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POLYNOMIAL DIFFEOMORPHISMS OF C2. VIII: QUASI-EXPANSION

By Eric BEDFORD and JOHN SMILLIE

Abstract. We introduce the notion of quasi-expansion in the context of polynomial diffeomorphisms
of C2. Like hyperbolic diffeomorphisms, quasi-expanding maps have uniformly large multipliers
at saddle points. On the other hand, unlike the hyperbolic case, quasi-expanding maps can have
tangencies between stable and unstable manifolds. We characterize quasi-expansion in a number
of ways and develop some of the structure they possess. Quasi-expansion was motivated by the
study of real polynomial diffeomorphisms of maximal entropy, and our study of maximal entropy
diffeomorphisms relies on the results of this paper.

0. Introduction. This paper continues our investigation of the dynamics
of polynomial diffeomorphisms of C? carried out in [BS1-7]. There are several
reasons why the polynomial diffeomorphisms of C? form an interesting family
of dynamical systems. Not the least of these is the fact that there are connections
with two other areas of dynamics: polynomial maps of C and diffeomorphisms of
R?, which have each received a great deal of attention. The fact that these three
areas are linked makes it interesting to understand different dynamical notions
in these three contexts. One of the fundamental ideas in dynamical systems is
hyperbolicity. A lesson from the study of the dynamics of maps of C is that
hyperbolicity does not stand alone as a dynamical property, rather, it is one of
a sequence of interesting properties which can be defined in terms of recurrence
properties of critical points. These one-dimensional properties include the critical
finiteness property, semi-hyperbolicity, the Collet-Eckmann property and others.
In this paper we introduce a dynamical property of polynomial diffeomorphisms
that generalizes hyperbolicity in the way that semi-hyperbolicity generalizes hy-
perbolicity for polynomial maps of C. This paper was motivated in part by the
study of real polynomial diffeomorphisms of maximal entropy; these maps pro-
vide examples which can be analyzed by the techniques of this paper.

In one-dimensional complex dynamics, generalizations of hyperbolicity are
typically defined in terms of recurrence properties of critical points. Since we are
dealing with diffeomorphisms of C? there are no critical points, and we must use
other methods. One way to approach expansion properties is via a certain canon-
ical metric which we define on unstable tangent spaces of periodic saddle points.
A mapping is said to be quasi-expanding if this metric is uniformly expanded.
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Although this metric is canonical, it need not be equivalent to the Euclidean met-
ric. It follows that quasi-expansion need not correspond to uniform expansion in
the usual sense. We will see in fact that quasi-expansion is strictly weaker than
uniform expansion. If both f and f~! are quasi-expanding, we say that f is quasi-
hyperbolic. We will show in this paper that quasi-hyperbolic diffeomorphisms
have a great deal of interesting structure. Using this structure we develop a cri-
terion for showing that certain quasi-expanding diffeomorphisms are uniformly
hyperbolic. This criterion for hyperbolicity (as well as the general structure of
quasi-hyperbolic diffeomorphisms) plays an important role in the study of real
diffeomorphisms of maximal entropy which is carried out in [BS]. In Theorem
4.8 we show that a real mapping of maximal entropy is quasi-expanding. In Sec-
tions 5 through 8, we obtain more detailed properties of quasi-expanding maps
which are, in some sense, post-critically finite. In [BS] it is shown that real maps
of maximal entropy have this post-critical finiteness property; and the results of
Sections 5-8 are then used in [BS].

We now define the metric on which the definition of quasi-expansion is based.
This metric is “canonical” in the sense that its construction depends only on the
choice of a Green function which is unique up to a multiplicative constant. In
Theorem 4.5 we show that all of these metrics are equivalent. Let S denote the
set of saddle points of f, and we let J* denote the closure of S. For p € S
we let W“(p) denote the unstable manifold through p, and we let E; denote its
tangent space at p. W¥(p) has the structure of a Riemann surface immersed in C,
and there is a conformal uniformization 1),: C — W"(p) with the property that
1p(0) = p. We may normalize v, by the condition that max|¢|<; G* 0 9,(() = 1.
We may define a norm || - [|* on E4 by the condition that the differential of v,
with respect to the euclidean metric on C has norm 1 at the origin. A mapping
is said to be quasi-expanding if this metric is expanded by a constant x > 1 for
allpe S.

In Section 1 we describe several conditions which are equivalent to quasi-
expansion. One such condition is that the family of uniformizations {¢, : p €
S} is a normal family of entire functions. Quasi-expansion is a property of
diffeomorphisms. In Section 2 we consider related properties of individual
orbits.

Let ¥ denote the set of normal limits of {¢, : p € S}, and let W" =
{Y(C) : ¥ € ¥}. In Section 3 we consider ¥(C) purely as a variety, that is to
say without regard to its parametrization. For fixed » > 0 we let B(p, r) denote
the ball in C? with center p and radius r. We let W*(p, r) denote the connected
component of B(p, r) N W*(p) containing p. We say that f satisfies the bounded
area condition if there exists r > 0 such that for all p € S, W¥(p) is closed in
B(p,r), and the area of W“(p,r) is bounded above. Every quasi-expanding map
satisfies the bounded area condition. By Bishop’s Theorem and Lemma 2.6, the
correspondence S 3 p — W(p,r) extends to a continuous family of varieties
J* 3 x — V*(x,r) such that V¥(p,r) = W*(p, r) for p € S. We prove a Bounded
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Area Distortion Theorem for proper holomorphic mappings of planar domains
into C" (Theorems 3.1-2). This is used to prove Theorem 3.4, which says that
the locally bounded area condition, together with a generalized transversality
condition, imply quasi-expansion. The bounded area condition also allows us to
prove that uniform hyperbolicity implies quasi-expansion.

The metric that we define is canonical, but it is not the only canonical met-
ric that can be defined. In Section 4, we consider various methods of defining
metrics on unstable tangent spaces Ej; for p € S. We consider the equivalence
of uniform expansion for various choices of metrics. In particular, we define the
metrics || - ||¥) and show that they are uniformly expanded by real mappings with
maximal entropy. We show that the uniform expansion of this metric implies
quasi-expansion.

For x € J* we let ¥, denote the maps ¢ € ¥ with ¥(0) = x. Such a map
has the form () = x + @;¢/ + O(¢*"), and we define the order of 1 to be j.
We use the notation 7(x) for the maximum order for a function ¢ € ¥,. We let
Jj={x € J* : 7(x) = j}. For xo € Ji, every function ¢» € ‘¥ has nonvanishing
differential at the origin. Thus WW* is a lamination in a neighborhood of every
point of J;. (In Section 6, 7] will be shown to be a dense, open subset of J*.) In
Section 5, we show that 7 describes the local folding of W*. In particular, WW*
is not a lamination in the neighborhood of x; if 7(x;) > 1.

In Section 6, we define a metric || - ||* at all points x € J*. This metric (in
general not equivalent to the Euclidean metric) is uniformly expanded if f is
quasi-expanding. It follows (Theorem 6.2) that the largest Lyapunov exponent
of a quasi-expanding mapping with respect to any ergodic invariant measure is
strictly positive. In particular it follows (Corollary 6.3) that all periodic points
in J* are saddle points and that the Lyapunov exponents of periodic orbits are
uniformly bounded away from 0.

Starting with Section 7 our work applies to mappings for which both f and
f~! are quasi-expanding. Regularity of the variety V, at x is shown for points
x € J; such that a(x) N J; # (). We also show that a tangency between W" and
W? at a point x € J* causes 7(£) > 1 for £ € a(x).

In Section 8 we examine uniform hyperbolicity more carefully. In Theo-
rem 8.3 we show that there are geometric properties of J* which imply hyper-
bolicity. In Theorem 8.3, we show that: If f,f~! are quasi-expanding, and if f is
topologically expansive, then f is uniformly hyperbolic. Finally, if f and f~! are
both quasi-expanding, we define the singular set C to be the points of J* where
max (7%, 7%) > 1. Let 7 denote the points of tangency between YV* and W". In
Theorem 8.10 we show that if f is a mapping for which C is finite and nonempty,
then 7 C WS(C) N W*(C), and T — 7 =C.

One of our motivations in studying quasi-expansion was to develop the two-
dimensional analogue of semi-hyperbolicity. In the Appendix, we work out these
ideas in dimension one, and we show that the one-dimensional analogue of quasi-
expansion is equivalent to semi-hyperbolicity.
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Notation Section
B(p,r), Wi(p,r), Ej §0,1
1% 0 §1,4,6
my, Ly, ?ﬁx,f §1
Aws AW, ), (), s §1
Ax> A(x, 1), rx, Ry §2
Yy, ¥, V(x,€), V1, €), Vx 82
conditions T, I 82
forward contraction, backward expansion ~ §2,7
W4(2) §3
0811 15, ag, e*, s 84
eventually positive, immediately positive 84
admissible 84
V@, N), 7(x), Ord(¥h), T 85
W @, 1| EE Aw), §6
homogeneous parametrization 86
Vu’ \,lju’ Eu’ ’Yu’ Tu’ VS’ \{jS’ ES, ,Y.S" TS §7
Tike ™ Ty §7
x(Vi, Vo), px(V), C, T §8

C, P(©C), Cy §A

Acknowledgments. We wish to thank the referee for reading the paper care-
fully and making several helpful comments.

1. Normal families of uniformizations. We say that a holomorphic map
¢: C — C? is an injective immersion (or simply immersion if no confusion will
result) if it is injective and an immersion, which means that ¢'({) # 0 for all
¢ € C. In this section we explore the condition that a set of immersions has
uniform expansion; we show that, in the language of function theory, this is
equivalent to the set of immersions being a normal family of entire functions.
Let S C J* be a dense, f-invariant set. Suppose that for each x € § there is a
holomorphic immersion 1,: C — C? such that

(1.1) x € Yy(C), and Y (C) C J .
In addition, suppose that the family of sets {¢(C) : x € S} is f-invariant, i.e.,
(1.2) F(W(©) = Pu(C)

and satisfies: for x;,xy € S, either 1, (C) and 1,,(C) are either disjoint, or they
coincide, i.e.,

(1-2//) wxl (C) N wxz(c) 7£ (Z) = /l/})C] (C) = 1/1x2(C)-

For any holomorphic immersion ¢: C — C? with ¢(C) = 1(C), there are
constants a,b € C, a # 0 such that ¢(¢) = ¥ (al +b). We may choose a and b to
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obtain the normalization properties:
(1.3) ¥x(0) = x, max G (P(Q) = 1.

The first condition in (1.3) may be achieved by a translation of (. To see that
the second normalization is always possible, we note that since x € J*, G*(x) =
G*(1)x(0)) = 0. Thus

my(r) := max G*(x(¢))
[CI<r

satisfies m,(0) = 0 and is a continuous, monotone increasing function which is
unbounded above. So after a scaling of {, we will have m,(1) = 1. We note that
this normalization defines the parametrization of 1, uniquely, up to replacing ¢
by a rotation ¢?¢, 6 € R.

By s = {1, : x € S} we denote the family of these immersions, normalized
by (1.3). For x € S there is a linear mapping L,: C — C, L,(¢) = A\;(, and the
family {L, : x € S} has the property

(1.4) foiy= wfx oLy.

Changing the parametrization of v, or ¢ by a rotation induces a rotation on L,.
f induces a mapping f of vy to itself, given by

(1.5) F@) =tp=Ffot oL,

For n > 0 set

(1.6) A7) = Aed - Apnty

so that

(1.7) FH@BQ) = 7 0 (A m) 71O =" 0 (AW, m) ),

where we introduce and define the notation A(¢), n) in the right-hand side of (1.7).
This will be useful in the sequel in cases where ¢ is not unique. For convenience
here we define A(¢),n) as a complex number, but it is actually the modulus of
(1, n) that plays an important role in what follows.

By the identity G* of = d-G* and the transformation formula (1.2"), we have

(1.8) d - my(r) = mp(| A1)
Setting » = 1, we have d = my(|\c|) > 1, which gives || > 1 for all x € S.

For x € S, we let E“ denote the subspace of the tangent space of 7,C> given
by the C-linear span of ¢(0). If v € E¥, then v is a scalar multiple of ¥(0), so
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we define the norm
(1.9) [][% = |o/4(0)].

It follows that the norm of Df,, measured with respect to this family of norms is
given by

IDfell

Dfy|pu||* = = |-
H f:\f‘E’;H vEEI—{0} Hvuﬁ | X|

Similarly, ||Df?|g[* = [A(x, n)|.
For 1 < r < oo we define

M(r) = sup my(r).
x€S
For each x € §, m,(r) is a convex, increasing function of logr. It follows that
M(r) also has these properties on the open interval where it is finite. In particular,
M(r) is continuous from the right at r =1, M(1) =1, and M(r) > 1 if r > 1.

LemMaA 1.1. g is a normal family if and only if M(r) < oo for all r < oc.

Proof. We set V = {|x|,|y| < R} and V* = {|y| > |x[,|y| > R}. It is
known that for R sufficiently large, K~ C VU V*, S C V, and G*|yuy+ is a
proper exhaustion. Since ¥,(0) = x € S, it follows that no sequence in s can
diverge to infinity uniformly on compacts. Thus normality is equivalent to local
boundedness at every point. For fixed ( € C the sequence {wxj(g )} is bounded
if and only if {G*(qﬁxj(())} is bounded. Since M(r) is increasing in r, it follows
that if M(r) < oo, then ¥ is a normal family on {|¢| < r}.

Conversely, if s is a normal family, then {G*(¥/(()) : ¥ € W, |(] < r} is
bounded. Thus M(r) < oo. O

The following result shows that the normal family condition is equivalent to
a number of “uniform conditions.”

THEOREM 1.2. The following are equivalent:

(1) vs is a normal family.

(2) M(rg) < o for some 1 < ry < oQ.

(3) Forallry < ry < oo there is a constant k < 0o such that my(ry) /my(r1) < k
forall x € S.

(4) There exists k > 1 such that for all x € S,

(5) Condition (1.10) holds:

| > k.

(1.10) There exist C, 3 < oo such that m,(r) < Crﬁfor allxe Sandr > 1.

Proof. (1) = (2) is a consequence of Lemma 1.1.
2) = @4). If M(rg) < oo for some 1 < rg < oo then M(r) is a convex,
increasing function of p = logr on the interval p € (0,logrg). It follows that
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M(r) is continuous at r = 1. Thus « :=inf{r > 1 : M(t) > d} > 1. Now for any
x € S we have mp(|\|) = d - my(1) = d. It follows, then, that M(|\|) > d, and
sO | Ay > k> 1.

(4) = (5). For x € §, let x; = fjx. Then by the transformation formula (1.8)

mx(ﬂp) < mx(|)\xo)\x,1 T )\x,pﬂ |) = dpmx,pﬂ(l) =d.

For any 1 < r < oo we choose p such that k»~! < r < xP. If we choose
3 =logd/ log k, then x° = d, and

m(r) < my(kP) < (kP)°? = KPP,

Thus (1.10) holds with C = «7.

(5) = (1). Condition (1.10) implies that M(r) < CrP, and thus s is a normal
family by Lemma 1.1.

(1) & (3). Let )5 denote the set of scaled functions 15(() = Y(r;¢) for all
1) € 1. By the equivalence (1)<(2) and Lemma 1.1, we have that 155 is a normal
family if and only if

~ ”hx(r) mx(rrl)
M(r) = =
()=S0 () =S )

Finally, it is evident that 1) is a normal family if and only if )5 is normal. Thus
(1) is equivalent to (3). a

We say that f is quasi-expanding if the equivalent conditions in Theorem 1.2
hold. While these conditions are stated in terms of the family g, we will see in
Section 3 that they are independent of the choice of the particular family 5. We
say that f is quasi-contracting if f~! is quasi-expanding.

ProposiTiON 1.3. For n > 1, f is quasi-expanding if and only if f* is quasi-
expanding.

Proof. Let g be a family satisfying (1.1-3) for f. For n > 1, J* and K*
are the same for f”. It follows that 15 also satisfies (1.1-3) for f". If f is quasi-
expanding, then s is a normal family; thus f”, too, is quasi-expanding.

Now suppose that 15 satisfies (1.1-3) for f". It follows that § := SUf SU- - -U
f"~18 is f-invariant. Let 1/1§j) denote the set of mappings {f/ oo Ly : ¢ € s},
where Ly(¢) = A(3,/)C is chosen so that f/ o 1) o Ly satisfies the normalization
(1.3). Let b5 == ¥ U--- UV, so that o satisfies (1.1-3) for f. Define
0
s

MUY(r) = SUP, () SUP¢|</ G* o (¢). If f" is quasi-expanding, then ¢’ is a
¢ <

normal family. By Lemma 1.1 this means that MO (r) < co for r < co. As in
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the line following (1.8) we have |A(¢),))| > 1. It follows that
MY9(r) = sup sup Gt o (C)
pepyd [KI<r

sup sup d - G* o (A, )| 1) < d- MO).
peypy IC1<r

Thus M (r) < oo for all r < co. It follows from Lemma 1.1 that each 1/{9 is a
normal family. Thus s is normal, and f is quasi-expanding. m|

ProposSITION 1.4. Iff is quasi-expanding, then for x € S, 1 (C) C W*(x), i.e.,
ify1,¥2 € Yu(C), then limy— o0 dist(f~"y1,f"y2) = 0.

Proof. For j = 1,2 there exist ¢; € C such that ¢ ((;) = y;. By (1.7) f™"y; =
FMPAG) = e, (MNx, —n) 1), Now {4, : n > 0} is a normal family, so the
set of derivatives {|Dv,_,(Q)| : |¢| < 1,n > 0} is uniformly bounded by M < cc.
Thus

dist(f~"y1,f ") = [, A& =) 1) — Y, A, —n) Q)
< (A, =n) T MG = G,

which tends to zero, since \(x, —n) — oo by (4) of Theorem 1.2. O

We give two examples to show that families g satisfying (1.1-3) exist for
any map f. Let p be a saddle point, i.e., a periodic point of saddle type. The stable
and unstable manifolds W*(p) and W*(p) through p are conformally equivalent
to C. Let ¢: C — W*(p) denote a uniformization of the unstable manifold. It is
evident that p € ¢(C) = W¥(p), and by the argument of [BS1, Proposition 5.1]
we have W¥(p) C J ™.

Example 1. Let p and g be saddle points, and set S = W*(g) N W*(p). By
[BLS], S is a dense subset of J*. Let ¢ denote the uniformization of W*(p) as
above. For x € § C W¥(p), we set 3, := ¢~ '(x). Now we may choose a, # 0
such that ¥,(C) := ¢(a(¢ + By)) satisfies (1.1-3).

Example 2. Let S denote the set of saddle (periodic) points. By [BLS], S is
dense in J*. For p € § the unstable manifold W*(p) may be normalized to satisfy
the conditions (1.1-3) above.

If p is periodic of period n = n,, then the multiplier Df}| EY is given by
A(p,n). Then we have

d"my,(r) = my(|X(p, n)|r).
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Thus we conclude that for p € §
(1.11) my(r) < Cpr?

holds with (3 = log d/(,ll log |A(p,n)|). This condition (1.11) allows both C and (3
to vary with p and differs from (1.10) in this respect.
A variant of (1.10) is

e
(1.12) There exist C, 3 < oo such that ilelgmy(r) > % forall 0 < r < 1.
y

ProposITION 1.5. Iff is quasi-expanding, then (1.12) holds.

Proof. If f is quasi-expanding, then there exists x > 1 such that [\,| > « for
all 9» € . Given r, choose n such that k™" < r < x~"*!. By the normalization
condition, m(|A(x), —n)|) = d~". Thus by the choice of n,

logr
my(r) > my (k") = (NG, —n)) = d " > dver
Thus (1.12) holds with C =d and 3 = logd/ log k. O

COROLLARY 1.6. Iff is quasi-expanding, there are C > 0,1y > 0, and m < oo
such that maxp(, ) G* > Cr'" forx € J* and 0 < r < .

2. Expansion along individual orbits and unstable germs. While our
primary focus is the dynamics of quasi-expanding diffeomorphisms, some of the
results in the sequel are local results and depend only on information about the
behavior of a particular orbit. In this section we explore various orbitwise notions
of expansion and regularity. This section may be omitted on a first reading of
this paper. We define

M(r) = li , Ay = liminf |\
(1) lsr;y sup my(r), A im inf Ayl
ry = inf{r: M,(r) > 0}, R, =inf{r: M(r) = oo},

where we admit +oo as a possible value. It follows that 5\x > 1, M.(0) = 0,
M,(1) =1, and R, > 1. Further, M, is a convex, increasing function of log r for
r in the interval (0, R,), and it is evident that x — M, and x — r, are upper
semicontinuous; and x — )A\x and x — R, are lower semicontinuous.

For n > 0, we define

A, n) = A Ay, and AGx, —n) = X;l : .Xfﬂx =Nf"x,n) "L

—ny —
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LEmMMA 2.1. Forx € J* and n > 0 we have
(2.1 d"M(r) > Mpny(ACx, n)r) and d™"M(r) < Mp-n (Ax, —n)r).
Proof. By (1.8) we have
mpnp(|A(p, )[r) = d"mp(r) and my—n (r) = d™"m(|X(x, —n)[r)

for p € S and n > 0. Let us fix r and choose a sequence of points p; — x such
that mfnpi()A\(x, nyr)y — anx()A\(x, n)r). Since the my, are convex in log r, then are
equicontinuous, so by the lower semicontinuity of x — A, n), it follows that
Min, A, n)r) < lim SUP),. mpl()\(p],n)r) = lim SUp), . d”mp (r) < d"M,(r).
The proof for the other 1nequahty follows by a similar argument, with the only
difference being that x — Ax, —n) is upper semicontinuous. O

PROPOSITION 2.2. For x € J* and n > 0 we have \x,n)R, < Ryny and
A, —m)ry > ry-ny. In particular,

(2.2) re < Aoe,n)” <1< Ax, —n)"! <R,.

Proof. If r < R,, then by Lemma 2.1, we have anx()A\(x, n)r) < oo. Thus
A(x,n)r < Ryny. The other inequality is similar. O

THEOREM 2.3. The following are equivalent:
(1) f is quasi-expanding

() Ay > 1 forallx € J*.

(3) infyey+ Ay > 1.

@ R, > 1 forallx € J*.

(5) Ry = oo forall x € J*.

(6) limy,_, oo A(x,n) = 0 for all x € J*.

Proof. (1) = (2). If f is quasi-expanding then |\,| > x > 1 for all p € S.
Thus A, > infyes [A,| > £ > 1. (2) = (3). This follows because x — A, is lower
semicontinuous. (3) = (1). By the definition of )A\x and the compactness of J*,
infyeg |A,| = infyey= A If 5 ;= inf A, > 1, then |A\p| > K, so f is quasi-expanding.

(1) = (5). This is condition (5) of Theorem 1.2.

(5) = (4). This is trivial.

(4) = (1). Since x — R, is lower semicontinuous, it follows that R := inf, ¢~
R, > 1. Choose 1 < R' < R. By the upper semicontinuity of x — M,, it follows
that sup, ;. M (R') < co. Thus f is quasi-expanding by (2) of Theorem 1.2.

(1) = (6). If f is quasi-expanding, then )A\(x, n) < k", so (6) holds.

(6) = (5). If (6) holds, then R, = co by Proposition 2.2, so (5) holds. O
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We say that f has forward expansion at x if lim,_, o A(x, n) = 0o, and we say
that f has backward contraction at x if lim,__s, A(x,n) = 0. By Proposition 2.2,
if f has forward expansion at x, then r, = 0; and if f has backward contraction
at x, then R, = oo.

For x € J* and R < R, there is a neighborhood A of x in J* such that if
y € N, then my(R) < M(R)+ 1 < oco. Thus the restrictions {G* o ¢, |{|¢| < R} :
y € N'} are uniformly bounded. Since ,(C) C J~, it follows that the restrictions
of {1, : y € N} to {|[¢| < R} are uniformly bounded and are thus a normal
family. We let W, denote the set of analytic mappings : {|(| < R} — C?
which are obtained as normal limits limy, .. ¢y, |(¢c|<g,} for sequences y; — x.
We set ¥ = {J,c;« Px. In general it may happen that an element ¢ € ¥, may be
analytically extended to a domain strictly larger than {|(| < Ry}. The size of the
domain {|¢| < R.} assures that ¥ is a normal family.

Let us define a condition at a point x:

™) W, contains a nonconstant mapping.

Suppose (1) holds, and choose a nonconstant ¢y € W¥,. We say that 1 is a maximal
element of ¥, if whenever ¥(a() also belongs to ‘¥, for some constant o € C,
we have |a|] < 1. By the compactness of Wy, each ¢ € ¥, is either maximal
or has the form (¢) = 1)(a¢) for some maximal ¢) and la| < 1. Passing to
convergent subsequences in (1.7) we see that if ¢y € ¥, is maximal, then there
are a unique (modulo rotation of variable) linear transformation L(¢) = Ay¢ and
a unique maximal ¢ € W such that f oo L;l =1)1. This allows us to define

(2.3) VE P T (DG EN((OWAIe)
If ¢ is not maximal, and if ¥(¢) = (a) is as above, then we set f(¥)(() =

F@h)aQ). ~
We use the notation 1); := f/(1)) and

A, n) = )‘1&0)‘1,01 T >\’¢'n—l
SO
F'@)Q) =f" o vA@,n) 7).

Since each ¢ € ¥ is a limit of elements of g, and A is a lim-inf, we have the
following.

COROLLARY 2.4. If (1) holds at x € J*, then for n > 0,

A, n) = inf |\, n)| = min [A(x,n)|,
(x, 1) J&' (W, m)| fellqr,lxl @, n)|
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where the infimum and minimum are taken over all nonconstant elements of V. In
)| = o0
and n — +oo; and if x is a point of backward contraction, then |\(¢,n)| — 0 as
n— —oo.

COROLLARY 2.5. Suppose that (t) holds at each x € J*. If f is not quasi-
expanding, then there exists a nonconstant 1) € ¥ such that |(\(¢,n)| = 1 for all
n<o0.

Proof. If f is not quasi-expanding, then by Theorem 2.3, R, = 1 for some
x € J*. By Proposition 2.2, we have Ax,n) = 1 for all n < 0. By Corollary 2.4,
there is a nonconstant 1)) € W, such that |\(x)%"), n)| = 1. By the compactness
of ¥,, we may choose a subsequence such that 1/1<”J'> — ¢ € ¥y, and 1 has the
desired property. O

Let 1 denote the germ at ¢ = 0 of a nonconstant holomorphic map from a
neighborhood of the origin in C to C2. Setting x = (0), it follows that {|¢| <
r,(¢) = x} = {0} for r > 0 sufficiently small. Let B(x, ¢) denote the Euclidean
ball in C? with center x and radius e, and let V(,€) denote the connected
component of B(x,e) N ¥(|¢| < r) containing x. If € < minj-, [¢)(¢)], then
V(4, €) is an analytic subvariety of B(x, ¢).

LemMa 2.6. If (T) holds, the nonconstant elements of ¥, define a unique germ
of a complex analytic variety at x.

Proof. Let 11,1, € W, be given, and let Vi, V, be the corresponding germs
of varieties, defined in some ball B(x, €). If W ,1] are sequences from w5 which
converge to 11,1, respectively, then for j sufficiently large, é define sub-
varieties V{,Vj (respectively) of B(x,e). If V| and V, define dlstmct germs of
varieties at x, then V; and V, have a 0-dimensional intersection in B(x, ¢). Thus
V{ and Vé also have 0-dimensional intersection in B(x, €), which contradicts (1.2").

O

We will sometimes use the notation V(x,¢) for V(,¢€); and we will let V,
denote the corresponding germ at x, which is independent of ¢ by Lemma 2.6.

We may define
(2~4) Vx = U ¢(|C! < Rx)-

PeW¥x

By the proof of Lemma 2.6, there can be no O-dimensional components of
V1< < RY) Na(|¢| < Ry). Thus for y € V,, there is a unique irreducible
germ of a variety, W which is contained in V, and which contains y. Thus there
is a Riemann surface R and an injective holomorphic mapping y: R — V,; this
Riemann surface is the normalization of the singularities of V. (see [Ch, 86]).

PROPOSITION 2.7. Suppose that f does not preserve volume. If x € J* has period
n, and if one of the multipliers of Df!' has modulus 1, then (1) does not hold.
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Proof. We may assume that x € J* is a fixed point of f. If u;, u» € C denote
the multipliers of Df;, then we may suppose that |u;| < |uz2| = 1. Let us suppose
that (1) holds at x, and let x: R — V, be as above. Set ¥ = x~'x. Then f
induces a biholomorphic mapping F := x ' of o x: R — R, and F(%) = x. For
nonconstant ¢ € ¥, we may write ¥(() = x + Y o an(" with a,, € C? and

a #0. Given ¥'({) =x+ Y o2y a,,¢™ € Wy, there exists ¢ € W, such that
W =F@p) =f o p(A;'Q) = AMDf - ar) ¢F + O(CH).

We conclude that k¥’ = k, and a;, = /\Jk(DjSC -ay). Thus a; is an eigenvector of Df;,
S0 a = )\1;]‘ jay for one of the eigenvalues ;. Since we may choose ¢ such that
aj has maximal length, it follows that |a;| < |ak|, so |p;| > |>\’f/)| > 1, and so the
eigenvalue must be p,.

We may also write x(¢) = 3.°°, b, t* for b,, € C2?, by # 0. We compute
that F/(X) = pp. Thus F: R — R is an automorphism with a fixed point ¥ with
multiplier ¢>™. Passing to covering spaces, we may assume that R is C or the
unit disk. If 8 € Q, then we may assume that pp = 1, and thus F is the identity.
But this is not possible, since this would mean that f is the identity on V,; but the
fixed points of f are discrete. The other possibility, § ¢ Q is also not possible.
For in this case it follows from [BS2, Proposition 2] that x is contained in the
interior of K*, so x ¢ J*. |

We consider the following condition on a point x € J*:
(6] Every mapping in ¥, is nonconstant.

Note that if R, > 1, then ¢ is holomorphic on {|(| < R,} D {|¢| > 1}, and
max¢|<; G* o9 = 1. Since G* 0 9(0) = 0, it follows that (}) holds. The failure
of (1) thus implies that R, = 1 and thus by Proposition 2.2 Ax,n) =1 forn < 0.

LemMA 2.8. If (1) holds, there exist ¢ > 0 and 0 < r < 1 such that for each
1 € W, there exists p < r such that

dist((C), ¥(0)) > €

for all |C| = p. If (1) holds for all x € J*, the € and r may be chosen to hold for all
xeJn

Proof. We expand each ¢ € ¥ in a power series about ( = 0, ¥({) =
x+ o+ +-- -, with aj € C2. For each j, 9 — «j is a continuous mapping
from P to C2. Since %) is not constant, there exist ry, € > 0 such that [¢(Q)| > ey
for || = ry. This inequality continues to hold in a small neighborhood of ¢ inside
Y. Thus we obtain r and € by the compactness of V. O
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The following shows that if f is quasi-expanding, then each germ V, is
contained in a variety V(x, €) with uniformly large inner diameter and uniformly
bounded area. This is an easy consequence of Lemma 2.8 and the fact that

Area(y(D)) = [, [¥')?.

PROPOSITION 2.9. If f is quasi-expanding, then there exist € > 0 and A < o0
such that for each x € J*, V(x,€) is a (closed) subvariety of B(x, €), the area of
V(x, €) is bounded by A.

The following is a strong converse to Proposition 1.5.

THEOREM 2.10. If f is not quasi-expanding, then there exists a point x € J*
such that either (1) fails, or r, > 0. In either case, (1.12) fails.

Proof. If f is not quasi-expanding, the by Corollary 2.5 there exists ¢ € ¥
such that |\(y,n)| = 1 for n < 0. If we set 1, = f"+) and my, (r) = supj¢|., G* o
Yu(Q), then my, (|A(1), n)|r) = d"my(r). Let 1 be a limit of ¥y, for some subse-
quence n; — —oo. It follows that my, (1) = 0. Set x = 1p(0). If ¢y is constant,
then (1) fails at x.

Otherwise, if 1y is nonconstant, we set Vy := 9o({|¢| < 1}). Thus Vj is a
connected neighborhood of x in V, N {G* = 0}, where V, is as in (2.4). Note
that V, N {G* < 1} C J~ N {G* < 1} is bounded, and thus V, N {G* < 1} is
Kobayashi hyperbolic. Let Dk(c) denote the disk with center x and radius ¢ in
the Kobayashi metric of V, N {G* < 1}. We may choose ¢ small enough that
Dg(c) C Vy. Now choose r small enough that the length of [0, r] with respect to
the Kobayashi metric of the unit disk is less than c. It follows that for any 1) € ‘¥,
we have ¥({|¢| < 1}) C V. N {G" < 1}, and thus ¥({|¢| < 1}) C Dk(c) C Vp.
Thus ry > r. O

3. Area bounds and distortion. In this section we establish a bounded area
distortion theorem and use it to give sufficient conditions for quasi-expansion.
Recall that if A C C is a doubly connected domain, then A is conformally
equivalent to a circular annulus {( € C : r; < [{| < r2}. The modulus of
this annulus, written Mod(A), is equal to log(r,/r1). We will use the notation
Br = B(0, R) for the ball centered at the origin in C".

THEOREM 3.1. Let D C C be a disk, let 0 < Ry < Ry be given, and let
¢: D — Bg, be a proper holomorphic map. Let A denote the area of the image
&(D). The set ¢~ ! (Br,) is a union of topological disks. Let C be any component of
&~ 1(Bg,). The set D — C is a topological annulus, and

log (R1/Ro)

Mod(D — C) >
Ri%(z +

+)'
log (R1/Ro)

Proof. The modulus of the annulus D — C is equal to the extremal length
of the family of curves that connect the boundary components. We recall the
computation of extremal length (see Fuchs [F]). Given a conformal metric p(z)|dz]
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on the annulus, the length of a curve v is Length(v) = [ |dz|. We define the
extremal length L of the curve family by the formula
1 Area(po)

=inf

[ =in 2 where Area(pg) = / pz(z) dA,

and m is the infimum of Length(~y) for all 7 in the curve family.

Any particular choice of p = py gives a lower estimate: L > m?/Area(py).
Let ds be the Euclidean metric on C". Let r(z) = |z| be the radial distance of a
point z € C” to the origin, and let pg be the pullback under ¢ of the metric which
is defined as ds/r on Bg, — Bg, and which is zero on Bg,.

We will estimate the minimal length of a curve and the area for the metric
po. Define g(v) =log|v| = log (v, v) for v € C", so that Vg = v/|v[*. Let v(t)
be a path in D — C with v(0) € 0C and (1) € OD.

Hgon)'®| (t)\ / (o)D) - |(¢ 0N
0 [(@oN®| 'y)(t)! [CERIGIE

z/o (¢o7) - Vgdt = g(1) — g(0)
= log [p7(1)] — log |1(0)] = log (R1 /Ry).

Length(vy) = dt

Let F(r) denote the area of ¢(D) N B, with respect to the standard metric on
C". By definition, F(R;) = A. The area of D — C with respect to pg is

R] F/
Area(po) = / r(p dr.

Ro

Now we integrate by parts and use the property (see [Ch, p. 189]) that F(r)/r?
is nondecreasing in r to obtain

R F'(r) _ [ F(Ry)  F(Ro) —2 dr
[P (-5 Lro®

_ FR) _ F(Ro) 2/R‘ F(r) dr

R% B R2 Ro 2oy
F(Ry) 2FRy), R
< 7 + 2 logR—.
1 1 0
Thus
(1)
Mod(D — C)=L > "¢
R_%+R_%10gR_()
logllg—(l)

which is the desired estimate. O
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Theorem 3.1 yields the following Bounded Area Distortion Theorem, which
is of independent interest. In dimension n = 1, the fact that the area is weighted
by the multiplicity of the mapping becomes crucial. For n = 1, the part of The-
orem 3.2 concerning the containment {|(| < ar} C Dy C {|(| < r} is given in
[CJY, Lemma 2.2].

THEOREM 3.2. LetA < ocoandx > 1be given. Thenthere existp > Oanda > 0
with the following property: If D C C is a simply connected domain containing
the origin, and if ¢: D — Bg is a proper holomorphic mapping with ¢(0) = 0 and
Area(¢p(D)) < A, then for some r the component Dy of gb_l(BpR) containing the
origin satisfies

{l{| <ar} Cc Dy C{|¢| <r}C{[(|] <xr}CD.

Proof. We define r > 0 to be the minimum value for which D C {|¢| < r},
and we define x > 0 to be the maximum value for which {|({| < xr} C D.
There are points (; € 9D, |(i| = r and (; € 9D, |(;| = kr. By Teichmiiller’s
Theorem [A, Theorem 4—7], the modulus of the annulus D — D is no greater than
the modulus of the complement in C of the segments [ — r,0] and [kr, +o0). By
Theorem 3.1 we have

Mod(C — ([ — 1,0] U [k, +00))) > - log (R//l)) .
2 (2+ )

The quantity on the left-hand side of this inequality has been much studied. The
estimate given by equation (4-21) of [A] shows that the modulus is less than
Q2m)~! log (16(x + 1)). Thus if we take p sufficiently small then we can obtain
K> X.

Now define a > 0 as the largest value for which {|¢| < ar} C D. Then there
is a point {y € 9D with |(y| = ar. Without loss of generality, we may assume
that o > 0. By the Cauchy estimate, we have |¢'({)| < R/((x — 1)r) for |¢| < r.
Since ¢(0) =0 and ¢(¢p) € OB, we have

R Ra
[Gol = —

< ¢o , U<
pR_/O oldr < ol =

T
We conclude that @ > (k — 1)p, which completes the proof. O

We consider the condition:

3.1 There exist € > 0 and A < oo such that for all x € S,
V(x, ) is closed in B(x, €), and Area(V(x,¢)) < A.
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If (3.1) holds, then by Bishop’s Theorem (see [Ch, p. 205]) the family {V(x,e€) :
x € S} is pre-compact in the Hausdorff topology. By Lemma 2.8, there is a
unique extension to a family of varieties {V(x,¢) : x € J*}, with V(x,e) C J™.
We also consider the related condition, in which S is replaced by J*:

(3.1) There exist € > 0 and A < oo such that for all x € J*,
V(x, ) is closed in B(x,¢), and Area(V(x,¢)) < A.

Clearly (3.1) = (3.1). By Proposition 2.9, conditions (3.1) and (3.1’) hold if f
is quasi-expanding.

THEOREM 3.3. (3.1) = ((1) holds for all x € J*) = (3.1").

Proof. Suppose that (3.1) holds. For x > 1, let p and a be the constants from
Theorem 3.2. We may assume that € > 0 is small enough that maxg, , G" < 1
for all x € J*. For x € § we let ¢, € ¥s be the corresponding immersion. Let D
(respectively, Do) denote the connected component of 1/ Y(B(x, €)) (respectively,
¥ {(B(x, pe))) containing the origin. Since G* o), < 1 on {|¢| < rx} C D it
follows that ry < 1, so r < 1/x. We note that dist(1((), x) = dist(1x((), 1¥(0)) =
pe for all ¢ € 0Dy, and that 9Dy C {|¢] < 1/x}. It follows that if a sequence of
mappings ), converges to a map 1, then there will be a point ¢ with [¢] < 1/x
and dist(¥(¢), ¥(0)) = pe, and so 1 cannot be constant. Thus (1) holds.

Next let us suppose that (1) holds. We have already observed that with ¢
as in Lemma 2.8, V(x,¢€) is closed in B(x,¢). By the compactness of ¥, Cy =

Supy, supj¢i<, [¥'(Q)] < oo, so
Area(V(x, €)) < / WO < mr*C3,
¢l<r

so (3.1") holds. O

The germ V, being contained in K is equivalent to G* o ¢)(¢) = 0 for |{| < r;
by Proposition 1.5 this prevents quasi-expansion. The condition that no germ V,
is contained in K™ = {G* = 0} may be viewed as a weak form of transversality
between V, and K™.

THEOREM 3.4. If(3.1) holds, and if no germ V,, x € J*, is contained in K, then
f is quasi-expanding.

Proof. Let ¢ > 0 and A < oo be as in (3.1). For x > 1, let p be the constant
in Theorem 3.2, corresponding to the number A. By the continuity of G*, we
may shrink e so that

max max G* < 1.
xeJ* B(x,€)
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We set

co := min max G".
xeJ* V(x,pe)

We claim that ¢g > 0. By Theorem 3.3, {V,,x € J*} is a compact family of
varieties. If ¢ = 0, then by compactness we would have G* = 0 on V(x, pe) for
some x € J*. This germ V, would be contained in K, contradicting our hypothesis.
Thus ¢y > 0, and we choose n such that d"cy > 1.

For x € S, let D (respectively Dy) be the connected component of 1)~ ' B(x, €)
(respectively 1)~ B(x, pe)) containing the origin. Thus

Do C {[¢| <r} c{l¢] <rx} CD.
Since G* o1, < 1 on D, it follows that ry < 1. We also have

co < max G < max G*.
¢eDy [¢I<r

Now applying f", the set V, is mapped to Vjn,, which is unformized by y,. It
follows that

max G oy, > cod" > 1.
ICI<[ACem)|F

By the normalization (1.3) on 1)y, it follows that |A(x,n)|r > 1. We conclude that
ACe,nm)|r > 1> xr,

or [A\(x,n)| > x > 1. By Theorem 1.2, then, f" is quasi-expanding. Thus by
Proposition 1.3, f is quasi-expanding. O

The following two Corollaries are just restatements of Proposition 2.3 and
Theorem 2.8 in terms of the families s given as examples at the end of Section 1.

COROLLARY 3.5. A necessary and sufficient condition for f to be quasi-ex-
panding is that there exist ¢ > 0 and A < oo such that for each 6 > 0 there is
an 1 > 0 such that for each saddle point p we have: W(p) is closed in B(p,e€),
Area(W!(p)) < A, and SUpyy( ) G*>n.

COROLLARY 3.6. A necessary and sufficient condition for f to be quasi-ex-
panding is that there exist € > 0, A < oo and saddle points p, q such that for each
0 > 0 there is an n > 0 such that W(2) is closed in B(z, €), Area(W!(z)) < A, and
SUPyyu( G* > nforall z € W*(p) N Wi(qg).

COROLLARY 3.7. The condition that f is quasi-expanding is independent of the
family s.
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A quasi-expanding mapping has a certain uniform contraction along backward
orbits, at finite scale.

THEOREM 3.8. Iff is quasi-expanding, then there exist € > 0 and 6 < 1 such
that for all x € J* and n > 0, diam(f " V(x, €)) < 0" and Area(f~"V(x,¢)) < 0".

Proof. Let A < oo and € > 0 be as in Proposition 2.9. Let ¢ be the maximum
of G* in an e-neighborhood of J*. Let M(r) be as in Theorem 1.2, and let . be
such that M(r.) = c. We note that by choosing e sufficiently small, we can make
¢ arbitrarily close to zero. By the continuity of M(r), then, the constant r. may
be taken arbitrarily close to zero.

Let a and p be as in Theorem 3.2. For x € J*, let D, denote the connected
component of 17! V(x, €) containing the origin. It follows from Theorem 3.2 that
there exists r, such that

{1¢] < aryy €7V, pe) € {|¢] < e}
It is evident that ar, < r.. Define

Mi=suip sup [0(Q)] < oo
e |¢|<are

which is finite by the compactness of . By the transformation formula (1.4),
and by (4) of Theorem 1.2, we have

FV(x, pe) C fMhu(|C] < a”lre) C Yp-ny (] < K "a"r).
Thus we obtain the estimates
Area(f"Vixpe) < [ (O
[K|<k="a"tre

< w7k "a" )’ M>.

and
diamea(f"V(x, pe)) < (max |[¢'|)diam{|¢| < ™ "a" 1.}
< M-267"a ..
Finally, it suffices to take r, sufficiently small that 2Ma~'r. < 1. O

PROPOSITION 3.9. Iff is uniformly hyperbolic on J*, then f and f~' are quasi-
expanding.

Proof. Let W* = {W"(x) : x € J*} denote the lamination defined by the
unstable manifolds through points of J*. Since W* contains the sets V(x,¢), it
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follows that (3.1’) holds. For x € J* let ||-||¥ denote the metric on the tangent space
E", as well as the distance induced on W*(x) by ||-||*. For x € J*,1et 0 < r(x) < oo
denote the largest number such that the |- ||¥-disk D(x, r(x)) C W*(x) is contained
in {G* = 0}. Since |A\y| > 1, we have r(fx) > r(x).

By [BS7, §5], x +— || - ||¥ varies continuously. It follows that J* 3 x — r(x)
is upper semicontinuous. We will show that r(x) = 0. Suppose, to the contrary,
that R := sup ;- r(x) > 0. By upper semicontinuity there exists xo € J* with
r(xp) = R. If R = o0, it follows that W*(xp) is conformally equivalent to C, and
that W"(x¢) C K, which is a contradiction. If R < oo, then we let X denote the
w-limit set of xo, i.e., the set of limits of sequences {f"xo}, nj — oo. Clearly
X is f-invariant and compact, so it is a hyperbolic set for f. Since r is upper
semicontinuous, we have r(x) = R for all x € X. Thus for xog € X

W"(x0) D (J SO "x0, 7(f " x0)) = | f"(D(f"x0, R)).

n>0 n>0
Since || - ||* is comparable to euclidean distance, there exists ry > 0 such that
D(f"xp,R) contains a disk with Euclidean radius ry in W*( f~"xg). It follows,
then, as in [BS1] that W*(x9) C {G" = 0} and is conformally equivalent to C,
which is a contradiction. Thus we conclude that » = 0 on J*. It now follows from
Theorem 3.4 that f is quasi-expanding. The argument for f~! is the same. O

ProposITION 3.10. Suppose f is quasi-expanding. Then there exist € > 0 and
N < oo such that f*V(x,€) D V(f"x,e€) forx € J* andn > N.

Proof. By Lemma 2.8 and Theorem 3.2 there exist € > 0 and L < oo such
that

v({CeC:[¢| <1/L}) CV(x,e) Ch({C e C:[¢| <L}

for each ¢, € ¥,. Let k > 1 be as in Theorem 1.2, and choose N such that
kN > L. Tt follows, then that N has the desired property. O

4. Equivalence of families of metrics. In this section we show (Theo-
rem 4.8) that real mappings of maximal entropy are quasi-expanding. By Theo-
rem 1.2, quasi-expansion is equivalent to uniform expansion with respect to the
metric || - ||¥. We introduce a family of metrics || - ||'¥, and we show that this
metric is uniformly expanded by real mappings of maximal entropy. Then we
show that this metric is equivalent to || - ||¥, from which we obtain Theorem 4.8.
We also give an alternate proof of Proposition 3.9, which shows that (uniformly)
hyperbolic mappings are quasi-expanding (Corollary 4.13).

We will compare several norms on the unstable tangent space E¥. By || - ||¢ we
denote the norm on E* induced by the euclidean metric on C2. If || - || denotes an
complex affine invariant metric on EY, then || - || is determined by its value at the
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origin. Since E¥ has complex dimension 1, it follows that all such affine metrics
are real multiples of each other, i.e., there exists o = a(x) such that |- || = «|| - ||°.

Now we define || - |Y). For 0 < L < oo, we let DY = D denote the
connected component of {¢ € C : G* o ¢,(¢) < L} which contains the origin.
Since G* o 1), is subharmonic on C, it follows from the maximum principle that
D™ is simply connected. We will use v, to transport the Poincaré metric of D?
at 0 to E¥. That is, let dsp denote the Poincaré metric of DD at ¢ =0, and for
any v € EY we define

0|V 2= dsp((dip) ™" v).

One way to define the Poincaré metric is to let By = {( € C : |[¢| < 1} and
let x'©: B; — D be the conformal equivalence such that x{¥(0) = 0. Then if
1 denotes the tangent vector with unit length in the euclidean metric, we have
dsp(1) = |[xP(0Y|~", so that

(4.1) 10187 = [o/xP©)'].
If L < L', then DO c DX, and so the Poincaré metrics of the two domains have

the reverse inequality, so that || - | > || - ||©). By the identity G* of = d - G* it
follows that f maps the set DY to the set D}fL). Thus for v € EY we have

d
42) ol = 1Dl < IDhel
If |- |5 and || - || are families of affine metrics for x € S, we define the

comparison function a: S — R, which is given by a}(x) :=log (||2[|3/|v]|2) for
any nonzero v € E%. We say that || - ||* is equivalent to || - ||® if a}(x) is a bounded
function of x € S. Note that this is an equivalence relation.

Let us compare | - ||# and || - ||). Recall from the definition of | - ||# that
the unit disk in C is the largest disk centered at the origin which is contained
in {G* o1, < 1}, i.e., D'V contains the disk {¢ € C : |¢| < 1}, and there is a
point (o € D with |¢o| = 1. Since G* o 9, is subharmonic on C, it follows
that D'V is simply connected. As above, we let x = x': {|¢| < 1} — D be a
conformal equivalence such that x(0) = 0. It follows that the Poincaré metric dsp
satisfies: dsp(1) = |x’(0)|. By the Koebe 1/4-Theorem, we have zlt < IX'(0)] < 1.
It follows from (1.9) and (4.1) that

(4.3) I E< -1 <4 - 1%

Thus

—log4 < aﬁl) <0,

and so these metrics are equivalent.
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When L < L', we have the map
(4.4) p=0E) o x®: B — B.

From the fact that DX is a strict subset of D&, it follows that |p/(0)| < 1. Thus
by the definitions above

4.5) aly) = —log|p'(0)| > 0,

which corresponds to the earlier observation that || - || < || - [|£" for all x. A
lower bound on a&)) is equivalent to a lower bound on |p’(0)|, which is equivalent

to the existence of 0 < r < 1 such that {|z| < r} C p(B;) for all x € S.

LEMMA 4.1. There exists 0 < Ly < oo, (depending on f), such that for Ly <
L' < oo, | - || is equivalent to | - | X,

Proof. We let m denote the coordinate projection onto the second coordinate
axis. It follows that the restrictions of |7| and G* to J~ are proper exhaustions
of J~. Let us choose C; such that

{G"=0}nJ™ C{|r| < C,}.
For Ly sufficiently large, there exists C, > C; such that
{G* > L} C {|n| > C>}.
Finally, for L' < oo we may choose C3 > C, sufficiently large that
{G* < L'} c{|n| < C3}.

Let s denote the distance between {|z| = C;} and {|z| = C2}, measured with
respect to the Poincaré metric on {|z| < C3}. Let 0 < r < 1 be chosen so that
the Poincaré distance from O to r inside Bj is equal to s. We will show that p(B;)
contains the disk of radius r about the origin. For if |zo| < r, then the Poincaré
distance between 0 to zg is less than s. We consider A := 7 o 1, o (x£?)~1(0) and
B :=moth o (xE) " (zp). Since 0 € J € J~N{G* =0}, it follows that |A| < C;.
By the definition of DL and Cj, it follows that

o gy o (()7B) € {lz] < G}
Thus 7 o 1, o (x?)~, as a mapping from Bj to the disk {|z| < C3} decreases

the respective Poincaré metrics. Thus the distance between the points A and B
is less than s, so we conclude that B is contained in the disk {|z] < C,}. By
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the definition of C,, then, it follows that G*(¢)y o (x£?)"!(z9)) < L. Thus we
conclude that zj is in the range of p, which gives the desired lower estimate. O

Given a family of metrics || - || the effect of the differential Df is measured
by the function c(x,n) := log (|| Df!'v||s/||||x), where v is a nonzero element of
E!. The chain rule gives the following cocycle condition for c:

(4.6) c(x,n+m) = c(x,n) + c(fx,m).

Let ¢* = ¢*(-, 1) denote the cocycle corresponding to the metric || - ||¥. Then
we have c*(x, 1) = log |\,], so ¢* > 0.
The cocycle ¢'P corresponding to the metric || - [|©) satisfies

(L)
HDfx H _ ||U||( / ) (L/d)( )

(L) —
“4.7 c(x,1) =log o ”(L) - H H(L) )

By (4.5) we have ¢ > 0. Note that a priori ¢* and ¢ are not bounded below
by strictly positive numbers.

LEMMA 4.2. Forall0 < L,L’ < oo, the cocycle ¢V is bounded, and thus || - |V
is equivalent to || - | .

Proof. For a point xg € S and ¢y € E¥

u, we set xj = fixg and v = Df'xo.
Applying (4.2), we have

—1 d—l d—"
IDf Ll = (e[ 0 = [Df v |0 = - = || Df w ||
This gives
@) Df 1p||@"D) _
P, 1) = log Iof nUf;’” _ .. = 1og IRl 7 f”’(‘i i = o, .
12| [[20][%

By Lemma 4.1 and the monotonicity of || - ||, there exists x < oo such that
0 < ap’ < & forall Ly < Ly < L. This gives 0 < ¢"(x, 1) < & for all x € S.
Thus 0 < ¢ "L)(x, 1) < k for all x € S.
Now choose n such that L < L' < d"L. 1t follows that
@) (L) @'y (@20 L) _ (@D (dL)
Oga(L/ <a(d,1L)—a(d,,L) H o)+ Ay = ¢ +-- -+ < nk,

which gives the equivalence between the metrics. O
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Given two families of metrics || - ||* and || - ||°, the corresponding cocyles are

related by the coboundary equation:

1°

*(x, 1) — ®(x, 1) = al(fx) — ay(x).

We say that two cocyles ¢* and c® are equivalent if they satisfy the coboundary
equation

c*(x, 1) — c®(x, 1) = a fx) — a(x)

for some function a: § — R which is bounded. With these definitions, equivalent
families of metrics produce equivalent cocycles. Indeed the above equation can
be solved with the bounded function a for .

LEMMA 4.3. A cocycle which is equivalent to a bounded cocycle is a bounded
cocycle.

Proof. If ¢* and ¢® are equivalent, then ¢*(x, 1) — c®(x, 1) = a( fx) — a(x) for
some bounded function «. If ¢® is bounded, then so is ¢*(x, 1) = a(fx) — a(x) +
c®(x, 1). O

COROLLARY 4.4. The cocycle c¢* is bounded, i.e. there exists x < oo such that
|Ax| < xforallx € S.

Proof. By Lemma 4.2, the cocycle ¢!’ is bounded. And by (4.3) | - || is
equivalent to || - [|(V. By Lemma 4.3 it follows that ¢*(x, 1) = log |\,| is bounded.
O
Let us now discuss the sense in which the metrics || - ||©) and || - ||* are
“canonical.” They are determined by the complex structure of C? and the choice
of Green function G*. If G* is another Green function, then it is a consequence
of [FS, Theorem 7.2] that there is a real number ¢ > 0 such that G* = 1~ !G*.
If we substitute G* for G* in the definition of || - |1, then we obtain the metric
| - ||, which is equivalent to || - ||’ by Lemma 4.2. Next let us substitute G*
for G* in the normalization equation (1.3). By 1), we denote the uniformizing
function with this new normalization, and we see that condition (1.3) may be
restated in terms of the original Green function as

(4.8) ¥x(0) = x, ax G (O = 1.

In analogy with (1.9), we may define the norm

ol =

v
P1(0)

forx € S and v € EY.
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THEOREM 4.5. The metrics || - ||* and || - |* are equivalent.

Proof. The connection between (1.3) and (4.8) is that there is a real number
Ty such that a uniformization v, is normalized according to (1.3) if and only
if ,(() = 1h(1:¢) is normalized according to (4.8). The comparison function
between these two norms is thus

#_
ag = log y.

We suppose that t > 1; the opposite case + < 1 may be treated in an analogous
fashion. If ¢+ > 1, then it follows that =, > 1 for all x € S, and thus ag > 0.
It suffices to show that ag is bounded above, or equivalently, that 7, is bounded
above.

Let us choose k such that t < d*. It follows from (4.8) that

—k +O~ — +o —ko~ — +O —ko
1>d ‘I?@G P(Q) \I?@G foh(Q) ‘n&gG f5 o he(1:0)

My G 0y 1A AL

We conclude that |Tx>\f__11x e )\J;lkx] < 1. So by Corollary 4.4, we have 7, < x*,
so Ty is bounded independently of x. O

A cocycle c is said to be eventually positive if for some n > 0 and some
K > 0 we have c(x,n) > K for all x € S. We first observe:

LEMMA 4.6. A cocycle which is boundedly cohomologous to an eventually pos-
itive cocycle is eventually positive.

Proof. If || - ||* is eventually positive, then ¢*(x,n) > K forn > k. If || - || is
equivalent, then

x, 1) — c*(x, 1) = a( fx) — a(x)
for a comparison function a with |a| < C for some C. Now
c®(x,n) — c*(x,n) = a( f"x) — a(x).
If nK > 2C, then
c®(x,nk) = c*(x,nk) + a(f”kx) —a(x) > nK —2C > 0. O
A cocycle is immediately positive if c¢(x,1) > K > 0. We recall that one of

the equivalent conditions in the definition of quasi-expanding is that the cocycle

¢* corresponding to the metric || - ||* is immediately positive. By Proposition 1.3
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and condition (4) of Theorem 1.2, it follows that ¢* is eventually positive if and
only if it is immediately positive.

We note that the definition of quasi-expansion in terms of the normalization
(1.3) is equivalent to the definition with the normalization (4.8).

TueOREM 4.7. The family 15 = {1y : x € S}, normalized according to (4.8),
is normal if and only if 1 is normal.

Proof. The proofs of Proposition 1.3 and Theorem 1.2 apply to the cocycle
c*, and so ¢* is immediately positive if and only if it is eventually positive. By
Theorem 4.5, ¢* and ¢* are boundedly cohomologous. Thus c* is immediately
positive if and only if ¢* is immediately positive. By Theorem 1.2, these con-
ditions are equivalent to the normality of w5 and 5. This proves the Theorem.

O

Now we consider mappings f which are real. This means that the real sub-
space R? is invariant under f, or in terms of coordinates, f commutes with com-
plex conjugation, i.e., f(%, 7) = f(x,y). We let fz denote the restriction of f to R>.
We will say that f is a real mapping with maximal entropy if the real restriction
fr2 has entropy equal to log d. Several results from [BLS] apply to real mappings
with maximal entropy. In this case it follows that J C R?, that J = J*, and the
periodic points are dense in J. Thus, if p is a (real) periodic point, we may further
normalize the uniformizing mapping v, : C — W"(p) so that ,(R) C R2. In
this case, it follows that ¢,(C)NJ C R2, and thus w; ' cR.

THEOREM 4.8. Iff is a real mapping of maximal entropy, then the cocyle cor-
responding to the metric || - ||V satisfies ¢'P(x,1) > logd. Further, f and f~" are
both quasi-expanding.

Proof. We observed above that if f is a real mapping of maximal entropy,
then for each saddle point ¢ !(J) C R. Thus by Proposition 4.9 below, ¢©) is a
positive cocyle. Since || - [|¥) is equivalent to | - ||* it follows from Lemma 4.6
that ¢* is eventually positive. By (4) of Theorem 1.2, some iterate fV is quasi-
expanding. By Proposition 1.3, then, f itself is quasi-expanding. The argument
for f~! is similar. O

PROPOSITION 4.9. If x € S is such that ¢ 1] is contained in a straight line in
C, then P (x,1) > logd > 1. If, in addition, J N W*(x) is not connected, then we
have ¢V (x, 1) > logd.

Proof. Without loss of generality, we may assume that the line is R C C. We
will estimate ¢ as in (4.7). To do this, we let #* denote the unique continuous
function on D™ with the following properties: 0 < h* < L, h* =0 on D' N R,
h* is harmonic on DY’ — R, and h* takes the boundary limit L at all points
of (9D) — R. Since 97 'J C R, it follows from the maximum principle that
h* < G* o 1p, on DY), Thus D* := {h* < L/d} > DU/, Let x*: B, — D*
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denote the conformal mapping such that x*(0) = 0 and x*(0) > 0. If we set
pti=xP o (x")™!': By — By, then as in (4.5), we have the estimate

¢ =1log|p'(0)] > log |p*(0)'|.

We will show that p*(0) = 1/d, which gives ¢® > logd. We note that
since f is real, the set D is invariant under complex conjugation, and thus p*
commutes with conjugation. Thus the real function A* o p* is invariant under
complex conjugation. Further, &* o p* has the properties of being equal to zero
on the axis (— 1, 1), harmonic on By —(— 1, 1), and taking boundary values L on
the nonreal points of JB;. Let ¢ denote the conformal mapping from B; to the
strip {¢ € C: —1 < () < 1} such that the upper/lower portion of OB is taken
to {S(¢) = £1}. It follows that h* o p* = L|S(p)| for some L > 0. The image
of p* is given by p*(B)) = {h* o p* < L/d}. Thus p* is given by ¢! 0 g0 ¢,
where g4(z) = z/d. We may assume that ©(0) = 0, so it follows from the fact that
g, =1/d that p*(0) = 1/d.

If J N W¥(x) is not connected, then h* < G* o), on D) because {h* =0} =
') #{G 01h = 0} = R. Thus ¥ = —log |[/(0)] > —log|p*(0)|=d. D

Next we give an improved estimate for one-sided points, which play an
important role in [BS].

PROPOSITION 4.10. Ifx € S and 1, 'J is contained in a half-line, then ¢P(x, 1)
> 2logd. If, in addition, 17 'J is not connected, then ¢ (x, 1) > 2logd.

Proof. Without loss of generality, we may assume that ¥ 'J contains the
origin and is contained in the positive half-line [0, co). The proof now proceeds
along the lines of the proof of Proposition 4.9 with the modification that the
function |3(¢)| is replaced by |J(v/C)|. Let S) = {¢ € C: |S(/Q)| < t}. We let
o denote the conformal mapping from B; to the set S(1). The factor of 2 enters
because d? is the multiplier which maps S(L/d) to S(L). O

An affine metric on C, induces a distance function on W*(x) via the mapping
Py Cy — W¥(x). The metric || - |* induces the distance dist*(1x((1), ¥:((2)) =
|C1 — 2| Any other metric is of the form ||- || = a|| - ||¥, and the induced distance
is given as dist’ (1((1), ¥x((2)) = a(x)|¢1 — (2]- Given a metric, we let A, C W¥(x)
denote the unit disk in W*(x) with center at x. We say that the metric is admissible
if there are constants 0 < ¢’ < ¢’ < oo such that the diameter, measured with
respect to the Euclidean metric on C? satisfies

¢ <diamca(Ay) <
for all x € S.

Admissibility of a metric is not a strictly local property since it involves the
immersions v,. If we work with the metric || - ||, then the boundary A, contains
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a point of {G* =1} NJ~. Since this is a compact set, we have an upper bound
on the diameter of A,. The lower bound on the diameter follows because this set
is at positive distance from J (which contains x). Thus || - [|* is admissible.

It need not be true that a metric equivalent to an admissible metric is itself
admissible. For 0 < 7 < 1, let us consider the scaled metric 7| - ||¥. With respect
to this metric, A, satisfies ¢; A, = {¢ € Cy : [¢| < 1}. It is evident that W is
a normal family if and only if the functions 1), are bounded on this set for each
7 > 0. For fixed 7, this gives an upper bound on sup, g diam(A,). (The case
7 =1 is already a lower bound.) Thus we see that f is quasi-expanding if and
only if 7| - ||* is admissible for every 0 < 7 < 1. In other words, if f is not
quasi-expanding, then 7|| - ||* is not admissible for some 0 < 7 < 1.

LemMmA 4.11. Any two admissible metrics are equivalent.

Proof. Suppose that ||-|| and ||-||" are admissible metrics. If they are not equiv-
alent, we may choose a sequence x; such that |- ||, = e/ -[[},, and limy—.oc € = 0.
Let Dy := {¢ € Cy @ [[Cllx, < 1}. Thus D} :={¢ € Cy, : [[C]l, < 1} = e&xDy C
Dy. Let 6 denote the diameter of Dj, measured with respect to the Kobayashi
metric of Dy.

Since || - || is admissible, there is a bounded set B C C? such that A; =
Yy (Dy) C B for all k. Since the Kobayashi metric decreases under holomorphic
mappings, the diameter of v, (D)), measured with respect to the Kobayashi metric
of B is no larger than &;. Further, since B is bounded, the Kobayashi metric of B
dominates the Euclidean metric. Thus for some constant C < oo, the Euclidean
diameter of A} = 1, (D)) is no larger than &;C. But if ¢, — 0, it follows that the
relative diameter ; also tends to zero. Thus the Euclidean diameters of A; are not
bounded below, which contradicts the admissibility of || - ||’. This contradiction
shows that the two metrics must be equivalent. O

THEOREM 4.12. If f is uniformly hyperbolic on J*, then || - || is an admissible
metric.

Proof. Let W" denote the lamination of W*(J*) by unstable manifolds. Each
unstable manifold is uniformized by C, and thus has a unique complex affine
structure. It was shown in [BS7] that this affine structure varies continuously. For
each p € J, we may assign an affine metric on W*(p) by using the metric || - [|¢,
induced by ¢,: C — W"(p). By the continuity of the affine structure, the sets
Ay =p{¢ € C:[[¢]|5 < 1} vary continuously. In particular, their diameters will
be bounded above and below in terms of the euclidean metric on C2. O

We conclude with another proof of Proposition 3.9.

COROLLARY 4.13. Iff is uniformly hyperbolic on J*, then f and f~" are quasi-
expanding.

Proof. Let ¢® denote the cocycle corresponding to the euclidean metric. If f
is uniformly hyperbolic, then c¢ is eventually positive. Further, since both || - ||
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and (by Theorem 4.12) || - ||¢ are admissible, they are equivalent by Lemma 4.11.
By Lemma 4.6, the cocycle ¢* is eventually positive. By (4) of Theorem 1.2 and
Proposition 1.3 it follows that f is quasi-expanding. O

5. Local folding. In this section we show how conditions () and (1) ex-
press themselves in terms of local folding. In Section 2 we showed how (I)
corresponds to a bound on the local area of the varieties V. Here we show
(Propositions 5.1-3) how it corresponds to a bound on the local folding of V.

For ¢ € W,, we define Ord(x)) = min{n > 1 : " (0) # 0}. Thus Ord(y)) <
oo if and only if ¢ is nonconstant. If j = Ord(y)) < oo, then ¥(() = x+aj§i +--,
where we set g; = ¥»((0)/j!. By E, we denote the complex linear span of a;j in
T.C?. E, coincides with the tangent cone of the variety V, at x (see [Ch §8]). By
Lemma 2.6, E, is independent of the choice of 1. In the following discussion
of folding, we will use the notation E, to denote the complex affine line passing
through x in the direction of the tangent cone of V, at x. Let m: C? — E, denote
a complex affine projection map. Let v € W, be nonconstant. For an open set
N C E,, we let w denote the connected component of N 7N containing 0.
Since E, is the tangent cone to V(¢)) at x, we may choose N sufficiently small
that w is relatively compact inside A. For wA € Y, we let V(1ﬁ,/\/’ ) denote the
connected component of ¥(A) N N containing (0). If 1/3 € ¥ is uniformly
close to v in a neighborhood of w, then V@, N) is a subvariety of 7~ A/, and
7|V(@h, N): V(1p, N') — N is proper. If y = 9)(0), then in analogy with Section 2,
we may write V(y, ) for V(1, N).

Let us define 7(x) := SUP e, Ord(®). If 7(x) = oo then (1) does not hold.

PROPOSITION 5.1. Suppose (1) holds at x and T(x) = co. Then for each k < oo
and for an arbitrarily small neighborhood N of x inside E,, there exists y €
J*N7 = N such that V(y, N') is a nonsingular subvariety of 7' N, and ©|V(y, N') :
V(y,N) — N is proper with mapping degree > k.

Proof. Since 7(x) = co, W, contains elements with arbitrarily high order. Thus
for each k, there exists ¢ € W, with m := Ord(¢) > k. Let us choose {p;} C S
such that lim;_ qb,,j = 1). As was observed above, we may choose j large and
N sufficiently small that 7|V(p;, N): V(p;, N') — N is proper. Since ¢, € 1s,
the varieties V(p;, ) are regular. The map ¢ — 7 o ({) is m-to-1 near ¢ = 0. It
follows that m is the mapping degree of 7|V(p;): V(p;,) — N. O

PROPOSITION 5.2. Suppose that x satisfies (1), and suppose that for each suf-
ficiently small neighborhood N of x inside E, there exists y close to x such that
w|V(y,N): V(y,N) — N is a proper map of degree k. Then 7(x) > k. Further
7(x) is the smallest number with this property.

Proof. We choose a sequence of neighborhoods N decreasing to {x} and let
1); be the corresponding functions. Passing to a subsequence, we may suppose that
¥; — ¥ € W,. For € > 0, we may choose A small enough that ¢ ~!(7~!N) C
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{I¢| < €}. Thus for j large enough we have ¢f1(ﬂ_lﬁ) C {[¢] < €}. It follows
that 7o ¢;: {|¢| < €} — N is a k-to-one mapping. Thus ¢: {|¢| < e} — N is
k-to-one. Since this holds for all € > 0, it follows that Ord(z)) = k.

To establish the final statement, we suppose first that 7(x) = co. Then by
Proposition 5.1, there are ¢ € ¥, yielding branched covers of degree > k. If
7(x) < 00, we may choose 1) € W, with Ord(¢)) = 7(x). Again, by the argument
of Proposition 5.1, there is a local branching of order k = 7(x). O

For a positive integer k, we set J; = {x € J* : 7(x) = k}. Thus J1, J>, ... is a
partition of {x € J* : 7(x) < co}. Since J* 3 x — 7(x) is upper semicontinuous,
the set Uy, Jk is closed (and ., Jk is open) in {x € J* : 7(x) < oo} for
each m.

Figure 1 illustrates the case where 7(x) = k, and 9,(C) is a nonsingular
manifold. By Lemma 2.6, there is a neighborhood N of x inside V, (7' is
shaded in Figure 1) with the following properties. If y € J is sufficiently close
to x and ¢ € P, then the variety V,,(\) is a j-fold branched cover over \V. Also
highlighted is a regular point where ¢)(C) has a vertical tangent. On compact sets
outside the shaded neighborhood, 1/(C) has the geometry of j distinct manifolds
which approach ,(C) in the C' topology as y — x.

We may interpret the mapping degree of 7|V, (N\) as measuring the local
folding of the variety V,,(\V) at x. The following result asserts that the maximal
amount of local folding at x is given by 7(x), which also measures the maximal
order of vanishing of the derivatives of the parametrizations.

ProposITION 5.3. If x € 71, there are neighborhoods x € Uy C U C C2 such
that {V(y,e) U : y € Uy N J*} is a lamination. If x € J* — T, then there is no
such lamination at x.

Proof. For x € J1, every ¥ € Y, has nonvanishing differential at { = 0.
Since ¥ is a normal family, it follows that the images V(x,¢) are regular and
form a lamination. Conversely, if xo € J* — 7, then for any open sets Uy C U
containing xp, there will be varieties V(x,¢€), x € Uy N J* which project as in
Figure 1. Thus there is no lamination at xp. O
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6. Expansion. For x € J* and k < oo, let us define WX = {y) € ¥, :
Ord(y)) = k}, and

Yk(x) := sup
Pewk

®(0) ‘
k! ’

which is finite by the normality of . We have J; C {~x > 0}, and the set of all
points of J* where () holds coincides with |~ ;{7 > 0}. By Lemma 2.6 and
the normality of P, it follows that {7 > 0} > x — E, is continuous. For x € J*
with v (x) > 0, we define

HUij := ||/ (x) for v € E.

Since ¥ is generated by the normal limits of elements of g, we have

1 _ i s #
I = liminf | 5,

where || H;f was defined in Section 1. Since ~(x) is upper semicontinuous, we
have an upper bound my := sup ;- (x) < oo, so we have a lower bound in
terms of the euclidean metric:

v
u < ||1)Hff’k, for v € E,.
my

If ¢ € WX (resp. ¢ € lPfx) realizes the supremum defining ~y; at x (resp. fx), then

#k
k #Ek . HDf;U”f;’ k
(6.1) i, [ < DA = ”U||#,kx§| "
X

If (1) holds, then x € J; for k = 7(x), and we define a metric || ||¥ on E, by
setting ||v]|# := ||v||** for v € E,. A priori this could disagree with the definition
in (1.9) for x = p € S, but we will show in Theorem 6.6 that these two definitions
coincide. If S is a compact subset of J, then ¢ := inf,cg5 v (x) > 0. Thus for any
compact S C Ji

(6.2) m o) < ||o|lf < 7o, forx € S,v € E,

gives an equivalence between || ||* and the euclidean metric.

PROPOSITION 6.1. Ifyi(x) > O, then ||Df}! |E¢||® < Cy(x,n)forn < 0.Ifn; — oo
is a sequence with f"ix — % € Jy, then there exists ¢ > 0 such that | Dfy’ |Ex||¢ >
cA(x, ny).
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Proof. By the definition of || ||#*, we have

Y (f"x)

Df|E||€ = Az, .
IDRIE = M

Thus C = m/(x) is our desired bound. If £ € J;, then 7 := liminf,c 7, .3 (%)
> 0. Thus if n; is sufficiently large, we have ~x(f"x) > 7/2, which gives the
desired estimate with ¢ = (2 (x)) L. O

Remark on expansion. We may interpret the proposition as follows. Df}|E,
has uniform contraction along the backward orbit of a point x € J;. If there is
a sequence of times nj — oo such that dist( f"x, {T(x) < k}) is bounded below,
then Df"|Ep, has exponential growth during the times n = n;.

THEOREM 6.2. Let f be quasi-expanding, and let v be an ergodic invariant
measure supported on [J. Then the Lyapunov exponent of v satisfies A(v) > log k >
0. If Ty has full measure for v, then A(v) > klogr > 0.

Proof. The Lyapunov exponent of the measure v is given by the formula

1
Aw) = lim [ log D2 o
n—oo n

Since the family E¥ is invariant, it follows that
1 T 1 n u 1 = u
log[IDRY| > ~ [IDRIEY] = = > log [ Dfyi [ B |l

j=0

By the invariance of v, we have [ log HD]}jx\E}‘iju(x) = [log ||Dfy|E"||v(x), so

1 1
» [roelnrlveo =+ 1o DIEN 0o = [ Tog IDAIE Vo).

It will suffice to consider the case when all the mass of v is on J;. For x € J;
we have y(x) > 0, so

Do)
|DAIEY = = = DA

|0l

Yk (fx)
Yiex)

By [LS, Proposition 2.2], we have

/log W v(x) =0.
Vi ()
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It follows from (6.1) that

10z IDAIE 0o = [ 1og |IDAIEL* v > log .

and the last inequality follows from (6.1). O

COROLLARY 6.3. Iff is quasi-expanding and quasi-contracting, then every pe-
riodic point in J* is a saddle point. Further, there is a k > 1 such that if \* and
A\~ denote the larger and smaller eigenvalues of Df" at a saddle point of period n,
then |\7| < k7" < K" < |AF].

Let us use the notation 7] = {x € Ji : a(x) N Ji # 0}, where a(x) is the
a-limit set, i.e., the accumulation points of sequences f"ix with nj — —oo. By
the Poincaré Recurrence Theorem, 7} has full measure for any invariant measure
on Ji. If Ji is compact (which occurs, for instance, if k = sup, ;- 7(x) < 00),
then J/ = Ji.

LEMMA 6.4. Let x € J| be a point of backward contraction. If ¢ € Yy, then
the number of critical points of 1, counted with multiplicity, is no greater than
k — 1; and for ¢ € C, the number of preimages 1~ (¢(C)), of a point ¥(C) is no

greater than k.

Proof. Let (1, . . ., ¢ be critical points of . Then f~"(x)) has critical points at
Ax, —n)G for 1 <i<j. Lete € ¥, denote any normal limit of a subsequence
of f7"(1)). By the backward contraction, all the critical points converge to the
origin in the limit, so it follows that Ord(z)) is one greater than the sum of
the multiplicities of the critical points (i,...,¢. Since a(x) N Ji # 0, we may
take the subsequence such that y € J;. Thus Ord(¥)) < k, and thus the total
orders of the critical points must be less than k. A similar argument shows that

#)~ (W) < k. O

In Figure 2 we suppose that p is a saddle point and that the unstable manifolds
WH(p;) and W"(g;) are smooth. Let ¢,: C — W"(p) C C?, gbpj: C— W' (p)y C
C2, and qﬁqj: C — W'g)) C C? be holomorphic embeddings. Let Bj,j € C be
such that quj(ﬁj) = Xj, ¢g,(7)) = yj» and ¢p(B) = x. It follows that qf)qj — ¢p €Y,
v — B3, and Gg;(C +7) — dp(C+ B) € Wy. If W“(p;) and W*(p) have a simple
(quadratic) tangency at pj, then ¢,,(¢) — dp(a¢?) € W, for some |a| = 1, and
¢xj(g) — ¢plalad + b)?) € ¥,, where a,b € C are chosen so that (1.3) holds.
Figure 2 is consistent with the properties x € J; and p € J>.

We say that ¢y € ¥ is a homogeneous parametrization if it has the form
»(C) = d(c¢r), where ¢ € C, and ¢: C — C? is an immersion. If ¢y, € PK
are two homogeneous parametrizations, then by (1.3) and Lemma 2.6, they differ
only by a rotation of the variable (.

LEMMA 6.5. Let x € [J| be a point of backward contraction. If ¢ : C — C?
is an immersion which induces V,, then there is a polynomial p(¢) of degree no



254 ERIC BEDFORD AND JOHN SMILLIE

we)
J 8.
xX.
J
P
J
acy
Y 9
o
x P Wp)
wip)

Figure 2.

greater than k such that p(0) = 0 and 1¥(C) = ¢(p(C)). In particular, every 1 € P*
is a homogeneous parametrization.

Proof. If ¢ is an immersion, then we claim that p := ¢! o¢: C — Cis a
well-defined holomorphic mapping. It is evident that p is analytic on the domain
D :={C € C:Y() € ¢(C)}. Note that we must have p(¢) — oo as ( — ID.
Otherwise, if (; — (o € 9D and p((j) — ¢co € C we have p({p) = &1 @W()) = co,
s0 1(p) = ¢(co), which means that (y € D. It follows that 1/p may be extended
to a continuous function on C by setting it equal to 0 on C — D. By Radd’s
Theorem, then, it follows that 1/p is holomorphic on C, which means that C — D
is a discrete set. By the argument above, p has a pole at each (, € C — D. But
if lim¢_,¢, p(¢) = oo, then lim¢_ o, ¢(C) = ¥((p), forcing ¢ to be constant. This
completes the proof of the claim. By Lemma 6.4, ¢ is at most k-to-one, it follows
that p is a polynomial of degree no greater than k.

If, in addition, Ord(¢)) = k, then the multiplicity of the critical point of the
origin is already k — 1, so we must have p(¢) = a¢k. O

THEOREM 6.6. Let 15 be as in Example 2 in Section 1. Then the definition of
I Hff as given in (1.9) coincides with the definition given after (6.1).

Proof. Let ¢: C — W*(p) denote the normalized uniformization. If ¢(¢) =
p+aC+---, then HUHI’f = |v/al, according to the definition (1.9).

For the seond definition, we let k be such that p € J/. If ¢ € ¥, it follows
from Lemma 6.5 that ¥(¢) = ¢(cC¥) for some scalar ¢ with |c| = 1. Since any
two homogeneous parametrizations agree up to a rotation of parameter, @ must
be maximal, so HUHﬁ = |v/a| according to the definition after (6.1). O

THEOREM 6.7. Iff is quasi-expanding, then [J| is an open, dense subset of J.
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Proof. Suppose that k is the minimum value of 7 on J. It follows that
Jr = {7 < k+ 1} is an open set. Since J; is f-invariant, and since J; is a
nontrivial open subset of the support of p, it follows that J; has full 4 measure
and is thus dense in J = supp(w). It will suffice to show that k = 1.

First we claim that for x € J, each g € ¥, with Ord(g) = k has the
form g = (ac¥). Let x € J; be a periodic point, and let ¢,: C — WH(x)
denote the uniformization of the unstable manifold, normalized to satisfy (1.3).
Let g, € W, be a map such that Ord(g,) = k. It follows from Lemma 6.5 that
2:(0) = dp(a ) with |ax| = 1. For general xo € Ji, we may let x; be a sequence
of periodic points converging to xy. Passing to a subsequence if necessary, we
have that 8y = gbxj(ozxj{k) converges to gy, € ¥y, and oy — o It follows that
<Z>xj converges to a function ¢: C — C with g,,(¢) = A(ach).

For x € S, let ¢, € 1s. We know that w(x) C J, so w(x) N Jy, # 0 for some
m. By Lemma 6.5 there is a polynomial p,(() of degree no greater than m, with
p(0) =0, such that ¢(¢) = ¢(px(C)). Thus g, = th(p(alh)).

Now let & € ¥, be an element with Ord(h) = k. There exist immersions
1y, € s which converge to h. For each i, let g,, € V), be an element such
that Ord(g,,) = k. Then as above we have a mapping ¢; such that g, (¢) =
¢i(0y¢*). Since ¢; and 1y, both have the normalization (1.3), we have g,, =
Py (P (i€ k)). Since ¥ is a normal family, we may extract a subsequence so that
g&; — GeVY,.

Next we claim that the polynomials {p,,} form a normal family. Since the
degree of py, is bounded by m, it suffices to show that C; := max)¢|<; |px;| is
bounded. For each i, let r; denote the radius of the largest disk centered at the
origin and contained in the image p.(|(| < 1). Since ¢; and ,; are normal-
ized according to (1.3), we must have r; < 1. We suppose that C; — oo and
derive a contradiction. We have C; ! max|c|<i |px; (O] =1, so we may extract a
subsequence such that C; lpx,- — ¢, a polynomial of degree no greater than m.
Again we have ¢(0) = 0 and max|¢|<; |g(Q)| = 1, so that g is nonconstant. Thus
q(|¢] < 1) contains the neighborhood of the origin. On the other hand, the interior
radius r; for p,, is replaced by C; 7 — 0, which is a contradiction. Thus {px.}
is normal family, and we may pass to a subsequence such that p,, — p.

Passing to further subsequences, we also have gy, = 1,( pxi(g“k)) — h( p(Ck)).
Thus G = h(p(¢*)) has order k* at ¢ = 0. Since k is the maximal order on J;, we
have k2 <k, so k= 1. O

7. Regularity. In the sequel we consider points x where () holds for both
f and f~!. We use the superscripts u and s to distinguish between the “unstable”
objects V¥, W*, E", ~*, T, and the “stable” objects V*, ¥, E*, +*, 7% (i.e.,
the corresponding objects for f~!). With this notation, the backward contraction
condition is now written )A\”(x, n) — 0 as n — —oo, and forward expansion
is written \“(x,n) — oo as n — +o0. By forward contraction we will mean
)A\‘Y(x, n) — 0 as n — 400, and by backward expansion we will mean pu (x,n) — 0
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as n — —oo. Ji will now be written J,, and the set J; corresponding to f!
will be written Jj .. We set Jjx = Jjx« N Tik-

ProposITION 7.1. If Vi and V¥ exist at x, and if x is a point of forward expansion,
then Vi # VY, i.e., the germs cannot coincide.

Proof. As was noted after equation (3.1), V¥ C J—, and furthermore, V{ C J*.
Thus if V§ = V¥, then V¥ C {G* = 0}. If ¢ € W¥ is nonconstant, then my(r) =
max|¢|<, G*(¥(¢)) vanishes for some r > 0. But by Proposition 2.2 we cannot
have A\(x,n) — oo as n — oo. O

We define J/; = {x € Jjx : a(x) N Jjx # 0}
ProposiITION 7.2. Ifx € \7]' . Is a point of backward contraction, then EY # E;.

Proof. Let us suppose ES = E*, and let us write g = f~!. Then by (4.2)
IDF" g™ = 1Dgilgy [ > 1

for n > 0, where || ||** denotes the metric |- |/ 7; for f (or the expanding metric
for g), and

DA g = Ax, —n).

Let us select a subsequence —n; — —oo such that f~"x — & € Jjx. By (6.2) we
know that on the compact set {£} U {f "x:j=1,2,3,...} the metrics || ||** and
|| [|#* are comparable to the euclidean metric, which contradicts the backward
contraction. O

Let V denote a 1-dimensional subvariety of C? in a neighborhood of x.
Choose a holomorphic coordinate system (z, w) with the property that x = (0, 0),
and VN {lz],|w| < 1} C {|w| < |z]"}. If V is regular at x, then 7 may be
taken arbitrarily large, and we write 7,(V) = oo. Otherwise, if V is singular at
X, there is a maximal possible value of 7, which we write as 7,(V). In fact, if
h is a local defining function for V at x, we may compute 7,(V) in terms of
the Taylor expansion of £ at x. If V| and V; are regular curves passing through
x, then we may choose local coordinates (z,w) such that V| = {w = 0} and
Vy = {w = auz™ + O(|z]™")}. Tt follows that 7.(V; U V) = m agrees with the
order of tangency of V; and V; at x in this case. If V| or V), is not regular, then
the geometric interpretation of 7y is less clear to us.

For x € J;x, we define

T (x) = (ViU V).

We define jj’k ={xe Jy: 7 =i}
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If f and f~! are quasi-expanding, then by Theorem 6.7 [ is a dense, open
subset of J*. Since J1« > x +— E} and Jyx > x — E} are continuous, and since
\71{ | contains the saddle points (where E¥ # EY) it follows that jl{ | 1s a dense,
open subset of J*.

It is useful to have the following quantitative version of Proposition 7.2.

THEOREM 7.3. Letx € JJ’ « be a point of backward contraction. Let 7 = [T*(x)]
denote the greatest integer in T7(x). Then 7°(X) > jT for all X € a(x).

Proof. Let (A, B) denote a local holomorphic coordinate system such that x
corresponds to the point (0, 0), and

(7.1) {lAl 1B <1} n(Vyu V) C{|B] < |A["}.
We may write

YA, B) =ag(m) +a1(mA +-- - + ar_1(mMAT ! + O(|A|" + |B|)

with a;j(n) € C2. Our first object is to show that a,(n) = Ofor 1 <r<7—1as
n — —oo. Let us choose " € W¥ such that

PU(C) = (¢, 00+ 0(Hh

for some ¢ # 0. If we set A = \“(¢)*,n) and o = oj(n), then we have

T—1
anQ;Z)u(C) =fn o wu()\—lg) =ap+ Z a, (C)\_ka + O()\_k_lg“k“)) o

r=1

The power series coefficients of /1)"({) are bounded as n — —oo. The coefficient
of ¢¥ is ajeA™*. By the backward contraction we have A — 0 as n — —oo; and
since ¢ # 0, it follows that ay — 0 as n — —oo.

To proceed by induction, let us suppose that a,(n) — 0 for 1 <t <r—1 as
n — —oo. The coefficient of ¢ is

(Ei+- - +oa,_1E_1 + Oerr))\fkr.

Here the E; denote expressions in the coefficients of " which are independent
of n. Since a, — 0 as n — —oo for 1 < ¢ < r — 1, it follows that a,c"\~*" is
bounded, so o, — 0 as n — —oo.

Now we write ¥°(¢) = (¥]((), ¥5(C)) = (c{,0) + O(F*") for some nonzero
constant c. If we set A = A*(¢)°, n) and «, = a,(n), we have

' = ot A1)

T—1
a0+ > ar (e + 0TI+ 0w + [3)).
r=1
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For £ € a(x) there exists a sequence n; — —oo such that f"i(x) — £. We may
pass to a subsequence so that f"7)* converges to an element e Pi. Now we
have a, — 0 for n — —oo for I < r < 7 — 1, and (always) |A$|~! < 1, so it
follows that all the coefficients of the terms

a, (cxfgf + O(A—f—lgf“))’

tend to zero as n = n; — —oo. We conclude that the only nonvanishing terms
in ¢ arise from the expression O(JW3|™ + [15]). However, (¢)" = O({™) by
definition, and 14| < C|%|™ = O(¢’") by the tangency condition. It follows that
Ord()) > jr. O

If V is a germ of a variety at x € C? which is locally irreducible at x, then
there is a holomorphic coordinate system (w, z) in a neighborhood of x such that
x=1(0,0), and V is represented near (0,0) in terms of a Puiseux series

x
(7.2) w = @@/ + ap M =N a2
=

(See [Ch, §10] for details.) Choosing the z-axis to be the tangent cone, we have
j/m > 1.1f j/m € Z, we may replace w by w' = w — a;z/™. If V is regular at x,
i.e., if V is a complex manifold in a neighborhood of x, then we may continue
this procedure and obtain a coordinate system (w’,z’) such that V = {w/ =0} in a
neighborhood of the origin. If V is not regular, we may continue this procedure
to the point where we have a; #0, j/m ¢ Z, and j/m > 1.

THEOREM 7.4. Let x € «712 be a point of backward contraction. Then V) is a
(nonsingular) manifold in a neighborhood of x.

Proof. Suppose that V¥ is not regular at x. Choose a holomorphic coordinate
system (z,w) at x = (0,0) such that V, has a Puiseux representation (7.2) with
aj #0, j/m ¢ Z, and j/m > 1. Now choose ¢ € WX, We may assume that v
has the form

Y(Q) = (1(), Q) = (¢F + e+ ¢CF )

with £/k = j/m. Let us define coefficients o, ,(n) € C? such that

f"A.B)=> a,(mA'B".

r=1

If we set A = A“(x,n) and o, = a;4(n), then

F'(C) = "W = ago + aro WK+ )+ ka0
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Since {f") : n < 0} is a normal family, all of its power series coefficients
are bounded. The coefficient of Ck 18 ozl,o)\_k. Now by backward contraction it
follows that a9 — 0 as n — —oo0.

Define g by the property kg < ¢ < k(g + 1). We next show that a; 9 — 0 as
n — —oo, for 1 <t < g. We proceed by induction, assuming that a9 — O for
1 <t <r— 1. The coefficient of (" in f"1) is

—rk
A Mlag0Er1 + o pEro + -+ a1 0Er —1 + arpl,

where E,, denotes a polynomial in the coefficients of ¢. Now E, ; is independent
of n, and a;0,...,0,—10 — 0 as n — —oo, so we conclude that ;9 — O.
Similarly, the coefficient of ¢’ is

¢
A ao, + a1y + -+ agoErgl,

and we conclude that ap; — 0 as n — —oo0.

We conclude, therefore, that Df" — 0 as n — —oo. But let £ € a(x) N Jjx be
given, and extract a subsequence —n; — —oo such that f~" — £. We let g = f -1
and apply Proposition 6.1 to g. We conclude that ||Dg' ]Egnije is bounded below
by a constant (since we always have A(x,n;) > 1). Thus Df" cannot tend to zero,
and thus V, cannot have a singular Puiseux representation. O

COROLLARY 7.5. Let x € [J| be a point of backward contraction. Then, mod-
ulo rotation, there is exactly one element of W**, and this is a homogeneous
parametrization. Further; for i € W%,

A= ol = DA™

Proof. Let ¢ € W& be given. By Theorem 7.4, V, is a regular variety at x.
Thus we may define a branch of ¢(¢) := 1(¢'/¥), which is holomorphic at ¢ = 0.
Thus ¢'(0) # 0. By Lemma 6.4, ¢'(¢) # 0 for { # 0, so it follows that ¢ is an
immersion. The uniqueness of ) now follows from Lemma 6.5. The equation
now follows from (6.1). |

We have noted earlier that J,x > x — EY is continuous. It follows that the
points of J/, are points of continuity of the metric J.x 3 x — || [[# on E*.

COROLLARY 7.6. Let x € JJ’ « be a point of backward contraction. Then

# : #
= lim .
H Hx \7]:](13}) xH Hy

Proof. For y € Jj, we choose by € W& such that [|o]|# = |0/ (0)/k1)]. If
{yi} C Jjx is any sequence converging to x, then v, converges to an element of
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Wk Since WK consists of homogeneous parametrizations, which are essentially
unique, lim; ., 1)y, exists (modulo rotation), and thus the norms must converge.
|

8. Hyperbolicity. In this section we explore conditions that imply that f
is (uniformly) hyperbolic, as well as ways in which hyperbolicity can fail. For
instance in Theorem 8.3 we show that purely geometric conditions on J* are suffi-
cient to guarantee hyperbolicity. We show in Corollary 8.4 if f is quasi-expanding,
quasi-contracting and expansive, then f is uniformly hyperbolic. Finally, we show
(Corollary 8.6) that for a special class of nonhyperbolic maps there are points of
tangency, i.e., points where E = E¥.

In this section let us make the standing assumption that, unless otherwise
stated, f is quasi-expanding and quasi-contracting.

ProrosiTiON 8.1. If S C ._7]’k is a compact, invariant set, theni =1, and S is a
(uniformly) hyperbolic set for f.

Proof. Recall that Ty > x — EY" is continuous. By the compactness of S we
have a(x) C S C j}; for all x € S. Thus by Proposition 7.2 E} # E¥, and so i = 1.
This gives us a continuous splitting of 7,C? for x € S, and so by compactness the
angle between E} and E¥ is bounded below. The uniform expansion/contraction
of Df on E*/* follows from Proposition 6.1. O

Consider the (finite) collection of index pairs (j, k) for which Jx # 0. We
define a partial ordering on this collection of index pairs as follows. We say
(j,k) > (a,b)if j > a, k > b, and T # (). By the semicontinuity of 7° and
7", Jjx is compact for a maximal pair (j, k). By Proposition 8.1, then, Jj is a
hyperbolic set for all maximal pairs (j, k).

Let us consider ways in which hyperbolicity can fail to hold for f. If f and f~!
are both quasi-expanding, then hyperbolicity (or the failure of hyperbolicity) along
an orbit is determined by the position of the orbit with respect to the strata jj’ - For
a point x € jj}k, there is always uniform contraction in the direction E} along the
forward orbit (apply Proposition 6.1 to f~1). If Df"|EY is not uniformly expanding
for n > 0, then there is a subsequence n; — oo for which f"ix — {7* > k}. An
alternative is that hyperbolicity may fail along a forward orbit because the angle
between Ef,, and Ef,, is not bounded below. In this case we have a subsequence
{m;} with f"ix — {7* > 1}. By similar reasoning, we see that the failure of
hyperbolicity along a backward orbit is caused either by f~"x — {7* > j} or
by f~"x — {7* > 1}, or both.

Theorem 8.3 gives a criterion for hyperbolicity for general polynomial dif-
feomorphisms (that is to say we make no a priori assumption that f is quasi-
expanding and quasi-contracting) which refers only to the geometry of J* and J—
and makes no direct reference to f. For this we will need a preliminary result.



POLYNOMIAL DIFFEOMORPHISMS OF C? 261

LEMMA 8.2. Let N' C C? be an open set, and let L be a Riemann surface

lamination of N N OK™*. If T is a smooth 2-dimensional transversal to L at p €
N N OK*, then p is in the closure of T — K*.

Proof. Since L is a lamination, there is a neighborhood U/ of p such that the
restriction £|U is homeomorphic to the trivial lamination of S x A, where A is
the unit disk, and S C A is closed. By Slodkowski [S], £ may be extended to a
lamination £* of Y. Shrinking U/, we may suppose that the restriction L£*|U is
homeomorphic to the (trivial) lamination of A x A, whose leaves are {g} x A.

Since L£* extends a lamination of I/ N OK*, there are sets Sy, S; C A such
that the leaves corresponding to {g} x A fill out &/ N K* as g ranges over Sy and
they fill out i/ — K* as g ranges over S;. Further, the leaves corresponding to 95y
fill out U N OK™.

For x € A, we define x(x) as the intersection point of 7T and the leaf corre-
sponding to {x} x A. Since T is transversal, x is defined and continuous (possibly
after shrinking &/). Let p € 08, be such that x(p) = p. Now there are points g € S
arbitrarily close to p, and so the points x(g) € T — K* are arbitrarily close to p.

O

In the following theorem we make no a priori assumption about quasi-
expansion or quasi-contraction.

THEOREM 8.3. A polynomial diffeomorphism of C* is hyperbolic on J* (resp.
J) if and only if there is a neighborhood N of J* (resp. J), and Riemann surface
laminations LF of N'NJ* such that L* and L™ intersect transversely at all points
of J* (resp. J).

Proof. We start by working with J*. The fact that this lamination structure
exists for a hyperbolic set of a diffeomorphism is standard. We will prove the
converse. For a saddle point p, it follows from (7) of [BS6, Theorem 2.1] that
W*(p) is a leaf of £~. The lamination hypothesis implies that the leaves of £~
may be written locally as a family of graphs of holomorphic functions. Since
bounded analytic functions have locally bounded first derivatives, this implies
that the bounded area condition (3.1) holds. For each p € J*, whether or not
p is a saddle, the variety V*(p,¢€) is a manifold which is transversal to £* at
p. By Lemma 8.2, V¥(p, ¢) intersects C> — K arbitrarily close to p. In particu-
lar the function G* is positive on V*(p, €). Compactness of the set of varieties
V*(p, €) gives a positive lower bound for the maximum of G* on V*(p, €) which
is independent of p. Thus by Theorem 3.4, f is quasi-expanding. By Proposi-
tion 5.3, J; = J*. By similar arguments, f~! is quasi-expanding, and J* = 7} ;.
By Proposition 8.1, then, J* is a hyperbolic set for f.

Now let us deal with J. Under our hypotheses the currents u® supported
on J* are given by transverse measures. Thus the wedge product, ;, can be
interpreted locally as a product measure. It follows that the support of p, which
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is a priori a subset of J, is actually equal to J. But the support of p is J*.
According to the previous paragraph, J = J* is a hyperbolic set for f. O

Let ¢ = (11,12) = 2(0), w(()): (C,0) — (C?,x) be a germ of a holomorphic
mapping, and let V() denote the induced germ at x. Then V(1) has a Puiseux
representation (7.2) with j > m, so that V(¢)) is tangent to the z-axis. Since V(v))
is locally irreducible at x, we may assume that gcd (m,ny,ny,...) = 1, where n;
is a listing of all the numbers such that a,, # 0.

Let us recall some facts about complex varieties. (See [Ch, §10, §12] for
details). For a point y € V, we let u(V,y) denote the multiplicity of V at y. This
number is defined by the property that for a generic complex line L passing near
¥y, LNV contains exactly u(V,y) points near y. V is regular at y if and only if
w(V,y) = 1. If V is written as a Puiseux expansion (7.2), with ged (m,ny,ny,...) =
1, then any line L transversal to {w = 0} and passing near (0, 0) will intersect V
in m points near the origin. Thus u(V,x) = m.

If Ord(¢)) = k, then Ord(¢;) = k > m, and Ord(v) = kj/m > k. Let
£C) = C+--- be a germ of a holomorphic function such that ¥;(() = c&*
near ( = 0. We may assume that ¢ = 1. We may write ¥»(¢) = > ¢,&". This
gives another Puiseux representation for V: w = S cnz2*. On the other hand,
the Puiseux representation is essentially unique. So m divides k, and we may
set p := k/m € Z. Thus we may write (¢) = @(&) = (¢1(&P), $2(&P)), where
G1() = 1*/7, and o (1) = Y52 ant"/?, where n is divisible by p whenever a,, # 0.

To summarize, if Ord(¢y)) = k > m, then m divides k, and 1) covers the variety
V exactly p = k/m times. The relation between the multiplicity (order) of the
parametrizing function and the multiplicity of the variety is thus

8.1 Ord(y)) = p - (V. x).

In the sequel we will treat V(v)) as the variety V, but counted with multiplicity
p- One reason for introducing multiplicities is that it makes it easier to view
varieties as currents: if ¢; is a sequence of nonsingular mappings which converge
to ¢ in some neighborhood of the origin, then the corresponding germs V(¢;)
converge as currents (in some neighborhood of x) to the current defined by V(v))
counted with multiplicity p.

If V| and V, are 1-dimensional varieties which intersect only at x, we may
define ¢, (V1, V2), the intersection number at x. This number has the property that
for almost every small 7,7 € C? the translates Vi+ 1, j = 1,2, intersect in
tx(V1, Vo) points near x. In general, we have

Lx(vl P VZ) > ,fo(vl ),U/x(VZ)-

Equality holds if the tangent cones of V; and V; at x are distinct. The intersection
number behaves continuously: if VJ (resp. V4) are sequences of varieties that
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converge in the sense of currents to V| (resp. V»), then for j > jj, we have
Lx(vj, Vé) = 1(V1, V2).

Now let v;, j = 1,2 be a germs of a mapping that define the varieties V;,
j=1,2. If x is an isolated point of intersection of V| and V5, then

(8.2) (V(p1), V() = pip2 - tx(V1, V2)
> p1p2 - (V) px(V2) = Ord(2p1)Ord(2)2).

These properties of varieties give us the following:

LemMA 8.4. Let ¢;: {|¢| < 1} — C2, j = 1,2 be nonconstant mappings with
P1(0) = 12(0). Set m; = Ord(v);), and let r > 0 be given. Then for 1); sufficiently
close to 1), there are sets X; C {|C| < r} such that

> UV, Va, (@) - Ord(y, a) > m,

aeX;

where Ord(ﬁj, a)= Ord(z/}j(g — a)) denotes the order of @@- at( =a.

An important topological dynamical consequence of hyperbolicity is the shad-
owing property. The following result gives us a quantitative measure of the failure
of uniqueness of shadowing.

THEOREM 8.5. Suppose thatf is quasi-expanding and quasi-contracting. If J; i
# (0, then for € > 0 there is a set X € J* containing jk elements such that

sup max dist( f"a,f"b) < e.
neZ a,hEX

Proof. By hypothesis, there is a point x € Jjx. Choose ¢* € W| with
Ord(¢*) = j and 9" € W with Ord(y*) = k. If {p;},{q;} C S are sequences
converging to x with ¢, — ¢* and ¢y — ", then by Lemma 6.4 of [BLS], we
may assume that gzbf,i(m < 1) (resp. ¢;I,(\C\ < 1)) intersects ¥"(|¢| < 1) (resp.
P5(|¢] < 1)) transversally.

Let M = sup,,cy max|c<; [¢'(C)|, and set r = ¢/M. Let X*, X" C {[¢| < r} be
the sets given by Lemma 8.4. Since ¢;, and ¢y, are immersions, the order at each
point is equal to 1. And since the immersions are transversal for i sufficiently
large, the intersection numbers are 1. Thus each set X* and X" contains at least
Jjk points.

Let X = {¢,.(0) : ¢ € X*} = {¢.(0) : ¢ € X"}. Thus for n > 0 we have

maxg pex dist( f"a,f"b) = maxgr cnexs dist( 65, (). f"d5,(C")
= maxr cnexs dist(@, (NWC), 85, (NAC) < max|<ne |65, (O] < KM < €.



264 ERIC BEDFORD AND JOHN SMILLIE

For n < 0, we use qbgi instead, and we conclude that the diameter of f”X is no
greater than € for all n € Z. O

Note that if the varieties V; and V) are tangent, then the set X may be taken
to have strictly more than jk elements.

COROLLARY 8.6. Suppose that f is quasi-expanding and quasi-contracting, but
f is not hyperbolic on J*. Then f is not expansive.

Proof. If f is not hyperbolic, it follows from Proposition 8.1 that 7;x # () for
some index pair (j,k) # (1, 1). By Theorem 8.5, then, f is not expansive. O

Since hyperbolic mappings are expansive, and expansivity is preserved under
topological conjugacy, we have the following.

COROLLARY 8.7. Iff is quasi-expanding and quasi-contracting but not hyper-
bolic, then f is not topologically conjugate to a hyperbolic map.

We will use the following result, which is a special case of Proposition 5.1
of [V].

LEMMA 8.8. Suppose that V is a subvariety of the bidisk {|z|, |w| < 1}, and
suppose that the projection to the z-axis is proper and has degree bounded by
m < oo. For any € > 0 there is a 6 > 0, depending only on € and m, such that if V
is a connected component of V N {|z| < 6}, then the diameter of V is less than e.

We refer to C :=J* — 7], as the singular locus of f. In the following results,
we consider f for which C is finite. This is parallel to the critical finiteness
condition in one complex dimension. Note that if C is finite, then C consists of
saddle points, and V*/* are regular on J* and form laminations on Jig=J"—C.
Further, E* and E" are transverse at C. Thus the set of tangencies, written 7 =
{x e J* 1 E{ = E!}, is a subset of J;,; =J* —C.

PrOPOSITION 8.9. Let f be quasi-expanding and quasi-contracting, and let C
be finite. Then for each tangency r € T, there are points p,q € C such that
r e Wi(p) N W¥(q).

Proof. If r € T, then a(r) C C by Theorem 7.3. Thus r € W(gq) for some
q € C. Similarly, w(r) C C, so r € W¥(p) for some p € C. |

THEOREM 8.10. Iff is quasi-expanding and quasi-contracting, and if C is finite,
then T is a discrete subset of J1.1, and the closure of T is T UC.

Proof. Since C = J* — J 1 is finite, it consists of periodic points, which must
be saddle points by Corollary 6.3. Saddle points are not points of tangency, so
7 C J1,1- The families of varieties V* and V* are laminations in a neighborhood
of J1,1. Thus any tangency must be isolated by Lemma 6.4 of [BLS].
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Now let us fix a saddle point x € C; and passing to a higher iterate of
f, we may assume it is a fixed point. It follows that x € Jj; for some index
pair (j,k) # (1,1). We may assume that k > 1. Consider a coordinate system
(z,w) such that x = (0,0), and f is essentially linear on B := {|z|,|w| < 1},
with uniform expansion in the horizontal direction and uniform contraction in
the vertical direction. Given p > 0, we may choose small » > 0 and 0 < p; <
p2 < 1 such that for any point ¢ of {|z|] < 1,|w| < r} there is an n > 0
such that f~"q belongs to S := {|z| < p,p1 < |w| < p2}. For p,p> and B, let
VS(B) and V*(B) denote the set of varieties in B corresponding to V*/*(x) for
x € {lz] < p,Iw| < p2}. We will choose p,p, and B small enough that for
x € J*NA{lz] < p,|w| < p2}, V¥ is a subvariety of {|z| < I,|w| < 1}, with
proper projection to the z-axis and a uniform bound on the mapping degree of
the projection.

Let us choose 1y € W&, and let {p;} C S be a sequence such that ¢,
converges to 1. For i sufficiently large, we have V(p;) C {|z] < I,|w| < r},
and we may choose the first n; such that f~"V*(p;,) NS # 0. Let us choose a
subsequence of {f ~"it),, } which converges to a limit ) e ¥, for some y in the
closure of S. Since V*(y) # V*(x), it follows that y € J, ;.

Given € > 0, let us choose § > 0 as in Lemma 8.8. For i sufficiently large,
Vi := V'"(p)N{|z| < &} is connected. Since n; was chosen for the first time £~ V;
intersects S, it follows that f~"V; C B. Since f is contracting in the z-direction,
it follows that the projection of f~"V; to the z-axis has diameter less than 6. By
Lemma 8.8, then the diameter of f~" V;: is less than e.

To see that V(y) intersects Wj, .(p) tangentially, we recall that V(1)) N
VS(x) N B consists of k points, which are also contained in f~"V;. By Lemma
8.8, the set of intersection has diameter no greater than € > 0. Since these points
remain inside a compact subset of B, it follows that the intersection multiplicity
of V¥(y) and Wj .(p) is also k, and the diameter of the set of intersection is < e.
Since € may be taken arbitrarily small, V*(y) intersects W; .(p) in a single point
of multiplicity k. Since k£ > 1, this is a tangency. O

Taking into account the multiplicity k in the last paragraph of this proof, we
have the following.

COROLLARY 8.11. Suppose that f is quasi-expanding and quasi-contracting but
is not hyperbolic. If C is finite, then C # (), and there are points of tangency. More
precisely, if p € Jjx, k > 1, then there is a pointy € W*(p) where W"(y) is tangent
to W*(p), and the order of contact is k. Conversely, if y € W3(p) is a point of
tangency between W*(p) and W¥(y), then the order of contact is no greater than k.

A. Appendix: One-dimensional mappings. In this paper we have devel-
oped an approach to the study of a dynamically well-behaved family of maps
of C? via a family of immersions from C into C2. In this Appendix we explore
a similar approach to one-dimensional mappings. Our purpose is to justify the
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analogy between semi-hyperbolicity in C and quasi-hyperbolicity in C2. This is
achieved in Theorem A.S.

Let us consider a polynomial mapping g: C — C of degree d > 1. Let J = J,
denote the Julia set, and let K = K, denote the filled Julia set, so J = OK. Let
G = Gk denote the Green function of C — K with pole at infinity. Let S C J
denote the set of repelling periodic points. For each x € S we let n denote the
period of x, so that g"x = x. We define \(x,n) := g"(x)’ and L,(¢) = \(x,n)C.
There is a (linearizing) function ¢,: C — C such that

(A.D ¢x(0) =x, and g" 0 ¢x(() = Px(A(x, n)C) = ¢x © Ln(C)

(see Milnor [M]). The linearizing function is the analog of the unstable manifold,
and the functional equation is the analogue of (1.4). The function ¢, also satisfies

(A2) pr=g"0dsoL, =gMopoL,’
for every j > 0. If ¢/.(0) = 1, we may define ¢, simply as

(A3) ¢x(Q) = lim g¥ o L,7.
J—00

For k > 0, gk¢: (C,0) — (C,g"x) is a linearizing function at gx. For a €
C, a # 0, ¢(af) is also a linearizing function. We fix 0 < t < oo, and we
define vy to be the linearizing function ¢y: ¢ — ¢.(a(), with |a| determined by
condition (4.8). Thus we have a family of maps ¢s = {1, : C — C: x € S}.

As in Section 1 we may take normal limits and obtain the family ‘¥, where
each ¢ € ¥, is defined and holomorphic on a domain Q, with {|{| < 1} C
Q, C C. We may define the transformation g : ¥, — ¥, as in Section 1, and
if 1, is nonconstant, we may define the multiplier A = A, by the condition
g’(%)(C) = ng()\ilC)-

We will say that g is quasi-expanding if ¥ is a normal family of entire
functions. By Proposition 4.7, quasi-hyperbolicity is independent of normalizing
constant f; it will be convenient for us to choose a specific value of ¢ just before
Lemma A.4. By Proposition 1.5, quasi-expansion implies that (1) holds at each
x € J. By Theorem 1.2, it is equivalent to [\, > x > 1 for all x € S.

If g is quasi-expanding, we define 7 as was done just before Proposition 5.1.
There is a natural stratification J = J; U - - L J, where J,,, = {7 = m}. We define
the infinitesimal metric | - ||¥ on the tangent space 7,C for x € J; as in Section 6.
Note that x ~— || - |¥ is not globally continuous, but it is continuous on each
stratum 7;. This metric is uniformly expanded by g’. And as in Corollary 6.3,
there is a x > 1 such that | g"(x)'| > " holds for each point of period n. While
it was known earlier that a semi-hyperbolic map has a (singular) metric which is
uniformly expanded (see [Ca]), this construction for quasi-expanding maps seems
more direct, in addition to defining an (infinitesimal) metric at each point of J.
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Let C = {z € C: g'(z) = 0} denote the set of critical points of g. For ¢ € C,
let P(c) = {g/(c) : j > 1}, let P(C) = U.cc P(c), and let P(c) denote the closure
of P(c).

LEMMA A.1. Ifc € C be a critical point, then T > 2 on P(c). If ¢ € w(c), then
T = 00 on w(c).

Proof. If 1) € W, is constant, then §/(¢)) € ¥, is constant. Thus 7( gle) =
for all j > 0. Since 7 is upper semicontinuous, it is equal to oo on the closure of
{g/(c):j > 1}. Now let 1) € ¥, be a nonconstant function. It follows that /()
has a critical point at the origin for j > 1, i.e., 7 > 1 on {g/(c) : j > 1}. Again,
by upper semicontinuity, 7 > 1 on the closure of this set.

Now suppose that ¢ € w(c). If ‘¥, consists only of the constant function, then
7(c) = oo. If there is a nonconstant 1) € ‘Y., then Ord(¢)) < co. Let nj — oo be a
sequence such that g"ic — c. By the chain rule, Ord(g"/v)) > Ord(z)). Passing to a
subsequence of {n;}, we may assume that g"i¢) — . By the upper semicontinuity
of 7, we have Ord(¢)) > Ord(¢)). Thus 7(c) = co. ]

We let C). := {¢ € C: ¢,({) = 0} denote the set of critical points of ;.
LEMMA A.2. Ifx € S is a repelling periodic point, then 1,(C.) C P(C).

Proof. Suppose ¢ € C.. Since x is a repelling periodic point, |\(x,n)| > 1, so
it follows from (A.1) that ¥,(0) # 0. Let U be a neighborhood of the origin in C
where ¢/ # 0. Choose j such that { = L,’¢ € U, and set 7 = (). By (A.2) and
the Chain Rule,

YUO = (g oth o L)) =g (¢"'(2) - g (g(2) - §3) - (W o LY () =0.

It follows g’(g*%) = 0 for some 1 < k < jn — 1, which means that g¥Z € C. Thus
() = 78" € P(O). m|

PROPOSITION A.3. If g is quasi-expanding, then J; = J — P(C).

Proof. By Lemma A.1, J; is disjoint from P(C). Conversely, let y ¢ P(C)
be given. Choose 0 < & < dist(y, P(C)). Let x be a repelling periodic point
sufficiently close to y that B(x, ) NP(C) = (). By Lemma A.2, there are no critical
values of 1, in the disk B(x, ). Thus there is an analytic function ¢: B(x, ) — C
such that ¢ o ¢(z) = z. By the Koebe Distortion Theorem, {|(| < 6|¢'(x)|/4} C
P(B(x, 6)).

Now let x(x) = inf{|¢| € C.}. Since ¢(B(x,6))NC, = 0, we have §|¢/'(x)| /4 <
X(x), or §/4 < x(x)|11(0)|. Since [¢(0)| is bounded above, it follows that y(x)
is bounded below.

To show that y € J;, we need to show that w;(O) # 0 for every ¢, € ¥,.
Let us take a sequence x — y, such that )y — 1),. Since x(x) is bounded below,
there is an open neighborhood U of the origin in C where ;. # 0 on U for all x.
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The limit 7,/;; is then either nonvanishing on U, or it vanishes identically. By (1),
then, 1/1; does not vanish on U. |

For a domain D and y € g7"D, we let (g7 "D), denote the connected com-
ponent of g7"D containing y. A mapping g is said to be semi-hyperbolic (see
[CTY]) if there are numbers ¢y > 0 and M < oo such that for every n > 0,
0 < e < ¢ and x € J, the mapping degree of

gl(g "B(x,€))y : (g "B(x,€))y — B(x,¢€)

is bounded by M for each y € g7 "x. If g is semi-hyperbolic, then by the two
left-hand containments in Theorem 3.2, there is an a > 0 such that for p; > 0
sufficiently small, depending only on M, such that for all x € J, all n > 0, and
all y € g7"x, we have

B(y,as) C (g "B(x, p1€)), C B(y,s)

for some s > 0. Set

t :=min max G.
x€J B(x,pr€)

LemMMA A4. Let g be semi-hyperbolic, and let €,p1,t,a > 0 and M < o0
be as above. Then there is a number B < oo such that for any periodic point x,
wy 1= (Y7 'B(x, p1€))o satisfies

{lKl<B '} Ccurc{l¢| < B}
and ¥y wy — B(x, €) is a proper mapping of degree < M.

Proof. Let n denote the period of x, and assume that x = 0. For 0 < p < 1,
let 7 := max,e; Maxp(y,pp,e) G. Choose p small enough that 7 < 7.

For each j > 0 we have {|¢| < ar} C w C {|¢| < r} for some r = r;
corresponding to w = (L{;g_j”B(O, pp1€))o and for some r = 7 corresponding
to w = (L’;,g_j’iB(O,ple))o. We may take the limit as j — oo in (A.3) so that
g"o LY — ¢x, and we may pass to a subsequence to have r; — r and 7; — 7. If
we write @, = (¢, 'B(0, p1€))o and w, = (¢, ' B(0, pp1€))o, then we have {|¢| < r}
Cw, C{|¢] < r}and {|¢] <7} C @, C{|¢|] <F}. Thus

~1

@ — @y C {ar < [¢| < F}.
Thus the moduli satisfy

log (7/(ar)) < Mod({ar < [¢| < 7}) < Mod(&, — &)
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Let us remark that ¢,: (qb;lB(O, €))o — B(0,¢) is a proper mapping with
degree bounded by M since each g/" o L, was also a proper mapping with
degree bounded by M. It follows that ¢y: (&), — &@L) — (B(x, p1€) — B(x, ppi€))
is a proper map. The modulus of an annulus is defined as the extremal length of
the family of curves connecting the two boundaries (cf. [A, Chapter 4]). Under a
proper map, this family pulls back to a family of curves which connect the two
boundaries; thus the modulus cannot decrease, so we have

Mod(&, — @}) < Mod(B(x, p1€) — B(x, pp1€)) = log (1/p).

We conclude that #/(ar) < p~!.

Finally, let us consider 1, and w,, which are obtained from ¢, and &, by a
scaling by a linear factor A > 0. Thus {|(| < Aar} C wy = A&, C {|{| < AF}.
By the definition of ¢, we have maxp( ¢y G = max,, G > . By the Maximum
Principle, we have max|¢|< A+ G > t. It follows by (4.8) that A7 > 1. Similarly,
we have maxp(, pp,) G = max A, G <7 < t. Again by the Maximum Principle,
max|¢|<aqr G < 1. Thus by (4.8) we have arA < 1. By our previous inequality, it
follows that p < Aar < A7 < p~!, so we may take B = p~ !

Finally, the mapping degree of the restriction of 1, to (¢ 1B(0, €))g is the
same as the degree of restriction of ¢,, so it is bounded by M. O

We will use the following estimate on the Green function (see [CJY, §3]): If
g is semi-hyperbolic, then there exist 1 > 0 and A < oo such that

. >
(A.4) max G > nrt

forall x € J,0 < r < 1. Note that (1.12) and (A.4) are similar but different;
the estimate (A.4) takes place on dynamical space while (1.12) concerns the
uniformizations.

THEOREM A.5. Quasi-expansion < semi-hyperbolicity.

Proof. Suppose first that g is quasi-expanding. By Corollary 6.3, any periodic
point is expanding. Thus there are no parabolic points. Now suppose thatc € Jis a
critical point. By quasi-expansion, we must have 7 < co on J, so by Lemma A.1
this means that ¢ is not contained in w(c), its w-limit set. It follows by [CJY,
Theorem 1.1] that g is semi-hyperbolic

Now suppose that g is semi-hyperbolic. Let B be as in Lemma A.4, and
choose x > B2. By Theorem 3.2, we may choose p, > 0 sufficiently small that
for any y € J there is a number s = s, such that

Wy "B, p2p1)o € {[¢] < s} € {I¢] < x5} € @y (B(y, pre))y-

By the right-hand inclusion in Lemma A.4, we have s < B.
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Let us set

f1 :==max max G.
x€J B(x,pie€)

Choose k such that

(fld"> 174
< apapie.
n

By Theorem 3.2, there is an r > 0 such that B(y,ar) C (g_k(B(x, p16))y C B(y,r)
for y € g *x. By the definition of 7; and the maximum principle, we have that
G < 11d™* on B(y,ar). It follows from (A.4) that

fid=* > n(ary*.
By the choice of k we conclude that » < pype. Thus

by (g M B, pre)o C (¥ 'Bx, papi€))o € {[¢] < s}

with s as above.

Let L: ¢ — A denote the linear map such that gk o 1y = 1)y o L. By this
functional equation, L maps (¢, Lg% B(x, p1€))o C {|¢| < s} to (¥ (B(x, p16))o.
This last set contains {|(| < 1/B} by the left-hand containment in Lemma A.4.
Thus A > (sB)~!, which is no smaller than YB~2 since xs < B. We conclude
that || is uniformly bounded below by & := YB~2 > 1, so by Theorem 1.2, gk
is quasi-expanding. By Proposition 1.3, then, g is quasi-expanding. O

A consequence of Corollary 6.3 is:

COROLLARY A.6. If g is semi-hyperbolic, then the repelling periodic points are
uniformly repelling.

Questions dealt with in this Appendix also arise naturally in connection with

the study of the structure of leaves in the induced inverse limit system. See [LM]
for this approach.
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