous example can be gen-
eralized as follows: Instead of splitting each interval into three intervals of equal length in
the inductive construction, at each stage of the construction we now prescribe the length of
the kept intervals to be Aa, where a is the length of the interval under consideration, and the
length of the removed interval to be (1 — 2\)a. For the resulting set C',(A) we now obtain
the estimate

H(Coo(N)) < limsup =2 - 29 )77,
Jj—o0 27
where by the Hausdorff dimension of C () can then be shown to be dimy Coo(A) =
In2/In(1/X).

In the following chapters we will often need to integrate maps f: R — V with V
a finite-dimensional normed vector space with respect to a Hausdorff measure #*, where
k € [0,00). Usually, integration is only defined for at least o-finite measures, which #*
is not (unless £ > d). This can, however, be fixed easily: Let V be a normed finite-
dimensional vector space. We call a Borel-measurable map f: R? — V #*-integrable
if the restriction H* L {f # 0} of H* to the set Yy := {x € R? : f(x) # 0} (that s,
HFL{f # 0}(A) := H¥(AN{f # 0}) for any Borel set A) is o-finite and the now-defined
integral

/ ()] dHE ()
{x: f#0}
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is finite. In this case, we may define

/ f dH* ::/ fdHF.
Rd {££0}

Let 1 € M*(R?) and let k € [0, 00). We define the upper k-density of ;1 at o € R?
as

07 (1, 2) 1= lim sup B E0)). (1.4)

rl0 Wk'rk

If the lim sup can be replaced by a proper limit, we denote the resulting k-density of p at
xo € R?by Oy (11, 20). The following density lemma is often useful.

Lemma 1.37. Let up € MT(RY), let A € B(R?) be a Borel set, and let t > 0. If
Or(u,x) >t forall x € A, then

pl A>tHFL A (1.5)
In particular, if i(A) = 0, then O} (u, x) = O(u, z) = 0 for HE-almost every x € A.

Proof. Without loss of generality we assume k£ > 0 and that A is bounded. Let U D A be
open and bounded, and fix 6 € (0,¢) and ro < 6/2. We define the set F; to contain all
closed balls B,.(z) C U for z € A, r < ro, such that

n(Br(a) > (t—Sar®,  p(Br(w)\ Bi(z)) = 0.

Note here that the second condition can always be achieved since the finiteness of u on
compact sets entails that u(B,(z) \ Br(x)) > 0 for at most countably many 7’s.

By the Besicovitch Covering Theorem we can select a countable subfamily (B),),
of the balls in F5 that covers A and such that any point in A is contained in at most 34 balls

B, = B,, (zy,). Then,
HE(A) < Zwkrk < b Z“(F") < EM(U) < 0.
T TTt-04 —t—9

Letting 6 | 0, we have identified #* L A as a finite measure. We can now apply the
Besicovitch—Vitali Covering Theorem with the fine cover F; and select a countable disjoint
subfamily (Ez)z of Fs consisting of closed ball B; = Erl (x7) that covers HE-almost all of
A. Hence, we estimate analogously to before

1 — 1
M (A) < Zwkﬁk <13 ZM(BZ) < mM(U)
I I

Letting 6 | 0 and then letting U approximate A from the outside (via Proposition[I.3)), we
obtain p(A) > tH¥(A). The same argument applies to Borel subsets of A, whereby we
arrive at (I.5). The additional claim is a direct consequence. O
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Remark 1.38. There is also a statement about the opposite inequality: If © (u, z) < ¢
forall z € A, then L A < 2H* L A (exercise). While for k € [0, 1] the factor 2% is
optimal, it seems to be unknown if this is the case also for £ > 1 (some people conjecture
the factor 2).






Chapter 2

Rectificability

The measure-theoretic generalization of a smooth k-dimensional surface (i.e., a manifold)
in R?, possibly with boundary or only immersed (not embedded), is the notion of “H?*-
rectifiable” sets. One can think of them as being parameterizable, locally at least, by Lips-
chitz maps. As in the case of the area and coarea formulas, Lipschitz-type regularity turns
out to be just right: For instance, *-rectifiable sets still have tangent planes 7{*-almost
everywhere and can thus still be thought of as locally linearizable (unlike fractal sets, which
do not have such approximating tangents). Moreover, there are versions of the area and
coarea formula on rectifiable sets. In this chapter, we will explore the properties of these
HFE-rectifiable sets, tangential differentiability of Lipschitz maps, and the area and coarea
formula on rectifiable sets.

2.1 Area formula

Before we can talk about rectifiable sets, we need to introduce two cornerstones of Geo-
metric Measure Theory, the area and coarea formulas. The first can be seen as a version
of the transformation formula for integrals that also applies to lower-dimensional sets. The
second is a far-reaching generalization of Fubini’s theorem. The basic ideas leading to these
formulas are easy to understand for polytopes, where they correspond to elementary geo-
metric observations. The technical part consists of extending these concepts to more general
geometric objects via an approximation procedure for Lipschitz maps by piecewise linear
ones.

We call a set P C R? a k-dimensional parallelotope (anchored at the origin) if there
are k € N linearly independent vectors v1, ..., v;, € R? with

k
P:{Zejvj:eje[0,1],j:1,...,k}. 2.1)
j=1

The following can be proved (exercise) using elementary geometry (use Cavalieri’s prin-
ciple and reduce to orthogonal vectors v;):

27
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Lemma 2.1. The k-dimensional volume of a parallelotope P as in (2.1)) is
det(VTV), V= (vy---vy) € R,
that is, V contains the vectors v1, . .., v as its columns.

Let f: R¥ — R™ be differentiable at € R¥. If k& < m, define the k-dimensional
Jacobian of f at x via

Tif(x) = /det(V f(2)TV f ().

If £ > m define the m-dimensional Jacobian J,, f via

Inf (@) 1= \/det(V S (@) V(@) T).

Note that if k& = m, then both definitions agree and reduce to

Jif(x) = |det V f ()],

which is the factor in the classical transformation formula for integrals.
The first version of the area formula concerns maps defined on the flat space R*. We
will see another, more general, version in the next chapter.

Theorem 2.2 (Area formula). Ler f: R¥ — R™ be Lipschitz with k < m. Then, for every
LF-measurable map g: RF — R, it holds that

| o) 3usta dx—/ 2 o)

In particular, if A C Rk is £*-measurable,

/A Tef@)do= [ H(ANf(y)) dHE(y) (2.2)

Rm

and, if f is injective,

/A i f(w) dz = HE(F(A)), (2.3)

By the Rademacher Theorem we know that f is differentiable £*-almost every-
where, and so also J}, f exists £¥-almost everywhere. Hence, the above integrals are well-
defined. Note that the integral with respect to H* on the right-hand side is understood in
the sense explained at the end of Section

In order to show the area formula, it suffices to prove (2.2). The general case then
follows by approximation with step functions (details as exercise). Note that the statement
of (2.2) includes the claim that y — H°(ANf~1(y)) is H¥-measurable. We will accomplish
the proof of in several steps, starting from the special case of f being a linear map and
then extending to a general Lipschitz map f by approximation.
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Proof of Theorem[2.2|for linear maps. 0 We first show the result in the case where f(x) =
Lz is linear for a matrix L € R™**_ A standard result from linear algebra yields that L has
a polar decomposition

L=0S

with O € R™** orthogonal (OTO = 1d,), and S € R¥** symmetric (ST = ) and positive
(semi-)definite (vT Sv > 0 for all v € R¥). We have that LT L = 52, whereby

J.L=detS (>0).

Let 7 be a k-dimensional subspace of R™ containing the image of L. Denote by H¥ the
restriction of H* to 7, for which it holds that H%(B) = H*(B) for any Borel set B C 7
(details as an exercise, for which one uses dim m = k). Moreover, the Hausdorff measure is
obviously invariant under orthogonal transformations (isometries), so we have

HH(L(A)) = HE(L(A)) = HF(S(A)).

Using also Proposition [1.31] as well as the transformation formula for Lebesgue integrals,
we obtain (in R¥)

HF(S(A)) = LF(S(A)) = det S - LF(A) = / J.L dz
A

This already yields the claim in the case that f is linear: Assume first that .S has full rank
and thus that f is injective, whereby

Hk(L(A)):/AJkL dz.

This is (2.3)), which is equivalent to (2.2) in the injective case. Otherwise, S has rank less
than k, whence det S = 0 and H*(S(A)) = 0 (because the image is contained in a subspace
of dimension at most & — 1). So, both sides of (2.2) are zero. O

The first lemma in the procedure to extend the area formula to Lipschitz maps is the
following version of the Sard theorem:

Lemma 2.3. Let f: R¥ — R™ be Lipschitz with k < m. Then, for
Z:={zeRF: Jpf(x)=0},

where the existence of Ji. f (x) is part of the condition, it holds that H*(f(Z)) = 0.

Proof. Fix e € (0,1). For every x € Z we infer from Taylor’s theorem that

f(Br(x)) C f(z) + V[(2)Br + Ber (2.4)
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for » > 0 sufficiently small (here B, is the open unit ball with radius » > 0). Since
V f(x)B, is contained in a (k — 1)-plane 7, we can use a cover consisting of cubes with
one face parallel to 7 and side length er to estimate

HE (Vf(z)B, + B.,) < Cer®

with a constant C' > 0 that only depends on the dimensions and the Lipschitz constant of f
(the easy geometric details are an exercise).

Now use the Besicovitch—Vitali Covering Theorem (and Remark for £* and
cover Z with countably many disjoint (open) balls B, (x,,) such that (2.4) holds. Then,

HE(F(2) <D HE(f(Bro(20)))

< Z HE (Vf(2n)By, + Ber,)

< CaerL
< CeLM(Z + By),

where the constant changes in the last line. Then let £ | 0 to conclude that HX_(f(Z)) = 0.
Hence also (exercise) H*(f(Z)) = 0. O

The following lemma shows that we may approximate a Lipschitz function well on the
on the set where the Jacobian is positive.

Lemma 2.4. Let f: R — R™ pe Lipschitz with k < m, let 8 > 1, and let A C Rk be
LE-measurable with

Jiuf >0 LFae on A

Then, L*-almost all of A can be covered with countably many disjoint compact sets A, C
R* with the following properties for every n.:

(i) f is differentiable and Ji f > 0 everywhere on A,,.
(ii) The restriction f|a, is injective with a Lipschitz inverse on its image.

(iii) There is a matrix L, € R™* with J;,L,, > 0 and the Lipschitz constants of the
compound maps f|a, o L;;', Ly o (f|a,)”! are bounded from above by 3 (where we
have considered L,, as an invertible linear map from R to its image).

(iv) BRI Ly < Jif < BEILL,, on A,

Proof. Removing a L£*-negligible set, we can assume that V f exists and J, f > 0 every-
where on A. Moreover, since any £*-measurable set is equal to a Borel set in union with an
LF-negligible set, we may further assume without loss of generality that A is a Borel set.



2.1. AREA FORMULA 31

Fix ¢ > 0 with 37! 4+ ¢ < 1 < B — ¢, and a countable dense subset {z;} of A as well
as a countable dense subset {L;} of the collection of matrices L € R"*™ with J,L > 0.
Define Y;;(r) to be the set of all y € B,.(x;) such that the following two conditions hold:

(87" +e)|Ljv| <[V f(y)v| < (8 —e)|Ljv| for all v € R",
1£(2) = F(y) = V() (z —y)| <elLj(z —v)| for all z € Bay(y).

For every y € A by density we can choose a j (depending on y) such that the Lipschitz
constant of the compound map V f(y) o L;l is bounded from above by 8 — ¢ and the

Lipschitz constant of L; o (Vf(y))~! is bounded from above by (37! + £)~1. Now pick
¢, m € N suitably such that y € By /m(ﬂ%) and

1f(2) = f(y) =VIY)(z —y)| <ellj(z —y)|  forall z € Bym(y).

This is possible, since the right-hand side is of order o(1/m)|z — y|, hence we may bound
it by €|L;(z — y)| for m sufficiently large (note that L; is invertible on its image). Thus,
y € Y;j;(1/m) and hence the sets {Y;;(1/m)};jm form a cover of A.

For y € Yj;(r) and z € Ba,(y) we may also combine the above conditions (use v :=
z — ) to obtain

BTHLi(z =)l < |f(2) = f(y)] < BILi(= — y)|-

Note also that Y;;(1/m) C By (i) C By (y) forany y € Y;;(1/m). As a consequence,
[ is injective with a Lipschitz inverse on Y;;(1/m).

We can thus construct from the Y;;(1/m) disjoint Borel sets F;, whose union covers A
and, using the inner regularity of £, see Proposition we obtain the desired collection

{A,} satisfying (i)—(iii).
To show (iv) we employ once more the polar decomposition: Write, for fixed z € A,

Vf(x)=0S5, L, = 0,5,
with O, O,, € R™** orthogonal and S, S,, € R¥** symmetric and positive definite. Then,
B7YH0,S,| < |0Sv| < B|0xS,v|, v eRk
Hence,
B Hw| < |88, w| < Blwl for all w in the image of S,,.
This implies 3% < det(SS;, ') < B¥, from which (iv) follows. O
We are now ready to utilize these lemmas to complete our proof of the area formula.

Proof of Theorem As explained before, it suffices to show (2.2).
By Rademacher’s Theorem we may assume that everywhere on A the gradient V f
exists. Moreover, by Lemma we see that for Z := {J f = 0} it holds that

H(ZNf L y) =0 for HF-a.e. y € R™.
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So, we may also assume that J; f > 0 everywhere on A.

Via Lemmal[2.4]we obtain for any fixed 3 > 1 a countable collection of disjoint compact
sets A,, € B(RF) covering £*-almost all of A, and matrices L,, € R™*™ with J;L,, > 0
such that

(i) f is differentiable and Jj f > 0 everywhere on A,,.
(ii) The restriction f|4,, is injective with a Lipschitz inverse on its image.

(iii) The Lipschitz constants of the compound maps f|4, 0L, !, L,o(f|a,) ! are bounded
from above by 5.

(iv) BRI Ly, < Jipf < B¥IkL, on A,

We first observe that for H*-a.e. y € R™ it holds that

HOANFHy) =D H(AuN (). 2.5)

Since the A,, are compact, so are the sets f(A,), and thus the functions y — H°(A, N
fly)=1 F(An) (y) are upper semicontinuous, hence #*-measurable. Then also the sum
in (2.3)) is H*- measurable. This implies that y — H°(A N f~1(y)) (which agrees with the
right-hand side #*-almost everywhere) is +*-measurable.

It remains to prove (2.2). By (iii) and Lemma[I.30] we observe

HY(f(An)) = H*(fla, o L' o Ly) < BYHF(Ln(An)),
Hk<Ln(An)) = Hk (Ln o (f|An)71 o f‘An) < Bka(f<An))

We now estimate for every n, using the area formula for linear maps and (iv),
B (F(An)) < BHE(Lo(An)) = /A JoLy dz < /A I/ (2) da.
Similarly,
| D@ dr <t [ B de = BHELL(AL) < FFHECF(AL),
Now sum over n and use (2.3) as well as the injectivity of f restricted to A,, to obtain

B HAN N (y) dHF(y) = 870D HE(F(An))

Rm
< /Aka(x) dz
< B HN(f(AL))
=7 [ HU(AN () dHM(y).
R

Letting 3 | 1, we arrive at (2.2)) and the proof of the area formula is complete. O
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Example 2.5. Let ¢: U — R be a Lipschitz map, where U C R is open. To compute the
(k-)area of the graph of o over U, namely

I:={(z,¢(x)) : 2€U},

we can use the area formula: Set f(x) := (z, p(z)), which is a Lipschitz map from U to
Rk*+1 Then,

HED) = HE(F(U)) = /Uka(az) dz = /UTkgo(x) dz.

with the metric tensor

Tep(e) = 14 3 M(Ve(a))?,

M minor

where the summation is over the minors (i.e., determinants of square submatrices) of any
order. The last equality follows from the Cauchy—Binet theorem, which asserts that

Ji.L = > ML)y,
M Ek-minor

where a k-minor is any (k x k)-subdeterminant in orthogonal coordinates of the linear map
L. Its verification belongs to the domain of linear algebra and can for instance be found in
Proposition 2.69 of [4].

Example 2.6. If k£ = 1 in the previous example, we obtain that for an injective Lipschitz
map ¢: (a,b) = R (a < b), the length of the graph is

b
| viTemra
in agreement with a classical fact for continuously differentiable ¢. The injectivity can also
be dropped if we count overlapping parts with their multiplicity.
2.2 Coarea formula

The coarea formula is a generalization of Fubini’s theorem from flat slices to level sets of a
Lipschitz map.

Theorem 2.7 (Coarea formula). Let f: R* — R™ be Lipschitz with k > m. Then, for
every LF-measurable map g: R* — R, it holds that

/Rk 9(x) I f(z) do = /m /f_l(y)g(x) AHE () dy.

In particular, if A C R¥ is LF-measurable,

/A Jof(z) dz = - HE=™ (AN fF(y)) dy. (2.6)
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Like in the proof of the area formula, we only need to show (2.6)) and then conclude the
full theorem via an approximation with step functions. Furthermore, we again first prove
the coarea formula for linear f, where it is essentially a corollary to Fubini’s theorem.

Proof of Theorem[2. /| for linear maps. Let f(z) = Lx for a matrix L € R™ ¥ with polar
decomposition L = SOT, where O € R¥*™ is orthogonal (OTO = 1d,,,) and S € R™*™
symmetric and positive semidefinite. Consequently,

JnL =detS.

If det S = 0, then holds trivially since the integrand on the right-hand side can be
non-zero only on an £"-negligible set since the image of A under f is £""-negligible by
Lemma (or the area formula).

So, assume det S > 0, whereby f is surjective onto R™ and thus we may change
variables from y € R™ to z = S~'y € R™ (via the classical transformation formula) to
obtain

HMANL (y) dy= | HE(AN[OT]TH (S My)) dy
Rm Rm

=det S - HF(AN[OT]7H(2)) de.
R

Here we use the notation L~ (y) for the (k — m)-plane of all z € R* with Lz = z and
likewise [OT]71(2) for the (k — m)-plane of all z € R* with OTz = 2. We remark that the
measurability of the right-hand side is a consequence of the transformation formula.

Furthermore, by Fubini’s theorem (more precisely, Cavalieri’s principle with respect to
the (k — m)-planes [OT]7!(z) for = € R™),

/ H (AN [0T)71(2)) dz = L¥(A).
Combining,

HFE™(AN L Yy)) dy = det S - LF(A) = / Jonf(z) de.
R™ A

The proof in the linear case is thus complete. 0

In order to show the coarea formula in full generality, we again need an approximation
procedure for Lipschitz maps, contained in the following lemmas.

Lemma 2.8. Let f: R¥ — R™ be Lipschitz with k > m and let N C R* be HF-negligible
(equivalently, L*-negligible). Then,

HENO YY) =0 for LM-ae y € R™.
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Proof. Fix ¢ > 0. Since N is H"-negligible, there are (at most) countably many sets
A, C R¥such that N C |J,, Ay, diam(A,,) < € for all n, and

Z diam(A4,)* < e.

We may furthermore assume without loss of generality that the A,, are all compact. Now
set for y € R™,

. k—m
et = 5 () a0

n

Then,
HETNOSTHY) S wromhe(y),  y €R™
By the isodiametric inequality, Proposition [1.32] and Lemma .30}
diam(A4,)\*™™ ..
L reyan = (L))

. k—m
< L’”Z<Chz"m;‘4“> L7 (Ay)
< C)  diam(A,)*

< Ce,

where L is the Lipschitz constant of f, which is later absorbed into a dimensional constant
C > 0. So, h. — 0in L! and we may find a sequence €; | 0 so that he; — 0 almost
everywhere. Thus, for H"*-almost every y € R™,

HET(N N [N (Y)) < wiomhe; (y) = 0

as j — oo, yielding the claim. O

Lemma 2.9. Let f: R — R™ be Lipschitz with k > m, and let A C R be LF-
measurable. Then, y — H* "™ (AN f~(y)) is L"-measurable.

Proof. Tt can be shown directly from the definition that for all compact sets K C R¥ it holds
that
y = MK N T (y))

is upper semicontinuous (details as exercise), hence measurable. From the o-finiteness of
LF we see that there is an increasing sequence of compact sets K,, C RF with £F(A\
U, Kn) = 0. Thus, by inner regularity and Lemma 2.8]

HE™(AN f(y) = li_>m HE (K, N 7 (y) for L™-a.e.y € R™.

The functions on the right-hand side are measurable, hence so is their almost everywhere
limit. =



36 CHAPTER 2. RECTIFICABILITY

Lemma 2.10. Let f: RF — R™ be Lipschitz with k > m. Then, for
Z:={zeR" : J,f(x)=0},

where the existence of J,, f (x) is part of the condition, it holds that
HE"ZNf A y) =0  for LT-ae.y € R™

Proof. For a compact set K C R¥ define the set function
v(K)= | H"(KNSTH() dy,

which is well-defined by the same proof as the one for Lemma[2.9] It is straightforward to
see that v is o-subadditive, i.e., for any at most countable family of compact sets K, such
that also Un K, is compact, it holds that

v <Lnj Kn> < Zn: v(K,).

Fix now xg € Z and define for > 0 the blow-up map

rop(e) 1= LOHTRI 2T g

With this at hand we can compute

v(Br(z0)) = / HE (B (20) 1 £ () dy

m

— /mHﬁom({xo—i-rz t flwo+rz) =y, z€B1 }) dy
= [ HEM ({2 € By fagele) = (= Sa0)/r ) dy
= [ M B0 o 0))

by the change of variables x = x¢ + rz (use Lemma and y = f(x) + 1Y/

By the differentiability (which is entailed by the existence of J,, f(z0)), fz,, converges
uniformly on compact sets to V f(x) as r | 0. The image of V f(z) is contained in an
(m — 1)-plane 7 (o) since J,, f(z0) = 0. If i ¢ 7(x0), then By N [fuy.r] 1 (y) is empty
for 7 sufficiently small. On the other hand, the same conclusion holds for |y/| larger than
the Lipschitz constant of f. Thus, the integrand converges to zero almost everywhere and
is zero outside a compact set. The dominated convergence theorem thus yields

r~*u(B,(x0)) = 0 asr | 0.

For a compact set X' C Z and ¢ > 0 we observe that the closed balls B, () with
x € K and r > 0 so small that v(B,(z)) < ewgr® form a fine cover of K. Thus, by the
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Besicovitch Covering Theorem we may find an at most countable collection of these
balls B,, = B,, (xy) covering K such that every 2’ € K is contained in at most 35 € N
such balls. Hence, using the o-subadditivity of v,

v(K) <Y v(Bn) <e ) wprh =c Y LFB) < epelF(K + By).

Since ¢ > 0 was arbitrary, v(K) = 0. Consequently, H*-™(K n f~!(y)) = 0 for £™-
almost every y.

Finally, £¥-almost all of Z can be covered by an at most countable family of compact
sets K,, C Z. Since HE™ (K, 0 f~1(y)) = 0 implies H*—™ (K, N f~(y)) = 0, we thus
obtain

HEm (U K,N fl(y)> =0 for L™-ae. y € R™.
n
On the other hand, by Lemma [2.8, we have

HEm < (Z \ U Kn> N fl(y)> =0 for L™-ae.y € R™,

so the proof is complete. O

Lemma 2.11. Let f: RF — R™ pe Lipschitz with k > m, let 5 > 1, and let A C Rk pe
LE-measurable with

Jnf >0 LF-ae onA.

Then, L*-almost all of A can be covered with countably many disjoint compact sets A, C
R* with the following properties for every n.:

(i) f is differentiable and J,, f > 0 everywhere on A,,.

(ii) There is a matrix P, € RE="™)*k sych that F,,(z) := (f(x), Pux) is injective on A,,.

(iii) There is an invertible matrix L, € RF¥*¥ such that the Lipschitz constants of the

compound maps L' o Fy,, F7' o L, on A,, are bounded from above by 3.
(iv) B~ I Ly < I f < 8" I Ly on Ay,

Proof. Analogously to the proof of Lemma[2.4] we may assume that V f exists and J,,, f >
0 everywhere on the Borel set A.

Fix a countable dense subset { P; } of the matrix space R(k=m)xk Then, for every z € A
there is a j(x) such that the map F: A — R* given by F(z) := (f(x), Pj(»)7) has a full-
rank gradient at x, or equivalently |det VF(x)| > 0. Chopping A into corresponding Borel
measurable pieces A;, we may in the following assume that there is one P € R(k—m)xk
such that with F'(z) = (f(z), Pz) it holds that |[det VF| > 0 everywhere on A.
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By a similar procedure as in the Lipschitz-approximation lemma for the area formula,
Lemma[2.4] we may partition A further to assume that F' is injective (on the restricted A),
its inverse F'~! (defined on F’s range F'(A)) is Lipschitz, and J, F' = |det VF| > 0 on A.
By the Kirszbraun theorem (or a weaker variant), we can extend F'~! to a Lipschitz map G
on the whole of R¥. Moreover, invoking Lemma we see that also for G it holds that

J:G=|det VG| >0  LF-ae. on F(A).

Now we can apply the approximation procedure used in the proof of the area formula,
Lemma to G to obtain that F'(A) can be covered with an £*-negligible set By C R¥
and countably many disjoint compact sets B,, C R* with the following properties for every
n:

(a) G is differentiable and J;zG' > 0 everywhere on B,,.
(b) The restriction G|, is injective with a Lipschitz inverse on its image.

(c) There is an invertible matrix M,, € R¥** with J;, M,, = |det M,,| > 0 and the Lipschitz
constants of the compound maps G|g,, o M, 1, M,, o (G|p, )" are bounded from above

by .
(d) B7*I M, < J1G < B*I M, on B,

For Ag := G(By), A, := G(B,), P, := P, L,, := M, ! we have that Ay is L*-negligible
(because G is Lipschitz) and that (i), (ii) are satisfied directly by construction. The claim (iii)
follows from (c) since

Lyt o Fy =My o(Glp,) ", F, oL, =G|p,oM,"

If p: R™ x RF=™ — R™, p(v,w) := v, denotes the projection onto the first m variables,
then

Vf:pOVF:poLno(MnoVF) on A,.
Then, it is only a matter of some estimates to conclude (iv) from (d) above. ]

We are now in a position to prove the coarea formula in the general case.

Proof of Theorem[2.7} We have already seen in Lemma [2.9|that y — H* (AN f~1(y))
is L™-measurable. As in the proof of the area formula, we may assume that everywhere on
A the gradient V f exists and (using Lemma in place of Lemma that J,,f > 0
everywhere on A.

Fix 5 > 1. Lemma implies that £*-almost all of A can be covered with countably
many disjoint compact sets A,, C R* with the following properties for every n:

(i) f is differentiable and J,,, f > 0 everywhere on A,,.

(ii) There is a matrix P, € R(F=)%k guch that F,.(z) := (f(x), P,x) is injective on A,,.
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(iii) There is an invertible matrix L, € R¥*F such that the Lipschitz constants of the
compound maps L ! o F},, F,; ! o L,, on A,, are bounded from above by /3.

@iv) 87" I Ly < Iy f < "I Ly on A,

Denote again by p: R™ x RF=™ — R™, p(v,w) := v, the projection onto the first m
variables. Also split L,, = (X,,,Y;,) in the same way with X,, € R™** and Y;, € R(k=m)xk,
One observes that J,, X, = J,, L,,. Then, using the above properties as well as the coarea
formula for linear maps, we estimate

AN T ) dy

=/ H (FH(Fa(4n) NPT (y))) dy

=/ HE(Fy ' o Ln) (L (Fu(An) NP (1)) dy

< phm - H (L (Fa(An) NpH(y)) dy

=g [ (L e F)(A) N X W) dy

= BT X L (L o F)(An))

n

* 17, da.
<5 /A A f ) da

On the other hand, we can also read the above from bottom to top, exchanging “<” to “>”,
and inverting the powers of /3, to obtain

/ T f(x) dz < B2 / HEM (A, 0 () dy.
An Rk

Now sum these estimates over n, use that L™ (A \ |J,, An) = 0 and Lemma[2.10| to arrive
at

2k k—m -1 ) do 2k k—m -1 )
B [ WA @) dy < [ s de< 5 [ Hm AN ) dy

m

Now let 5 | 1 to conclude the proof of the coarea formula in the version of (2.6). O

2.3 Rectifiable sets

For k € {0,...,d} an H*-measurable set R C R is called countably #*-rectifiable if
RC NU|Jha(RY),
n

where h,,: R® — R? are Lipschitz maps and N C R? is H"-negligible. We call R H*-
rectifiable if R is countably 7{*-rectifiable and H*(R) < oo.
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Remark 2.12. One can find slight variations of these definitions in the literature. For
instance, [23]] and [26] call the above sets “(countably) k-rectifiable”, which, however, in [4]]
and [19] means that the set V above is empty. Often, also countably *-rectifiable sets are
simply called “*-rectifiable”. Another variation is that sometimes one allows the h,, to
be defined on sets A,, C R? instead of the whole of R, with or without replacing “C” by

=" above . This, however, is equivalent by the usual Lipschitz extension theorems (e.g.,
the Kirzsbraun theorem).

Example 2.13. An important special case is the following: A set I' C R? is a Lipschitz
(or Cl-regular) k-graph (k € {0,...,d}) if

IF={zeR?: p(mz)=n2}

for an orthogonal projection 7 onto a k-plane, which by a common convention we also
denote by 7, with complementary projection 7+, and a Lipschitz (or C'-regular) map
@: ® — . Any such Lipschitz k-graph is countably #{*-rectifiable. Indeed, take an
orthogonal basis {v1, . ..,v;} of 7 and define the Lipschitz map h: R¥ — R? via

k k
h(z1,...,2K) ::szvj—i—go szvj
j=1 j=1

Then, I' = h(R*) and thus T is countably H*-rectifiable.

Example 2.14. Let {g,}, be a countable dense set of rational points in the unit ball B; in
R2. Define

S = S
n=1

where S,, := 0By-»(q,) denotes the sphere around ¢, with radius 27". The set S, is
H!-rectifiable (the definition is evidently true).

Lemma 2.15. Let R C R be (countably) H*-rectifiable.
(i) For any H*-measurable set A C R, the set RN A is (countably) H*-rectifiable.

(ii) For any Lipschitz map f: R® — R™ be Lipschitz, the set f(R) is (countably) H*-
rectifiable.

Proof. These claims follow directly from the definition. O

The following is a rectifiability theorem, which allows one to check if a given set is
rectifiable by looking at its local behavior only. To set up the statement, we define for a
k-plane 7 C R? (identified with its orthogonal projection) and M > 0 the cone around 7
with opening M via

C(m,M):={z€ R? ¢ |nta| < M|nx| },

where 7 is the orthogonal projection onto the orthogonal complement of 7.
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Theorem 2.16. Let A C R be H*-measurable with the property that for all x € A there
is a radius v, > 0, a k-plane 7, C RY, and M, > 0 such that

ANB,, (z) Ca+ C(ry, My). (2.7)

Then, A is countably H*-rectifiable. In fact, A is even the countable union of Lipschitz
k-graphs with Lipschitz constants uniformly bounded by 2 sup,,c 4 M.

Proof. We will show the stronger statement that
A=Jha(RY)
n

for countably many Lipschitz maps h,,: R® — R? with Lipschitz constants bounded from
above by 2sup,c 4 M.

Splitting A into countably many subsets, we may assume that M := sup,c 4 M, < oo.
Fix 0 > 0, to be chosen later, and pick a finite set of k-planes 7,, such that min, |7 —7,| < §
for any k-plane 7 (the norm being the Frobenius norm of the matrix representations of the
projections). Define

1 ~
Amn::{:ceA Dy > —, ﬂz—ﬁn’<5}.
m

Let B C A, with diam(B) < 1/m. We will show that B is contained in a Lipschitz
k-graph with Lipschitz constant less than 2M . This suffices to show the theorem.
So, for 2,y € B we estimate, using the fact that 7;- — 7 = 7, — 7, and the assump-

tion (2.7), as follows:

T (@ = y)| < |y (x — y)| + 0lz — y]
< Mlmg(z — y)| + dlz — |
< M|7p(z —y)| +0(M + 1)|x — y
< (M 4 6(M +1))|Fn(z — y)| + 6(M + 1)|7 (z — y)].

Now choose § > 0 so small (how small only depending on M) that §(M + 1) < 1 and that
% < 2M. Then absorb the second term on the right-hand side into the left-hand
side to obtain

B C x+ C(7n,2M).

In particular, 7,2 = 7,2’ implies = 2’ for any z, 2’ € B. For y € 7,[B] we then let
©n(y) be the unique z € 7;- with y + 2 € B. It is easily seen that the Lipschitz constant of
©n, 1s bounded from above by 2M . Hence, B is contained in a Lipschitz k-graph. Thus we
have written A as the countable union of Lipschitz k-graphs. The rectifiability of B then
follows from the preceding Example [2.13] O

One application of this result is the following:
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Proposition 2.17. Let K C R* be compact and let h: R — R? be a Lipschitz map that
is injective on K and that has the property that for all z € K the differential Vh(z) exists
and rank(Vh(z)) = k. Then, h(K) is the countable union of Lipschitz (or C'-regular)
k-graphs with Lipschitz constants uniformly bounded by an arbitrary € > 0. In particular,
h(K) is countably H*-rectifiable.

Proof. Tt can be checked from Taylor’s theorem that for any = € h(K) the assumptions of
Theorem hold with 7, := Vh(h~!(z))[R*], M, = £/2 with & > 0 freely chosen, and
r, > 0 sufficiently small. 0

The next result characterizes rectifiability in terms of a decomposition into graphs.

Proposition 2.18. A H"*-measurable set R C R? is countably H"-rectifiable if and only if
there exist countably many Lipschitz or C'-regular k-graphs T',, such that

%k<R\grn> =0.

Moreover, the Lipschitz constants of the graphs 'y, may be assumed to be uniformly bounded
by an arbitrary € > 0.

Proof. The “if” direction follows immediately from Example[2.13]
For the “only if” direction, we need only show that for a Lipschitz map h: R* — R? we
can find countably many Lipschitz (or C'-regular) k-graphs I',, such that

HE <h(Rk) U rn> =0.

We will only prove the result for Lipschitz regularity. The result with C!-regularity can be
inferred from this using a Lusin-type approximation result for Lipschitz maps by C'-maps
(see Theorem 5.1.12 in [23|], details as an exercise).

Define

A:={z¢€ RF : Vh(z) exists and J,h(z) > 0 }.

By Lemma [2.4{on Lipschitz approximations, we can cover #*-almost all of A with count-
ably many disjoint compact sets A4, C R* such that A is differentiable and injective with
Jih > 0 everywhere on A,,. By Proposition h(A,) can be written as a countable
union of Lipschitz k-graphs with Lipschitz constants uniformly bounded by an arbitrary
e > 0. Hence, there are countably many Lipschitz k-graphs I';; such that (using also
Lemmato show that 7*-null sets are mapped to H*-null sets under Lipschitz maps)

HE <h(A) \ Urn) =0.
On the other hand, by the Rademacher Theorem and Lemmal[2.3]
H*(h(RF\ A)) = 0.
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Thus, #*-almost all of A(RF) is covered by the Lipschitz k-graphs I',, and our claim, hence
the “only if”” direction, is established. O

Remark 2.19. In fact, in Proposition m the T',, may also be chosen as embedded C'-
manifolds by a straighforward exhaustion argument. See Lemma 5.4.2 in [23|] for the de-
tails.

2.4 Approximate tangent spaces

Let A C R% be H*-measurable. We say that a k-dimensional linear subspace = C R? is the
approximate tangent space to A at xg € R? if

lim o) A1) = [ o) dHy)  forallpe CRRY. 29
{0 r~1(A—=zo) 0

If such a 7 exists, it is obviously unique, and we denote it by T, A.

Proposition 2.20. Let R C R? be HF-rectifiable. Then, R has an approximate tangent
space at H-almost every point of R. If R = h(K) with K C R¥ compact and h: K — R?
injective and Lipschitz, then

Ty R = Vh(h Y (x0))[R¥]  for HF-a.e. zo € R. (2.9)

Moreover, the tangent space only depends on R, not the Lipschitz maps involved in the
definition of rectifiability.

Note that here we need H*-rectifiability and not just countable H*-rectifiability since
otherwise the left-hand side in (2.8)) could be infinite (for instance, if we take countably
many lines with a fixed direction that concentrate at a line), but the right-hand side is always
finite. Alternatively, one could require that H*( RNK) < oo for every compact set K C R,

Proof. Step 1. Let us first assume that R = h(K) for a compact set K C RF and an
injective Lipschitz map h: K — RY. Fix now zy € K such that

(a) th(Z()) > 0;

K
(b) O(K, 2) := tim 2K B;T(ZO)) =1
rJ0 WgT

(c) lim r_k/ |Jph(z) — Jph(z0)| dz = 0.
rl0 Br(z0)

The first condition holds at £*-almost every zy € K by the injectivity of h. The other two
conditions hold at 7*-almost every z; by Corollary on density points and the Lebesgue
Differentiation Theorem[I.16] respectively.
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Let 2 := h(z) and 7 := Vh(z)[RF], which is a k-dimensional subspace of R? by (a).
Clearly,
h(z0 4+ ry) — h(z0)

hr(y) = . , ye K, = T_I(K - 2p),

parameterizes the set 71 (R — ). We now use the area formula, Theorem and a change
of variables to compute

/ o(z) dHE(z) = / (e () T (y) dy
r~1(R—zg)

T

= / @(h(zo ) - h<z0)> (Jkh) (20 +1y) dy

"”%ﬁ(W) Ioh(z) dz.

By condition (c) together with the fact that ¢ is bounded, we see that
bz + 1) = h<zo>> 0.

r

lim 2) dH* () = Jh(z0) - lim
i [ et ) = Jinteo) i [ o

Then, since Vh(zg) has full rank, one observes that the supports of the maps

- 90<h(20 +ry) — h(zo)>

r

are uniformly bounded for r small enough. Moreover, these maps converge pointwise to
©(Vh(z0)y). Also noting that, by (b), 1k, converges to 1gx pointwise almost everywhere,
we can use the dominated convergence theorem to see that

lim p(a) dH" () = Ixh(zo) lim/lKr (y)¢<h(zo try) - h(zo)> dy
T’io Tﬁl(R—mO) T\LO r

_ /R @(Vh(z0)y) Iuh(z0) dy

- / oly) aH”,

where the last equality follows again from the area formula (in fact, the version for linear
maps suffices). This shows (2.9).

Step 2. By Proposition[2.18 we know that

HE (R U hn(Kn)) =0.

for countably many compact sets ,, C R* and injective Lipschitz maps h,,: K, — R%.
Moreover, By Lemma we know that

On(R\ h(K,),z) =0  for H*-ae. z € h,(K,) (n € N).
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Hence, the approximate tangent can be computed separately in all the pieces h,,(K,,), for
which we can apply Step 1.

Step 3. The uniqueness statements follow directly from the explicit formula (2.9) for the
approximate tangent space. O

Example 2.21. The previous result in particular implies that any embedded (boundaryless)
k-dimensional C'-submanifold M of R? has an approximate tangent space Ty, M at HE-
almost every y € M; in fact, the proof above shows that this is the case for all y € M.
It is easy to see that T, M agrees with the classical tangent space to M at y (how easy
depending on one’s choice for a definition of the tangent space).

Example 2.22. Let C(1/4) be the A-Cantor set of Example for A\ = 1/4 (note
that dimy; Co (1/4) = 1/2). Define F := C(1/4) x Csx(1/4) C R2. It can be shown
(exercise) that 0 < H!(F) < oo, but F' does not have an approximate tangent space for
H!-almost every point (exercise). Hence, F is not H!-rectifiable.

Lipschitz maps have even better differentiability properties than implied by the Rademacher
Theorem [1.18] namely the following tangential differentiability:

Proposition 2.23. Let f: R? — R™ be Lipschitz and let R C R be an H*-rectifiable set.
Then, f is tangentially differentiable at H"-almost every xo € R, that is, the restriction of
f to xo + Ty, R (assuming that T, R exists at x) is differentiable at x( with tangential
differential

DR f(xq): Ty R — R™.

Proof. By Proposition we may assume that R = h(K) for some compact set K C R”
and an injective Lipschitz map h: K — RZ. Define the set

G:={z€ K : Vh(2),V(f oh)(z)existand J;h(z) > 0 }.
By the Rademacher Theorem[I.18] Lemma|[I.30] and Lemma[2.3| we infer that
HE(R\ h(G)) = 0.

We will show the claim for all zg = h(zp) with zp € G, for which we also we know from
Lemma that T, R = Vh(20)[R¥].

Let w := Vh(zg)v € Ty, R forany v € R¥. Set 2, := x¢ + tw = h(z) + tVh(20)v,
vt == h(zo0 + tv) (t € R). By the differentiability of h at z,
oy — |

lim
t—0 t

0.

Then we use the Lipschitz continuity of f to see

o F) = S @o) ) = @) o+ 1) — ()

t—0 t t—0 t t—0 t

)
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from which we conclude that

of

5ug (20) = V(fo h)(20)[(VA(z0)) " w]. (2.10)

As a consequence of the existence of the total differentials, the directional derivative % (z0)
is linear in w. We may then use a similar density argument like the one at the end of
Rademacher’s Theorem [1.18] which also uses the Lipschitz continuity of f, to obtain the
(total) differentiability of f at xg (details as exercise). ]

2.5 Area and coarea formula on rectifiable sets

Let R C R? be an H{*-rectifiable set and let f: R? — R™ be Lipschitz. For #*-almost

every x € R the approximate tangent space T, R is defined via Proposition [2.20} and the

restriction D f (z) of the differential D f(z) to T, R exists by Proposition oreover,

we may identify D® f(x) with an (m x k)-matrix with respect to an orthonormal basis
Then, define the k-dimensional Jacobian J f f of f relative to R for k < m via

I (@) = \/det(DR f(2)TDR f(x))

and for k£ > m define the m-dimensional Jacobian J ffL f of f relative to R as

I f(2) == \/det(DR f(2)DR f(2)T).

It is easy to see that the above formulas do not depend on the choice of the orthonormal basis
{v;} since the application of orthogonal change-of-basis matrices cancels in the formulas
for J2f(z), JE f ().

We can now extend the “flat” area formula in Theorem to the following version on
rectifiable sets:

Theorem 2.24 (Area formula on rectifiable sets). Ler R C R? be a HF -rectifiable set,
and let f: RY® — R™ be Lipschitz with k < m. Then, for every H*-measurable map
g: R — R, it holds that

R k T k )
/R()Jf ) Ak / Z o) )

zeRNf-1

In particular,

/R I f(z) dH (2) = | HO(RN fH(y)) dH (y). (2.11)

Rm

and, if f is injective,

/R TR () AH* = HE(F(R)).
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Proof. By the usual approximation arguments we only need to prove (2.11). In fact, by
Proposition it suffices to show (2.11) under the additional assumption that R = h(B)
with B C R* a bounded Borel set, and h: R — R? a Lipschitz map that is injective when
restricted to B. As in the proof of Proposition [2.23| we furthermore assume that

BCG::{ZGB:Vh(z),V(foh)()ex1standth )>0}.
Let us now express (2.10) as
V(foh)(h Y (z)) =DEf(z) o Dh(h~(x))  for HF-ae. x € R,

where we have written Dh(z) = DRkh(z) : RF — Th() R for the (total) derivative of h.
Since the determinant is multiplicative with respect to the composition of linear maps, a
polar decomposition argument (exercise) yields

Je(foh) (W Na)) = IEf(x) - Iph(h~Y(z))  forHF-ae. z € R. (2.12)
Using the flat area formula, Theorem[2.2] we have
[ atron@ = [ HBa(ron m) i),

The right-hand side is equal to

HORN F () dHE(y),

Rm

whereas for the left-hand side we compute, using J,.h > 0 H*-almost everywhere, the flat
area formula again, and (2.12)),

_ k(foh)(2)
/BJk(foh)(z) dZ—/Bthz)th(z) dz

[ Je(foh)(h T (x)) By
= [ S )

— [ 3l art(o).
R

Combining these statements, we obtain (2.11]) and the proof is complete. O

Also the coarea formula has a version for rectifiable sets:

Theorem 2.25 (Coarea formula). Let R C R% be a ”Hk—rectiﬁable set, and let f: Re —
R™ be Lipschitz with k > m. Then R f~(y) is HF"-rectifiable for L™-almost every
y € R™ and for every H*-measurable map g: R — R, it holds that

/ g(x) IB f(x) dHF (= / / ) AR () dy. (2.13)
R wJrapi)”

In particular,

/R Inf(e) dHh (@) = [ H™(RN 7 (y)) dy. (2.14)

Rm
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Proof. We first prove the asserted rectifiability of the level sets. By Proposition[2.18] there
are countably many Lipschitz k-graphs I'; such that, for

N :=R\ fjrj,
j=1

it holds that #*(NN') = 0. By Lernma
H™(NNfy) =0  for LT-ae. yecR™. (2.15)

It therefore suffices to prove rectifiability of the level sets on each Lipschitz graph. Thus let
I' = 9(U) be a Lipschitz k-graph, where U C R* is Borel and +/: U — R? is Lipschitz.
Define ' := fo1: U — R™. By the flat coarea formula, Theorem for £™-almost
every y € R™ the set UNF ! (y) is H¥~™-rectifiable. Since Lipschitz maps send rectifiable
sets to rectifiable sets, see Lemma [2.15](ii),

rnfy) =v(UnF ()

is H*~™-rectifiable for £™-almost every y. Taking the countable union over the graphs I
and using (2.13)) proves that R N f~'(y) is H*~-rectifiable for £L™-almost every y.

It remains to prove the coarea formula (2.13)). In fact, we will only show (2.14)), from
which the general case follows by approximation with step functions.

As before we may assume, by virtue of Proposition[2.18] that R is actually a graph (also
see Example [2.13)), that is,

R={z¢ R : o(nz) :sz}

for an orthogonal projection 7 onto a k-plane with complementary projection 7+, and a
Lipschitz map ¢: 7 — 7 with Lipschitz constant less than a given ¢ > 0. Set ¢(2) :=
z 4 ¢(z) for z € m and define

B:=vy YR)cm, By:=Bn(foy)'(y), yeR™

For £™-almost every y, the set By, is H*~™_rectifiable by the flat coarea formula. The area
formula on rectifiable sets, see Theorem [2.24] yields

W RO ) = [ 3,00 )

Yy

As we assumed the Lipschitz constant of ¢ to be bounded by €, we then see that
HEMRO ST () = HE(By) (L + 0(e))-

Also apply the flat coarea formula, Theorem on 7, and a chain-rule formula for the
Jacobians that is analogous to (2.12), to see

(B, dy = [

B

o 0 4)(2) ALk (2) = /B IR Fp(2)) - (=) ALk (),

Rm
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where we have denoted the k-dimensional Lebesgue measure on 7 by £F. Then change
variables from z to x = 1(z) via the area formula in the form of Theorem applied to
Y: 71— RCRYand g(2) = JE f(1(2)) to obtain

[ 350 3 a2k = [ I f) di o).
B R

Combining and letting ¢ — 0,

HEM (R FY (y)) dy = / IR f(z) dHM(z).
RM R

This proves (2.14). O

2.6 Rectifiability theorems

If one cannot prove directly that a given set is rectifiable by writing it as the union of
Lipschitz graphs, one needs to rely on other rectifiability criteria. We have already seen
Theorem [2.16]in this direction: In conjunction with Proposition [2.20]it states roughly that a
set is countably #*-rectifiable if and only if it has approximate tangent planes at *-almost
every point. In this section we briefly survey some stronger rectifiability theorems, without
giving the (very long and intricate) proofs; see [26] for many more details on this topic.

Theorem 2.26 (Besicovitch-Marstrand—Mattila). Let A € B(RY) with H*(A) < oo.
Then, A is HE-rectifiable if (and only if)

(A, 2) 1= lim T AN Br(2))

_ k
i ok =1 for H"-a.e. x € A.

We call ©(A, z) the k-density of A at z. In fact, there is an even stronger version of the
above theorem:

Theorem 2.27 (Preiss). Let A € B(R?) with H¥(A) < oc. Then, A is HF-rectifiable if
(and only if) for HF-almost every x € A the k-density O, (A, x) exists (as a limit) in (0, 00).

Note that if the hypothesis of the theorem is true, then automatically ©4(A, z) = 1 for
HF-almost every x € A by Corollary

Another approach to rectifiability is furnished by the following idea. Call a set A C R?
purely 7{*-unrectifiable if 7£*(A N R) = 0 for every H*-rectifiable set R C R%. Then, we
have the following splitting result:

Proposition 2.28. Let A € B(R?) with H*(A) < occ. Then,
A=RUU

with R a HF*-rectifiable set and U a purely H*-unrectifiable set. This decomposition is
unique up to H*-negligible sets.
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This result is then combined with the following deep rectifiability result, whose proof is
in Section 18 of [26].

Theorem 2.29 (Besicovitch-Federer). Let A € B(R?) with 0 < H*(A) < oc. Then:

(i) Ais HE-rectifiable if and only if H* (my[B]) > 0 for v, g-almost all k-hyperplanes V
and all H*-measurable subsets B C A.

(ii) A is purely H"-unrectifiable if and only if H¥ (7 [A]) = 0 for Yd,x-almost all k-
hyperplanes V.

Here, 7y : R? — V is the orthogonal projection onto V' and Yd,k 18 the Haar measure
on the (Grassmannian) manifold of k-hyperplanes in R, i.e., the unique (up to constants)
measure that is invariant with respect to the action of orthogonal transformations.

Corollary 2.30. Let A € B(R?) with H*(A) < oo have the property that for any H"-
measurable subset B C A with H*(ry[B]) = 0 for Ya,k-almost all k-hyperplanes V, it
holds that H*(B) = 0. Then, A is H*-rectifiable.

Proof. According to Proposition we may write A = R U U with R H*-rectifiable
and U purely H*-unrectifiable. Via the Besicovitch—Federer Rectifiability Theorem m
we know that H* (7 [U]) = 0 for 7, ;-almost all k-hyperplanes V. Thus, by assumption,
H*(U) = 0. We infer that A and R agree up to an H*-null set and A has been shown to be
rectifiable. O



Part 11

Introduction to Currents
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Chapter 3

Differential Forms

Differential forms are the natural objects that can be “integrated” over manifolds. Currents
will be introduced in the next chapter as dual to differential forms. Since we will only
discuss currents in a Euclidean ambient space, we likewise only needs differential forms
in Euclidean spaces. This simplifies some things, but nevertheless we need to first discuss
the language of multi-linear algebra as an efficient means to describe planes. Then we
will discuss differential forms and prove the fundamental Stokes theorem, which relates
(oriented) boundaries to the exterior differential of a form. Finally, as a preparation for
later, we discuss Lie derivatives and Hodge duality.

3.1 Multi-linear algebra

In 3-dimensional space, the tangent spaces to oriented (2-dimensional) surfaces can be spec-
ified by prescribing a unit normal vector at every point. The tangent space is then the 2-
dimensional plane orthogonal to this normal vector. Additionally, the normal vector induces
an orientation for the tangent space: If v1, vo span the tangent space, then we prescribe that
the normal needs to be the cross-product v; X vy (and not v2 X v1), hence ordering vy, va.
However, this approach is highly dependent on the ambient dimension being three (or two):
Even 2-dimensional planes in four ambient dimensions cannot be described by one normal
vector only. Hence, we need a better way of specifying oriented planes in arbitrary dimen-
sions. This leads to the concept of multi-vectors. In the following, it is best to keep the
intuition in mind that multi-vectors represent oriented and “weighted” planes when parsing
the algebraic definitions, which can be a bit cumbersome. Luckily, in practice the actual
definition of multi-vectors is largely irrelevant and one only needs to work with the compu-
tation rules, which are relatively easy to remember.

Let k = 1,2,...,n and let V be a finite-dimensional real vector space. On the k-fold
product vector space V¥ we define an equivalence relation “~” as follows: Denoting the
equivalence class of (vq,...,v;) € V* under ~ by v1 A --- A vy (read “A” as “wedge”),
we define ~ as the smallest equivalence relation obeying the following three “determinant-

53
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type” rules:

v1/\~--/\()\vi)/\~--/\vj/\---/\vk:v1/\---/\vﬂ\---/\()\vj)/\--~/\vk,
VIA - AGAANVA Ao =01 A AU+ A0j) A Avj A=+ Ay,
vl/\'--/\vi/\---/\vj/\--'/\vk:vl/\---/\(—'Uj)/\---/\vi/\---/\vk,

where v1,...,v; € V and A € R. Note that the first rule is to be understood as
(U150, AV, o U, U) ~ (U1, ey Vg ey AU, L, V)

and analogously for the others.

Next, we consider the vector space of formal linear combinations of elements in the
quotient V*/ ~ of V¥ by ~ and define another equivalence relation “~” as the linear
extension of the rules

Avr A Avg) = (Avg) A+ Awg,
VIAVIA Ao+ V] Ava A Avg = (V1 +0]) Avg A A v,
where again vy, v}, ve,...,v; € V and A € R. This quotient by = is called the vector space
of k-(multi-)vectors over V' and denoted by A, V. Note that \; V can be canonically
identified with V itself and /\, V' = {0} by the above rules if £ > dim V. We also set

AoV :=R. If anelement { € A\, V can be written as (i.e., is ~-equivalent to) an element
of the form vy A - - - A vg, then the k-vector € is called simple.

Example 3.1. In R?, the 2-vector e; A e + e3 A ey is not simple since
(e Nea+e3Neg) A(eg Aea+e3Neg) =2e1 Aea Aeg Aeg # 0,

but the wedge-square of any simple vector must vanish by the calculation rules for the
wedge product (see the “nilpotence” property in Lemma below). One can also show
that in R? all multi-vectors (of any order) are in fact simple.

Next, one extends the notation “A” (which, as defined above, is only a way to designate
equivalence classes of the relations ~ and =) to the wedge product (or exterior product)
of a k-vector { € A,V and an [-vector n € A,V as follows: If £ = vy A--- A vy and
n=wy A --- Awy, that is, both ¢ and 7 are simple, then we define

EAn=v A Avg Awp A Awp € N\ V-

Observe that is indeed consistent with the previous meaning of “A”. For general £ € A,V
and n € /\; V we pick any decompositions

E= bmi =M,

with &,,,, n,, simple k-vectors and [-vectors, respectively, for finite indices m, n (this decom-
position is always possible by the definition). Then set

fAnizzz&nAnn-
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Of course, for this to be well-defined, one needs to show that this definition does not de-
pend on the chosen decompositions (which are not unique). This can be accomplished by
expressing every &, further as a wedge product of basis vectors and using the computation
rules.

Together with the (associative) wedge product, the direct sum of the spaces A, V, k =
0,...,d,is referred to as the exterior algebra A\ V.

Remark 3.2. Connoisseurs of algebra may also think of A, V" as the space of alternating
contravariant tensors (of any order k) over V', which is also isomorphic to (), V') /I, where
R,V =Dr, V& and I C V%2 is the ideal generated by all tensors of the form v ® v
(v € V). The wedge product vy A - - - Avg (v; € V) is then the image of v; ® - - - ® vy, under
the canonical homomorphism.

We sum up this construction in the following proposition:

Proposition 3.3. For any finite-dimensional vector space V (e.g., R® or R*3) and any
k=0,...,dimV, there exists a vector space

AV
together with an operation

ANV xoox Vo A\ V
—_————

k times

that is linear in every entry and such that for vy, ..., v, vy € V and A € R the following
identities hold:

VIAAQAU) A AV A A =01 A AV A A(Avj) A= A,
VIA AN AV A A =01 A A0 FA0j) Ao Avj A Awg,
VIA- - AGA AN AU =01 A A(=Uj) A AU A+ A,

Avr A Avg) = (Avg) A+ Awg,
VIAVIA Aok + V] Avg A Avg = (V1 +07) Avg A A Vg

The following are some computation rules for wedge product, whose proofs follow
directly from the definitions:

Lemma34. Leté € N\, V,n,0€ \,V (where k,l € {0,...,d})and let X\ € R. Then:
(i) Linearity: £\ (n+0) =EAN+ENoand (X)) An=EN(A) = AEAD).
(ii) Skew-commutativity: ¢ N1 = (—1)*n A& in particular € N € = 0 if k is odd.

(iii) Nilpotence: £ N € = 0 if € is simple; in particular v Av = 0forv € V.
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The main reason for the introduction of k-vectors is that they allow one to specify ori-
ented vector sub-spaces. For this, we define the span of a simple k-vector £ = v1A---Avy €

AV by
span & := span{vy,...,Ux}.

For a non-simple k-vector £ = ) &, with &, a simple k-vector for a finite index m, we
set

span £ := span (U span §m) ,
m

which turns out to be well-defined.

Lemma 3.5. For&,n € A\, V simple, it holds that span & = span if and only if n = \§
for some A\ # Q.

Proof. For the non-trivial direction, we assume that £,17 # 0 and spanf = spany. If
£ =viA---Avgand ) = wiA- - - Awy, this implies wy, . . ., wy, € span§, sow; = ZZ )\;vi.
Thus,

n= <zi:/\§vi> Ao A (Zj:“«”i)’

By a repeated application of the calculation rules for wedge products (exchanging factors
and linearity), we obtain that 7 is a non-zero multiple of v; A - - - A v, = £. O

Thus, as a consequence of the preceding lemma we obtain that a simple k-vector can
indeed be interpreted as a weighted oriented k-dimensional subspace of the ambient vector
space. As for the meaning of the weighting, let us from now on assume that V' has a scalar
product that turns it into a Hilbert space. Then call a simple k-vector £ a unit if it can be
expressed as { = v A -+ - A vg, with the {v;} forming an orthonormal basis of span ¢. For
V = RY we have the following interpretation of the “length” of a multi-vector:

Lemma 3.6. For{ = vi A---Av, € A\, RN simple, assume that & can be written as
& = N with a unit k-vector &1 and X > 0. Then, X is the (k-dimensional) volume of the
parallelotope spanned by the vectors vj, j = 1,... k.

Proof. Let &1 = wi A --- A wy, where {w;} is an orthonormal basis of span & = span¢;.
We write v; = ), )\éwi and collect all the )\3 into a matrix A = ()\;)3 € RFXF (where
¢ is the row index and j is the column index). We can now bring the matrix to diagonal
form by the Gaussian elimination procedure. Note that every operation in the Gaussian
elimination corresponds precisely to one of the above computation rules for wedge products.
Geometrically, the Gaussian operations correspond to shearing the parallelotope, which
does not change its volume. The resulting diagonal matrix corresponds to a k-dimensional
cube with volume equal to the product of the obtained diagonal entries. Pulling these entries
in front of the matrix yields that ) is precisely the volume of this cube, hence also the volume
of the parallelotope spanned by the original vectors {v; }. O
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A scalar product (-, +) on V extends to the scalar product of simple k-vectors { =
v1 Ao Avg,m = w1 A -+ A wg by setting

Ul./u)l “e e /Ul.wk

(&,m) :=det

/Uk.wl “ee /Uk.wk

This definition is then extended to general k-vectors by linearity. This means, that if £ =
& + & and = my + o with &1, &2, 11, 12 simple, then by “expanding the product”,

(&n) == (&,m) + (&1,m2) + (S2,m) + (§2,m2),

with the individual products defined as above. By using a basis, for instance by first defining
this for wedges of the unit basis, one can show that the result is well-defined, meaning that
the value does not depend on which decomposition of £ and 7 one chooses.

The (Euclidean) norm of k-vectors is then defined via

|£| = (£a£)1/27 E € /\k; RN

In particular, || = 1 for any unit k-vector &.
If L: V — W is linear, where V, W are real finite-dimensional vector spaces, we define
the linear map A" S NV — A\ W by setting, for vy, ..., v, €V,

(ALY A -+ Awvg) i= (Lvy) A+ A (L)

and extending by (multi-)linearity to A, V. We will usually write simply L also for /\k L.

3.2 Covectors

We will also need multi-vectors based on the dual space V* of a vector spaces V', which are
called k-(multi-)covectors and denoted by

NV =N\ VE

Once again we set /\0 V' := R (or, more precisely, the dual of R) and define the wedge
product on covectors similarly to before, yielding A* V. As k-covectors are k-vectors in
the sense of the preceding section, all the theory developed there applies.

The space /\k V' can be identified with the dual space to /\k V via the following duality
pairing: w1, ...,u; € Vand o', ..., of € V* one sets

<u1 A Aug, ol /\---/\ak> = det[<ui,aj>];..

Then, the definition is extended bilinearly. This duality product is well-defined because the
right-hand side is alternating in wuq, . . ., ux (Swapping two u; negates the determinant) and
alternating in o, ..., o likewise. In particular, it vanishes whenever two vectors or two
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covectors coincide. Using the Leibniz expansion of the determinant, we may derive the
formula

k

(ug A A ug, b A A ak> = Z sgn(o) Ha”(i)(ui).

oESk =1

Furthermore, /\/IC V' can be identified with the space of k-multilinear (linear in every argu-
ment) and alternating (switches sign when exchanging two arguments) functions on V%,

In V = RY the standard dual basis is usually denoted by dz!,...,dz’V (this can be
identified with the exterior differential of the coordinate functions, as we will see later,
motivating the notation).

One way to combine k-vectors and k-covectors is the following: For n € A,V and

o€ /\l V' we define the restriction n_ o € \,_,V with & > [ (read “L_" as “restricted
to”) via

(nLa.f)=(manp), pe\'V.
The metric dual £* € V* of a unit vector £ € V is defined by

&) = (&), veV.
Lemma 3.7. The following calculation rules hold:

(i) For any vectors vi,...,v, € V and a covector o € /\1 V,

n
(le--'/\vn)La:Z(—l)i_la(vi)vl/\---/\i}\i/\---/\vn,
=1

where v; denotes omission of v;.
(ii) Forany o € N\, V., € \,V,anda € \'V,
(prA)la=(pLa) A+ (=) oA (YL a).
(iii) Let £ € V be a unit vector and let T € /\1+l<: V with& N ™= 0. Then,

EN(TLLE) =T

Proof. Ad (i). Letw :=v1 A---ANvyand 5 € /\"71 V. Using the definition of the duality
product via the determinant,

<wLa, ,8> = <w, a/\5> = <vl/\---/\vn, a/\ﬁ>.
Expanding the determinant along the column corresponding to «, only the term with «

evaluated at v; and [ evaluated at the remaining vectors survives. Hence,

n

(wla, B) = Z(—l)i_1 (Vi) (Vi A== AT A= Aoy, B).

1=1
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Since this holds for all 3, part (i) follows.

Ad (ii). By multilinearity it suffices to take ¢ = v1 A -+ Avg and ¥ = Vg1 Ao A Vg
forovy,..., vk € V. Applying ) to o A = v1 A - -+ A vp4q gives

k
(go/\z/J)La:Z(—l)iila(vi)vl/\-~/\@-/\-~/\vk+l
i=1
k+l1 4
+ Z (—1)271 a(vi) VIA AN A Vk1-
i=k+1

By (i), the first sum equals (¢ L a) A 1. In the second sum, factor out ¢ = v A - -+ A vg;
each remaining sign satisfies (—1)"~! = (—=1)¥-(—=1)=*~1, so by (i) the second sum equals
(—=1)* ¢ A (1 L_ ). This shows (ii).
Ad (iii). Apply (i) with p ;==& € A\, V, ¢ := 7, and o := £* to see that

EAT)LE =@ELE)NAT—EN([TLE) =T —EA(TLE).

Here, for the second equality we used that £ L £* = £*(§) = (£,£) = 1 since £ is a unit

vector. The hypothesis £ A 7 = 0 makes the left-hand side vanish, so that (iii) follows by

rearranging. 0
The following is a useful technical fact:

Lemma38. Lett e \,V,oe \,Vanda € ANV.BeNV.ne NV

(i) Suppose that (w,a) = 0 for every w € spano. Then,
<7’/\U,a/\ﬁ> = <T,a> . <U,B>.
(ii) Suppose that T L spann. Then,

<T/\0,?7> =0.

Proof. We only show (i); the proof of (ii) is similar.
Let W :=span o, and let wy, . . ., w,, be a basis of W. We can write o as

o= § orwy,
I

where I = {iy,...,ix} ranges over all k-multi-indices of {1,...,m} and we have set
wr = w; A --- AN w;,. By linearity, it is sufficient to prove the claim when o = wy for
some k-multi-index I and without loss of generality we may assume that [ = {1,...,k}.
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Moreover, it suffices to consider 5 = 31 A --- A 3y, for some S1,...,8, € V*. We also
define, for notational simplicity wq := 7 and By := «. Then,

<T/\0',Oz/\,3> = <w0/\w1/\~-Awk,ﬁoA61A---/\ﬁk>
= det [(wi, 8;)], 207
= (wo, Bo) - [{wi, B)] 7
=(r,a) (0, 8),

where expanded the determinant on the first column (j = 0) and used the assumption that
<wi,a>:0f0rz’:1,...,k. O

Using the vector—covector duality one can then define the mass norm of £ € A,V and
the comass norm of € A* V via

€1l == sup{ [, m)] : ne A"V, In =1},
Inll = SUP{ [(&,m)| = €€ N\, V simple, unit}

Lemma 3.9. Forall{ € \,V and o € AV,
(i) [&| < ||€]], with equality if £ is simple,

(ii) [l < e

, with equality if o is simple.

Proof. The claims are trivial for £ = 0 and o = 0 respectively, so assume both are nonzero.

Ad (ii). Via the inner product we identify /\k V = A, V, so the comass norm reads

el = sup{ |(a, B)] : B € A"V, B simple, unit }.

Every simple unit /3 satisfies |(«, 5)| < |a| by Cauchy—Schwarz, so taking the supremum
yields ||af < |al. If a is simple, then 5 := «a/|a| is a simple unit competitor, giving
ll|| > || ~*(er, @) = ||, hence we obtain equality.

Ad (i). Let ap € N\¥V be the metric dual of £/¢], so that || = 1 and (£, ag) = |¢]. By

part (ii), ||ao|| < |ao| = 1, 50 a1 := ap/||ap|| satisfies ||a1|] = 1 and is a valid competitor
in the supremum defining |||, giving
€l > [{€.00)] = 1o > el
levol|

where the last inequality uses ||| < 1.
If € is simple, let & := &/|¢|, which is simple and unit. For every a € A"V with
||| = 1, the definition of the comass norm gives |(£1, )| < ||| = 1, and therefore

(& a)| = Il [(&r, )| < €.

Taking the supremum over all such « gives ||| < |£[, and combined with the inequality
above we obtain ||£]| = |]. O
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3.3 Differential forms

Let Q C R? be an open set (the ambient dimension d being fixed). As usual we denote
by C(Q) = C%(Q),C*(Q), k = 1,2,..., the spaces of continuous, bounded, and k-times
continuously differentiable functions with bounded derivatives. As norms on these spaces
we have

lullor = > 0%ullee,  weCHQ),  k=0,1,2,...,
<k

where ||+ ||« is the supremum norm. Here, the sum is over all multi-indices o € N¢ (N :=
N U {0}) with |o| := a1 + -+ + ag < k and

0% = 952 - 95

is the a-derivative operator.
We define the set C®(Q) = (72, C*(Q) of infinitely-often differentiable functions

(but this is not a Banach space anymore). A subscript “.” indicates that all functions u in
the respective function space (e.g. C2°(€2)) must have their support

suppu:={z€Q : u(x)#0}

compactly contained in 2 (so, supp u C {2 and supp u compact).

The space C2°(12), that is, the set of all ¢: 2 — R that are infinitely differentiable and
compactly supported, is called the space of test functions (on ). Denote further by D* ()
(k € NU{0}) the space of (smooth, compactly supported) differential k-forms, that is,

DH(Q) := CZ (2 A" RY),

where C2°(€2; W) contains all smooth maps that take values in the finite-dimensional normed
vector space W and that are compactly supported in 2. Since /\0 RY is identified with R,
we have that DY contains the smooth and compactly supported functions with values in R.
In addition to the vector space structure of D*(Q), we also define the wedge product of
two differential forms: For w € D¥(Q2), n € D'(Q), we define w A n € DFH(Q) by setting

(wAn)(x) :=w(xz) An(x), x €.

One can think of a differential k-form w as specifying a way to measure the size of
k-dimensional objects at any point of the ambient space. For instance, if we follow our
intuition that a simple k-vector { = vy A --- Avp € A\, R? specifies the k-dimensional
parallelotope spanned by the vectors v1, . .., vk, then pairing it with the k-covector w(x) €
A" R via the duality pairing (£, w(z)) yields a real number, which one may interpret as the
“oriented volume” assigned to £ (or, more precisely, the k-parallelotope associated with &)
at z. In particular, let £ = A\§; € A\, R? for & = ey A --- A e, where we have denoted
the canonical basis vectors in R? by e, . . ., 4. Denoting by dz', . .., dz? are the canonical
basis elements in /\1 R? (so that (e;, da’) = ij),

(&,dz" A Ada®)y = Aer Ao Aeg,dat A AdaR) =
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is the standard volume of the parallelotope specified by &.

The exterior differential of w € D*(Q) is denoted by dw € D*+1(Q2) and defined as
follows: For a 0-form f € D°(Q) = C(9), we set
f 8f

Here, one should think of d2/ as the map that takes a (1-)vector and yields its j’s component
(recall that we are in the ambient space R? here and have canonical coordinates). For a k-
form w € DF () that can be written as w = f dzt A--- Ada* for f € C°(Q) and indices
i1, 0k €{1,...,d}, we set

dw := df/\d:vil A Adat®

df—

If w € DF(Q) is not of the above simple form, then it is a linear combination of such simple
forms (by the definition of k-covectors, the dz® A --- A dz’* form a basis of /\k R%) and
we extend this definition by linearity, e.g., for w = w; + wy with wi,wy € DF(Q) simple,
we set dw := dw; + dws, and so on. One can show easily that this definition is indeed
well-defined.

It is somewhat difficult to interpret the exterior differential. In fact, this interpretation is
best done in the context of Stokes’s theorem in the next section. Let us just remark that the
exterior differential of a O-form (a function) corresponds to a gradient, the exterior differ-
ential of a (d — 1)-form corresponds to a divergence and the exterior differential of a 1-form
in three ambient dimensions corresponds to a curl. In this way, the usual Vector Analysis
operations are contained in the exterior calculus, which, however, is more systematic. For
instance, we have only one Leibniz rule in the following lemma, and not a confusingly large
number of identities for the Vector Analysis operations.

Lemma 3.10. The exterior differential is linear and the Leibniz rule holds for w € D*(Q),
n € DQ):

d(wAn) =dwAn+ (=1)FwAdn.

Proof. The linearity is obvious, so let us only show the Leibniz rule: By linearity it suffices
to consider the case where w = fda' A --- Ada* and n = gdadt A --- A da?! for
f,g € CX(R) and indices i1, . .., ik, ji,...,J € {1,...,d}. Then,

d(wAn) =d(fg) Adzt A Ada™ Adzdt A--- Ada?t
:Z of
— \ Oz’

of
2

g%) dzt Adz™ A Ada Ada?t A - A dadt
T

def Adz™ A A dxi’“] A7

+w A [ Z gjz dzt A dzt A -/\d:cjl]

=dwAn+ (=1)* w/\dn7
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where the factor (—1)* originates from the operation of pushing dz’ through every one of
the dz, ..., da’*. ]

One crucial property of the exterior differential is its nilpotence:
Proposition 3.11. For w € D*(Q) it holds that d>w = d(dw) = 0.

Proof. Assume that w = fda' A --- A da'* for f € CP(Q) and indices i1,...,i; €
{1,...,d}. Then,

deZZ 0 <8f> dzd Adzt Adat A - A dz*

7 8z \ 8z
- 0 ﬁ _i of g J i1 i
_;[axi(&d) ama‘(axiﬂ da’ Ada? Ada' A Ada
—0

since for smooth maps second derivatives commute. The case of general forms follows by
a decomposition into simple forms and the linearity. O

We call a k-formw € D¥(12) closed if dw = 0 and exact if w = ds for some “potential”
¢ € D¥=1(Q). By the previous proposition, exact forms are closed, but the converse does
not hold. Quantifying the difference is the content of Cohomology Theory. However, for
simply connected sets €2, it is true that closed forms are also exact by Poincaré’s lemma.

Let 6:  — ' be a smooth map between open sets 2 C R, ' ¢ R™ that is proper,
meaning that preimages of compact sets are themselves compact. Let w € D*(Q’). Then,
the pullback of w under @ is the k-form 6*w € D*(Q) defined at » € R? via

(& (0" w)(x)) = (DO(x)[¢],w(b(2))), €€ AR

Here, DO(z) = \" D6(x) denotes the extension of the differential Df(z)[v] := VO(z)v to
k-vectors, that is, if £ = v1 A - -+ A vg, then

DO(2)[§] = DO(x)[v] A --- ADF(x)[vr].

Note that the pullback #*w as defined above is indeed a smooth, compactly supported dif-
ferential k-form on 2 by the smoothness and properness of § (without the properness the
above definition may not be sensible since w o 6 may then not have compact support).

Lemma 3.12. Let 0: Q — ' be a smooth and proper map between open sets Q C RY,
Q' C R™, and let w € D*(Q). Then,

d(0"w) = 0% (dw).
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Proof. Let first treat the case £ = 0, in which 6*w = w o #. Then, for all z € 2 and all
veR? A R4,

(v,d(0*w)(z)) = V(w o 0)
)

showing the claim for k = 0.
Next, if k = 1 and w = di) for ¢p € D°(RY), then

d(0"w) = d(0"(dy)) = d*(0"y) = 0 = 6" (d*y) = 0"(d¥),

where we have used the case £ = 0 and Proposition
For the general case, we use the linearity and the Leibniz rule from Lemma to
reduce to the above two cases by induction (details as exercise). ]

3.4 Stokes’s theorem

Roughly, Stokes theorem states that the exterior differential is dual to taking the (oriented)
boundary of a set. We will consider a version that is less than the most general one (which
involves manifolds), but which will give a good intuition about the central claim. The
boundary operator of currents will later yield a far-reaching generalization.

For k € N, let R C R* be a k-box, that is,

R = [al,bl] X oo X [ak,bk],

where a;,b; € R with a; < b; for: = 1,..., k. Then, we can define the integral of a
k-form w € D¥(R¥) over R via

[o= [ wm [fonne honato) s

The notation “@ R” expresses that we have picked the “positive orientation” of R by pairing
w(z) with the d-vector e; A - - - Aeg. We could have also chosen the k-vector —ej A -+ - Aeg
(note that these two are the only unit k-vectors in R¥). In this case we write

/@Rw::_/R<el/\”'/\ek7w($)>d$,

We can extend this definition to the integral of a (k — 1)-form on a (closed) (k — 1)-box
R =la1,b1] x - x [aj—1,bi—1] X {c} X [ait1,bip1] X - -+ X [ag, by],

with a;, b; € R with a; < b; fori =1,. , — 1,44+ 1,...,k and ¢ € R, as follows: For a
(k — 1)-form w € D*~1(R¥) define

/w—/ w —/ et A Aeimt Aeipr A Aeg,w(a)) dHFH(2)
®R
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and
/ W= — / <e1 N ANe_1 ANejp1 A A ek,w(x)> d/Hkil($),
SR R

which is to be understood as the integral with respect to #*~! | R. Note that in the case
k = 1, the above integrals are point-evaluations.

The symbols “@®”, “S” can be used to form chains of boxes by linearity: For two k- or
(k — 1)-boxes Ry, Ry and a corresponding form w we set

/ w::/w—l—/w, / w::/w+/ w:/w—/w,
R1®R2 Ry Ro R16R2 Ry SRz Ry Ry

and so on.

Letnow F': U — R?be a smooth and proper (but not necessarily injective!) map, where
U c R¥ is open. For a k- or (k — 1)-box R C U and w € D*(R?) (if R is top-dimensional)
or w € DF1(RY) (if R is codimension-1), we set

/ w::/F*w.
«R R

Here, F.R := F(R) is called the pushforward of R under F'. This definition extends to
chains by (formal) linearity: For boxes R;, Ro as before, we set

F.[R1®R2] F. Ry FiRo F.[R1SR2] FiRy F« Ry

and so on. Formally, we can then define chains of pushforwards via Fy[R; & Rs] =
F.R1 ® F,Ro, F*[Rl &) RQ] = FyR1 © F,Rs, etc.

For a k-box R = [a1,b1] X -+ X [ak, bx] we can define an (oriented) boundary as
follows:
OR:=Pe (R oR;) =P 'R} @ (8'R;).
i=1 i=1
where
Ry = [a1,b1] X - [ai—1,bi-1] X {a;} X [ait1,bip1] X -+ X [ag, bg],

R = la1,b1] x - [ai—1,bi—1] X {b;} X [a;+1,bit1] X -+ X [ag, bg],

and the powers of “©” are defined as follows:
; @ ifiiseven,
o =
© ifiis odd.

Note that this extends the definition of the classical (topological) boundary of R to a suitably
oriented chain of (k — 1)-boxes. This orientation is called the induced orientation.
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Example 3.13. If £ = 1 and R = [a, b], then OR = {b} & {a}.
Example 3.14. If £ = 2 and R = [ay, b1] X [ag, ba], then
OR = ({b1} x [az,b2]) © ({a1} X [a2, b2]) © ([a1, br] X {b2}) & ([a1, b1] x {az}).

Also the notion of boundary extends to pushforwards: Let F': U — R? be a smooth and
proper map, where 2 C R* is open. For a k-box R C U we set

d
O(F.R) := P o' (PR} © FLR;) = F.(0R),
=1

where we interpret Rzi to lie in their own copies of R¥~1.

Comparing the relation 9(F,R) = F,(OR), which holds by definition, with the rela-
tion d(F*w) = F*(dw), proved in Lemma hints at a duality between the exterior
differential and the oriented boundary. This duality is the content of the Stokes theorem:

Theorem 3.15 (Stokes). Let R be a k-box in RF and let F: U — R? be smooth and
proper, where U O R is open. Then, for any w € D*¥=1(V), where V. > F(U) is open, it
holds that

/ dw = / w.
R O(F\R)

Proof. Tt suffices to show that for all € D*~1(R¥) it holds that

/ dn = / 0. 3.1)
R OR

Then, using Lemma (3.12]

/ dw:/F*(dw):/d(F*w):/ F*w:/ w:/ w
F.R R R OR F*(OR) O(F:R)

and the claim of the theorem follows.
To establish (3.1) we write

k
i=1
where 7; € C°(RF) fori =1,...,k, and

det :=dz' A - Ada P Ad T A A de

This is always possible since the (k — 1)-covectors cfa?i, i=1,...,k span A" ' RF (exer-
cise). By linearity we need only to show

/ d[m dat] = / i da (3.2)
R OR
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foralli =1,...,k. For this, we compute
T on; j 1 i—1 i+1 k
d[n; dat] = 6jdac]/\dx A AdZTEAdE T A - A de
€
J
_ on; dat A dael i—1 i+1 k
= o  Adx* A Ade T AdeTTT A Ada
L on
_ —19Mi k
=(-1) awidar:z/\'-%\da:.

Assume that R = [a1,b1] X - -+ X [ag, b]. Then, using the definition of the integral over a
box and Fubini’s theorem,

[ alm

= (-1)"! O (ey A+ Aeg,dz’ A+ Ada¥) da

R &rl
bi Op. Lo~
= (—1)’1/ 77; dz' da?
[a1,b1]x[a;—1,bi—1] X [ai+1,big1] XX [ak,bk] S a; Ox
— (_1)1'71 </ i de*l _/ i del)
RF R;
= / i da,
oi-Y(R}OR])
where we have abbreviated dzt :— d(zt,..., o= g+ :pk’) (here just in the sense of

integration in R¥~1). On the other hand, for j # i, we write
eji=er A Aej_1 Aejpr A Aeg

and observe

/Rim(i;i:/Rim <€],(I.;l> dr =0

J J

since (€}, &9;1) = 0 for i # j. Thus, by the definition of the boundary of a box, we obtain

/d[md/;i] 2/ 771'(1/3}':/ i dzi.
R oi-Y(RfeR;) OR

Thus, (3.2) holds, which implies (3.1)), and then the claim of the theorem. O

3.5 Lie derivative

Suppose that v: R¢ — R? is a Lipschitz and globally bounded (time-independent) vector
field. It is a classical result from the theory of ODEs that there exists a unique flow of v,
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that is, a family of maps ®: R'*? — R? such that

O pt ) = v(@(t.2)), (10) R
®(0,x) ==z, z € R

We will often write ®(x) := ®(¢,z) for t € R. The following proposition collects some
well-known facts:

Proposition 3.16. Ler v: R* — R% is a Lipschitz and globally bounded. Then:
(i) Foreacht € R, the map ®': R* — R% is Lipschitz.
(ii) For everyt € R the map ® is invertible and (®*)~! = &,

(iii) The family (®');cr forms a group under composition, that is,

Plod® = =50 ®  foralls,t €R. (3.3)

(iv) Ifv € C®(R%;R?) is smooth, then for everyt € R the map ®' is a C*®-diffeomorphism
and the map t — ®' is Lipschitz with values in C*(R%; R%).

Proof. All these statements follow from the classical Cauchy-Lipschitz theory, see, for
instance Chapter 9 of [24]. O]

We also define the extended flow ®: R'*¢ — R given by
B(t0) = (1,042), () € R,

for which

3ty = (1, (@) My) = (L), (ty) e RV

Lemma 3.17. Let v: R — R% is a Lipschitz and globally bounded. Then:
(i) DO (z)[v(z)] = v(®!()) for every (t,x) € R1F4;
(ii) DB (s,9)[(1,v(y))] = (1,0) for every (s,y) € RI*;
(iii) DO(t,2)[(1,0)] = (1,v(®!(x))) for every (t,x) € RIH2

Here, in vectors like (1,0) the “0” is understood as the zero vector in R? and thus
(1,0) € R+,
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Proof. We only show (i); the proofs of (ii) and (iii) follow a similar pattern. Denote by
Lip(v) the Lipschitz constant of v. For any (¢,z) € R'™¢ we estimate

h
h —x—hv(z)| = V(@7 (x)) —v(x) dr
|©"(z) — 2 — ho(a)| A(@H)()d

h
T — v(®%(x T
sﬁw@u» (8 ()| d

< Lip(v) - h- sup ’@T(x) - <I)0(x)‘
0<r<h

< Lip(v) - h- sup
0<r<h

/OTU@U(Q;)) do

)

whence
|<I>h(x) —r— Iw(m)| < Lip(v)||v||sch?.
Combining this with the group law and the Lipschitz continuity of ®, see Proposition [3.16]

|<I>t(ac + hv(z)) — <I>t+h(x)’ = |<I>t(x + hv(x)) — <I>t(<1)h(x))|
< Lip(®') |z + hv(z) — ‘IDh(x)}
< Lip(®")Lip(v) [ v]|och®.

Thus,
t h
i 2@+ ho(2)) - TR (z)
h—0 h
So,
t &t
D! (2)[u()] = Jim LTI = V)
¢ B .
i | 2t (@) — oM (2) 4 O () — O ()
h—0 h A
_ dgy
=52
= v(®(x)),
which is the claim (i). .

We can now use the flow map to define a sort of “directional derivative” of a differential
form: The Lie derivative of a smooth k-form w € DF(R?) with respect to the smooth
vector field v € C>(R%; RY) is the smooth k-form

h*y — w
pw = lim ————. 4
Low =l = 34)
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This is understood to mean that for every n € A, R? and every x € RY,

(0. (L) (@) = lim 7 [(n, (8"*w)(2)) — (n,w(2)]

h—0 h

exists. Here we recall that (®!)*w is the pullback of w under ®°, that is,

(n, (@"w)(z)) = (D" (z)[n], w(®" ())).

It is straightforward to see that the so-defined £,w is indeed a smooth k-form on R%. One
should understand £,w as a “directional derivative” of w along the flow of v. In particular,
for f € DO(R?) ~ C(R?), we have

f(@"(@)) — f(2)
h

The Lie derivative also satisfies a Leibniz rule:

(Lof)() = lim = 2 f) (35)
Lemma 3.18. Let o € D¥(R?), 3 € D'(R?) and let v € C>*(R%; R%). Then,
Lo(aNB)=(Lya) AB+an (L,B).
Proof. Since ®"*(a A B) = (®"*a) A (®"*3), we compute
™" (aNB)—anpB= (") A (BB —aAB
= (& a — a) A (®™B) + a A ("3 — B).
Thus,
P (anB)—anp

Ly(aAB) = lim

h—0 h
(bh* _ (I)h* (I)h* _
:lim( @) A m-l—lima/\( p B)
h—0 h h—0 h

Since ®"*3 — [ smoothly as h — 0, the first limit gives (£,a) A 3, and the second gives
a A (LyB). O

The Lie derivative can be expressed in a more useful way using the interior product
ndae N FVofne N,V and a € A'V (V a finite-dimensional space) with k < |
(read “_J” as “into”’), which is defined via

(o,n Ja):= (o An,a), oge N,V (3.6)

This operation is somewhat similar to the restriction “L_"" defined in Section but whereas
the restriction modifies a multi-vector with a multi-covector, here it is the other way around.

For a k-covector @ € /\k V and a 1-vector v € /\; V we define the contraction (in
analogy to what is usually done in differential geometry, see, e.g., [24]) as

wa = (=1)Fv _Jae A1y, (3.7)
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with ¢, := 0 if £ = 0 (since there no (—1)-forms). The contraction satisfies
<7], Lva> = <v AT, a>, ne NV (3.8)
and, with 8 € /\l V,

(A B) = (twa) A B+ (—1)F a A (tB), (3.9)

which both follow in an elementary way from the properties of the wedge product.
The following formula is a central result in the theory of differential forms. It expresses
the Lie derivative without resorting to a limit procedure.

Proposition 3.19 (Cartan’s Magic Formula). For w € D*(RY) and v € C*(R%;R?) it
holds that

Lyw = d(tyw) + ty(dw). (3.10)

This result is well-known and can be found in many texts on differential geometry, see,
for instance, Theorem 14.35 in [24]). For the sake of completeness, and because it will be of
crucial importance when we define the Lie derivative of currents, we give a complete proof.

Proof. We prove (3.10) by induction on the degree k.

Anchor k = 0. Let f € DY(R?) = C>(R?) be a smooth function. Then, ¢,,f = 0 and so,
using (38) with n = 1 € AR as well as (3:3), gives

<1ad(bvf) + Lv(df)> = <U> df> = %f = Lyf,

establishing the induction anchor.

Inductive step (k — 1) — k. Let k > 1 and suppose (3.10) holds for all smooth (k — 1)-
forms. By Lemma [3.18]and (3.9)), and since all operators involved are linear, it suffices to
verify (B.10) for w = du A 3, where u € C>°(R%) and B8 € D*~1(R9).

Using Lemma|[3.18] the induction anchor case in the form £, (du) = d(Lyu) = d(dyu)
(with J,u the derivative of v in direction v), as well as the induction hypothesis applied to
the (k — 1)-form [, we calculate

Lo(du A B) = (Lydu) A B+ du A (L,5)
= d(Oyu) A B+ du A (d(eefB) + to(dB)). (3.11)

On the other hand, by Lemma [3.10} Lemma [3.11] and (3.9) (and where we consider d to
bind stronger than ¢,,),

d(ty(du A B))

d((todu) A B — du A ()
d((9vu) B = du A (1))
d(Qvu) A B + (Fyu) dB + du A d(wf).
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Moreover, by similar arguments, we obtain

Lo(d(du A B)) = —ty(du A dp)
= —(tpdu) AdB 4 du A (1, dB)
= —(Oyu) dB + du A (1,dB).

Combining these computations,
d(ep(du A B)) + tp(d(du A B)) = d(Opu) A B+ du A d(ey3) + du A (1, df),

which agrees with (3.11)). This completes the inductive step and hence the proof. O

3.6 Hodge duality

In the vector space RY, equipped with the usual Euclidean inner product, we will now
consider an operation that gives the orthogonal (oriented) (n — k)-plane defined by a given
k-vector.

For a k-vector n € A\, RY, we define the Hodge dual x € A, _, R" as the unique
vector satisfying, with E :=e; A--- Aep,

ENsn=(§n)E

forall £ € A, R™. The existence and uniqueness of 1 here follows from the fact that the
map

(6:0) € (ARY) x (Ay_iRY) = F(6,0) €R,

defined by £ A ¢ = f(§, () E is non-degenerate (note that the only N-vectors are +E),
meaning that f(, ) and f(-,() are non-zero linear maps for any &, ¢ (this is elementary
to see). On the other hand, the map & — (&, 7) defines a linear functional on A, RY for
any fixed n € A\, R™V. Hence, by a version of the Riesz representation theorem for bilinear
forms, there is a unique element ¢, € A y_, RY such f(&,¢,) = (€,n) forall ¢ € A, RY.
Then set %7 := (.

For k-covectors o € /\k R we may use the same formula to define xa € A
with e; A - - - Ae, replaced by dz! A --- Adz™. All of the following properties also hold for
the Hodge star applies to k-covectors.

In the special case n = 3 we also have the following geometric interpretation of the
Hodge dual of a 2-vector: For n € A,R3, its dual x7 is an (oriented) normal vector to
any 2-dimensional hyperplane with orientation 7. The orientation is given by the right-hand
rule. Note that no similar representation of a 2-plane by a normal vector holds in R* since
the Hodge dual of a 2-vector in R* is again a 2-vector!

The following result collects some properties of the Hodge star:

N—k RN

Lemma 3.20. The following rules hold:
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(i) Foranyk € {0,..., N} it holds that
*x(ep A ANeg) =egr1 A---Aen
and

*(eppr A Aeny) = (=1)FV=Rep A Aey).

(ii) The Hodge star is an isometry, that is, (x&,*n) = (£,n) for all &,n € N RYN. In
particular, |x§| = ||

(iii) The inverse of the Hodge star is given as

Proof. Ad (i). Since the Hodge dual is unique, the first formula follows directly from the
definition.

For the second formula, we set ey :=er N Neg and 1 := eg11 A - Aen. Then,
by counting how many times the sign switches as we exchange vectors,

nAew = (=) P epy An=(~1)FVPE,
In particular,
n A [(—1)k(N_k)e<k>] = E.

This means that xn = (—1)¥&V _k)e<k> because any (N — k)-vector & can be extended by
using the canonical basis of A\, RY as (£,7) 7 plus simple (N — k)-vectors that have one
(or more) vectors in common with £ and hence wedge to zero with it. Thus,

EN (=DM Rey] = (€M E
for all ¢ € A\, RY, whereby the claim holds.
Ad (ii). We have
(k&2 E = (=1)* N F s Ap = n Ak = (n,€) E,
from which the claim already follows.
Ad (iii). For any £, € A\, RY we compute, using (ii),
(&M E = (x&,4n) E = #& Aoxnp = (= 1) oy A xg = (=1)" VP (00, €) E.
Since € is arbitrary, this implies the claim. 0

In R3, the wedge product has a close relationship with the vector cross product, namely:
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Lemma 3.21. Fora,b € \; R® 2R3 the identities
*(axb)=aAb, *(aAb)=axb
hold, where “X” denotes the classical vector cross product in R3.

Proof. For any v € R® ~ A\; R3, the triple product v - (a x b) is equal to the determinant
det(v, a,b) of matrix with columns v, a, b, and so

vAx(axb)=v-(axb)er Nea ANeg = det(v,a,b)e; Nea Aes =v A (aAD).

Hence, the first identity follows. The second identity follows by applying x on both sides
and using x~! = x via Lemma (iii) for N =3 and k = 1). ]

The transformation rules for the Hodge star in R under linear transformations are given
in the following lemma:

Lemma 3.22. Let L: R> — R3 be an invertible linear map, which is identified with its
matrix representation L € R3%3. For n e /\2 R3, and v € R3, the transformation rules

*(Ln) = (det L) L™T(%n) (3.12)
and

*(Lv) = (det L) L™ T (xv)
hold.
Proof. Concerning the first claim, for every £ € A, R? it holds that

€ Ax(Ln) = (&, Ln) E = (LT&m) E = (LT€) Axn = £ A[(det L) L (xn)],
where in the last equality we used that

L7 T¢ = (det L)~ ¢

forany ¢ € 4 R3 (all of which are of the form AE for A € R). Thus, (3.12)) follows.
For the second claim one argues in a similar way, using also that x 1 = x. O

More geometrically, in three dimensions, we will denote by [v A w] the hyperplane
(through the origin) with orientation and weighting given by v Aw € A, R3. Its (weighted)
normal is denoted by

*[v Aw] :==*(v Aw) =v X w.

One advantage of this description is that it makes it easy to transform planes between differ-
ent frames (an operation we will have to perform many times in the sequel): If the transfor-
mation matrix for vectors is R € GL™(3), then vectors transform via the relation v — Rv.
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Applying this to the wedge product v A w gives R(v A w) = Gv A Gw, so the transformed
plane is R, [v Aw] := [Rv A Rw]. We may compute from the definition that for n := v Aw
the Hodge dual xR satisfies, for every £ € A\, R3,

EANxRy = (¢, Rn)E = (RT¢,n)E = (RT¢) Axn = EA[(det R) R T,

where in the last equality we used that R~ T¢ = (det R)~*( forany ¢ € A3 R (all of which
are of the form AE for A € R). For the weighted normal to the transformed plane R, [v A w]
we get

*(R.[v Aw]) = (det R) R™Tx[v Aw] = (det R) R™T (v x w)

Note that these formulas express the transformation rules for normals to planes.






Chapter 4

Currents

Currents are generalizations of orientable surfaces, “density fields” of surfaces, as well as
much more pathological structures. Technically, they are defined as the dual objects to
(smooth, compactly supported) differential forms by abstract pairing, which one may think
of as the “integration” of the differential form over the current. This is in complete analogy
to the theory of distributions, which are defined dual to smooth and compactly supported
functions. We also discuss boundaries, mass as well as various operations on currents.

4.1 Currents via duality

We first need to specify the topological (not just vector space) dual to D*(Q2) (2 ¢ R?
an open set), which requires the following definition: A sequence (w;); C Dk () is said
to converge to zero in D*(Q), in symbols “w; — 0 in D¥(Q)”, if there is a compact set
K C Q such that suppw; C K forall j € N and ||0®wj|l«c — 0as j — oo for all
multi-indices v € N&. We say that (w;); C D*(£2) converges to w € D*(12), in symbols
wj — win D¥(Q), if wj —w — 01in D¥(Q). Tt is an exercise to see that this convergence is
not induced by a metric.

A k-current on an open set Q C R? is a linear map T': D¥(2) — R with the property
that for every compact set K C (2 there is a constant C = C(K) > 0 and an integer
N = N(K) € N such that

(T,w)| < C ) 10°w]lso 4.1)

la]<N

for all w € DF(Q) with suppw C K. Here, (T,w) = T(w) is the application of the linear
map 7T on w and 0w is the a-derivative of w when considered as a function with values in
the linear space A" R%. We collect all k-currents on €2 into the set Dj(2), which is a vector
space over R under addition and scalar multiplication.

Currents can also be characterized as those linear maps on D¥ () that are continuous
with respect to convergence (to zero) in D*(Q):

Lemmad4.1. Let T: D*(Q) — C be a linear map. Then, the following are equivalent:

77
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(i) T € Dy(2);
(ii) for every sequence w; — 0 in D¥(Q) it holds that (T, w;) — 0;
(iii) for every sequence w; — w in D () it holds that (T, w;) — (T, w).

Proof. Since the equivalence between (ii) and (iii) is obvious, we only need to show that (i)
implies (ii) and that (ii) implies (i).

If T € Dy(Q) and w; — 0 in DF(12), then by (@1I)) there isan N € Ny anda C > 0
such that

(T,wi)] <C D 0°wjllee = 0

lo|<N

as j — oo, where we have used the definition of the convergence w; — 0 in DE(Q).

For the other direction, let 7: D*(Q2) — C be linear and such that for every sequence
w; — 0 in D¥() it holds that (T,w;) — 0. Arguing by contradiction, we assume that
T ¢ D(2). So, there exists a compact set K C ) with the property that for all N € Ny
there is a wy € D*(Q) \ {0} with suppwy C K and

(Town)] 2 N D [[0%wn oo

|| <N
Set
WN
YN = ;
NZMSN”a%JN”oo
so that
(T, yn)| > 1. 4.2)

On the other hand, for every multi-index 5 € Né,

1 107wl

L D SR I,

— 0,

hence 1 — 0 in D¥(Q). By our assumption on 7', we have |(T,¢y)| — 0, contradict-

ing @2). O

For T' € Dy () we define the support as
suppT := ﬂ { F C Qrelatively closed : (T,w) =0 forallw € DF(Q\ F) }

The support of T is always a relatively closed subset of (2.
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Example 4.2. Let R be a k-box. Then, we can associate a k-current [R] € Dy (RF) with
R by setting

([R],w) ::/w, w € DF(RF).
R
The support of [R] is supp[R] = R. For the oppositely-oriented box, we define
[eR] := —[RI,

which is consistent with the earlier definition of “ f o R”.

Example 4.3. We can immediately extend the previous definition to chains of k-boxes by
setting, for k-boxes R1, Ry in R¥,

[B1 & Ro] := [Ra] + [R2], [F1 © Ro] = [Ra] — [R2],

and so on.

Example 4.4. Also k-dimensional oriented manifolds M that are embedded in R? can be
considered as currents [M] € Dy (R?) by setting

([M],w) == /Mw, w € DF(RY).

For a k-current [R] or [F.R] as defined before and A € R, we say that the k-current
A[R] has multiplicity ).

Example 4.5. LetQ := (—1/2,1/2) C R? be the unit square in R?. One can check easily
that Ty := e;£? L Q and T := e1dy are both 1-currents in Q, i.e., Ty, T € D1(Q). This
shows that the (Hausdorff-)dimension of the support (supp 71 = @, supp 7> = {0}) does
not have to agree with the “geometric”” dimension k. Later, when we will restrict to special
classes of currents, we will restore this correspondence.

4.2 Boundaries

Define the boundary of a k-current T’ € Dy, (R?), where now k > 1, as the (k — 1)-current
OT € Dy_1(R?) determined via

<8T,w> = <T, dw>, w E Dk_l(Rd).
For a O-current T' € Dy(R?), we formally set 9T := 0. By Proposition , we have that
9?T = 9(aT) = 0.

Example 4.6. In the same way as in Examples one may consider the (k — 1)-
current [Q] associated to a (k — 1)-box Q in R¥. In particular, for a k-box R, [Ri] can be
defined in such a way and we obtain

d d
[oR] = NEB & \(Rf © Rl-)]] = S -0 IR - (B D)-

i=1 i=1
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An important observation is now that, by Stokes’s Theorem this in fact agrees with
the boundary of [R] in the sense of currents: For any w € D¥~1(R¥) we have

<6[[R]],w>:<[[Rﬂ,dw>:/Rdw:/aRw:<[[8R]],w>.

Hence, O[R]] = [OR]. In this way, we see that the boundary operation for currents has the
correct geometric meaning, at least for boxes.

Example 4.7. Let R be a k-box in R* and let F': U — R? be smooth and proper, where
U D Ris open. Then, also F, R corresponds to a current [F,R] € Dy (R?) given by

([FyR],w) ::/ w= / F*w, w € DF(RY).
Once again we obtain from Stokes’s theorem that
OIF.R] = [0(FxR)] = [F.(OR)].

Example 4.8. For amap g € L'(R?), we can define the d-current T = gej A --- A eg LY
via

(T,w) := /Rd<e1 A Neg,w(z)) g(x) d, w € DYRY).

In order to compute the boundary 9T of this top-dimensional current 7T, let w € D4 1(RY)
be of the form

d
w:Zwidmi, w; € C(RY).
i=1

By definition, and a similar computation as the one after (3.2) in the proof of Stokes’s
theorem,

<8T,w> = <T,dw>
=(T Z(—l)iil% dzt Ao A da?
’ - ot
_ _1yi-1 Ow; )
= ZZ:( 1) /Rd i Y dz.

If we further assume that g is continuously differentiable with integrable partial derivatives,
then we may integrate by parts to arrive at

_ if .9
(0T, w) = ;(—1) /Rd Wit g dz.
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Example 4.9. In a similar way to the previous example, one may associate to a map G =
(GY,...,G% € L}(R%R%) a 1-current

T:= ZGZ €,
that is, for w = 3, w; dz® € DY(RY),

<T,w> = Z G- w; de.

d
i R

For its boundary we compute, if G € C!(R% R?), as follows: For w € D°(R?) we have
dw =", 22 dz and hence

i Oxt

; Ow B )
<8T,w>:<T,dw>:; RdG go dm——/RddlvG-wdx.

Thus,
oT = —divd.

Note however, that the boundary of 7" is defined even if GG is only integrable (and not nec-
essarily differentiable). In this case, we may consider —07T as a “weak divergence” of G.

Example 4.10. Recall the definition of the Cantor set C', in Example as well as the
definition of the sets C; used in the construction of C. Set for ¢ € R,

fit) = /Ot@)] c,(s) ds,

and define the linear and continuous functional L;: C{(R) — R via

1
(L, ) :=/0 fi®)e(t) dt, o e Cy(R).

It is not difficult to see that the sequence (f;); is Cauchy in C(R) and thus converges to a
continuous and monotone map fc € C(R), the Cantor function. Since, for ¢ € Cy(R),

1
(Lj )] < HSOHOO/O (@) dt = [lplloc f5(1) = [[#llso

the L; are uniformly bounded in the dual space to Co(R). Thus, we have L; = L in Co(R)*
for some functional L. By the Riesz Representation Theorem there exists a measure
pe € M(R) with

(L) = / o(t) dc(t).
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In fact, using the self-similarity property of the Cantor set C'»,, one can show (exercise) that

1 In2

On the other hand, using an integration by parts,

1 1
(Ljvg) = /0 £ () i — — /0 fe (1) dt.

for any ¢ € C2°(R). Thus, for such ¢,

1
| et dt = [ o0 duco.
0
If we consider the 1-current ¢ := fc e L1 € Dy (R) we obtain from Example 4.8 that
JTc = —pc € Do(R).

In particular, even though a current may be carried by a rectifiable set (here, [0, 00)), this
does not imply that also the current’s boundary is carried by a rectifiable set (here, the
Cantor set Cso).

The boundary also satisfies a Leibniz formula:

Lemma 4.11. For any T € Dy(R%), for any w € D'(R?), the Leibniz rule holds in the
form

AT w)=(-1OT)_w-TL dw].

In particular, for any f € Cgo(Rd), the Leibniz rule holds in the form
O(fT) = foTr —T L df.

Proof. Letn € D¥(RY) be a test form. By the Leibniz rule for exterior forms (Lemma[3.10),
(-D)'wAdy=dwAn) —dwAn.

Therefore, using also the definition of 7" and of restriction,

(-D)XT,wAdn) =(T,d(wAn)) = (T,dw An)
={((0T) L w, n) — (T dw, 7).

So,
(O(T L w),n) =(T,wAdn) = (—1)l<(aT) Lw—TL dw, n).

Since n was arbitrary, this gives the sought formula.
For the special case w = f € C(R?) (a 0-form, so I = 0), the specialized formula
follows since T'L_ f = fT and (0T) L f = fOT. O
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4.3 Mass and Radon—-Nikodym decomposition

The mass of a current 7' € Dy (£2) in an open set U C (2 is defined to be
My (T) :=sup{ (T,w) : w € D), |jw] <1 }.

We simply write M(T") for Mq(T).

Proposition 4.12. [IfT € Dy () has finite mass, i.e., M(T) < oo, then T is representable
by integration: There is a measure ||T| € M™(Q) and a ||T||-measurable map T': Q —
Ny R? such that “T = T ||T||”, that is,

(T,w) = /Rd<f(a:),w(x)> dIT)(z),  weDH).

T(x)|| = 1 for ||T||-almost every x, and M(T) = || T ().

Moreover,

The measure || T is called the total variation measure of 7 and 7 is called the ori-
enting map. The resulting decomposition 7' = T ||T'||, if it exists, is often called the
Radon-Nikodym decomposition of a current.

Proof. Consider the O-current T € Dy(2), with a set of indices 1 < iy < -+ < i <
d, given by

(T o) o= (T, pda™ A--- Ada'®), e D(Q) = CX().
As M(T') < oo, we have that
(TP, )| < M(T) oo

Hence, T+ lies in the dual space to C°(Q2) and then also in the dual space to Cq(£2)
since the bound above is uniform in the support of ¢ and only depends on ||¢|/~. By the
Riesz Representation Theorem|I.4]there is a measure z't%* € M*(Q) with

<Ti1""’ik,g0> _ /QSD dﬂil""’iky pE CSO(Q)

Then, decomposing an arbitrary differential form w € D¥(Q) as

w= E G,y ATt A A da'E,
1<iy <<, <d

it follows that

_ ) L. R ST 7
T = E e N A e, .
1< <<, <d
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Setting

W= Z Iun,...,ik c M-I—(Q)

1<y < <ip<d

we see from the Radon-Nikodym Theorem [I.14] that 7" = Vi with a p-measurable map
V:Q — A,R?\ {0}. With T := |V||"'V and ||T| := ||V||p we conclude that T =
T|7].

It is straightforward to see that M(7T") < |T']|(€2). The other direction follows by
choosing w(z) such that approximately <f(x), w(x)) = 1 ||T||-almost everywhere and a
smoothing argument (see below); we leave the details as an exercise. O

Example 4.13. If T} € Dy, (R%), Ty € Dy, (R92) with M(T}), M(T,) < oco. Then,
M(T1 X Tg) < M(Tl) . M(Tg).

As convergence for currents we use the weak™ convergence, i.e., we say that a sequence
(T}); € Dr(R?) converges weakly* to T € Dy, (RY), in symbols “T; = T7, if

(Tj,w) — (T,w)  forallw € D¥(RY).
Note that it follows directly from the definition that if 77 X T, then also oT; 50T
Example 4.14. In Example .10|we have already shown that
Tj = fie1 L' S To = foe £}
weakly* in Dy (R).
Example 4.15. Consider the currents 7} € D; (R?) given as
Tj:=erH' L (R; UQ;),

where

[ =1 5. :
2i 2i+1 2i+1 242
4::| | —, = l 1}.
R i0<2j’ 27 )X{O}’ Qj i0< 27 7 2j )X{}

Then, for any w € D!(R?), we have (using an argument with Riemann sums, the details of
which are an exercise)

j—1 j—1
Tj,w) = o e1,w(x,0)) dr + o el,w(z,1)) dz
< > iz;/(zz 21+1)< ! ( )> iz(;/(mﬂ 21+2)< ! ( )>

25725 25 0 2

1
— ;/0 (e1,w(z,0)) + (er,w(z,1)) dz.

Thus, Tj = SerH! L [(0,1) x {0,1}].
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The condition M(7T") + M(9T') < oo appears so often in the theory of currents that it
has a name: One says that 7' € Dy (R?) is a normal current if
M(T) + M(9T) < oc.

In this case, both 7" and 07 are representable by integration as in Proposition We
collect all normal currents into the set (k € N U {0}):

Ni(RY) == {T € Dg(RY) : M(T) +M(IT) < o0 }. (4.3)
The following compactness result holds for normal currents:

Proposition 4.16. Let (T;) C Ny (R?) with supp T; C K for a fixed compact set K C R?
and

Then, there is a subsequence (not relabeled) with T} AT
Proof. This follows directly from Theorem|1.19 U

Example 4.17. Assume that 7' € Ny (R). Since M(9T) < oo, we know from Proposi-
tionmmat there is a measure 1 € M(R;R) such that for all f € DY(R) ~ C°(R) it
holds that

or.f)= [ 1 dn
For the 1-current
T:=ge L',  ot)=—p((—o0,t)), teR

we obtain
<af,f>:<T,f’dt>:/f’(t)g(t) dt:/f(t) du(t) = (0T, ).

Thus, by the Constancy Theorem , T=T (first, T' = T + Adt £, but then A = 0
because the mass must be finite) and we have concluded that 7' < £!.

We define the flat norm of 7' € N (R?) as
F(T) := inf{ M(T — 9S) + M(S) : S € Nj11(R%) }, (4.4)
where we adopt the convention that inf () := oo. Clearly,

F<M
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and F is a norm on N, (K) for any compact K C R?, as can be checked easily. It turns out
that the infimum in {#.4) is attained, which is immediate from Proposition[4.16]in conjunc-
tion with Reshetnyak’s Lower Semicontinuity Theorem [1.22

We also define the homogeneous flat norm of 7' € Ny (R?) as follows:

F°(T) :=inf{ M(S) : S € Nj41(R?), 9S=T}.

Evidently, F°(T) = oo if T' # 9 for all S € Ny 1(RY) (that is, T is not a boundary).
Moreover,

F < F°,
but the reverse inequality does not always hold:
Example 4.18. For

T :=0dy—d_2 € No([-2,2])

we have F|_ o/(T) < M(T) = 2, but one can show using the Constancy Theorem
that

S = [(=2,2)] € Nu([-2,2])
is the unique normal 1-current with 9S = T'. So, F°(T') = 4.

Given a compact set K C R?, one also defines F i and FS., where the fill current S is
restricted to have support in K" and we only consider the masses of the currents restricted to
K.

4.4 Operations on currents

Let T} € Dy, (R%) and Ty € Dy, (R%). Then, the product current of 7}, T is the current
Ty x Ty € Dy, 41, (RT1792) defined for simple forms w € DF1+k2 (RA+dz) vig

(Th x Tp,w) := (T, (Th, pwa) wy)
ifw=pw Awz withp = o(z,y) = @(T1,...,Tay, Y15, Yay) € C®(R% x R¥) and
wi =dzt A« Ada*r, we = dydt A- - - Ady?k2 for some indices 1 < iy < --- < i, <di,
1<n <"'<jk‘2 < ds; and

(Ty x Ta,w) :=0

ifw = pw A wy withw; € Dh (Rdl), Wy € DlQ(RdQ) but Iy # ki, lo # ko; and for
non-simple forms defined by linear extension of the above rules.
For its boundary we obtain the following formula:
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Lemma 4.19. Let Ty € Dy, (R%) and Ty € Dy, (R%). Then,
ATy x Ty) = 0Ty x Ty + (—1)MT) x 9T,
Proof. The proof is a direct computation (exercise). O

Example 4.20. For 77 = [(0,1)], i.e., the canonical current associated to the interval
(0,1) (with orientation +1 and multiplicity 1), and 75 = T € Dy(RY), we have that
[(0,1)] x T € Dy, 1(R?) and, via Lemma

[0, )] xT) =06 xT — 3y x T —[(0,1)] x 9T,

where §, as usual denotes the Dirac point mass at z, here understood as a 0-dimensional
current.

Let o € C°(By;]0,00)) with o(x) = o(y) whenever |z| = |y| (z,y € Bp) and
Jra 0dz = 1; we call such a g a (radial) mollifier. Defining o5(z) := 6~ %o(2/§), recall
that the mollification of f € L C(R“’/; W), where W is a finite-dimensional normed vector
space, is defined as

(05 D) = [ oslo = 9)1(w) dy.

Then, g5 * f € C°(R%) and g5 * f — fin L
1 < p < o0. Moreover,

110(:; analogous statements hold for LP-spaces,

9 _ 005
8azi(gé )= ozt /

fori = 1,...,dand analogously for higher derivatives. Finally, if ¢ € C(R?), then gsx¢ —
¢ uniformly on every compact subset of R?. Finally,

B ©
5 (05 % @) = 05 * B

fori = 1,...,d and analogously for higher derivatives.
Now, for T’ € Dy (R?) the mollification T g5 € Dy (R?) is given via

<T*95,w> = <T, 95*w>, w EDk(Rd).
Here, o5 * w is defined as above with W = /\k R? (normed by the comass norm).

Lemma 4.21. For T € Dy(R?) it holds that T % 95 € Dy(R?) and T * o5 is a smooth
k-current, that is,

T * 05 = Z vf;l """ W ey Ao Aeg ) LY
1<iy < <ip<d
with vgl""’ik € C>®(RY); in fact, vgl“'"i’“ () = (T, 05(x — +)da’ A--- Adz'®). Moreover
T %05 —Tasd— 0.
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Proof. It is a standard property of the convolution that for w € D () it holds that
10% (05 * w)lloo = [los * (0%W)lloo < lloslLr - [[0%w]lo0 = [|0%w]|oc-

The fact that T * g5 € Dy(R?) is then easy to see using the definition of currents.
To show that T" x g5 is given by integration, it suffices to consider the case where

T =(T,dz A--- Adz™) ey A Ney,

for a set of indices 1 < 43 < --- < i < d. The general case then follows by a linear
decomposition of 7" into all these parts and arguing separately. We will show that in this
case, T = vs el £ with

vs(z) == (T, 05(x — +) da’), z € RY

where we have employed the abbreviations e/ := e;, A---Ae;, and dz! := dat A- - - Adzi*.
We may first observe that vs is smooth: For i € {1,...,d} we have

vs(x + he;) — vs(x) _ <T o5(x + he; — +) — os(x
h ’ h

—) dx1> — <T, 8igg(:c—-)dxl>

since the difference quotient converges to the derivative in D () (this is an easy exercise).
Iterating this argument for higher derivatives, we obtain that v is smooth.

To show that T(; .= vsel L% agrees with T  gs, for any w € DF(Q) we may write
(Ty,w) as a Riemann sum,

<T5,w> = /vg(ac) <el,w(1‘)> dz
= hrn Z evs(ez) w(f-:z)>

zEZd
= lim eYT, 05(ez — +)dal) - (e, w(e2))
=40 z€Z4
= hm Z eo5(ez — -) (T, dzt) e! ,w(ez))
zEZd
= lim Z e05(ez — ) (T, w(ez))
=0 z€Z4
—hm< ng(;ez— w(e )>
z€Z4

since only finitely many terms in the sum are nonzero. Observe that
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is a Riemann sum for the k-form g5 * w. Thus, by the smoothness of w and g5, we have
he = 05 * w in Dk(Q), meaning that the difference converges to zero (this is an exercise).
We can now invoke the continuity property of 7' (see Lemmal4.T)) to see that

<T5,w> = <T, 05 *w> = <T>|< 95,w>.

We have thus indeed verified that T % g5 = vse! £,
To see that T" * o5 X T as 6§ — 0, it suffices to observe

<T * 957w> = <T7 05 * w> — <T,w>
for all w € D*(R?) by standard properties of the mollification, namely that 9%(gs * w) =
05 * (0%w) — 0%w uniformly for any (multiple) partial derivative 0. O
Lemma 4.22. For T € Dy(R) it holds that (T * 05) = (OT) * os.
Proof. For k = 0 there is nothing to show. For k& > 1, we note the following formula
(exercise) for w € D¥(RY):

d

(OT,w) = Z<T, 0 Jax /\w]>.

i=1

Then, by the properties of the convolution,

d
<6(T * g(;),w> = Z<T * 05, 88371 [dxi A w]>

=1

_ g<T, 834‘ [dz A (05 * w)]>

= <8T, 05 *w>
= <(8T) * 95,w>

and the claim has been proved. O

The boundary of a current has another important use besides its geometric interpre-
tation: It turns out that boundaryless currents are given by integration against a constant
function on a hyperplane; in this context also consider the formula for the boundary in
Example §.8]

Theorem 4.23 (Constancy theorem). Let T' € Dy, (R?) satisfy 0T = 0 and suppT C H
with H a k-dimensional (affine) hyperplane in R%. Then,

T=AH]=Avi A---Avp) H' L H

for any orthonormal basis {v;} of H and A\ € R. More generally, if only OT = 0 in an open
and connected set U C R%, then T = X\ [H] on U (that is, when tested with forms supported
inU). In particular, if T € Dg(R?) with 0T = 0, then T = A[RY] = A (e1 A --- Aeg) L2
for some A € R.
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Proof. We consider the approximation Ty := T % g5 with a family (gs)s~0 of (radial)
mollifiers. By Lemma.21] we have that T is smooth, and from Lemma[.22] we infer that
OT5 = (OT) * o5 = 0. Then, considering T, T to be currents on H = R¥, we also have
that this restriction is boundaryless (exercise). From Example {8 we infer that all partial
derivatives of the density v; (see Lemma4.21| considered now on R”, so there is only one
density) vanish. Thus, the densities vs of T must all be a constant for all § > 0. Letting
0 — 0, we get that also 7' is given by integration against a constant density, as required.
The additional statement has the same proof once we notice that 975 = (9T) * o5 = 0
in U’ € U for § > 0 sufficiently small. O

Finally, the following lemma relates the boundary operator to the curl via Hodge duality;
it will be used many times in the sequel.

Lemma 4.24. For T € Do(R3) it holds that OT = curl(xT).

Proof. 1t can be checked (for instance by working with a basis) that the Hodge dual for a
k-covector « satisfies

xa = (%af)’

with the musical isomorphisms b: A, V — APV (“lowering an index™) and #: A\*V —
A,V (“raising an index”), which are determined by

(&)= (&a) = (&),  CeNViae ANV

Then, let S € Do(R?) and compute, using the symmetry of the curl operator, the classical
formula

(curlw?)’ = xdw

for any w € D'(R?), which is proved in the following lemma, as well as the duality rule
(%€, ) = (£, ) (which is analogous to the isometry property of the Hodge star, see
Lemma (ii)), as follows:

(curl(xS),w) = (xS, (curlwﬁ)b> = (%S, xdw) = (S, dw) = (05, w),
which proves the claim. O

Lemma 4.25. It holds that (curl w)’ = xdw.

Proof. Write w = wida’ + woda? + wsda3. Then, for cyclic indices i: 1 — 2 — 3 — 1,

3
dw = Z(wi-i-lei — wieiy1) dz® A datt
i=1
Since x(dz? A dzit1) = dzi+2,
3

*dw = E (wit1€; — Wieit1) dz' 2.
i=1
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On the other hand, w¥ = wyeq + woeq + wses, and by the definition of curl,
3

curl(wﬁ) = Z(wiﬂei — wieH_l) €i+2.
i=1

Lowering the index thus shows the sought equality. O

4.5 Pushforwards

Let T € Dy(Q), where Q C R is open, and let #: © — ' be a smooth and proper
map between ) and another open set ' C R™ (recall the definition of properness from
just before Lemma [3.12). Then, the pushforward 6.7 € Dy, (€Y') of T under 6 (this is also
denoted by “6,T"™ in the literature, but this can lead to confusion with the measure-theoretic
pushforward) is defined via

<¢9*T,w> = <T, 9*w>, wE Dk(Q/),

where 6*w € DF(R?) denotes the pullback of the k-form w.

More generally, we could only require that 6|s.pp7 is proper, i.e., *(K) N supp T
is compact in € for every compact set K C €. Then, in the definition of 6,7 above we
need to instead apply 7" to 7 - 0*w with a cut-off function n € C(2; [0, 1]) with 7 = 1 on
supp 1" N supp 8*w, which is compact by the properness assumption and contained in the
open set R?, hence such an 1) exists.

Lemma 4.26. Under the above assumptions, 0(6,.T) = 0,(9T).
Proof. This is a direct consequence of Lemma |3.12) O

Lemma 4.27. Let T € Dy(Q) with M(T) < oo and let 6: Q — Q' (with ' C R™ open)
be a smooth and proper map. Then, 0, T is representable by integration,

(0.1,0) = [(DO)T@).w(6()) dIT ) @)

forall w € D*(Y) (here, DO(x) = N*DO(z): N\*R? — A*R™ is the differential of 6 at
x, extended to k-vectors).

Proof. This is just the definition of the pullback 6*w written out for currents representable
by integration, which our 7" is by Proposition |4.12) O

We now consider homotopies, that is, smooth deformations of the ambient space. A ho-
motopy induces a corresponding deformation of currents, for which we have the following
homotopy formula:

Lemma 4.28. Let H be a smooth homotopy, that is, H € C>([0,1] x Q;R™), where
Q C R is open, and let T € Dy(SY) . Then, with f := H(0,+) and g := H(1, ), we have

9. T — 0,7 = 8[H,([(0,1)] x T)] + H.([(0,1)] x T).
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Proof. We compute, using Lemma4.26]and Lemma [4.19] that
IH([(0,1)] x T)] = HO([(0,1)] x T) = H (01 x T — 5o x T —[[(0,1)] x 9T,

where J, as usual denotes the Dirac point mass at z, here understood as a 0-dimensional
current. Realizing that H, (69 x T') = f.T and H,(6; x T') = g.T and rearranging, the
result follows. O

Example 4.29. LetT € Dy (Q) with M(T) < co. An affine homotopy (in Q C R? open)
isamap H € C*([0, 1] x £; R™) which can be written with f,g: £ — R™ as

H(t,x) =(1—-1t)f(x) +tg(x), (t,x) € [0,1] x .
A computation shows, where we denote by eg the unit vector in the “time” direction,
DH(t,z)[eo A T(2)] = (9(x) — f(x)) A (1 = )Df (z) + tDg())[T(x)].
Thus, if M(T") < oo, using Lernmawe have for w € DFFL(RI*™) that
<H*([[((), 1)] x T),w>

1
= /0 /<DH[e0 AT w(H(t,+))) d||T| dt
1
= [ [t nr-ops 4 wiFo m) ai a

Since

IDH[eo AT))| = |(g— f) A((1 = t)Df + tDg)[T]]
<|lg = flloo - IDFI* + |Dg|"),

we obtain the estimate (see also Example §.13)

M (H,([(0, )] x T)) < [lg — floo/lka +[Dg|* d||T|
< llg = flloo - (IDFII5 + IDyll5.) - M(T). (4.6)
In particular, H,([(0,1)] x T') is a (k + 1)-current on all of R™.

Since Lipschitz continuity is the natural notion of regularity in the Geometric Mea-
sure Theory, we would like to extend the definition of pushforwards to this class of maps.
This is complicated by the fact that a-priori the differential of a Lipschitz map, which by
Rademacher’s Theorem exists £!-almost everywhere, may however not be defined on
the carrier set of a current. It turns out, though, that at least for normal currents we can use
the homotopy formula to extend the definition of pushforwards to maps with mere Lipschitz
regularity:
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Proposition 4.30. Ler T' € Ni(Q) be a normal current and let 6: Q — Q' (with Q) C R™
open) be a Lipschitz and proper map. Then, the pushforward 6, T € Ny (') is defined as

T k(o
<0*T,w> = %1_% <(g5 * 9)*T,w>, w e DY),

where (0s)s~0 is any family of (radial) mollifiers. This expression is well-defined and does
not depend on the choice of mollifier. Moreover,

M(6.T) < |DO|I5, - M(T),  M(A(6:T)) < |DY||5 - M(IT).

Proof. To show the well-definedness of the above limit, let 6° := g5 % 6 and for §,n > 0
define the affine homotopy

HO(t,z) := (1 — 1)0° () + t0"(z).
Then, by the homotopy formula,
(017, w) — (03T, w) = (H([(0,1)] x T),dw) + (HI"([(0,1)] x OT),w).

Applying (4.6), we arrive at
(01T, w) = (0T, w)| < [[6" = 0°[|oc - 2LF - (M(T) + M(IT)) - ([|w]loo + [[dw]|oo);

where we have denoted by L (assumed to be at least 1) the Lipschitz constant of 8, which
also constitutes a bound on the Lipschitz constant of #°,6". Thus, (#7T,w) is a Cauchy
sequence as d — 0 and the well-definedness of (6.7, w) is established. The independence
from the choice of mollifier is obtained from the fact that the difference of the mollified 8’s
must go to zero uniformly since both of these mollifications converge to the (continuous) 6.
The mass bounds also follows by a limit passage from the corresponding bound for #°. In
particular, 6, T is normal. O

It turns out that a representation formula for the pushforward as in (#.5)) holds also for
normal currents:

Theorem 4.31 (Alberti-Marchese [3]). Let T € Ni(Q) and let : Q — Q' be a Lip-
schitz, proper (on supp T) and injective map. Then, DT 0(x), that is, the differential of 0
restricted to the space spanT exists for ||T||-almost every x € §, and

0.7 = 0,]T) 0411
with

0.[T)(y) == DO (y)[T(67" (y))]

for ||T||-almost every y € img 6.
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Proof. The key ingredient to the proof is that D7¢(x) indeed exists for || 7'||-almost every
x € RZ. This deep fact, whose proof goes beyond the present work, was first established by
Alberti—-Marchese in Theorem 5.10 of [3]]. It uses the normality of 7" in an essential way.
This result is essentially a measure-theoretic analogue of Proposition [2.20] (which would be
enough if we additionally assumed that 7" is integral, as defined in Chapter [5] below) and
intuitively says that Lipschitz maps have much better tangential differentiability properties
than may be expected.

One can furthermore prove, see Corollary 8.3 in [3] that there exists a sequence (¢;); C
C>*(R4; Q') such that §; — @ uniformly, Lip(6;) — Lip(#) and DT0; — DT in the
operator norm (this is a technical result, which is not very hard to establish). Note that
here DTQj is the restriction of the (existing!) differential D6;, whereas D79 is not defined
outside span T.

Finally, we use that

(0,T,w) = lim ((6;).T,w), w e DMKY),

0—0

which follows by the same argument as in the proof of (4.30). Expanding the right-hand
side as in (4.5)) and passing to the limit via the dominated convergence theorem (here we
use the normality), we see that

(0.T,w) = /(DTej[f],w o 0) d||T| — /<DT0[T],0J o 6) d||T].

Combining, we arrive at the claimed representation of 6,7 O



Chapter 5

Integral Currents

As we have seen, the class of general currents includes some highly pathological speci-
mens, at least when thinking of currents as being “geometric” objects. It was a decisive
breakthrough when Federer and Fleming in 1960 found a subclass of currents with a clear
geometric meaning that is closed under weak* convergence. This class consists of the so-
called integral currents, which are given by integration over oriented #*-rectifiable subsets
with integer multiplicity and such that the boundary has the same property. This chapter
will discuss integral currents in some detail.

5.1 Integer-multiplicity rectifiable and integral currents

A (local) Borel measure T € M, (R%; Nk RY) C Di(RY) (cf. Proposition in this
context) is called an integer-multiplicity rectifiable k-current (IMR k-current) if it is of
the form

T=mTH"LR,
that is,

(T,w) = /R (T(2), w(z)) m(z) dHi (z),  w e DFRY),
where

(i) R C R%is a countably H*-rectifiable set;

(i) T: R — Nk R is an 7{¥-measurable map such that for *-almost every = € R the
k-vector f(aj) is a simple unit k-vector spanning the approximate tangent space T, R;

(iii)) m € LL (HF L R;N);

loc

One calls T the orientation map of 7" and m the multiplicity. By Theorem and
Proposition the total variation measure of 1" can then be seen to be

IT|| =mHF L Re M (R,

loc

95
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so that T = T'|| T is the Radon—Nikodym decomposition of T The (global) mass of T" is

M(T) = [TI(RY = [ m(a) i (o)
The members of the following sets are called integral k-currents (k € N U {0}):

I.(RY) = { T IMR k-current on R? : T IMR (k — 1)-current and
M(T) +M(9T) < oo }.

We quote without proof the following fundamental theorem, showing that the condition
on 07 to be integer-multiplicity rectifiable is in fact redundant under a mass bound:

Theorem 5.1 (Boundary rectifiability). Let T € Dy (R?) be integer-multiplicity rectifi-
able such that M(T') + M(0T) < oo. Then, also OT is integer-multiplicity rectifiable and
thus T € T;,(R%).

For integral currents we can obtain a mode detailed understanding of products and push-
forwards: Let Ty = mi; Ty HF L Ry € I, (R4) and Ty = mao ToyHF | Ry € Ik, (R%2)
with the property that the product set R; x Ry is countably #*11*2_rectifiable (in particular,
HF1tk2 _measurable, which is not automatic). Then, the product current of 17, 75 is

Ty x Ty = mima (Tl A TQ) Hk1+k2 L (Rl X RQ) S Ik1+k2(Rd1+d2).

The fact that Ty x T € I, 41, (R9+92) follows from straightforward mass estimates (cf. Ex-

ample[d.13) and Lemma[.19]

Proposition 5.2. Let T = mT H* _ R € 1;,(R?) and let 6: R* — R™ be a smooth and
proper map (on supp T'). Then, 0, T € 1, (R™) and

(0,T,w) = /R (DRO(z)[T()],w(0(x))) m(x) dH" (z)
— m(z) - DRG(x—)[T’(x)] w dH*
/e<R><xeR*%_1(y) ) I () T (y)> i

for all w € D¥(R™). Here, R* is the subset of all = € R for which T, R, D®0(z) exist and
D%0(x) is of rank k.

Proof. The first equality is a rewriting of the result of Lemma for integral currents.
Observe that T, R, D®0(x) exist for *-almost every 2 € R by Proposition For
HF*-almost every y € O(R) and every z € R* N 0~ '(y) we observe that

DR9(x)[T'(x)] = £wi A - - - wy,
for an orthonormal basis {w, ..., wy} of Ty #(R), and that

Ji8(x) = [D6(2)[T(2)]]-
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Moreover, the set where D¥0(z) is not of rank k (hence J,0(z) = 0) can be neglected by
virtue of Lemma[2.3] The second equality in the statement of the proposition follows from
the area formula in its rectifiable version, see Theorem[2.24

It remains to show the integrality of 6,7". Proposition implies that §(R*) is H*-
rectifiable (note here that R* is H¥-rectifiable as a subset of an H*-rectifiable set and we
have a finite mass bound) and by Lemma [2.3 n HF(O(R) \ O(R*)) = 0. Thus, 0,7 is a
rectifiable current and it only remains to show the integrality. Aty € 6(R*) such that
T, O(R) exists, and for every x € R* N 0~ !(y) we have either

DRY(x)[T'(2)] = wy A~ wy, or DRY(2)[T(2)] = —w1 A - - wy.
Since m is integer-valued, we thus obtain that

DR (2)(T'(x)]
>, ml) DRI T

ER*NOI~1(y) IDEO(a)[T'()]|

is an integer multiple of wy A - - - wy. Hence, 0,1 is integral. U

5.2 Deformation theorem

The following is one of the most important theorems in the theory of currents with numerous
applications:

Theorem 5.3 (Deformation). Let T € I, (RY). Then, for all o > 0 there exist R €
I11#(RY), S € I (R?), and a polyhedral k-current

P= > pr[F] €T(R?),

FeFi(o)

where [[F] is the integral current associated to an oriented k-face F' € Fy,(o) of one of the
cubes oz + [0, o] (with unit multiplicity and a fixed choice of orientation), z € Z%, and
pr € Z, such that

T=P+0R+S

and
M(P) < C(M(T) 4 oeM(0T)),
M(0P) < CM(0T),
M(R) < CoM(T),
M(S) < CoM(OT).

Here, the constant C' = C(d, k) > 0 depends only on the dimensions.
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Proof. Step 1. We start by observing that it suffices to prove the deformation theorem for
o = 1; the general case is reduced to ¢ = 1 by scaling. Indeed, setting r®(xz) := ax for

a>0andz € Rd “we may apply the result in the version for o = 1 to T := r*/ °T and i in
this way obtain P R S as in the statement of the theorem for o = 1. Then, set P := r¥ P,
R = T*R S = rf S. These P, S satisfy the conclusion of the theorem for our g since P, S
have the same dimension k£ and R has dimension k£ + 1, whereby

M(R) = "' M(R) < Co"'"M(T) = CoM(T).
by the area formula. The other scalings follow in a similar way. So, in the following let
o=1.
Step 2. Define forn = 0,1, ..., d the n-skeleton of the cubical decomposition as

= J F

FeFn(1)

and the shifted n-skeleton as
Zp = (3., 5) + Yo

Denote by ¢y, : Yg—n \ Z, — Y4_,,—1 the radial projection of a point z in a face F' €
Fai—n(1), except the center of F, onto the boundary of F, i.e., the union of F’s (d —n — 1)-
faces. More precisely ¢, (x), for z € F not the center of F, is the intersection of the ray
originating at the center of F' with the boundary of F'. In the definition of v,, we have in
fact artificially excluded all of Z,, (not just the mid-points), but this does not matter in the
following. Then define

Y=g 100ty RI\ Zg_p_1 — Y.

Note that the map 1 _g_1 limits the domain of definition of 1 to the complement of
Zd—k—1-

An elementary, but uninspiring, proof shows that we may bound the gradient of v as
follows:

1< V()| < C(dist(z, Zg—k-1)) ", @ €R\ Zapy S.D

for a constant C = C(d,k) > 0. The interested reader can find the details in Lem-
mas 7.7.3,7.7.4 of [23]].

‘We now show that

/[ d|V¢(x)|k dz < . (5.2)

_11
272
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Using (5.1)), the splitting = = (2, ") € R¥*! x R¥"%~1 and Fubini’s theorem, we have

1
Vi(z)|F dz < C d
/ 3.3 Vo @I dz / 1.1y dist(z, Zg_p—1)* ‘

< C’/ \m’]_k dz
1 1
272

< C’/ |2'| 7% da’
1 l k+1
27 2

since the |2/|~% is integrable in compact sets of R¥*1 (one can for instance use spherical

coordinates to see this explicitly).

Step 3. Our next claim is that there is a translation a € [— %, %]d with the property that

/dIW)Ik [T < CM(T), /d!WJ\’H d[[t30T || < CM(OT), (5.3)
R R

where t*(z) := x + a and C = C(d, k) > 0 is a dimensional constant.
We first observe that from the construction of 1) and (5.2) it follows that

[, Vearafd= [ we@/da=a
337 ~3,304

for almost every = € R?. Thus, by Fubini’s theorem,

k q||qa
/[1 1]d/ |V (x)|* d|[teT||(x) da

k
-/ /[ |19+ )l da d|T) @)
=aM(T

2’2

Thus, there exists a set of a’s of measure at least 2/3 such that for the a’s from this set it
holds that

/Rd‘W(@‘k d[[t4T| () < 3aM(T).

Otherwise, the set where the above fails would have measure larger than 1/3, in contradic-
tion with the previous equality. A similar argument applies to the other integral in the claim.
Hence, the claim is established the intersection of the two exceptional sets, whose measure
is at least 1/3.

Step 4. Fix an a € [—%7 %]d with the property (5.3) and set

Q := P, toT.
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For the affine homotopy (see Example [4.29) H' (¢, ) := (1 — t)z + tt%(x) we may apply
the homotopy formula from Lemma [4.28]to obtain

T = ¢T — 9[H, ([(0,1)] x T)] — H,([(0,1)] x 8T).
Further, with the affine homotopy H?(t, ) := (1 — t)x + ti(z) we write
07 = Q — A[HZ([(0,1)] x ¢¢T)] — HZ([(0,1)] x OtIT).
Thus,
T-Q=0R+S
with
R:=—H,([(0,1)] x T)] = H([(0,1)] x tT),
S = —H![(0,1)] x 8T) — H2([(0,1)] x O2T).

Via Proposition |5.2| we know that R and S’ are integral currents of dimension k& + 1 and k,
respectively.

We can further estimate, using (.6), (5.3), and Lemma [4.26| that
M) < ¢ (JaMr) + [19ufdleer] ) < o),
M(3) < ¢(JaM@n) + [1vut alowet]) < omD)

with a dimensional constant C' = C'(d, k) > 0.

Step 5. Our () is supported in Y), by construction. Let us first suppose in addition that
our current () has boundary 0() concentrated on Y3_1; this is the case for instance if 7’
was boundaryless to begin with. Let ' C Fj(1) be a face of the k-skeleton of the cubical
decomposition of R, and let F be its relative interior (when F' is considered embedded in
a k-plane). Then, since Q L_ Fis boundaryless, by the Constancy Theorem we deduce

QL F =pp[F]

for some pr € Z (recall that () is integral). Thus, with

P:=Q= Y prl[F]

FeF,(1)

and S := S we have arrived at the sought decomposition
T=P+0R+S.

Similar estimates as in Step 4 give that for P = @ = ¢,t%T we have

M(P) < CM(T).
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The estimates for R and S = S have already been shown and the proof is finished in the
case that () has boundary 0(Q) concentrated on Y;_1.

Step 6. If OQ) is not concentrated on Y;_1, we cannot conclude that () is polyhedral (it is
an exercise to find a counterexample). However, we may apply Steps 1-5 to 0@, for which
9(0Q) = 0. In this way, we obtain a polyhedral (k — 1)-current P’ supported on Y;_1, and
R’ € I;;(R%) (the corresponding S’ vanishes since JQ is boundaryless) such that

0Q = P' 4+ OR'.
Set
P=Q-R, S=S+R.

Since this P satisfies the assumption at the beginning of Step 5, we conclude as before that
it is polyhedral. Then,

T=Q+0R+S=P+0R+S.
Because M(R') < CM(0Q) < CM(9T) (using and Lemma4.26), we have
M(P) < C(M(T) +M(0T)), M(S) < CM(OT).
Thus, also in this case we have shown the desired claim. OJ

Remark 5.4. A slightly more involved proof in the non-boundaryless case (due to Leon
Simon) shows that in fact one may sharpen the bound on P to M(P) < CM(T). This
improvement, however, needs a better choice of P and a Poincaré-inequality for functions
of bounded variation; see Section 7.7 in [[23]] for the details.

I
A nice geometric consequence of the deformation theorem is the following.

Theorem 5.5 (Isoperimetric inequality). Let T € 1,(R%), k > 1, with OT = 0. Then,
there exists a current R € 1y 1, (R?) such that

T =0R
and
M(R) < CM(T)*+D/k
Here, the constant C = C(d, k) > 0 depends only on the dimensions.

Proof. If k = d, then by the Constancy Theorem [4.23) T' = a[RY] = 0, and so the result is
trivially true.

Assuming that 1 < k < dand T # 0, we let 7' = P + OR as in the deformation
theorem with

0 = 20M(T)]"/*,
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where C' > 0 is the constant from said theorem. By a simple scaling argument, M(P) =
N (p)o" for some nonnegative integer N (o). From the estimates in the deformation theorem
we have M(P) < CM(T) and thus

N(o) - 2CM(T) = M(P) < CM(T).

So, 2N (p) < 1, whereby N (o) = 0, and hence P = 0. This immediately yields all the
claimed statements. O

5.3 Compactness and flat convergence
The fundamental theorem about convergence of integral currents is the following:

Theorem 5.6 (Federer-Fleming compactness theorem). Let (T}); C I5(RY) with

sup (M(Tj) + M(9Tj)) < oo.

JEN
Then, there is a subsequence (not relabeled) of (Tj); and a T € 1j,(R?) such that Tj = T.
Moreover,

M(T) < liminf M(T}),

j—00
M(OT) < liminf M(OTj).
J]—00
We will not give a proof of this theorem here and only consider a few comments: First, it
is not too hard to see from abstract results in Functional Analysis, namely weak* compact-
ness results like the Banach—Alaoglu theorem, that there always is a weakly* convergent
subsequence. The difficult part is to show that the limit current is integral (hence, the above
theorem is sometimes referred to as the closure theorem for integral currents). There are
several strategies to achieve this, but all rely fundamentally on a number of further tools,
most prominently a form of slicing procedure for currents (either by level sets of a Lips-
chitz map or just on balls) as well as a rectifiability theorem which relates the rectifiability
of slices to the rectifiability of the whole current. The slicing part requires a number of
technical preparations, which are somewhat lengthy, but not particularly hard. The rectifia-
bility is a delicate matter, and builds on the rectifiability theorems surveyed in Section [2.6]
The interested reader can find a complete and readable proof in Chapter 8 of [23[]. Another
proof based on slicing is in [33]].

Example 5.7. In Example [{.15| we saw a sequence of integral currents that converge to
a non-integral current (rectifiable, but with multiplicity 1/2). It can be checked that for
this sequence the boundary masses are not uniformly bounded, so the Federer—Fleming
compactness theorem does not apply.

The Federer—Fleming compactness theorem has a number of important consequences,
including the following solution to (one possible version) of Plateau’s Problem:
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Theorem 5.8. Given R € 1,(R?), there exists a mass-minimizing current T € I, (R)
with the same boundary values as R, that is,

M(T) = inf { M(T) : T € I4(R%), T = dR }
and suppT C By with N so large that supp R C By.

Before we come to the proof of the theorem, we need a fact about pushforwards:

Proposition 5.9. Let T € 1;,(R?) and let 0: R? — R™ be a Lipschitz and proper map (on
an open set containing supp T'). Then, 0,1 € 1;;(R™).

Proof. From (the proof of) Proposition we know that 0,7 = w*-lims_,0 02T, where
(6%)5-0 is a smooth approximation of §. From Proposition we know that #°T is inte-
gral. Since limsups_,o(M(02T) + M(80°T)) < oo, the Federer—Fleming Compactness
Theorem [5.6] yields that also 6,7 is integral. O

Proof of Theorem[5.8 Set
m. = inf{ M(T) : T € 14(RY), 8T = dR} € [0,0).

We employ the Direct Method of the Calculus of Variations: Let (7}); C Ix(RY) with
O0T; = OR and such that M(T;) — m,. Let N € N be so large that supp R C By and
denote by 7: R¢ — By the retraction of R? onto the nearest point in Bp. This map r is
well-defined by the convexity of By, has Lipschitz constant 1, and r,(OR) = OR. Then,
using the estimate (4.6)),

M(r.Tj) < M(Tj)

and also, using Lemma.26] (r.T;) = r.(9T;) = r.(OR) = OR. Hence, replacing T}; by
r+1’j, which is integral by Proposition below, we may assume that supp Tj C By .

Now apply the Federer-Fleming Compactness Theorem [5.6] to obtain the existence of
T, € I,(R?) with

my < M(Ty) < liminf M(T}) = m,.

J]—00

Hence, this 7% constitutes a solution to the minimization problem. O

5.4 Flat convergence

Recall from (4.4) the definition of the flat norm, now on the whole space:
F(T) := inf{ M(T — 9S) + M(S) : S € Ny11(R) }.

Lemma 5.10. Let T}, T € Ni(R?). Then, for every w € D¥(R?),
(Tj = T,w) < F(T; = T)(||wlloo + [|dwllo)-

Consequently, F(T; — T) — 0 implies T; = T as currents.
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Proof. Set Rj := T — T. Take an arbitrary S; € Ny11(R?). For w € D¥(R?), then

[(Rj,w)| < |(Rj — 0Sj,w)| +[(9S),w)|
= |(Rj — 8Sj,w)| +[(S},dw)]
< (M(R; — 8S;) + M(5))) ([[wloo + [[dw]loo)-

Taking the infimum over S; € Ny 1(R?) gives the sought inequality. The convergence
assertion is then clear. [

In fact, even the following strengthening of this lemma is true:
Theorem 5.11 (Federer-Fleming flat-norm duality). ForeveryT € Nk(Rd),
F(T) = sup{ (T,w) : w € D*R?), [[w]oo <1, [|[dwoe < 1}.

The proof of this result can be found in Section 4.1.12 of [19].
For an integral T € 1,(R?), the integral flat norm is given by

FI(T) := inf { M(R) + M(S) : R e 4(RY), S € L(RY) with T = 9R + S }

Then, one can consider the flat convergence FI(7; — 7') — 0 for a sequence (7}); C
I(RY) and T € I, (R?). Notice that

F(T) < FI(T)

for all T € I;(R%).
Under a uniform normality assumption this notion of convergence agrees with the weak*
one:

Proposition 5.12. Let (T}); C 1;,(R?) with supp T; C K for a fixed compact set K C R?
and

sup (M(T;) + M(3T})) < co.

Then, T} 5T for some T € 1;,(RY) if and only ifFI(T; —T) — 0. If 0T; = 0 for all j,
then we may replace F1 by F1°.

Proof. For the first direction, let us observe that for w € D¥(RY) it holds that for any
R €11, ,(RY), S € Ix(RY) with Tj — T = OR + S we have

Ty — T,w)| = [{OR + S,w)|
< [(R,dw)| + |(8,w)]|
< (M(R) + M(S)) - max{||w][oc, [[dw|[oo }-

Taking the supremum over all such R, S, we obtain

|(Tj — T,w)| <FI(T; — T) - max{||w||so, |dw|oc }-
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Hence, if FI(T; — T) — 0, then also 7} — 7.
For the other direction, assume 7; — T in I(R?) with M := sup;en (M(T5) +
M(0T})) < oco. We need to show that

FI(T; - T) — 0. (5.4)

The first step is to observe that for all N' € N sufficiently large there exists a finite collection
Py C I (RY) such that for all T € I;,(R?) with supp T C K and M(T) + M(9T) < M
it holds that

FI(T, P) < 2~" for some P € Py, (5.5)

where the lower bound for N depend only on the dimensions. Indeed, for Py we take
the collection of all polyhedral k-currents P that can possibly satisfy the conclusion of
the Deformation Theorem for o := 27/ (Cq M) with Cy, the constant from the
deformation theorem, for a T" as above (which implies a mass bound on P and hence a
bound on the polyhedral coefficients). The set of these P’s is clearly finite.

Returning to our sequence (7});, for every N € N sufficiently large we find via (5.3)
a P € Py such that FI(T}, P) < 2N for infinitely many j’s. Applying this argument
repeatedly and selecting a subsequence at every step (such that the constraint holds for all
elements of that subsequence), we may find a diagonal subsequence, still denoted by (7});,
such that FI(T}, P;) < 27U+ foralll > jand a P; € |Jy Pn C I;(RY). Then, via the
triangle inequality,

FI(T;,Tj+1) < 277.
Hence, there exist R; € I;,x(R?), S; € I(R?) with

Tj41 —T;=0R; +S;,  M(R;) +M(S;) <277

For
m—1 m—1
Rf'i= D Rpwty 7= ) Sin
=0 =0
it holds that
Tjtm —Tj = OR + S
and
m—1 '
M(R}) +M(S7") = Y (M(Rj41) + M(S;1)) <2777
1=0

We now pass to the limit 1 — oo. Via the Federer—Fleming Compactness Theorem 5.6
this yields R; € I;1x(RY) and S; € I (RY) with

OR; + 8, = (w*-hm Tj+m) STy =TTy

m—0o0
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and

[asy

M(R;) + M(5;) = Wi (M(Rj1) + M(Sj4,)) <2771
1=0

Our Rj, S; are admissible in the definition of the flat norm for 7; — T'. So,
FI(T; - T) < M(Rj) + M(S;) >0  asj — oc.

In this way we can find for every subsequence of the original sequence (77); (before taking

the repeated subsequences above) a further subsequence that converges in the flat sense to
T. Hence, also FI(T; — T') — 0 for the original sequence, proving our claim (5.4).

The proof in the case of boundaryless currents is the same, with only minor adjustments.

O

The deformation theorem can also be written in the following approximative form,
which allows to reduce many questions for general (integral) currents to the correspond-
ing question for (integral) polyhedral chains.

Theorem 5.13 (Polyhedral approximation). Let T € 1, (R%). Then, there exists a se-
quence (Pj); of polyhedral k-currents, i.e.,

P= > pPIF] e Lk(RY),
FeFi(o)

where pg) € Z, such that P; AT

Proof. From the Deformation Theorem applied with o = 1/4, we obtain a sequence
P; with FI(P; — T') — 0 as j — oo. By Proposition , then also P; = T. O

Remark 5.14. One can prove a stronger version of the above theorem in which also
M(Pj) — M(P), see 19, Theorem 4.2.24].

We can now also prove the Boundary Rectifiability Theorem|[5.1]

Proof of Theorem The Polyhedral Approximation Theorem entails that there is a
sequence (P;); of polyhedral k-currents with P; -~ P. Then also 9P; — 9T (this just
means we test with dw instead of w in the convergence). Since all the OP; are clearly
integral, so is 9T by the Federer—Fleming Theorem O

Finally, for T € I;,(R%) with 9T = 0, we also define the homogeneous integral flat
norm of 7" as follows:

FI°(T) := inf{ M(R) : Re€L1;1(RY), OR=T}.

For general it is not known if FI° and F° are comparable, besides the dimensions in the
following result:
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Proposition 5.15. Let T € 1;,(R?) with 0T = 0. Ifk € {0,d — 2,d — 1,d}, then
F°(T) = FI°(T).

Proof. The case k = d is trivial, since the only boundaryless normal d-current in R is the
zero current. In the case £ = d — 1, one can show that there exists an integral current S
such that 05 = T by the isoperimetric inequality, see Theorem Such a current S is
also unique (in the class of normal currents with boundary T'): Suppose Ry, Ry € Ng(RY)
are such that 0Ry = Ry = T, Then, R := R; — R, must then be a boundaryless normal
current. By the Constancy Theorem R is a fixed multiple of £¢, which must vanish
since both R, Ro have finite mass.

For a proof of Proposition for the case k = d — 2 we refer the reader to, e.g., [[20]]
or [[15] Remark 5], which also contains the proof of the case k = 0. O]
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Chapter 6

Space-Time Integral Currents

The basic idea of the space-time approach to transport of geometric structures is to consider
evolutions of integral k-currents to be identified with the space-time (1 + k)-current “traced
out” by the moving k-current. This turns out to yield a satisfying mathematical theory, as
we will see in the present and the following chapters. In particular, we discuss how to slice
space-time currents in time and specialize various results for currents to that class. Finally,
we discuss how one can think of an integral space-time (1 + k)-current as “connecting” the
two k-currents at its “ends” and how this gives a way to metrize the weak*-convergence of
integral currents.

6.1 Time-slicing

We will work in the (Galilean) space-time R'+? = R x R?, where the first component takes
the role of “time” and the remaining components take the role of “space”. The unit vectors
in R'*? are denoted by e, e1, . . ., eq with eg the “time” unit vector (pointing in the positive
direction).
It will be convenient to write the time projection as

t: RIS R, t(tx) =t
and the space projection

p: R RY, p(t,x) := .

By convention, we also denote the linear extensions of these projections to multi-vectors by
the same symbols. to simply lengthy expressions, we usually write just tv and pv for the
application of t, p to a vector v € R4,

Given a (normal or integral) space-time current

S e N1+k(R1+d)7

it is a fundamental operation to determine the “slice” of S at a time ¢, that is, the trace of .S
with the plane

{t =t} ::{(t,x)ERHd : xERd}.

111
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Of course we need to take into account orientations and also deal with singularities.

Proposition 6.1. Let S € Ny (R ). For L'-a.e. t € R, the time-slice, defined by

1 .
<S‘t7w> = 1758 §<S Lt (1[t—7‘,t+7‘] dt)7w>a w e Dk(R1+d)7

exists as a normal current, that is,
S|y € Np(RUF,
and the boundary formula
(05| = —0(5]¢) (6.1)

holds. Moreover, for every bounded Borel function g: R — R,

/S|tg(t) dt = S (got dt). 62)

Technically, g merely Borel is too rough to make the right-hand side of (6.2) well-
defined, but since S is representable by integration as a normal current (see Proposition|4.12)),
we can also make sense of this for bounded Borel functions g as

(SL (gotdt),w):= /<§, (gotdt) Aw) d|S]|

for w € DF(RIHD).

Proof. Letw € D¥(R'*9) and g: R — [0, o0) be a bounded Borel function. Then, we may
compute as follows:

(S L t*(g dt),w) = (S, t*(g dt) Aw)
= (=1)*(S,w A t*(gdt))
= (—1)F{t.(S L w), gdt). (6.3)

The same remark as above regarding the interpretation of these duality products between
measures and rough functions applies.
In particular, for g := 1;,_,. 41, in (6.3) with ¢ € R, r > 0 we obtain

<S L t*(l[tfr,t%’?”] dt), (.U'> = (—1)k<t*(5 L (.U), 1[t77”,t+7”] dt> (64)

Since t.(S L w) € Ni(R) (see Proposition 4.30), we can apply the argument of Exam-
ple[4.17]to see that there is an £'-integrable g,,: R — R with

t.(S L w) = oweo Ll (6.5)
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So, by Lebesgue’s Differentiation Theorem [1.16]

1 1 t+r
§<t*(5’ L w), Ly ppr] dt) = o /t_T 0w (8) ds = pu(t) asr —0, (6.6)

for £'-almost every ¢ € R.

Now take a countable set {w;}; C D¥(R*?) that is ||+||oo-dense in D¥(R!TY). By
the above reasoning, in particular combining with (6.6), there is a set N C R with
LY(N) = 0 such that

1 X
(Sleswj) = (=1)Fou,(t) = fim §<5 Lt (L) d),05) (6.7)

fort € R\ N and j € N. Without loss of generality, we may furthermore require that for
t € R\ N it holds that

ty||S||([t —r,t
O (t4||S||, ¢) := limsup #ISILE—rt+r)) _
rl0 2r

where ©1*(t 4 ||S||, ¢) is the upper 1-density of the measure t 4 ||S||, cf. the definition in (T.4).
Indeed, this follows by the Besicovitch Derivation Theorem (with v := t4]|S|| and
pi=LhH.
Fixt € R\ N. For any w € D*(R'*9) and 7 > 0 we have the estimate
1 by |[SII([E — 7t +7])

o (S Lt (Lppmrpy dt),w)| < flwlloo o : (6.8)

For any € > 0, there is a j € N with ||w — wj|| < € and hence, applying to w — wj
and combining this with (6.7),

. 1 . .1 .
hrr:foup §<S Lt (L=t dt),w) — hry}{l&)nf §<S Lt (Lj—p ) dt),w>‘
< 2¢- O (4|51, ).

As € > 0 was arbitrary, we conclude that
.1 X
<S|t7w> = 1;&} ?T<S Lt (1[t—r,t+r] dt)7w> (6.9)

exists for every w € DF¥(R'*4). Moreover, from (6.8)) we conclude that
[(Sle; @) < llwlloo - O (6411511, 2),

whereby S|t is a k-current with finite mass, that is, M(S|;) < ©1*(t4[|S||, ).
For n € DF1(R!*9), write for S to observe

(0S L t*(g dt),n) = (—l)k_1<t*(85' L n),g dt).
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The conclusion of Lemma.11reads as
A(SLn)=(-1)F1[aSLn—SLdy

Taking the pushforward under t and noticing that t.(S1_7) = 0 (as SL 7 € Do(R'*%) and
there are no non-zero 2-currents in R), we have

t.(0S L n) = t.(S L dn).
Combining, and also applying the original (6.3), we arrive at

(0S L t*(g dt),n) = (—1)* 1(t.(S L dn),g dt)
= —(SL t*(g dt),dn)
= —(a(SLt*(g dt)),n)

Specializing to g := 1;_, 44, fort € Rand r > 0,
1 . 1 .
%85 Lt (l[t—nt—&-r] dt) = _27748(5 Lt (1[t—T’,t+T’] dt)) (610)

For any ¢ € R such that S|; exists, we can then repeat the above arguments to let 7 | 0
in (6.10). In this way we deduce that (0.5)|; exists and the boundary formula (6.T) holds.
Moreover, M(9(S]¢)) < ©(tdS||,t), which we may assume to be finite for all but a
null set of ¢’s, as before. We have thus shown that

S|, € Ny ({t} x RY) for L1-ae. t € R.

It remains to prove (6.2). For this, fix w € D¥(R!*9) and ¢y € CX(R). Using the
representation t.(S L w) = g,eo £ from above together with (6.9), (6.5), we compute

</S|t1/1(t) dt,w> = /<St,w>¢(t) dt

= 0 [ ety vl a
= (1) {t.(S L w), 1 dt).
Using g := ¢ o t in (6.3), we find
(1)t (S L w),spdt) = (S (¢ ot)dt,w).

Since w € DF(R'Y) was arbitrary, (6.2) holds for g = v. The case for general bounded
Borel functions g then follows by approximation and the dominated convergence theorem.
O

Proposition 6.2. Let S € Ny, x(R'™) and let g: R: R be a bounded Borel function.
Then, the following coarea formula holds:

/ g(t) M(S],) dt = / (got) [§L dt] |5
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To prove this, we first need an approximation lemma:
Lemma 6.3. Let 1 € M (R?) and let £: RT — A\, R% with
|&(@)|| <M for p-ae. x € R

for an M > 0. Then there is a Borel set G C R* with n(R?\ G) < ¢ and a smooth
k-covector field w: RY — N¥ R with ||w||s < 1 and

(&(z),w(z)) > ||&(z)|| - forz €G.

Proof. Take a countable dense subset {c,}, C {a € AR? : |la|| < 1} and let for
x € R4,

w(T) = j(a), where j() :=min{neN : (&(z),an) > [|£(2)] — € }.
This is a measurable map satisfying ||W||oc < 1 and

(¢(),@(x)) > (@)l — &

for all z € R Now uniformly approximate & by a sequence of smooth k-covector fields.
The existence of the set G and w with the desired properties then follows from Egorov’s
theorem applied to that approximating sequence. O

Proof of Proposition[6.2] Lett € R be such that S|; exists. Since D¥(R'*%) is separable,
there exists a countable dense sequence {wy}, C {w € D¥(R'™Y) : ||w|leo < 1} such
that

M(S|:) = sup (S|t, wn)- 6.11)
neN
Thus, ¢t — M(S];) is measurable. Estimating in a similar way to (6.8)),
i\<SLt*(1[t,H+T] dt),w)| < 1/ |lw| d||S L dt||.
2r ’ 27 Jjpr 4] xR
Letting | 0, we thus obtain from (6.11) that
M(S|;) < O (t4||S L dt|,t).
By the Besicovitch Differentiation Theorem, this gives

M(S|,) dt < t4|lS L dt],

as measures on R. Hence,

/g(t)M(S|t) dt < /g(t) dtu|S L dt]| = /got IS L dt|. (6.12)
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For the opposite inequality, fix ¢ > 0. From Lemmal6.3|we obtain a Borel set G  R'*+¢
with || L dt||(R*4\ G) < ¢ and a smooth maps w: R4 — AFR™ with |jw||s < 1
such that

—
1—e < (SLdi(t, z),w(t x)) for (t,x) € G.

Since supp S is compact, we may without loss of generality assume that w has compact
support, so w € DF(R*4). So, also using (6.2),

/got S dt] < (SL (g0t de),w) +ellgllooll + M(S L di))

— / 9(t) (Slsw) dt + ]| glloo(1 + M(S L di))
< [ gy M(SI) dt + g1+ M(S L ).

Since € > 0 was arbitrary, we obtain the opposite inequality to (6.12)) and hence the claimed
identity. [

Proposition 6.4. Let S € Ny, (R and t € R be such that
ty(IS1l + 1251 ({t}) =0,

which holds outside of a countable set. Then S| exists in the sense of Proposition and
it satisfies the cylinder formula

Sl =d(SL {t <t})— (8S)L {t < t}. 6.13)

Proof. Step 1. Write for any ¢t € R,
H = {t > t}, H; = {t <t}, Hy == {t =t},
and set
S|f:=0SL Hf —o(SL H;), S|y :==0(SLH;)—-0SL H,,

both of which are well-defined elements of Dy, (R!*%) for every ¢ € R, since restriction by
a Borel set is allowed for currents representable by integration (see Proposition [4.12).

For a ¢ as in the statement of the proposition, it holds that ||.S||(H;) = ||0S||(H¢) = 0
by hypothesis. This is indeed satisfied outside of a countable set, since t||S|| and t[|0S]|
are finite Borel measures on R. Then, S| H; = 0, 0S L Hy = 0, whereby

S=SLH+SL_H , 0S=0SL_H+0SLH,.
Substituting these identities into the definition of S|,

Sif=(0S—0SLH)—0(S—SL H;)
—O(SLH)—0SL H;
— 5.
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Step 2. Tt remains to identify S|; = S|;” with the limit defining S|; in Proposition
Then, since H; = {t < t}, the cylinder formula (6.13)) will be established.
For r > 0 define g,: R — [0, 1] by

1 s<t—m,
t—s
gr(8) = t—r<s<t,
r
0 s>,

and h,: R — [0, 1] by

0 s < t,
s—1t

hy(s) := " t<s<t+r,
1 s>t+r.

Both are continuous, piecewise-linear, and [0, 1]-valued, with

1 1
gr=—"Lpray () =~ L,
andasr | 0,
g — 1(_007,5)7 hy — 1(t,oo)

pointwise almost everywhere (in fact for every s # t) on R.
Next, we will show the Leibniz rule

I(SL (grot)) =0SL (grot)—SL t*(g,dt). (6.14)

Indeed, the function g, is Lipschitz (it has corners at s =t — r and s = t), so Lemma[4.11]
does not apply to it directly. We obtain the Leibniz formula (6.14) by approximation with a
family (gs)s~0 of standard mollifiers with supp gs C [, d]. Set

g7 = 05 * gr € C™(R).

Then g% — g, uniformly on Ras § | 0 and (¢°)' = os * g. — ¢’ in L'(R) as § | 0, where
g = _%1[t—r,t] is the almost everywhere defined derivative of g,..
Applying Lemma to the smooth function f5 := gﬁ ot,

(SL (g0ot)) =0SL (¢0ot)—SL t*((g) otdt).

As § | 0, we have that g% o t — g, o t uniformly and hence S L (g’ ot) — S L (g, ot)
weakly* by dominated convergence. Moreover, 0 is weakly* continuous and thus the left-
hand side converges weakly* to (S L_ (g, o t)). Similarly, the first term on the right-hand
side converges to S L (g o t).
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The second term on the right-hand side converges to S L t*(g/. dt) because (g°)' ot —
g.otin L1 (t4||S||) by dominated convergence since the only points where the convergence
does not hold pointwise are ¢ — r and ¢, but without loss of generality we may require
t4||S]|({t — r,t}) = 0 (for ¢ this is by assumption and for ¢ — r we can arrange it since
t4||S|| is a finite measure).

Step 3. Letting | O (along a sequence of r’s satisfying the additional constraint in the
preceding paragraph) in (6.14) and using g, o t — 1(_, ;) pointwise, we obtain via the
dominated convergence theorem and the weak* continuity of 0 that

% SLt*(Lpopgdt) = O(SLH;)—0SL H =S|,
and an analogous reasoning for h, gives
% SLt* (L dt) = 0SL HF —0(SL H) = S|
Since S L H; = 0, we have S L t*(l{t} dt) = 0, so for every r > 0,
SL ALy dt) = S Lt* (Lo g dt) + S L t* (L0 dt).

Dividing by 2r and letting r | 0, the two terms on the right converge weakly* to %S |; and
%S |, respectively, so

1

1 i . _ _
ES Lt (1[t77‘,t+7‘] dt) — (S‘t + S’?‘) == S’t 5

N |

using that S|;7 = S|; shown in Step 1. The left-hand side is exactly the difference quotient
whose limit as 7 | 0 defines S|; in Proposition so S|t exists and equals S|; . O

For integral currents, also the slices are integral, as summarized in the following propo-
sition. For this, recall that for a (countably) H!**-rectifiable set R C R'*¢ the tangential
differential

Dt(z): Ty R—R

of t at z € R, which was first encountered in Proposition [2.23] is the restriction of the
differential

Dt: R!T¢ 4 R, Dt(t,z)[s, z] = s,

to the approximate tangent space T; ;) 2 to R at x. Moreover, this differential (a liner map)
can be represented by the tangential gradient V*, which is the projection of the gradient

Ve=[1 0 --- 0] eR*(HD

onto T,y R. Thatis, if Py ;) € R(1+d)x(1+d) jg the orthogonal projection onto T,2) R,
then

VRt(t, I’) =Vt P(t7$) S RlX(H_d).

Note that VZt = 0 if and only if Tt ) R is contained in {0} x R% ie., T (1) R is “space-
like”.
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Proposition 6.5. Let S = SmHFILRe I 1 (RY%) be an integral space-time current.
Then, for L'-almost every t € R, the following assertions hold:
(i) The set
Rle:= RNt~ ({t})
is countably H*-rectifiable.

(ii) For H*-almost every z € R|; with Vt(2) # 0, the approximate tangent spaces T, R
and T, R|; exist, T, R|; = ker D®t(2) in T, R, and

R
T.R = T,R|; ®span{&(2)}, &(z) = ‘gR:EZI 1 T.R);.

Moreover, £(z) is a simple unit (1-)vector.

(iii) Define

(o [ ) £0,

o, if VRt (z) = 0,
and

., DFft(2)

CE)= B,

wherever Df't(2) # 0, and choose £* arbitrarily on the remaining set. With

—

Sli(z) == S(z) L & (2) € A\, TR},
where L_ denotes contraction of a multivector by a covector, the time-slice satisfies

S|t = §|t m4 Hk L R‘t € Ik(RH_d).

Proof. Ad (i). The claim is precisely the rectifiability conclusion in the rectifiable version
of the coarea formula, Theorem [2.25| applied to f := t, that is, the slices R|; are countably
HF-rectifiable after discarding a null set of ¢s.

Ad (ii). Take at € R such that the conclusion (i) holds. Then, by the rectifiability the
approximate tangent space T, R|; exists for H*-almost every z € R|; by Propositionm

Fix a point z € R|; at which T, R exists, t is approximately differentiable along R, and
VIt(2) # 0. From the rectifiable coarea formula, Theorem

/ H*(R|; N {Vt =0}) dt = / IVt dHE = 0.
R RN{VEt=0}
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This implies the #*-negligibility of the critical part {V?t = 0} on almost every slice.
Thus, points z as above exhaust almost every slice up to a #*-null set and so it suffices to
show the claim for them.

Choose a countable rectifiable decomposition

Rc NU[ R,  HMY(N) =0,
j=1

where each h;: RF*1 — RY is injective and Lipschitz (see Remark . Refining the
pieces if necessary, we may assume that, for H**!-almost every point z € hj(Rk“)
under consideration, if z = h; (y), then h; is differentiable at y (cf. Proposition ,
Ji+1hj(y) > 0, and

T, R = Vh;(y)R*1]. (6.15)
Set

gj =toh;: RF 5 R.
At the corresponding good points ¥, the map g; is differentiable and

Vgi(y) =DFt(2) 0 Vhj(y),  z=h;(y). (6.16)

Indeed, this is exactly the chain rule for the tangential differential, using (6.13). Since
Vh;(y) maps R**! onto T, R and D®t(2) # 0 on T, R, we have

Vg;(y) # 0.

We will use the following elementary consequence of the coarea formula: If g: RFT! —
R is Lipschitz, then for £!-almost every level s and for H*-almost every point y € K N
g~ 1(s) at which g is differentiable and Vg(y) # 0,

T, (KNg '(s)) =ker Vg(y). (6.17)

Applying (6.17) to each g; and intersecting the resulting full-measure sets of levels over j,
we may also assume that, for the fixed ¢ above and for 7*-almost every y € R¥*1 N gj_1 (t)

with Vg;(y) # 0,
Ty(Rk‘*'1 N g;l(t)) = ker Vg;(y).

Now let z = h;(y) be such a point. Since h; is differentiable at y and has rank £ + 1,
Proposition , applied to the rectifiable set R**1 N gj_l(t) and then pushed forward by
hj, gives

T.(R|¢) = Vh;(y) [Ty (R* ng; 1 (1)] = Vh(y)[ker Vg;(y)].
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Using (6.16), and writing A := Vh;(y) and L := D¢(z), we obtain
Alker Vg;(y)] = Alker(Lo A)] = {v e AR : L) =0}.
By (6.13), A[R**!] = T, R. Therefore,
T.(R|;) = ker Dt(z)  inside T, R.
Finally, by definition of the tangential gradient,
Dft(2)[v] = VEt(2)v foreveryv € T, R.
Thus
T.(R|;) ={veT.R: Vit(x)v=0}.
Since V#t(z) # 0, the vector

Vit (2)

) = TR ()|

is a unit vector in T, R, and the previous identity yields
T. R =span{T.(R:),&(2)},  &(2) L T=(R),

so assertion (ii) follows.

Ad (iii). Let w € DF(R?). By the definition of the slice, see Proposition
.1 %
<S‘t7w> = lrlﬁ)l §<S Lt (1[t—r,t+r] dt), W>

—lim/ (3,dt Aw) d|IS|
[t—r,t+r]x R4

= / m<§,Dt/\w> dFHL
10 21 JRA{t—r<t<t+r}

Only the tangential part Dt contributes to the pairing with S (2). At points where Dft #

0, set
D%t - -
6* = W, S|t(z) = S L f*

Then,
(5(2),Dt(=) A w(2)) = [V74(2)] (Slee (), 0(2).

Using m, = 0 on {V%t = 0} and applying the rectifiable coarea formula, Theorem

1 t+r

- 1
— m<S,Dt/\w> d?—[k+1:/
2r RN{t—r<t<t+r} 2r Ji

-

/ my <§|8,w> dH" ds.
R|s
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The inner integral is locally integrable in s, so the Lebesgue Differentiation Theorem|1.16
gives for almost every ¢ that

<S|t,w> == / m4 <§|t,w> de
R|:
Therefore,
S|t = g\thr Hk L R|t

This current is rectifiable with integer multiplicity by (i), (ii), and its boundary has finite
mass for almost every ¢ by the slice-boundary identity (6.1)). Hence S|; € Ij,(R'*9). O

6.2 Space-time currents

The fundamental idea of the space-time approach is to consider a space-time integral cur-
rent

S € L (R

and think of it as describing the motion of its slices S|, wherever these are defined. Based
on this intuition we can then study the motions’s velocity, traversed area, variation, etc., all
of which we will treat in detail in the following.

However, the intuition of “moving slices” is somewhat flawed since there may be jumps,
that is, times ¢ € R with

ISII({0} x RT) > 0.

In general, jump points cannot be avoided since they may occur as the limit of faster and
faster transient motions, and we will need to develop a theory that is able to deal with jumps
and also with more general fractal-like phenomena, like singularities that are “smeared out
in time and space”. Much of the technical challenges associated with the theory of space-
time currents are related to these kinds of phenomena.

Remark 6.6. While from an applied one may be tempted to view the aforementioned
singular phenomena as “pathologies”, there are an inescapable consequence of continuum
mechanics modeling: Unless there is a mechanism that imposes a lower bound on the small-
est observable structures (like in gradient plasticity), jumps and more complex fractal-like
structures may indeed occur in (weak) limits. This is the price one pays for having a math-
ematically closed theory.

In the following we will repeatedly make use of the measure dt & [|S|¢||, defined via

(dt @ [S]i]]) (A) := / ISLII(4) dt

for any Borel measurable set A C R1*4 Note, however, that as a consequence of the above
discussion, d¢ ® ||.5]¢|| does not tell the whole story since it misses any part of .S not seen
by the slices S|;.
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Remark 6.7. Technically, the notation “d¢®||.S|.||”” is slightly incorrect since the measures
|S|¢|| are already defined on the product set R'*%. It would be more correct to write “dt ®
(p«||SIell)” or “ [1|S]¢|| d¢, as in [10], for this measure. However, this is significantly more
cumbersome, so will stick to the shorthand “d¢ ® ||.S|;||” with the above interpretation.

Given a space-time integral current S € Iy ;1 (R'*?) we recall from Sectionthat for
[|.S]|-almost every (¢, x) the approximate tangent space T, S as well as the approximate
differential Dt (¢, ) and the approximate gradient V°t(¢, 2) of the time projection t exist.
Here and in the following we write T, )5, DSt, V5t instead of TR, Dt, VEt with
R the H'**-rectifiable set carrying the integral current S. We recall that Vt(¢, x) is the
projection of Vt(t,z) onto T, ;S and DSt(t,x) is the restriction of the differential to
T (¢ 2)S, which are well-defined ||.S||-almost everywhere by Proposition Moreover,
the regular set and the critical set of S are defined as

Reg(S) :={ (t,z) € R . V9% (¢, z) #0 },
Crit(S) := { (t,2) e R . VIt(t,z) =0},

respectively.

Lemma 6.8. Let S € I 4 (R™9).

(i) ||S|¢||(Crit(S)) = 0 for L -a.e. t € R;

(ii) V3t # 0 almost everywhere with respect to dt @ || S|;

’

(iii) for L'-a.e. t € R and for any Borel set A C R'™4 with ||S|(A) < oo it holds that
| s ISt <
—_— 0.
A V5t t

Proof. Ad (i). By the coarea formula for slices from Proposition applied to g :=
1crit(s), we calculate

Jistlierieesyae= [ [ dcus disiiae= [ vt dis=o.
t} xR Crit(S)
whence ||S|¢||(Crit(S)) = 0 for L1-ae. t € R,
Ad (ii). As a consequence of (i), it holds that
lons) =0 (At ®|S]e)-ae.,

from which the claim follows immediately.
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Ad (iii). Using (ii) and the coarea formula for slices again, this time with g := [V t|~11 A\Crit(S)>

1 1
[ fsisar= [ [ stanas st o

— / a|s].
ANReg(S)

< o0
This shows the claim. O

The displacement vector

t,r) == —g—+—~ €RY, t,x) € Reg(9), 6.18
£(:9) = Tsgiiia] (t,2) € Reg(S) (618)
indicates the direction of motion for the slices S|;. As a consequence of (ii) in the preceding
lemma, £ is well-defined almost everywhere with respect to the measure d¢ ® ||S|¢||. More-
over, since Vt = [10---0], its projection onto the carrier set R must have non-negative
first component, so that

t& > 0. (6.19)

From the slicing theory of Section we obtain that for £!-almost every ¢t € [0, T]
the slice S|; exists and for (dt ® ||S|¢||)-almost every (¢, x) the approximate tangent space
T (t,2)S (more precisely, the approximate tangent space of the carrier set of S) satisfies

T(t,0)S = T(1,2)S|t © spané(t, x), Tt,2)S]e L &(t, ),
with “@” indicating the direct sum of vector spaces. Defining also the dual vector

* L Dst(t,l‘) 1 pl+d
f(tvl’)‘—me/\ R,

we may then represent
Slp=SL ¢ = D%t SL dt. (6.20)
By Lemmait furthermore holds that £ A (S L £*) = S since ¢ A S = 0, whereby
S=¢nS|;. 6.21)

Remark 6.9. The displacement vector &, as defined in (6.18)), is of fundamental impor-
tance in the space-time theory. If we considered instead of the space-time current .S the
path of slices ¢t — S|, then ¢ is not directly available (as the missing vector to write (6.21]))
and hence the geometric derivative cannot be defined in a straightforward way. Attempt-
ing to define £ by some form of limit procedure is also problematic since it is not clear
which points on the respective curves to compare, and such an approach would also require
additional smoothness to be well-defined.
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In the following we fix (¢, z) € Reg(S) as above and suppress the arguments (¢, ). Let
¢ be defined as in (6.18). Since |£| = 1, we observe

V5t = |(e0 - £)€] = |€ - eo| = |(€ - eo)eo| = [t£] = tE.

Here, for the last equality we used (6.19). Moreover, since |S|;| = 1, we then infer

from (6.20) that

t¢ = |t¢] = |Vt = Dt = |S L dt|. (6.22)
As a particular consequence of (6.22)),

té(t,z) # 0 for all (¢t,z) € Reg(S).

Based on this fact we may define a central quantity in the theory of space-time currents,
namely the geometric derivative of .S:

pé(t, r)

D
Di” té(t, z)’

Dy (t,z):=

(t,z) € Reg(S), (6.23)

with ¢ defined in (6.18). By (6.22)), we may equivalently use any of the quantities appearing
there as the denominator in this definition. One should think of the geometric derivative
as the (normal) velocity of transport (or “advection”) of the slices. This statement will be
made much more precise later, most notably in the Advection Theorem[8.18]

Proposition 6.10. For S € I (R'T9),
D s eri@at e |s));rY
Dt tlls

and

D 1
—5| < -a.e. .
5| < esy @ lSkae (6:24)

Proof. The fact that the geometric derivative D%S is well-defined (dt ® ||.S|¢||)-almost ev-
erywhere follows directly from Lemma [6.8| (i), which entails that (¢, ) defined in (6.18)
exists and is non-zero at (dt ® ||S|¢||)-almost every (¢, z).

The estimate is clear from (6.23). Combining this fact with the coarea formula

for slices from Proposition (6.2 (with g := |V t|~1), we estimate

1
/0 /{t}de

This directly implies the claimed integrability. O

D ! 1
—S|d||S dtS// ——— d||S|¢|| dt = M(S).
pys|disitars [ [ o alsl = nas)
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Example 6.11. In the so-called Space-Time Framework of dislocation-driven plasticity,
the fundamental objects are the slip trajectories, that is, 2-dimensional space-time integral
currents

S e 1,([0,T] x Q),

one for every Burgers vector b € B = {£b1,... £ by} (m € N), which are defined in the
(closed) space-time cylinder [0, 7] x §, with Q C R3 an open bounded Lipschitz domain
that is simply connected (e.g., contractible). We also require the boundary condition

dS" L ((0,T) x Q) = 0. (6.25)
and the symmetry relation
§70= -5

for the family (S®)ycp. The corresponding dislocation system at almost every time ¢ €
[0,T7] is given by

SP(t) = puS”,  bEB,

i.e., the pushforward under the space projection of the slice S°|; of S® at time ¢. The
pushforward is applied to move the slice from {¢} x Q to Q. The slicing theory of integral
currents developed in recalled above entails that S°(¢) is well-defined for (£!-)almost every
t € [0,T] and is a 1-dimensional integral current in ). Further, implies for such ¢
that S°(¢) is boundaryless in 2, i.e.,

dS°(t) L Q = 0.

This reflects the modeling assumption that dislocation lines are always closed loops inside
the specimen (2. Moreover, the symmetry relation

S7b(t) = —S°(t)

holds for the family (S°(t))c and almost every ¢ € [0, 7). Finally, the geometric deriva-

tive D%Sb corresponds to the dislocation velocity.

6.3 Variation

Let S € 114 ([0, 7] x Q), where o < 7. We define the space-time variation (or just varia-
tion) and (space-time) boundary variation of S in the interval I C [0, 7] via, respectively,

Var(s: I) = / Ip5]l dl1S])
IxRd

Var(dS; 1) :=/ Hpc‘ﬁu d||os|.
IxRd
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Here, ||-|| denotes the mass norm of multi-vectors. The variation equals the total traversed
(spatial) area with absolute multiplicity, that is, not letting opposite movements cancel each
other.

If [0, ] = [0, 1], then we also write Var(.S), Var(9.S) for Var(S; [0, 1]), Var(9S; [0, 1]).
Clearly, the variation is additive in the interval I, that is, for o < r < s < t < 7 it holds
that

Var(S;[r,t)) = Var(S;[r,s)) + Var(S;[s, t)),

Var(S; (r,t]) = Var(S; (r, s]) + Var(S; (s, t]).
Remark 6.12. Since we assume that S is integral, S and 8@ are simple multi-vectors.
Since the mass norm agrees with the Euclidean norm |- | for simple vectors (see Lemma|3.9),

we may replace the mass norm with the Euclidean norm above. However, when we define
the variation also for normal currents, then we must use the mass norm.

We also define the (space-time) L°°-norm of S and 95 on [ as follows:
||S||Loo([) := esssup M(S(1))
tel
[S][100 (1) := esssup M(9S(t)).
tel
Let 0,7 € R with o < 7. We define the space of Lipschitz integral (1 + k)-currents
in [0, 7] x R? as follows:

[1S1Loe ([0,77) + 1S lLoe ([o,77) < 005
1SI({o. 7} x RY) =0,

t — Var(S; (o,t)) € Lip((o, 7)),
t — Var(0S;(o,t)) € Lip((o, 7))

Ilfjfk([a, 7] x R :={ S € Liyp([o, 7] x RY) :

where Lip([o, 7]) denotes the space of scalar Lipschitz functions on the interval [o, 7]. Fur-
thermore, if K C R? is compact, we define

IIf_ifk([a, 7] X K) := IIffk([a, 7] X Rd) NIk ([o, 7] X K).
Fix S e IIfifk([m 7] x R%). We shall use Lip(S) to denote the Lipschitz constant of
t — Var(S; (o,t)) + Var(9S; (o,t))

in Lip((o, 7)).
Via the slicing theory of currents, for £!-almost every ¢ € [0, 7] we can define

S(t) := p=Sl € (),
where S|; € Ix([o, 7] x Q) denotes the slice of S with respect to time (i.e., with respect to
t). Note that if S € I; ([0, 7] x Q) has a jump at t € [o, 7], that is, ||S||({t} x R%) > 0,
then S|; does not exist and the vertical piece S L ({t} x R?) takes the role of a “jump
transient”, i.e., the specific surface connecting the endpoints of the jump.
Let us consider some examples to illustrate the above notions.
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Example 6.13. Let u € BV([0,1]) (see [4]) and define the associated graph currents
Sy € 11(]0,1] x R) via

S, :=1H" L graph(u)
with

graph(u) == { (t,u’(t)) : t € (0,1), 0 €[0,1] },

where u? (t) := (1 — @)u~(t) + Ou™(t) is the affine jump between the left and right limits
u® (t) = u(td) (which are equal to u(t) if ¢ is a continuity point), and 7 is the forward-
pointing unit tangent to graph(u) (with 7 - eg > 0). In this case,

Var(Sy; I) = Var(u; I) = || Du||(I)

for every interval I C [0,1]. This can be seen as follows: By a smoothing argument
and Reshetnyak’s Continuity Theorem [I.21] we may without loss of generality assume that

u € C1([0,1]). Then,
1
U
and hence

Var(u; I) = / 1 dt
1

1

V14 a?

4]
/graphw)n(fo) V1+[a)?

[p(7)] dH!

dH!

/graph(u)ﬂ([x R)
= Var(Sy; I),

where we used the area formula, Theorem Clearly, S, € IIffO([O, 1] x R) if and only
if w is Lipschitz. Moreover, here the vector ¢ defined in (6.18) satisfies £ = 7 and hence

D pT

_— = — =1U

Dt " tr
In this sense, the classical notions of BV- and Lipschitz-functions (with scalar values) con-
stitute the O-dimensional case of our theory.

Example 6.14. Let ) be star-shaped with vertex p € €2, and let T € I,(Q). Define
H(t,z):= (1 —t)p+txand H(t,z) := (t, H(t,x)). The cone

p<aT :=H,([(0,1)] x T) € I/'F,([0,1] x Q)

satisfies O(p<T) =01 x T —p<9T.
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Example 6.15. Let fo: [0,1] — [0,1] be the Cantor function, see Example and
let Sc be the “Cantor cone”, that is, the set in R'*2 obtained by rotating the graph of fc
around the time axis. As the graph of f¢ is 1-rectifiable (with length 2), we get that S¢ is
2-rectifiable. Hence, with a choice of orientation, S € I3(R®). Then, Sc(t) € 1;(R?) for
t € [0, 1] is the circle lying around the origin with radius fc(¢) and

Var(Sc; [0,1]) = mfe(t)*.
Hence, S¢ ¢ IIfifl([O,T] x R?).

Like the classical variation, also our space-time variation is invariant with respect to
time rescalings:

Lemma 6.16. Let S € 11, ([0, 7] x Q) and let a € Lip([o, 7]) be injective. Then,

a.S = [(t,z) — (a(t), )]s € Lijx(a([o, 7]) x Q)
with

(a:S)(a(t)) = sgnd(t) - S(t), t € lo,7],
and

Var(a.S;a([o, 7])) = Var(S; [0, 7]),
Var(9(a«S); a([o, 7])) = Var(9S; [0, T]),
|axSILee (a(io,r)) = IS Lee (o,7))
10(a9)12 (a((o,r])) = 19S oo ((0,7))-

IfS € IY'P ([0, 7] x Q), then also a,S € I}'P (a([o,7]) x Q).

Proof. If S = m S H't* | R with a countably (1 + k)-rectifiable set R C R't%, we get
(see, e.g., [23] (3) on p. 197])

. (DEao a_l)[g oa ]
|(DRa o a_l)[g oa~1|

axS=moa" HY L a(R),

where here and in the following we identify a with the space-time map (¢, z) — (a(t), x).
Since a only transforms the time coordinate,

p((Dfaoa[Foa™)) = p(Daca H[Foa ")) = sgna(t) - p(Soa™)

and

Jifa = |(D"a)[S]].
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Hence,

Var(a*S;a([o,T])):/a(R) p<$zzzz1;?221%)”7,10@—1 Ak

g 1
:/ ||p(RSoa )H moa*l dr]_[k
a(R) |Jilaoat

- / IpS] m dn*
R
— Var(S: 0. 7]).

where we used the area formula of Theorem The equality for the boundary variation
follows in the same way. The additional claim about Lipschitz integral currents is then also
clear. 0

Finally, we want to consider some estimates between mass and variation. First, we
observe that since |pS|| < 1 the variation is dominated by the mass, that is,

Var(S; 1) < M(S L (I x R%)) < M(S) (6.26)

and likewise for the boundary variation.

The next “Pythagoras” lemma gives a reverse estimate to (6.26). For this, let A(k, d)
be the set of ordered k-tuples (i1, ...,ix) € {1,...,d}* withi; < --- < i}; given J =
(’il,...,ik) € A(k‘,d), wesetey:=e; A---ANe;,.

Lemma 6.17. Let S € 1y (R'T9). Then,
k2 +pSP2P=1  |S]-ae. (6.27)

and, for I C R,
ISI(T x RY) < /M(S(t)) dt + Var(S; 1) < LY(I) - ||Sllree(ry + Var(S; 1).
I
Proof. Anyn € N\, R'*9 can be written in coordinates as

n= Z Mo,J €0 N ey + Z nsey =nlL dt + pn,
JeA(k,d) JEA(1+k,d)
where 19 7,77 € R. Here we have used that

nldt= Y msey
JEN(k,d)

pn= Y e

JEA(1+k,d)
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This decomposition also shows that n L_ d and pn are orthogonal with respect to the scalar
product on k-vectors, whereby

L dt]? + [pnf* = [n]*.

Applying this pointwise to n := S and also relying on (6.22)), whereby
S dt] = V5t = Jeg],

we obtain (6.27). Moreover,

M@fowhz/ VIS L dt2 + [pSP2 d|s|
IxR4
< / V5t + 1pS| |||
IxR4

:/Mwm&+wm&m
I

where in the last line we have used the coarea formula for slices in the form of Proposi-
tion[6.2] and the definition of the variation together with Remark [6.12]

Alternatively, one could estimate the Euclidean norm by the mass norm, see Lemma([3.9]
to obtain

1=|5]<[SLdt| +[pS| < [SLdt| + [pS]  ||S]|-ae.

Integrating this estimate over I x R? with respect to ||S|| and applying the coarea formula
we conclude again. O

6.4 Operations on space-time currents

it is convenient to define the concatenation and reversal of space-time currents with bound-
aryless traces at the start end end points:

Lemma 6.18. Let S, 52 € 11,£([0,1] x Q) with
881:(51><T1—(5()XT0, 882:(51><T2—(5()XT1,

where Ty, Ty, Ty € 11, (Q) with 0Ty = 0T = 9Ty = 0. Then, there is S20S51 € 111£([0, 1] x
Q), called the concatenation of Sy, Sa, with

0(S2081) =01 x Ty — g x Tpy
and
Var(Sz 0 S1) = Var(Sy) + Var(Ss),
[S2 0 S1lLee(po,1)) = maX{HslllLoo([o,u), ||52\Loo([o,1})}-

Furthermore, if S1,S2 € IIfJifk([O, 1] x ), then also Sy 0 Sy € IIfiFk([O, 1] x Q).
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Proof. We set

, —1 i
S :=alS; + a8,  di(t,x): CQ +TQ.
Then, all claimed properties follow directly from Lemma[6.16] O
Lemma 6.19. Let S € Iy 4([0,1] x Q) with
83251 XT]__(SOXTQ,

where Ty, Ty € 1;.(Q) with 0Ty = 0Ty = 0. Then, there is S=! € 11,4([0,1] x Q), called
the reversal of S, with

S =61 x Ty — 6o x T
and
Var(S71) = Var(8), [ oo,y = ISl (po,1)-
Furthermore, if S € IIffk([O, 1] x Q), then also S~ € I%fk([O, 1] x Q).
Proof. We set
S = a,sS, a(t,z) == (1 —t,x)
and again conclude by Lemma[6.16] O

Next we consider progressive-in-time deformations of (boundaryless) integral currents.
To see how one could generalize currents deformed via C!-homotopies (or Lipschitz-homotopies),
we first examine the classical situation: Let  C R? be a bounded Lipschitz domain and
let H € C(]0,1] x ;) be a C'-homotopy between the identity and g € C1(;Q), i.e.,
H(0,z) = z and H(1,z) = g(x); we also set H(t,z) := (¢, H(t,x)). For T € 1;(Q) with
0T = 0 define the deformation trajectory

S = H.([(0,1)] x T) € I11%([0,1] x Q),

where we have denoted by (0, 1)] the canonical current associated with the interval (0, 1).
Then, by the formula for the boundary of products, see Lemma.19] we have

83251 Xg*T—(SO x T.
Moreover, since H was assumed to possess C'-regularity,
S|t:5tXH(t,°)*T, te [0,1],

and ¢t — S|; can be understood as a continuous deformation of 7" into g, 7.
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Unfortunately, the class of C!-homotopies is not closed in a topology suitable for our
needs. Furthermore, C!-homotopies do not allow to move overlapping or intersecting parts
of currents into different directions since they represent deformations of the underlying
space and not of the currents themselves. Our generalization of a deformation is thus based
on the deformation trajectory S itself. In this spirit, the lemma below show that in the case of
“essentially injective” homotopies (which do not reverse direction and have no overlaps) the
variation measures precisely the mass of the pushforward of the space-time current under
the space projection (the “slip surface” in the situation of dislocations).

Lemma 6.20. Let Q C R ﬁnd Q' C R™ be bounded Lipschitz domains, let T € Iy, (ﬁ)
and let H € Lip([0, 1] x Q; ) be a homotopy that is essentially injective in the sense that

{there is a Borel set N C [0, 1] x supp T with H**(N) = 0 such that 6.28)

H is injective on D := ([0,1] x suppT) \ (N U {p(DH][eo A T]) = 0}),

where H(t,z) = (t,H(t,x)). Set Sy := H.([(0,1)] x T). Then, for all intervals
[0, 7] C [0,1],

Var(Sg; [o,7]) = M(H.([(o,7)] x T)), (6.29)

Var(0Sy; (o,7)) = M(H.([(o,7)] x 0T)). (6.30)

Proof. LetT = mT H*_ R witha countably k-rectifiable carrier set R such that H*(R) <
00, and a H*-measurable and integrable multiplicity function m: R — N. Fix an interval
[0,7] C [0,1] and set Z := (o, T) x R, which is a countably (1 + k)-rectifiable set. Assume
furthermore that

Sy =mpy Sy H™F L Ry € i ([0,1] x ).
We have for w € D!TF(RI+™) that

(Hi([(o,1)] x T),w)
//DZHtx leo AT ()], w(H(t, z))) m(z) dH" (z) dt

= ol DPHE D)o AT@)] N\ ek
/RHH([UT]XR’") {m:yZH(m)} ()<|DZH(t,:1:)[e0/\f(g;)]|’ (’y)> (t:9)

by the representation formula for pushforwards Proposition[5.2] and the area formula, The-
orem Note that [DZH (t, z)[eg AT ()]| is precisely the modulus of the k-dimensional
Jacoblan of H at (t, z) with respect to Z. It follows, see, e.g., [23} eq. (7.29)]), that

DZH(t,)[eo A T(z)]

= /iy 6.31)
IDZH (t,z)[eo AT (x)]|

H(t7y) §H(t7y) = Z m(:c)

{z: y=H(ta)}

Define
n(t,z) := p(DZH(t, x)[eo A T(z)]).
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Our assumption (6.28) now implies that whenever 7(¢, x) # 0, then in (6.31)) we have

Ip(Su(t, ) mu(ty) = Y m()

Ip(DZH(t,x)[eo A T(2)))]
{2 : y=H(ta)} |

IDZH (t,z)[eq AT ()]

on a set of full measure (there is only one term in the sum). Thus,

Var(Sy: o, 7]) = / Ip(Sm)l )l
RyN([o,7]xR™)
.
_/ m(x)Hp(DZ H(t,x)[eo /\T( )
Ru(lor]xR™) ¢ T oy IDZH(t, z)[eo A T ()]

= /T /R\n(t,a:)] m(z) dH"(x) dt. (6.32)

]) ” drH1+k(t y)
’ )

By similar arguments as before, for w € D*¥(R™) it also holds that
(Ho([(o,7)] x T),w)
/ / (t,2), w(H(t, 2))) m(z) dH* () dt

_ //D n(t,2),w(H (L, 2))) m(z) dH* (@) dt.

We now find a measurable k-covector field : D — A¥ R™ with |&| < 1and (n ( x),w(t,x)) =
In(t, z)|. Then, by (6:28), there exists a measurable k-covector field @: Q — A R™ satis-
fying |@| < 1 and

(nt, ), B(H(t,2))) = (n(t,2),&(t, x)) = In(t, )]

for (t,x) € D. By a standard smoothing argument we thus obtain

M(H.([(0,7)]  T)) //|ntx|m<>de<>d

and the other inequality “<” is easily seen to be true as well. Consequently, using this
equality in (6.32),

Var(Sg; [0, 7]) = M(H.([(o,7)] x T)).
This shows (6.29); the boundary estimate (6.30) follows in the same way. O
The prototypical class of deformation trajectories is defined via affine homotopies:

Lemma 6.21. Let Q C R and ¥ C R™ be bounded Lipschitz domains and let H be an
affine homotopy between f, g € Lip(Q; '), i.e

H(t,x):=(1—1t)f(x)+ tg(zx), (t,z) € 10,1] x Q.
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Let T € 1(Q) and set Sy := H,([(0,1)] x T), where H(t, ) := (t, H(t, z)). Then,
Sy e I7%.([0,1] x ) (6.33)

and, for all intervals [0, 7] C [0, 1] and almost every t € [0, 1],

Var(Su; [0,7]) < lg = flloo - VF*(f,9,T) - |0 — 71, (6.34)
Var(0Smu; (0,7)) < llg = flloo - VF'(f,9,0T) - o — 7, (6.35)
M(Su(t) <V (f,97 T), (6.36)
M(0S5x(t)) < V*1(f,9,0T), (6.37)

where, forl =k — 1, k,

Vi(f,9,T) = /\Df!l +[Dgl" dlIT|| < (IDf L~ + | Dglli.oc ) M(T).

and the L>°-norms may be taken over the support of T'.

Proof. We use the same notation as in the proof of Lemma[6.20] Recalling (6.3T) (which
holds independently of the injectivity hypothesis (6.28))), we can estimate

(S (8, y) mr(ty) < > m(z)

Ip(DZH (t, z)[eo A T(x)])| ‘
(o2 y=(1-DF(2) +g(x)} |

IDZH (t,z)[eq AT ()]

A computation shows

“H Z)|e _'l‘ = 1 — 0 0 _'l‘
o) [g(x)—f(x)]A<(1 ) [Df(:v) “toyia) )7
and then
P2t e A (@) = (o A (1L~ 0D @) + 1Dy T |

<llg - fHoo : (\Df(%')\’“ +[Dg(z)[").
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So,
Var(Sg; [0, 7])

/ 10(Sa (b, 9)) | ma (£, y) AH (8, )
Ryn([o,7]xR™)

/RHO([U,T]XRm) Z

{o s y=(1—t) f(z)+tg()}
s -
m(z) Ip(D” H (2, )[eo AZ“(-'JC)
|IDZH (t, z)[eq A T(z)]
- /RH”“"’T]XR’”) (o y=(1—1) f(x)+tg(x)}
lg — fHoo;(!Df(w)!’“ + |Dg(z)[*) dHl+E
IDZH (t,x)[eq A T'(x)]|

— /T /RHQ — Flloo - (IDF(@)|F + |Dg(x)|¥) m(z) dHF (z) dt

IN

DH dH1+k(7f, y)
|

A

(t,y)

g = Fllo- ( D51+ Dy d||T\) o -7,

where we have used the area formula again in the second-to-last equality. This shows (6.34)).

For the boundary variation Var(9Sy; (o, 7)) we observe via the formula for the bound-
ary of products, see Lemma [.19] together with the fact that boundaries and pushforwards
commute, see Lemma[4.26] the formula

0SSy = 01 X g«T — 6 x fT — H.([(0,1)] x OT).

We can argue in a similar fashion to above to obtain (6.33) (note that the interval is open, so
that the endpoint terms are not counted). For (6.36) we use that for almost every ¢ € (0, 1)
it holds that

This follows from the cylinder formula (6.13). Then, for w € D*(R™),
(Su(t),w) = /R<DRH(t, T (@), w(H (t,2))) m(z) dH* ().

Taking the supremum over all w € D*(R™) with |w| < 1 and employing a similar estimate

as above yields (6.36); likewise for (6.37)). Then, also (6.33) follows. O
Remark 6.22. Note that for an affine homotopy from f to g as in the preceding lemma,
n(t.z) = p(D7H(t, z)[eo A T(2)))
= (9(@) = f(2)) AN (1 =)D f(x) + tDg(x))[T (x)],



6.5. WEAK* CONVERGENCE AND COMPACTNESS 137

which is zero in particular where f = g (that is, where the affine homotopy “stands still”).
So, in this case, the assumption (6.28) in Lemmal6.20]is implied by the more restrictive, but
easier to check, condition

there is a Borel set N C [0, 1] x supp T with H*(N) = 0 such that
H is injective on D := ([0,1] x suppT) \ (N U{f = g}).

6.5 Weak* convergence and compactness

We say that (S;) C Ij4x([o, 7] X Q) converges BV-weakly* to S € 1; ([0, 7] X Q) as
J — 00, in symbols “S; A SinBV”,if
SjiS iIlIl_;,_k([O',T} Xﬁ),
Si(t) = S(t) inTx(Q) for £L'-almost every t € [0, T].
For this convergence we have the following compactness principle in the spirit of the clas-
sical Helly selection principle for BV-maps:
Theorem 6.23. Assume that the sequence (S;) C 111 (o, 7] x Q) satisfies

155 l1Les (for1) + I0SjllLoe (fo.71) + Var(Sj; [o, 7]) 4 Var(9Sj; [0, 7]) < € < o0

forall j € N. Then, there exists S € 1y, ([0, 7] x Q) and a (not relabelled) subsequence
such that

S; > S inBV.
Moreover,
||S||L°°([a,ﬂ) < h}gggf ||Sj||L°°([U,T])7
[0S Lo ([o,r)) < 11]H_1>£f 10551 ([0,7))»
Var(S; [0, 7]) < liminf Var(S;; [0, 7)),
j—00
Var(0S; (0, 7)) < liminf Var(9S;; (o,7)).
j—00
If additionally (S;) C IIffk([o, 7] x Q) such that the Lipschitz constants Lj of the scalar
maps t — Var(Sj; [o,t])+Var(0Sj; (o, t)) are uniformly bounded, then also S € IIf_ifk([a, T]x

*

Q) with Lipschitz constant bounded by liminf;_,o L;. Moreover, in this case, S;j(t) —
S(t) in1;(Q2) for every t € [o,T).

Proof. From the assumptions we infer a uniform bound on the masses M(.S;) and M(0.S;)
via Lemma Then, the first convergence S; — S in I, ([0, 7] x Q), up to select-
ing a subsequence, follows directly from the Federer—Fleming compactness theorem in

T14x([o, 7] x Q), see Theorem|[5.6]
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By the cylinder formula (6.13)),
S=0(SL{t<t}) — (5L {t<t}

and likewise for Sj|;. If ||S;]| + [|0S;]| = v in M*([o,7] x RY) (for a subsequence),
then standard results in measure theory (see, e.g., [4, Theorem 1.62 (b)]) imply that for all
t € [o, 7] with v({t} x RY) = 0 it holds that

<Sj, Tgany A dw> — <S, Tigery A dw>, <3Sj, Ty A w> — <5S, ey /\w>.
for all w € D*(R'*?). Thus, for these ¢,

o(S;L{t<t}y) 2o(SL{t<t}), o9S;L{t<t}>aSL {t<t}
Since there are only at most countably many #’s with v({t} x R%) > 0, we obtain that

Sile = S| for £'-almost every t.

This shows the second convergence S;(t) = S(t) in I (Q) for £!-almost every ¢ € [0, T].

The lower semicontinuity of the mass and variation follow in the usual way from the
weak* convergences. Indeed, the variation Var(Sj;[o,7]) is lower semicontinuous by
Reshetnyak’s Lower Semicontinuity Theorem|[1.22] i.e.,

Var(8: o, 7]) = / IpS] d|s|

[o, 7] %2
<timint [ [p(5))] ;|
1700 Jlo, 1]
= liminf Var(S;; [0, 7])
J—00
since the integrand ||p(-)|| is positively 1-homogeneous, convex (as the composition of a
convex and a linear map on /\,,, R'*%), and continuous.
Finally, assume that (S;) C IIfjfk([a, 7] x Q) and the Lipschitz constants L; of the scalar
maps t — Var(Sj; [o,t]) + Var(9S;; (o,t)) are uniformly bounded by L* > 0. Then, by
Lemma [6.17] for almost every s,t € (o, 7) and every j € N,

15511 ([s, 1] x RY) = M(S; L ([s, 1] x R))
<|s —t| - esssup M(S;(r)) + Var(Sj;[s, t])

rée(s,t]

<(C+LY)|s —t|.

Likewise, we obtain ||0S;]|([s, ] x R?) < (C + L*)|s —t|. Then, for the measure v defined
above it holds that v({t} x R?) = 0 for all t € [0, 7). Consequently, the same argument as

before yields that S;(t) — S(t) in Ix(Q) at every t € [0, T).
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Finally, for s, t € [o, 7] it holds that

Var(S;[s,t]) < liminf Var(S;;[s,t]) < L|s — ¢
Jj—00
by the same argument based on Reshetnyak’s theorem as above, where L := liminf; , L;;
similarly for the boundary variation. In particular, S € Ilffk([a, 7] x Q) with Lipschitz con-
stant bounded by L. 0

Corollary 6.24. Assume that S; = S in Ty 44 ([0, 7] x Q) and
1Si1ILee (jo,7) + [0Sl Los (jo,7) < C < 00

forall j € N. Then, S; X SinBV.

Proof. Since S; = S and 8S; = OS in the sense of measures (which follows from the
weak* convergence as currents), we have that M(S;) + M(9S;) < C for some constant
C > 0. Then also Var(Sj; [0, 7]) + Var(9Sj; [0, 7]) < C by and so the assumptions
of the preceding theorem are satisfied. Since the limit is already determined, we get .S; BN
in BV. U

6.6 Deformation and connectivity theorems

In this section we establish a version of the deformation theorem (see [|19, 4.2.9] or [23|,
Section 7.7]) that is adapted to our BV-theory of integral currents. Let us emphasize that
this theorem requires the current being approximated to be integral and boundaryless. Also
recall our standing assumption that Q C R? is a bounded Lipschitz domain.

Theorem 6.25 (Space-time deformation). Let T' € 1x(Q) with OT = 0. Then, for all
0 > 0 there exists S € IIffk([O, 1] x ), where Q' := Q + B /a11) Such that
0S =0 xP-b6xT, P= Y pp[F], 0P=0.
FeFi(o)

Here, [F] is the integral current associated to an oriented k-face F' € Fy, (o) of one of the
cubes oz + (0, Q)d (with unit multiplicity and a fixed choice of orientation), z € Z4, and
pr € Z. Moreover,

M(P) < OM(T),
Var(S) < CoM(T),
1S lLee([o,1)) < CM(T).

Here, the constant C' > 0 depends only on the dimensions.
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Proof. 1t suffices to prove the theorem for ¢ = 1; the general case is reduced to o = 1
by scaling. Indeed, setting r ( ) := ax for o > 0 and x € R%, we may apply the result
in the version for p = 1 to T := r*/ °T (in a suitable ‘domain) to obtain P S as in the
statement of the theorem for o = 1. Then, set P := r? P, S =23 (or, more verbosely,
S:=[(t,z) — (¢, gx)]*g ). These P, S satisfy the conclusion of the theorem for our g since
P,T and S(t) (for a.e. t € [0, 1]) have the same dimension &k and S has dimension 1 + £,
whereby

Var(S) = o't* Var(S) < Co'**M(T) = CoM(T).
One quick way to see the first equality is to observe that
Var(S) = o' Var([(t,2) - (t/0.2/0)}.5: [0,1/c]) = 0"+ Var($)

by the area formula and Lemma|6.16]
So, in the following let o = 1. Inspecting the proof of the standard deformation theorem,
in the version of [23, Sections 7.7, 7.8], say, we observe that in the present situation of

boundaryless integral currents the proof proceeds by constructing a homotopy from 7" to a
P of the form

P= > pr[F]

FeF(1)
with
P =0, M(P)< CM(T).

We remark in particular that in the last step of the proof of the deformation theorem (as
in [23] Section 7.8]) we do not need to modify the retraction onto any k-face since 9T = 0
(by the constancy theorem, see [23], Proposition 7.3.5]) and P is indeed a homotopical image
of T'. The homotopy constructed is seen to be the concatenation of two affine homotopies:
The first affine homotopy, call it Hy, goes from the identity to a translation t*(z) := x + a
(la] < 1). The second affine homotopy, Hs, goes from the identity to the “radial” retraction
1) onto the k-skeleton (defined in [23, Section 7.7]).
We have Hq(1, )T = tT and

S, »= (H1).T € IY%.([0,1] x Q+ By),
where H1(t,x) := (t, Hy(t, z)). From Lemma we obtain
Var(Sg,) < CM(T).

Moreover, it can be shown (see [23], top of p. 218]) that a may be chosen such that

/ DyI* AT < CM(T).
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Thus, from Lemmal|6.21|we get for
Su, = (H2):[t4T) € 1P ([0,1] x O+ B, ),
where Hy(t,x) := (t, Ha(t,x)), that also
Var(Sg,) < CM(T).
Once we concatenate Sg, and Sg, via Lemma we obtain that for
S = Sp, 0 S, € I/0.([0,1] x )
it holds that 95 = 61 x P — 09 x T and
Var(S) < CM(T).

The statement about the essential mass bound on S(t) also follows from the estimates of

Lemmas This finishes the proof. O

As a corollary, we obtain the following version of the isoperimetric inequality:

Theorem 6.26 (Isoperimetric inequality). Let T' € 1(S2), k > 1, with OT = 0. Then,
there exists S € Ilffk([o, 1] x ), where Q' := Q + Benyryi/v, such that

0S5 = -6y xT
and

Var($; [0,1]) < CM(T)*H/E 18] L 0,17 < CM(T).
Here, the constant C' > 0 depends only on the dimensions.

Proof. The proof is similar to the one for the classical isoperimetric inequality and follows
immediately from the deformation theorem: Assuming that 7" # 0, we let P, S as in the
deformation theorem with

0 = [2CM(T)]V¥,
where C' > 0 is the constant from said theorem. By a scaling argument, M(P) = N ()"
for some nonnegative integer N (o). From the estimates in the deformation theorem we
have M(P) < CM(T') and thus

N(o) - 2CM(T) = M(P) < CM(T).

So, 2N () < 1, whereby N(g) = 0, and hence P = 0. This immediately yields all the
claimed statements. O
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The following is a metric measuring the distance between two boundaryless integral
k-currents via progressive-in-time deformations, namely Lipschitz integral currents: For

To, Ty € 1;(Q) with 0Ty = 9T7 = 0, the (Lipschitz) deformation distance between T
and 11 is

dist;; o(To, T1) := inf{ Var(S) : S € TP ([0,1] x Q) with S = 61 x Ty — 6 x T }

That disty; (-, +): Ie(€2) X Ix(€2) — [0, 00] is positive definite, symmetric, and obeys the
triangle inequality follows immediately from Lemmas|6.18] and the fact that Var(S) =

Ofor S € IIffk([O, 1] x Q) with 9S = 61 x Ty — 6 x Ty implies that Ty = 7. We remark that

distLipﬁ@7 +) is not necessarily finite if  has holes that can be detected by boundaryless
integral k-currents.

With regard to the notion of convergence induced by the (Lipschitz) deformation dis-
tance, we have the following space-time connectivity theorem:

Theorem 6.27. For every M > 0and T}, T (j € N) in the set
{Telk(ﬁ) : 0T =0, M(T) SM}
the following equivalence holds (as j — o0):

dist (5, T) =0 ifandonlyif — T; 2T inIi(Q).

Moreover, in this case, for all j from a subsequence of the j’s, there are S; € IIffk([O, 1]xQ)
with

OSj =01 xT — g % Tj, diStLip,ﬁ(TbT) < Var(Sj) — 0,
and

limsup ||S;]|Le(o,1) < C - lignsup M(T;).
—00

J—00

Here, the constant C' > 0 depends only on the dimensions and on ).

Proof. For the first direction, assume disty;, (7}, T) — 0. Forany S € I%fk([o, 1] x Q)
with 9S = 01 x T; — 6o x Tj it holds that Op..S = T; — T and so,

FI°(T; — T) < M(p.S) < Var(S5)
by the definition of the variation. Taking the supremum over all such S,
F(I; -T) <FI°(T; - T) < distLipg(Tj,T) — 0.

Then, the claim T} X T follows as the first (easier) part of Proposition , namely as
follows: For w € D¥(RY),

(T = T,w)| <F(T; = T) - [[dw]oe = 0.
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For the other direction, assume 7; — T in Ix(Q) with 9T} = 0T = 0 and M :=
sup; M(7}) < oo. We need to show that

disty ;o (75, T) — 0. (6.38)

The first step is to observe that for all N € N sufficiently large there exists a finite
collection P C I (€2) such that for all 7' € I;(Q2) with 9T = 0 and M(T) < M it holds
that

disty (T, P) < C27" for some P € Py, (6.39)

where the constant C' > 0 and the lower bound for N depend only on the dimensions
and the domain 2. We first claim that (6.39) holds (with C' = 1 and for all N € N) for
dist;, DV where we have set ' := Q + B( Vi+1)o 5 (2 is as in our deformation theorem,

Theorem with o := 27/ (Caq M) (with Cyy, the constant from the deformation
theorem). Indeed, for P v we take the collection of all polyhedral chains P that can possibly
satisfy the conclusion of the deformation theorem for a T as above, which is clearly a finite
set. Thus, is established in €'.

Next, for N sufficiently large (how large only depending on 2), we may retract {/
to Q. In this context recall that € is always assumed to be a bounded Lipschitz domain
and hence a Lipschitz neighborhood retract, i.e., there exists a Lipschitz map that retracts
some neighborhood of Q onto €. In fact, since {2 was assumed to be bounded and to
have a (strong) Lipschitz boundary, one may proceed by observing that €2 is a Lipschitz
manifold and thus a Lipschitz neighborhood retract, see, e.g., [25, Theorem 5.13 and Re-
mark 3.2 (3)]). Thus, also holds for distLipﬁ and with P containing the retracts
of the polyhedral chains. Note that the retraction itself only contributes a bounded factor to
the estimate of the variation.

Returning to our sequence (7}), for every N € N sufficiently large we find a P €
Py such that dist;; 5(7, P) < C2~N for infinitely many j’s. Applying this argument
repeatedly and selecting a subsequence at every step (such that the constraint holds for all
elements of that subsequence), we may find a diagonal subsequence, still denoted by (77),
such that

disty;, 5(11, Pj) < 9~ U+D) forall! > janda P; € UPN C 1x(Q).
N

By the construction above P; is the Lipschitz retract of a polyhedral chain. Then, via the
triangle inequality,

disty g, (75, Tj+1) < 27
Hence, there exists an R; € P ([0, 1] x €) with

1+k

OR; = 01 x Tj41 — 0o x T}, Var(R;) < 277.
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Using the space-time currents constructed in the proof of the deformation theorem as wit-
nesses for disty; | 5(7j, Pj) < 20+ and disty ;) o(Py, Tj1) < 2-0*1) and concatenat-
ing them via Lemma 6.1§|to obtain R;, we may further require
IRl (f0,17) < C - max{M(T}), M(Tj41)}.
For the concatenation of the R; forl = j,..., 7 +m — 1, that is,

S;ﬂ = Rj+m71 ] R]’erfg 0:---0 Rj,

see again Lemma|[6.18] it holds that
65;” = 51 X Tjer —50 X T]

and
Var (S Z Var(Rj4) < 277+

Var(dS]") = M(T) + M(T} ) < 201

7" lseqoay) < €+ _max M(T}) < C-sup M(T)).
_]7"'7]+m lz]

Moreover, via Lemma@ we may rescale S} in time (which we do not make explicit in
our notation) to assume

Var(S55";[0,t]) = t Var(S5}"), t €[0,1].
In this way, also the Lipschitz constants of 57" are uniformly in m bounded by 27+,

We now pass to the limit m — co. Via Theorem this yields S; € Iﬁfk([(), 1] x Q)
with

055 = 01 % <V¥:_}é£nTﬂ+m> — 0o x Tj =061 xT —do x T}
and
Var(8;) <277+,
1 llLoe (f0,1)) < C - sup M(Th).
1>

Our Sj is admissible in the definition of the metric disty;, 5(+, +) and so,
disty;, (7}, T) < Var(S;) = 0 as j — o0.

In this way we can find for every subsequence of the original sequence (77); (before taking
the repeated subsequences above) a further subsequence that converges in the distLip a-
metric to 7. Hence, also dlstL Q(T T) — 0 for the original sequence, proving our

claim (6.38).

Finally, taking the upper limit of the mass estimate,

limsup [|S}|pee (o)) < C - hmsup M(T;).

]%OO

This finishes the proof. O



Chapter 7

Fine Properties of Space-Time
Currents

In this chapter we explore in detail the relationship between a space-time current and its
slices. In particular, there are two different decompositions of a space-time current, namely
the one given by current slicing and the one given by the measure-theoretic disintegration
(see Theorem and Remark [I.7). Comparing them, we can understand whether or not a
given space-time current is essentially just a collection of slices, or if there are other singular
phenomena present (which may indeed happen).

7.1 Disintegration

Given a space-time integral current S € Iy 1 (R'*?), define the positive measure

A= LN N = (bS]

Trivially, t4||S|| < A, so that we may consider the (unique) disintegration of the mass
measure ||S|| with respect to t and A according to Theorem [1.5]and Remark [1.7] namely

151 = A(dt) @ (7.1
with

€ M({t} x REG A L R for A\-a.e.t € R.
Also set

wy = pg L Crit(S).

Theorem 7.1 (Disintegration structure). Let S € 11,1 (R'™%) and let ||S|| = \(dt) @
be the disintegration of the mass measure as in (1.1)). Then:

145
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(i) For L'-a.e. t € R the measure yi} is singular with respect to |V5t| ™1 ||S|¢|| and
can be decomposed as

pe = [V STl + it
(ii)) For A°-a.e. t € R the measure i is concentrated on Crit(S), so puf = u.
Therefore, the disintegration structure formula
IS = dt @ (V5| SIll + ) + A*(dE) @ p (7.2)
holds.
To establish this theorem, we first prove the following two lemmas.
Lemma7.2. Let S € 1,4 (R'"?). For the measures
v=VRtIS], D= VoS
the following statements hold:
(i) tyy < LY and v = dt @ || S|
(ii) tx||T)| < LY and T = dt ® (£]|S]4])).

Proof. Ad (i). Let N C R be an £'-null set. Then, applying the coarea formula for slices
from Proposition [6.2 with g := 1, gd,

tuy(N) = (N x RY)

— / Lyt [V d]1S]
R1+d

— / / Ly ]ISl df
R J{t} xRd

-/ 1N<t>< / drswtu> dt
R {t} xRd

:077

Hence, txy < L.
By the disintegration procedure of Theorem and the remark following it (for A =
LY, we may write

’)/:dt®’}/t‘

Combining this with the coarea formula for slices from Proposition [6.2] we obtain for all
Borel sets A € R, B C R% that

/A I1S]1(B) dt = /A VS dIS] = 9(A x B) = /A w(B) dt.
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Since A, B are arbitrary, (i) follows from the uniqueness of the disintegration.

Ad (ii). Clearly, ||T'|| =, whereby t4||T'|| = t4y < £ follows directly from (i). For the
second claim we observe for any ¢ € C.(R'*%; R x R?) tand with ¢ defined in (6.18) that

l/ w'dr_}/ ¢ Vot d||S|
R1+d R1+d
=/ @ - £|VOt d||S|
+d

Rl
- / o€ d|IS)] dt,
t}xRd

where the last line follows from (i). We conclude again via the uniqueness of the disinte-
gration. H

Lemma 7.3. Let S € Iy (R'*?). For the measures
o :=|S] L Reg(9), Y = S5L Reg(9)
the following statements hold:
(i) tyo < LY and o = dt @ (|[VIt|7L||S]e]]).
(ii) t4||2| < L' and ¥ = dt @ ([VIt|LE A S|,).
Proof. Ad (i). Observe first that
Ireg(s) =1 (At @ [|S]e]])-ae.

by virtue of Lemma [6.8] (i). Similarly to the proof of the previous lemma, we then apply
the coarea formula for slices from Proposition with g := |VSt|_11( NxR4)NReg(S) O
compute for any Borel set A C R+,

o(A) = [|S]I(A N Reg(5))

= [ ] L [9°U sl at
X

://{t} LAV S
X

In particular,
tyo = (\Vst\*l HS|t||) (R x Rd) ﬁl(dt)
and hence t yo < L. Then,

o =dt® (V|7 S]]])



148 CHAPTER 7. FINE PROPERTIES OF SPACE-TIME CURRENTS

must be the (unique) disintegration of o with respect to £!, which concludes the proof of (i).

Ad (ii). Since ||X|| = o, from (i) we immediately see that t4||3|| = tuo < £1. Then take
¢ € C.(R'"T; R x RY) and compute

/ pdd= / pdS
R1+d (R1+d)NReg(S)

= / @ - S do.
R1+d

By (i) we thus obtain for the disintegration > = dt¢ ® >; with

= _ = _ 1
Be = SV ISl = (€A Slo) [V ISl = gy €4 S

for £'-a.e. t € R, where we have also used (6.21)). This shows the second claim of (ii). [

Proof of Theorem[7.1] Summing up the the insights from the preceding two lemmas, we
have the following relations:

V5] [1S] = dt ® || Sl IS/ L Reg(S) = dt @ (IV¢| 71 [|S]:]]),
VS| = dt @ (€ ]IS, SL Reg(S) = dt @ ([VIt[ 1€ A S|e).

Write | S| = o+v with o := || S||LReg(S) and v := ||S||L_Crit(S). From Lemmal[7.3]
we obtain the relations

or = [V 7H1S ||| for L1-ae. t €R,
o =0 for \°-a.e.t € R.

Denoting by v = dt ® 14 the disintegration of v with respect to A,
IS =0 +v
=dt® (V|7 |1S]e]l) + A(dt) @ v
=dt® (V|7 S]]l + ve) + A*(dt) @ v
Comparing this to (7.1]), we obtain

pe = |V TS+ v for £l-ae.t €R,
= U4 for AM*-a.e.t € R.

In particular, since the v; are concentrated in Crit(S) for A*-a.e. ¢t € R, the same holds for
¢, which immediately yields (ii).

For the absolutely continuous parts, observe that ;f = 14 and that this measure is
singular with respect to |V5t|~1 [|S|;|| by Lemma (i). So,

pe = [V Sl + i

This shows (i). Finally, (7.2) is a direct consequence of (i) and (ii). ]
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Remark 7.4. One can also show that z} is singular with respect to H#* for £!-a.e. t € R.
For this, notice that the set Crit(.S) is (k + 1)-rectifiable, being a subset of (the carrier of)
S. By the coarea formula of Theorem 2.7 the set

Cy == Crit(S) N ({t} x RY)

is k-rectifiable for £'-a.e. t and
/H’“(Ct) dt = / IVSt] dHFL =0,
C

So, H*(Cy) = 0 for L'-a.e. t € R. Since, by definition, x} is concentrated on Crit(S) N
({t} x R?) = O, we conclude that 1} is indeed singular to #* for £!-a.e. t € R. Moreover
w; is concentrated on Crit(S) N ({t} x R?), which is H*-null for £'-a.e. ¢.

7.2 Slices and AC space-time currents

An important consideration in much of the theory of space-time integral currents is the
relationship between a space-time currents and its slices. Since it is the most important case
we will only consider S € Ny, 1(]0, 1]xR?) with the additional property 9W L (0,1) xR? =
0, which entails that £!-almost all time slices are boundaryless.

Intuitively, we have purported that space-time currents are a model for the evolution of
its slices. This is clearly not the whole picture since we need to take into account singulari-
ties. The simplest ones are jumps, as in the following example.

Example 7.5. Consider S € I3(R x R?) defined by S := S; + S5 for
S1 = [[071]] x Cq, Sy = [[1,2]] x Cy+ 61 x W,

where '] and C; are circles of radius 1 and 2, respectively, and W is the annulus between
them. Hence, W = Cy — C7 and 9S L (0,1) x R? = 0. Then,

t4 S| = LY [0,2] + 6.
Consequently, in the disintegration structure formula (7.2), A® is non-zero.

If all slices vanish, so we are considering “piecewise constant” evolutions, then jumps
are indeed the only type of singularity that can occur:

Lemma 7.6 (Zero-slices lemma). Let S € 1y ([0,1] x RY) with 9S L (0,1) x RY = 0.
Then, the following are equivalent:

(i) S|¢ = 0for L'-a.e. t €]0,1].
(ii) With k := t4]||S|, for k-a.e. t there exists Sy € 114 ({t} x R?) such that

S = k(dt) ® Sy and 0S; =0 fork-ae.t.
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Moreover, if one of these conditions holds, then k is purely atomic, so that for an at most
countable collection of points t; € [0,1],

S=> "8y, Sy e A{0} xRY Sy |-ae.,
J
Proof. Assume first that (i) holds. Disintegrating .S with respect to the temporal projection
t via Theorem [[.5]and Remark [I.7] we write
S = k(dt) ® S,

with 5 := t4]|S]| and Sy € M({t} x R% A, R'™?) for k-almost every ¢ € [0,1]. By
Remark[1.6] for k-a.e. t € (0,1),

. SL(t—h,t+h)xRd
Sy = w1 ’
W0 K((E—ht+h))

By the cylinder formula (6.13)) and the assumption (i) there is a sequence h; — 0 with
O[S L (t = hj,t+ hy) x RY = S|iin, — S|e—n; = 0.

Passing to the limit (and using that the boundary operator is weakly* continuous), 35; = 0.
Since S is integral, it is supported on a (k + 1)-rectifiable set R, and thus there can be
only countably many ¢’s for which ||.S;||(R) > 0 (there can only be finitely many ¢’s such
that ||.S;||(R) > 1/m for any m € N). Therefore, ~ must be atomic, say with carrier set
{t1,ta,...}. Since S, is supported in {t} x R, its S; must belong to Ax({0} x RY). We
can also rescale, so that x({t;}) = 1 for all j. This shows the claimed decompositions of
S. As S is integral, so must be the S;,. More precisely, we can write St as the weak*-limit
of a sequence of integral currents as above and apply the Federer—Fleming Theorem [5.6

For the other implication, assume the decomposition (ii). We use the cylinder for-
mula to infer that for £!-a.e. ¢ € [0, 1] and any w € D*(R?),

(Sle,w) = (O(SL{t <t})—(0S) L {t < t},w)
= (SL {t <t},dw)

= Z<Stj7dw>
J
=0
because 0S; = 0 for x-a.e. t and hence also 0S = 0. O

Example 7.7. One non-zero S € I5([0,1] x R3) that satisfies the assumptions of the
previous lemma is

S =013 X [[52]]7

where [S?] is the (oriented) 2-sphere in R3.
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In the zero-slices lemma we have that t. (|| S|| L Crit(S)) is singular with respect to £!
and Var(S; {t;}) = M(S;,) > 0.

As the preceding example shows, this does not exclude transient effects, where a current
flashes in and out of existence in an instant. To avoid this, we say that an integral current
S € I 11(]0, 1] x R?) satisfies the AC (absolute-continuity) condition if

(5] L Crit(s)) < £,

where Crit(S) is the critical set of S. In the disintegration structure formula (7.2)) of Theo-
rem [7.1]this corresponds to A* = 0.
The AC condition indeed prevents jumps in the variation:

Lemma7.8. Let S €1y, 4([0,1] x RY) with S L (0,1) x RY = 0. Then,
Sis AC if and only if Var(S; ) < £

Proof. Assume first that Var(S; -) < £1. Forevery (t,z) € Crit(S) we have |p(S(t, z))| =
1. So, for every open interval (a,b) C [0, 1],

ta([[S]| L Crit(S))((a, b)) = ISI|(Crit(S) N ((a,b) x RY))

- [ NGIRIE
Crit (S)N((a,b) xR4)

<[ @S|
(a,b)xRd

= Var(S5, (a,b)).

This immediately implies the claim
Suppose now that S is AC, i.e., t4(]|S|| L Crit(S)) < L. Then, for every Borel set
A C [0,1] we have

var(s: )= [ () dls|

< [IS1I(A x RY)
= (IS] L Reg(5)) (67" (A)) + (IS]| L Crit(8))(t™(A))
= t4 (|51 L Reg(5))(A) + t4([|S]| L Crit(5))(A),

X

whence
Var(S;+) < t4(||S]| L Reg(S)) + t4(||S]| L Crit(5)).

The first term is always absolutely continuous with respect to £ by Theorem (or just
Lemma|[7.3) and the second term is so by assumption. 0

In fact, AC space-time currents are in a sense orthogonal to the ones that occurred in the
zero-slices lem:
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Lemma 7.9. Let S € I;;([0,1] x RY) be AC with S L (0,1) x RY = 0. Then, ||S|| is
singular to |W || for any W € 11,1(]0, 1] x RY) of the form

W= Z Wi,
J
where Wy, € Iy i ({t;} x RY) with
oWy, =0, Wy, € \p({0} xRY) ||, ||-a.e.

for an at most countable collection of points t; € [0, 1].

Proof. Let

S||(B
R:=<{ zeR™ : limsup 151(B(z, o)) >0 o,
00 Qk-l—l

which is a (k + 1)-rectifiable carrier set of ||.S||. As S is an integral (k + 1)-current,
Wy, | L R< HF L R<|S||L R

Now, Var(S;-) is non-atomic by Lemma from which we know that ||.S||({t;} x
R?) = 0 for every t;. It follows that || W, ||(R) = 0. Hence |[W||(R) = 0 and so ||[W]| is
singular to ||S||. O

Corollary 7.10. Let S,S" € I14([0,1] x R?) be AC with S _ (0,1) x R = 0 =
95" L (0,1) x R and suppose that

S|, =5",  forL'-ae.t.
Then, S = S'.
Proof. By Lemmal[7.6]
S—8=) W, =W
J

satisfies the assumptions of Lemma[7.9] Thus, ||V || must be singular with respect to [|S|| +
||S”|I, from which we conclude that W = 0. O

Example 7.11. Without AC, the slices alone do not determine the space-time current.
Consider, for instance the non-AC space-time current given in Example[7.7} which has zero
slices for £!-almost every point in time, but is not zero.

While space-time integral currents S € Iy, (R'*?) satisfying the AC condition are
determined by their slices, it seems natural to conjecture that also ||.S|| < dt ® ||.S|¢]|, so
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that we could call S “slice-dominated”. However, inspecting the distrintegration structure
formula (7.2), we can only obtain that

151 = dt @ (V247 ISl + 7)

with pf concentrated on Crit(S). Interestingly, the x; may be non-zero and singular with
respect to ||.S|;||. An example demonstrating this fact will be shown in the next section.
Thus, the above conjecture is false and in general ||.S|| & dt & ||S]¢||, even if S is AC.

The problem with S being “slice-dominated” is that uf may contain singularities that
are smeared out in both space and time. To avoid this kind of pathology, we define the
following stronger condition: A space-time integral current S € I ,(R'T9) is said to
satisfy the NC (negligible-criticality) condition if

|S]| L Crit(S) = 0.
Equivalently, we could require that for for ||.S||-a.e. (¢, x) it holds that
span S(t,z) ¢ {0} x R?

or

—

S(t,x) L dt(t,x) # 0,

meaning that at such (¢, x) the approximate tangent space to .S has a non-trivial time compo-
nent. So, under NC the geometric derivative %S is well-defined ||.S||-almost everywhere.

Lemma 7.12. Let S € I ,(R'T9).

(i) If S is NC, then S is AC.

(ii) If S is AC and t (|| S| L Crit(S)) is singular with respect to L', then S is NC.
Proof. These claims are trivial. O

Remark 7.13. 1In [10], S is said to have the “weak Sard property” if t(||S]| L Crit(S5)),
which is equivalent to i = 0 for £!-a.e.t € R, in the disintegration structure formula (7.2)).

Lemma 7.14. Let S € 1;,(]0,1] x R%) with S L (0,1) x R? = 0. Then, S is NC if and
only if

IS1 << dt @ [|Sl]

Proof. Assume first that S is NC. Then, in the disintegration structure formula (7.2)), A must
be singular with respect to £! and therefore the disintegration of ||.S||L_ Crit(S) with respect
to t and A has the form

I1S]| L Crit(S) = A*(dt) ® .



154 CHAPTER 7. FINE PROPERTIES OF SPACE-TIME CURRENTS

Figure 7.1: The construction of the Flat Mountain (steps 1, 3, 5).

Thus, pf = 0 for £L'-a.e. t, whereby t(||S| L Crit(S)) < A® is singular with respect to
L. We also know that A* = 0. Combining this with (7.2), we obtain

1
IS = / V56 S]] d,

whence the claim follows.
For the other direction it suffices to observe that by Lemma[6.8](i) we have ||S|; | (Crit(S)) =
0 for £'-a.e. t € R. Thus,

1
/O 114l (Crit(9)) dt = 0

and this implies [|.S||(Crit(S)) = 0 by the hypothesis. O

Remark 7.15. If k = 0, for every S € I;(R x R?) by the area formula it holds that
H(t(Crit(S))) = 0. So, t4(||S|| L Crit(S)) is singular to £!. Thus, by Lemma [7.12] i),
S is automatically NC. This means that phenomena involving “critical singularities”, such
as the ones to be investigated in the next section, are a genuinely novel higher-dimensional
feature of the space-time theory, and do not occur in the classical theory of functions of
bounded variation (BV) or absolutely continuous functions on R, which can be recovered
as the k£ = 0 endpoint of the space-time theory (cf. Example[6.13).

7.3 The Flat Mountain

In this section we construct the so-called “Flat Mountain”, which is an AC integral space-
time current that does not possess the NC property. This space-time current Spy; € Iglp (Rx
R?) will be given as the graph of a BV-map u: [0,1]?> — R (the “mountain”). Here we use
the convention that time goes upwards, i.e., the slices of Sgyr are given by intersection with
horizontal planes. For the theory of functions of bounded variation (BV) see [4]] and also
Example[6.13]

One particular property of the construction is that the absolutely continuous part of the
derivative is zero, that is, Vu = 0 (“the mountain is flat”), yet the function is far from
constant. This property is somewhat reminiscent of the Cantor function f, defined in Ex-
ample for which f/, = 0 (the absolutely continuous part of the BV-derivative, or even
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Q2 Q3

Qo Q1

Figure 7.2: The squares Qg, @1, Q2, Q3.

classically via differential quotients almost everywhere), but fo increases monotonically
from O to 1 in the interval [0, 1]. The precise form of the construction was furthermore
inspired by the ideas from [2[]. The result will be:

Proposition 7.16. There is a current Spy € 12(]0,1]? x R) with S L R? x (0,1) = 0
(the time-axis being the last component here) and such that for the time-slices

S(t) == p«Slt,

where we have employed the modified definitions t(x,t) := t and p(x,t) := x, it holds that
FI°(Spm(t) — Spm(s)) = Var(Spw; [s, t]) = [t — s, s <t,

and
[Sem[[(Crit(Spm)) = 1.

In particular, Sy is AC, but not NC.

The proof will be accomplished in the remainder of this section via several lemmas.

The construction of the Flat Mountain is iterative and proceeds by successively sub-
dividing the square [0,1]? and raising the subsquares by a carefully chosen amount; see
Fig. for an illustration. Then one passes to

We first define the cubes
QO = [07 %) X [07 %)a Ql = [%a 1) X [07 %)a
Q2:=1[0,3) x [3,1), Q3 =[3,1) x [3, 1),
Figurefor an illustration, and corresponding maps A;: Q; — [0,1)2,
Ap(z) := 2z, Aq(z) =2z — (1,0),
Ag(z) :=2x —(0,1), As(z) =2z —(1,1),

which have as their inverse the maps B;: [0,1)? — Q;, given as

BQ(I’) = %x + (07 %)7 B3(x) = %I’ + (%, %)
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Define the function u: [0,1)? — R via

1o,.

u =

]
PN

Il
=)

7

and the map H : L1([0, 1]?) — L1([0, 1]?) via

13
T4 3 (0o 4) g, (1.3)
1=0

,p

Lemma 7.17. The sequence (uy,), C BV((0,1)?) defined by ug := 0 and
Upt1 = Huy), n € N,
converges in L™ and in BV to a limit u € BV((0,1)?) with Vu = 0.

Proof. For any two v, w € BV((0,1)?) it holds that

1
1 ] = Hwlllee = 7 max [[(vo Ai —wo Aillye gy < gllv —wlue

1
4

and

3
IDH[v] = DH[w]] ([0, 1]%) < iZIID(v o A —wo A;)|[(Q:)

:*qum— o, 1)
- §HD1} — Dw)||([0,1]?).

Thus, H is a contraction in L and BV, so the iteratively-defined sequence (uy,),, is Cauchy
in these spaces and hence converges to u € BV((0, 1)?), as claimed.

Since Du,, converges strongly to Du in the sense of measures and Du,, is supported on
the set

D,, x D,, where D, = { 27;]“ ©j=0,..., 2"t },

the measure Du must be carried by the set

J::GDnXDn.

n=1

This set is o-finite with respect to 7! and the general properties of BV-maps, see [4, Propo-
sition 3.92], thus imply that « must be a pure jump map, that is, Du = D7u, and thus
Vu = 0. O
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Having defined u on (0, 1) above, we now consider it to be extended by zero to all of
R2. In this way, new jumps are added on the boundary 9(0, 1)2. We will define the Flat
Mountain as the 2-current Sty associated with the graph of u, after completing the jump
parts. For this, define the 2-rectifiable sets

P= U {@u@)™h A= {e)x (@) @)

z€[0,1]2\Jy, TE€Jy

where [u~ (), u™ ()] denotes the segment between the two traces of u at the jump at x €
Ju. Then let

Srum = (e1 A e2) H2 L (TUA).

Denote by (Du)" the (divergence-free) measure that is obtained from Du by rotating the
gradient clockwise by /2, that is,

L |0
(Du)— = [ A ] .

The layer cake decomposition and coarea formula for BV functions then imply that

1 1
u(x)ep ANeg = / Lysey() dt and (Du)t = / O(Lgu>ey €1 Aeg) dt.
0 0

In order to derive the properties claimed about Sy in Proposition we need per-
form a more precise analysis of the approximating maps u,,. For

For any finite sequence I = (i1,...,i,) € {0,1,2,3}", n € N, let Q be the dyadic
cube

Qr = Qiy...ir, := By, 0...0B; ([0,1)?), (7.4)

which has side length 27". Intuitively, this corresponds to descending to finer and finer
subcubes, with the index determining which subcube to choose at each step (with 0,1,2, 3
giving the SW, SE, NW and NE subcubes, respectively); see Fig. for an illustration.

For any dyadic cube (), its dyadic subcubes are exactly those of the form @)/, where
I" extends [ (that is, the first n indices 7; in I” agree with those in I).

Moreover, for an infinite sequence J € {0,1,2,3}N we let z; € [0,1)? be the unique
point satisfying

{z;} = ﬂ @zlzn

neN

Conversely, for any € [0,1)? denote by .J(x) the (unique) index sequence such that

.%'J(x) = .
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Q31

’

Q21,1 ~-| )

"
- T1,3,0,0,...

Figure 7.3: A few subsquares and points identified by a sequence of numbers in {0, 1,2, 3}.

Lemma 7.18. On each dyadic cube Qp for I = (i1, ..., i), it holds that

Up = Z ZTJJ (7.5)

Moreover, if we write J(x) = (i1(x),i2(x),...), then
u(@) =" ng). (7.6)
j=1

Proof. The first claim is clear if n = 1. Suppose now that ((7.5) holds for n. We need to
show the claim for n + 1. For this, let z € Q;,,...;,,,. In particular, z € Q;, and by (7.4)
together with the fact that A; and B; are inverses of each other, we have

Ai(z) € Qig,.jing -
Therefore, by (7.3),

3
1 (2) = () + 7 D n(Ai()) T, () = %+ (A, (2).
=0

From the induction hypothesis it then follows that

i 1l iy

a2 Yo W

Upy1(z) = 4+4Z4j—24j,
j=2 j=1

which is the first claim for n + 1.
The second claim follows since u,, — w in L°° and hence we may pass to the limit

n — oo in (7.5)) to obtain (7.6). O
The projected time-slices of Spy are given as
SrMm(t) = P«SEM|t = 8(1{u2t}el A eg).

The above equality should be intuitively clear, but a more precise argument may proceed
via the cylinder formula (6.13) in Proposition[6.4](adapted to our present convention of time
direction) together with the definition of Sgy1.
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Lemma 7.19. Foreveryt,s € [0, 1] it holds that
FIO(SFM(t) — SFM(S)) = Var(SFM; [3, t]) = ’t - 8’.

Proof. 1t is clear from (7.5)) that the superlevel sets {u,, > t} only change when ¢ is a
multiple of 47", In fact, for all m,n € Nwithm < nandall j =0,...,4" it holds that

J J ]
{umzw}z{unzm}z{uzi}. (7.7)
The first equality is verified via (7.5)) and the fact that

umgun<um+4—m.

The second equality follows from the L.°°-convergence of u,, to u, which was proved in
Lemmal[Z 17
If x € Qi ..., then by in Lemma [7.18]

DETCES I R OE- B3 R

Jj= n+1

The left-most inequality is an equality only at the point xo for which it holds that J(xg) =
(i1,..,1n,0,0,...). Thus,

n .
(3]
Qir,...in \ {z0} C z; o <u< Z pr + — 5. (7.8)
J:
On the other hand, let x € Qy, . ¢,, with (¢1,...,¢,) # (i1, ...,%,). Then either

YiSion o Xi:iivn

By Lemma[7.18§] these cases imply either

u(x)<2% or ZZZ%—I——

Ly i
Qiroin = DL <u<y L+ — 1 U{m}. (7.9)

J=1 J=1

Given h, k € {0,...,4"} with h < k,
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where £2(N) = 0. By (7.9), each set on the right-hand side corresponds to precisely one
dyadic cube of order n, up to all null set. So, after redefining [V, it holds that

h k
{4n<u<4n}:NU U Q],

I€Z(h,k)

where Z(h, k) is a set of n-indices with exactly k — h elements. Since the squares corre-
sponding to these indices in Z(h, k) are essentially disjoint,

52 E CQ
<{4n Sus 4”}) (QI) 4n -
I1€Z(h,k)

‘We now observe

FI°(Spm(t) — Spm(s)) = |t — s

for all s,t € [0,1] that are multiples of 4=" for any n. Indeed, from the definition of
slices for Sy, FI°(Spa(t) — Spai(s)) must equal the £2-measure of the set between
{u = 47"h} and {u = 47"k} (the corresponding current is admissible for FI° and it is
also the only such current by the Constancy Theorem [4.23). By the above relation, this
£2-measure equals |t — s|.

A similar argument yields that

V&I‘(SFM; [87 t]) = |t - 5’7

where we also use that ||p(Sga)|| = || Sea|| = 1 since Vu = 1.
Since these relations hold for all s, on a dense set, a continuity argument shows the
conclusion for every ¢, s € [0, 1]. O

Proof of Proposition[7.16] The formula for the homogeneous integral flat norm and the
space-time variation was established in the preceding lemma. By Lemma we see that
Srm is AC. On the other hand,

[Sem || (Crit(Spm)) =1

because Vu(z) = 0 for a.e. € [0,1]2. Thus, Sgy is not NC and the proof of Proposi-
tion[7.16]is complete. O



Chapter 8

The Geometric Transport Equation

So far we have seen how one can represent the motion of geometric objects represented
by currents via space-time trajectories. Now we want to investigate a complimentary de-
scription of current transport via the Geometric Transport Equation. One may think of this
as writing down an evolution law for the slices of a space-time current. Specializing this
equation to different dimension, we will recover many known transport-type PDEs, like the
continuity and transport equations. This chapter will also discuss existence and uniqueness
theorems as well as various results on the relationship with the “variational” space-time
approach that was introduced previously.

8.1 Lie derivative and Geometric Transport Equation

Recall the definition of the Lie derivative of a k-form w € D¥(R?) by a velocity vector field
v € C°(R% R?) in (3:4). Moreover, by Cartan’s Magic Formula from Proposition , we
have that

Lyw = d(tyw) + ty(dw). (8.1)

Dualizing this, we will in the following be able to define the Lie derivative also for currents.
So, given T' € Dy (R?), let

v e LY(IT + 19T I;R?),

that is, (||| + ||0T||)-integrable (which we understand to contain the requirement that
v: R — R?is measurable with respect to | T|| + ||0T'||). We now define the Lie derivative
of a current £, T € Dy, (R?) with respect to such a v via

L,T:=vN0T +0(wAT). (8.2)
This definition is motivated by the following result:
Proposition 8.1. For T € Dy(R?) and v € C*®(R% R?) it holds that

(L,T,w) = (T, Lyw), weDFRY. (8.3)

161
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Proof. We compute, using (3.8)) and Cartan’s Magic Formula (8.1)) (originally from Propo-
sition[3.19), as follows:

(L, T,w)y ={vAOT 4+ 0(vAT),w) = (T,d(tyw) + ty(dw)) = (T, Low).
This yields the claim. O
While it is tempting to define £, " via (8.3) and think of (8.2) as (dual) Cartan formula
for currents, our way of using (8.2) as the definition has the advantage that it works for a
larger class of velocities v without any approximation arguments. This will be useful in
many instances.

Finally, for non-autonomous vector fields, i.e., v: [0,1] x R? — R?, we write v;(z) :=
v(t, z) and we define the Lie derivative of 7" with respect to v; as

EvtT =u ANOT + G(Ut A T),

whenever this is defined.
Remark 8.2. In contrast to [8H10] in (8.2) we use the “positive” sign convention in the
definition of the Lie derivative of a current (which also then necessitates a sign change in

the Geometric Transport equation relative to loc. cit.), which seems somewhat more natural.
Indeed, we will see in Theorem [8.14} whereby for any T' € Ny, (R?) it holds that

S@Tw)| =(6Tw), weDRY
t=0

with @} the flow for a smooth vector field v € C>(R%; R?), which seems like a natural
requirement. Moreover, the “positive” sign convention reduces the number of overall minus
signs.

The Geometric Transport Equation is a differential equation for a path of normal cur-
rents

[0,1] 3t — T; € Ni(RY),

where we recall the definition of the space Nj(R?) of normal currents on R? from (#.3),
namely

Ni(R?) := {T € Dx(RY) : M(T) + M(IT) < o0 }.

We will always tacitly assume the weak* measurability of the path, that is, for every w €
D*(R?) the scalar mapping ¢ — (T},w) is assumed to be Lebesgue-measurable. Let us
remark that the time interval is only [0, 1] to simplify notation, but all results hold, with due
modifications, for a general interval.

Lemma 8.3. Let[0,1] >t — Ty € Ni(R?) be a path of normal currents with
/M(Tt) dt <oo  forall I € (0,1). (8.4)
I

Then, the following statements are equivalent:
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(i) Ty =0 for L'-a.e. t € R.

(ii) Foreveryn € DF((0,1) x RY),
1
/ <5t X ﬂ,?’]> dt = 0.
0

(iii) For every w € D*(RY) and for every function p € C(R),
1
/ o(t) (T;,w) dt = 0.
0

Moreover, in (i) and (iii), we may equivalently replace D*((0,1) xR%), D*(R?) and C°(R)
with countable dense (with respect to the supremum norm) subsets thereof.

Proof. 1t is trivial to see that (i) implies (ii) and (ii) implies (iii), so we only need to
show that (iii) implies (i). We consider right from the start the additional claim and as-
sume that (iii) holds for countable dense sets {wy, }m and {¢"},. For each n, the map
t + (T}, wn,) is integrable over any open time interval I € [0, 1] by (8.4). By (iii), approx-
imating 1; with a suitable sequence of ¢™’s, we see that (T}, w,,) = 0 for L'-ae. t € I.
Since I was arbitrary, we can thus find a full measure set .J,,, C R such that <Tt, wm> =0
fort € J,,. Hence, fort € J :=(),, Jm, <Tt,wm> = 0 for every m € N. By the density of
the ©"™’s we conclude (i). ]

Remark 8.4. 1n (ii) it suffices to consider forms n € D¥((0, 1) x R%) of the form n(t, x) =
a(t)B(z) with a € C®(R) and B € DF(RY) such that B = 3, B;dx!, where I € N
ranges over all multi-indices of order & in just the spatial variables since any term involving
dt is not seen by (p.7T},n).

Given a velocity vector field v: [0,1] x R — R?, we say that the path of currents
t — Ty € Ni(RY) (t € [0,1]) is a weak solution of the Geometric Transport Equation
(GTE), written as

d
Tt~ LuTi=0, (8.5)

if v € L(dt @ (|| T3] + |0T:|); RY), that is,
1
| el i+ oz de < oc 56
o JR
and the Geometric Transport Equation holds distributionally, that is,

1
/O (T, w) P (t) + (Lo, Th,w) ¥(t) dt =0 (8.7)

for every 1) € C2°((0, 1)) and every w € DF(R?).
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Note that assuming that v is globally bounded, then we a stronger condition than (8.6))
is that the currents 7} are L'-normal, that is

1
/ M(T}) + M(9T;) dt < oo,
0

or even that they are uniformly normal, that is,

sup [M(T3) + M(0T;)] < . (8.8)
tel0,1]

The following lemmas give equivalent ways to express the validity of (8.3)).

Lemma 8.5. Assuming (8.6), condition (8.7) is equivalent to
¢
(T} — Ty, w) :/ (L, Tr,w)dr,  weDFRY). (8.9)
S

Moreover, t — <Tt, w> is absolutely continuous and differentiable L'-almost everywhere
with

d
a<Tt,w> = <£UtTt,w>. (8.10)

Proof. Fix w € D¥(R?). Observe first that (§.6) implies
1 1 1
/Kmmwﬂwswwm//Wmmnmmwwm//memww
0 0 Rd 0 Rd
< 00

So we may define

t
I(t) = / (Lo, Tr,w) dr, t €10,1].
0
By Lebesgue’s Differentiation Theorem [I.16] this function is absolutely continuous and by

Rademacher’s Theorem it is £'-almost everywhere differentiable with (8.10). Via an
integration by parts, for every 1) € C2°((0, 1)) it holds that

1
| 0 + (2o Tw) v de=o.
0
Now, if holds, that is,
1 .
/ (T w) (1) + (Lo Thw) (1) d =0,
0
we thus obtain that

1 . 1 .
/ 1(t) (1) dt:/ (T, w) (1) dt.
0 0
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This implies that I(t) = (T},w) + «, with a constant @ € R, whereby follows from
the definition of I.
Conversely, if holds, then ¢ — (T}, w) is absolutely continuous and an integration

by parts yields (8.7). O

Lemma 8.6. Suppose that v is autonomous and smooth. Assuming (8.6), condition (8.7)
is equivalent to

1
/ (8 x Ty, + Lon) dt =0, 5 € DF((0,1) x RY). (8.11)
0

Proof. To see that (8.11)) implies (8.7), just choose 7(t,x) = 1 (t)w(z). For the other
direction, one first observes that the subclass of k-forms given by Yw := (t*¢) A (p*w),

with ¢p € C°((0,1)) and w € D¥(R?) are dense in the space of k-forms in R'™¢ and that

they, when written in coordinates dt, dz", ..., dz%, do not contain terms involving d¢ (see,
e.g., Section 4.1.8 in [[19] for a similar argument). Then, (8.7)) implies (8.11)) via Lemmal(3.3]
taking into account Remark 8.4} O

We would like to complement the Geometric Transport Equation with an initial condi-
tion. For this we need to verify that a solution path has a suitable continuity property. A
path [0,1] > ¢ = T; € Ni(R?) of normal currents is called

(a) weakly* continuous if for every equence ¢; — ¢ in [0, 1] it holds that T, ATy

(b) F-absolutely continuous if for all s < ¢ it holds that

t
F(T, - T) < / g(r) dr (8.12)

for some function g € L'([0, 1]);
(¢) F-Lipschitz if for all s < ¢ it holds that
F(Is - T;) <C|s—t|.
It is straightforward to see that F-Lipschitz continuity implies F-absolute continuity, which

in turn implies finite F-variation. We can of course also define absolute continuity and
Lipschitz continuity with respect to the other flat norms F°, FI, FI°.

Lemma8.7. Let[0,1] >t — T; € Ni(R?) be a weak solution to the Geometric Transport
Equation for a velocity field v: [0, 1] x RY — R® Then, there exists another path [0,1] >
t — T} € Ni(R?) such that the following conditions hold:

(i) T, =T, fora.e. t € [0,1].
(ii) t — ﬁ is weakly* continuous.

(iii) t+— ﬁ is F-absolutely continuous.
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(iv) If, in addition,
B~ | ul d(T: ]+ 107)

is uniformly bounded on [0, 1] (e.g., if v is uniformly bounded), then t Tt is
F-Lipschitz.

Proof. Let {wy, }m be a countable dense set in D¥(R?). By Lemma (8.5} for each m the
function ¢ — (T}, w,,) admits an absolutely continuous representative, that is, we can find
aset Jp, C [0,1] with £1([0,1] \ J,,) = 0 such that ¢ — (T}, w,) is uniformly continuous
on .J,, and

d
&<Ttaw> = <£Utﬂa w>

fort € J,,.
Set J :=(),,, Jm. Then for each w = wy,, from our dense collection, and all s,¢ € [0, 1]
with s < t, we obtain the estimate

t d t
(T} — Ty, w)| g/ E<T7,w> dTg(||w||Oo+|dw\|oo)/ B(7) dr, (8.13)

with B defined in (iv). This then extends to every w € D¥(R?) by density. Thus, the
restriction J > ¢ +— T} is uniformly weakly* continuous path.
Moreover, by the flat norm duality formula of Theorem[5.11]

F(T; — T,) = sup{ (T; — Ts,w) : w € D*(RY), ||wlloo < 1, [|dw|lec <1},
the inequality (8.13) shows that also

t
F(T, - T,) < 2/ B(r) dr (8.14)

for s,t € J. This proves that the restriction J > ¢t — T} is F-absolutely continuous, or even
F-Lipschitz if B is uniformly bounded.

It remains to show that we can extend J > ¢ — T} to the whole interval [0, 1] without
destroying these continuity properties. For this, fix ¢ € [0, 1] and pick a sequence (t;); C J
with ¢; — ¢. Then, (7},); is a Cauchy sequence with respect to F by (8.14). Hence, by
Proposition and Lemma Tz, A C/N’t for some Tt € Ni(R%), and IN} does not
depend on the choice of the sequence (t;);. For this extended sequence, (i)—(iv) hold by
passing to the limit in the relevant estimates. We only make this explicit for (iv): Observe
that for s, ¢ € [0, 1] with approximating sequences (s;);, (¢;); C J such that s; — s, t; — t,
it holds that

F(, - T.) < F(T, - T,,) + F(Ty, ~To,) + F(Ty, T2
ti _

<F(T,—T,)+2 | B(r)dr+F (T, —Ty)

Si
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and sending t; — ¢ and s; — s we obtain that (8.14) holds for ¢t — T, at all s,t € 10,1]
with s < t. O

As a consequence of the preceding lemma, one may complement the Geometric Trans-
port Equation (8.5) with an initial condition: Given 7" € N (R?) the initial-value problem
for the Geometric Transport Equation reads as follows:

d
7Tt - E’Utﬂ = O?

dt (8.15)

To=T,
with the initial condition understood via a continuous representative of ¢ + 7;. In this
context note that 7p is uniquely defined because for two different weakly* continuous rep-
resentatives 7', 7" we can always find a sequence ¢; — 0 such that T, =1, t’j = Ti; and
hence
To = w*-lim ﬁj = wrlimT] =T}
j—00 j—00 J

One may also understand (8.13) in the following equivalent way: For every w € D¥(R?)

and for every 1) € C2°([0,1]) and w € D*(R?), it holds that

1 ~ ~
/0 (Thw) (t) + (Lo Trnw) 0(t) dt = (Tr,w) (1) — (To, w) 1(0),

where 7} denotes the continuous representative defined in Lemma Thus, we may ex-
press (8.13) by requiring that for all ) € C2°([0, 1)) (note the half-open interval [0, 1) here)
it holds that

1
/0 (T, ) $(8) + (Lo Tor ) 0(t) dt = —(T,w) (0).

In the following we will usually denote the initial value by T} by a slight abuse of notation,
which should not cause any confusion due to Lemma [8.7]

If the velocity v is smooth, then by similar arguments as in the proof of Lemma[8.6 we
see furthermore that the initial-value problem is equivalent to

1
/(; <5t X Ttvf] + *C’U77> dt = <T177I(1, ')> - <T0)77(07 ')>a (816)

for every 7 € C>([0,1] x R% AF(R'4)) (note that in there is no vanishing condition on 7
at{0,1}).

8.2 Particular dimensions

We now want to investigate special cases of the Geometric Transport Equation (8.5)) for a
time-indexed path t — T} C Nk(Rd), where ¢ € R, that is,
d

aﬂ = EvtTt = a(vt VAN Tt) + v A 0T,
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which is always to be understood in the weak sense (8.7). It is instructive to consider the
concrete form of this equation for different values of the dimension k. In this way it turns
out that the Geometric Transport Equation contains several classical transport-type PDEs as
special cases.

Example 8.8 (0-currents). In the case & = 0, the normal currents 7; € No(R?) can be
identified with measures 1; € M(R?; R?), see Proposition Then, analogously to the

arguments in Example and also taking into account that 97; = 0 (by convention, all
O-currents are boundaryless), we obtain that

ﬁvtﬂ = 8(vt N Tt) = — divut.

Therefore, the Geometric Transport Equation becomes

d .
&,Uzt + le(UtMt) = 0,

which is the classical continuity equation.

Example 8.9 (1-currents). Let us assume that we have a time-indexed path ¢ +— T} €
N1 (R?) satisfying the Geometric Transport Equation in the weak sense and such that, for
almost every ¢, the current 7; is absolutely continuous, i.e. T} < L% Then T, = 7.L% for a
time-dependent vector field 7; = (7},...,7%)T on RY.

For every smooth compactly supported 1-form w = Z?Zl wj da’, we have

d
(Ty,w) = /Rd;ﬁjwj dz.

Moreover, for the boundary and contraction (see (3.7)) of w in coordinates we obtain

d d
dw = g Ojwjdz’ A da’, Ly, W = E Viw;,
ij=1 i=1

and also, using t,, (da® A dz/) = vida’ — vg dz?,

d d
Ly, (dw) = Z diw; (vida! — vldat) = Z v (Qiwj — Ojw;) da?

i,j=1 i,j=1
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Hence,
<@('Ut A Tt), w> = <irt7 Loy (dw)>
d
= [ vl 0 — oy do
Rd

,j=1

d
= (iji - vai) Ojw; dzx
= Je § U t Tt ) OiWj

ij=1
d [d . ’
= _/ Z [Z 0 (v} — virtl)] wj dz
R Li=1

d
= —/ Zdiv(Tt Qv — v ® 1) wj da.
Rd ©
7=1
Also, for every ¢ € C(RY),

<8Tt,g0> = <Tt,dg0> = / 7+ Vo dor = —/ div(m)e dz,
Rd Rd
and therefore

<Ut A 8Tt,w> = <8Tt, Lvtw>

= —/ div(7) ty,w d
Rd

d

=— [ di fw; da.
/Rd IV(Tt)thw x

i=1
We conclude that the Geometric Transport Equation in this case reads as
d . .
&Tt + le(Tt R — v X Tt) + v divr = 0.

Example 8.10 (1-currents, boundaryless). If in the situation of the previous example we
further assume that almost every T} is boundaryless, or equivalently, div 7 = 0, we obtain
instead the PDE

d .
aTt +div(n @ v — v @ 1) = 0.

Moreover, in R3, we have the standard vector-calculus identity
div(f ® g —g® f) = —curl(g x f),
where X denotes the vector product; this can be verified by a straightforward calculation.

Hence, we may rewrite the PDE as

—7; — curl(vy X 1) = 0.

dt
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This equation is connected to some models of incompressible magnetohydrodynamics [|13}
14] and is also the basis for line transport in dislocation motion [[1}[21]].

Example 8.11 ((d — 1)-currents, boundaryless). The following duality between (d — 1)-
currents and 1-forms is quite well-known: Given a € D'(R?), define the current T,, €
Dy-1(RY) by

<Ta,w> ::/ aAw:/ <61A--~/\ed,aAw> dx, wGDd_l(Rd),
Rd Rd

where ey, . . ., eq is the standard basis in R?. This T}, is clearly representable by integration
with a smooth density. One can then establish the following facts from the Leibniz rule in
Lemma together with some computations:

Ty =Taa,  O(vATy) =0T,

v(a)r

for any vector field v: R — R? (with sufficient smoothness). In fact, the so-defined map-
ping a +— T}, is even invertible: For any absolutely continuous (d — 1)-current 7 = 7£%
with 7 € C®(R% A, (R?)) define

a:i=7_(dz" A Adz?) € CP(RE AL RY)),

where “_1” denotes the interior product defined in (3.6). Then, a computation shows that
(e1 A+ Neg,a ANw) = (7,w) and hence T = T,. Geometrically, the interpretation of
this duality is that if one thinks of a(z) as a vector (not a covector), then T (z) spans the
orthogonal plane at almost every .

For a path of boundaryless (d — 1)-currents ¢t — T3 = T,, and a smooth velocity field
v=(v,...,v9)T: R? = R, we obtain for the corresponding Lie derivative that

<£th,w> = <8(v A Tt),w> < 1o Ott),d(,u>

Writingaw = >, a; dz’ and w = Z;lzl w;j dxj, where dz7 := dz* A Adzd I Aded T A
.- A da?, we thus get

<£UTt,w> = <Tbv(at)’ dw>
:/ o) A dw
Rd

:/ (O_Zt v
Rd =1

d
/ Z 'H (9 ay - v) wj d,

where we have defined @ := (a1, ..., a4)". On the other hand,

d d d
11 Ton = 7, = -
aiTorw) = 3 /Rdomw at /Rd

1)j+1 % da
al'j

SN—
=
—
|

1w, de,

.m&

J=1
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so that the Geometric Transport Equation here translates to the system of conservation
laws

d
—da+V(@-v)=0.
7 (@-v)
Example 8.12 (d-currents). For apatht — T} € Dd(Rd) of top-dimensional currents,
we may write T} = uze; A --- A eq £ with a scalar function u;. Then, v; A T} = 0 and
hence the Geometric Transport Equation reads as

d

—Ty — v NOTy = 0.

dt t— Ut t
Every d-form w € D?(RY) can be written as w = wdx1 A - - - Adzg withw € C(R?), and
hence

d
Ly, = g (—1) 1] wdad,
J=1

whereby

<Ut A 8Tt,w> = <Tt, d(Lvtw)>

d ' o
= /Rd utZ(—l)]_laTj((—l)]_lvfw) dx

J=1

= — Vug - vy w de.
Rd

Therefore, in this case we obtain

d
aut +’Ut . VUt = 0,

which is the (classical) transport equation.

Remark 8.13. The work [12] (see also [[16}/17]) takes a dual point of view to ours and
instead considers the general transport equation for differential k-forms. The transport
equation is now recovered for the case of O-forms (scalars) and the continuity equation
for the case of top-dimensional forms (which represent volumes). However, currents are in
a sense the more natural objects to transport since they have a clearer geometric interpre-
tation. Moreover, the theory of currents allows to treat lower-regularity situations without
any additional effort. A concrete situation is the following: It is quite common to model
continuously-distributed dislocation fields via the torsion 2-form of an additional “mate-
rial” connection on a manifold. This additional connection is assumed to be flat (at least,
if no disclinations are present), but with non-zero torsion, turning a body manifold into a
so-called Weitzenbock manifold; see, e.g., [[18] for an overview of this. The torsion of the
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material connection is then represented via the forsion 2-form, which represents the dislo-
cations. However, this approach only makes sense in the smooth setting since it is unclear
(or at least not classically defined) what “singular” forms should be. Thus, individual dis-
location lines cannot be represented. If one instead uses the duality in Example [8.11] one
obtains 1-currents. This not only corresponds better to the intuition of dislocation lines, but
also immediately opens the door to a low-regularity theory. In this way, The Geometric
Transport Equation gives a rigorous interpretation of the “transport of singular torsion”.

8.3 Existence of solutions

When our velocity vector field v is autonomous and Lipschitz, we have the following exi-
tence theorem

Theorem 8.14 (Existence of weak solutions [9,10]). Ler v: R? — R? be a globally
bounded and Lipschitz vector field and let ® be its (unique) flow. Let Ty € Nj(R?) be a
given initial value. Then, the path of normal currents defined by

t— T, = LTy

is a weak solution to (8.13) and (T}) is uniformly normal, that is, (8.8) holds.

Remark 8.15. Note that the explicit formula for the solution in particular implies that if
T is integral, then so is T} for all t € (0, 1).

Proof. Step 1. Assume first that v is smooth. Then, the path ¢ — T; satisfies the mass
bound by Proposition The bound is trivially satisfied due to the global
boundedness of v. We will verify the condition in Lemma Fix w € D*(RY). For s < t
it holds that

(T w) = (T, w)| = [{(8° = )T, w))|
< Il [ ID(* - @75 ]

< OM(Tp) |lw o |ID(@" — %)) 1%
< C|t — s

since the map ¢ —+ ®' is Lipschitz with values in C!'(R?; R?) by Proposition (iv).
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On the other hand, by Proposition|[8.1]

(LoTyw) = Ty, Low)
= <Tt, lim ((I)h)*w_w>

h—0 h
= (s ()
= lim & (To, (#)° — (2')°w)
d
= Cg(
= E<

TO; ((Dt)*w>
E7w>u

where we have used the group property (3.3). The validity of the initial condition is obvious.

Step 2. In the general case, we cannot perform the manipulations in Step 1. However, we
can argue by mollification as follows: Let (95)s>0 C C°(R?) be a family of mollifiers with
0s — dg as 0 — 0. Then set

v? = g5 * v,

which converges to v locally uniformly and with uniformly bounded Lipschitz constants.
Moreover, if we denote by (@), the flow of v°, then

Tt = @iTO = W*—hm Tt(s, Tt(s = (@g)*TO’
0—0

by Proposition .30

From Step 1 we know that (7}); is a weak solution to the Geometric Transport Equation.
It is clear from the properties of pushforwards of normal currents (see Proposition[#.30) that
the condition to the limit § — 0. Moreover, in condition for v° reads as

/1<T£,w> D(t) + (V0 AT, w) w(t) + (v° AT, dw) w(t) dt = 0
0

for every ¢ € C°((0,1)) and every w € D*(RY). Here we have written out the defini-
tion (8.2) of the Lie derivative, namely,

LsT? =00 NOTY + (v’ ATY)

Now, since v — v uniformly and 7 =~ T} (which implies also 9T — 9T}), the above
weak formulation of the Geometric Transport Equation passes to the limit, showing
for (1}); and velocity v, that is, condition (8.7). O

A result for non-autonomous (time-dependent) velocity fields can be found in [J]].
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8.4 Uniqueness of solutions

Theorem 8.16 (Uniqueness of weak solutions [9,10]). Let v: R? — R pe a globally
bounded and Lipschitz vector field and let ® be its (unique) flow. Let Ty € Nj(R?) be a
given initial value. Then, the weak solution to 8.13)) defined in Theorem[8.14|is the unique
weak solution in the class of normal currents.

The proof for a smooth velocity field v is relatively straightforward:
Proof for a smooth velocity. We will employ a duality strategy. By the linearity of the Ge-
ometric Transport Equation, it is enough to show that if 7 = 0 then for the solution ¢ — T}

it holds that T; = 0 for £'-a.e. t € (0,1). Fix ¢ € D¥([0, 1] x R?) and consider the family
of k-forms on R? given for t € (0, 1) by

1
P / (®°1)*¢, ds,
t

where ¢ := 1:¢ € D¥(R?) is the pullback under the immersion ¢: x ~ (s,z). Then,

1

d

W= G — / @ ds 8.17)
t

which is to be understood as a pointwise equality in 2 € R%. On the other hand, by linearity
of the pullback and the dominated convergence theorem,

(@M — e
oy = lim =
Lome hlg% h
_ /1 i (@h)*(@sft)*cs o ((I)sft)*cs s
¢+ h—0 h
1
d
= [ —(®%H*¢ ds.
|

Combining this with (8.17), we arrive at
n+ Lon=C.

Since (7}), solves the Geometric Transport Equation with initial value 7y = 0, we infer

from (8.16)) that

1 1
/ <6t X Tt7C> dt = / <(5t X jjtvfl + ‘CUT’> dt = <T17771> - <T07770> = 07
0 0

where for the last equality we have also used 77; = 0. From Lemma (ii) we thus infer
that T; = 0 for £L'-a.e. t € (0, 1), as required. O
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The general case is complicated by the fact that pushforwards of currents under Lips-
chitz maps are defined via an approximation procedure (see Proposition f.30) and that the
gradient of ®" may not be defined everywhere on the carrier set of Ty. Indeed, Rademacher’s
Theorem only shows the existence of D®" almost everywhere with respect to £+,
but this may not be enough to define it almost everywhere with respect to the mass measure
of the current at hand. Thus, the above arguments are not applicable since (8.16)) is only
sufficient in the case of a smooth velocity field.

Proof of Theorem for a general velocity. Without loss of generality we assume that
(Tt)te((),l) C Ni(RY) is a weakly* continuous solution to the Geometric Transport Equation
(see Lemma 8.7 for the weak™* continuity).

Step 1. We will first prove the theorem under the additional assumption that 907; = 0 for
t € [0,1). In Step 5 we will extend the proof to the general case.
Define

T(t,x) == (0,Ti(x)) € A\, R™?  fordt @ ||Ti||-ace. (t, ),

which is a shorthand for the more precise definition T'(¢,z) := De[Ty(z)] for e;(z) :=
(t,z). Note also that here we write T'(t, z) as a row instead of as a column vector (which is
our usual convention) to avoid a proliferation of transpositions.

We claim that

U=up  with w:=10)AT, p:=dt®|T] e MR
is a normal (k + 1)-current in (0, 1) x R?, and
oU L (0,1) x R4 = 0. (8.18)

It is easy to see that

1
M) <C [ [ jul T dt < oc,
0 Rd

where we used the integrability condition from the definition of weak solutions. Thus,
the normality of U will hold as soon as we have verified (8.18).

To show (8.18)), we employ the density of linear combinations of tensor forms (see,
e.g., [19, 4.1.3 /4.1.8]) to observe that it suffices to verify

(U,dn) =0 (8.19)
forn = t*a Ap* B3, where either () « € D°((0,1)) and B € D*(RY), or (I1) & € D'((0, 1))
and B € DF¥1(R?). For case (I) let « € D°((0,1)) and 8 € D¥(R?). By the Leibniz rule

for the exterior differential,

dn =t*da Ap*B+t'aAp*dp.
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We compute

<Ut*doz/\p6 / / /\Tt*da/\p ﬁ>d||Tt|dt
Rd

/ / ) (Th, ) d|Ty]| at
:/0 t) (T3, B) dt,

where we have invoked Lemma [3.8, using that span(T) < {0} x R? is space-like and
t*da = &(t) dt is time-like.
On the other hand,

(U, t*a A p*dB) =

> //Rd
/ /Rd (1) AT, p*dB) d||Ti]| dt
:/ /Rd

{(1,v) AT, t*a Ap*dB) d|T;|| dt

a(t) (v ATy, dB) d|| Ty dt

1
= /0 a(t) (d(v ATy), B) dt.

Using the weak formulation (8.7) we deduce (8.19) in case (I).
For case (II) let o € Dl((O, 1)) and 3 € D*~1(R%). Applying the Leibniz rule again,

dn=t'daAp*B —t'aAp’df = -t aAp'ds

since doe = 0. Then,
(U t'a Ap*df) = / / ((1,v) A Tt a A p*dB) d||Ty|| dt
Rd

_ / /R {(10) ta) (T, p*dg) dI T dt

/ / Tt,d5> d|| 7| dt

= —/O t) (0T, B) dt

Passing from the first to the second line we have used Lemma3.8] (i), while the last equality
follows from 07; = 0. So, (8.19) also follows in case (II).

Step 2. Notice that ¥ := 3 s Lipschitz, so via Proposition we can define

W .= w,U.
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By Theorem .31 we can write this explicitly as
W = . [u] Wy

with the pushforward W, [u] of the multi-vector field u, which is given by

U.[u](t,2) = D (B(t, ) [u(B(t, 2))]

for ||U||-almost every (¢, z). In fact, p < ||U]| < p because 1 < |u| < (1 + [|v]|c0)s
whereby this formula for W, [u] holds u-almost everywhere.

By definition of %" and Lemma (applied with s = ¢ and y = ®%(x)), we obtain

—.

U] = (L0) AT peae. (8.20)

which is still well-defined since D@ ($(t, z)) exists on span T C span U.

Step 2. Since the boundary operator commutes with the pushforward, see Lemma [4.26] it
holds that W = 0 in (0,1) x R% Therefore, using again the Leibniz formula recalled
above, for every a € D°(R) and 3 € DF(R?),

0= (OW,t*a Ap*B) = (W, t*"da A p*B) + (W, t*a A p*dp).
The second term vanishes by Lemma [3.8| (ii) since p*d /3 contains only terms not involving

dt, so that the vector (1, 0) is orthogonal to span p*d/3, and also taking into account (8.20).
We will show that

1
0= (W, t"daAp*B) = / a(t) (@, 'y, B) dt. (8.21)
0
First, by Lemma [3.8] (i) we have

{(1,0) AW, [T],t*"da Ap*B) = {(1,0),t*da) - (V. [T],p*B) = &(t) (V. [T],p*B).

Next observe that the maps p o ¥ and ® % o p coincide on the plane {t} x R?. Accordingly,
given any k-vector v € A\, ({0} x RY), we have

(po¥),v= (2 "op),w.

In particular, we can apply the previous equality with v = T to obtain
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for almost every (¢, z) with respect to the measure ¥4 = dt ® <I>;||Tt|| Integrating,
<T/V,t*d04/\p*6> / <w t*da A p* 6> dW4p
0,1)xRd

= [ [ (T 0.) a0y 1) a
- [ a()/Rd<D<1> (@ () [T ()] Bla)) 023 | T3 )
1
— [ at) (@:'75) o,
0

where we used again the explicit formula for the pushforward ® T} given by Theorem
Thus, (8.21)) holds.

Step 4. In the previous step we have shown that

/1 &) (2., B) dt =0
0

for every a € D°((0,1)) and 8 € DF(RY).

Via an integration-by-parts, thus the function ¢ — <(I>;tTt, I6; > is constant for any fixed
B € D¥(R?) and thus equal to its value at = 0 (recall that we have chosen a weakly*
continuous representative of ¢ — T7}). Consequently,

T, =T,

or equlvalently, T; = ®LT. Thus the theorem holds in the case 9T} = 0 for £!-almost every
€ (0,1).

Step 5. Finally, if (1}); is a solution of with the 7;’s not necessarily boundaryless.
Testing with forms w = dn for € D*1(R?), one observes that boundary family
(0T}) is a weak solution to the Geometric Transport Equation with the same velocity vector
field v and initial value OTj.

By Proposition we have that 9(9T;) = 9?T; = 0, so Step 4 becomes applicable,
so that

OT; = @L(9Tp) = O(®To).
The currents
Sy =T, — ®LTy

are normal and 0.S; = 0, By the linearity of the Geometric Transport Equation, the family
(St)¢ are a weak solution for the initial value Sy = 0. But by Step 4 the unique solution
in this case is the family of zero currents, whereby we conclude that S; = 0 for every
t € (0,1). Hence, T; = ®LTy for every ¢t € (0,1) and the proof is complete in the general
case. O
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8.5 Advection theorem

The theme of the final two sections in this chapter is the relationship between paths of
currents, that is, mappings ¢ — T; € I(R?) and the space-time current S € I, ,(R'*9)
that is traced out by the path, so that p..S|; = T;. In particular, one should ask when we may
“glue together” the 7} into such an S, which chiefly a question about rectifiability, as well
as when we can find a vector field that agrees with the geometric derivative of the resulting
glued space-time current .S. Since this is a question about “differentiability” of S (in the
geometric sense) and since a Lipschitz-condition on the path ¢t — T} will play a decisive
role, such results may be considered to be in the spirit of Rademacher’s Differentiability
Theorem [[L18]

We first consider the situation of a given (integral) space-time current S € Iy (R!*%),
for which we recall that

D

—S eLNdt® ||S||;R?

=5 € Li(dt o S| RY)

by Proposition It is a natural question to ask whether the slices are advected by %,

that is, if the family of currents

S(t) := p«S|s, (8.22)
with the slices S|; defined in Proposition solve the Geometric Transport Equation for
the velocity field v := %. Let us first consider the question

Example 8.17. For £ = 0 and u € BV([0,1]) consider the associated graph current
Sy := 7 H'L graph(u) € 1;([0, 1] x R) as in Example From Example we know
that in this case

D
Bl S
Di” T

with @ only the absolutely continuous part of the (distributional or measure-theoretic) deriva-
tive Du of u, which in general also includes jump and Cantor parts. Now, assume that u is
not constant, but & = 0. In BV there are in fact many such functions, namely « could be a
pure jump function (such as u := 115 1)) or a Cantor-type function (see Example @P, for
both of which it is well-known that & = 0 (see [4] for the details). If .S,, were to be a weak
solution of the Geometric Transport Equation with the velocity field v: [0,1] x R — R,
then (8.7) must hold, that is,

1
/0 (Ty,w) D(t) + (Lo, Ty, w) Y(t) dt =0

forall 1) € C2°((0,1)) and every w € D(R) ~ C2°(R). As T; = 6,4 for L-almost every
t € [0,1] and Ly, = 9(1idy (1)) = 0, we obtain the necessary condition

1 .
/0 w(u(t)) (t) dt = 0.
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However, this would imply that the distributional (time-)derivative Du is zero, whereby
would be constant, a contradiction. Note that in this case the currents S, are not AC by
Lemma since we have seen in Example that Var(S,, ) = Du and in both both the
pure jump and the Cantor-type example Du & L.

We conclude from the previous example that our question about the validity of the Ge-
ometric Transport Equation only makes sense if S is at least AC, which we henceforth
assume. However, this turns out to be not enough. Indeed, the Flat Mountain Sgy; con-
structed in Section has zero geometric derivative everywhere and Var(Sgy; +) < L1,
so Spum is AC by Lemma([7.8] but Sgy is non-constant in time. Thus, Sgy is not advected
by any velocity field.

On the other hand, the Flat Mountain is not NC and this turns out to be the correct
condition to ensure the advection by a space-time current’s own geometric derivative:

Theorem 8.18 (Advection [10]). Let S € 11, ;([0, 1]xR?) be NC and (3S)L_(0,1) x R =
0. Then,

d D
aS(t) — L, St)=0  for vi= D—tS. (8.23)

Proof. The integrability condition (8.6) in the definition of a weak solution to the Geometric
Transport equation holds by Proposition

Combining the NC-property of .S with Lemma(7.3] we have the disintegration
S =S Reg(S) =dt® ([Vot| T €A S|,)

or, equivalently,

1
| s A v ae = wos (324)

for every ¢ € C2°((0,1)), with ¢ is given by (6.18). Here and in the following, the integral
on the left-hand side should be understood as for measures, that is,

1 5 B 1 f
</0 ‘vsﬂ/\S|tw(t)dtan>_/o<’V5't|/\5’t¢(t)v77>dt

for any 17 € Dy11(RY).
Recall the definition of the geometric derivative from (6.23), namely

DS_pé“_ pPé

Dt~ t& Vot

(dt @ ||S|¢l)-a-e.,
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with the second equality following from (6.22)). Then, we compute via (8.24)) as follows:

1 - 1&
/Ovt/\S(t)z/z(t) dt/o Dy A pSlew(r) dt

! 3
= /0 P+ <|Vst| A S|t> Y(t) di

:p*</01|v§t|w|t b(t) dt)
— bl o t)s].

Then use the definition of the Lie derivative to compute for every w € Dy (R?) that

1 1
| eus®.) o de= [ (o n s v v d
0 0

= <p*[(¢ Ot>S]7dw>
= (Op«[(¢ 0 t)S],w)
= (p.0[(¢ 0 t)S],w)

For any k-current T', for any f € C°(R), and any w € Dy (R?), by Lemma it holds
that

A ot)S] = (pot)dS —SL d(thot) = (hot)dS — SL (¢ ot)dt.
Also taking into account in the form
/S|t O(t)dt = S L (¢ o t)dt,
we obtain
/ (£ S(1).0) (1) dt = (2] 0 £)S], pw)
= ((1 0 £)d8, p*w) — (S L (P o t) dt, p*w)
= (¥ 0 t)dS,p*w) — /01<S|t,p*w>1/3(t) dt.

Since ¢ € C°((0,1)) and S L (0,1) x R = 0, the first term vanishes. Recalling that, by
definition, S(t) = p.S|, we thus conclude

1
/0 (S(1), ) () + (LonS(),0) (1) dt = 0,

that is, (8.7). Hence, the family (S(¢)); is indeed a weak solution to the Geometric Transport
Equation with v = %. O

Remark 8.19. In fact, the following converse of the theorem is true: For a space-time
current S € T;,£([0,1] x R?) such that the Geometric Transport Equation holds for any
vector field v € L' (dt ® ||S|¢||; RY), the S satisfies NC automatically; see Section 7 of [[10].
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8.6 Rectifiability and differentiability

In this and the following sections we investigate the relationship between the space-time
approach and the more basic treatment of moving currents via a time-indexed family of
slices. Such results all concern the “advection” of the slices by the geometric derivative and
we consider a number of theorems relating these objects.

We first turn our attention to understanding which paths of integral currents are “space-
time rectifiable”, meaning that the path consists of the slices of a space-time integral current.
For this we first need to consider several notions of pointwise variation, as opposed to the
previously introduced space-time variation.

Let (X, d) be a locally compact metric space and let [a,b] > t — ~(t) € X, Define the
pointwise d-variation of ~y as

N-1
d-pVar(y; [a,b]) := sup{ Z d(v(ti),y(tit1)) : a<t; <...<ty < b} (8.25)
i=1
and the essential d-variation of the path v as

d-eVar((v; [a,b]) := inf{ d-pVar(7; [a,b]) : t— J(t) € X withy =7 ae. }.

We extend these definitions to paths v which are only defined for £!-almost everywhere in
[a, b]. In this case, the supremum in (8.23) is taken over families of partitions such that - is
defined at t; for every .

Thus, we may define the right-continuous good representative S : [0, 7) — I;(Q) of S
forany ¢t € [0, 7) as

S(t) == S(t+) = whlim S(s) in 1,(Q),

which satisfies S(t) = S (t) for £L'-almost every t € [0, 7). In the following we will drop
the tilde and just refer to S(t) as S(t).
For S € T1,%([0,1] x R%) and U € N, 1([0,1] x R%) with S L (0,1) x R? =

OU L (0,1) x R? = 0 we also set

FI°-eVar(S;[a,b]) := FI°-eVar(t — S(t);][a, b)),

F°-eVar(U; [a,b]) := F°-eVar(t — U(t); [a, b])
for every closed interval [a,b] C [0,1]. Here, as usual, we denote by S(t) := p.S|:
the pushforward of the slice S|; onto R? (cf. (8:22)). Likewise we define the slices U|;
and the pushforwards U(t) := p,U|; for L!-a.e. t. Moreover, we have used the metric

d(T1,Ty) := FI°(T5 — T1) and d(T1,T>) := F° (15 — T1), respectively, in the definitions
for d-eVar above.

Proposition 8.20. Let S € 1y, 4([0,1] x RY) with S L (0,1) x R% = 0. Then,

FI°-eVar(S;[0,1]) < oo and FI°-eVar(S;-) < Var(S;-).
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Proof. Fix an arbitrary partition of times a < ¢t; < ... <ty < b such that the slices S|,
are defined at ¢; fori = 1, ..., N. By the cylinder formula (6.13),

Sltier — S|t = O[S L (ti, tip1) x RY.
Thus,
S(tis1) — S(t;) = pxO(S L (t;,tin1) x RY) = Opy (S L (t;, tis1) x RY),
Hence, SL {t; <t < t;41} is a competitor in the definition of FI°(S|;,,, — S|, ), whereby

FIO(S(thH) - S(tz)) < M(p*(S L (tivti+1) X Rd))

<[ ISlals]
(ti,ti+1)XRd

= Var(S; (ti, tiy1)).

Summing over ¢, we obtain

N-1 N-1
D FT(S(tig1) — S(t:) < Y Var(S; (ti, tiv1))
=0 =0

< Var(S, (a,b))
< M(SL (a,b) x R

< 00,

where we have used (6.26)). Since the subdivision {t;}¥, was arbitrary (with the constraint
of all slices being defined), we conclude that indeed ¢ — S(t) has finite pointwise FI°-
variation and then also essential FI°-variation.

By the same argument,

FI°-eVar(S;I) < Var(S;I)
for any closed subinterval I C [0, 1]. O

Remark 8.21. The opposite inequality namely FI°-eVar(S;-) > Var(S; ), is in general
false: Whenever a jump occurs at a time to, Var(S; -) depends on the particular current that
connects S |t5 and S |t§, while FI°-eVar always measures the jump with the mass of the

minimal surface between S|,- and S/, +.
0 0

Proposition 8.22. Let [0,1] > t — T; € I(RY) with 9T, = 0 for every t € [0,1], and
such that

sup M(T}) < oo, FI°-eVar(t — T3;10,1]) < oo.
te[0,1]
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Then, for every t € [0, 1] the left and right limits

T(t+) = wrlimT,,  T(t—) = w*limT,
sd0 s10

exist (only one-sided limits at the endpoints {0, 1}). They differ at most at countably many
t’s.

Proof. We only show this for the right limit at ¢ € [0,1). Using the Federer-Fleming
Compactness Theorem |5.6/(which uses the uniform mass bound), for every sequence ¢; | ¢
there is a further subsequence (not relabeled) such that the weak*-limit

w*-lim T,
j—00 J

exists in I, (R?). This limit is also unique: If there were sequences t; | t and t~] J t with
0 <6 < F(S(t;) — S(t))) for all 7,
then, up to selecting a subsequence,

oo = S F(S(t)) — S(5)) < F-pVar(Ss t,7]) < ox,
J

which is a contradiction. Hence, every sequence t; — ¢ must yield the same w*-lim;_, o, T,
and we may thus unambiguously define T'(¢+).

By a similar argument based on the finiteness of the variation, the set of ¢ such that
F(T(t+)—T(t—)) > 1/n must be finite for every n. Hence there can be at most countably
many t’s with T'(t+) # T(t—). O

We now state a fundamental space-time rectifiability result, which entails that we may
“glue” together boundaryless integral currents with bounded FI°-variation into a space-time
current with these currents as slices.

Theorem 8.23 (Space-time rectifiability [10]). Let [0,1] 3 t — T; € I(R?) with 0T, =
0 for every t € [0, 1], and such that

sup M(T}) < o0, FI°-eVar(t — Ty; [0,1]) < oc.
te[0,1]

Then, there exists S € 1144([0,1] x R?) with 0S L (0,1) x R? = 0 such that:
(i) S(t) := p.S| = T} for L -a.e. t € [0,1];
(ii) Var(S;.) = FI°-eVar(t — Ty; +).

Proof. We will construct a sequence of piecewise-constant approximations to the sought S
and then pass to the limit.
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Step 1. Fix ¢ > 0. By modifying ¢ — 7T} on a null set we may assume without loss of
generality that

FI°-pVar(t — T3;[0,1]) < FI°-eVar(t — T3;[0,1]) + ¢. (8.26)
Furthermore, we assume without loss of generality that

To = w*limTs, Ty = w*lim 7T,
sJ0 s10

are well-defined. This is possibly Proposition [8.22] and this also does not change the mass
and variation bounds assumed on the path.
For N € N define

ti::N’ T; =T 1=0,...,N.
Then, for every i = 0,..., N — 1 take an integral current W; € I, (R?) with
€
Tip1—T; = OW; and M(W;) <FI°(Tiy1 — T;) + N

and define
N-1
Sn == ([t tin] X T+ 8,y x Wi). (8.27)
i=0

Using the formula for the boundary of a product current from Lemma|4.19], we compute

N-1
OSN = — Z (5ti+1 xT; — 5751‘ xT; + 5ti+1 x aWZ)
i=0
N-1
=— (=6t X T; + 64,y X Tig1)
i=0
= —01 xT1 + &y x Tp. (8.28)
So,
1 Nl N-1
M(Sn) < 2 M(T;) + ZO M(W),
M(95n) < M(T1) + M(Tp)
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and
N-1 N-1 .
M(W, < Tip1 —T;) + N) < FI°-pVar(t — T3;[0,1]) + £ < 0.
=0 =0
Likewise,
N-1
Var(Sy;[0,1]) = Y M(W;) < FI°-pVar(t > T30, 1]) + €. (8.29)
=0

Thus, by the compactness principle for space-time integral currents in Theorem there
exists a subsequence N; and S € I4£([0, 1] x RY) such that

SN — 9
Sn; (1) X S(t) for all but countably many ¢ € [0, 1].

Step 2. Next we will show that S(t) = T; for £!-almost every ¢ € [0, 1]. So, fix t € [0, 1]
with Sy () \ S(t) and such that our path is left-continuous at ¢, that is,

T(t) = T(t—) = w*lim Ts.

st
By Proposition [8.22] this is the case at all but countably many ¢’s.
Now observe
SNj’t = (851\7]) L {t < t} — 8(SNj L {t < t})

by the cylinder formula ([6.13) for slices. Observe that | N;t] (the largest integer below or
equal to Nt) is the index with the property

tiNge) <t <?t|Njt|+1
So, from we obtain

Lthjfl
SNj L {t < t} = — Z ([[ti;ti+1]] X Tz + 5tz'+l X Wl) — [[tLthJ,t]] X TLthJ’
=0
and thus
LthJ—l
O(SN].L{t < t}) = -0 Z ([[ti,ti+1]] X Tz + 6ti+1 X Wz) _(5t_6tLN]-tJ)XT|_thJ'
=0

On the other hand, (8.28)) entails

[N;t]—1
(0Sn,){t <t} = -0 Z (It tia] % T+ 8ty X Wi) | 48t X Tinvyey.



8.6. RECTIFIABILITY AND DIFFERENTIABILITY 187

Thus,
SNj’t :(St XTLthJ and SN].(t) :TLthJ/Nj'
Since our path is left-continuous at ¢ by assumption, we conclude

S(t) = w*-lim SN, (t) = szléom TLNJ'H /N; = Ti.

J—00

We conclude that (i) holds at such ¢.

Step 3. To establish also (ii) we first notice that the inequality FI°-eVar(t — Tj;.) <
Var(S; -) follows directly from Proposition For the other direction, we just need to
use that the variation is lower semicontinuous with respect to the BV-weak* convergence,

see Theorem [6.23] together with (8.29) and (8.26) to see
Var(S; [0,1]) < liminf Var(Sy;; [0, 1]) < FI°-eVar(t — Tj; [0, 1]) + 2¢.

J—00

As € > 0 was arbitrary, the claim (ii) follows. ]

Remark 8.24. The current S constructed in Theorem [8.23| has minimal variation among
all those satisfying the conclusion. Also, one can dispense with the assumption 97; = 0.
See Remarks 6.2, 6.3 in [10] for the details. Finally, also a version for normal currents holds
and is exposed as Proposition 6.4 in [10].

Assume that a path [0, 1] 3 ¢ — T} € I(R?) of currents is FI°-absolutely continuous,
which is defined in analogy to (8.12), but with FI° in place of F. Then, t — T; also
has finite F-variation. Consequently, by Theorem the path is space-time rectifiable
and moreover Var(S;.) is absolutely continuous with respect to £! by (ii). Then, via
Lemmal7.8|we have that S has the AC property and so Corollary[7.10|implies the uniqueness
of the glued current S. Now, if we add the NC condition, then we even get geometric
differentiability:

Theorem 8.25 (Geometric differentiability [10]). Let [0,1] > t — T; € I(R?) be FI°-
absolute continuous, satisfy 0T, = 0 for every t € |0, 1], and be such that

sup M(T}) < oc.
te[0,1]

Let S be the unique space-time rectified current given by Theorem|[8.23] If S is NC, then S
is advected by its own geometric derivative %, i.e., (8.23) holds.

Proof. The existence and uniqueness of S has already been discussed. By assumptions S
is NC, so we can apply the Advection Theorem [8.18]to conclude. O

Remark 8.26. In the case & = 0, corresponding to BV-functions as in Example [6.13] the
NC-condition is automatically satisfied by the area formula, see Remark Thus, for
k = 0, the geometric differentiability holds without any further assumption. Of course, this
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is well-known and is a restatement of the “Fundamental Theorem of Lebesgue Calculus”,
namely that absolutely continuous functions can be written as the integral of their almost-
everywhere existing derivative.

The rectifiability proof relies crucially on the fact that we have absolute continuity with
respect to the (homogeneous) integral flat norm and so also the geometric differentiability
theorem requires this notion of continuity. For some dimensions, however, it is known that
FI° coincides with F° by Proposition[5.15]and we obtain the following stronger statement:

Corollary 8.27. Suppose k € {0,d — 2,d — 1,d}. Let [0,1] > t — T; € Ix(R?) be
F°-absolute continuous, satisfy 0T; = 0 for every t € [0, 1], and be such that

sup M(T}) < oc.
t€[0,1]

Let S be the unique space-time rectified current given by Theorem If S is NC, then S
is advected by its own geometric derivative 3, i.e., (823) holds.

For general k it is an unsolved problem of Geometric Measure Theory whether F° ~
FI° (for integral currents) and hence whether F°-absolute continuity is the same as FI°-
absolute continuity. As a result, for k ¢ {0,d — 2,d — 1, d} only a form of “weak differen-
tiability” holds; see Theorem 8.1 in [[10].

Example 8.28. The Flat Mountain defined in Section[7.3|does not have the NC property.
Thus, as a consequence of Remark[8.19] there is no vector field v € L!(dt ® || Spwm|¢]|) such
that Spn solves the Geometric Transport Equation with velocity field v, as would be the
case if Theorem [8.25| were applicable.
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nilpotence of exterior differential, [63]
norm
of a multi-covector, mass,
of a multi-vector, Euclidean, [57]
of a multi-vector, mass,
null set, [§]

open o-finite measure, [J]
orientation map, [95]
orienting map, [83]

outer measure, [3]

parallelotope,
path of currents
L!-normal,
uniformly normal, [164]
path of normal currents, [162]
Plateau’s Problem, [102]
pointwise variation, [T82]
polar, [15]
polar decomposition, [29]
polyhedral approximation theorem, [T06]
polyhedral current, [97]
Preiss theorem, [49]

product current, 86| [06]
proper map, [63|
pullback, [63]
purely unrectifiable set, [49]
pushforward
measure-theoretic, [T1]
of a box, [63]
of a current, [91]
of a current under a Lipschitz map,
Pythagoras lemma, [130]

Rademacher theorem, [T6]
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Radon measure, [§]

Radon—Nikodym decomposition, [T4] 83|
Radon—Nikodym density, [12]
Radon—Nikodym theorem, [I4]
rectifiability, [39]

regular set,[123|

regularity, inner/outer, [J]

Reshetnyak continuity theorem,
Reshetnyak lower semicontinuity theo-

rem, [19]
restriction, 9] [58]
reversal,[132]

Riesz representation theorem, [10]

Sard theorem, 29]
scalar product of multi-vectors, [57]
simple multi-vector, [54]
singular part, [T4]
slice, [T12]
slip trajectory, [126]
space projection, [I11]
space-time, [IT1]
space-time connectivity theorem, [T42]
space-time current, [[T1]
integral, [122]
space-time L°°-norm, [127]
space-time rectifiability theorem, [184]
space-time variation, [126]
span of a multi-vector, [56]
Stokes theorem, [66]
support, [9]
of a current,

tangential differentiability, 43|
tangential differential, [43]
tangential gradient, [TT§]

test function, [61]

time projection, [TT1]

time-slice, [T12]

total variation measure, [9} 83} [93]
transport equation,

union of a family, [TT]
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Uniqueness of weak solutions to GTE,

74

unit multi-vector, [56]

variation, [126]

vector measure
finite, [7]

weak* continuity
of a path of currents, [I63]

INDEX

weak* convergence
BV-weak* for currents, [137]
for measures, 18]
weak* measurability
of a family of measures, [T0]
of a path of currents,[162]
wedge product, [54]
of differential forms, [61]

zero-slices lemma, [149]
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