QUASILINEAR SPDES VIA ROUGH PATHS
FELIX OTTO AND HENDRIK WEBER

ABSTRACT. We are interested in (uniformly) parabolic PDEs with
a nonlinear dependance of the leading-order coefficients, driven by
a rough right hand side. For simplicity, we consider a space-time
periodic setting with a single spatial variable:

Do — P(a(u)diu — o(u)f) =0

where P is the projection on mean-zero functions, and f is a dis-
tribution and only controlled in the low regularity norm of C'“~2
for av > % on the parabolic Holder scale. The example we have in
mind is a random forcing f and our assumptions allow, for exam-
ple, for an f which is white in the time variable x5 and only mildly
coloured in the space variable x1; any spatial covariance operator
(14 |on)~™ with A; > % is admissible.

On the deterministic side we obtain a C“-estimate for u, as-
suming that we control products of the form vdfv and vf with
v solving the constant-coefficient equation dyv — agd?v = f. As
a consequence, we obtain existence, uniqueness and stability with
respect to (f,vf,v0%v) of small space-time periodic solutions for
small data. We then demonstrate how the required products can
be bounded in the case of a random forcing f using stochastic
arguments.

For this we extend the treatment of the singular product o(u)f
via a space-time version of Gubinelli’s notion of controlled rough
paths to the product a(u)d7u, which has the same degree of singu-
larity but is more nonlinear since the solution u appears in both fac-
tors. The PDE ingredient mimics the (kernel-free) Krylov-Safanov
approach to ordinary Schauder theory.

1. INTRODUCTION

We are interested in the parabolic PDE

oo — P(a(u)diu — o(u)f) =0

for a rough driver f. The coefficients a,c are assumed to be regular
and uniformly elliptic, see (20) below for precise assumptions, and P
is the projection on mean-zero functions. For the right hand side f we
only assume control on the low regularity norm of C*~2 in the para-
bolic Holder scale for v € (2, 1) (see (19) for a precise statement). The
optimal control on u one could aim to obtain under these assumption
is in the C'“ norm but in this regularity class there is no classical func-
tional analytic definition of the singular products a(u)diu and o(u)f.
In this article we assume that we have an “off-line” interpretation for
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several products such as vd2v, vf (see (111)), where v solves the con-
stant coefficient equation dyv — apd?v = f and show that these bounds
allow to control u. We are ultimately interested in a stochastic forcing
f and in this case the required control of products can be obtained
using explicit moment calculations to capture stochastic cancelations.

Our method is similar in spirit to Lyons’ rough path theory [14, 13, 15].
This theory is based on the observation that the analysis of stochastic
integrals

(2) /0 tu(s)dv(s>

for irregular v, such as Brownian motion or even lower regularity sto-
chastic processes, can be conducted efficiently by splitting it into a
stochastic and a deterministic step. In the stochastic step the integral
(2) is defined for a single well-chosen function @, e.g. v itself. In the
case where v = ¢ is a (multidimensional) Brownian motion there is a
one-parameter family of canonical definitions for these integrals, with
the Ito and the Stratonovich notions being the most prominent ones.
Information on this single integral suffices to give a subordinate sense
to integrals for a whole class of functions u with similar small-scale
behaviour. This line of thought is expressed precisely in Gubinelli’s
notion of a controlled path [4, Definition 1]. There, a function u in the
usual Holder space C%, a € (%, %), is said to be controlled by u € C“
if there exists a third function o € C'* such that for all s,t € R

(3) [u(t) — u(s) — o(s)(a(t) —u(s))| < |t — s|*.

Loosely speaking, this means that the increments u(t) — u(s) of the
function u can be approximated by those of u , provided the latter are
locally modulated by the amplitudes o. In [4, Theorem 1] it is then
shown that this assumption, together with a bound of the form

W ][ a0 - a6 6| £ - s

suffices to define the integral [ w(r)dv(r) and to obtain the bound

| [ atr)det) — (o) 0(®) = o) ~ o) [ (@) = a(s)du(r
6 <

[t — s[>

~J

The construction of the integrals (4) for the specific function @ can be
accomplished under a less restrictive set of assumptions than required
for the classical 1t6 theory. In many applications this construction can
be carried out using Gaussian calculus without making reference to an
underlying martingale structure. The construction makes very little
use of the linear order of time and lends itself well to extensions to
higher dimensional index sets.
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This last point was the starting point for Hairer’s work on singular
stochastic PDE — the observation that the variable ¢ in the rough path
theory could represent “space” rather than “time” was the key insight
that allowed to define stochastic PDEs with non-linearities of Burg-
ers type [6] and the KPZ equation [7]. The notion of controlled path
was also the starting point for his definition of regularity structures [8]
which permits to treat semilinear stochastic PDE with an extremely
irregular right hand side, possibly involving a renormalisation proce-
dure. Parallel to that, Gubinelli, Imkeller and Perkowski put forward
a notion of paracontrolled rough paths [5], a Fourier-analytic variant
of (3) which has also been used to treat singular stochastic PDE.

In this article we propose yet another higher-dimensional generalisa-
tion of the notion of controlled path, see Definition 1 below, and use it
to provide a solution and stability theory for (1). This definition is an
immediate generalisation of Gubinelli’s definition (3) and also closely
related to Hairer’s notion [8, Definition 3.1] of a modelled distribution
in a certain regularity structure. However, the definition comes with a
twist because the quasilinear nature of (1) forces us to allow the reali-
sation of the model, v(-, ag) in our notation, to depend on a parameter
ag, which ultimately corresponds to the variable diffusion coefficient
a(u). In our theory the “off-line products” vf and vdiv play the role
of the “off-line integral” [ udv above and the regularity assumption (4)
is translated into a control on the commutators

v, ()rle{0tv, f} = v({0lv, fH)r — (vo{div, f})r,

where (-)r denotes the convolution with a smooth kernel at scale T' (see
(17) and the discussion that follows it) and where we use the notation
¢ to indicate that products are not classically defined and that their
interpretations have to be specified. Furthermore, here and below we
use the abbreviated notation [v, (-)7] o {0?v, f} when we speak about
[v, ()r] © &?v and [v, (-)7] o f simultaneously. Based on these assump-
tions we derive bounds in the spirit of (5) on the singular products
a(u) o ®u and o(u) o f (see Lemma 2 and 4) which can also be seen
as a (simpler) variant of Hairer’s Reconstruction Theorem [8, Theorem
3.10]. We want to point out that our method completely avoids the
use of wavelet analysis which features prominently in Hairer’s proof
of the Reconstruction Theorem. On the PDE side, in Lemma 5, we
obtain an optimal regularity result on solution u of (1) based on a
control of the commutators [a, (-)7] ¢ d3u and [o, ()] o f. This result
is similar in spirit to Hairer’s Integration Theorem [8, Theorem 5.12].
Our proof mimics the Krylov-Safanov approach to Schauder theory [12]
and therefore does not make reference to a parabolic heat kernel. The
main deterministic results, Proposition 1 and Theorem 2 combine these
ingredients to obtain existence and uniqueness results for the linear ver-
sion of (1) (i.e. a and ¢ do not depend on u, Proposition 1) and for
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(1) under a small data assumption (Theorem 2). We want to point out
that the deterministic analysis does not depend on the assumption of
a 1+ 1 dimensional space and would go through completely unchanged
if 0y — a(u)d; were replaced by a uniformly parabolic operator over
R™ x R.

On the stochastic side, we consider a class of stationary Gaussian dis-
tributions f of class C®~2. This class includes, for example, the case
where f is “white” in the time-like variable x5 and has covariance op-
erator (14 ]0;])™* for Ay > % in the 2 variable, or the case where
the noise is constant in the time-like variable x5 and has covariance
operator (14 |01])~™ for Ay > —2 for the z; variable (see the end of
Section 3 for a more detailed discussion of admissible f). For such f we
construct the generalized products vod?v and vo f as limits of renor-
malized smooth approximations: More precisely, let ¢’ be an arbitrary

Schwartz function with [¢' = 1 and set ¢.(21,22) = L%l/)l(%, z—;)
€ &€ 15

Then we set f. = f* ., let v. solve v, — apdiv. = f. and construct
vo f and vodiv as

U(') aO)Of ::lim (Us('a aO)fa - <Us('v aO)f€>)7

—0

U(" aO) <>8121)(" a6> = ll_{% (Ué('v CL())@%Q@(', a6>

(6) - <v€(-,a0)8fv€(~,ag)>),

see Proposition 2 below. In many of the examples we consider, the
expectations of the regularized products ¢ (e, ag) = (v.(-, a)f-) and
@ (e, a9, al) = (v.(-, ap)0%v. (-, a})) diverge as € goes to zero (the precise
form of these constants is given in Lemma 7). The renormalization
procedure can be avoided if f satisfies the additional stronger regularity
assumption (144) which holds, for example, if f is “white” in x; and
“trace-class” in .

Finally, the construction of these renormalized products and the deter-
ministic well-posedness theory can be combined to the following main
theorem:

Theorem 1. Let the coefficients a, o satisfy the reqularity assumptions
(20).

Let f be a centered, one-periodic, stationary Gaussian random distri-
bution satisfying the regularity assumption (129) and let f. = f 1. be
as described above. Denote by v(-,ag) (resp. ve(+,aq)) the one-periodic
mean-free solutions of (Oy — agd?)v = Pf (resp. (Oy — agd?)v. = Pf.).
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(i) The renormalized commutators v, (-)p]o f and v, (-)p]od?v defined
via the limits (6) exist and satisfy the bounds

) ((swprty==an)"y <1,

®) (s sup (4 luf-.a0). el o 71)')” 51

T<1 ap€e[A1]
/ p
© ((sw swp sup (TH* 2w, a0), (rlodoCap)l) ) 1.
T<1 ape[A1] afe[A1]

as well as analogous bounds if v is replaced by its derivatives with respect
to ag,ay. The convergences of the renormalized products take place
almost surely and in every stochastic LP space with respect to the norm

SUP)cay<1 SUWPA<as<1 || - [[ca-2. Here || f[| = sup,epe |f(z)| denotes the
supremum norm and a norm for C*~2 is defined in (19) below.

(ii) There ezists a random constant n > 0 satisfying
(10) () S 1

for all p < oo, such thatnf as well as the commutators n*[v(-, ap), (+)r]o
{f,0%v} derived from nf satisfy the smallness Assumptions (110) and
(111). Therefore, there exists a unique mean-free function u with the
properties

u is modelled after v according to a(u) and o(u)
(11) in the sense of Definition 1,
(12)  Oyu — P(a(u)o?u+a(u)onf) =0 distributionally,
under the smallness condition

(13) [u]q < 1.

(iii) Let n > 0 be as in part (ii). The reqularised noise terms nf. as
well as the corresponding renormalized commutators

n*[ve (-, ao), ()l fe (- ap) — (e, ag)

?[0:(, ao), ()r)OFve (-, ap) — 11°¢P (e, ao, ap)
almost surely satisfy the smallness assumptions (110) and (111) uni-
formly in €. Denote by u. the unique solutions of (11) — (114) with
nf replaced by nf.. Then these u. converge to w almost surely with

respect to the C'* norm. Furthermore, u. is a classical solution to the
renormalized PDE

Ooute — P(a(u)0?u, — a’(ug)a(ue)Qc(Q)(-, a(ue), a(u.))
(14) () — o' (u)o(ue) €V (-, a(us)) = 0.
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() If f satisfies the additional assumption (144), then the above state-
ments hold true without renormalization, i.e. setting ¢V = ¢?) = 0.

PROOF OF THEOREM 1.

The bound (7) is proved as (130) in Lemma 6, and the bounds (8) and
(9) as well as the convergence almost surely and in every stochastic L?
space are proved in Proposition 2. For (ii) we set

n'> sup sup sup(T%)Q’QO‘

ao,a6€[A 1] EE[O 1] T<1

”{ 8 ,2}{ a 2}7}57 ' {fsa82va}”

then nf., n*[v., ()T] fE etc. satlsfy the smallness condition (110) and
(111) uniformly in e. The bound (10) is a consequence of Proposition 2
and the conclusion of (ii) is contained in part (i) of Theorem 2. For part
(iii), we have already seen that nf. , n*[v., (-)7]f- etc. satisfy the small-
ness assumptions (110) and (111) uniformly in e, and the convergence
of the u. to u follows from a combination of Lemma 6, Proposition 2
and Theorem 2 (ii). The form of (14) follows from Corollary 3. Fi-
nally, part (iv) follows in the same way only replacing Proposition 2 by
Corollary 5.

We finally mention that one week before posting this second version
of our result, the article [2] was posted on the arXiv. In this article
Furlan and Gubinelli study the equation

Ou — a(u)Au = &,

where u = u(t,x) for = taking values in the two-dimensional torus,
and ¢ = £(z) is a white noise over the two-dimensional torus, which is
constant in the time variable ¢. This noise term € is of class C~!~ and
therefore essentially behaves like our term f. They also define a notion
of solution and prove short time existence and uniqueness of solutions
for the initial value problem, as well as convergence for renormalized
approximations similar to (14). Similar to the approach we present
here, they locally approximate the solutions u by a family of solutions to
constant coefficient problems. Their approach then deviates from ours
and they implement their theory in the framework of paracontrolled
distributions.

2. DETERMINISTIC ANALYSIS

2.1. Setup. METRIC. The parabolic operator 0, — agd? and its map-
ping properties on the scale of Holder spaces (i.e. Schauder theory)
imposes its intrinsic (Carnot-Carathéodory) metric, which is given by

(15) d(z,y) = |21 — y1| + V|22 — ¥,
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see for instance [12, Section 8.5]. The Holder semi norm [-], is defined
based on (15):

) )]
1o e = a Gy

CONVOLUTION. In order to define negative norms of distributions in
the intrinsic way, it is convenient to have a family {(-)r}r=o of mol-
lification operators ()7 consistent with the relative scaling (z1,xs) =
(021, 0%24) of the two variables dictated by (15). It will turn out to be
extremely convenient to have in addition the semi-group property

(17) (r()e = (e

All is achieved by convolution with the semi-group exp(—=T(df — 93))
of the elliptic operator 9] — 03, which is the simplest positive operator
displaying the same relative scaling between the variables as 9y — 9%
and being symmetric in x, next to x;. We note that the corresponding
convolution kernel v is easily characterized by its Fourier transform
Ur(k) = exp(—T(k*+ k2)); since the latter is a Schwartz function, also
p is a Schwartz function. The only two (minor) inconveniences are
that 1) the z1-scale is played by T (in line with (15) the zo-scale is
played by T%) since we have (1, x2) = Ti%?ﬁl(ﬁ, ;’—2%) and that 2) ¢
(and thus ¥7) does not have a sign. The only properties of the kernel
we need are moments of derivatives:

[ dy|ofr(z — y)ldo(x,y) < (T1)™* and
(18) k « N 2k+a
S dyloser(z —y)ld*(z,y) < (T9)
for all orders of derivative £ = 0,1,--- and moment exponents o > 0,

as well as the fact that [ (x)x1dz = 0. Estimates (18) follow imme-
diately from the scaling and the fact that 1, is a Schwartz function.
In Lemma 11 we show however, that our main regularity assumption
(19) on f as well as the bounds on the commutators do not depend on
the specific choice of Schwartz kernel ¢. In particular, the statements
ultimately do not depend on the semi-group property although this
property plays an important part in the proofs.

FINITE DOMAIN. We mimic a finite domain by imposing periodicity in
both directions; w.l.o.g. we may set this scale equal to one. We will
typically measure the size of the distribution f by the expression

(19) sup(T)2| fr |,
T<1

where the restriction 7" < 1 reflects the period unity. With Lemma
9, cf Step 1, we have that this expression agrees with the standard
definition of the norm of C*2.
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STANDING ASSUMPTIONS ON THE NONLINEARITIES. There exists a
constant A > 0 such that
(20) a€ X3l lall lal], lla"[ < 3,

oe[=L1], [l lo"ll, llo™]l < 3.
We express the bound on the various norms of a and o by the ellipticity
contrast A in order to have a single constant that measures the quality
of the data. Note that the assumption o € [—1,1] is only seemingly
stronger than ||| < + since that constant can always be absorbed into
the rhs f in the equation. These fairly high regularity assumptions
intervene in the proof of Lemma 1, they could be slightly weakened in
the sense of [4, Proposition 4], at the expense of a more complicated
notation. Here and in the entire deterministic section < means < C'
with a constant C' only depending on A\ and the exponent «.

2.2. Definitions and results. The following central definition is a
straightforward generalization of Gubinelli’s definition [4, Definition 1]
of a “controlled path”, a generalization from the time variable x5 to
multiple variables x, and to a “model” (vq,--- ,vs) (in the language of
Hairer [8]) that here may depend on an additional parameter ag. It
states that the increments u(y) — u(x) of the function u can be ap-
proximated by those of several functions v;, if the latter are locally
modulated by the amplitudes o; and the functions a; that locally de-
termine the value of the parameter ag. The functions o; can therefore
be interpreted as “derivatives” of u wrt v;. The increments of the linear
function x; also have to be included because of o > % In fact, since
2a > 1, given the model (vy,---,v;) (as modulated by the functions
a;), the “derivatives” (o1, - ,0;) and v determine u up to a constant.
In our situation, we expect u and (vq,--- ,v7) to be Hélder continuous
with exponent not (much) larger than «, so that imposing closeness of
the increments to order 2« contains valuable additional information.

Definition 1. Let % <a<1landl € N. We say that a function u
is modelled after the functions (vy,--- ,vr) of (x,ag) according to the
functions (a1, -+ ,ay) and (o1, -+ ,07) provided there ezists a function
v (which because of 2 > 1 is easily seen to be unique) such that

M :=sup ———
ary @**(y, )

(21)  [uly) — uw(@) — oi(@)(vi(y, ai(x)) — vi(z, ai(x))) — v(z)(y — )]
1s finite. Here and in the sequel we use Finstein’s convention of sum-
mation over repeated indices.

Note that imposing (21) also for distant points = and y is consistent
with periodicity despite the non-periodic term (y — x); since by o > %
the latter is dominated by d**(x,y) for d(x,y) > 1. Note also that
(21) is reminiscent of a Holder norm: In case of (oy,---,07) = 0,
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the finiteness of (21) implies that u is continuously differentiable in x;
and that v(z) = dyu(x) so that M turns into the parabolic C**-norm
of u. In this spirit, Step 1 in the proof of Lemma 2 shows that the
modelledness constant M in (21) controls the (2« — 1)-Holder norm
of v, provided = +— o;(z)v;(-, a;(x)) is a-Holder continuous with values
in C*. In addition, in the presence of periodicity, M also controls the
a-Holder norm of u and the supremum norm of v, which are of lower
order, cf Step 2 in the proof of Lemma 2.

The following lemma shows that the notion of modelledness in Defi-
nition 1 is well-behaved under sufficiently smooth nonlinear pointwise
transformation; it will be used in the proof of Theorem 2. It is essen-
tially identical to [4, Proposition 4], which in turn is a consequence of
Taylor’s formula; because of the minor modifications due to the pres-
ence of a more general model, we reproduce the proof.

Lemma 1. i) Suppose that u is modelled after v according to a and
o with constant M. Let the function b be twice differentiable. Then
b(u) is modelled after v according to a and p = V' (u)o with constant
M estimated by

(22) M+ [b(w)]a < (0]l + 18" ula) (M + [u]a),
(23) e+ Mlpell < (1] + 116" [[[u]a) ([o]a + ller]])-

i) Suppose that fori = 0,1, u; is modelled after v; according to a; and
o; with constant M;. Suppose further that u; — ug is modelled after
(v1,v9) according to (ay,ag) and (o1, —0g) with constant M. Let the
function b be three times differentiable. Then b(ui) — b(ug) is mod-
elled after (vi,vy) according to (ay,ap) and (puy := b'(uy)oy, —po =
—b'(ug)og) with constant M estimated by

M + [b(ur) — bluo)]a + [[b(ur) — bluo)||

< (o1 + [[6" ]| (max M; + max[ug]o) + [|6"]| (max[u;])?)
(24) X ((SM + [Ul — Uo]a + ||U1 — Uo”),

(11 = pola + [l — pol|

< (Il + 116" max[ui]a)(lo1 = Go]a + o1 = ool])

+ (1071 + 167 | max{us]o) max([oia + [|oil))
(25) X ([ur — uola + [lur — uol})-
As discussed in the introduction, the main challenge in solving sto-
chastic ordinary differential equations is to give a sense to integrals of
the form (2). In the spirit of Hairer [8] we interpret this problem as
giving a meaning to the product ud;v, which does not have a canonical

functional analytic definition because both u and v are only Holder
continuous in the time variable ¢ of exponent less than %, because they
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behave like Brownian motion. In view of the parabolic scaling, we en-
counter the same difficulty when giving a distributional sense to bod?u
when b and u are only Hélder continuous of exponent a < 1 (from now
we use the non-standard notation b d?u instead of bd?u to indicate
that the definition of this product is non-standard).

As discussed in the introduction a main insight of Lyons’ theory of
rough paths, was the observation that such products can be defined
provided w is controlled by # and the off-line product u0;v satisfies
the bound (4), which can be rewritten as f;(a(r) — u(s)) o dpv(r)
= u(s) fst v (r) — fstﬂoarv —: —([a, ["]o f)(s), that is, the expression
on both sides of (4) amount to a commutator [u, [ ] of multiplication
with @ and integration, applied to a distribution d,v. In our multi-
dimensional framework, we replace integration - fst by (smooth) av-
eraging:

(26) v, ()rlof ==vfr—(vo f)r.

In our set up, the role of the crucial “algebraic relationship” [4, (24)]
from rough path theory is played by the following straightforward con-
sequence of the semi-group property (17)

(27) [0, Ol o f = ([v, Ozl o e = [o, ()il fr,

cf (263) in the proof of Lemma 2. Note that it is (only the control of)
[v, (-)r]© f that relates the distribution v¢ f to the function v and the
distribution f.

For our quasilinear SPDE, we need to give a sense to the two singular
products o(u) ¢ f and a(u) o &?u, so in particular to products of the
form uwo f and bo 0?u, where u and b behave like the solution v of
(Oy — apd?)v = f. Hence we will need the two off-line products vo f
and vod?v. For simplicity, we split the argument into Lemma 3 dealing
with the first and Lemma 4 with the second factor in the singular
products. We will use Lemma 3, or rather Corollary 1, in order to pass
from the definition of v f and vo d?v to the definition of uo f and
bod?v, respectively (since the distribution d?v plays a role very similar
to f, the lemma and the corollary are formulated in the notation of the
former case). We will then use Lemma 4 to pass from bod?v to bodiu.

Lemmas 2, 3, and 4, reveal a clear hierarchy of norms and measures of
size:
e Functions u are measured in terms of the Holder semi-norm
[u], (the supremum norm ||o|| of a function o only intervenes
in scaling-wise suboptimal estimates like (60) that rely on the
periodicity or the constraint 7" < 1 providing a large-scale cut-
off, otherwise just as part of the product ||o||[a], with the Holder
norm of a),
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e distributions are measured in the C“ ?-norm sup;., (Ti)Q*a
| fr||, see Step 1 in the proof of Lemma 9 for this equivalence
of norms,

e commutators [u, (-)r] o f are measured on level 2a — 2 < 0 via
suppey (T5)7 |[u, ()r] f|, and

e differences [u, (-)r]of —[v, (-)r]ef of commutators, like in case of
the rough path expression (5) divided by (t—s), are measured on
level 3a— 2 > 0 via supy<, (TH7% [[u, (Jrlof —[v, (Irlo I,
see (32) of Lemma 2.

Equipped with this dictionary, Lemmas 3 and 4 can be seen to be very
close to [4, Theorem 1]; in particular, (32) in Lemma 2 is very close to
(28) in [4, Corollary 3]. The major difference is the multi-dimensional
extension through (26). A minor difference coming from the parabolic
nature is the appearance of the commutator [z1, (-)7|f, which however
is regular, cf Lemma 10. A further minor difference arises from the ag-
dependence of the model v and the related appearance of the function
a, which necessitates control of %—derivatives of the functions and
the commutators and manifests itself via the evaluation operator E.
However, this minor difference can be embedded into the more general
form of the upcoming Lemma 2.

Lemma 2. Let % < a < 1. Suppose we have a family of functions
{v(-, )}z of class C*, parameterized by points x, a distribution f, and
a family of distributions {v(-,x) ¢ f}., both of class C*72, satisfying

(28) (-, 2) —v(-,2")]a < Nd*(x,2'),
(29) §g§(7%)2’“Hf&H < N,

sup(T4)* 22 [v(-, ), (Jrlo f
(30) ~[o( ), (alo fIl < NN (w0

for all pairs of points x,x" for some constants N, N1. Suppose we are
gien a function u such that

|(u(y) — u(x)) = (v(y, z) — v(z,z))
(31) —v(z)(y = 2)i| < Md*(y, )

for all pairs of points y,x for some constant M and some function v.
Then there exists a unique distribution uo f such that

sup(T4)**[u, ()r]o f
(32) = Elv, (rlof = vle, Orlf | S (M + NN,

where E stands for the evaluation of the continuous function (x,y) —

([v(2), ()rlo F)ly) at y = .
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If moreover all functions and distributions are 1-periodic and we use
the constant N to also estimate the lower-order expressions

(33) [v(-,7)]a <N,

(34) sup(T)* 2 [o(-, ), ()r]o Il < NN,

for all points x then also

(35) sup(T'4)**|[u, (rl o f1] < (M + N)Ny.

Equipped with Lemma 2, the upcoming Lemma 3 is more of a corollary
that specifies the form of the model. The general form of Lemma 2 is
in particular convenient for part ii) of Lemma 3, where the Lipschitz
continuity of the product ¢ f in terms of the off-line product vo f and
the modulating property (both constant and modulating functions) is

established.

Lemma 3. Let % < a < 1. Suppose we are given a distribution f with

(36) sup(T1)2%| fr| < N,
T<1

for some constant Nj.
i) We consider a family of functions {v(-, ao)}a, and a family of distri-
butions {v(-,a0) ¢ f}a, satisfying

(37) supl{1, %}v]a <N,

ag

1 0
(38) sup(T4)*~**sup ||{1, 5 v, Orle fll < NiNo
T<1 ap Qo

for some constant No. We are given a function u modelled after v
according to the a-Holder functions a and o with constant M and v as
in (21). Then there exists a unique distribution u< f such that

(39)  im|llu, ()rlo f — 0B, ()r]o f — vz, ()r]fll =0,

where E evaluates a function of (z,aq) at (x,a(x)). Furthermore, in
case of

(40) [0la <1, [a]la <1 and o] <1

and when all functions are 1-periodic we have the sub-optimal estimate

(41) sup(T4) 2w, (V] f| S Ni(M + No).
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ii) We consider two families of functions {v;(+,ag) }ay, ¢ = 0,1, and two
families of distributions {v;(+,ap) ¢ f }a, Satisfying

o o

(42) supl{L 5 3o bl < Vo
(43) sup{{1, 5. (01— 00 o)l < AN
(44) sup (T2 sup {1, 5 2o, (o ] < M
(45) _

sup(T)* 2 sup [ {1, 5= H(on, (el f = an, (el ) < Nidy

for some constants Ny and 0Ny. Suppose the function du is modelled
after (vi,vg) according to the a-Hélder functions (a1, ag) and (o1, —0p)
with 6M and v in analogy to (21). Then there exists a unique distri-
bution duo f such that

lim |[[ou, (-)z] © f

T10
(46)  — (ouEr[vr, (-)r]o f — ookovo, (-)r]o f) — W[z, ()] f]| = 0,

where E; denotes the operator that evaluates a function of (x,ag) at
ap = a;(z). Furthermore, in case of (40) and when all functions are
1-periodic we have the sub-optimal estimate

sup(T4) 2|6, ()] /| S Ni(6M
(47) + No([O'l — O'o]a + ”0'1 — 0'0” + [Gl — ao]a + HCLl — a()H) + (SNO)

For the use in the proof of Theorem 2 it is very convenient to bring
Lemma 3 into the form of Corollary 1. The difference between part
i) and part iii) of the corollary on the one hand and part i) and part
ii), respectively, of the lemma on the other hand is that the corollary
allows for a distribution f that depends on an additional parameter a
and establishes estimates on the af-derivatives. Part ii) of the corollary
extends part i) of the lemma to two distributions f; and fj.

Corollary 1. i) Let {v(-,a0)}a, be a family of functions and let
{f('7a6>}a67 {U('vao)of('valo)}ao,%

be two families of distributions satisfying (37) and

1 o 0
(48)  sup(T+)* SUP||{10,7 ,Q}fTH Nu,

T<1

(40)  sup(TH)>2 sup [ {1. a}{ 0 62,2}[ (o fl < NuVy

" Oayy’
T<1 ao,ay,
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for some constant Ny. If u is modelled after v according to a and o,
satisfying (40), with constant M we have

(50) ST 1, g S (el SIS MM + ).

T<1

”) Let {U('JGO)}GOJ {fj('7a6>}a67 and {U('vao)ofj('vaé))}ao,%? J=0,1,

be as in i) and suppose in addition

G s s (L o H i~ for) < OV,
T<1 af o
sup(TH)72 sup {1, 51, 2} (o
T<1 agaO a

(52) —[v, ()r]e fo)ll < 5N1No

for some constant 6Ny. Then for u as in i) we have

sup(T4)* 2 sup (L 5o (o, (o

T<1

(53) — [u 7(')T]<>f0)|| S ONi (M + Ny).

iii) Let the two families of functions {v;(+, ao) }ag, @ = 0,1, and the three
families of distributions {f(-,ag)}a;, {vi(+,; a0) 0 f (-, ap) Yap.ay be as in i)
and satisfy in addition (42), (43). Suppose we have in addition

(54) (T4 sup L 5 (1 2 o, (e f] < Mo
sup(T4)* sup {1, 5T H1, 5o on (o S
9 b el < ma

Let w; be two functions like in part i) and suppose that uy — ug s
modelled after (vi,vg) according to (ay,ag) and (o1, —00) with constant
OM. Then we have

sup(T'4)> > sup {1, a%]}([uh ()rle f = [uo, ()r]o fII S Nr(6M

T<1

(56) + NO([Ul — Uo]a + HUl — 0'0” + [a1 — ao]a + Ha1 — CL[)H) + (SNO)

We now turn to Lemma 4 that deals with the second factor in a¢d?u.
The reason why we consider several functions vy, - ,v; in Lemma 4
instead of a single one for our scalar PDE is that this seems necessary
when establishing the contraction property for Proposition 1; because
of the ag-dependence, it turns out that we need not just I = 2 but in
fact I = 3, cf Corollary 2.
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Lemma 4. Let % < a < 1. We are given a function b, I families
of functions {vi(-,a0), -+ ,vr(+,a0) }ay, and I families of distributions
{bod2vi(-,ap), -+ ,b0v1(+, ag) }ay with

0
57 L 2—}vila < N,
(57) sgop[{ ' Bac
1 0

(58) sup(74)*** sup [[{1, o }[b, (-)r] o il < No;

T<1 ao dag
for some constants Ny,--- ,Ny. Let the function u be modelled after
(v1, -+ ,vr) according to the a-Hélder functions a and (o4, - -+ ,07) with

constant M, cf Definition 1. Then there exists a unique distribution
bo O such that on the level of the commutators

(59) Lim ||[b, (+)r] o0tu — 0, Eb, (-)r] o djvil| = 0,

where E denotes the operator that evaluates a function in two vari-
ables (x,ap) at (x,a(x)). Moreover, provided [al, < 1, we have the
suboptimal estimate

(60) Sﬁg(ﬁ)%mll[b, ()rlodtull < [BlaM + NoNi([oila + llol)).

The following lemma is the only place where we use the PDE. It might
be seen as an extension of Schauder theory in the sense that it com-
pares, on the level of C?%, the solution u of a variable-coefficient equa-
tion Oyu— aodiu = oo f to the solutions of the corresponding constant-
coefficient equation (62), by saying that u is modelled after v according
to a and o. To this purpose we apply (-)r to the equation and rearrange
to

dour — P(adiur — o fr) = —P(la, ()]0 fu+ [o, (7)o f).

Since the previous lemmas estimate the commutators on the rhs, we
will right away assume that the lhs is estimated accordingly, cf (63).
Working with the commutator of multiplication with a coefficient a and
convolution is reminiscent of the DiPerna-Lions theory, which however
deals with a transport instead of a parabolic equations with a rough
coefficient, that is dyu — adyu instead of dyu — ad?u. In our proof, we
follow the approach to classical Schauder theory of Krylov & Safanov,
see [12], in particular Section 8.6. This approach avoids the use of
kernels.

Lemma 5. Let % < «a < 1 and suppose all functions and distributions
are periodic. Were are given I families of distributions {fi(-,ao),- -+ ,

f[(' .. ,CL())}aO U)Zth
K

(61) sup(T+)**sup {1, >~} fir|| < N
T<1 ao aop
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for some constants Ny,--- ,Ny. For ag € [X, 5] we denote by v;(-, ag)
the function of vanishing mean solving

(62) (05 — agd})vi(-, a0) = Pfi(-,a0)  distributionally.

We are also given a function u, modelled after (vy,--- ,v;) according
to some functions a € [\, 3] and (o1,--- ,07). We assume that u ap-
prozimately satisfies the PDE Oyu — Pad?u = Po;E f; in the sense of
(63) sup(T'1)%~2%||8yur — P(ad?ur + 0, E fir)|| < N?

T<1

for some constant N, where E is defined as in Lemma 4. Then we have
for the modelling and the Holder constant of u

(64) M < N? + [a]lo M + Ni([oi]o + ol [a]a),
(65) [ula S M + Niflos].

In Corollary 2, we will combine Lemma 4 on the product a ¢ d?u and
Lemma 5 to obtain an a priori estimate on the modelling and Holder
constants. The use of the “infinitesimal” part ii) of this corollary will
be explained in the discussion of Proposition 1.

Corollary 2. Let % < a < 1. i) Suppose we are given two functions
o and a, two distributions f and oo f, and a family of distributions
{aod?v(-, ap)}tae, with

(66) [o]a +lala < N,
(67) sup(T+)*~*||fr]| < No,
T<1
(68) sup(T)***[o, (Jrl o fI| < NN,
<1
1\2—2a 0 2
(69)  sup(TH)22 sup {1, ~—, —}[a, (-)r] 0 320]| < NN,
T<1 ao 6@0 8@0
where v(+,ag) denotes the mean-free solution of
(70) (02 — agd})v(-,a0) = PF,
and satisfying the constraints
1
(71) cel-11, ac\7] [ola <1, [ala < 1.
Then if a function u is modelled after v according to a and o with
(72) Oou — Plaodiu+oof) =0

we have for the modelling and Holder constants
(73) M NoN,
(74) [ula S No(N +1).
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it) In addition, suppose we are given two functions do and da, three
distributions Of, oo df, and do o f, and two families of distributions
{aod?0v(-, ag) }ay and {0ao 020 (-, ag) }a, with

(75) 8]+ (|8 + 8o + [al] < o,
(76) sup(T'4)* oz | < &No,

(77) sup(T4)*22 [0, ()a] o 8f | < NNy,
(78) sup(T'4)* 2|6, ()r]o f < 6N No,

1 0
(79) sup(T'4)* > sup [[{1, 5 }Ha, (-)r] 0 0iv]| < NON,
T<1 ao ag

Lo B
(80) sup(T'+)* 7> sup [|{1, 5—}{da, ()] o v ]| < NN
T<1 ao ap
for some constants 0Ny, 0N and where dv is the mean-free solution of

Then if a function du is modelled after (v, g—(;’(),&v) according to a and
(0o, oda, o) with

(82) Dadu — P(ao0iou + daoPu+ oodf +doof) =0
then we have for the modelling and Hélder constants

(83) OM < NoON + 6NgN  provided N < 1,
(84) [0u]o < NoON + 0Ny provided N < 1.

The following Proposition 1 may be seen as the main contribution of
this paper. It establishes a solution theory for the linear equation
Dot — P(aodu + oo f) = 0 for given driver f (a distribution) and
functions ¢ and a. Because of the roughness of f, it does not only
require an definition of oo f but also of a o d?v, where v(-,ag) solves
Dov — agd?v = Pf, so that when u is modelled after v according to a
and o, also a©d?u may be given a sense by Lemma 4. The most subtle
point is to establish Lipschitz continuity of u in the data (a,a < div).
This involves considering differences of solutions and quantifying

uy — up is modelled after (vy,vg)
(85) according to (aq, ag) and (o1, —0y).
When quantifying differences of solutions, variable coefficients require
a somewhat different strategy compared to constant coefficients, as we

shall explain now. The modelledness (85) has to come from the PDE,
that is, Lemma 5. The naive approach is to consider the difference
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of the PDE for two given pairs of data (o;,a;, fi), ¢ = 0,1, (plus the
products), and to rearrange as follows
02(141 — Uo) — P(aooaful — aooaqu)

(86) :P(010f1—00<>f0—|—(a1<>812u1—aooaful)),
which already means breaking the permutation symmetry in ¢ = 0,1
and therefore does not bode well. By the modelledness of u; we expect
that for the purpose of Lemma 5, we may replace u; by v; on the rhs
of (86), leading to

82(U1 — UO) — P(&QO@%Ul - a0<>8%U0)
(87) ~ P(O’l <>f1 — O'0<>f0 + 01(E1a1 08%1]1 — E1a0<>8%1}1)).
In view of Lemma 5 and the discussion preceding it, this suggests that
we obtain

uy — ug is modelled after (vy,vg, (92 — agdi) ' PE10}v)
(88) according to ag and (o1, —0g, 01(a; — ap)),

which is not the desired (85) unless a; = ag. Instead, our strategy will
be to construct a curve {us}scp,1) interpolating between uo and u,. For
this, we interpolate the data linearly, that is, fs := sfi + (1 — s) fo,
0s 1= so1 + (1 — $)og, and as := sa; + (1 — s)ag, and solve

(89) Doty — PlagoOug + og0 fs) = 0.

Provided we interpolate the products bi-linearly, that is,

(90) O'S<>f5 = 820'1<>f1 + 5(1 — S)(O’l <>f0 + O'0<>f1) + (1 — 8)20'00f0

and the same definition for a,¢d7v,, Leibniz’ rule for o, f, holds, and
we expect it to hold for a, ¢ d?u, so that differentiation of (89) gives

0r05u — P(as0020,u) = P(0,a00ius + 0,00 fs + 0,00, f),
which in view of (89) we approximate by
D205u — P(as00?05u) = P(0,E;0,a0 0?05 + 0506 fs + 0500, f),

with v = sv; + (1 — s)vg. It is this form that motivates the part ii) of
Corollary 2. Noting that (02 — aoﬁf)g—;’; = d%v, we obtain

Osu is modelled after (v, %, 0sv)

0a0

(91) according to as and (00, 0505a, 05),

which should be compared with (88). Using Leibniz’ rule once more,
but this time in the classical form of

% (0:(2)va(y, as(2)) = (9:0) (2)va(y, as ()
Oy

dag

+ (050sa) () (y, as(z)) + 05(2)050(y, as(w)),
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and integrating (91) in s € [0,1] yields the desired (85). We note
that this strategy differs from [4] even in case when a is constant:
When passing from the modelledness of u; — uy to the modelledness
of o(uy) — o(ug), the argument in [4, Proposition 4] uses the linear
interpolation us; = su; + (1 — s)ug (as we do in Lemma 1), which
implicitly amounts to the interpolation o0 fs = so10 fi + (1 — s)og< fo,
as opposed to (90).

Proposition 1. Let % < «a < 1. 1) Suppose we are given two functions

o and a, two distributions f and oo f, and a family of distributions
{aod3v(-,ag)}a, related by

(92) ol + lala < N,

(93) sup(T4)* | frl| < N,

(94) sup(T4)* 22| [o, (r] o f1] < Mo,
o 0

(95)  sup(TH)> > sup {1, 5 —, = }a, (r] 0 l| < NoN,
ao

il
T<1 day’ Dad

for some constants Ny, N, where v(-,ag) denotes the mean-free solution
of (02 — agd?)v(-,a0) = Pf. Let the functions o and a satisfy

(96) sel-1,1], a€h~

) lola <1, fala < 1.

Then there exists a unique mean-free function u modelled after v ac-
cording to a and o and such that

(97) Oyu — P(aod?u+ oo f) =0.
The modelling and Holder constants are estimated as follows

(98) M < NN,
(99) [ula < No(N +1).

i1) Suppose we are given four functions o; and a;, i = 0,1, six distri-
butions f; and o;0 f;, j = 0,1, and four families of distributions {a; <
070+, a0) }ag, where vi(+,ag) s the mean-free solution of (Oy — agdi)v;
= Pf;, satisfying the assumption (92), (93), (94), and (95), the two
latter with cross terms, that is,

(100) sup(T'4)** (o, ()r)o £ < NoN,
1\2-20 0 o 2

(101)  sup(T5)* 2 sup {1, 5 —, = }Hai, (7] 0 BFv;]| < NoN
T<1 ao 8@0 8@0
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and (96). We suppose in addition that
(102)  [o1 = gola + [lor — ool + [a1 — aola + [laz — ao| < ON,

(103) STlili(T%)QfaHflT — for|| < Ny,
(104) grl)(ﬁ)zﬁaﬂ[% ()rle fi = [o0 ()r]o foll < NNy,
(105) up(T4 2 o, (el i = [on, ()l fill < AV N

1 0
sup(TZ)Q_QO‘ sup {1, . }([ai, ()7] 08%1)1
ao Qg

T<1
(106) —[ai, (-)r]© B7vo) || < NNy,
1 0
sup(T'4)* > sup {1, 5} ([as, (-)r] 0 Ofv;
T<1 ao ap
(107) —lao, (-)r] o 0fv;) || < INNy

for some constants 0Ny, ON. Let u; denote the corresponding solutions
ensured by part i). Then u; — ug is modelled after (vy,vy) according to
(a1,a9) and (o1, —0q¢) with modelling constant and Hélder norm esti-
mated as follows

(108) OM < NodN + Ny N,
(109) [U1 — U,()]a + ||U1 — U()” 5 No(;N + 5N0
both provided N < 1.

We now proceed to Theorem 2, the main deterministic result of this
paper. It can be seen as a PDE version of the ODE result in [4,
Section 5. Part i) of the theorem provides existence and uniqueness by
a contraction mapping argument, corresponding to [4, Proposition 7];
part ii) provides continuity of the fixed point in the model, the analogue
of the Lyons’ sense of continuity for the Ito map and corresponding to
[4, Proposition §].

Theorem 2. i) Suppose we are given a distribution [ satisfying

(110) sup(T%)27| fz]| < N
T<1

for some constant Ny < 1; denote by v(-, ag) the mean-free solution of
(Oy — apdi)v = Pf. Suppose further that we are given a one-parameter
family of distributions v(-,aj)o f and a two-parameter family of distri-
butions v(-, ay) o ?v(-, ag) satisfying

1 o 0 g 0
Tx 22« 1. — 1
?_};E( ) ||{ ? aa67 aa62}{ Y aaov 6ag}

(111) [0, )zl {f, v}l < N§
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(in fact, we do not need the highest cross-derivative %2288—;%). Then
there exists a unique mean-free function u with the properties
(112) u is modelled after v according to a(u) and o(u),
(113) Oou — P(a(u)odiu +o(u)o f) =0 distributionally,
under the smallness condition
(114) [u]o < 1.
This unique u satisfies the estimate
(115) [w)a +Jull S No and M < N,
where M denotes the modelling constant in (112).

ii) Now suppose we have two distributions f;, j = 0,1, with
1
(116) sup(T0)*~%| fyr[| < Nos
T<1

denote by v;(-,ag) the mean-free solution of (9o — agd?)v; = Pf;. Sup-
pose further that for i = 0,1 we are given four one-parameter families
of distributions v;(-, ay) < f; and four two-parameter families of distri-
butions v;(-, ay) © 0v;(+, ag) satisfying the analogue of (111) including
cross-terms

1o o4 g 0 o 02

§ZQ<T4) H{17 aa67 aa62}{17 aa07 aa%}

(117) [vi, ()r] o {fs, 0fv; ] < NG

We measure the distance of f1 to fo in terms of a constant ONg with

(118)  sup(T=7*)|(fy = fo)r|l < ONo,

STLE;(Ti)Q_Qa“{L if)}{L aiao}([vi» ()r]o{f1, Ofvi}
(119) —[vi, (-)z] o { fo, Ofve}) || < NodNo,
sup (T 20, 5 M ) (o (el {5 0803)

(120)  —[vo, ()z] o {f5,0Fv}) Il < NodNo.

Ifu;, i = 0,1, denote the corresponding solutions of (112)€(114)€9(113)
we have

(121) [ur — ol + [Jur — uoll S Np.

Moreover, u; — ugy is modelled after (vy,vo) according to (a(uy),a(ug))
and (o(uy), —o(ug)) with modelling constant 6M estimated by

(122) SM < NodNp.
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It remains to establish a link between the solution theory presented
in Theorem 2 and the classical solution theory in the case where f is
smooth, e.g. f € O for any 0 < 8 < 1. In this case by classical
Schauder theory sup,, [{0F, &2}v(-, a0)ls S [flp and in particular there
is the classical choice for the products

(123) v ap) o {f,0fv (- a0)} == (-, ap){f, 0fv (" a0)}.

In the language of Hairer [8, Sec. 8.2], this corresponds to the canonical
model built from a smooth noise term. The only assumption on the
products v(-, ap) o {f, d?v(-,ap)} entering the definition of the singular
products are the regularity bounds (111) expressed in terms of commu-
tators and they are easily seen to be satisfied in this case. For example
we have

o, et = sup | [ drta = y)(o(a) ~ v )y
(124) < T [{01, da3ollI1]

which is much more than needed. However, the canonical definition
(123) is by no means the only possible choice of product. In fact, as
(111) is the only requirement on v(-,ay) o {f, d?v(-,a0)} we can set for
example

U('a a’/O) <>f ::U<'7 (IE))f + 9(1)7
(125) v(-,ap) 0 8Fv(-, ag) :=v(-, ag) (-, ag) + g
for a one-parameter family of distributions g™ indexed by a and a two-

parameter family ¢® indexed by aq, aj. For this choice of “products”
¢ the commutators turn into

[v, ()rlo{f,0tv} = v, ()rl{f. 070} = ({g", 9® Dr

so that (111) reduces to the regularity assumption

o 02 9 02 9 0
1 (1) 1 1 (2
I1{ ’6%’0%2}(9 )zl 1€ ,8%78%2}{ ’aao’aao2}(9 )7l
(126) < (T3)%2,

This mild assumption leaves a lot of freedom to choose g (any dis-
tribution of order 2ac — 2 that is smooth in the parameter would do)
but we are mostly interested in the case where they are constant in x
depending only on ag and af. The following corollary provides a link
between solutions of (113) and classical solutions in the case where the
the products ¢ are defined by (125).

Corollary 3. Let f be a function in C” for some 0 < 3 < 1 and let
the products v(-,al) o {f,0?v(-,a0)} be defined by (125) for gV, g
which are of class CP in x and smooth in ag,aly. Then the following
are equivalent:
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i) w is modelled after v according to a(u) and o(u) and solves
O — P(a(u) 0 d?u + o(u)o f) = 0 distributionally.
ii) u is of class CP*2 and it is a classical solution of

Ost — P(a(u)@fu + a'(u)a(u)29(2)(-, a(u),a(u))
+o(u)f + o' (uw)o(u)gV(-, a(u))) = 0.

3. STOCHASTIC BOUNDS

We now present the stochastic bounds which are necessary as input
into our deterministic theory. We consider a random distribution f,
construct (renormalized) commutators, and show that the bounds (19)
and (111) hold for these objects. The calculations in this section are
inspired by a similar reasoning (in a more complicated situation) in
[11, Sec. 5], [8, Sec. 10]; for the reader’s convenience we provide self-
contained proofs.

Let f be a Gaussian centered distribution which is 1-periodic in both
the x; and the x5 direction. Such a distribution is most conveniently
represented in terms of its Fourier series development given by

(127) = > V/____zkxz

ke(2nzZ)?

which converges in a suitable topology on distributions. Here the Z;
are complex-valued centered Gaussians which are independent except
for the symmetry constraint Zy = Z_j, and satisty (Z,Z_;) = 0. The

Coefﬁments C are assumed to be real-valued, non-negative, and sym-

metric \/ =4/C . This notation is chosen because in the case

where reahsatlons from f are (say smooth) functions the coefficients in
(127) do coincide with the square root of the Fourier transform of the
covariance function as we now demonstrate. If, using the stationarity
of f, we define the covariance function

(f(2)f(2)) = Cle =)

for x = (1, x9), 2’ = (2}, 2, then stationarity also implies that

Hence the (discrete) Fourier transform

C(k) = / e kO (x)dx = / cos(k - z)C(x)dz, k € (2nZ)?
[0,1)2 0,1)2
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is real valued and symmetric. For k, ¢ € (27Z)* we have

~

(FR) (= /[0 . /[0 . "Rt (f () f(a)) dada!

/ / )-x —zZ (z—=") C(ZE—I’,) dI’d(L’/
0,1)2 [01

(128) = 0,0 C(k

which implies in particular that Cis non-negative, and exactly corre-
sponds to (127).

The construction of non-linear functionals of f involves regularisation.
For this, let ¢/’ be an arbitrary Schwartz function with fR2 w’ =1. As in
the deterministic part we define the rescaling ¢’ (z1, x2) = I Loy ( T 1 2)
and define f. = fx.. Of course, ¢’ = 1); for ¢; as in the determlmstlc
analysis constitutes an admissible choice, but in the following analysis
of stochastic moments the semi-group property for ¢/’ is not needed and
we therefore do not need to restrict ourselves to this particular choice.

Throughout this section we assume that C' (0) = 0, i.e. f has vanish-

ing average. Our quantitative assumptions on the regularity of f are

expressed in terms of C: We assume that there exist A\, Ay € R and
€ (0,1) such that

1

(1+ [k )M (VT TR 22

A
A+ A= —1+2a )\1,?2<1.

(129) C(k) <

= (k1, ko) € (27Z)?,

The second condition, may seem confusing, because larger values of A,
corresponding to more smoothness for f, should help our theory. The
point is here, that decay in one of the directions beyond summability
cannot compensate for a lack of decay in the other direction. In order
to use the bounds presented in Lemma 6 and Proposition 2 as input for
the deterministic theory in Section 2 we need o > %, but this condition
does not play a role in the proof of these bounds. The following lemma
shows that assumption (129) corresponds to the regularity assumption

(19) on f.

Lemma 6. Let f be a stationary centered Gaussian distribution given
by (127) and for e > 0 set f. = f = L. If the assumption (129) holds
then we have for any p < oo and o/ < «

1

(130) (Cmprty=igel)")" 51
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If additionally 0 < k < 4, then

1

a3y (( sup sup(THT ) (L) - f2l]) ) S 1

0<e<1T<1

Here and in the proof the implicit constant in < depends only on p and

o

Because of (f.)r = fr*1. and because the operators ¢.* are bounded
with respect to |- || uniformly in e the bound (130) immediately implies
a bound which holds uniformly in the regularisation e

Lyo_o/ p % <
((swpsup(T > )(f)rl) )" S 1.
e<1 T<1
For ay € [A, 1] let G(-,a0) be the (periodic) Green function of (Jy —
ao0?), where the heat operator is endowed with periodic and zero av-
erage time-space boundary conditions. Its (discrete) Fourier transform
is given by

1 _ aok?+ik 2
(132)  G(k,ag) = { wk—ik — TiSE for k€ (2nZ)"\ {0}
0 for k = 0.

With these notations in place, the periodic zero-mean solutions of (9, —
agd?)v(-,ap) = f and (9y — apd?)v.(-,a9) = f. are characterized by
their discrete Fourier transforms d(k, ag) = G(k, ao) f-(k), 0c(k, ag) =
Gk, ao)f(k) for k € (2nZ)2.

We aim at giving a meaning to the products v(-, ag)of, v(-, ag)od?v(-, aj)
and obtaining bounds for the families of commutators [v(-, ag), (*)r|o f,
[v(-, a0), (-)7] 0 O?v(-, a) derived from them. The quantity d?v(-,ao) is
obtained from f through a regularity-preserving transformation, as can
be expressed in terms of the Fourier transform

— k3 R

dtv(k, ag) = mf(k?)
1

and noting that aokgi is a bounded symbol (see also Lemma 9).
1

—iks
Therefore, the proofs for v(-, ag)ef and v(-, ag)odiv(-, ap) are essentially
identical. The list of commutators needed for the deterministic analysis
also includes various derivatives with respect to ay and ag, but these
derivatives do not change the regularity either. For example we have

for any n > 1

o n . (—1)nlk2n
1 _— = — _ — -
( 33) aagv(kaa'ﬂ) aagG(kv(ZO)f(k) (@Ok% _ Zkg)nv( 7a0)7

and for every n the symbol (((1—01)%%%" is also bounded.

k%—ikg)"
As the regularities of v(-,aq), f, 0?v(-,ag) are not sufficient to give
a deterministic functional analytic interpretation to these products,
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we proceed by approximation and study the convergence of v.(+, ag) fe,
v(+, a9)0%?v-(+, af) as € goes to zero by bounding stochastic moments.
As a first step, in the following lemma we calculate the expectations of
ve(+, ap) f- and v.(+, ag)d3v.(+, ap), which by stationarity do not depend
on the point z € [0,1)? they are evaluated at.

Lemma 7. For e > 0 we have

(139) €(ea0) = (ol a)f) = 3 e Gk wl)(h),

21.4 2
kem B0 agky + k3
2 )(6 ag, ag) <Ue a0)8 v (-, a0)>
—agapk + k3)k? A p
(135) S L e TR [T

o B (@R ) ()20 73)
The regularity assumption (129) does not imply that the constants
¢ (e, ap) and ¢? (e, ag, al,) converge to a finite limit as ¢ tends to zero,
although there are interesting cases in which they do converge. This is
discussed below, but for the moment we study the convergence of the
renormalized products

Ve (-, ag) o fo i=v. (-, a0) - — ¢ (e, ap),

(136) Ve (-, ag) 0 Pv. (-, af) :=v(-, ag)Pv. (-, ah) — P (e, ag, ap),
as well as the corresponding commutators,

0=, a0), (7] o fo == (s a0) (fe)r — (v, a0) & fo) s
[v0:(, a0), ()] 0 OFve (-, ap)
(137) =0:(+, a0) (91ve (-, ag))r — (ve (-, a0) © e (-, ap))r-

Observe that while the singular products appearing in this expression,
ve(+,a0) f- and v.(-, ap)d?v.(+, ap), are renormalized by subtracting the
expectation, the products v.(-,ao)(f-)r and v.(-,a0)(d3v.(-,af))r are
not changed. In particular, unlike the renormalized products in (136)
the renormalized commutators in (137) do not have vanishing expec-
tation.

The key result of this section is the following proposition which shows
the convergence of the renormalized products and provides a control
for stochastic moments of the renormalized commutators in (137) as
well as their derivatives with respect to ao, aj,.

Proposition 2. Let f be a stationary centered Gaussian distribution
gwen by (127) and assume that (129) is satisfied. For e > 0 set f. =
[l and 0.(-,ap) = G(+, ap) f- for G(-,ap) as in (132). /

i) For any n,n’ > 0 the random distributions 8‘9—,1 8(8n) r Ve(+,a0) ©
{f., 0?v.(-,a})} converge ase — 0. This convergence takes place almost
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surely uniformly over ag,aly and with respect to any C*~2 norm for
o < a. We denote the limits by 2 8(87)71/ v(+, ag) © {f,0%v(-,ap)}.
0 agq

ii) We have the estimates

(s sup sup(Th ) o). O]

ag,ap€[A,1] e€[0,1] T<1

(139) o)) 51

where < means up to a constant that may depend on n, n', o and p,
as well as

K

<( sup sup € 4 sup(Ti)Q_Qau”’”
ap,ap€[A1] €€(0,1] T<1

i (22 0), Orl o (e OFueC, )}

n

Haao
P\ »
(139) = ol a0), (Il L1, 080C,a)} ) [) )7 S 1.
where < means up to a constant depending only on n, n', o, k and p.

Proposition 2 follows from the following estimate on the second mo-
ments of commutators.

Lemma 8. Let f be defined by (127) for C satisfying (129), and let G
be the Greens function defined in (132) for some ag € [\, 1]. Then for

Fourier multipliers My, M, satisfying M;(k) = M;(—k) and
(140) |NL(R)| S [+ RIS, L) < K+ R2IP, ke 2na),

for 0 < Kyi,ke < 1 (where < depends on A\, \2), let f' and v be
defined through f' = Myf and v' = MyGf. We make the qualitative
assumption that [ and v' are smooth and set v'o f' =v'f' — (V' ') and

W (o f =0(f)r — (Vo f)r. Then
(141) ([, (-)T]of’)Qﬁ < (Ti)Qa—Z—m—m‘

Here the implicit constant depends on A\, Ag in (129), the implicit con-
stants in (140), K1, ko as well as the ellipticity contrast X (but not on
the smoothness assumption on f',v').

In the proof of Proposition 2 this Lemma is used in the form of the
following immediate corollary:

Corollary 4. Fore > 0 and ag, ay € [A, 1] let fo = YL+ f and 0-(-, ag) =
G(,a))f- for G(-,a}) as in (132). PFurthermore, let [v-(-, a0), ()7]
<>{f5,82vs( ap)} be defined as in (137).
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Then for n,n’ > 0 we have

<([6%Lva<.,ao>,<) ]o{fa,a( . )y
(142) <ty

Furthermore, we have for 0 < k < 1 (<K may depend on A\, \g)

<<%<[8%&%<-,ao>,<> ot g By N

(143) < W—QH

Finally, we come back to the products and commutators without renor-
malization. According to Lemma 7 the constants ¢(!)(e, ay) converge
to a non-trivial limit if and only if

(144) > iy SC(k) < 0.

1
ke(2n7)2\0 ky + ks

Furthermore, given that the ratio of the kernels appearing in (134) and
(135)
—aphi + a61k§ -3

(ap)?ki + k3 1~

Ag‘

is bounded away from 0 and oo the convergence of the ¢ (g, ag,aj)
as € goes to zero is also equivalent to (144). The condition (144) also
implies the convergence for arbitrary derivatives of ¢¥), ¢® with respect

to ag, ap. For example, recalling (133) and the fact that the term %
is nothing but the real part R of G(k,ao) we can write

o o
1) _ v \2

s = 3 R(5aGka) ) CWIWR)

ke(2nZ)2\0

—1)"nlkin A
= (T Gk a)) Ol w0
(agkl — Zl{?Q)
ke(27Z)2\0
Given that for any n > 1 the absolute value of the quantity under the

< k4]fk2 the convergence as ¢ — 0 under (144) follows.

real part R is
A similar argument works for ¢?. We summarise this discussion in the

following corollary.

Corollary 5. Assume that both (129) and (144) hold. Then the state-
ments of Proposition 2 remain true if all of the renormalized products
are replaced by products without renormalisation.
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The limits which exist under the assumptions of this corollary will be
denoted by [U('a CL(]), ()T]f? [U('a CL()), ()T}afv(a a’O) etc..

We finish this section by comparing the assumptions (129) and (144)
in particular cases. First consider the case

~ A
(145) C(k) = (14 [ka) (14 [ko]) 7
For this choice of C' the regularity assumption (129) is equivalent to
(146) A1 + Ao > —1 4 2aq, A > —=3+2a, and Xy > —2+ 2.

(note that equality is not necessary in the first condition, because in
the case of strict inequality, one can find A} < A; and A, < A, that
satisfy (129) with equality. However, A\ < —3 4+ 2a or Ay < —2 4 2«
can never be compensated without violating the second condition in
(129)) The condition (144) on the other hand is equivalent to

(147) )\1 + )\2 >1 )\1 > —1, and )\2 > —2.

For any o € (0,1) the first requirements in (146) is weaker than the
corresponding assumptions in (147). An interesting case in which both
assumptions are satisfied and for which our theory can therefore be
applied without renormalisation is the case where A; > 1 and \y = 0;
this corresponds to the case of noise which is white in the time-like
variable x5 but “trace-class” in x;. However, if we are willing to accept
renormalisation, the regularity requirement in the x; direction reduces
to Ay > % (recall that the deterministic analysis is applicable if o > %)
Another interesting case is the covariance

CAf(’ﬁy k2) = Opy0(1 + k)™,

which corresponds to a noise term which only depends on the space-like
x7 variable. The parabolic equations with constant diffusion coefficients
driven by such a noise term has recently been studied as Parabolic
Anderson model in two and three spatial dimensions [5, 10, 9, 1]. Our
theory applies without renormalisation for all \; > —1, which covers
in particular the case of one-dimensional spatial white noise, \; = 0.
If we admit renormalisation we can go all the way to A; > —g by
choosing Ay < 2 and a > % as close to 2 and %, respectively, as we
please. This covers the case A\; = —1 for which the noise f has the
same scaling behaviour as spatial white noise in two dimensions (both
are distributions of regularity C~!'7) but it does not cover the case
A = —2 for which the noise scales like spatial white noise in three
dimensions.
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4. PROOFS FOR THE DETERMINISTIC ANALYSIS

PROOF OF THEOREM 2.
We write for abbreviation [-] = [],. We consider the map defined
through

(148)  (@,a,5) — (0 := (), a = a(u),o0 f,acdv) — (u,a,0),

where u is the solution provided by Proposition 1, the map of which
we seek to characterize the fixed point.

STEP 1. Pointwise nonlinear transformation, application of Lemma
1. We work under the assumptions of part ii) of the theorem on the
distributions f; and the off-line products v; ¢ f;, v; ¢ d?v;. Suppose we
are given two triplets (u;,a;,0;), i = 0,1, of functions satisfying the
constraints

(149) oi € [-1,1], a; € [\, %], [

We measure the size of {(u;, a;,7;)}; and their distance through

(150) M := max(My, + [4;]) + No,

ail, [a;] < 1.

OM := My, g, + [t1 — o] + [|u1 — o]
(151) + No([a1 — Go] + |71 — Fol| + [@1 — @o] + ||a1 — aol|) + Ny,

where My, denotes the constant in the modelledness of u; after v; ac-
cording to a; and o;, and where Mz, 5, denotes the constant in the
modelledness of u; —ug after (v, vg) according to (a1, ag) and (a1, —ay).

We now consider o; := o(u;) and a; := a(w;). We claim
(152) o0y € [-1,1], a; € [, %], [0i], [a;] <1 provided miax[ai] <1,
(153) M < M provided mzax[ﬂi] <1,
(154) 6M < 6M  provided M < 1,
where we define in analogy with (150) and (151):
(155) M = miaX(Mm + [03] + Ma, + [ai]) + No,
OM = M,,_q, + |01 — 0] + || — 00|

+ No([wr — wo] + |lwr — wol| + [@1 — @] + [|lar — aol|)

+ Ma,—ap + [a1 — ao] + [lar — ao|
(156) 4 No([p — o] + [l = poll + [@1 — o] + [|ay — aol|) + N,

with the understanding that o; is modelled after v; according to a; and
w; := o'(u;); and constant M, ; that a; is modelled after v; according
to a; and p; := da'(u;)o; and constant M,,; that o1 — op is modelled
after (vy,v) according to (ay,ag) and (w;, —wp) and a constant we
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name M, _,; and that a; — ag is modelled after (vy,v) according to
(@1,ap) and (p1, —po) and a constant we name M,, g, .

It is obvious from (20) that (149) turns into (152) under the assump-
tion max;[u;] < 1. Estimate (153) follows from part i) of Lemma 1
with u replaced by @; and the generic nonlinearity b replaced by o and
by a, respectively, (using our assumptions (20)). More precisely, (153)
follows from (22) by [w;] < 1. We now turn to (154), which by defini-
tions (151) of 6M and (156) of 6M and because of Ny < 1 we may split
into the four statements

My, oo + [01 — 0] + |lo1 — 00| S Ma, _a, + [U1 — Go] + ||ur — o],
[wi — wol + [lw1 — wol| < [1 — Fo] + (|61 — G0l
+ [t — o] + [[ur — o,
Ma,—aq + a1 — ao] + [lar — ao|| S Ma,—a, + [t — Uo] + ||t — ol
(111 — o] + [[p1 — poll S [1 — 0] + (|61 — 70|
+ [t — o] + |[ur — o,
all provided mZaX(Mﬂi + [u;]) <1,

where we also used the definition (150) of M. This is a consequence of
part ii) of Lemma 1 with (u;, 7;, a;) playing the role of (u;, 0;,a;). The
first two estimates follow from replacing the generic nonlinearity b by
o, the last two estimates from replacing it by a. The first and the third
estimate are a consequence of (24), the second and fourth one of (25),
in which we use (152). It is on all four we use our full assumptions (20)
on the nonlinearities o and a.

STEP 2. Using the off-line products, application of Corollary 1. We
claim that under the hypothesis of part ii) of the theorem on the dis-
tributions f; and the off-line products v; ¢ f; and v; © 9fv; we have the
commutator estimates

(A57) (T4l (Jelo fll S NoM,

058 sl Crlofy o Ol fll S N3

(59)  sup(Th o Crlo S, [ow, Orle ll S Mool
T R , )

160)  sup(T {1 S (0| S Nadl
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and
sup(T)? {1, 52 (o ()00
(161) (o (rl 00fun) | S AN,
sup(TH 2 {1, 5} (o, ()0 9B,
(162 -~ lans (o ku,) | € o

This is an application of Corollary 1 with (N, Ny) = (Ng, 0Ny). Esti-
mate (157) is an application of Corollary 1 1) with u replaced by o;; the
hypotheses (48) and (49) are contained in the theorem’s assumptions
(110) and (111) (note that f does not depend on an extra parame-
ter aj). The output (50) turns into (157) since by definition (155),
M, + Ny < M. Estimate (158) is an application of Corollary 1 ii)
still applied with u replaced by o;; the hypotheses (51) and (52) are
contained in the theorem’s assumptions (118) and (119). The output
(53) turns into (158) as in the previous application. Estimate (159) is
an application of Corollary 1 iii) now applied with u; replaced by o;
(and thus (0, a;) replaced by (w;, @;)); the hypotheses (54) and (55) are
contained in the theorem’s assumptions (117) and (120). The output
(56) turns into (159), since by definition (156) we have

Malfao
+ No([wr — wo] + |Jwr — wol| + [@1 — @] + ||ar — aol|) + 0Ny < 6M.

The arguments for (160), (161), and (162) follow the same lines of
those for (48), (158), and (159), respectively. The only difference is
that in all instances, the distribution f; is replaced by the family of
distributions 97v;(-,ag) (and a; plays the role of u in Corollary 1).
Hence the hypotheses (48) and (51) in Corollary 1 turn into

882

sup(T)* {1, 5o, 5o ol S No

T<1
8

sup(T T+)*°{L, Fac 1R (w7 = vor) | S AN,

This follows from Step 1 in the proof of Corollary 2 via (18).

STEP 3. Application of Proposition 1. We claim that under the hy-
pothesis of part ii) of the theorem regarding the distributions f; and
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the off-line products v; ¢ f; and vioﬁfvj

(163) M < No(M +1) provided mlax[ﬂi] <1,
(164) max M, < NoM provided mzax[ﬂi] < 1,
(165) oM < NodM + 6N, provided in addition M < 1,
(166) My, —uy S NooM + SNgM provided in addition M < 1,

where we define in consistency with (150) and (151)
(167) M : = max(M,, + [w]) + No,

(5M L= Mul—uo + [u1 — Uo] -+ ||U1 — UOH + No([O’l — 0'0]
(168) + |lor — oo + [a1 — ao] + [Jar — aol|) + oNo.

Indeed, (163) and (164) are an application of part i) of Proposition
1: The hypothesis (92) of the proposition is build into the definition
(155) of M, so that M here plays the role of N in the proposition.
The hypothesis (93) is identical with the theorem’s assumption (116),
hypothesis (96) was established in (152), hypotheses (94) and (95) are
contained in (157) and (160) of Step 2 which is consistent with M
playing the role of N there. The combination of (98) and (99) amounts
to (163) by definition (167) of M. Estimate (98) by itself amounts to
(164).

Estimate (165) in turn is a consequence of part ii) of Proposition 1:
Hypothesis (102) of the proposition is build into the definition (156) of
&M, so that &M here plays the role of SN in the proposition. Hypotheses
(100) and (101) are identical with (157) and (160) of Step 2. Hypothesis
(103) is identical with our assumption (118), hypotheses (104), (105),
(106), and (107) are identical with (158), (159), (161), and (162) in
Step 2. The outcome (108) of the proposition turns into (166). The
latter trivially for M < 1 implies

My, —uy < NodM + 0Ny,
whereas the outcome (109) of the proposition assumes the form
[uy — o) + |Juy — uo|| < NodM + 6N,.
By definition (156) of 6M we have
(01 — 00] + |lo1 — 00| + [a1 — ao] + ||ar — aol| < 6M.

The combination of the last three statement yields (165) in view of
definition (168).

STEP 4. Under the assumptions of part ii) of the theorem on the
distributions f; and the off-line products v; ¢ f; and v; © 9?v;, Step 1
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and Step 3 obviously combine to

(169) M < No(M +1) provided miax[ﬂi] < 1,
(170) max M,, < NoM provided m;fix[ﬂi] <1,
(171) M < No6M + 6Ny provided in addition M < 1,
(172) My, g S No6M + SNg M provided in addition M < 1.

STEP 5. Contraction mapping argument. We work under the assump-
tions of part ii) of the theorem on the distributions f; and the off-line
products v; ¢ f;, v; ¢ Ofv;. In this step, we specify to the case of a
single model f; = fy =: f with the corresponding constant-coefficient
solution v; this means that we may set d/Vy = 0.

We consider the space of all triplets (@, a, ), where @ is modelled after
v according to @ and &, which fulfill the constraints (149), and which
satisfy

(173) M <N,

cf. (150), for some constant N to be fixed presently. We apply Step
4 to (f;,a:,05) = (f,a,5). From (173) and the definition (150) of M
we learn that the proviso of (169) is fulfilled provided the constant N
is sufficiently small, which we now fix accordingly. We thus learn from
(169), which by (173) assumes the form of M < Ny, that the map
defined through (148) sends the set defined through (173) into itself,
provided Ny < 1.

For two triplets (u;, a;, 0;) as above we first note that

d((u1, a1, 01), (w0, ao, 00)) = My, —uy + [u1 — o] + [|ur — uo|
(174)  + No([o1 = 0o] + [lor — 00| + [a1 — ao] + [la1 — aol])
defines a distance function. Indeed, that also the modelledness con-
stant M,, _,, satisfies a triange inequality in (u;, a;, 0;) can be seen by
rewriting the definition (21) as

1 .
sup ——inf  sup lui(y) — o1(2)v(u, ar(x))
R B2 € yama)<r

— (uo(y) — oo(@)v(y, ao(x))) — £(y)|
where ¢ runs over all linear functionals of the form ay; + b. We now
apply Step 4 to the case of (f;,a;, ;) = (f,a;,0;). From (173) we learn
that the proviso of (171) is fulfilled; because of Ny = 0, (171) assumes

the form 0M < NodM. By definitions (151) and (168) of M and 6M,
combined with 6Ny = 0, this turns into

d((ub ay, 01), (uo, ao, 00)) N Nod((ﬂh ay, 01), (o, o, 50))-

Hence the map (148) is a contraction for Ny < 1. We further note that
the space of above triplets (u, a, o) endowed with the distance function
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(174) is complete; and that the subset defined through the constraints
(149) and (173) is closed. Hence by the contraction mapping principle
the map (148) admits a unique fixed point on the set defined through
(149) and (173).

STEP 6. Conclusion on part i) of the theorem. Let u now be as in
part i) of the theorem. We note that the assumptions of part i) on
the distribution f and the off-line products vo f, v©d7v turn into the
assumptions of part ii) with éNg = 0. We claim that (u, a(u),o(u)) =:
(u,a,0) is a fixed point of the map (148), which is obvious, and which
lies in the set defined through the constraints (149) and (173), and
therefore is unique. Indeed, in view of [a] < ||d/||[u] < 1, [o] < ||o’||[u] <
1 by (20) and (114), the constraints (149) are satisfied. The constraint
(173) would be an immediate consequence of the stronger statement
(115) (provided Ny is sufficiently small). We thus turn to this a priori
estimate (115). We apply Step 4 to (f;,a;, ;) = (f,a(u),o(u)). Since
we are dealing with fixed points, we have M = M. By the theorem’s
assumption [u] < 1, the provisos of (169) and (170) are satisfied so
that because of Ny < 1, their application yields

(175) M < Ny and thus M, < N§.
By definition (163) this turns into (115).

STEP 7. Conclusion on part ii) of the theorem. Let u;, i = 0, 1, now be
as in part ii) of theorem. By Step 6, the two triplets (u;, a(w;), o(u;))
=: (u;,a;,0;) satisfy the constraints (149) and (173) and each triplet
is a fixed point of “its own” map (148) (which depends on i through
the model f;). We apply Step 4 to (f;,a;, ;) = (fi, a(u;),o0(u;)). Since
we are dealing with fixed points, we have M = M and M = éM. By
the a priori estimate (115) and Ny < 1, the two provisos of Step 4 are

satisfied. Because of Ny < 1, (171) and (172) turn into
OM < 0Ny and then M, < NyoNy,

U1—U0 ~v

where we used (175). By definition (168) of 6M, this turns into (121)
and (122).

PROOF OF PROPOSITION 1.

We write for abbreviation || = [],. When a function v depends on ag
next to z, we continue to write ||v|| when we mean sup,, ||v(-, ao)|| and
[v] for sup,, [v(-, ap)]. When we speak of a function u, we automatically
mean that it is Holder continuous with exponent «, that is, [u] < oo;
when we speak of a distribution f, we imply that it is of order & — 2 in
the sense of supy<, (T1)27%|| f|| < co. When a distribution depends on
the additional parameter ag, we imply that the above bound is uniform
in agp.

STEP 1. Uniqueness. Under the assumptions of part i) of the propo-
sition we claim that there is at most one mean-free © modelled after
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v according to a and o satisfying the equation (97). Indeed, let u’ be
another function with these properties; we trivially have by Definition
1 that u — «' is modelled after v according to a and to 0 playing the
role of . We now apply Lemma 4 with b replaced by a. We apply it
three times, namely to u, to ¢/, and to u — /. We obtain from these
three versions of (59) and the triangle inequality that
lim |[[a, ()7} 00tu — [a, ()r]odfu’ — [a, ()r]odf(u— )| =0

and thus limr) || (a00?u — a0d?u’' — aod?(u—u'))7| = 0 so that acd?u
—aodiu = aod?(u—u'). Hence we obtain from taking the difference
of the equations:

(176) Oo(u — ') — Paod?(u—u') = 0.

We may also say that v — «’ is modelled after 0 playing the role of v
and 0 playing the role of o; we call M the corresponding modelling
constant. Hence we may apply Corollary 2 i) with f = 0 and thus
Ny = 0. We apply it with u replaced by u — «’ (and thus M by dM),
which we may thanks to (176). In this context, the output (73) of
Corollary 2 assumes the form éM = 0. Since u — v’ is periodic, we
first infer &v = 0 and then u — u’ = const. Since u — ' has vanishing
average, we obtain as desired u — v’ = 0.

STEP 2. A special regularization. Under the assumptions of Lemma 4

and for 7 > 0 and ¢ = 1,---,I we consider the convolution v;, of v;
and define

(177) a0 0y = (a0 0;),.

Then, we claim that for any function u of class C**2, which is modelled
after (vq,,---,vr,) according to a and (oq,- - ,07), we have

(178) aodiu = adiu — o;Ela, (-);] 0 0fv;.

Indeed, by Lemma 4 (with b replaced by a) we understand the distri-
bution a¢d?u as defined by

(179) lim [, (-)r]e0fu — oiE[a, (-)r] 0 Ofvir || = 0.

We note that (177) implies
(180) [a, (7] Bfvir = [a, (-)r+-] 0 O v,

which ensures that [a, (-)7] ¢ 0%vir — [a, (+),]©03v; as T | 0 uniformly
in x for fixed ay9. Thanks to the bound on the %—derivative in (58),
this convergence is even uniform in (z, ag), so that (179) turns into

lim | [a, (7] 0w — 01 E[a, ()]0 uil| = 0.
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Since u is of class C*2, this further simplifies to

lji{% ladiu — (aodfu)r — o;Ela, (-);] o fvi| =0,

from which we learn that the distribution acd?u is actually the function
given by (178).

STEP 3. Existence in the regularized case. Under the assumptions of
part i) of this proposition and in line with Step 2, for 7 > 0 we consider
the mollification f, of f, so that v, satisfies (0y — agd?)v, = Pf,, and
complement definition (177) (without the index i) by

(181) oo fri=(00of),.

Then we claim that there exists a mean-free u” of class C*t2 modelled
after v, according to a and o such that

(182) Oou” — P(aod?u™ + oo f) =0 distributionally,
and at the same time

(183) Oou” — P(adiu™ — o Ela, (-);]00iv + (00 f);) =0 classically.

We first turn to the existence of (183) and start by noting that the rhs
—oFEla, (-),]0d%v + (00 f), in (183) is of class C*. Leveraging upon
la] < 1 we rewrite the equation as dyu™ — agdiu” = P((a — ag)d?u
—oEla, ()] ¢ v +(co f);) for ag = a(0). Using the invertibility
of the constant-coefficient operator dy — apd? on periodic mean-free
functions, and equipped with the corresponding Schauder estimates,
see for instance [12, Theorem 8.6.1] lifted to the torus, we see that a
solution of class C*? exists, using a contraction mapping argument
based on |la — ag|| < 1. Since both u™ and v, (-, ag) are in particular of
class C*T!, u is modelled after v, according to — in fact any — a and
0. By Step 2 and definition (181) we see that (183) may be rewritten
as (182).

STEP 4. Basic construction. We now work under the assumptions of
part ii) of the proposition. We interpolate the functions o;, a;, and v;
as well as the distribution f; linearly:

(184) 0s:= 501+ (1 — s)oy and same for a, f, and v.

We note that this preserves (96). We interpolate the products bi-
linearly

050 fs = 8010 f1 +s(1 —s)o1ofy
+ (1 —s)sogo f1 + (1 — 8)%000 fo,
0500 fs :=so10 f1+ (1 — s)o10 fo — sogo f1 — (1 — )00 fo,
05005 f := 8010 f1 — so10 fo + (1 = s)ogo f1 — (1 — s)og< fo,

(185) and same for a, ¢ 0?v,, 0,a007v, and a, o 070,v.
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Thanks to the estimate (101), which is preserved under bilinear inter-
polation, the family of distributions {a,© d?vs(-, ag)}4, is continuously
differentiable in ag so that we may define

50U
! aag

For given 0 < 7 < 1, we define the singular products with the regular-
ized distributions as in Step 2, namely

(186) as 00 (,a0) :== aiaoasoafvs(-,ao).

05 fsr := (050 f5) and same for 0,0 ¢ fs, 05005 f,

0 ST
(187) 150 PBVgr, 050400 Vr, 5007007, as0 0] ; .
Qo

We claim that there exists a curve u] of mean-free functions continu-
ously differentiable in s wrt to the class C**2 such that

(188) uy is modelled after vy, according to as and o,
and satisfies
(189) Ooul — Pas00iul + 0,0 fs;) =0 distributionally.

Furthermore, we claim that

0 ST
Osu” is modelled after (vg,, L, sy )
8&0

(190) according to as and (00, 050sa, o)

and satisfies

(191) 9s0,u™ — P(as00i0.u" + 0sa00iul + 03005 fr + 0,00 for) =0
distributionally.

By Steps 3 and 1 and our definitions of o,¢ f,, and a,¢0%v,, by convo-
lution, cf (187), there exists a unique mean-free u7 of class C*™ such
that (188) and (189) hold. Furthermore by Step 2 u] is characterized
as the classical solution of

(192) Ohuy — P(asafu; — osEslas, (+),] 08121)5 + (050 f5)r) = 0.

In preparation of taking the s-derivative of (192) we note that the
definition (185) of o.0f, and a,00?v, by (bi-)linear interpolation ensures
that Leibniz’ rule holds:

(193) 0s(050 fs) = Os00 fs + 05005 f,
(194) Ds(as00%0,) = a0 vy + a0 010sv.

We recall that F, denotes the evaluation operator that evaluates a
function of (z,a9) at (z,as(x)); with the obvious commutation rule
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_ i) :
[0s, Es] = (0sa) Es 5= we obtain from (194) and (186)
Os(Eqa,00%v,)

O,
= E,0,a0 070, + 0saE,a,007—— + FEya,0 00,0,

180

which in conjunction with the classical differentiation rules extends to
the commutator:

Os(Elas, (+):] 0 0%vs) = E[0sa, (+),] 0 Ofv,

(195) + 0saE[as, (), ]08122
ap

Equipped with (193) and (195) we learn from (192) that u is differen-
tiable in s with values in the class C*™2 and

D20,u” — P(as0705u” + Osadiu] — o Ey[0sa, (-)-] 0 dFvg

+ Eya,, (+);] 0 0?0,v.

— 050 EJ[ag, (+)] 0 0?vs — 0,0saE,as, (-)- ]06?2
g
(196) — 0,EJ[a,, ()]0 070,04 (0500 f)r + (05005 f);) =

Moreover, like in Step 3, (190) holds automatically because of the reg-

ularity of dsu” and of (v, %“” ,05v;). In view of the definition (187)
ao

of Osa ¢ 0%v,, we have by Step 2 applied to u] modelled according to
(188)

Dsa0 02l = O,a0uT — 0,E,[0sa, (+),] 0 O2vs.
In view of the similar definition of a,0970,v, a,007 G== 8”” , and a,00?0,v,

we have by Step 2 applied to d,u™ modelled accordlng to (190)
a0 020" = a,070,u” — 0,0 Ey|as, (+)+] 0 O,

— 0,0,aBa, (-),] 02 gzs
0

Plugging these two formulas and the definition (187) of ds0 ¢ f, and
05005 f- into (196), we obtain (191).

0, Ey[as, (-),] 0 920,0.

STEP 5. We now work under the assumptions of part ii) of the propo-
sition. We claim

(197) los] + [as]) < N,

(198) sup(T5)* " [(for)r | S No,

(199) Sup(T4)*722 [, ()r o (o)l S N Mo,
82

(200)  sup(T4)** sup |{1, Has, ()r] 0 0Fvnr | S NNy
>~ ao

day’ 03
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and

(201) 0:0] + 10,7 + [0,0] + 0,0 < N,

(202) sup(T%)2~*|0,(f-)7|| < dNG,
T<1

(203) sup(T'4)*2 [, ()r) o Duf- | S NN,

(204) sup(T4)*22[0,7, ()7 o forll S ON N,

(205) sup(71)* 2 sup [|{1, i}[asv (-)r]© 8 d5v-|| < NN,
T<1 ao dag

(206) sup(Ti)%Qa sup [|{1, —8 }osa, (-)T]oanSTH < 0N Nj.
T<1 ao Oay

Indeed, (197) and (201) are immediate from (92) (with ) and (102),
respectively, by the linear interpolation (184). For 7 = 0 the remaining
estimates, even with < replaced by <, follow from the linear and bilin-
ear interpolations (184) and (185) from the assumptions of this propo-
sition: inequality (198) from (93) (with ¢), (199) from (100), (200) from
(101). Still for 7 = 0, the five estimates (202), (203), (204), (205), and
(206), are direct consequences of (103), (104), (105), (106), and (107),
respectively.

It remains to pass from 7 = 0 to 0 < 7 < 1 in the eight estimates of
this step, based on our definition (187) of singular products. This is
done with help of the next step.

STEP 6. Let the (generic) function u and the (generic) distributions f
and u< f be such that

(207) [u] < No, sup(T3)>“||fz| <N, and
T<1
(208) sup(T4)* 2|, (-)r]o Il < NoVy

for some constants Ny and N;. Then we claim that for 7 < 1 the
distributions f, and uo f; := (uo f), satisfy the same estimates:

(209)
1ig_q 1.9 94
sup(T1)* || (f)rll S Niy  sup(T1)° 7|, (-)7] o ]| S NoVi.
T<1 T<1

Indeed, by definition of u¢ f, we have like for (180) by the semi-group
property

[u7 ()T] Ofr = [u’ (')T-i-’r] o f,
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so that (209) follows automatically provided we can show that (207) &
(208) extend from the range of " < 1 to the range T' < 2 in form of

(210) sup(T)* || forll S N1, sup(T4)* 72 [u, (-)ar] o fIl < NoMVi.
T<1 T<1

For this, we appeal to the semi-group property giving us

for = (fr)r and [u,(-)or]o f = ([u,()r]o fr + [u, ()] fr,

so that by the boundedness of (-)7 in || - || indeed (208) entails (210),
appealing to (268) and using in addition that by (207)

lw, ()l frll S No(T9)%| frl| S NoN,(T'7)%72,

STEP 7. Application of Corollary 2. We claim for the modelling and
Holder constants of v} and Osu™:

(211) MT S Ny,
(212) 7] < No(N + 1),

(213) OM? < NodN + ONgN - provided N < 1,
(214) [0su”] < NooN + 6Ny provided N < 1.

Indeed, for estimates (211) and (212) we apply Corollary 2 i) with (f, v,
g, a, O'Ofa CZO@%’U, U) replaced by (fsnvsw Os, Us, USOfST7 &308%1)57, U;—)
(where it is clear that linear interpolation and convolution preserves
the relation between f,, and v, through the constant coefficient equa-
tion). As already remarked in Step 4 the constraints (96) turn into
(71) under the linear interpolation (184). The hypotheses (66), (67),
(68), and (69) were established in Step 5, cf (197), (198), (199), and
(200), respectively. Hypothesis (72) and the modelledness are clear by
construction, cf (189) and (188) in Step 4. The outputs (73) and (74)
assume the form (211) and (212).

For the remaining estimates (213) and (214), we apply Corollary 2
ii) with (0f, v, do,da, oo df,d0 o f, aod?d,dao d?v, du) replaced by
(Os fry Osv7, 00, Dsat, 05005 fr, D500 for, A5002D5vy, D500V, , DsuT). The
six hypotheses (75)—(80) were established in Step 5, cf (201)- (206).
Hypothesis (82) and the corresponding modelledness are clear by con-
struction, cf (191) and (190) in Step 4. The outputs (83) and (84)
assume the form of (213) and (214).

STEP 8. Integration. We claim that ] — ] is modelled after (v, v])
according to (ai,ap) and (o7, —0g) with the modelling constant and
Holder constant estimated as follows

(215) OM™ < NodN + ONgN - provided N <1,
216 u; —uy] < NodN + 6Ny provided N < 1.
1 0] ~
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Indeed, the Hélder estimate (216) is obvious from (214) by integration
in s € [0,1]. The estimate on the modelling constant relies on the
differentiation rule

0 ug(y) — os(2)vs: (v, GS(x))) = 05u’ (y) — (050)(2)vsr (y, as())

75 (
- (00.0)(0) 5 (1:0,(2)) = 0, (0)00 3. 0.(0)),

and on defining v := fol vsds, where v belongs to u] —u) and v, to dsu”
in the sense of Definition 1. This provides the link between (213) and
(215) by integration.

STEP 9. Passage to limit. We claim that we may pass to the limit
7 1 0in (211) and (212) with s = 0,1, recovering (98) and (99) in
part i) of this proposition, and in (215) and (216), recovering (108)
and (109) in part ii) of the proposition. Clearly, from the uniform-in-7
estimate (212) (in conjunction with the vanishing mean of u] which
provides the same bound on the supremum norm) we learn by Arzela-
Ascoli that there exists a subsequence 7 | 0 (unchanged notation) and
a continuous mean-free function u; to which u] converges uniformly.
Hence we may pass to the limit in the Holder estimates (212) and
(216). Since also the convolution v;; converges to v; uniformly, we may
pass to the limit in the estimates (211) and (215) of the modelling
constants. By uniqueness, cf Step 1, it thus remains to argue that u;
solves (97) (with (f, o, a) replaced by (f;, 0;,a;)). In order to pass from
(189) to (97) it remains to establish the distributional convergences

(217) 00 fir = 050 fi,
(218) aioafu,f — aioafui.

The convergence (217) is build-in by the definition (187) through convo-
lution. One of the ingredients for the convergence (218) is the analogue
of (217)

aioafv”(‘,ao) — am@lzvi(~,a0),

which in conjunction with the pointwise convergence of v;; extends to
the commutator

[ai, (-)7] © Ftvir (-, a0) = [as, (-) 7] © Fvi(-, ag).

Since ||8%0[a,~, ()7] © O?vir (-, ag)| is uniformly bounded, cf (101) and
(187) in conjunction with a formula of type (180), we even have

[ai, (-)7] 08%2;”(-, ap) = [ai, (-)7] oafvi(-, ap) uniformly in ag,
so that

oiEila;, ()7] Oafvif — 0, Eifa;, (+)r] 0312111‘-
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In order to relate this to (218) we appeal to the modelledness of u; wrt
to v; according to a; and o; which by (59) in Lemma 4 yields

1711?01 H[az, ()T] Oafuz - UzEz[a'la ()T] 08%'01“ = 0.

Likewise, the uniform modelledness of u], cf (213), in conjunction with
the uniform commutator bounds (95) and the uniform bounds on v;,,
we have, again by (59) in Lemma 4, the uniform convergence

lim sup |[[a, (-)r]odiu — oiEila;, (-)r] o dfvir|| = 0.
The combination of the three last statements implies

lim lim sup ||[a;, (-)7] ¢ Oul — |as, (-)7] 0 O3us| = 0,

70

which by the convergence of u] yields
(219) l%g]l limsup ||(a; ¢ 07u] — a; 0 7u;)r| = 0.

710
Now the next step shows that this implies (218).

STEP 10. Suppose that the sequence {f,}jo of uniformly bounded
distributions satisfies

lim li =0.
lim HSTil)lprnTH 0

We claim that this implies distributional convergence:
fn—0.

Indeed, we have for fixed T > 0 and any 7 < T that || fur| < || for || and
therefore im sup,,1o. || fur|l < Hmsup,g [|far [l and lmsup,q || for| <
limy o limsup,,4 || fur||.  The latter is equal to zero by assumption.
Hence we have f,r — 0 for every 7" > 0, which yields the claim by
the uniform boundedness of f, in the sense of supy-,(T1)27| f7|,
and then also in the more classical C*~2-norm, cf (336) in Step 1 of
Lemma 9.

PROOF OF COROLLARY 2.
We write [-] for [-],.
STEP 1. Application of Lemma 9. We claim

(220) sup[{1 9 8—2}1)] < N

aop "dag’ 9a2’ T~ Y

(221) supl{1, - }ou] < 6N,
ao aao

The estimate (220) is based on the two identities following from differ-
entiating (70) twice wrt ag

ov v
"dag’ Dad

5 OU

(222) (92 — aod}) (v 18—%)-

) = (Pf.0}v,20
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We now see that (220) follows by an iterated application of Lemma
9: From (67) we first obtain the bound on v by Lemma 9, then the
bound on d?vr by (18), then via (222) the bound on 8‘9—;’0 by Lemma 9,

then the bound on 07 5* ‘%T by (18), then via (222) finally the bound on
<% by Lemma 9. The argument for (221) is identical, just with (f,v)

replaced by (df, ), cf (81), and starting from (76) instead of (67) and
thus with Ny replaced by 0Ny.

STEP 2. Application of Lemma 4. We claim that
(223)  sup(7%)**[a, (-)z] 0 O}ul| < [a]M + NNy,
T<1

(224)  sup(T%)*[a, (-)r) o OFul| S [8a]M + N No,

T<1

(225) Sup(Ti)2_2a||[a, ()]0 07dul| < [a]6M + N(NoSN + 6Ny).

T<1
Here comes the argument: Estimate (223) follows from Lemma 4 with
b replaced by a, I = 1 and v;—; = v, so that the hypothesis (57) is
satisfied by (220) in Step 1 with Ny playing the role of N;—;. Hypothesis
(58) is satisfied by our assumption (69) with N playing the role of Nj.
In view of (71), the outcome (60) of Lemma 4 turns into (223).

Estimate (224) follows from applying Lemma 4 with b replaced by da,
still I =1, v;—; = v, and Ny playing the role of N,—;. Hypothesis (58)
is satisfied by our assumption (80) with N playing the role of Ny. In
view of (71), the outcome (60) of Lemma 4 turns into (224).

Finally, estimate (225) follows from applying Lemma 4 with b again
replaced by a, but this time I = 3 and (vy,v,v3) = (v ,59: ,0v). We
learn from Step 1 that hypothesis (57) is satisfied with (N, No, N3) =
(No, No, 0Np). We now turn to the hypothesis (58): For i = 1 it is
contained in our assumption (69) with N playing the role of Ny. In
preparation of checking hypothesis (58) for ¢ = 2 we note that our
assumption (69) implies in particular that the family of distributions

{aod?v(-,a9)}q, is continuously differentiable in ag. This allows us to

define the family of distributions {a ¢ d? 88; (+,a0) }ap via
ov 0
ao@fa—ao = a—aoa<>82v,
which extends to the commutator:
ov 0
226 00— Ofv.
(226) 0. ()l 00 g = 5l (el

Hence the hypothesis (58) for i = 2 is also satisfied by (69) (here we use

it up to 88722). Hypothesis (58) for i = 3 is identical to our assumption
0

(79). We apply Lemma 4 with du playing the role of w; the triple
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(0o, 0da, o) then plays the role of (01,09, 03) and M that of M. The
outcome (60) of Lemma 4 assumes the form

sup(Tif*Zau [, (-)r] o 20u

S la ]5M+N(No([ ]+ 100 + [oda] + [lodal])
(227) + oNo([o] + lloll))-
We note that by (71) and (75) we have
No([do] + [|0]| + [oda] + [lodal]) + oNo([o] + [lo|])
S No([00] + [|do | + [da] + [|dall) + 6No
< NodN + 6Ny,
so that (227) yields (225).
STEP 3. Commutator estimates. We claim
(228) s%up(:ri)HaHaQuT — P(ad*ur + o fr)|| < [a]M + NNy,

sup(T'7)22|0pdur — P(adidur + odaBtvr + odfr + oo fr)|

T<1

(229) S [a]dM + ([0a] + [|da||)M + N(NoéN + dNy) + IN Ny.
Indeed, we apply (-)r to (72) and rearrange terms:
(230)  Oyup — P(ad?ur + ofp) = —P(la, (-)p]00*u + [0, ()] o f).
Similarly, we apply (-)r to (82) and rearrange terms:
Oo0ur — P(adidur + ocdaEP?vp + obfr + do fr)

= —P( — da(Otur — o Ed}vr)

+a, (-)r] 0 070u + [da, (-)r] o Ofu
(231) + [0, ()rlodf + [6, (Il f).

By assumption (68) and by (223) in Step 2 we obtain estimate (228)
from identity (230). By assumptions (77) and (78) and by (224) and
(225) from Step 2 and from writing

(OPur — o EPPvr) (x) = / dyPir(z — )
% ((uly) — u(z)) — o(z)(v(y, alz)) — v(z, a(2))) — v(z)(y —x)1),
which entails with help of (18)
;gg(TiV*?auaa(a%uT — 0Edvr)| < ||dall M,

we obtain (229) from (231).

STEP 4. Application of Lemma 5 and conclusion. We first apply
Lemma 5 with / = 1 and f playing the role of f;—; (which does not
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depend on ag). The hypothesis (61) is ensured by our assumption (67)
with Ny playing the role of N;—;. The hypothesis (63) is settled through
(228) in Step 3 with N? given by [a]M + N Ny. Hence the two outputs
(64) and (65) of Lemma 5 take the form of

(232) M < [a]M + NNy + No([o] + ||o | [a]),
(233) [u] S M+ Nollo|.
The smallness of [a] and the boundedness of |||, ¢f (71), imply that

(232) simplifies to M < NNy +Ny([o]+ [a]), which by (66) means (73).
Inserting (73) into (233) and using once more ||o|| < 1 yields (74).

We now apply Lemma 5 with I = 3 and (f, 9?v,df) playing the role
of (fi1, fa, f3). In view of assumption (70), of (222) in Step 1, and
of assumption (81), the triplet (v, g—;), dv) plays the role of (vy, vy, v3);
by (220) & (221) in Step 1, it also satisfies the estimates (61) with
(N1, No, N3) = (Ng, No,0Ny). We apply Lemma 5 to du playing the
role of w, (do,0da, o) playing the role of (o1,09,03), and dM playing
the role of M. The hypothesis (63) is settled through Step 3 with N2
estimated by the rhs of (229). Hence the two outputs (64) and (65) of
Lemma 5 take the form

OM < expression on rhs of (229) + [a]oM
+ No([oo] + [|o|[[a] + [oda] + [|odal|[a]) + oNo([o] + [|o]l[a]),
[0u] S 0M + No([ldo || + [[odal]) + oNo |-

Making use of the constraints (71) on ¢ and a, in particular to absorb
[a]0M into the lhs, this simplifies to

M < ([da] + ||dal|) M + N (NodN + 0Ng) + 0N N,
+ No([do] + [0 + [6a] + [[dal]) + oNo([o] + [a]),

[0u] 5 0M + No([ldo[| + [[dal]) + ONo.
Making use of (66) and (75), this reduces to
(234) SM < MON + N(NodN + 3No) + NodN,
(235) [0u] S OM + NooN + 6Ny.
Making use of the estimate (73) on M we just established, (234) implies

SM < N(NodN + 6Np) + NooN.

Clearly, this estimate implies the desired (83). Plugging (83) into (235)
yields the desired (84).
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PROOF OF LEMMA 5.
All functions are 1-period if not stated otherwise.
STEP 1. Estimate of v; and %’é. We claim

6vi
(236) sup[{v;, 8_a0

ao

Hesao)la S Ni-
This follows immediately from assumption (61) on f; and the definition
(62) of v; via Lemma 9 and the argument of Step 1 of Corollary 2.

STEP 2. Freezing-in the coefficients. We claim that we have for all
points xg

(237) (92 — a(0)0}) (ur — os(wo)vir (-, a(xo))) = P,
where the function g2 is estimated as follows

(238) |z ()| S NH((TH)*2 4 (T4)*2d* (v, 20)) for T <1
with the abbreviation

(239) N2 := N? + [ala[u]a + Ni([oi]a + l|oil[a]a)-

Indeed, making use of P? = P we write

(240) (02 — a(w)0 Jur = P(oi(xo) fir (-, alwo)) + g2,)

with g7 defined through

gL = Oyur — P(adPur + 0 Efir) + (a — alwo))Pur

(241) + (0 = 0i(20)) E fir + 0i(zo) (Efir — fir (-, a(x0))).

By definition (62) of v;(+, ag), to which we apply (-)r, which we evaluate
for ap = a(xy), and which we contract with o;(zo) we have

(242) (02 — al@0)dF)os(wo)vir (-, a(wo)) = Poi(xo) fir(-, alzo)).

From the combination of (240) and (242) we obtain (237), so that it
remains to estimate g , cf (241). Making use of the assumption (63)
we obtain

197 ()] < N2(T1)%72 4 d°(x, o) ([a]a]|0Pur |

fi
+ [oi]a sup [| fir|l + lloi|[a]a sup H(aao)T”)’

so that by (18) and by assumption (61)
gy ()] S N3 (T3>
+ (T%)°72d% (@, o) ([alalula + Ni([oila + [loi]|[ala))

which can be consolidated into the estimate (238).
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STEP 3. PDE estimate. Under the outcome of Step 2, we have for all
points zy and radii R < L

1 .
o inf |ur — oi(xo)vir (-, a(x0)) — || Ba(xo)
< (B0 Lt ur — oueo)vir( aeo)) — s
~L L2 ‘ T £(@o)
L2 L2+a

(243) + N¥(

20 i2—2a+ 20 iz—a)’
R2e(T3) R2e(T3)

where ¢ runs over all functions spanned by 1 and z; and || - || g (z,) de-
notes the supremum norm restricted to the ball Bg(zo) in the intrinsic
metric (15) with center xy and radius R. This step mimics the heart of
the kernel-free approach of Krylov & Safanov to the classical Schauder
theory, see [12, Theorem 8.6.1]. Here comes the argument: Wlog we
restrict to o = 0 and write Bg = Bg(0) and || - [|r := || - || 5. Let ws
be the (non-periodic) solution of

(92 = a(0)d})ws = I(BL)gy .

so that in view of (237), where we write ng’ — géf + ¢ with ¢ =
- f[o 1)2 gF, the function

(244) we = ur — 0;(0)vir(-,a(0)) — ws

satisfies

(245) (0 — a(0)07)w. = c in By

with the constant ¢ given by ¢ := — f[071)2 gl. By standard estimates
for the heat equation we have

(246) lws ]| < L?[lgg |2,

(247) {05, O }wclle S L% we — olle

for any function ¢, € span{l,z;}. The interior estimate (247) is
slightly non-standard because of the non-vanishing rhs ¢ but can be
easily reduced to the case of ¢ = 0: First of all, replacing w by w — ¢,
in (245) and (247) we may reduce to the case of £;, = 0. Testing (245)
with a cut-off function for By that is smooth on scale L we learn that
lc| < L72||w<||z. We then may replace w by w + cxy which reduces
the further estimate to the standard case of ¢ = 0. We refer to [12,
Theorem 8.4.4] for an elementary argument for (247) in case of ¢ = 0
only relying on the maximum’s principle via Bernstein’s argument. We
refer to [12, Exercise 8.4.8] for the statement (246) via the representa-
tion through the heat kernel. Since by construction, cf (244), we have
ur —0;(0)vir(+,a(0)) = we + ws we obtain by the triangle inequality
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for a suitably chosen (g € span{1,z;}
lur — o3(0)vir (-, a(0)) — lrllr
< lwe = Lrllr + ws |l S B*{0F, Oatwellr + [[ws]|n-
Inserting (247) for R < L, and another application of the triangle
inequality this yield
lur — oi(0)vir (-, a(0)) — Lrl[r
S LR lwe — Lol + [Jws|r
< LR lur — 05(0)vir (-, a(0)) — Lol + 2ljws|l.
Inserting (246) & (238) this yields
inf [|ur — 03(0)vir(-, a(0)) — £][r
SL°R? inf ||ur — o3(0)vir(-, a(0)) — £l
(248) + N2LA(T1)%72 4 L2 (T1)*72),
where we recall that ¢ runs over span{l,z;}. Dividing by R** gives
(243).
STEP 4. Equivalence of norms. We claim that the modelling constant
M of u is estimated by the expression appearing in Step 3:
(249) M <M,
where we have set for abbreviation

(250) M := supsup R™**inf [|u — 0;(20)vi(-, a(0)) = €] By (o)
zo R<4 ¢

and where the maximal radius 4 is chosen such that a ball of half of that
radius covers the periodic cell [0, 1]?. In fact, also the reverse estimate
holds, highlighting once more that the modulation function v in the
definition of modelledness (Definition 1) plays a small role compared to
o;. The equivalence of (249) and (250) on the level of standard Hélder
spaces is the starting point for the approach to Schauder theory by
Krylov and Safanov, see [12, Theorem 8.5.2]. We first argue that the ¢
in (250) may be chosen to be independent of R, that is,
(251) supinf sup R>*|lu — 0;(20)v; (-, a(0)) — || Br(ze) S M.

zo ¢ R<4
Indeed, fix xg, say o = 0, and let {g = vrx; + cg be (near) optimal in
(250), then we have by definition of M’ and by the triangle inequality
R72Ylog—LRr||r S M’. This implies R'™2Yvop —vp|+R72%|cor—cp| <
M’, which thanks to a > % yields by telescoping R'™2%|vg — vp/| +
R™Ycp — cp| £ M’ for all R < R and thus the existence of v,c € R
such that R'™*|vg — v| + R™?%cg — ¢| S M, so that £ := vz, + ¢
satisfies

(252) R™|tg —t)|r S M.



50 FELIX OTTO AND HENDRIK WEBER

Hence we may pass from (250) to (251) by the triangle inequality.

It is clear from (251) that necessarily for any xy, say zp = 0, the
optimal ¢ must be of the form ¢(z) = u(0) —0;(0)v;(0,a(0)) —v(0)z;.
This establishes the main part of (249), namely the modelledness (21)
for any “base” point x and any y of distance at most 4. Since By(z)
covers a periodic cell, we may use (21) for y = x 4 (1,0) so that by
periodicity of y — (u(y) — u(z)) —o(x)(vi(y, a(x)) — vi(z,a(x))) we
extract |v(z)| < M’. Since a > 3, this implies that |v(z)(z — y)i| S
M'd**(z,y) for all y ¢ By(z). Hence once again by periodicity of
y = (u(y) —u(z)) —oi(x)(vi(y, a(x)) — vi(x,a(z))), (21) holds also for
y & Bu(z)

STEP 5. Modelledness implies approximation property. We claim that

for any mollification parameter 0 < T" < 1, radius L, and point zy we
have

(ur —u) — o4(xo) (vir — vi) (-, G(IO))HBL(:(:O)

1
(Ti)za

(253) <M+ N*(— L )e,

1
4

where we recall the definition (239) of N. Wlog we restrict ourselves
to xo = 0, write v;(y, x) = v;(y,a(x)), and note that the first moment
of ¢ vanishes

(ur = u)(x) = 0:(0) (vir — vi)(2,0)
= /dwa(:v =) ((u(y) — u()) — 0:(0)(vi(y, 0) — vi(=,0))
—v(@)(y — 2)).-

We split the rhs into three terms:

(ur — u)() — 7:(0)(vir — v;) (2, 0)
/ dyor(z — o) ((u(x) — u(y)) — oi(@) (v Y, 2) — vi(x, 7))
() — )
/ dyr(z — ) (03(z) — 0:(0)) (wi(y, 0) — v, 0))
T / dyir(z — )0 () (i, ) — 0(9,0)) — (v, ) — vy, 0))).

For the first rhs term we appeal to the modelledness assumption (21),
which implies that the integrand is estimated by | (z—y)| M d**(z, y).
Hence by (18) the integral is estimated by M (7'1)2*. The integrand of
the second rhs term is estimated by |7 (z — y)| [0i]a d*(x,0) [vs(+,0)]a
d*(x,y) so that by (18) and (236) the integral is controlled by < [0]a
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d*(z,0) N; (T1)*; since z € B.(0) it is controlled by < [o1]a L* N;
(T'%). Using the identity (and dropping the index i)
(v(y, a(x)) = v(y, a(0))) — (v(z, a(z)) — v(z,a(0))) = (a(z) — a(0))
[ s s0(a) 4 (1= 9a(0)) ~ 2, sa(a) + (1 = $alO)).

we see that the integrand of the third rhs term is estimated by ||o;||
d*(z,y) [a]a d*(x,0) supy, [2%(-, ag)]a; hence in view of (236) the third

dag

term itself is estimated by [jo;|| N; (T%)* [a]a L. Collecting these
estimates we obtain for x € B(0)

|(ur — ) () = 03(0) (vir — vi) (=, 0)]

< M(T3)* + Nil(oda + oilllala) L (T4)",
In view of the definition (239) of N2, this yields (253).
STEP 6. Estimate of M. We claim that
(254) M < N2

Indeed, we now may buckle and to this purpose rewrite (243) from Step
3 with help of the triangle inequality as

R12 inf [[u — oi(zo)vi(-, a(z0)) — €l B (xo)
< (E)HQL inf ||u — oy(w0)vi(-, a(20)) — || By (20
S e ’ o
+ N¥( Lj + LQT )
R?(Ta)2"2«  R2(T7)%e
+ (E)2a 11 (ur — ) — oi(wo) (vir — vi)(+, a(x0)) || B, (20) -
R* (Ti)2 "

We now insert (253) from Step 5 to obtain

1
e meu — 0i(20)vi(+, a(xg)) — gHBR(xO)
5 L2 L2+C¥
S (PP + B e — )
L R2a(T1)272a RQa(Ta)Z*a
Ti ., L*(T%)®
255 )M 4 NP
( ) + ( R ) + RQa
Here we have used that
1
sup sup mf [u —oi(zo)vi(-; a(z0)) — | Bye) S M

120
by the deﬁmtlon of the modelling constant M with £, (z) = u(xg)
—0i(w0)vi(wo, alxo)) —v(zo)(z — 0)1. Relating the length scales T
and L to the given R < 4 in (255) via T4 = ¢R (so that in particular
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as required 7' < 1 since we think of e < 1) and L = ¢ 1R, taking the
supremum over R < 4 and x( yields by definition (250) of M’

M' S (E72 4+ @M + (€7 + e+ 1) N2,
By (249) in Step 4, this implies
M 5 (627204 + €2a>M + 674N2.

Since 0 < o < 1, we may choose € sufficiently small such that the first
rhs term may be absorbed into the lhs yielding the desired estimate
M < N? (note that M < oo is part of our assumption).

STEP 7. Conclusion. Clearly, (64) and (65) immediately follow from
the combination of
M S N 4 faafule+ Nu(foda + ol [ala)
e S M + Vi
The first estimate is identical to (254) in Step 6 into which we plug the
definition (239) of N. The second estimate is an application of Step 2

in the proof of Lemma 2 with v(y, x) := o;(x)v;(y, a;(z)), so that the
hypothesis (33) holds with N replaced by ||o;||N;, cf (236) in Step 1.

Proor or LEMMA 2.

We write for abbreviation [-] := []a.
STEP 1. We claim
(256) [V]Qa_l SJ M + N.

Indeed, introducing 4, (y) := v(x)y; we see that (31) can be rewritten
as

(w—v(,2) =€) (y) — (u—v(,2) = &) (2)] < Md*(y, ),
so that we obtain by the triangle inequality
|(u = v 2) = L) (y) — (u—v(2) = &)(Y)]
(257) < M(d*(y,z) + d*(y,2)).
In combination with (28) this yields by the triangle inequality
|(u = (- 2") = L) (y) — (u— (- 2") = &)(Y)]
< M(d**(y,z) + d**(y,x)) + Nd*(x, 2)d*(y,v).

We now take the difference of this with (257) with x replaced by 2’ to
obtain, once more by the triangle inequality,

‘(ﬁx - EI’)(?/) - (gx - 61/)(y/)‘ < M(d2a(y7 *1') + d2a(y/7 :L')
+d*(y,a') + d*(y', 7)) + Nd* (2, 2")d* (y, ).
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By definition of ¢ and with the choice of y = x and v/ = x4 (R, 0), this
assumes the form

v(z) —v(z)|R

< M(R** 4 d**(x,2") + (R + d(z, 2))**) + Nd*(z, ") R*.
With the choice of R = d(z,2’) this turns into

v(z) = v(@)|d(@, ) S (M + N)d*(z,2),

which amounts to the desired (256).
STEP 2. We claim
(258) [u] + [[v|| S M + N.

By the triangle inequality on (31) we obtain for all pairs of points
v(z)(x =yl < u(z) —uly)| +[v(, 2)]d*(y, ©) +Md**(z,y). Choosing
y = x+(1,0), appealing to the 1-periodicity of u, taking the supremum
over z, and appealing to (33), this turns into the v-part of (258):

(259) lv]| < M+ N.

We now consider pairs of points (z,y) with d(z,y) < 2. By the triangle
inequality from (31) we get
1
d*(z,y)
By 1-periodicity, this extends to all pairs so that
[u] S M+ N+ |v|.

Inserting (259) into this yields the u-part of (258).

u(z) —u(y)l S M+ N+ v

STEP 3. Dyadic decomposition. For 7 < T (with T" a dyadic multiple
of 7) we claim that

(ufr — Elv, ()rlo f — vz, (-)1]f)
— (ufr = Elv, ()] o f = vz, ()1f)

= 3 ([ (0 = Blo, ()] = vlen, () f

T<t<T
(260) — v Ol Olf = (B, o, (o f)
where the sum runs over the dyadic “times” t = %, %, -+, 7. By tele-

scoping based on the semi-group property (17) this reduces to
(Uth — E, ()] o f —v]x, ()2t]f)
- (uft - E[U7 ()t] Of - V[xh ()t]f)t
= ([u, ()] = Elv, ()] = vlar, (i) fu
- [Vv ()t] ["L‘h ()t]f - [E7 ()t] [U’ ()t] <>f’
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and splits into the three statements

(261) ufor — (Uft)t = [% (')t]fta
vizy, (o f — Wy, ()i f)e = vz, () fe + v, Gz, ()i f,
Elv, ()l o f = (Elv, () o fe = Elv, ()il fr + [E, ()l [v, ()] o f.

Plugging in the definition of the commutator [v, (-);], the middle state-
ment reduces to

(262) (21, (D2l f = ([0, (e e = [0, ()il fr-

By the definition of the commutator [E, (-)¢], the last statement reduces
to

(263) [0, Qa0 f = ([o, ()il o f)e = [v, ()il S

which by definition of [v, (-)7]¢ f splits into

(264)  vfu—(f)e=[v,()efr and (v [ — ((vof)i)r = 0.
Now identities (261), (262), and (264) follow immediately from the
semi-group property.

STEP 4. For 7 < T <1 (with T" a dyadic multiple of 7) we claim the
estimate

[(ufr = Elv, ()r]o f = v]wy, ()7]f)
— (ufr = Elv, () Jo f = vz, ()1 f) |l
(265) < (M + N)Ny(T5)%2,
Indeed, by the dyadic representation (260), the triangle inequality in

| - || and the fact that (-)r_o is bounded in that norm, cf (18), it is
enough to show that the rhs term of (260) under the parenthesis is
estimated by (M + N)N; (¢1)32 for all ¢ < 1; here we crucially use
that by assumption 3a — 2 > 0 for the convergence of the geometric
series. Using Step 1 to control [v]a,—1 in (266) by M + N, this estimate
splits into

([, (] = Elo, ()] — viay, () fill S MNy(£1)%2,
(266) 11w, (ddlen, AN S Wlaan N(E7)22,
(267) 1B, ()dl[o, ()l o fIl S NN (t7)%2,

Appealing to our assumptions (29) & (30) and to Lemma 10, these
three estimates reduce to

([ (] = Elo, ()il = viwr, () FIl S MIFIICER™,

268) Il OIS Ml FlEEY
260) B (] S sup o ) = ) 1)
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where f = f(y) plays the role of f, or [z1,(-)d]f, and & = ¥(z,y)
plays the role of ([v(-, ), (-):] ¢ f)(y), but now can be, like v, generic
functions; similarly, 8 plays the role of 2a—1 but could be any exponent
in [0, 1]. Using the definition of £, we may rewrite these estimates more
explicitly as

| [ vt = ) (@) - ulw) = (v(2.2) = v(3.2)
—v(@)(@ =y ) Fo) S MIFIE™,

| [ vt = ) v(@) - v(0) F0)| S DI FIE

| /dwt(w —y)(0(y. 2) = 0(y,))|

1 - ~ Lia
S sup o ) = ) ()

All three estimates rely on the moment bounds (18), the first estimate
is then an immediate consequence of (31) and the two last ones tauto-
logical.

STEP 5. For

FT = ufT - E[U7 ()T]Of - U[zla ()T]f
we claim the estimates

(270) sup(T1)2 2 |ufr — Fj_ || S (M + N)Ny,
T<1

(271) sup(T1)2 || Fg|| S (M + N + |Jul]) Ny
T<1

Indeed, (270) follows from (265) in Step 4 via the triangle inequality
and

(34)
sup(T1)2 2| Efv, (-)r]o ]| < NNy,

T<1
1o o (258),(342)
STIQ(T‘*) [z, Ol fIl < (M4 N)Ny,

the latter being a consequence of Step 2 and Lemma 10; here, we make
extensively use of 7 < 1. Estimate (271) in turn follows from (270)
via [FEl = W(FF_)rll S IFE_ || (cf (17) and (18)) by the triangle
inequality and (29), again making use of 7" < 1.

STEP 6. Conclusion. Indeed by (271) in Step 5, the sequence {F7}, o
of functions is bounded as distributions in C*~2. By standard weak
compactness based on the equivalence of norms from Step 1 in the
proof of Lemma 9, there exists a subsequence 7, | 0 and a distribution
we give the name of uo f such that F™» — uo f. By standard lower
semi-continuity, we may pass to the limit in (270) in Step 5 to obtain
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(35). Likewise, we may pass to the limit in (265) in Step 4 to obtain
(32).

PROOF OF LEMMA 4.

The proof follows the lines of Steps 3 through 6 of the proof of Lemma
2.

STEP 1. For 7 < T (with T" a dyadic multiple of 7) we claim the
formula

(bOfur — o, E[b, ()]0 d7v;) — (b0fu, — o, Eb, (+),] 0 D7v;)
= > (. (0o — s, ()]0 i)

T<t<T

T—1

(272) — [0, (Y ED, ()] 0yvi — ail 2, ()] b, ()] Oafvi)

T—2t’

where the sum runs over t = %, %, ..., 7. By telescoping based on the

semi-group property the formula reduces to
(b@fu% — o, E[b, (+)a] 0(9121)1-) — (bafut — o, Eb, ()] oﬁfvi)t
= ([b> (-))0Fus — oi B b, (-)t]afvit)
+[os, () Eb, ()] 0 0Fvi + 0il B, ()b, (-)e] 0 Of i,
and splits into the two statements
(273) b0y — (bO7uy), = [b, (+)¢)OFuy,
i E[b, ()2t 0 Otvi — (0:E[b, ()] 0 0Fvi)e = 0 ED, (-)e] O vie
+oi, (B, ()] 0 0fvs + i B, ()][b, (-)e] 0 Ovi.
By definition of the commutator [0}, (+),], the last statement reduces to
E[b, (-)ar] 0 0Fvi — (E[b, (-):] © 0fvi)s
= E[b, (-)Jotvie + [E, (-)d[b, (-)e] o 0 vi,
and by the definition of [E, (-),] further to
(274) (b, ()2e] 0 OFvi — ([b, ()e] 0 BFvi)e = [b, (-):]OFvie.
Now (273) and (274) are consequences of the semi group property.
STEP 2. We claim the estimate
| (b07ur — 0 Eb, (-)r] 0 0Fv;) — (b07u, — oy E[b, (+),] oafvi)T_TH
< (1bla + NoNi([o]a + lloil[a]a)) (T'4)* 2.
In view of (272) this estimate splits into
275) b ())OFue — i B[, (VJOFval| < [Blad(£7)* 2,
(276) s, (VJELD, ()] 0 0uill S NoNiforila (1),
(277) IE, (Yelb, ()] 0 Ouill S NoNilala(t7) 2.
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Estimate (276) follows from (268) (with o; playing the role of v,
Eb, ()] ©0?v; playing the role of f, and 3 playing the role of a) and
our assumption (58) (without 8%0). Estimate (277) from (269) (with

b, (+)¢] © 9?v; playing the role of © and our assumptions (57) and (58)
(with -2-),

dag

—1 2-'0,1}— ,022]..@1‘/
5 I O o) ala)) = (b (o D) @)

< [a]asllop Ha%o[b’ ()] 0 0uil| < [ala NoNi(t7)* 2.
For (275) we write
([b, ())dtu — oi b, (-)t]ﬁfvit) (x)

@218) = [ dyiu(e — 9)(ble) ~ b)) (OFuuly) — o) (v. ()
and

0Fu(y) — ou()0hvuly.ale)) = [ dz0unly — )

(u(=) — u(e) - 03(2) (vi(=, ale)) — vz, a(x))) — v(z) (= — 2)y).

Hence by the modelledness assumption of u, the triangle inequality
d(z,x) <d(z,y) + d(y,z), and (18) we obtain

Funly) — oi(x)Ofvaly, ale))|  M((#2)** 2 + (t1)*d* (y, 2)).
Plugging this into (278), we obtain using (18) once more
|[b, ())Ouy — 03 E[b, ()l fvie| (x) S [BlaM (t3)%2,

~Y

as desired.
The further two steps are as Steps 5 and 6 in Lemma 2.
PROOF OF LEMMA 3.

We write [-] for [],.
STEP 1. Suppose that {v(-, ag) }4, and {v;(-, a0)}ay, ¢ = 0, 1, are three

families of functions and | - | a semi-norm on functions of z (like [-])
such that
0
(279) sup [{1, 5—}v(-, ao)[ < No,
ao Qo
(280) sup [{1 9 8—2}1)( ag)| < N,
aop 78@0’ 8@% \H W0/ = V0,
0
(281) sup [{1, 8_}(U1 —09) (-, a0)| < N
ao Qo

for some constants Ny, 0Ny; the reason for this more general frame-
work is useful because we shall also apply it with v(-, ag) replaced by
[v(+,a0), (*)r]o f, the supremums norm || - || playing the role of |- |, and
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with (N, dNp) replaced by (NyNo(T1)2272, Ny 6N, (T1)2~2). We claim
that this entails
(282) |o(z)v(- al(z))] < Nollo],
(283) lo(x)v(,a(x)) — a(2')v(- a(2’))| < No([o] + ||o]l[a])d*(z, 2"),
o1 (z)vi (-, a1(x)) — oo()vo(+, ao(x))]
(284) < No([lor = oo + max{los|[[lar — aol]) + 6No max ||,
|(01(l’)vl('a ai(x)) — oo(x)vo (-, GO(I)))
— (o1(2")o1 (-, ar(2")) = oo(2")vo (-, ag(2))) |
< (No max (lor = o0] + lloill[ar — ao] + [o4]|ar — aol]
+ [lon — ooll[ai] + lloill[as]llar — aol)

(285) —%5Ah1ngx(hn]%—HaﬂHaﬁ))da(x,xﬁ.

Estimate (282) follows immediately from (279). We treat (283), (284),
and (285) along the same lines, which is a bit of an overkill for (283) and
(284). We start with the two elementary, and purposefully symmetric,
formulas

(286) Jv—a’v’:%(U—U’)(U—H/)—i—%(a—i—a’)(v—v’)

and
(0101 — o0v0) — (00, — ohv))
:g@fm¢4¢_%mM+q+%+m
+%@+¢+%+%mmem%4%—W)
+4((o1 = 00) + o = of)) (01 = w0) + (v} = o5)
(287) +i((01 —00) + (01 — 05))((v1 — v) + (vo — v5))-

We use the first formula twice. The first application is for o = o(z)
and o' = o(2'), v = v(-,a(z)), and v" = v(-,a(z’)) to obtain using the
triangle inequality

lo()v(:, a(x)) — o (z)V' (-, a(a"))]

< [o]d® (z, ') sup [o(-, a0)] + ]| sup |§—;’0<-,a0>|[a]da<x,x'>.

ap ag

In view of the assumption (279) this yields (283). The second ap-
plication is for ¢ = oy(z) and ¢’ = op(x), v = vi(-,a1(z)), and
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v = wvg(+, ap(x)). We obtain the inequality

o1 (z)v1(+, a1(x)) — oo(x)vo(+, ao(x))]

< |loy — o0l maxsup |vs(+, ag)|
) ao

(288) +max [|og[[vi (-, ar(2)) = vo (-, ao(@))]-

In view of the assumption (280), the first rhs term is estimated as
desired. For the second rhs term we interpolate linearly in the sense of
vs = sv; +(1 — s)vg and as := sa; +(1 — s)ag, to the effect of

v1(+, a1(x)) — vo(-, ag(x))

(289) = /0 ds((v1 = vo) (-, as(2)) + a_ao(" as(x))(ar — ao)(x),
from which we learn
1+, a1(2)) — vo(+; ao())]

avi
(290) < sup |v; — vo| + maxsup |=—|||a; — a||.
ao g ao aaO

Inserting this into (288) and in view of the assumption (280)&(281) we
obtain the remaining part of (284).

We use the second formula (287) for o; = o4(z), o, = o;(2'), v; =
v; (-, a;(z)), and v} = v;(+, a;(z')) to obtain

|(01($)U1('7a1(1?)) - Uo(ﬁ)vo('aao(f)))
— (o1 (@)1 (- a1 (2")) = oo(a")vo (-, ap(")))]

< [o1 — 00]d*(x, ") max sup |v;(+, ag)|
i ao

+max [loy || (01(-, a1 (x)) = vo (-, ao(#))) = (01 (- ar(2")) = wo (-, ao(2")))]
+ max{o;|d” (z, ') Sup 01, a1(y)) — vo(; ao(y))]

Vi o
+ oy — ol maxsup |2 - ao) [ad* (2, 2.
1 ag ap

In order to deduce (285) from this inequality, in view of (290) and of
our assumption (280) & (281), it remains to show for the second rhs
terms

|(01(; a1 () = wo (-, ao(2))) = (vr (-, a2 () = vo (-, ao(2")))]

0 /
< sup | 5= (v1 — o) (-, ao)| max{a;|d* (z, 2')

ap aCLO
82’01‘ o ’
+ maxsup | 20 (-, ao) maxo; d° (2, ') ar — aol
1 0/0 J
a’Ui

(291) + maxsup | =—(+, ag)|[a1 — aold*(x, 2").

aop aCLO
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We appeal again to the outcome (289) of the linear interpolation, which
immediately yields the first rhs term (291) from the first rhs term in
(289). For the second rhs term in (291) we appeal once more to formula
(286) (applied to o = gz;(-, as(z)), o' = gZS(-, as(z')), v = (a1 —ap)(x),
and v = (a1 — ap)(2")).

STEP 2. Argument for part i) of the lemma. We apply Lemma 2
to the family of functions v(-,z) := o(z)v(-,a(x)) and the family of
distributions v(-, z) ¢ f := o(x)v(-,a(x)) ¢ f, both parameterized by z.
We claim that the hypotheses (28) and (30) of Lemma 2 are satisfied
with

(292) N = No([o] + [lo]l[al)-

We also claim that in addition the hypotheses (33) and (34) of Lemma
2 are satisfied provided N is enlarged to

(293) N = No([o] + llo]| + llollla]) S No  for [o], [a], [lof] < 1.

Indeed, for (28) this follows from (283) of Step 1 with the Hélder
semi-norm [-| playing the role of | - |. In the same vein, hypothesis
(33) follows from (282). The relevant hypothesis (279) of Step 1 co-
incides with the assumption (37) of this lemma. For (30) this follows
again from (283) but this time with [v(+, ag), (-)r] ¢ f playing the role
of v(+,ap), the supremum norm || - || playing the role of | - |, and with
Ny No(T1)22=2 Ny §No(T'1)22 playing the role of (Np, dNp). Likewise,
hypothesis (34) follows from (282). The relevant hypothesis (279) of
Step 1 coincide with the assumptions (38) of this lemma. With the def-
inition (292), the output (32) of Lemma 2 quantifies the claim (39) of
this lemma. Likewise, with definition (293), the output (35) of Lemma
2 turns into the claim (41) of this lemma.

STEP 3. Argument for part ii) of the lemma. We apply Lemma 2
to the family of functions v(-, z) := o1 (z)v1(-, a1(x)) —oo(z)vo(+, ap(z))
and the family of distributions v(-, z)o f := o1(x) v1(+, a1(x))of —oo(x)
vo(+, ap(z))o f, both parameterized by z. We claim that the hypotheses
(28) and (30) of Lemma 2 are satisfied with

N = Nomax (lor = o0] + [lilllar — ao] + [][|ar — ao

+ [lov = aoll[ai] + lloill[a;]l|ar — aol|)
(294) + 0N rrl;’a]px ([O'Z'] + ||o:l| [aj]).
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We also claim that in addition the hypotheses (33) and (34) of Lemma
2 are satisfied provided N is enlarged to

N =Ny max (lo1 = 00] + llor — ool + lloill[ar — aq]

+lloillllar — aoll + [oillar — aol| + [l — o0]|[a]

+loill[ag]llar — aoll) + dNo max ([o:] + lloall + lloll[a])

S No([O'l — 0'0] + ||O’1 — O'()H + [CLl — CL()] —+ ||CL1 — CL()“ + (5N0
(295) for [o], [a], ||o]| < 1.

Indeed, for (28) this follows from (285) of Step 1 with the Holder semi-
norm [ playing the role of | - |. In the same vein, hypothesis (33)
follows from (284) in Step 1. The relevant hypotheses (280) and (281)
of Step 1 coincide with the assumptions (42) and (43) of this lemma.
For (30) this follows from Step 1 with [v(+, ag), (+)r]¢ f playing the role
of v(-,ap), the supremum norm | - || playing the role of | - |, and with
Ny No(T1)2672 Ny §No(T'1)22 playing the role of (Np, dNp). Likewise,
hypothesis (34) follows from (284). The relevant hypotheses (280) and
(281) of Step 1 coincide with the assumptions (44), and (45) of this
lemma. With the definition (294), the output (32) of Lemma 2, when
applied to (du, dv, M) playing the role of (u, v, M), coincides with the
claim (46) of this lemma. Likewise, with definition (295), the output
(35) of Lemma 2 turns into the claim (47) of this lemma.

PROOF OF COROLLARY 1.
STEP 1. Generalization of part i) of Lemma 3. Let f;, j =1,---,J,
be finitely many distributions satisfying (36) and in addition

T<1

J
(296) sup(T4)% N eifirll < N
7=1

for some scalars {c;};—1.. s. Suppose that next to (38) we have

J
(297) SUP(T4)2 {1, }ZCJ rlo fill < ON1N.

Then we claim in the situation of Lemma 3 i)

(298)  sup( %“auzcj r]o fll < SNy(M + Np).

T<1

Indeed, in view of (296) & (297) we may apply part i) of Lemma 3 to

(f,vo f) replaced by (ijl cifis UO(ijl cifi) = ijl cjvofj) (and
thus N; replaced by 0Ny), yielding the existence of a distribution we
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name uo(ijl ¢;f;) with

J
(299) sup(T5)° 7| [u, ()r] o (D e )l S SN (M + No).

T<1 o
It follows from the unique characterization of the product with u by the
products with (v,z7) through (39) in conjunction with our definition

Vo (Z}]:1 cifi) = Z;.Izl c;vo f; and the linearity of the regular product
in form of $1(Z;}:1 cifj) = ijl c;jr1 f; that we have uo(ijl cifj) =
ijl cjuo f;. Hence (299) turns into (298).

STEP 2. Conclusion for part i) and ii). The only new element in part i)

are the terms involving a% and %,2)2 in (48), (49), and (50). For a%v
0 0 0

this follows from Step 1 by the choice of Z;’Zl cifi=f(ad)—f(-aq)
with two arbitrary parameters ag , ay , in which case 0Ny = Ny|ad —aq |-
Likewise for %, this follows from Step 1 by the choice of ijl c;fi
= (f(nag™) = f(yag7)) =(f(ag") = f(ag7)) (and thus J = 4)
with four arbitrary parameters ag ™, al ™, agt,ay~ with aft — ad~
=ay " —ay ; in this case 0Ny = Ny|(ag ™ —ag ™) —(agt —ag 7).

9
aal,
follows from Step 1 by the choice of Z;;l cifi = fr — fo. Part ii)
with the term involving 3%6 follows by the choice of ijl cifi=(fi—

fo)(-;a) = (fr = fo)(-; ag) (hence J = 4).

STEP 3. Conclusion for part iii). From the unique characterization
of u; o f through (39) and (u; — ug) ¢ f through (46), and the fact
that by uniqueness of v we have o = vy — 1y, it follows (u; — ug)o f =
urof —upof. Modulo this identity, the only new element in assumptions
and conclusions of part iii) of this corollary over part ii) of Lemma 3
is the appearance of %. The argument proceeds by establishing the

Part ii) without the term involving in assumptions and conclusions

linearity property analogous to Step 1, now on the level of part ii) of
. . J
Lemma 3, and applying it to ijl cifj = f(-,ap) — f(,aq), cf Step 2.

PROOF OF LEMMA 1.
We write for abbreviation [-] := []a.

STEP 1. Taylor’s formulas. We start from two levels of Taylor’s formula
for the function b of u:

b(a') — b(u) = /0 drt (ri + (1 — r)u) (e — ),
b(u") — b(u) — b'(u)(u' — u)

= /0 dr(1 —r)b"(ru’ + (1 — r)u) (v — u)?.
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Substituting u by su; + (1 — s)up and v’ by su} + (1 — s)ug, taking the
derivative in s and integrating over s € [0, 1] we obtain

(b(u) = b(up)) — (b(u1) — b(uo))
:/0 ds [ ar (0 (0 = ) = (6= ) + ()

X (r( =) + (1= 7) (= o)) (s(e — 1) + (1= 8) (1t — wo)) ).

(
X (r(u =) + (1= ) (= o)) (s(e — 1) + (1= 8)(uh — o))

where the argument of v and of b"” is given by s(ru} + (1 — r)uy)
+(1 = s)(rug + (1 — r)ug).

STEP 2. Inequalities. We use the formulas from Step 1 in terms of the
inequalities

(300 b(af) — )] < [~ ],
(B01) () — blu) — B — )] < I~ ),
and

b(uh) = b(uh)) = (b(aur) — b(ao)
< Il (uh = 1) = (ug — o)
(302) + |[6"]] max{|u] — ug|, |u1 — uol} max lul, — ],
| (b(uy) = blug)) — (b(ur) — blug))
— (0" () (uy — ug) — ' (uo) (ugy — uo))]
< 107 ma g — wa|(uy, = wa) = (up — wo)|
2.

1
(303) + 5 I0" [ max{fui —ugl, [ur — uol} max fu; — u;

By smuggling in a term 0 (u)(v" — v), we obtain from (301) by the
triangle inequality

[b(u') = bu) =¥ (u) (v = v)|
(304) < V(e =) = (0" = o)+ (B[] (0" — ).
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Likewise, we smuggle in the term b'(uq)(v] — v1) — V' (ug)(vy — vo) into

(303) and use (286) in form of

(0 (wr ) (= wy) — ¥ (o) (ufy — o))
= (V' (wn)(g = 1) = (o) (= v0))

to obtain
[ (b(uh) — blup)) = (b(wr) — b(uo))
— (¥ )} — ) — ¥ (o)t — v0)|

<N () = wr) = (ug — o)) — ((v) = 1) = (v — o))
+ 16" [ur — wo| max [(v; — w;) — (v; — v3)]

0" ma fui — wif|(uy — wr) = (up — wo)|

2.

1
(305) + éHb’”H max{|u] — ug|, |u1 — uol} max lu; — u;

STEP 3. Application of inequalities. We apply (300) from Step 2 to
u=u(x), v = u(y), which yields

(306) [b(w)] < [6']][u]

and (304) to v = o(x)v(z,a(x)) +v(x)zy, v = o(x)v(y,a(x)) +v(z)ys,
which yields

[b(u)(y) = b(u)(x) — ('(u)o) (x)(v(y, a(x)) — v(z, a(x)))
= (W () (@) (y — 2| < (WM + (|6 ][[u]*)d* (y, ).

from which we deduce
M < [[0[| M+ (18" ).
We combine the latter with (306) to (22).
Likewise, we apply (302) to u; = u;(z), w, = wu;(y), which yields

(307)  [b(ur) = bluo)] < [|b'[|[ur — wo] + [|b"[[Jur — wol| maxu,
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and (305) to v; = oi(x)vi(w, ai(x)) F+vi(x)er, v = oi(x)vi(y, ai(x))
—i—Vl(x)yl, which entails

b(ur) — b UO))(?J) (b(u1) = b(uo))())

( (b'(uy)or)(z)(v1(y, a1 () — vi(x, a1(x)))
— ('(uo0)o0) () (vo(y, ao(2)) — vo(z, ao())))
— (V' (ur)rr = V' (uo)rvo)(z)(y — x)1
< (D180 + [[b"[[[[ur = wol| max M; + [|b"|| maxu;][ur — uo]

+ §Hb’”HHU1 — o] max{ui]*)d** (y, z).
The latter implies
OM < ||| 6M + ([ [[[|ur — o | max M; + (||| max[u][ur — uo)

+ 510"l lur = woll maxu;]”.
In combination with (307) and ||b(u1) — b(uo)|| < ||b'[|[|ur — uo|| this
yields (24).

STEP 4. Estimate of the modulating functions. Indeed, estimate (23)
is straightforward. We will now argue for (25). We appeal to iden-
tity (286) (with (o,0’,v,v") replaced by (b(uy),b(ug),01,00)) for the
estimate

10" (uy) o1 — b (ug) oo |
(308) < 10"y — wol| max ol + 1[0l — ool

We appeal to identity (287) (o1, o}, v1, v]) replaced by (b(ui(y)),

b(uo(y)), a1(y), o0(y)) and (o, 05, vo, vg) by (b(ur(x)), buo(2)), o1 (2),
oo(z)) to obtain

[0 (ur)or — b (uo)oo]
< b (u1) — b (o)) max [|oi]| + max 16 (i) I[o1 — o0)
+ m?X[bl(Uz‘)]HUl — ool + [[0"(u1) — 0 (uo)|] m?X[Uz‘]-

The first rhs term can be estimated by (307) with 0" playing the role
of b’ so that

[0 (u1) oy — b’ (uo) o]

< (10" Iur = wo] + 16" [[l|ur — wol| max{u,]) max o]
+ [[V]llor = ool + [16"[| max(wi]||or — ool + [167[[[|ur — uol| max[as].

Estimate (25) follows from this and (308).
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PROOF OF COROLLARY 3.

STEP 1. Proof of (i) = (ii). As v is a C”*2 function the assumption
that u is modelled after v according to a(u), o(u) implies that u is
of class C?*, in particular dju is a function of class C**~! (of course,
as we will see below, w is actually of class C?*? but we do not have
this information to our disposal yet). Together with the regularity
assumption on f this implies that there is a classical interpretation of
the products o(u)f and a(u)diu the latter as a distribution. In fact,
this is obvious for o(u)f and for a(u)d?u we can set, for example,

(309) a(u)0iu := 0y (a(u)dyu) — Oya(u)du.

The claim then follows from standard parabolic regularity theory as
soon as we have established that

(310) o(u)of=o(u)f+o(u)o(u
(311) a(u)odu = a(u)diu + d'(u)o

S~—
S
=
-~
o
—
S
N~——
N~——

[\

We first argue that (310) holds. To see this, first by Lemma 1 o(u)
is modelled after v according to a(u) and o'(u)o(u). Then, Lemma 3
characterizes o(u) ¢ f as the unique distribution for which

(312) lim f[[o(w), ()r]e f = o' (w)o(w)Elv, ()r]o f = viz1, ())f] = 0.

By the CF regularity of f as well as the C?® regularity of o(u) one sees
immediately that each of the commutators in this expression goes to
zero if ¢ is replaced by the classical product

lle(w), Ol fll o’ (w)o(w) Elw, )l Fl, Ivlz, (I — 0
for T'— 0. Hence (312) turns into

lim [l (u) f — (o (u)o )r = o' (o (w)gy (- a(u))]| = 0.

Since, g(-,a0) € C? by assumption, this yields (310). In the same way,
one can see that for any af, we have

(313)  a(u)odfv(-, ap) = a(w)dfu(, ap) + ' (w)o (u)g® (-, a(u), ap)

(the classical definition of a(u)d?v(-, aj) poses no problem because v is
of class CP12).

It remains to upgrade (313) to (311), i.e. the second factor 9?v in (313)
should be replaced by d?u. To this end we make the ansatz

(314)  a(u)odfu = a(u)dfu + d'(w)o®(u)g® (-, a(u), a(u)) + B,

and aim to show that B = 0. Recalling once more that u is modelled
after v according to a(u), o(u) we invoke Lemma 4 and plug in our
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ansatz (314) to obtain
lim|[a(u), (-)r]0u — (a'(u)o?(u)g®) (-, a(u), a(u)))r + (B)r
(315) — o(u)Ela(u), (-)r] o dfv] = 0.
Plugging (313) into (315) we obtain
lim|[[a(u), (-)7]0u — (a'(u)o?(u)g™®) (-, a(u), a(u)))r + (B)r
(316) — o(u)Ela(w), ()]t — o' (w)o* () B (- a(u), af))rl) = 0.
Now according to our regularity assumptions we have both
(@’ (w)o(w)g® (-, a(u), a(u))r — @' (w)o*(w) E(g? (-, a(u), ap))r| — 0
lo(w)Ela(u), (-)r]0Fv] — 0,
for T'— 0, which reduces (316) to

lin lfa(a), (-rJoRu — Brl| =0,
where we recall that the classical commutator is defined based on (309).
Now, according to its definition (309) we have [a(u), (-)r] — 0, which
characterizes B as 0.

STEP 2. Proof of (ii) = (i). If u as well as all the v(-,a) are of class
CP*2 then u is automatically modelled after v according to a(u) and
o(u). Thus we can conclude from Step 1 that (310) and (311) hold
which in turn implies that u solves dyu — P(a(u) o diu + o(u)o f) = 0
distributionally.

5. PROOFS OF THE STOCHASTIC BOUNDS

PROOF OF LEMMA 6.
STEP 1. Proof of (130). Assumption (129) and the stationarity and
periodicity of f imply that for T" <1

(f7(0))
_ < 72 dm> = S (kPO

[o.1)? ke(2nZ)?

Ly =3+A14+A Z 1.3 672\T211k1\472|T%k2|2
< (Ta)orree (T2

) 1 1 A
ke(2nZ)2\{0} (T35 (1+ [k )M (T2 (1 + [ko])) F
5 (7’%)2&—4‘

In the last estimate we have used that the sum in the second line is a
Riemann sum approximation to the integral [ e=2 =2k |k |2 |ky| =% dk
which converges due to Ap, % < 1.
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The fact that fr is Gaussian and stationary implies that we have
(| fr(x)P) < (fr(0)?)2 uniformly over z, which permits to write

1

([ i)’ s zont s b

In order to upgrade this LP bound to an L* bound under the ex-
pectation we observe that by the semi-group property (17) we have
fr = (fr/2)r/2 such that Young’s inequality implies

||fT|| 5 ”fT/QHLP||77Z}T/2,per||Lp’

where as before || - || refers to the supremums norm over R? (or equiva-

lently [0, 1)? by periodicity) and ||-||z» refers to the LP norm over [0,1)?,

p' = ;%5 is the dual exponent of p and Yrper() = D 4eze Yr(z + k)

is the periodisation of ¥r. By observing that for for small 7" the dif-
/ 1

ference ‘||¢T,per|| e — ( Jgo dz) v ‘ stays bounded and scaling we get

T perll o S (Ti)% such that finally

L 1,3 po\Z lyq-2-3
(LfrlP)r S @) (|l frlfe)r S (T
To also accommodate for the supremum over the scales T" we first note
that [| fr| < [|fr[| implies

1i9_4/ 1.9_ ./
sup(T4)" " | fzll S sup (T)*||fr]l,
T<1 T<1,dyadic

where the subscript dyadic means that this supremum is only taken
over T of the form 7= 27% for k > 0. Then we write

((ow @=Uil)) s >0 @yt {sr)

T<1,dyadic T<1,dyadic

S Y (T,

T<1,dyadic

which converges as soon as p > — and establishes (130) for large p.

The bound for smaller p can be derived from the bound for large p and
Jensen’s inequality.

STEP 2. Proof of (131). The bound on the e-differences follows from
(130) as soon as we have established the deterministic bound

(317) I(£)r = frll S min { =, 1} el
Given the bound
(318) () = frll < NSOzl + N frll S N frpel

which follows from the triangle inequality, the semi-group property in

the form (fo)r = (frj2)ry2 * YL and fr = (fr/2)r/2 as well as the
fact that the operators (-)r and ¥.* are bounded with respect to || - ||
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uniformly in 7" and ¢, it suffices to establish (317) for e < ;7. We then
write

I(f)r = frll = (Y2 * UL = brs2) * frpel
< / brya * YL — Yryalda || frpll,
RQ

and have thereby reduced (317) (and hence (131)) to establishing that
T
/ Wb ya % YL — ryalde S - for e < —.
R2 T 4

By scaling (recalling that iy (z1, z2) = T~ 14 (T dxy, T 2a5)), it suf-
fices to show this bound for % =1, in which case it turns into

(1% 3 (0 w1, 07 %2) — i (1, 22) S0
R2
for 0 <0< (5 )3, which is immediate for a Schwartz kernels ; and 1.

PROOF OF LEMMA 7. By stationarity and (128) we may write
(v:(0, a0) £(0))
(/.. ve<x,ao>f€<x>d:c> = Y ek a0) (R}
0,1

ke(2nZ)?

= Y Gk,ao)(fe(k = Y Gk,a0))C(k)|(L)* (k).

ke(2nZ)? ke(2rzZ)?

As the left hand side of this expression is real valued, the imaginary
part of the sum of the right hand side also has to vanish. As both C
and 1), are real valued this means that we can replace é(, ap) by its
real part (given in (132)) thereby yielding (134).

The same calculation yields

(v:(0,a0)0F0(0,ap)) = Y G(k, ao)(=k})G(—k, ap) (fo(k) f-(=F))

ke(2rZ)?

= S Gk, ao)(—k) Gk, ab)C (k)| (1) ()],

ke(2rzZ)?

and after calculating the real part of G(k, ao)(—k?)G(k, a}) we arrive
at (135).

PROOF OF LEMMA 8.
STEP 1. Bound on the expectation. We start the derivation of (141)
by bounding ([¢/, (-)r] ¢ f'). By definition (v ¢ f’) = 0. Furthermore,



70 FELIX OTTO AND HENDRIK WEBER

by stationarity and (127) and (129) we have
)] = | Do =Ry (k) (1)
= | Yo WRG) (k)b (R M (R)YC(k)|

< (T%)_3+2+)\1+>\2—K1—m
1 R T 4 T N1+'*”~2
iy (ks
T TR T k] (T L+ (k) (T3 (1 + [Ra)) 3

f§ (Ti )2(1—2—51—/12 ’

where the sum is taken over (27Z)?. In the last step we have used the
fact that the Riemann sum in the third line approximates the integral

k1tKg
fw \k1|4+\k2 #) 14 1
[fer |2+ k2| k1M ko I*Q/2

the smgularltles near the axes kl =0and k’g = (0 are integrable because
of A\, 5 22~ 1 and the singularity near the origin is integrable due to
—24 )\1 4+ Ay = =34+ 2a > —3, where we appeal to parabolic dimension
counting (alternatively, one may split the integral into |z1| < \/|z2]
and its complement). This establishes that the expectation satisfies

the bound (141).

dk. This integral converges because

STEP 2. Bound on the variance. For the variances we seek the bound

(1, Crlo )% = ()

which by definition of ¢ can be expressed equivalently without the renor-
malisation as

(319) ‘(([v', ()rlf)%) = (' O)rlf)?

To derive the estimate in the form (319) we write using stationarity
once more

(W, (rlf)) = ( /[ SO n) = 3 (ROl 0F).

ke(2nZ)?

D=

< (Ti )2a—2—ﬁ1—/<2 ,

~Y

N

S (Ti )20[727&17&2 )

The expression appearing in the last expectation can be evaluated ac-
cording to its definition

[0, ()7l f <>
= > (¥ br(k)'(k — ) f'(¢)

Le(2nz)?
(320) (k) (MyG) (k — 0) f (k — 0) M, (0) f(£),

e(2nz)?
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which permits to write
([, ()2 F)?)
=) D (e F)(Wor(=0) = (k)

4
X (MaG)(k — O)(MoG)(—(k — €)My (€) My (')
(321) ><<fk OF(OF(=(k = ) F(=0)),

where all sums are taken over (27Z)%. We now use (127) and the
Gaussian identity

(322)  (f(k—OF(OF(=(k =) f(=0))
= 5,00 (O)C (') + 80,0 C(k — O)C(0) + 500 C(k — O)C(0),

and bound the three terms resulting from plugging this identity into
(321) one by one. The first term coincides with the square of the
expectation

ZZ br(l (0))(Wrr(=t') = 4r(0))

(MzG)(—E)( MyG) () (M C) () (M C) (1)

= ([", ()rlf')*
so that the required bound (319) follows as soon as we can bound the
remaining two terms. The term originating from the third contribution

on the right hand side of (322) can be absorbed into the second term
using the Cauchy—Schwarz inequality. Indeed, we may write

>3t KD W (—(k =€) = r(—F))
X (VG)(k — () (VBG) (=0 (ML) (V) (— (k — 0)
ZWT B)PI(RG) (k = 0P INL(OPC(—(k = 0)C(0))

< (Dol (=(k = 0) = dr (=PI (VLG) (-0
kL

N

X [N (—(k = 0)PC(=(k = )C(0)),

and the second factor on the right hand side can be seen to coincide
with the first one by performing the change of variables k' = —k and
¢ = ¢ — k and the symmetry C(k) = C(—Fk). Hence, it only remains
to bound the term coming from the second contribution on the right
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hand side of (322). We use the assumptions (129) and (140) to write

ZIwT (B)P|(MaG) (k — ) PIML (0O PC () C(k — £)
|wT b (k)2 (Ja]* + 16?7
<kzﬂ +I(k O2) (14 | )M (1 + 6P
o k= O+ |(k — 0%
(1+ (k= Q)M L+ [(k = 0:)F
INda—4—2k1 -2k L\6 "@T(g) 2&T( ) 2
= (T2 1 2 Ta -
) %} ) <|T4( — O]+ T2[(k — )2 |>

(T30 + T30 7
(T3 (1+ |0a)M (T3 (1 + [a])) F
(k= Ou* + T3 (k = Oa)F
(T5(1+ | (k — )M (T3 (1 + |(k — 0)])) F

(323)

STEP 3. Bound on an mtegral In order to show that the expression
(323) is bounded by < (771)%~4=2s1-2%2 which in turn establishes (319),
it remains to show that the integral which is approximated by the
Riemann sum in the last line converges. To this end we write this
integral as

—%@>>%%P+%m?
A
" (|(k A—g)lA|4+ lA(I%_?)QJQ)%le?dl%
oy — 612 ky — 0y) F
- I1( (0D Ay ORI )R (1l 1)
W+Wﬂ M1 F (B MRl F '

We treat the inner d/ integral first. For |hy|+|hs| < 2 we use the bound
101 (0) = (L +h)| S (|| + |hal) [, [Vab1 (€ + 6h)|d6 which yields using
Jensen’s inequality:

o DA+ 10,12 .
[0 — (i B g
Blarie

Ul 1B

ARk

< (|ha| + |he])? sup /yw?l(meh)
0€[0,1]

(324) S ([ha] + hal)?.

The integral converges because according to our assumption (129) we

22 < 1 which together with the exponential decay of Viﬂl

have Ay, 5



QUASILINEAR SPDES VIA ROUGH PATHS 73

implies that the integrals over {{: |f5] > 1} and {{: |¢;| > 1} are
finite and that the integral over {|€1| 03] < 1} is finite as well. For

|hy|+|Ra| > 2 we use the estimate (¢py (€)= ((+h))? < O2(0)+2 ((+h)
and obtain

s 4 T .
[ =iy BOE D gy
[ o E

It remains to treat the outer dh-integral

~1+n2

/(min{1,|h1|+|h2|}> (|h1|4+|h2|) dh.

(325)
hi + | ol |y Mg | F

The integrability of this expression outside of {h: |hy], |ha| < 1} can be
seen using the decay of (h? + |hs|) ™2 for large |hy|+ |h2| (note that our
assumption (129) allows for negative Ay > —3+42a or Ay > —2+2a, but
this potential growth at infinity as well as the growth of the numerator
is still compensated by the decay of (h?+|hy|) 2 because of k1 +rg < 1)

and the integrability of |hi|™, and |h2|_%2 for small || and |hg| due
n1+n2

to A1, 22 < 1. Near the origin we drop the numerator (|h;|*+|h2|?)
and spht into Ay = {h: h? < |he| < 1} and Ay = {h: |ho| < B2 < 1}.
We furthermore bound brutally ||+ |ha| < |hi| + /|h2| which yields

the bound
|ha| + |ha 2 1
/,4 (h%+|h2| ) R M| B |%2dh
1 1 2
</1/\/|h2| 1 1
< dhidh
0 Jo [haf? + |ha |h1|/\1|h2|%2 o
1

1 Vik| g
fJ/ —AQ/ —)\dhldhg
0 |ho|'tZ Jo [P |

! 1
< / mdhz < 0.
| ha

2

Here we have made use of (129) and more specifically of A\; < 1 as well
%(1 + A1+ Xy) = a < 1. The integral over A, can be bounded in a
similar way concluding the proof of (141).

PROOF OF COROLLARY 4. The estimate (142) follows immediately
from (141) either with f. in the role of f' (ie. M; = 1) or (a%é)n

)

O7v.(-,ap) in the role of f’ which amounts to

. (—=1)mnlk2r -k
My (k) = k
1K) (apk? — iky)" a{)k;f—z'k;/}s( )
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and with (6%0)“ ve(+, ap) in the role of v’ i.e.

- (=D"nlki™ -
My(k) = ——2—"1 :
2(F) (ahk? — iky)" )

For the derivatives wrt € we observe that the product rule applies in
the form

_ [8 0

9
8_58716‘%(" ao), ()T} O{fsa Waﬂ}s}

[t Cr] o G gt

We then apply (142) to each of the terms on the rhs separately. The

multlphers My, M, are the same as above only with 1/1’ replaced by
885 ! < (K + k2)7e'"% in Ms for the first term and in M, for the
second term.

PROOF OF PROPOSITION 2.

STEP 1. Bound on the supremum over x and 7. Our first claim is
that uniformly over ag, af, € [A, 1], € € (0, 1] for some k < 1 and for all
n,n’ > 1 we have

/

((sup(r2 | s o). O
(320) o (i) ) 51

<(S£(Ti)2 2a +ﬂy|§5§;a(8—nl),[ve(-,ao),(-)ﬂ
(327) o Coap))') 550

To keep the notation concise, for the moment we restrict ourselves to
the bound for [v., (-)7]©d?v without the derivatives wrt ag, af, €. The
general case of (326) follows in the identical way and so does (327) if in
the proof (142) is replaced by (143). To simplify the notation further
we drop the subscript € as well as the dependence on ag, af, for the
moment.

First of all [v, (-)7] ¢ 9?v is a random variable in the second Wiener
chaos over the Gaussian field f such that by equivalence of moments
for random variables in the second Wiener chaos and by stationarity,
the bound (142) can be upgraded to

(328) (v, ()rlodRufyr S (TH)22
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for any p < oo (the implicit constant then depends on p). We now aim
to upgrade this L” bound to an L* bound over z. At the same time,
we want to show that the supremum over all 7' < 1 can be reduced to
a supremum over all dyadic 7', i.e. over T of the form T = 2 * for a
k > 0. For any given 7" < 1 there is a unique a dyadic 77 < = such
that T' = 27" + t for with 27" < T < 4T’ and we refer to thls ch01ce
when we write 7" in the sequel.

We make use of the commutator identity
(329) [, ()rledfv = ([v, ()]0 0iv) pyy, + [V, (D1rsd] (OF0)1.

The second term on the right hand side of (329) can be bounded di-
rectly by making the convolution with 7/, explicit and using Lemma 9
and (18) to get

([, ()rr12) (020)) ()
=/@m»—wwwwﬁw—yx%mw@My

s&%w@%nw/w%%wwpax—wuy

(T 1) 2((T" + ) 1) [o]ar (1) 1) > (920)7]))
(T2 (sup(T 1)’

AR AN

(Note that here we have used Lemma 9 to bound the semi—norm [V]a
by the C®~2 norm of f. The same argument applies to =% a w U v(+, ag) using
an identity like (222) and iterating Lemma 9. Similarly the C*~2 norm
of %88121)(" ap) is controlled by the C*~2? norm of f.) Taking the sup
over x and 71" and then the p-th moment in the expectation we get from
Lemma 6

Jun

(3T, e @) 1)) 5 (5Tl gl

1.

AN

To bound the first term on the right hand side of (329) we use Young’s
inequality (on the torus) in the form

(v, z1001v) 10 Ml S v, (r] 0O vllLe ¥t perl 1
where L? denotes the L” norm on the torus [0,1)?, p’ = 57 is the dual

exponent of p and Y7 per(7) = D ez Yr(z + k) is the periodisation
of 1y. By observing that for for small T the difference |||t7 perl| 0 —

( Jeo w;’ dw)i stays bounded and scaling we get ||¢r per|| 1o S (T4)
such that finally

([, (V] 0020) 1 Il S (T + ) 2 [0, ()rr] 0 0] o
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Dropping the t and taking the supremum over T" we get for any p

(s (0. Oro0f0) )

T<1

< Y ()T |, () 0 820},

T'<1 dyadic

Finally, we take the expectation of this estimat and use (328) and the
stationarity to get

<(Sup(Ti)2*2a/H ([U, ()7 o&fu)T/+t||>p>
<D (@A (1) D), (Yo BRullh, )

5 Z (T% )p(2a_2a/)(TZ>_3-

Tgé,dyadic
To obtain (326) for fixed o/ < a and p we now apply this estimate for

an exponent p’ > max{ﬁ, p}, sum the resulting geometric series
and use Jensen’s inequality.

STEP 2. Introducing the supremum over ao, aj. In the following steps
we use the notation

o an’
(330) A(T7 aop, Cl6, 5) = aT./ga(a—a)m[UE('u aO)? ()T] © {f€7 8%1}5('7 CLE))}

In this step aim to show that for each € € (0,1] and k < 1

(331) <( sup sup(Ti)Q20‘/|]A(T,a0,a6,5)|]>p>;§1,

a0.aher1] T<1

19 94/ a / p % K _
332)  (( swp sup(TH| AT a0, 0, )]) ) S

ap,ap€[N1] T'<1

For (331) we use the Sobolev inequality

1 1 1 1
9
sup sup ||A|]p§/ / HAdeaoda’oJr/ / 1-2- AP dag dal,
ao€[\1] ape[A1] A JA A JA dag

1 1 a
—A||Pdag day
[ [ gz Arrdas
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which holds for p > 2. Taking the supremum over 7T, then the expec-
tation and invoking Fubini’s theorem and (326) yields

<( sup  sup sup(Ti)272a/HAH>p>

ao€[M1] afe[A1] T<1

< I 4Gt 1)
o [ ety gz an) s
%2206 /
// STin “a’A“> >daodao L,

o (331) follows. For (332) we repeat the same calculation with A

replaced by £ A and (326) replaced by (327).

STEP 3. Bounding the supremum over €. Let A(T, ag, aj, €) be defined
as in (330) above. In this step we upgrade (331)and (332) to

/ oy L
(333) (s sup sup(TH? AT a0, a,)]))" <1
€€(0,1] ag,ap€[N,1] T<1

valid for o/ < a. We start with the elementary inequality

sup |A(e |</ |A(e |d€+/ |— e)|de.
0<e<1

We now multiply with (771)2-%+* for some o/ < a and rk < 1, take
the supremum over 7', ay, a; of this estimate, take p-th moments and
invoke Minkowski’s inequality to arrive at

1 / p %
((sup sup sup sup(TH)>2 ) 4))")

56(07” GOEP\J] a/Oe[)‘vl} T<l1

§/Ol<< sup  sup sup(Ti)2_2“l+“\|A||>p>;de

ap€[N1] age[N1] T<1

+/01<( sup  sup sup(Ti)2 2a+n” AII) >;

ao€[\ 1] ah A1) T<1

1
5/ (1+ei Hde < 1.
0
Now (333) follows by relabelling —2a/ + k as —2¢/.

STEP 4. Bounding ¢ differences. We claim that for k < 1 and all
p<ooand o <«

1.9 94/ _ kK
<< sup  sup  sup(T1)* 72 gy —gy[7h
CLo,CLéG[)\,l] 51#526(071] T<l1
1

p
(334) X | AT, ao, af, 21) = (T, a0, 0,21) 1) )" S 1.
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We start the argument with Holder’s inequality in the form

A(er) = Aol = | [ A
<|52—51|4 / ‘(‘9 14 )12_

Now, we multiply this estimate with (71)27200%+% for another & < 1,
take the supremum over 7', ap and ag, then p-th moments, and finally
invoke Minkowski’s inequality and (327) to get

<< SUup sup  sup(T4) 2R |gy — gy |7

ao,ap €[N 1] e17£e2€(0,1] T<1

1

p p
AT a0, af, €2) — <T,ao,ag,el>||) )

LN2—2a'+k+Fk %(1*%) -1
sup sup(T*%) = AHP)> d)

(1()(1 E)\l 7<1
0

so (334) follows by relabelling —2a/ + k as —2¢/.

Ve < 1,

STEP 5. Conclusion. To shorten notation, we only treat the product
vz ¢ f.. Writing
(veo fo)r = ve(fe)r — [0, ()7l e,

and invoking (130) and (131) for the first and (334) for the second
term imply that v. ¢ f. converges almost surely with respect to the
C®~2 norm to a limit vo f. Furthermore, the estimates (333) and (334)
remain true if the supremum over € € (0, 1] is extended to include the
limit as € — 0.

6. APPENDIX

Lemma 9. The (mean-free) solution of (62) satisfies the estimate
(335) suplv(-, ao)la S sup(T+)*~) fr].

ao

PROOF OF LEMMA 9.
All functions are 1-period if not stated otherwise.
STEP 1. Reduction. We claim that it is enough to show

1N2—a
sup(T1)*~| fr||
T<1

(336)  ~inf{[flat [fola+lel | f =R +Dfate

where the infimum is over all triplets (fi, f2,¢) of two functions and
a constant. Incidentally, the equivalence confirms that the lhs indeed
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defines the (parabolic) C*~?-norm. Indeed, let the decomposition f =
0% f1 + Oy f2 + ¢ be near-optimal in the rhs of (336), that is,

(337) [fila+ [folo S sup(T4* | 7]l

By uniqueness of the mean-free solution of (62) this induces v(-, ag)
= 0?v; +07vy where vy, i = 1,2, denote the mean-free solutions of

(82 - aoaf)vl = f1 and ((92 — CL()&%)'UQ = f2.

By classical C*"2-Schauder theory [12, Theorem 8.6.1] we have [0?v;],
+[vi]a S [fila, so that (335) follows from (337).

STEP 2. For the solution of

(338) (9, — 3o = Pf

we claim

(339) lor — v|| < Nomax{(T%)*, (T3)*} for all T > 0,

where we have set for abbreviation Ny := supTSl(T%)z_aH frl. We

start by noting that the definition of Ny may be extended to the control
of T > 1 by the semi-group property (17) in form of fr = (f1)r_1 and
(18) in form of || fr| < || f1]|- We thus have

(340) I frll < Nomax{T* 2 1}.

By approximation through (standard) convolution, which preserves
(338) and does increase Ny, we may assume that f and v are smooth.
By definition of the convolution (-); we have

Doy = — (04 — 02y = (—02 — By)(Dy — D2yuy =) (—02 — y) P,
(17)
D (—02 — 3y)(f+)

Hence we obtain by (18) for all 7' <1

1 (340) 1 "
10wl < ()2 F5ll S Nomax{(£0)*~%, (¢4) 7%}

Integrating over ¢ € (0,T) we obtain (339) by the triangle inequality.
STEP 3. For v defined through (338) we have
(341) [v]a S Ny

As in Step 2 we may assume that f and v are smooth so that [v], is
finite. Because of periodicity, it is sufficient to probe Holder continuity
for pairs (x,y) of points with d(y,z) < 4. For any 7" > 0 we have the
identity

v(y) —v(@) = (vr = v)(y) — (vr — v)()

- /0 Oror(sy + (1 — s)z)(y — x)1 + Ovr(sy + (1 — s)x)(y — x)ods,
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from which we obtain the inequality
[v(y) — v(@)] < 2[lvr — vl + [|Orvr d(y, 2) + 9207 ]|d* (y, @).
From Step 2 and (18) we obtain the estimate

[v(y) —v(z)]

S Nomaxc{(T5)*, (T5)*} + [u]a ((T7)*d(y, 2) + (1) *d*(y, 2).
With the ansatz T3 = Ld(y,z) for some ¢ < 1 and making use of
d(y,z) <1 we obtain

[0(y) —v(@)] < (€7 No + [V]a(e ™ + 7)) d*(y, @).

Fixing an e sufficiently small to absorb the last rhs term into the lhs
we infer (341).

STEP 4. We finally establish the equivalence of norms (336). The
direction < follows immediately from (18). The direction 2 follows
from Step 3 with fi = v, fo = —v, and ¢ = f[o e f-

Lemma 10.

(342) sup(7) 7 [z1, (V7] ]| S sup(T7)2 fr|
T<1 T<1

PROOF OF LEMMA 10.
Introducing the kernel ¢r(x) := x197(z) we start by claiming the
representation

(343) (o1, ()rlf = 20z * fr.

Indeed, by definition of the commutator and Ur we have [z1, (-)7]f =
Yr * f, so that the above representation follows from the formula

(344) = 2 2 vy,

The argument for (344) relies on the fact that convolution is com-
mutative in form of w% * 1/1% = w% * w%, which spelled out means

Jdy(xr =gz (z = y)ibz(y) = [dypr(z —y)yigz(y), and thus im-
plies 2 [ dy(z1 — y1)dz (@ — y)vr(y) = o1 [ dydr(z — y)yz(y), that
is 2(pr * ¥r)(x) = z1(Yr * hr)(x). Together with the semi-group
proper?cy (172) in form of 1/12% * 1/1% = ¢ this yields (344).

From the representation (343) we obtain the estimate

18)
iz Orifl <2 [ delervg @Iyl S THLAL

which yields the desired (342).
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Lemma 11. Let ¢ and ¢’ be Schwartz functions over R* with [ =
[ =1. ForT >0 set

(345)
_3 Ty T2 / _3 4, T1 T2
=T"1 - = =T 1 — ).

¢T<1'1,1E2) @Z}(TiaT%)v @ZJT(:EMZEQ) ¢ (TiaT%)
(i) For an arbitrary Schwartz distribution f € S'(R?) set
(346) (Nr=f*dr and  (f)p=f*vL.
Then for any v < 0 we have
(347) sup(T) |(f)rll S sup(T5) (),

T<1 T<1

where < only refers to 1, ' and 7.

(i) Let o« > 0 and v < 0. Let u be function of class C* and f a
distribution of class C7. Furthermore, let uo f be an arbitrary distri-
bution of class C7 and define the generalised commutators [u, (-)]o f =
u(f)r = (uo f)r and [u, (-)']o f = u(f) — (wo f)p. Then for y=y+a
we have

sup(71) 77| [u, (V7] FI| < sup(T9) 7 [[[u, ()] £

(348) + [u]asup(T%) ()7l

T<1

e

where < depends on o, v as well as 1 and .

PrOOF OoF LEMMA 11.

STEP 1. The proof relies on a variant of a construction from [3]
which we recall in this step. For the reader’s convenience we give self-
contained proofs of the identities in Step 4 below. First of all, for any
p > 0 there exists a Schwartz function w® such that ¢ = w®*1)’ satisfies

(349) / ! () = {1 for a = 0

0 for 0 < ||n|lpar < p,

where for n = (nj,n2) and x = (z1,25) we use the parabolic norm
I |lpar = |n1| + 2|n2| and 2™ = x7*x5?. Furthermore, it is shown that
for any p and any ¢’ satisfying (349) as well as § < 1 (depending on

©, 1, p), the function 1) can be represented as
(350) Y=Y w® xgp,
k=0

where ¢, is the rescaled version of ¢’ defined as in (345) for T' = 6F,
and the w® are Schwartz functions satisfying

(351) / W®] < (Cobh),
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where Cy = Cy(¢’, 1, p). The convergence of the sum in (350) holds in
L'(R?) . Additionally, we will make use of the bounds

(352) / 4°(0, 2)|w® () |dz < (ot

We summarize this as ¢ = Y pe w® xw), x 47, . which can be rescaled
as

(353) Yr = Z Wi s Whp * Wy,

k=0
where as before the index T" expresses that a function is rescaled by T
as in (345).

STEP 2. Equipped with these results we now proceed to prove (347).

Wlog we assume that f is smooth. We set supp- (A I(T3)~" = Ny
and write

1(H)zll = |1 * Z%w x (W) % W)

o)

=Dl ol P f 18] [ b

k=

< vyttt [

=0

2

where in the last line, we have used (351). Then (347) follows by choos-
ing first p > || and then i <

< -1 and then summing the geometric
g 2C)
series over k.

STEP 3. As in the previous step we assume wlog that u, f, uo
f are smooth (however, we do not assume that uwo f = uf). We
set supp<y ||[u, (-)7] o f (T1)™" = N, and as in the previous step
SUpp<y () l(TT)™ = Ny. As in the proof of (347) we make use of
the representation (353) of 11 to write

rlof = Zu wT *wakT*%kT*]of

We apply the commutator relation [A, BC| = [A, B|C' + B[A, C] twice,
to rewrite each term in this sum as

[u, wi * Wiy * @orr] 0 f

= [u, wgﬁ) * wng*](f)'okT + wgc) % wng  [u, (grp) o f

= [, K] (Wl * (Flper) + wi ([, wher#] (F per)

(354) + Wi W * [, (Vpup] © -
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We bound the terms on the rhs of (354) one by one, starting with the
last. This expression can be directly bounded using Young’s inequality

k15
1@ 5 WOy [, (Y] © f]] < / wi| / |wWhp| (BITT)TN,

:/ jw®)] / WO (B3T) ;.

Therefore, the sum in k over this term is controlled by invoking (351)
for p large enough, then choosing 6 small enough, resulting with a
geometric series as above.

By Young’s inequality, the second term on the rhs of (354) is bounded

o 5 (s el < [ 1 s e e

According to (351) the first factor on the rhs is bounded by < (Cof%)F,
while the second factor can be bounded as

1 {ee, ] (f Vel

= sup | [ (ula) = u(w)fer(y — o) (s ()

< [l No(® T4 sup. [ () ey — )l

< [l M@ TH (D))" [ @09 @)l

so that summing these terms over £ also yields the required bound.

It remains to bound the first term on the rhs of (354) and for this we
write

[tt, wi? ] (B % (f )|

<sup [ futy) = )| [0 = 2)ldy [ i) 1Yo
< falosup [ (o) — o)y ([ 1) No(oi Ty
— (o [ 02w @l ([ 1) No(EiTh

Ll

The first integral on the rhs is bounded < (Cof%)* in (352), so that
finally (348) follows once more by choosing p large enough and 6 small
enough and summing over £.
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STEP 4. It remains to give the argument for (349), (350) and (352)
following [3]. The construction of w® is based on the identity

Ay = /x"(?mz//(x)dx

_ {0 if [|n][par < [[m[par, 7 # m

(—1)Imaltimalim, I, for m =n

This trigonal structure implies that for any fixed p the linear map
(@m) mlpar<p = (lemllpar@ A mm)|n|lpar<p 15 invertible. Furthermore,

for each n,m the numbers A7, | := [2"9™ (4] * ¢)')(x)dx converge to
A, as v — 0 and for » > 0 small enough the linear map associated
to (AJ ) Inllpars|lmllpar<p 18 still invertible. This implies in particular the

)|

existence of coefficients (a,,) such that

> A= 3 an [0 @)
[mllpar<p [[mllpar<p
)1 ifn=0
1o else
The identity (349) thus follows for w® = D mllpar<p GOV}

The key ingredient for the proof of (350) and (352) are the following
estimates (355)—(358). We claim that for an arbitrary Schwartz func-
tion w and any multi-index m = (my, ms) with ||m|par < p+ 1 we have
for any T > 0

(355)
/ 0w — ¢y xw)| < Co / 0™],

/d(O,x)o‘|8m(w — @l ok w)|dx

(356) < o / d(0, 2)°|0™w|dz + (TH)° / 0" ld).
Furthermore, for 7' < 1

(357) [lo-du<arty 3 [om

lm|lpar=p,p+1

/d(O,x)o‘\w—goif*w]
(35) <criy Y (/d(o,mamwy+(Ti)a/|amw|),

Hm”par:pvp‘f‘l

where we have Cy = Cy(¢') in (355) — (358). The estimates (357) and
(358) rely on the Assumption (349) that ¢’ integrates to zero against
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monomials of degree 0 < [|n|/par < p. Once these bounds are estab-

lished, the representation (350) follows if we define the w®) recursively
by

WO = and WD = u® _ g

for a # > 0 small enough. Indeed, iterating (355) and (356) yields

> /(1 +d(0,2)%)]0"w™|dx

[lm|lpar=p,p+1

<o) 3 [ardoamenis,

[mlpar=p,p+1

which can then be plugged into (357) and (358) to yield
/(1 +d(0, 2)*)|w* V| dz

<o)ty Y [ downids

Il par=p,p+1

which in turn yields (351) and (352). The representation then follows
by observing

P =w® =00 % + 0 =05 + W) +w® =,
which together with (351) implies that the convergence holds in L.

The bounds (355) and (357) are provided in the discussion following
Equation (295) in [3] (up to the parabolic scaling which can be included
in the same way as in the following argument). Here we only present
the proofs for (356) and (358) which follow along similar lines. First
of all, in order to bound [ d(0,z)%0™w — ¢ * 0™w|dzr we make use
of the triangle inequality in the form [0"w — ¢} * 0"w| < [0"w]| +
|/ % OMw|. The integral resulting from the first term then already
has the desired form. For the second term, we write |¢/f * 0™w(x)| <
[ e (x — y)0™w(y)|dy and use the triangle inequality once more, this
time in the form d(0,2)* < d(0,z — y)* + d(0,y)*. Hence, it remains
to bound the two integrals

/ / 40,7 — 4)°p(x — )| [0™w(y)\dedy
< / 0(0, 2)° () d= / ™ (y)ldy,
— (T / 4(0, 2)° | (2)|d2 / 107w ()| dy,
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[ [ 051t = o)l o) dzy
< [ler@lde [ d.9)10mst)ldy
and estimate (356) follows.

To obtain (358), similar to [3] we obtain the pointwise bound

o7 * w — wl(x)

(359) <2 / / 4(0, 2)mllone |

”mear—p p+1

r(=2)| |0™w(x + s2)|dzds.

We recall their argument (adjusted to the case of parabolic scaling):
First, according to (349) ¢ integrates non-constant monomials of (par-
abolic) degree < p to zero which permits us to write (¢ *xw —w)(x) =

S/ (w(x—i—z) 2 mllpar<p Tt 0" w(2)2 m) ¢'r(—2)dz. At this point we
seek to apply Taylor’s formula, but unlike [3] we need an anisotropic

version of the error term. In order to formulate this we define for
m = (my, mo)

8m m 1 1— (m14+ma—1)
Tm:M Em:/ ( 8) zmﬁmw(x—i—sz)ds,
(m1 + m2>' 0 (m1 + mo — ].)'

and observe the elementary identities w(z+2)—w(z) = ELO 4+ EOD as
well as E™ = T + Elmitlme) 4 pimime+l) which permit to recursively
obtain

1 m m
[l par<p

- ¥ ML\ e ma) 3 M M2\ (g ma 1)
mq my

lmlpar=p lm||par=p—1
< my1 + Mma E(mth)
> § my

lm|lpar=p,p+1

Then bounding |2™| < d(0, z)I™ler and observing that the combina-
torial pre-factor satisfies m(mﬁf”) < 2 and dropping (1 —
s)ymitm2=l <1 the claimed expression (359) follows.

To bound [ d(0,z)*|¢} * w(z) — w(z)|dz we then use the triangle in-
equality in the form d(0, z)* < d(0, s2)* +d(0, x + sz)® which prompts
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to bound the two integrals

T(—=2)| |0"w(z + sz)|dzdsdx

/// (0, 52)d(0, 2)Imlese] !
< ([ do.2)md(0,2)71h(-2)dz) ( [ lomw(w)lds),

// / (0,2 + 52)*d(0, z)I™leer oo

= ([ a0 -2)) ([ 0.0 0" wiw)de).

r(=2)] |0™w(z + sz)|dzdsdx

both of which are bounded as claimed in (358).

[1]
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