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How to desingularise Kummer surfaces

Learn the definition and
history of Kummer surfaces



The history of Kummer surfaces

Fresnel discovered that the behaviour of
light passing through a crystal can be
modelled from the solutions of an
equation of degree 4 in 3 variables.

Hamilton found that the variety that
defined that equation had 16 singular
points.

Cayley studied quartic surfaces with 16
nodes and discovered common
properties to all of these.




And then, finally...

Kummer showed that, through coordinate
changes, any quartic surface with 16
nodes could be described as a member of:

(22 +y* + 22 + w? + A(zy + 2w) + B(az + yw) + C(zw + y2))* + Kryzw = 0
where

K =a?>+b>+c®—2abc—1



A provisional definition

Kummer surface (Definition )

A Kummer surface is a quartic surface in P* with 16 isolated
singularities.



Kummer surface (Definition I)

A Kummer surface is a quartic surface in P* with 16 isolated
singularities.

Question:

Is this a good definition by today’s
standards?






Is this still a Kummer surface?



A better definition may then be

Kummer surface (Definition I1)

A Kummer surface is a surface which is birationally equivalent to
a quartic surface in P* with 16 isolated singularities.




Become a master in blowing
up surfaces



These are nodes,
also known as A,
singularities.

They are du Val
singularities or
rational double points.

Locally these
singularities resemble
the vertex of a cone
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Given a singular surface, we can always find a
birationally equivalent smooth surface by applying
a series of transformation known as blow-ups.

pee - :}
L
|

\z\ofv 45

"

1
> ,

™ (X)

»



Classical example of a blow-up
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Going back to our history lesson

While investigating how to embed Abelian
varieties in projective space, Gépel found
that some the theta functions that were
involved in this embedding defined the
equation of a Kummer surface.

But why?
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