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1 Lebesgue covering dimension

Let X be a topological space.

A covering o of X is a finite collection {U;}"_, of open sets such that

X = O U;.
j=1

The order of a covering is n if the largest number of elements in the cover
that have non-empty intersection is n + 1.

Another covering § of X is a refinement of « if every element of 3 is
contained some element of «.

Definition 1. We say that dim(X) < n if every covering has a refinement
of order < n, and set

dim(X) = min{n : dim(X) < n}.
Note that dim(X) is integer valued and is a topological property, i.e.
invariant under homeomorphisms.

For on this definition and its elementary properties see Hurewicz & Wall-
man (1941) and Munkres (2000).

We now restrict our attention to a compact metric space (X, d); we prove
our first embedding result in this context. We use an equivalent definition of
the dimension, but first we need an auxiliary definition.

Given U C X the diameter of U is given by

diam(U) = |U| = sup d(u,v).

u,velU
The mesh size of a covering is the largest diameter of elements of the covering.

Lemma 2. If (X,d) is a compact metric space then dim(X) < n if and only
if there exists coverings of order < n with arbitrarily small mesh size.



Proof. (Exercise) = use compactness of X and cover with balls of radius
€/2, take a finite sub-cover, and then a refinement.

< Show that any covering « has a ‘Lebesgue number’: there exists n > 0
such that any subset A of X with |A| < 7 is entirely contained in some
element of . ]

We will use the Baire Category Theorem to prove the following result. We
say that a map from (X, d) into R¥ is an embedding if it is a homeomorphism
between X and its image.

Theorem 3. Let (X,d) be a compact metric space with dim(X) < d. Then
a residual set of maps in C(X;R?*TY) are embeddings of X into R?T+1,

Before we begin the proof, another definition. We say that g € C'(X; R¥)
is an e-mapping if

diam(g~'(y)) <e  forevery y € g(X),
ie. if g(z) = g(2') implies that d(z,z2") < e.
Lemma 4. If g € C(X;R¥) is a 1/n-mapping for every n then g is a home-

omorphism.

Proof. We give what is essentially a topological proof.

First, observe that in this case ¢ is injective. So it is an injective map
from the compact space X into R*. So we can define g7': g(X) — X, and ¢
is continuous iff g maps closed sets to closed sets.

Let K be a closed subset of X. Since X is compact, K is compact. Then
g(K) is compact, since K is continuous, and so g(K) is closed. So g~' is
continuous and ¢ is a homeomorphism. O]

Our strategy of proof is therefore to show that for k sufficiently large the
set
FE={f € C(X;R"): fisan e-mapping}

is open and dense in C'(X;R¥); we use the sup metric on C(X;R¥), i.e.

p(f,9) = If = 9l = sup |f(x) — g(z)|.
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Lemma 5. The set FF is open in C(X;R*) for every ¢ > 0 and for any
k € N.

Proof. Take g € ZF. Noting that
Z=A(z,2") e X x X : d(z,2') > ¢}
is compact and that h: Z — R defined by
h(z,a') = |g(x) — g(')]

is continuous, since h > 0 on Z it follows that h(x,z’) > § for some 6 > 0,
for every (x,2') € Z.

Now suppose that f € C(X;R*) with ||f — gllee < §/2. If f(2) = f(2)
then
lg(z) —g(@) <0 = d(z,2) <k,
and so f is an e-mapping. This shows that .ZF is open, as claimed. O]

To show that .Z is dense when k is large enough we need more ideas/definitions.

Definition 6. We say that a set of points {x, ..., zy} in R¥ is geometrically
independent if
N N
Zaixi:O and Zai =0
=0 =0
implies that oy =0 fort=0,1,...,N.
This is the same as saying that for any {a;}Y, we have
N
Zai(afi—xo)zo = a;=0fori=1,2,...N,
i=1

i.e. the vectors {z; — 7o}, are linearly independent.

We can use any set of points {xg,...,zx} to ‘generate a hyperplane’ P,
N N
P={z= Ztixi where Zti =1}
i=0 i=0

N
= {x:xg—i-Zai(xi—a:o) for any a;, i=1,... N}.
i=1



Note that if N < k then P has empty interior (and zero measure) and if
y ¢ P then

(wa"axNay)

are geometrically independent.

Definition 7. A set of points in R* is in general position if any subset of
< k+ 1 points is geometrically independent.

The following lemma is the key to showing the density of .ZF.

Lemma 8. Given {z1,...,oxy} € R¥ and § > 0, there exists a collection
{y1,...,yn} C R* that is in general position and |y; — z;| < § for every
j=1,...,N.

Proof. We argue by induction, taking y; = x;.

If (y1,...,ym) are in general position, consider all the hyperplanes de-
termined by < k elements. Each of these has empty interior/zero measure,
and so their union has empty interior/zero measure. So certainly there exists
Yma1 such that |yma1 — Tmy1| < 0 and y,,41 is not contained in any of these
hyperplanes.

We claim that {y1,...,yms+1} are in general position. Take k + 1 of the
{y;}: if none of these are y,,11 then they are geometrically independent, since

they come from the points {y1, ..., yn}, which are in general position; if one
iS Ym+1 then they are in general position, since ¥, is not in the hyperplane
generated by the other & elements. O]

We are now in a position to prove the density result we need.
Proposition 9. If (X,d) is compact and dim(X) < n then F2"*! is dense
in C(X; R ).

Proof. Take f € C(X;R?*"*!) and n > 0.

Since X is compact the function f is uniformly continuous, so there exists
0 < e such that

da,a) <5 = |fl@) - f)] <3 1)



Since dim(X) < n, there exists a covering {U;}’_, of X with |U;| < §
and of order < n, i.e. any point in X is in at least one, and at most n+ 1, of

It follows from (1) that
diam(f(U;)) < n/2 forall j=1,...,r

Now use Lemma to find points {p;} that are in general position in R*"*! and
satisfy

dist(p;, f(U;)) < n/2.

Define w;(z) = dist(z, X \ U;), which is continuous for every i; then
w;(x) > 0 if and only if z € U;. Since w;(z) > 0 for at least index ¢, and at

most n + 1,
0< Zwl(x) < 0

for every x € X, and so
w;(x)

¢i(r) = =———
2. w;()
is well defined and satisfies 3 ¢;(x) = 1 for every z € X.

Now set .
i=1

which is an element of C(X;R**1) that, for any x € X, satisfies
|f(z) — (pi — f(2))

< Z@ |pz )|

< {Zﬁbz(iﬂ)}n =1,

using repeatedly the fact that ). ¢;(z) = 1. It follows that || f — g/l < 7.




It remains only to show that g is an e-mapping. So suppose that g(z) =

g(2'); then
Z ¢i(x)p; = Z ¢i(2")pi
i=1 i=1

and so
'

> (di(x) — dula’) pi = 0.

i=1 .
=y

Now, recall that there are at most n + 1 values of i for which ¢;(x) # 0; and

at most n + 1 values for which ¢;(z") # 0. So at most 2n + 2 of the «; are
nON-ZEro.

Observing that Y .o, =Y. ¢i(z) —>_. ¢s(2') = 0, it follows from the fact
that the 2n + 2 points {p;} are in general position in R?"™! that we must
have a; = 0 for every i, i.e. ¢;(x) = ¢;(2’) for every i.

Thus if g(xz) = g(2') and x € U, so that ¢;(z) # 0, it follows that
¢i(2') # 0 and 2’ € U;; since diam(U;) < 0 < e, we must have d(z,2’) < ¢
and so ¢ is an e-mapping. [

Now the proof of Theorem 3 is straightforward: the set

o
a2n+1
AEas

m=1

which we have already observed consists of embeddings of (X, d) into R?"1,
is a countable intersection of open and dense sets, and so forms a residual (in
particular dense) subset of C'(X;R?**!) by the Baire Category Theorem.

To conclude this section, observe that any compact metric space (X, d)
that is homeomorphic to a subset of R***! must have dim(X) < 2n+1 < oo,
so the existence of a homeomorphism onto a subset of some finite-dimensional
Euclidean space characterises compact metric spaces with finite Lebesgue
covering dimension.



2 Hausdorff dimension

The Hausdorff measure of a metric space (X,d) (or a subset of (X,d)) is
defined as follows. First, set

[e.e]

J5(X) = int {Z Uil x c|Jus, |uil < 5} :

i=1 i=1
and then put
(X)) = lim J6° (X).

d—0
Defined in this was . is an (outer) measure on subsets of (X, d).

In R™, 2" is proportional to £ (Lebesgue measure).

The definition of the Hausdorff dimension is based on the following simple
observation: if #*(X) < oo, then for any s’ > s we have 7 (X) = 0.
Indeed, for every 6 > 0 there is a cover of X by sets {U;} with diameters < &
such that

D IBIP < (X) + 1.
j=1

So for s’ > s we can use the same cover to show that

o

SOIBI <6 N Byl < 80l (X) + 1],

J=1 J
from which it follows that £ (X) = 0.
Definition 10. We set

dimg(X) = inf{s > 0: J°(X) = 0}.

Because of the way it is defined, we do not actually need to have a defini-
tion of the Hausdorff measure to define the Hausdorff dimension, apart from
the fact given in the following lemma.

Lemma 11. J2°(X) = 0 if and only if for every € > 0 there exists a count-
able covering {U;} of X such that

U <e. (2)
j=1

8



Proof. = is immediate from the definition of #°. Conversely, given any
§ > 0 choose ¢ > 0 such that /¢ < § and find a covering that satisfies (2);
then every element in the cover satisfies |U;|* < ¢ and so |U;| < e/* < 6. O

We can now prove some elementary properties of the Hausdorff dimension.
Proposition 12. (i) If A C X then dimp(A) < dimp(X);

(11) if {Ax}s2, C X then
dimy (U Ak) = sup dimy (Ayg);
k

k=1
(111) if f: (X, d) — (Y, p) is 0-Hélder continuous, i.e.

p(f(2), f(y)) < Cd(z,y)°
then dimy(f(X)) < dimy(X)/6; and
() if U is a subset of R"™ then dimy(U) < n; if U contains an open subset
of R™ then dimy(U) = n.
Proof. (i) is immediate from the definition.

(ii) If the supremum is oo there is nothing to prove. Otherwise let o =
sup, dimy(Ay); then for any s > o we can find countable covers {U. j(k)} of
the A; such that

k)|s — k
NP <ote = Yo <,
j=1 gk

and so ¢°(union) = 0. It follows that dimg(union) < o, and it follows from
(i) that dimg(union) > o.

(ili) Take s > dimy(X); the for every ¢ > 0 there exists {U;} such that

S Ul <.
J



Under f, we have |f(U;)| < C|U;|%, and {f(U;)} cover f(X), such that

S IAU)? < Ce.
J

It follows 5#/%(f(X)) = 0, and therefore dimy(f(X)) < dimy(X)/6.

(iv) Any subset of R" is contained in the union of a countable number of
unit cubes; by parts (i) and (ii) it is therefore enough to show that dimpy(Q) <
n, where @ = [0, 1]".

For any € > 0, the cube () can certainly be covered by ™" cubes of sides
2¢; for this cover

ST < e7"(2vne)’ = (2v/n)° e,
Jj=1

and so J°(Q) = 0 for every s > n. It follows that dimy(Q) < n.

If U contains an open set, then it contains an open ball B. If dimy(U) < n
then 72" (U) = 0, and so 5" (B) = 0. Then for any € > 0, B can be covered

by sets U; such that
> oIU <.

Since any set U can be covered by a ball of radius 2|U], it follows that B can
be covered by balls B; such that

ZILL(BJ> < CZQ”‘Ujln < (C2"
for any €, i.e. u(B) = 0. But this is impossible, so dimy(U) = n. O
We now want to show that dimy(X) > dim(X). To do this we first need
another result about the covering dimension.

Lemma 13. Suppose that for every open cover {Uy, ..., Uy} of X there is
a cover of X by closed sets {Fy,..., Fyio} such that F; C U; and N;F; = 0.
Then dim(X) < n.

Proof. First we show that the same holds if we replace the closed sets F}; by
open sets Vj.
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Observe that
FrcUn {X \ H?IZQFZ«} , which is open.
It follows that there is an open set V; such that
P CWViCcViCcUn{X\NZFE}.

Clearly {Vi,Us,...,U,2} is still a cover; Vi C Vi C Uy; and

n+2 n+2
Vin(\FE=Vin(F =0
1=2 =2

From this it follows that

n+2
zgg@m{X\GZmﬂPO},
=3

and so we can find an open set V5 such that

n+2
&g%g%g@m{ﬂ(ﬁmﬂﬂ)}
=3

Now {Vi,Va,Us, ..., Upnya} is still a cover; Vo C Vi C Uy; and

n+2
VinVen () F=0.

i=3
We can continue in this way to obtain {Vi,...,V,12}, open sets with the
required property.
We now show that this implies that dim(X) < n.

Take an open cover {Uy,..., U} of X. If K > n + 1 then this is a cover
of order < n; so assume that & > n + 2.

We will apply the following construction to every n + 2-element subset.

11



Set

w [0 j=1,...,n+1
’ Uf:nJrZUi j =n-+2.

These sets {WJ}?;Q cover X, and so there exists a cover of X by open sets

{V;}*2 such that V; € W; and N2V, = 0.

Now set

gV j=1,....,n+1
I UjﬂVn+2 jZn—l—Q

Then {U}} is a new cover of X by open sets, such that
U;CU;  and N U NU =0
for every ¢ > n + 2.

In this way we end up with a refinement of the original covering of order
< n, whence dim(X) < n. O

Theorem 14. Let (X,d) be a compact metric space. Then dim(X) <
Proof. Let dim(X) = n. Then it is not true that dim(X) <n — 1.

So there exists an open cover {U;}!t! of X such that any family of closed
sets { F}}, F; C U;, that cover X, must have non-empty intersection, N1} F; #
0.

Give this cover, let w;(z) = dist(x, X \ U;), so that (as in the embedding
proof) w;(x) # 0 if and only if x € U;. For each x € X we know that
w;(x) # 0 for at least one index 4, since the {U;} cover X.

Note that w; is Lipschitz continuous with

|wi(x) —wiy)| < d(z,y),

and so ), w;(x) is also Lipschitz continuous,

Z)M@—}:w@)SW+UM%w
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Since ) . w;(z) > 0 for all € X and X is compact, it follows that there is
some y > 0 such that ). w;(x) > v for all z € X. It follows that

w;(x)

Zj wj(z)

is Lipschitz continuous for each i. Note that ). ¢;(z) =1 for every z € X.

x> @) =

Since each ¢;(z) is Lipschitz continuous, the map ®: X — R""! defined
by
®(z) = (¢1(2), - - -, Pnpa(2))
is also Lipschitz. It follows that dimpy(®(X)) < dimg(X).

We now show that ®(X) contains

n+1

T ={(t1,...,thy1) s t; >0, Zti: 1}.

i=1

Noting that the set T' is the image of the open set

{(tr,..t) ER™: 0< )t <1}

i=1
under the Lipschitz map

n

(trseootn) = (bt L= > 8)

=1

it follows that dimy(7") = n. So if we can show that 7" C ®(X) we will have
shown that dimyg(X) > dimp(®(X)) > n = dim(X).

To show this, we take ¢t € T and show that t € ®(X). We consider the
sets
F={zeX: ¢z) >t}

These sets are closed, F; C U;, and U;F; = X. To see this final equality,
suppose not: then there would exist some x € X such that ¢;(z) < t; for every
i; but then, since ) . t; = 1, we would have ). ¢;(z) < 1, a contradiction.

13



Now, we chose our initial open cover {U;} such that any such collection
of closed sets must have non-empty intersection, so NF; # (. In particular,
there exists a point x € X such that

di(r) > t; 1=1,...,n+1.
Since ), ¢i(x) =1 and >, t; = 1 it follows that ¢;(x) = t; for every 4, which

shows that ®(x) =t as required. O

By combining this result with our first embedding theorem (Theorem
3) we immediately obtain an embedding result in terms of this Hausdorff
dimension.

Theorem 15. If (X, d) is a compact metric space with dimy(X) < n then a
residual set of maps in C(X;R?*"™) provide embeddings of X into R*"+1,

With a little more work one can obtain the following interesting corollary
of Theorem 14; for a proof see Theorem VII.4 in Hurewicz & Wallman or
Theorem 2.12 in Robinson.

Theorem 16. If (X,d) is a compact metric space and dim(X) = n then
dimy(h(X)) = n for a residual set of maps h € C'(X;R**+1).

14



3 Isometric embeddings into Banach spaces
and linear embeddings into Euclidean spaces

For the next few lectures we will switch from looking at arbitrary metric
spaces to subsets of Banach and/or Hilbert spaces.

3.1 Embedding metric spaces into Banach spaces

In some ways, the study of subsets of Banach spaces is not a restriction:
we now give two results showing that any compact metric space can be
isometrically mapped onto a subset of a Banach space.

Lemma 17 (Kuratowksi embedding). If (X,d) is a compact metric space
then the mapping
x—d(zx,-)

is an isometry of (X,d) onto a subset of L>=(X).

Proof. Since (X, d) is compact it is bounded, i.e. diam(X) < oo, and then
d(z,y) < diam(X) for every y € X, so ||d(z, )|z~ < diam(X). To show that
this mapping is an isometry, first note that

|d(21,y) — d(x9,y)| < d(x1,22)
for every y € X, while
‘d([[‘hl’l) — d($2,$1)| = d(xl, 1’2),

and so

|d(21,-) — d(x2, )| = d(z1,22). O

This is a relatively simple isometry, but has the disadvantage that it
provides an embedding into a space that depends on X. An only slightly
more involved construction yields an embedding into ¢>°. Note that any
compact metric space is separable, since every cover

U B(z,1/n)

zeX

has a finite subcover.
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Lemma 18 (Fréchet embedding). Let (X, d) be a separable metric space with
{7;}32 a countable dense subset. Then the map

x — s(z), sj(x) =d(z,xj) — d(z;,20), 7=1,2,...

is an isometric embedding of (X, d) into £>°.

Proof. First note that for every j we have
|s;(2)| = |d(z, z;) — d(zj,20)| < d(x,z0),
and so ||s||e~ < d(z, z0).
Now,
|si(x) — s;(y)| = ld(z, z;) — d(y, ;)| < d(z,y),
which shows that ||s(x) —s(y)||,~ < d(z,y). To prove the opposite inequality,

given z,y € X, for any ¢ > 0 use the density of the {z;} in X to find £ such
that d(y, x) < € and then

|Sk($) o Sk(y)| = ‘d($> xk) - d(y7mk>| > d(xvy) - 2d<y7 .ﬁl]k) > d(fli,y) — 2,
which implies that ||s(z) — s(y)|le=~ > d(z,y). O

3.2 Embedding subsets of Banach spaces into Euclidean
spaces

We now prove an embedding theorem for subsets of Banach spaces with
dimp (X —X) < oo; again we use the Baire Category Theorem. The argument
is due to Mané, with some minor simplifications.

We will need the following lemma in the course of the proof.
Lemma 19. Suppose that K is a compact subset of a Banach space B with

0 ¢ K. Then there exist {f;}52, € B* with ||f;|| = 1 such that f;j(x) =0 for
every j implies that x ¢ K.

Proof. Use the compactness of K to find a countable dense subset {z;} of K
(as above). Let f; € X* be the support functional at x;, i.e. || f;|| = 1 and
fi(x;) = ||lz;||. If x € X then find k such that ||z — x| < ||z||/3, and then

Je(@) = filwr) = feler — ) = [leg]] = [lzfl/3 > [lz]|/3 # 0. u
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Theorem 20. Let X be a subset of a real Banach space B and let
X=X :={z1 —x9: 21,29 € X}.

If dimg(X — X) < d € N then a residual set of maps in L(B;RL) are
embeddings of X.

Proof. Let A =[X — X]\{0}. The key point is that if L is one-to-one on X
if and only if 0 ¢ LA: if Lx = Ly for some z # y in X then 0 £z —y € A
with L(z —y) = 0; if La = 0 for some a € A then by definition there exist
x # yin X such that a =z — y and L(z — y) = 0.

We set
A ={recA: |lz|| >1/r},

so that A = |J, A,, and for each r use Lemma 19 find a countable set of
linear functionals {7} such that ¢%(x) = 0 for every j implies that x ¢ A,.
Note that if x € A, then —x € A,.

We now set
Arjn =11 € A0 |@(x)] > 1/n}.
Note that each A, ;, is compact, and since 0 ¢ A, for every x € A, we must
have ¢%(x) # 0 for some j, we have

Ay =J A
7m
Note again that if x € A, ;,, then —z € A, ..
We set

Lyjn={L € L(B;R™): L7H0)N A = 0};

then N, Ly, consists precisely of those maps for which L='(0) N A = 0,
i.e. the embeddings of X.

We show that each L, ;,, is open and dense, and then the Baire Category
Theorem will show that the set of embeddings is residual.

Openness is relatively straightforward. Take Ly € L, j,; then since A, ;,
is compact and Lou # 0 for every u € A, ;,, there exists 6 > 0 such that

|Lou| > 6 u€ A n.

17



Since A, j,, is compact it is bounded, and so |ju|| < M for all u € A, ;,,. Now
if L € L(B;RY™) with ||L — Lo|| < §/2M we have

|Lu| = |Lou + (L — Lo)u| > § — || L — Lo||M > 6/2 # 0.

We will use the following observation in our density proof.

Let ® be the map from R?*! into the unit sphere S; defined by setting

() = {x/\x| r#0

p; z =0,
for some p with |p| = 1.

Notice that ® is a Lipschitz map on every set of the form {z : |z| > R},
and for any set W C R we can write

(W) =puU | JeWn{z: [z >1/m},
meN
where we include p if 0 € W. Since the Hausdorff dimension is monotonic,

non-increasing under Lipschitz maps, and stable under countable unions, it
follows that dimyg(®(W)) < dimy(W).

Now pick Ly € L(B;R4!) and ¢ > 0. Using the above, it follows that
dimH((I)(LQAT,j,n)) < dimH(LoAr’j’n) < diIIlH(AT’j’n) < dlIIlH(A) < d.

Since Sy has dimension d, it follows that there exists a z € S; such that
z ¢ q)(LOAr,j,n)'

We now set
L= Lo+ ezgj,

and show that L € L, ,. Clearly L € L(B;R™), and ||L — Lo|| < &. It only
remains to show that L=1(0) N A, ;,, = 0. If not, there exists u € A, ;,, such
that Lu =0, i.e.

Lou + ez (u) = 0.

Since u € A, jn, we have ¢}(u) > 1/n, and in particular ¢%(u) # 0. We can

therefore write
1
z=———+—Lgu.

e (u)

18



Now, using the definition of ® it follows since z € Sy that
z=®(2) = ®(£Lou) € P(LoA,jn),
but this contradicts the choice of z.

An application of the Baire Category Theorem completes the proof. [J

There is an unfortunate issue here. While we can start with a metric
space (X, d) and then embed it into a Banach space to yield W(X) C ¢, it
is not clear how to translate a condition on W(X) — ¥(X) into an ‘intrinsic’
condition on (X, d). This is a very interesting open problem.

One can construct a compact subset X of a Hilbert space H such that
dimy(X) = 0 but no linear map from H into any finite-dimensional Euclidean
space can be injective; this was done by Ben-Artzi et al. (1993), by adapting
an example due to Kan given in the appendix of the paper by Sauer, Yorke,
& Casdagli (1991). Because of the embedding result we have just proved,
this example also gives a set for which dimg(X) = 0 but dimg (X — X) = oo.

There is also another intriguing shortcoming of the above result, which
is shared by the ‘Fundamental Embedding Theorem’; one cannot say any-
thing about the smoothness of the (continuous) mapping L™!: LX — X i.e.
the parametrisation of X that is a consequence of the above theorem. To
prove this we will use the following two simple (but very nice) lemmas about
orthogonal projections and linear maps.

Lemma 21. Let H be a Hilbert space and take L € L(H;R¥) such that LH =

R*. Then U = (ker L) has dimension k and L can be decomposed uniquely
as M P, where P is the orthogonal projection onto U and M : U — R¥ is an
wnvertible linear map.

Proof. Let U = (ker L)*. Then U has dimension at least k; if there are
m > k linearly independent elements {z;}72, of U for which Lx; # 0 then
{Lx;}7, are linearly dependent, so there are a;, not identically zero, such
that

0= Zajoj =T (Z aj:vj) = Zozjxj € ker L N (ker L)* = {0}.
J J 4

J
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It follows that the {z,} are linearly dependent, a contradiction.

Now let P denote the orthogonal projection on to U, and M the restriction
of L to U. Take x € H, and write x = v + v, where u € U and v € ker L
(this decomposition is unique). Now

Ly = Lu = Mu = M(Px).

It remains only to show that M is invertible; but this is clear since dimU =
dimR* = k and M is linear. O

Lemma 22. Let P be any orthogonal projection in H, and {e;}52, any or-
thonormal subset of H. Then

rank P > Z | Pe;|I?,

j=1

with equality if {e;} is a basis for H.

Proof. Suppose that P has rank k. Then there exists an orthonormal basis
{uy,...,u;} for PH, so that for any x € H we have

k
Pz = Z(x, u; ).
j=1
In particular, Pe; = 3% (e, u;)us, so that

k k

1Pe;|I* = (Pej, Pes) = (Pejyeg) = D (e us)(uises) = Y [(e5,uq).

i=1 =1
It follows that

00 k k oo

DoPeP =" e u)P =) lleiu)l® < ZH%H2 O
j=1

7=1 =1 =1 j=1

We now show that we cannot find a modulus of continuity that works in
Theorem 15.
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Let f : [0,00) — [0,00) have f(0) = 0. We show that we can find a
compact set X C H with 0 € X and dimg(X — X) = 0 but such that the
inequality

| Pz|| > ef(||z||) for all z € X (3)

cannot hold for any € > 0 or any finite rank projection P. Since 0 € X, this
shows that there is no ‘general’ modulus of continuity possible under any
condition on the Hausdorff dimension of X — X if we require our embedding
map to be linear.

The set X will be an orthogonal sequence of the form {a,e,}o2, U {0},
where {e,} is an orthonormal sequence in H. Since this is a countable set,
so is X — X, and so dimp(X — X) = 0.

If (3) does hold then
[1P(aje;)l| = lajll| Pesll > e f(las])

for each j, so || Pej|| > ef(]ey|) /ey, and Lemma 22 implies that
o) [e's] 2
rank P > > " [|Pe;|* > ) (M> .
a.
j=1 j=1 /

Now set ¢, = nf(1/n), let N, be the first integer that is greater than

1/¢y, and let T; = >~/ _| N,. Then for T; < i < Tj44 set a; = 1/5.

This gives an orthogonal sequence for which the right-hand side of the
above inequality is infinite for any £ > 0, and shows that (3) cannot hold for
any € > 0 if P has finite rank.

21



4 The box-counting dimension 1

4.1 Definition and properties

The following definition applies to a compact metric space (X, d), or equiv-
alently to any subset of a compact set in a metric space.

Definition 23. Let X be a subset of a compact set, and let N(X,e) denote
the minimum number of open e-balls with centres in X required to cover X.
Then we define the (upper) box-counting dimension of X to be

log N(X
dimp(X) := limsup M.
c—0 —loge

(4)

One can construct sets where the liminf of the expression on the right-
hand side (which defines the ‘lower box-counting dimension’) is not equal to
the limsup; so the limit need not exist. When it does this is the ‘box-counting
dimension’.

This dimension is also referred to as the Minkowski dimension in the
literature (and, unhelpfully, as the ‘fractal dimension’).

Note that if d > dimp(X) then N(X,¢) < Ce~4 for some C = C(d), with
N(X,e) < e ?dfor 0 < e < g4 for some g4 > 0. If d < dimp(X) then there
exist €; — 0 such that N(X,¢;) > 5]-_‘1.

The following lemma is often useful.

Lemma 24. Suppose that e, — 0 with ex1 > ey for some « € (0,1). Then

log N(X
dimp (X) = lim sup 28V X0 (5)
koo —logey

Proof. The limsup in (5) is taken through a subset of £; so the RHS <
dimp(X) as defined in (4). To show the opposite inequality, given ¢ > 0
choose k such that

Epr1 S € < Eg;

then
log N(X,¢) < log N(X, ex+1) < log N(X, e41)

—loge — —loger, = a—logegy
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from which it follows that dimg(X) <RHS. O
Proposition 25. Let (X, d) be a metric space, and A and B compact subsets
of X.
(i) If A C B then dimg(A) < dimg(B);
(ii) if U is compact then dimg(U) = dimp(U);
(111) dimg(A U B) = max(dimg(A), dimg(B));
() if f:(X,d) — (Y, p) is -Hélder, 0 € (0,1], then

dim () < T2EE,
(v) dimy(A) < dimg(A); and

(vi) dimg([0, 1]%) = d.

Proof. (i) is immediate from the definition, since N(A,¢) < N(B,¢).

(ii) Clearly dimg(U) < dimg(U) since any cover of U is a cover of U; if a
collection of e-balls covers U, then the 2_5—balls With_the same centres cover
an e-neighbourhood of U, and so cover U, so dimg(U) < dimg(U).

(iii) is immediate from the definition, since N(A U B,e) < N(A,¢e) +
N(B,¢).

(iv) Cover X with N(X,¢e) balls of radius e. The image of any e-ball
under f is contained in a Ce%-ball; so

N(f(X),Ce% < N(X,e).
It follows that

, , log N(f(X),Ce% log N(X,¢) dimp(X)
dimp(f(X)) hng_%lp —log Cet = PG log C' — floge 0

(v) Take s > dimp(X), and choose ¢ such that dimg(X) < 0 < s. It
follows that X can be covered by N. < 77 balls {B;} of radius ¢ for ¢
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sufficiently small. Then

Z (28)8 < 25577

j:]_NE

which can be made arbitrarily small by taking e sufficiently small. It follows
that 7°(X) = 0 and so dimp(X) < s. Since this holds for any s > dimg(X)
we obtain dimyg(X) < dimpg(X).

(vi) We know that dimg([0, 1]¢) > dimg([0, 1]?) = d; for the upper bound
we can cover [0, 1]¢ by 2% closed cubes of side 27, so the same number of
balls of radius vd2~%, which yields the same upper bound (using Lemma
24). m

The following lemma is also useful.

Lemma 26. Let (X,dx) and (Y, dy) be compact metric spaces. Then (X X
Y, pp), where

pp = (d5% + d@)l/p, 1 <p< o0, or max(dy, dy),
has

Proof. Take sx > dimp(X) and sy > dimg(Y’). For ¢ small enough, cover
X with < e7°X dx-balls X; of radius €, and cover Y with < e7*v dy-balls
Y, of radius e. Then {X; x Y3} is a cover of X x YV with < e~(sx*+sv) balls of
radius 2'/7e. Therefore dimp(X x Y) < sx + sy, and the result follows. [J

Now observe that this lemma, along with the fact that dimg is non-
increasing under Lipschitz maps, implies that

dimp (X — X) < 2dimp(X);

indeed, X — X is the image of X x X under the Lipschitz map (z,y) — = —y.
We therefore obtain the following as a corollary of Theorem 20.

Theorem 27. Let X be a compact subset of a real Banach space B with
2dimp(X) < d € N. Then a residual set of maps in L(B;R*) are embed-
dings of X.
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Actually, since we know that any compact metric space can be embedded
into a Banach space using an isometry (which is Lipschitz), we also have the
following nice result.

Theorem 28. Let (X, d) be a compact metric space with 2dimg(X) < d € N.
Then there is a Lipschitz embedding of X into R,

The embedding in the theorem is the composition of one of the isometries
we discussed at the beginning of the previous chapter, and the linear map
from Theorem 27.

4.2 Examples

Lemma 29. [f

1
1+a

Xo={n": neN}u{0} then  dimp(X,) =

Proof. Note, using the Mean Value Theorem, that

@
(n+ 1)+a

(0%

< |?”L7a — (n+ 1)70[‘ < W.

It follows that if n. is the smallest integer such that

o <
—_— 8
(ne + 1)1+ —

then the first n. elements of the sequence all lie in distinct £/2-balls. It
follows that
N(Xa,e/2) >n. > (afe)/0F) —1

and so dimg(X) > 1/(1+ «).

On the other hand, once we cover the first n. elements as above (say
with e-balls, i.e. intervals of length 2¢), all the remaining elements lie in
the interval [0, (n. + 1)7®] C [0, (g/a)®*%)] which can be covered by no
more than (g/a)®/(1+) /e ~ g71/(+9) intervals of length 2¢. This shows that
dimp(X) < 1/1(1 + «) and yields the required equality. O
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Question: let A = {z;} U {0} such that z; — 0 and 9, := x; — x4 is
decreasing. Can one find an explicit expression for dimg(A)?

We now give an example in infinite-dimensional spaces. Let {e;} be the
sequences consisting entirely of zero apart from having a 1 in the jth place.

Lemma 30. Suppose that o; — 0 with aj41 < «;; then the set
A ={aje;: 7€ N}U{0}.

considered as a subset of /P, 1 < p < o0, or of ¢y, has

1
dimg(A) = limsup _o8n
n—oc  —10g ||
= inf {d: Z ;| < oo} :
j=1

Proof. Take 0 < £ < |a;| and choose n = n(e) such that
lan 1] < e < ol
It follows that A can be covered by n(e) + 1 balls of radius € (one ball

for each of the first n(¢) points, and one ball centred at 0 for the remaining
points). It follows that

loe N(X 1 1

lim sup 28NV XE) o 08E) £ D)
c0 —loge c0 —loge

1 1
< lim sup 2E 1)

e—0 - lOg ‘an(a)l

1
< lim sup g n

n—oo 10g |an| .

For the opposite inequality, given any n such that |a,| < 1 let n’ be the
integer such that

|an| - |a”+1| =T |an’| > |an’+1|7
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and set £(n) = (Jan| + |aws1])/4 < |an|/2. Then any two of the first n’
elements lie at least |a,,| > 2¢(n) apart, so all require their own (n)-ball in

any cover. It follows that N(A,e(n)) > n/, and so
| | !
lim sup osn < lim sup _oen

n—oo log |04n| n—oo 108; |an’|

log N(A,e(n))

< 1i

= P T logae(n)
log N(A

< limsup 28 V(4:€)
N —loge

The equivalent formulation is not a property of dimensions, but an alge-
braic identity. Call the first expression (the limsup) d; and the second (the
infimum) dy. Given d > dy, we have

o0
> |t <M
j=1
for some M > 0. Since the || are non-increasing, it follows that n|a,|? <

M, from which it follows that d; < d, and hence d; < d».

Now take d > dy; then |a,| < n~'/? for all n sufficient large, and so for
any d' > d we have Y2 |a;|¥ < 32%2 n~¥/? < oo, So dy < d for every
d > dl, le. dy <dj. ]

Some examples (note that these are all countable sets so dimy(A) = 0: if
a, = o™ for some a € (0,1) then dimp(A4) = 0; if o, = n™7 then dimp(A4) =
1/a; if a, = 1/1og(n + 1) then dimg(A) = oo.

4.3 Embeddings into Hilbert spaces with good inverses

We have seen that we can embed sets with finite box-counting dimension
into Fuclidean spaces. But we want to do better, and show that we can
control the continuity of their inverses. We now prove a first version of this,
embedding into a Hilbert space with a Holder continuous inverse.

We use the following simple observation to build up our embedding map.
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Lemma 31. Suppose that X is a compact subset of a Banach space B with
dimp(X) < oo. Then for any o > 2dimg(X) there exist ¢, € L(B;R™),
where M, < C2", such that ||¢,| < VM, and

ze€ X — X with ||z]] > 27" = pn(2)] > 27D

Proof. Write Z = X — X; then dimp(Z) < 2dimg(X). Given ¢ as in the
statement of the lemma we can cover Z using no more than M, = C2"°
balls of radius 2=+

Let the centres of these balls be {z;}. Using the Hahn-Banach Theorem
find f; € B* such that || f;|| =1 and f;(z;) = ||z;||. Define ¢,,: B — RM» by
setting

On(x) = (f1(2), .-, fu,(@));

then ||, || < VvV M,.

Suppose that z € X — X with ||z]| > 27". Then there exists a j such that
|z — 2] < 2=™*2 and so

[Pn(2)] = | 15(2)] = 1f5(25) + [i(z — )]
> Izl = £z = z)| = =]l = Iz — 2l = | f;(z — 25)]|
> ||zl = 2]z — 2]l = 27" — 2. 2702
=2 — 9=t > o=(n+D), O

By combining these maps ¢, we can obtain a ‘nice’ embedding into a
Hilbert space.

Theorem 32. Suppose that X is a compact subset of a Banach space B with
dimg(X) < oo. Then for any 8 > 1 + dimg(X) there exists a linear map
®: B — H, where H is a separable Hilbert space, with

cg'lz —yl” < 1@(2) — @(y)| < collw — y]-

Proof. Now let {e;} be an orthonormal basis for a Hilbert space H. Set s =
0 —1; then s > dimp(X) and we apply Lemma 31 with 2dimg(X) < o < 2s.

Now set
o0

q)(l’) = Z 27n8¢k(l') X eg.-

k=1

28



Then @ is linear,

1/2 1/2
@] < (Z 2—2nsMn> <oV <Z 2—n(2s—o)> < oo,

k k

and if z,y € X with 27 < ||z — y|| < 27*~Y then

[B(x) — D(y)| = [@(z — y)| > 27|¢n(z — y)|
Z 27k827(k+1)
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5 Embedding subsets of R" into R*

We now show that ‘most’ linear maps from RY into R* provide embeddings
of sets with N > k > 2dimg(X) that have Holder continuous inverses. The
argument is a finite-dimensional version of the result of Hunt & Kaloshin
(1999) that will form the main subject of the next lecture.

5.1 Linear maps from R" into R*

Any linear map L: RY — R* we can write as
L= (Ly,...,Ly), where L; € L(RY;R).
We can write each L; in the form

Ly = ¢ = (-, ¢;) for some ¢; € RY.

We will consider the set

E={L=(¢1,....00) : ¢ € B},

where By denotes the (closed) unit ball in RY. Note that ||L|| < vk for
every L € €.

We put a probability measure p on € by choosing each ¢; at random
from a uniformly distribution g on By, i.e. p; = [Qn|7'A, where Qy is the
volume of the unit ball in RY and ) is the Lebesgue measure.

We will need the following two lemmas. The estimate in the next is the
key to the proof both in finite and infinite dimensions.

Lemma 33. For any o € R¥ and any x € RV,

k
p{L € &: |a+ Lz| < e} < N2 (i) . (6)

]
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Proof. Let o = (avq, ..., ). Then

u{L € &: |a+ Lx| <&}

k
<[[MLee: |aj+ ¢z <e}

J=1

k
= HMO{¢ € By : |a; + (¢, 2)] < e}
j=1

Now,

po{¢ € By : |a+ (¢, 7)] < e}
< po{¢ € Byt |(d,2)] < e}

1 €
< — < QN 2—
S QN{ N-1 X |9c|
. QN—li

Qn ||

Since Q,, = 7/2/T'((n/2) + 1) it follows that

£

=k

and (6) follows. O

to{d € By : |a+ (¢,2)| < e} < eNY?

We will also need the Borel-Cantelli Lemma.

Lemma 34. Let ;1 be a probability measure on a set €. If QQ; C € are such
that

> (@) < oo
j=1
then pi-almost every x € € is contained in at most finitely many of the Q);.

Proof. The set

Q:ﬁg@

n=1j=n
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consists precisely of all those € € that lie in infinitely many of the {Q),}.

But for any n
Q) < (U @j) <D n(@y),
j=n j=n
which can be made arbitrarily small since » 72, u(Q;) < oc. O

We now use these two results to prove our embedding theorem.

Theorem 35. Let X be a compact subset of RY. If k > 2dimg(X) then for

any o with

1_
O<ac< -

p-almost every L € € satisfies

|z —y| < ep|Lx — Ly|%, r,y € X.

Proof. Choose d such that k > 2d > 2dimp(X) and a < 1 — 2.
We want to make sure that whenever z € X — X we have |Lz| > |z|'/®.
We split Z up into sets
Zp={2z€eX-X: |z| >27"}
and consider the sets
Qn={L€&: |Lz| <27 for somez € Z,},
i.e. maps that fail to satisfy |Lz| > |z|'/® for some z € Z,,.

Since dimg(Z,) < dimg(X — X) < 2dimp(X) < 2d, Z, can be covered
by no more than M, := 2274/ balls of radius 27"/%; let these be B(z;,27"/*).

Note that if
|Lz| > 27/ 4 V2

then for every z € B(z;,27™/%) we have
|Lz| > |Lzi| — [L(z — )] > 27*(1 + Vk) — V|2 — z]
Z 2—n/a(1 + \/E) _ \/E<2—n/oc) _ 2—n/o¢‘
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Therefore

p{L € & |Lz| < 27"/ for some z € B(z;,27"/*)}
<pw{Le&: |Lz| < (1+Vk)27"}

P ((1+\/_) n/a)

2 n
—C 2nk1 (1/a))

It follows that

:U’(Qn) < Mnok,NOk7N2nk(1_(1/a))
— C]/C N22nd/a2nk(1—(1/a))

_ ¢y ol (k-2d)/a],

To ensure that p(Q,) is summable, we need (i) & > 2d and then (ii)

1 2d
k— —(k—2d 1— —
a( ) <0 & a < o

which follows from our choice of d.

The Borel-Cantelli Lemma now ensures that p-almost every L lies in
only finitely many of the @);. We show that this implies the required Holder
continuity of L1

Take L such that L ¢ Q; for all j > jo. If z € X — X with 270+) <
|z] <277 for some j > jo then

1o
Lz| > 2-G+D/a > (%) _ gty

If 2z € X — X with |z| > 2% then since L ¢ Q;, we certainly have
|Lz| > 200/«

Since X is compact it is bounded, so X — X C B(0, R) for some R > 0; then

s

Lz| > 20/2EL
|L2| o
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So we always have
|Lz| > min (270/* R, 271/ | 2|,

which implies that |z| < ¢z |Lz|%, with ¢;, = max(R™*27Jo/« 21/@),
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6 Embedding subsets of H into R”

We now turn to the main result of these lectures, due to Hunt & Kaloshin
(1999). We show that ‘most’ linear maps from H into R* provide embeddings
with Holder continuous inverses.

6.1 A measure on a subset of B(H;RF)

First we have to show how to define a measure on an appropriate collection
of linear maps.

Suppose that {V;} is a sequence of finite-dimensional subspaces of H. We
let d; = dim(V}), and write B; for the unit ball in V;. By identifying this
unit ball with the unit ball in R% (e.g. by referring elements in V; to any set
of orthonormal basis elements) we can define a uniform probability measure
on Bj, which we will call p;.

We now take v > 1 and consider the set

EZ{L:(Ll,...,Lk)Z Lj: <Zn’y¢%> ) ¢£€Bj}7
n=1

where for any u € H, u* is the linear functional on H given by = — (z,u).

The choice v > 1 ensures that the sum in the expression for L; converges
in H. We define a probability measure on H by choosing all of the ¢/ at
random according to the distribution j; on B;.

Note that this is the same as choosing each L; at random from the space

€0 :={Lo = (Z nwi;) . ¢l € By},
n=1
equipped with the measure pg 1= ®352,A;.

The following result is an immediate corollary of Lemma 33.
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Corollary 36. For any o € R we have

ni{d € B la+(4,7)| < e} < cd/? HPjafH’ (7)

where P; denotes the orthogonal projection onto V;.

Proof. Noting that (¢, x) = (¢, P;x), the expression in (7) is precisely (6) in
the case k = 1. O

We now prove the equivalent of Lemma 33 that will be the crucial estimate
in our Hilbert-space version of Theorem 35.

Lemma 37. For any x € H and any € > 0,

k
Leé: |La|<e} <c(jd/*—= 8
upees |l <o) <o (4 ) )

for any choice of j =1,2,....
Proof. We have

p{Le&: |Lx|<e}<p{lLe&: |Lix|<e forall j=1,...,k}

k
H,UO{LO € 80 : ’L0$| < 6}.

J=1

We have

ILL(){LEEO . ’L01E| S E}

= ®$zo:1)‘n { Zn ¢na }
—®Oo An {Zn ¢na 7(¢j,I) <e

n#j

£
1Pl

using Lemma 36 and the fact that the bound on the right-hand side of (7)
does not depend on «a. The estimate in (8) now follows. O

< cj”djl./Q
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6.2 The thickness exponent

We now introduce a quantity that measures how well X can be approximated
by finite-dimensional subspaces. We let d(X,e) denote the smallest dimen-
sion of a linear subspace V' such that dist(X,V) < ¢, and then define the
thickness exponent 7(X) by setting

7(X) := limsup w.
es0  —loge

Lemma 38. Suppose that X is a compact subset of a Banach space B. Then
7(X) < dimp(X).

Proof. Cover X with N(X,¢) balls {B(x;,¢)} of radius ¢, and then take
V = span{z;}. It follows that d(X,¢) < dimy < N(X,¢). O

Clearly one can have 7(X) = 0 but dimg(X) # 0; just take a subset X
of R* with dimp(X) # 0 and include this in a Hilbert space by augmenting
R* with a countable orthonormal set of vectors.

[There are situations in which better bounds on the thickness are avail-
able: for example, Friz & Robinson (1999) showed that if X C L?*(2), where
Q) c R? and X is bounded in H*(2) then 7(X) < d/s.]

We can now prove the Hilbert space version of Theorem 35.

Theorem 39. Let X be a compact subset of a Hilbert space H with dimg(X)
finite. Then for any k > 2dimg(X) and any 0 with

E(1+7(X)/2)

p-almost every L € & (a subset of L(H;R¥) that will be defined in the proof)
15 injective on X with

0<b<

lz =yl < crlLa — Lyl”, @y e X.

Proof. Take d > dimg(X) and ¢t > 7(X) such that
k—2d

O<0<m.
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We now construct an appropriate set of linear maps € C L(H;R¥), following
the procedure earlier in this chapter. We let {V;} be a finite-dimensional
linear subspace such that

dist(X,V;) < 270+,
then by the definition of the thickness exponent we have
dim(V;) = d; < 20D = 2%,
We construct € using this choice of {V;}. Observe that every L € & satisfies

| Ll prmrry < C = VEC().

We follow very similar lines to the proof of Theorem 35. We let
Zi={zeX-X: |z| >277}
and we want to ensure that |Lz| > 277/%. So we let
Q; ={Lec&: |Lz| <279 for some z € Z;}.

Since dimp(Z;) < dimp(X — X) < 2dimp(X) < 2d we can cover Z; with
M; < ¢224i/9 halls of radius 279/¢. We consider for now one of these balls
B(z,279/%), and let Y = Z; N B(zy,277/%). Note that if

|Lzo| > (1+C)279/°
then
|Lz| > |Lzo| — |L(z — )| > (C' +1)279/0 — ¢273/% = 273/%,
So

p{L € &:|Lz| < 279/% for some z € Y}
<p{Le&: |Lzn|<(1+C)279/%

_i/oN\ F
<e ],Ydl/g c2 J/ .
- 7 1Pjzol|
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Now note that since dist(X,V;) < 27U+Y we have ||Pjz| > 270+Y;
indeed

1Piz0ll = [1Pyz0 — 20 + 20]l > ll20]l = |20 = Pyzol| > 277 — 27 U+D = 270+,

Therefore

. AN
p{L € &: |Lz| < 279/% for some z € Y} < ¢, (j”?”tﬂ?) )

and so

. A
p{L € & |Lz| < 279/% for some 2 € Q;} < Mjcy, (jVQJt/Q—)

2-J
0=l F

= ckQde/G (]“/2]1&/2 = )

_ ijZ'kaj{f(k72d)/9+k(1+t/2)}.
So > u(Q;) < oo provided that

k —2d
k> 2d and > k(1+1t/2),
which were our initial assumptions.
The proof concludes as for that of Theorem 35. O

We now have two immediate corollaries, obtained by combining this the-
orem with Theorem 32 and Lemma 17 or 18. This gives a Lipschitz-Holder
embedding of subsets of Banach spaces in Euclidean spaces.

Corollary 40. Let X be a compact subset of a Banach space B with dimg(X)
finite. Then if k > 2dimg(X) and

1 {k: - 2dimB(X)}
1+ dimp(X) | k(1 + 7(X)/2)

there exists a linear map A € B(B;R") such that such that

O<ac<

le —yll < clhz —Ay]*  zyeX (9)

and in particular A is injective on X.
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Proof. Choose t; > 14+dimg(X) and 0 < t5 < (k—2dimp(X))/k(1+7(X)/2)

such that

=5
We use the linear map ®: B — H from Theorem 32, for which

(0%

¢y llr —yls <l12@) —2@)lly < collz —ylls,  zyeX.

Now let X = ®(X); since ® is Lipschitz we have dimg(X) < dimg(X); since
® is linear and continuous, if V' is any linear subspace of B then (V) isa
linear subspace of H of the same dimension, and so d(X, [[®[le) < d(X,¢),

which shows that 7(X) = 7(X). We now use Theorem 39 to find a map
L € B(H,R") such that

|z —y||lz < cp|Lx — Lyl z,y € X.
Finally we set A = L o ® to obtain (9). O
Since 7(X) < dimg(X), there is a corresponding result for metric spaces

(cf. Foias & Olson, 1996); we set 1) = A o ¢, where ¢ is one of the isometric
embeddings from Lemmas 17 and 18.

Corollary 41. Suppose that (X, d) is a compact metric space with dimg(X) <
oo. Then for any k > 2dimp(X) and

1 {kk—ZdimB(X) }

O<a< 1 —|—dimB<X) (1 +dimB(X)/2)

there exists a map v: (X,d) — R¥ such that

(@) =) < o —yl < cvl@) —d@*  zyeX.

6.3 Optimality of the Holder exponent

We now show that the Holder exponent in Theorem 39 is optimal as k — oo;
in this limit we can achieve any « in the range

2
1+7(X)/2 2+ 7(X)

I<a<
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We show that this cannot be improved by returning again to the orthog-
onal sequence A = {aje;} U {0}, where o; — 0 and |oj11] < |oj]. We show
that this set has thickness exponent equal to its box-counting dimension,
which (recall Lemma 30) is given by
logn

lim sup ————.
n—oo log |an|

We first need a lemma.

Lemma 42. Let {e;}}_, be orthonormal vectors in a Hilbert space, and let

X ={aqsey, ..., ane,}, where |a; 1| < |a;|. Then
2

Proof. 1If d(X,e) = d then there are {v;}&, such that ||a;e; — v]| < € and
dim(span{v;}) = d.

Let U = span{e;}, which has dimension n, and let P be the orthogonal
projection onto U.

Set v, = Puv;; then we have
Haiei - UQH = ||P(az‘€z‘ —Uz‘)|| < ||az'6z‘ —Uz'|| <ég,

so the space spanned by the v] still approximates X within €. Since v € U
for every 1, clearly

n = dim(U) = dim(span{e;}) > dim(spanf{v}) =:n —r,
for some 0 < r < n.

Let {u1,...,u,} be an orthonormal basis for the orthogonal complement
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of span{v;} in U; then we have

n
ne? > Z |ase; — v}||?
i=1

n T
> Z Z |(aiei — vj,uy)[?

i=1 j=1
n T
= Z Z |(az‘€z‘,uj)|2
i=1 j=1
T n
= ZZ ’ai\Qf(Uj, e;)|?
j=1 i=1
T n
> an?> ) ()]
j=1 i=1
= ‘an‘Qrﬂ
since |lu;]|* = 1. This gives the required inequality. ]

Lemma 43. The set A = {a;e;}52, U{0} as above has

1
7(A) = dimp(A) = limsup oen

n—oo IOg |an|

= inf{d : Z |aj|* < oo}
=1

Proof. We know that in general 7(A) < dimg(A), so we only need show that
limsup,,_, ., logn/(—log|ay,]) is a lower bound for 7(A).

Take n large enough that |, | < 1 and choose n’ such that
|| = -+ = |ow| > [awal;

set €2 = (|aw [* + |am41]?)/4 so that

2 2 2 e 1
|Oén| :|O[n/| >28n = 1—W>§

Then, using Lemma 42 we have

2 /
d(A,e,) > ' (1 - %P) >

e
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from which it follows that

| 12 | 2
lim sup 22807/ i sup 20804/2)
n—oo IOg |an’| n—oo T log |an’
| A
< lim sup log (4, en)
n—00 - 108; En
1 A
< lim sup 22 4A-2)
es0  —loge

=T1(A). O

We now show that the Hdélder exponent is optimal, following Pinto de
Moura & Robinson (2010). We will use the result of Lemma 22 that

rank P > Z | Pe;||?,

j=1
for any orthogonal projection P and orthonormal set {e;}.
Lemma 44. If L: H — R* is a linear map such that
|z —y|| < c|Lz — Ly|°, r,y€e A
then 0 < 2/(24 7(A)).

Proof. First, observe that if we decompose L as in Lemma 21 as L = UP,
where P is an orthogonal projection onto a k-dimensional subspace and
U: PH — R¥ is an invertible linear map, it follows that

lz =yl < Pz~ Pyl®,  wyeA
Now, since P is linear and 0 € A, it follows that we must have
o] = llayesll < N[ P(agey)l|” = ¢lay’|| Pes || for every j € N,
ie.
1Pejl| = ¢"fay| =07,
Lemma 22 now implies that
o [e.e]
rank P > Z | Pe;|* > C”Z |a;|21=0)/6
i=1 j=1

It follows that if the rank of P is finite we must have Y. Jo;|*1=9/% < oo,
from which it follows that 2(1—6)/6 > 7(A), and hence 0 < 2/(2+7(A4)). O
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7 Assouad dimension and (almost) bi-Lipschitz
embeddings

The main open problem in the theory of embeddings is what conditions are
required on a metric space to ensure that there is a bi-Lipschitz embedding
into some Euclidean space, i.e. a map ¢: (X, d) — R¥ (for some k) such that

() < 0(x) ~ 0)| < Ld(w,y),  wye X,

for some L > 0. (We say that such a ¢ is L-bi-Lipschitz.)

Note that any properties of subsets of R¥ that are invariant under bi-
Lipschitz maps must be shared by such a metric space. One such property
is homogeneity.

Definition 45. A metric space (X,d) is (M, s)-homogeneous if
N(XﬂB(x,r),p)SM(i) forevery zeX, 0<p<r.
p
Lemma 46. Any subset of R" is (2"n™/2,n)-homogeneous.

Proof. Any cube of side 2r can be covered by [(r/p) + 1]™ cubes of side 2p.
So any ball of radius r, which is a subset of a cube of side 2r, can be covered

’ (|

balls of radius p, since every cube of side 2p/y/n is contained in a ball of
radius p. It follows that

N(B(z,r),p) < 2"n™?. O

Lemma 47. If (X,dx) is (M, s)-homogeneous and f: (X,dx) — (Y,dy) is
L-bi-Lipschitz then f(X) is (L?**M, s)-homogeneous.

Note that while the constant M changes under this mappping, the expo-
nent s does not.
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Proof. Take y € f(X), and consider By (y,r) N f(X). Then y = f(§) for
some ¢ € X, and

f_l[BY(yar) N f(X)] - BX(fa LT) N X>

which can be covered by < M (Lr/(p/L))®* X-balls of radius p/L. The image
of these balls are contained in p balls in Y, and so

N(By(y,r) N f(X),p) < ML*(r/p)*,
as required. O
We can now define the Assouad dimension. Note that the previous lemma

shows that this dimension is invariant under bi-Lipschitz embeddings; we also
have dimu (U) < n for any subset of R™.

Definition 48. The Assouad dimension of a metric space (X,d) is
dima (X) = inf{s: X is (M, s)-homogeneous for some M > 0}.
If (X, d) has a bi-Lipschitz embedding into R¥, it must be (M, k)-homogeneous

for some M > 0, i.e. it must have Assouad dimension < k. However, this is
not sufficient.

Lemma 49. Properties of the Assouad dimension:

(i) If A C B then dimy(A) < dimy(B);

(7i) dimp (AU B) = max(dimp (A),dima(B));

(i7i) dimp(X) =n is X is an open subset of R"; and

() if X is compact then dimp(X) < dima (X).

We only prove (iv): take R > diam(X), and then X N B(zp, R) = X for
any zo € X, and for any s > dim (X)) there exists M > 0 such that
N(X,r)=N(XNB(zo,R),r) < M(R/r)* = [MR°|r—*,

and so dimp(X) < dimy (X).

A simple example shows that this inequality can be strict.
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Lemma 50. Let A= {n"':n e N}U{0}. Then dimy(A) = 1.
Proof. Note that N([0,1/n] N A,1/n?) ~n. O

Another example showing that the Assouad dimension is very sensitive is
A = {n"“e,} U {0} which has dimy(A) = oo (consider the number of balls
of radius m~%/2 required to cover B(0, m~%) N A.

7.1 Assouad’s embedding theorem

Theorem 51. Let (X, d) be a homogeneous metric space. Then for every
0 < a < 1 the space (X,d*) can be bi-Lipschitz embedded into RN(®) | for
some N(a).

Proof. An e-net A is a collection of points such that
U$6AB(.Z‘, 5) — X

An e-net is maximal if

dz,y) >e wz,yeA z#y.

Note that if X is (M, s)-homogeneous and A; is a maximal 1-net then
|AiN Bz, 12)| <M zeX;

note that every point in a maximal 1-net requires a distinct 1/2-ball to cover
it, so
|A; N B(z,12)| < N(X N B(z,12),1/2) < 24°M =: M.

We say that k: A — Nis a (K, )-colouring map if k: A — {1,..., K} is
such that x(z) # k(y) if * # y and d(x,y) < §. We now show that there is
a (M’',12) colouring map x of A;.

Let Y = {y1,92,¥3,...} be a denumeration of A;, and suppose that we
have found a map

K. {yl,...,yi}—){l,...,M,}
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that satisfies the required ‘colouring’ property. We can extend this to a map

Kiv1: {¥1 .., Yiy1} provided we can choose k;41(y;41) appropriate: but we
can do this, since

|{y17 o 7%} N B(yi—l—l; ]-2)| S M - ]-7
so there is an allowable choice.

Now define a map

b1 X » RM
by setting
$1(x) = Y max{2 — d(z,a;),0}(a;),
aiEAl
where £(a;) = Wy(q,), With (wq, ..., wyr) an orthonormal basis for RM’

If we set A;(z) = max{2 — d(z, a;),0} then

(i) 0 < Aj(x) <2

(ii) if d(z,y) > 4 then at least one of A;(z) and A;(y) is zero;
) i Aix) # 03 < M;
)

(ii

(iv) Dyj := |Ai(z) — Ai(y)| < min(d(z,y),2), which follows from a case-by-
case analysis:

1. if d(z,a;) > 2 and d(y, a;) > 2 then D;; = 0;
2. if d(z,a;) > 2 and d(y, a;) < 2 then

Dy =2 — d(y, a;) < d(z,a;) — d(y, a;) < d(,y)

but also D;; < 2;
3. if d(x,a;) < 2 and d(y,a;) < 2 then

DZJ = d<y7 ai) - d(l’7 ai) S d(x7y)
but also D;; < 2.

From this it follows easily that
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(i) ¢1(x) < 2M' (from (i) and (iii) above);
(ii) |o1(z) — d1(y)| < 2M’' min(d(z,y),2) (from (iii) and (iv) above);
(ili) if $8 < d(z,y) < 8 then
|61(2) = ¢1(y)| = 1.

Note that d(z,a;) < 1 for at least one a; € Aj, so A;(x) > 1; but
if d(xz,y) > 4 then d(y,a;) > 2 and A;(y) = 0; we also know that
z,y € B(a;,10) and if j is such that d(y, a;) < 2 we have d(a;, a;) < 12,
and hence x(a;) # r(a;).

Applying the same construction to the metric space (X,277d) yields a
map ¢;: X — RM such that

|6;(2) — ¢;(y)| < 2M" min(27d(z,y), 2)
and

27008 < d(z,y) <2798 = |o;(x) — ¢;(y)| > 1.

Fix some xo € X, and let ¢ (x) = ¢;(x) — ¢;(x0); then ¢} has the two
properties above, but now ¢}(zo) = 0. We drop the prime.

Now let (eg,...,ean—1) be an orthonormal basis for R*¥ and let é¢; =
€(j mod 2N)+1 be a ‘cyclic extension’ of this basis. We define

dla) =) 27¢;(x) ® ¢,
JEZL

where by ¢ ® n we denote the tensor product of £ € RM™ and n € R?" (an
element of a 20’ N-dimensional Euclidean space). Note that ¢(zg) = 0.

We now show that ¢ is bi-Lipschitz from (X, d*) into R*™'N if N is chosen
sufficiently large.

Suppose that
2~ (D8 < d(z,y) < 27F8;
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then
() — o) < D276 (@) = S W)+ D 27" dm(z) — dm(y)|

m<k m>k+1
<C Z 2702 d(x,y) + C Z 27om
m<k m>k+1
=C [Z 2™(1 — a)] d(z,y) + C'27°%
m<k
< C"2%(1 — a)d(x,y) + C'27F
< C'd(z,y)°.

Since ¢(xg) = 0 this shows in particular that ¢(x) converges for every x € X.

For the lower bound we have

6(x) — d(y)| = Yo 27Y(¢() - di(y) @&
—N+k<j<N+k
- Y 27 gs(x) — (y)] - Z 27 ;(x) — d;(y)|

> 27 gu(2) — du(y)| — 22N (2, y) — 27,
Note that for the second term on the right-hand side we have
CQfa(ka)zkad(x’ y> S 627(17a)N2k(17a)27k S c27(170¢)]\f27’€0¢7
and so choosing N sufficiently large we can ensure that
—Q 1 — 1 —Q 6
6(2) = ()] 2 2% = 227 = S0 > ed(z, )",
as required. O]
A simple result weakening the requirement of a Lipschitz inverse, and

embedding into a Hilbert space, uses a similar idea (Olson & Robinson,
2010).

Proposition 52. Suppose that (X,d) is a compact metric space. Then for
any v > 1/2 there exists a map ¢: (X,d) — H, where H is a separable
Hilbert space, such that

1 d(z,y)
o Tog, d(x, 9" < llo(z) — o)l < cyd(z,y) T,y € X,
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Proof. Define the maps ¢, as in the proof of the above theorem, and set
$la) =) kT2 @ ex,
k=0
where {e;} is an orthonormal set in a Hilbert space H. Then

lo(z) = o)II* < D k=727 |gn () — duly)I’

k=0

< e((2y)d(x, y)*,
and for 2=+ < d(z,y) < 27k

1 d(z,y)

—v9—k _ 79—k 5 =
I6(r) = 6l > K724 64(w) — ouly)| > K72+ = TP

as claimed. N

By combining these ‘homogeneity’ ideas with the approach of the Hunt &
Kaloshin proof, Robinson (2009), following Olson & Robinson’s Hilbert space
proof, also proved the following about embeddings into Euclidean spaces.

Theorem 53. Let X be a compact subset of a Banach space such that
dima(X — X) <s < N. If
N+1

N —s

then ‘many’ bounded linear maps L: B — RN are injective on X with

vy >

1 xr —
I_le=vl e py<efa—yl  myex.
oz Tiog e = oIl

whenever ||z — y|| < pr.
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