


Outline of the talk

1 Recap of where we are in the study group
and what we want to prove.

2 Tackle the easier case of the proof.

3 Discuss the Eisenstein ideal and the
Eisenstein quotient.

4 Start the proof of the general case.

Gotthold Eisenstein
(1823-1852)





The key result in the proof of Mazur’s theorem

Theorem (A)

Let N > 7 be a prime number and let p ̸= N be a second prime number. Suppose there
exists an abelian variety A/Q and a map f : X0(N) → A satisfying the following:

• A has good reduction away from N .
• f(0) ̸= f(∞).
• A(Q) has rank 0.

Then, no elliptic curve defined over Q has a rational point of order N .



































































































The key result in the proof of Mazur’s theorem

Theorem (B)

Let N > 7 be a prime number and let p ̸= N be a second prime number. Suppose there
exists an abelian variety A/Q and a map f : X0(N) → A satisfying the following:

• A has good reduction away from N .
• A has completely toric reduction at N .
• The Jordan-Hölder constituents of A[p](Q) are 1-dimensional and either trivial or

cyclotomic.
• f(0) ̸= f(∞).

Then, no elliptic curve defined over Q has a rational point of order N .

































































































































The goal for this next two talks

Theorem
Let N > 7 be a prime number which is not 13. Then, no elliptic curve defined over Q has
a rational point of order N .




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Quotients of the Jacobian

Notation
We will say that an abelian variety A/Q satisfies condition JH(p) if the Jordan-Hölder
constituents of A[p](Q) are all trivial or cyclotomic. This condition is isogeny invariant.

Up to isogeny, we have a decomposition

J0(N) =
∏

Af

where the product is over the Galois orbits of normalised weight 2 cuspidal eigenforms.



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Showing that A is the abelian variety we are looking for











































































































































































































































































































































































































































































































































































































































































































































































Studying the difference of the cusps

Proposition

The point [0]− [∞] of J0(N) is non-trivial of order dividing N − 1.




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The difference of the cusps

Remark
As a matter of fact, the exact order of [0]− [∞] is (N − 1)/ gcd(N − 1, 12) (Ogg).

Remark
Mazur also proved that [0]− [∞] generates the entire torsion subgroup of the
Mordell-Weil group of J0(N).





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































A rigorous way of defining A

Given an eigenform f , let pf be the kernel of the homomorphism T → Z giving the
eigenvalues of f .

Then, by definition,

Af = J0(N)/pfJ0(N).

Let S be the set of those f for which Af satisfies JH(p) and let

I =
∩
f∈S

pf .

If we define A = J0(N)/IJ0(N), we can deduce that, up to isogeny,

A =
∏
f∈S

Af






























































































































Lemma
f ∈ S if and only if aℓ(f)− (ℓ+ 1) is divisible by p for all ℓ.































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































A neat observation

Remark
The Eisenstein series of weight 2 satisfies that Tℓ(E2) = (ℓ+ 1)E2, so another way of
rephrasing the condition is saying that Af satisfies JH(p) if and only if the Fourier
coefficients of f are congruent modulo p to those of E2.
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The Eisenstein ideal

The p-Eisenstein ideal

We define the p-Eisenstein ideal a to be the ideal of T generated by p and the
Tℓ − (ℓ+ 1).

Lemma
We have that T/a = Fp and therefore a is maximal.


















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Relation with S

Lemma
Let S be the set of those f for which Af satisfies JH(p). The following are equivalent:

1 f ∈ S.

2 The image of a in T/pf is not (1).

3 pf ⊂ a.























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Characterisation of I in terms of a

Corollary

I is the intersection of the minimal primes p of T which are contained in a.






















































































































































































































































































































































































































































The next step, proving that [0] ̸= [∞] in A

We need to prove two lemmas in order to show that [0] ̸= [∞] in A.























































































































































































































































































































































































































































































































































































































































































Decomposition of T-modules

Suppose X is a T-module in which all elements are killed by a power of p. Then the
action of T extends to one of the p-adic completion

Tp = lim
←

T/pnT.

Since this is a complete semi-local ring, it is a product of local rings, the factors
corresponding to the maximal ideals. In particular, the localization Ta is a direct factor
of Tp. It follows that X decomposes as Xa ⊕X ′, where Ta acts by zero on X ′.
We can identify Xa with

X[a∞] =
∪
n≥0

X[an],

where X[an] is the an-torsion in X .



Proof of the first lemma

Lemma 1
The map J0(N)[a∞] → A[a∞] is an isomorphism.

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Characterisation of I in terms of a

Proposition

For our ideals a and I we have that Ia = 0.
































































































































































































































































































































































































































































































































































































Action of the Hecke operators

Let ℓ ̸= N be a prime. Then, we saw that the Hecke operator Tℓ can be regarded as an
endomorphism of J0(N) in the following way:

Given the Hecke correspondence f , g : X0(Nℓ) ⇒ X0(N), we can associate to every
element in J0(N) an image by choosing Tℓ(D) to be

Tℓ(D) = g∗(f
∗(D))



Action of the Hecke operator

Proposition

We have Tℓ([0]− [∞]) = (ℓ+ 1)([0]− [∞]).
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The image of [0]− [∞] in A is not zero

Proposition

We have that [0] ̸= [∞] in A.





























































































































































































































































































































































































































































































































The general case

We had assumed that each f had rational coefficient field, so the Af were elliptic
curves. Given p, the product of the Af that satisfied JH(p) has been seen to be a
maximal quotient of J0(N) that satisfied the conditions of Theorem B.

In the general case, we have shown that we have a decomposition

VpJ0(N) =
∏
f ,λ

Vf ,λ

where the product is over pairs (f ,λ) consisting of
• A normalised weight 2 eigenform f .
• A place λ of its coefficient field Kf above p.

and Vf ,λ is 2-dimensional Galois representation over Kf ,λ.



What will we do?






































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The Eisenstein ideal and the quotient A

If we choose p to be a prime dividing the order of [0]− [∞] in J0(N) we can once define
the p-Eisenstein ideal a as the ideal of T generated by p and Tℓ − (ℓ+ 1) for all ℓ ̸= N .

Proposition

We also have that T/a = Fp.

Let I be the intersection of the minimal primes of T contained in a, and let
A = J0(N)/IJ0(N). Then,

Proposition

We have [0] ̸= [∞].
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