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1 Vector Spaces
1 Vector Spaces

You have met the idea of vectors in 2 or 3 dimensions. We can add them and multiply them by
numbers. The same is true for collections of functions or matrices. It turns out to be useful to
identify carefully what properties these collections have in common so that we can apply the
intuition we get from ordinary space to these less geometric collections. Among other things
we want to have a clear understanding of dimension.

1.1 Foreword

The three modules MA148 Vectors and Matrices, MA149 Linear Algebra and MA150 Algebra—2
will start with the same lecture notes that were written for the start of the term. They will
develop in slightly different directions. So follow your module.

In particular, these notes are too long: some of the material in them will be cut. The cut material
may differ in different modules.

1.2 Scalars
1.2.1 Field

From now on, let IF be a field. A field is a non-zero commutative ring, where every non-zero
element has a multiplicative inverse. You will get full marks in this module, if you know only
the following two fields.

The real numbers R. These are the numbers which can be expressed as decimals.

The complex numbers C = {x + iy | x,y € R}, where i* = —1.

1.2.2 Axioms for number systems

For completeness, we give the complete list of the axioms of a field. A field is a set IF together
with two special elements 0 # 1 € [F, and two binary operations IF x [F — T, called addition
(x,y) — x +y and multiplication (x,y) — xy, satisfying the following axioms.

Al. Commutativity of Addition: « +8 = g+« foralla, g € FF.
A2. Associativity of Addition: (« + ) +y =a + (B + ) foralla, B,y € F.
A3. Additive Unity: There exists 0 € Fsuch thata +0=0+a =a foralla € FF.

A4. Additive Inverse: For each a € T there exists —a € F such thata + (—a) = (—a) +a = 0.

M1. Commutativity of Multiplication: af = Ba for all a, B € FF.
M2. Associativity of Multiplication: («f)y = a(B7) for allw, B,y € F.
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M3. Multiplicative Unity: There is 1 € IF such that a1 = 1o = a forall « € FF.

M4. Multiplicative Inverse: For each number « € F with a # 0, there exists a ! € FF such that
-1 -1
o =aa =1

D. Distributivity: (« + )y = ay + By foralla, B,y € F.

1.2.3 Field of real numbers

We will use F and R (and once C) in these notes. We use F for the results that hold over any
field, although in all our examples (and the exam) IF = R. We use R when we need to use the
special properties of the real numbers:

e The order « > 8 such that a?>0foralla € R.
e Each a € R such that « > 0 admits a square root \/a € R with \/a > 0.

e Each polynomial of positive degree f(x) with coefficients in R admits a real root & € R or
a pair of complex roots a, & € C \ R.

1.3 Vector spaces

Recall that the abelian group structure on V is a binary operation of addition that satisfies
axioms Al, A2, A3 and A4.

Definition 1.3.1. A vector space is an abelian group V with an additional binary operation
F x V — V, called scalar multiplication («,v) — av, satisfying the following axioms:

1. a(u+v) =au+av,
2. (a+ B)v =av+ Bv,
3. (af)v = a(pv),

4. lv=v.

Elements of the field IF will be called scalars. We will use the greek letters for them. We will use
boldface letters like v to denote vectors, elements of V. The zero vector in V will be written as
0y, or usually just 0. This is different from the zero scalar 0 = O € FF.
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1.3.1 Examples of vector spaces

X1

19}
1. The standard vector space is the space of column vectors F" = {| | |a; € F}. Addition

Xn
and scalar multiplication are defined by the obvious rules:
3] 1 a0 + B 3] Aay
= oA )= :
&y Bn &n + Pn &n Aty
The most familiar examples are
N b
]RZ:{<ﬁ)|tx,,B€IR}and]R3:{ B| |la By R},

Y

which are the points in an ordinary 2- and 3-dimensional space, equipped with a coordinate
system.

Vectors in R? and R® can also be thought of as directed lines joining the origin to the points
with the corresponding coordinates:

"

Addition of vectors is then given by the parallelogram law.

v+ vz

V2
Vi

0
Note that [F! is essentially the same as FF itself and IF! is the zero vector spaces {0}.

2. Let F[x] be the set of polynomials in an indeterminate x with coefficients in the field [F. That
is,

Flx] = {ap + aqx + - - - + ayx" | a; € F}.
Then F|x] is a vector space over FF.

3. Fix n > 0. Let F[x] <, be the set of polynomials over F of degree at most n (Where we agree
that the degree of the zero polynomial is —1). Then FF[x]<, is also a vector space over F; in fact
it is a subspace of F[x| (see Definition 1.3.3 ).
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Note that the polynomials of degree exactly n do not form a vector space. (Why?)

4. Let F = R and let V be the set of n-times differentiable functions f : R — R which are
solutions of the differential equation

dnf Ay af .
/\den +/\1dx”*1 + - +/\n—1ﬂ +)\nf =0.

for fixed Ag,A1,...,Ay € R. Then V is a vector space over R, for if f(x) and g(x) are both
solutions of this equation, then so are f(x) 4+ g(x) and af(x) forall « € R.

5. The previous example is a space of functions. There are many such examples that are
important in Analysis. For example, the set C((0,1),R) (of all functions f : (0,1) — R such
that the k-th derivative f*) exists and is continuous) is a vector space over R with the usual
pointwise definitions of addition and scalar multiplication of functions.

1.3.2 Axiomatic approach

Facing such a variety of vector spaces, a mathematician wants to derive useful methods of
handling all these vector spaces. If we do it on a single example, say IR®, how can we be certain
that our methods are correct? It is only possible with the axiomatic approach to developing
mathematics. We must use only arguments based on the vector space axioms. We have to avoid
making any other assumptions. This ensures that everything we prove is valid for all vector
spaces, not just the familiar ones like IR>.

Try deducing the following easy properties from the axioms.

Lemma1.3.2. 1. a0 =0foralla € F,
2.0v=0and (-1)v= —vforallveV.
3. —(av) = (—a)v=a(—v),foralla e Fandv € V.

1.3.3 Subspaces

Let V be a vector space over the field FF.

Definition 1.3.3. A subspace of V is a non-empty subset W C V such that

uweEW=u+veWw and veW,aclF=ave W

These two conditions can be replaced with a single condition
uveW,a,pEF=au+pvelV.
A subspace W is itself a vector space over [F under the operations of vector addition and scalar

multiplication in V. Notice that all vector space axioms of W hold automatically. (They are
inherited from V.)
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For any vector space V, V is always a subspace of itself. Subspaces other than V are sometimes
called proper subspaces. We also always have a subspace {0} consisting of the zero vector alone.
This is called the trivial subspace.

Proposition 1.3.4. If Wy and W, are subspaces of V then so is Wy N W.

Proof. Let u,v € WiNW, and « € F. Then u+v € W; (because W; is a subspace) and
u+v € W, (because W, is a subspace). Hence u 4+ v € Wi N W,. Similarly, we getav € Wi NW,,
so Wi N W, is a subspace of V. O

Warning! It is not necessarily true that W; U W; is a subspace.
Example. Let V = R?, let W; = {(g) la € R} and W, = {(2) |a € R}. Then Wy, W, are

subspaces of V, but Wi U W; is not a subspace, because (é) , (?) € W1 UW,, but (é) + (2) =

G) ¢ Wy U Wy

Note that any subspace of V' that contains W; and W, has to contain all vectors of the form
u+vforue Wy, veWw,.

Definition 1.3.5. Let W;, W, be subspaces of the vector space V. Then W; + W, is defined to be
the set of vectors v € V such that v = w; + wy for some w; € Wi, wy € W,. Or, if you prefer,
Wi+ W, = {W1 + wy ‘ wi € Wi, wy € WZ}.

Do not confuse Wy + W, with W; U W5!

Proposition 1.3.6. If Wi, W, are subspaces of V then so is Wy + Wy. In fact, it is the smallest (with
respect to the order C) subspace that contains both Wy and W.

Proof. Letu,v € Wy + W,. Then u = u; + up for some u; € Wy, up € W and v = vy + v for
some vy € Wy, vo € Wy, Thenu+v = (uj +vq) + (uz + vo) € Wi + Wy, Similarly, if « € F
then av = avy +avy € Wy + Wy, Thus Wy 4 W, is a subspace of V.

Any subspace of V' that contains both W; and W, must contain Wy + W>, so it is the smallest
such subspace. O

Examples. 1. As above, let V = R?, W; = {<g> |a € R} and W, = {<2> |a € R}. Then
Wi+ W, =V.

2.LetV:IR2,letW1:{<z> |uc€IR}andW2:{(_z> |a € R}. Then Wy + W, = V.
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1.4 Linear independence, spanning and bases

By a vector sequence we understand a finite sequence vq, v, ... v, of elements of a vector space V.
Vectors of the form a1vy + aovy + - - - + &, vy, for aq, &y, ..., &, € IF are called linear combinations
of vi,vy,... v

1.4.1 Linear dependence and independence

Definition 1.4.1. Let V be a vector space over the field [F. The vector sequence vy, vy,... v, is
called linearly dependent if there exist scalars a1, az, ..., a, € [F, not all zero, such that

X1vy + vy + - - -+ vy, = 0.

The sequence vy, vy, ... Vvyis called linearly independent if they are not linearly dependent. In
other words, it is linearly independent if the only scalars a1, &y, . .., a, € [ that satisfy the above
equationarea; = 0,40 =0,...,a, = 0.

Examples. 1. Let V = R?, v; = <:1))>, vy = <§)

Then aqvy + aovy = (a7 + 202, 301 + 5a2), which is equal to 0 = (0,0) if and only if a1 +2a, =0
and 3a; 4+ 542 = 0. Thus, we have a pair of simultaneous equations in &1, #; and the only
solution is a1 = ap = 0, so vy, v, is linearly independent.

1 2
2.LetV:]R2,v1 = <3>,V2: <6)

This time the equations are a; 4+ 20, = 0 and 3a; 4 6a; = 0, and there are non-zero solutions,
such as a1 = —2, @ = 1, and so the vector sequence vy, v; is linearly dependent.

Lemma 1.4.2. The following statements about a vector sequence vy, . ..,v, € V are equivalent.
1. It is linearly dependent.

2. vi = 0or, for some r, v, is a linear combination of vy, ..., V,_1.

Proof. If vi = 0 then by putting a4y = 1and a; = 0 fori > 1 we get ayvy +--- +a,v, = 0, so
V1,V2,...,V, € Vislinearly dependent.

If v, is a linear combination of vy, ...,v,_q,thenv, = aqvy +---+a,_1v,_q forsomeny,...,a,_1 €
F and so we get a1vy + - - - + a,_1V,_1 — 1 - v, = 0 and again vy, vy,...,v, € Vis linearly de-
pendent.

Conversely, suppose that vi,v,...,v, € V is linearly dependent, and «; are scalars, not all
zero, satisfying a1 vy + apvp + - - - + &, v, = 0. Let r be maximal with «, # 0; then a;vy + apvy +
-4+ a,v, = 0. If r = 1 then a;v; = 0 which is only possible if vi = 0. Otherwise, we get
X1 !
ar “r

Vy_1.
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1.4.2 Spanning vectors

The proof of the next fact is routine. Try it yourself!

Proposition 1.4.3. Let vy, ..., v, be a vector sequence. Then the set of all linear combinations ayvy +
Qovy + -+ &y, 0f Vi, ..., vy, forms a subspace of V.

The subspace in this proposition is known as the span of the sequence vy, ..., v,.

Definition 1.4.4. The sequence vy, ..., Vv, spans V if the span of the sequence is V.

In other words, this means that every vector v € V is a linear combination a1 vy + apvy + - - - +
vy, of vi,...,vy.

1.4.3 Bases of vector spaces

Definition 1.4.5. The vector sequence vy, ..., v, in V forms a basis of V if it is linearly indepen-
dent and spans V.

Proposition 1.4.6. The vector sequence v, ..., v, forms a basis of V if and only if every v € V can
be written uniquely as v = a1vy + aovo + - - - + &, vy, that is, the coefficients «1, . . ., o, are uniquely
determined by the vector v.

Proof. Suppose that vy, ..., v, forms a basis of V. Then it spans V, so certainly every v € V can
be written as v = a1vy + apvy + - - - + &, v,. Suppose that we also had v = vy + Bova + - - - +
BnVy for some other scalars B; € F. Then we have

OZV—V:(061—ﬁl)Vl+(0€2—ﬁ2)V2+"'—|—(06n—ﬁn)Vn

and so

(a1 = p1) = (a2 = P2) =+ = (an— ) =0
by linear independence of vy,...,v,. Hence a; = B; for all i, which means that the «; are
uniquely determined.

Conversely, suppose that every v € V can be written uniquely as v = a1vy +aovo + - - - + &, vy,
Then vy, ..., v, certainly spans V. If ayvq +aovy + - - - + a, v, = 0, then

a1vy +agvy + - -+ ayvy = 0vy +0vp 4 - - - 4 Ovy,

and so the uniqueness assumption implies that x; = ap = --- = a, = 0, and vy,...,v, are
linearly independent. Hence the sequence forms a basis of V. O

Examples. 1. e; = <(1)> and e; = <(1)> is a basis of IF2. This follows from Proposition 1.4.6,

« . . ..
because each element <“1) € F? can be written as a1e; + apes, and this expression is clearly
2

unique.

10
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N ooy N
2. More generally,e; = [0 |, e = |1 |,e3 = [ 0 | form a basis of F3 e = ol e = ol
0 0 1 0 0
0 0
ez = (1) , ey = 8 form a basis of F* and so on. This is called the standard basis of IF" for
0 1
n € IN.

(To be precise, the standard basis of F" is ey, ..., e,, where e; is the vector with a 1 in the i-th
position and a 0 in all other positions.)

3. There are many other bases of F". For example, <(1)> , <1

1) form a basis of F2, because

<z;> = (a1 — ap) <(1)> + G), and this expression is unique. In fact, any two non-zero

vectors such that one is not a scalar multiple of the other form a basis for IF>.

4. Since we defined a basis as a finite vector sequence (with additional properties, of course),
not every vector space has a basis. For example, let IF[x] be the space of polynomials in
x with coefficients in F. Let p1(x), p2(x), ..., pa(x) be a finite sequence of polynomials in
F[x]. Then if d is the maximum degree of p1(x), p2(x), ..., px(x), any linear combination of
p1(x), p2(x),..., pu(x) has degree at most d, and so p1(x), p2(x), ..., pn(x) cannot span F|x]|.
It is customary in Maths to allow infinite bases as well: then the infinite sequence of vectors
1,x,x2,x3,...,x",...isabasis of F [x]. A vector space with a finite basis is called finite dimensional.
In fact, all of this course will be about finite-dimensional spaces, but it is important to remember
that these are not the only examples. The spaces of functions mentioned in Example 5 of
Section 1.3 typically have uncountably infinite dimension: so they are even less well-behaved
than IF[x] as heir bases are not even sequences.

Theorem 1.4.7. (The basis theorem.) Suppose that vy, ..., Vv, and w1, ..., Wy are both finite bases of
the vector space V. Then m = n. In other words, all finite bases of V contain the same number of vectors.

The proof of this theorem requires sifting and will be done in the next section.

Definition 1.4.8. The number 7 of vectors in a basis of the finite-dimensional vector space V is
called the dimension of V and we write dim(V') = n.

Thus, as we might expect, F" has dimension n. F[x] is infinite-dimensional, but the space
F[x] <y of polynomials of degree at most n has basis 1,x,x?%,...,x", so its dimension is n + 1
(not n).

11
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1.4.4 Sifting

Lemma 1.4.9. Suppose that the vector sequence vi,vy,...,Vy,, W spans V and that w is a linear
combination of vq,...,v,. Thenvy,..., v, spans V.

Proof. Since vyi,vy,...,v,, W spans V, any vector v € V can be written as
V=wa1v]+ - +a,v, + W,

But w is a linear combination of vy, ..., v,, so W = y1vy + - - - 4+ 7, V, for some scalars -;, and
hence
v = (a1 +By1)vi+-+ (an+ Byu)Va

is a linear combination of vy, ..., v,, which therefore spans V. O

There is an important process, which we shall call sifting, which can be applied to any sequence
of vectors vy, vy, ..., v, in a vector space V. We consider each vector v; in turn. If it is zero, or a
linear combination of the preceding vectors vy, ..., v;_1, then we remove it from the list. The
output of the sifting is a new linearly independent vectors sequence with the same span as the
original one.

Example. Let us sift the following sequence of vectors in IR>.

0 1 2 1 3 0 1 0
V1 = 0 , Vo = 1 , V3 = 2 , Vg = 0 , V5 = 2 , Vg = 0 , V7 = 1 , Vg = 0
0 1 2 0 2 0 0 1

vi = 0, so we remove it. v is non-zero so it stays. v3 = 2v; so it is removed. vy is clearly not a
linear combination of vy, so it stays.

3
We have to decide next whether vs is a linear combination of vp,v4. If so, then |2 ]| =
2
1 1
a1 | 1| +az |0 |, which (fairly obviously) has the solution a1 = 2,a, = 1, so remove vs. Then
1 0
vg = 0 so that is removed too.

1 1 1
Nextwetryvy = [ 1| =a; | 1] +a2 | 0|, and looking at the three components, this reduces
0 1 0

to the three equations
1 =01+ ay; 1=uwq 0=a;.

The second and third of these equations contradict each other, and so there is no solution. Hence
vy is not a linear combination of vy, v4, and it stays.

12
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Finally, we need to try

0 1 1 1
vs= 0] =a1 | 1| +a |0 +az |1
1 1 0 0
leading to the three equations
0=wa1+ar+a3 0=uwa1+asz; 1=uw
and solving these in the normal way, we find a solution a; = 1, x, = 0,43 = —1. Thus we delete

vg and we are left with just vy, v4, v7.

Of course, the vectors that are removed during the sifting process depend very much on the
order of the list of vectors. For example, if vg had come at the beginning of the list rather than
at the end, then we would have kept it.

Applying sifting, we can now prove the Basis Theorem 1.4.7. It follows from the next proposi-
tion.

Proposition 1.4.10. (Exchange Lemma) Suppose that vector sequence vy, . .., v, spans V and that the
vector sequence Wi, . .., Wy, € V is linearly independent. Then m < n.

Proof. The idea is to place the w; one by one in front of the sequence vy, ..., vy, sifting each
time.

Since vy, ..., v, spans V, wy,vy,. .., v, is linearly dependent, so when we sift, at least one v; is
deleted. We then place w; in front of the resulting sequence and sift again. Then we put ws in
from of the result, and sift again, and carry on doing this for each w; in turn. Since wy, ..., wy,
are linearly independent none of them are ever deleted. Each time we place a vector in front of
a sequence which spans V, and so the extended sequence is linearly dependent, and hence at
least one v; gets eliminated each time.

But in total, we append m vectors w;, and each time at least one v; is eliminated, so we must
have m < n. O

1.4.5 Existence of a basis
Let us address the fundamental question. Does a vector space admit a basis?

Theorem 1.4.11. Suppose that the vector sequence vy, . .., v, spans the vector space V. Then there is a
subsequence of vy, . .., v, which forms a basis of V.

Proof. We sift the vectors vy, ..., v,. The vectors that we remove are linear combinations of the
preceding vectors, and so by Lemma 1.4.9, the remaining vectors still span V. After sifting, no
vector is zero or a linear combination of the preceding vectors (or it would have been removed),
so by Lemma 1.4.2, the remaining vector sequence is linearly independent. Hence, it is a basis
of V. O

13



1 Vector Spaces

Corollary 1.4.12. If a vector space V is spanned by a finite sequence, then it admits a basis.

In fact, if you allow infinite bases, any vector space V admits a basis. A proof of this requires
would lead us too deep into axiomatic Set Theory: it is carried out in year 3 in both Set Theory
and Rings and Modules.

Corollary 1.4.13. Let V be a vector space of dimension n over IF. Then any sequence of n vectors which
spans V' is a basis of V, and no n — 1 vectors can span V.

Proof. After sifting a spanning sequence, the remaining vectors form a basis, so by Theorem 1.4.7,
there must be precisely n = dim(V') vectors remaining. The result is now clear. O

Theorem 1.4.11 is not flexible enough for future proofs. We will need the next theorem.

Theorem 1.4.14. Let V be a finite-dimensional vector space over IF, and suppose that the vector sequence
V1,...,Vy is linearly independent in V. Then we can extend the sequence to a basis vi,...,v, of V,
wheren > 7.

Proof. Suppose that dim(V) = n and let wy, ..., w, be any basis of V. We sift the combined
sequence
Vl,. . .,Vy,wl,. . .,Wn.

Since wy, ..., W, spans V, the result is a basis of V by Theorem 1.4.11. Since vy, ..., v, is linearly
independent, none of them can be a linear combination of the preceding vectors, and hence
none of the v; are deleted in the sifting process. Thus the resulting basis contains vy,...,v,. O

Corollary 1.4.15. Let V be a vector space of dimension n over IF. Then any n linearly independent
vectors form a basis of V and no n + 1 vectors can be linearly independent.

(Remark for the observant reader: Notice that this corollary shows that a vector space V cannot
have both a finite and an infinite basis.)

1 0
Example. The vectors vi = é , V2 = (1) are linearly independent in R*. Let us extend
2 2

them to a basis of R%. The easiest thing is to append the standard basis of R*, giving the
combined vector sequence

V] = ; V2 = ;€1 = ; €4 =

N O = O
S O O
S O = O
S = O O
- o O O

1
2
0
2

14



1 Vector Spaces

which we shall sift. We find that = + oy

S = O

has no solution, so e; stays.

S O O
N ODN R

N

However, e; = vi — v, — e1 so e; is deleted. It is clear that e3 is not a linear combination of
v1,Vy, e, because all of those have a 0 in their third component. Hence e3 remains. Now we

have four linearly independent vectors, so must have a basis at this stage, and we can stop the
sifting early. The resulting basis is

V1 =

N O N =
<
N
|
N O~ O
1)
i,
|
coor
1)
@
|
o~ oo

15



2 Linear Transformations
2 Linear Transformations

When you study sets the notion of function is extremely important. There is little to say about a
single isolated set while functions allow you to link different sets. Similarly in Linear Algebra,
a single isolated vector space is not the end of the story. We have to connect different vector
spaces by functions. However, a function having little regard to the vector space operations
may be of little value.

2.1 Basic properties
2.1.1 Definition
Definition 2.1.1. Let U, V be two vector spaces over the same field IF. A linear transformation or
linear map T from U to V is a function T : U — V such that
(i) T(ug +up) = T(uy) + T(up) forall uy, u; € U;
(i) T(aeu) = aT(u) foralla € Fandu € U.

We shall usually call these linear maps (because this is shorter), although linear transformation
is the standard name. Notice that the two conditions for linearity are equivalent to a single
condition

T(au; + puy) = aT(uy) + BT (uz) foralluy, ux € U, a, B € F.

First a couple of trivial consequences of the definition:

Lemma 2.1.2. Let T : U — V be a linear map. Then
(i) T(Ou) = Ov,‘
(ii)) T(—u) = —T(u) forallu € U.

Proof. (i) T(0y) = T(0y +0y) = T(0y) + T(0y), so T(0y) = Oy.
(ii) Just put @ = —1 in the definition of linear map. O

The key property is that linear maps are uniquely determined by their action on a basis.

Proposition 2.1.3. Let U, V be vector spaces over FF, let uy, ..., u, be a basis of U and let vy, ..., vy
be any sequence of n vectors in V. Then there is a unique linear map T : U — V with T(u;) = v, for
1<i<n.

Proof. Letu € U. Then, since uy, ..., u, is a basis of U, by Proposition 1.4.6, there exist uniquely
determined «4,...,&, € Fwithu = aju; + - - - + a,u,. Hence, if T exists at all, then we must
have

T(u) = T(xqug + - -+ apuy) = &1vy + - - 4 2V,

16



2 Linear Transformations

and so T is uniquely determined.

On the other hand, it is routine to check that the map T : U — V defined by the above equation
is indeed a linear map, so T does exist and is unique. O

2.1.2 Examples

Many familiar geometrical transformations, such as projections, rotations, reflections and
magnifications are linear maps, and the first three examples below are of this kind. Note,
however, that a nontrivial translation is not a linear map, because it does not satisfy T(0;;) = Oy.

14

1.LetU=R3 V=R?*and defineT: U — VbyT | B | = (g) Then T is a linear map. This
i
type of map is known as a projection, because of the geometrical interpretation.
\4
Yy
0 T(v)
x

2. Let U = V = IR%. We interpret v in IR? as a directed line vector from 0 to v (see the examples in
Section 1.3), and let T(v) be the vector obtained by rotating v through an angle 6 anti-clockwise
about the origin.

T(v)

It is easy to see geometrically that T(u; + uz2) = T(uy) + T(uz) and T(au) = aT(u) (because
everything is simply rotated about the origin), and so T is a linear map. By considering the unit
vectors, we have

(o) = (Smo) (1) = (aons) amaso (5) =7 () 47 (7) = (L0 feont):

3. Let U = V = R? again. Now let T(v) be the vector resulting from reflecting v through a line
through the origin that makes an angle 6 /2 with the x-axis.

17



2 Linear Transformations

T(v)

6/2 0

This is again a linear map. We find that

7o) = (5n0) T(3) = (_comy) anatso () =7 (o) <67 (5) = (S cimg * bomm) -

4. Let U = V = R]x], the set of polynomials over R, and let T be differentiation, i.e., T(p(x)) =
p'(x) for p € R[x]. This is easily seen to be a linear map.

5. Let U = F|[x], the set of polynomials over [F. Every a € F gives rise to two linear maps, shift
Se:U— U, Su(f(x)) = f(x —a) and evaluation E, : U — F, E,(f(x)) = f(a).

The next two examples seem dull but are important!

6. For any vector space V, we define the identity map Iy : V — V by Iy(v) = vforallv € V.
This is a linear map.

7. For any vector spaces U,V over the field F, we define the zero map Oy v : U — V by
0y,v(u) = Oy for all u € U. This is also a linear map.

2.1.3 Operations on linear maps

We define the operations of addition, scalar multiplication, and composition on linear maps.
LetT; : U — Vand T> : U — V be two linear maps, and let « € [F be a scalar.

Addition: We define amap T + T, : U — V by the rule (Ty + T»)(u) = Ti(u) + T2(u) for
u e U

Scalar multiplication: We define a map aT; : U — V by the rule (aT7)(u) = aTy(u) foru € U.
NowletT; : U — Vand T, : V — W be two linear maps.

Composition: We define a map T,Ty : U — W by (ToTi)(u) = Tp(Ti(u)) for u € U. In
particular, we define T?> = TT and T"*! = T'T for i > 2.

It is routine to check that Ty + T, aT; and T,T; are themselves all linear maps.

Furthermore, for fixed vector spaces U and V over F, the operations of addition and scalar
multiplication on the set Homg (U, V) of all linear maps from U to V makes Homp (U, V) into a
vector space over FF.

18



2 Linear Transformations

2.2 Dimension properties of linear maps
2.2.1 Kernels and images

Definition 2.2.1. Let T : U — V be a linear map. The image of T, written as im(T) is defined to
be the set of vectors v € V such that v = T(u) for some u € U.

The kernel of T, written as ker(T) is defined to be the set of vectors u € U such that T(u) = 0y.
Or, if you prefer:

im(T) = {T(u) |u e U}; ker(T) ={uec U|T(u) =0y}.

Examples. Let us consider the examples from Section 2.1.2.
0
In1., ker(T) = { (0) | v € R}, and im(T) = R>.
v
In2. and 3., ker(T) = {0} and im(T) = R>.
In 4., ker(T) is the set of all constant polynomials (i.e. those of degree 0), and im(T) = R[x].
In 5., ker(S,) = {0}, and im(S,) = FF[x], while ker(E,) is the set of all polynomials divisible by
x —w, and im(E,) = F.
In 6., ker(Iy) = {0} and im(T) = V.
In7., ker(0yy) = Uand im(0y,y) = {0}.

Proposition 2.2.2. (i) im(T) is a subspace of V; (ii) ker(T) is a subspace of U; (iii) T is injective if and
only ifker(T) = {0}

Proof. (i) We must show that im(T) is closed under addition and scalar multiplication. Let
v1,vy € im(T). Then vi = T(uy), v2 = T(uy) for some uy, u; € U. Then

vi+vy=T(u)+T(u2) = T(ug + up) € im(T); avy = aT(u;) = T(au;) € im(T),
soim(T) is a subspace of V.

(ii) Similarly, we must show that ker(T) is closed under addition and scalar multiplication. Let
uy, up € ker(T). Then

T(u1 4 uz) = T(Ou + Ou) = T(Ou) = 0y; T(zxul) = th(ul) = a0y = 0y,
sou; + up, auy € ker(T) and ker(T) is a subspace of U.

(iii) The “only if” is obvious since ker(T) = T~1(0). To prove the “if”, suppose ker(T) = {0}
and T(u) = T(v). Then T(u—v) = T(u) — T(v) =0,sou—v € ker(T), thenu — v = 0 and
u=v. O

2.2.2 Dimension formula

We go back to the study of subspaces as this helps the understanding of kernels and images.
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2 Linear Transformations

Theorem 2.2.3. (Dimension Formula) Let V be a finite-dimensional vector space, and let Wy, W, be
subspaces of V. Then

dim(W1 + W2) = dil’n(W1> + dim(Wz) — dim(W1 N Wz).

Proof. First note that any subspace W of V is finite-dimensional. This follows from Corol-
lary 1.4.15, because a largest linearly independent sequence W contains at most dim(V') vectors,
and such a sequence must be a basis of W.

Let dim(W; N W,) = r and let ey,...,e, be a basis of W; N W,. Then ey,...,e, is a lin-
early independent sequence of vectors, so by Theorem 1.4.14 it can be extended to a ba-
sis ey, ..., e, f1,...,fs of Wy where dim(W;) = r + s, and it can also be extended to a basis
e, ..., e,81,..., 8 of Wy, where dim(W,) = r +¢.

To prove the theorem, we need to show that dim(W; + W) = r + s + £, and to do this, we shall
show that

e1/~~~/e7’/f1/~'-/fS/g1/~~~/gt

is a basis of W; + Wj. Certainly, they all lie in Wy 4 Wh.

First we show that they span Wy + W,. Any v € W; + W, is equal to w; + w; for some
w1 € Wi, wy € W5, So we can write

w1 =are; + -+ e+ Bify 4+ - -+ Bk
for some scalars a;, 8 j € IF, and
Wy = y1e1+ -+ e+ 0181 + - - -+ 08t
for some scalars v;, 6]- € F. Then
v=(a1+71)er+ -+ (ar+yr)e, + Brfr + -+ Bsfs + 181+ - + digs

and so the sequence ey, ..., e, fi,...,f;,81,..., 8 spans Wi + W,.

Finally, we have to show thatey,..., e, fi,...,£s,81,...,8: is linearly independent. Suppose
that

ey + - are, + Pirfy 4o+ Bofs + o181+ +6ig = 0
for some scalars a;, B, 0 € F. Then
arer + -+ are, + frfyr + -+ Bsfs = —d1g1 — - — St (%)

The left-hand-side of this equation lies in W; and the right-hand-side of this equation lies in
W,. Since the two sides are equal, both must in fact lie in Wy N W5. Since ey, .. ., e, is a basis of
Wi N W,, we can write

—0181— - — g =mel1+ -+ 1e

for some 7; € IF, and so

vie1+ -+ yrer +0i1g1+ - + g = 0.

20



2 Linear Transformations

Butey,..., e, g1,...,8: form a basis of W5, so they are linearly independent, and hence 7; = 0
for1 <i<randé; =0for1 <i <t Butnow, from the equation (x) above, we get

wiep + - - +oarer + frfy + -+ Bsfs = 0.

Now ey, ..., e, f1,...,fs form a basis of Wj, so they are linearly independent, and hence a; = 0
forl <i<randfB; =0forl <i <s. Thusey,..., e, f,...,f5,81,...,8 are linearly
independent, which completes the proof that they form a basis of Wy + W5.

Hence
dim(Wy +Wy) =r+s+t=(r+s)+ (r+t) —r = dim(W;) + dim(W,) — dim(W; N Wy).

O]

Definition 2.2.4. Two subspaces Wy, W, of V are called complementary if W; N W, = {0} and
Wi 4+ W, = V. In this case, we say that V is a direct sum of the subspaces W; and W, and we
denote it V = W; & Ws.

Corollary 2.2.5. If V. = Wy @ W, is a finite-dimensional vector space, then dim(V') = dim(W) +
dim(Wz).

2.2.3 Rank and nullity

Definition 2.2.6. (i) dim(im(T)) is called the rank of T;
(i) dim(ker(T)) is called the nullity of T.

Theorem 2.2.7. (Rank-Nullity Formula) Let U, V be vector spaces over IF with U finite-dimensional,
andlet T : U — V be a linear map. Then

dim(im(T)) + dim(ker(T)) = dim(U); i.e., rank(T)+ nullity(T) = dim(U).

Proof. Choose a subspace of U, say W such that U = W @ ker(T). This can be done by
Theorem 1.4.14: let vy, ..., v, be a basis of ker(T); extend it to a basis v, ..., v, of V; let W be
thespanof v, 1,...,vy.

Consider the linear map T’ : W — im(T) defined by T’(v) = T(v). The map T’ is injective
by Proposition 2.2.2 because ker(T’) = W Nker(T) = {0}. The map T’ is surjective: pick
x € im(T), then x = T(u) for some u € U, butu = v+ w for some v € W and w € ker(T), so
thatx = T(v+w) = T(v) + T(w) = T(v) = T'(v). Hence, T’ is bijective.

Clearly, if uy, ..., uy is a basis of W, then T'(u1), ..., T'(uy) is a basis of im(T). It follows that
dim(W) = dim(im(T)). By Corollary 2.2.5, dim(U) = dim(W) +dim(ker(T)) = dim(im(T)) +
dim(ker(T)). O
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Examples. Once again, we consider the examples from Section 2.1.2. To deal with finite-
dimensional spaces we restrict to an n + 1-dimensional space F[x]|<, in Examples 4 and 5,
that is, we consider T : R[x]<, — R[x]<u, Su : F[x]<, — F[x]<,, and E, : F[x|]<, — F
correspondingly. Let n = dim(U) = dim(V) in Examples 6 and 7.

Example | rank(T) | nullity(T) | dim(U) Example | rank(T) | nullity(T) | dim(U)
1. 2 1 3 5. S, n+1 0 n+1

2. 2 0 2 5. E, 1 n n+1

3. 2 0 2 6. n 0 n

4. n 1 n—+1 7. 0 n n

Corollary 2.2.8. Let T : U — V be a linear map, where dim(U) = dim(V') = n. Then the following
properties of T are equivalent:

(1) T is surjective;
(i) rank(T) = n;
(iii) nullity(T) = 0;
(iv) T is injective;
(v) T is bijective;
Proof. T issurjective < im(T) = V, so clearly (i) = (ii). Butif rank(T) = n, then dim(im(7T)) =
dim (V') so (by Corollary 1.4.15) a basis of im(T) is a basis of V, and hence im(T) = V. Thus (i)
& (ii).
(ii) < (iii) follows directly from Theorem 2.2.7.
(iii) <> (iv) is part (iii) of Proposition 2.2.2.
Finally, (v) is equivalent to (i) and (iv), which are equivalent to each other. O
Definition 2.2.9. If the conditions in the above corollary are met, then T is called a non-singular
linear map. Otherwise, T is called singular.

(But normally the terms singular and non-singular are only used for linear maps T : U — V for
which U and V have the same dimension.)

2.3 Matrices

Let IF be a field and m,n € IN. An m X n matrix A over F is an m X n rectangular array of
numbers (i.e., scalars) in [F. The entry in row i and column j is usually written a;;. (We use the
corresponding Greek letter.) We write A = («;j) to make things clear.
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For example, we could take

2 -1 - 0
F=R, m=3n=4 A= 3 -3/2 0 6 |,
—-123 0 109 0

and then ay3 = — 71, a33 = 1019, a3y = 0, etc.

2.3.1 Matrices as linear transformations

A matrix A € IF"™" yields a linear map between the standard vector spaces
Lp:F"—=TF", vis La(v) = Av. (1)
Let us see how this plays out on the first three examples from Section 2.1.2.

1. The matrix < 1 0

01 0 > yields the projection T : R® — R2.

cosf —sinf

2. The matrix ( sin 0 cos 0

> yields the rotation T : R> — R2.

cos 0 sin 0

3. The matrix ( 6ind — cosf

> yields the reflection T : R?> — R?.

2.3.2 Matrix operations

The material in this section must be familiar to you already.

Addition of matrices. Let A = (a;;) and B = (B;j) be two m x n matrices over IF. We define
A + B to be the m x n matrix C = (7;;), where y;; = a;; + B;; for all i, j. For example,

(ba)+(F3)-(13)

Scalar multiplication. Let A = (a;;) be an m x n matrix over IF and let 8 € IF be a scalar. We
define the scalar multiple BA to be the m x n matrix C = (’)/ij), where 7;; = Ba;; for all i, j.

Multiplication of matrices. Let A = (w;;) be an / x m matrix over IF and let B = (B;;) be an
m x n matrix over IF. The product AB is an [ x n matrix C = (’yij) where, for1 < i <[ and
1<j<mn,

m
Vij = ) @B = i f1j + xinfaj+ -+ Qi Brj-
k=1

23
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It is essential that the number m of columns of A is equal to the number of rows of B. Otherwise
AB makes no sense. If you are familiar with scalar products of vectors, note also that +;; is the
scalar product of the i-th row of A with the j-th column of B.

For example, let

b

Il
N
_ N
N W
N
~_
oy ]

I
~/
_ W N
O N O
~

Then
AB — 2x2+3x3+4x1 2x6+3x2+4x9\ (17 54
T\ 1x246%x3+2x1 1x64+6x2+2x9 ) \ 22 36
10 42 20
BA = 8 21 16 |.
11 57 22
2 31 .
LetC = < 6 2 9 ).Then AC and CA are not defined.
1 2 . . 4 15 8
Le’cD—<0 1>.ThenAD1sr10’cdef11r1ed,bu’cDA—(1 6 2).

Proposition 2.3.1. Matrices satisfy the following laws whenever the sums and products involved are
defined:

(i) A+ B=B+ A;
(i) (A4 B)C = AC+ BC;
(iii) C(A+ B) =CA+CB;
(iv) (AA)B = A(AB) = A(AB);
(v) (AB)C = A(BC).
Proof. These are all routine checks that the entries of the left-hand-sides are equal to the corre-
sponding entries on the right-hand-side. Let us do (v) as an example.

Let A, Band C be ! x m, m x n and n x p matrices, respectively. Then AB = D = (5,-]-) is an
I x n matrix with 6;; = Yi_; a;sBsj, and BC = E = (g;;) is an m x p matrix with e;; = }3_; Birv4j-
Then (AB)C = DC and A(BC) = AE are both [ x p matrices, and we have to show that their
coefficients are equal. The (i, j)-coefficient of DC is

n m m
Zéit'ytj - Z Z zs,Bst Vij = Z Xis Z,Bst’)/t] 2 Xjs€sj
=1 =1 s=1 s=1 t= s=1

which is the (i, j)-coefficient of AE. Hence (AB)C = A(BC). O
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The zero and identity matrices. The m x n zero matrix 0,,, over any field F has all of its
entries equal to 0.

The n x n identity matrix I, = («;;) over any field IF has a;; = 1 for 1 <i <, but a;; = 0 when
i # j. For example,

100
L=(1), 12:<(1)(1)>, L=|1010
001
Note that [,A = A for any n x m matrix A and Al, = A for any m X n matrix A.

Transposition. Let A = (a;;) € F". Its transposed matrix is AT = (aj;) € F*". For example,

if
(2 3 4 T
A_<1 6 8>thenA—

= W N
e O\

The transposition is a linear map F"* — F¥ such that (XY)T = YTXT (check this).

The inverse. Consider A = (aij) c F"". If the linear operator L4 from (1), satisfies Corol-
lary 2.2.8, we say that A is invertible and it admits a unique inverse matrix A~!, representing
the inverse bijection L}, .

Row and column vectors. The set of all m x n matrices over [F will be denoted by IF"". Note
that IF"" is itself a vector space over IF using the operations of addition and scalar multiplication
defined above, and it has dimension mn. (This should be obvious - is it?)

A 1 x n matrix is called a row vector.

A n x 1 matrix is called a column vector. We regard F""! as being the same as IF".
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3 From Linear Transformations to Matrices
3 From Linear Transformations to Matrices

In this section we learn to represent a vector by a column, then a linear map by a matrix. Let V
be a vector space with a basis fy, ..., f,. For each v € V there exist unique a4, ...,a, € IF such
that v = a1f; + ... + a,f,. Then the row

141
v=| | €eF"

&p

is the coordinate vector of v. We will this underlined notation consistently: v will always be the
coordinate vector of v in some basis.

We first address how to find the coordinate expressions in practice.

Example. Letv = x> —1 € F[x]<zand f; = 3 — x,f, = (x +1)%,f3 = x+3,f4 = x+1bea
basis. Then

P-1=(—x)+2(x+1) — (x+3)=1-f;,+0-fr+ (1) -f3+2-f4
so that V= c F".

Remark for the inquisitive reader: Many online sources and books have a slightly different
definition of a basis. Instead of vector sequences, they talk about subsets. One disatvantage they
have is that they need to order their “basis” first to be able to write coordinates and matrices.

3.1 Case of standard vector space

-1

2) L = <(1)> . To write an arbitrary vector

Consider an example V = IR? with a basis f; = <

% . N . . .
vV = ( ,B> as a linear combination of the basis, we need to solve the system of linear equations

-1-x+0-y =«

v = xf; + yf, or, equivalently, {2 41 8
- X . y —

that we can easily solve: x = —x and y = f — 2x = B 4 2u. It follows that

—u -1 0
V—(2“+’B>—PV where P—( 5 1).

The latest matrix P is called the change of basis matrix. See also Section 4.
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3 From Linear Transformations to Matrices

3.1.1 Change of bases matrix

Definition 3.1.1. Let fy,...,f, be a basis of [F". Write each element of the standard basis
ei, ..., ey, in this basis. The change of basis matrix is the matrix P = (ey,...,e,) € F"".

0 1 1
Example. LetU=R3andf; = |2|,fr=|1]|,f5=(0]. Thene; = f;3, e, = f, — f3 and
1 0 0
e3 = f; — 2f, + 2f3 so that
0 0 1 0 0 1
eg=|0], e= 1|, f5=1[-2 and P=1(0 1 -2
o 1 —1 2 1 -1 2

Proposition 3.1.2. With the above notation, let v € [F". Then Pv = v.

Proof. Let us set the notation for the main protagonists as

)Ll X1

Ao X2
P= (o), v=|[ . and v=/[ _ |,

An oy

sothatv =37 Aje;jand v = 2}7:1 a;f;. By definition of P, e; = Y.L 0;;f; for 1 < j < n. Using

this, we get
n

7=

n n n n
v=) Aej=) A} oufi =}
=1 =1 i=1

O'i]')\]'fi
i=1 1

and then comparing coefficients of f; in the expansions for v gives a; =}/ ; oA for 1 <i < n.

That is, v = Pv. O
x z

In the example above,if v= | y |, thenv = Pv = y—2z
z X—y+2z

3.2 Case of euclidean spaces

We are used to thinking about R? in the realm of Euclidean Geometry. Let us lie the foundation
of such geometry on a general vector space.

Throughout Section 3.2, V' is a vector space over R.

3.2.1 Euclidean space

Definition 3.2.1. A euclidean formon V isamap 7: V X V — R such that
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3 From Linear Transformations to Matrices

(i) t(a1v1+ vy, w) = a17(vy, W) + apT(vo, w) forall vy, vo, w € V and a1, a4 € R,
(i) t(v,w)=1(w,v)forallv,w eV,

(iii) 7(v,v) >0forallv e V\ {0}.

Notice that 7 is not a linear map. However, if you fix v € V, then the map w — 7(v, w) is linear.
Such maps 7 are called “bilinear”.

Definition 3.2.2. A euclidean space is a pair (V, T) where V is a vector space over R and 7 is a
euclidean form in V.

Examples. 1. Let V = R", T — the usual dot-product. In other words,
n
T((ai), (Bi)) = (ai) @ (Bi) = }_ a;p;-
j=1

We call this the standard euclidean space and denote it R" rather than (IR", e).

2. Let V = R2 Suppose f(x) = ax? + 2bx + ¢ € R]x] is a quadratic polynomial such that
f(x) > 0 for all x € R. This holds if 4 > 0 and the discriminant is negative. It defines a
euclidean form

( <a1> , <£;)) = a1y + bay fa + baz By + cazfa .

X2

3. Let V = R[x]<, and a < b € R. Suppose f(x) € R]x] is a non-zero polynomial such that
f(x) > 0forall x € (a,b). It defines a euclidean form

b
T(g(x),h(x) = [ Fx)g(x)h(x)dx.

3.2.2 Length and angle in euclidean space
Let (V, T) be a euclidean space. For v € V, we define its length by ||v|| = \/T(v, V).

Proposition 3.2.3. (Cauchy-Schwarz Inequality) Suppose v,w € (V,T). Then

[T(v, w)| < lvll - [[wll-

Proof. Fix v, w and consider the function f(x) : R — R, given by f(x) = ||v + xw||2. Notice
that it is a quadratic polynomial

f(x) = t(v+ 2w, v+ xw) = T(w, w)x? 4+ 27(v, w)x + 7(v, V).
It follows from part (iii) of Definition 3.2.1 that f(x) > 0. Thus, its discriminant is not positive:

(27(v,w))* — 41(w,w)T(V,v) < 0.
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3 From Linear Transformations to Matrices

It follows that
T(V,W)2 < 7(w,w)t(v,v) and |t(v,w)|=/T(v,w)2 < ||v] - ||w]|.

O]

Proposition 3.2.3 allows use to define the angle ¢ between any two non-zero vectors v and w by

(v, W)

T(v,w) = ||v]| - |[w] - cos¢ or ¢ = arccos .
' [l - [wl

3.2.3 Orthonormal basis

Definition 3.2.4. A vector sequence vi, ..., Vv, of a euclidean space (V, T) is called orthonormal, if
|vi|| = 1foralliand the angle between each v; and v; with i # j is equal to 7r/2. An orthonormal
basis is a basis, which is an orthonormal sequence.

In other words, the sequence vy, ..., v, is orthonormal if and only if
1 ifi=j,

T(vi,vj) = d;j, where §; = {0 i

The orthonormal bases are easier to deal with because of the following property.

Lemma 3.2.5. Suppose v, ..., Vy is an orthonormal sequence in a euclidean space (V,T).
1. If v=wa1vi+ ...+ a,Vvy, then a; = T(v, v;).

2. The sequence vy, . .., vy is linearly independent.

Proof. If v.=wa1vy + ...+ a,vy, then
T(v,v;) = T(aqvy + ... +anvy, vi) = a1 T(ve, Vi) + ...+ an,T(vy, vi) = aT(vi, Vi) = ;.

The second statement follows immediately: if ayvq + ... 4+ a,v, = 0 is a linear dependency,
then all a; = 0 by the first statement. O

Examples. 1. On the standard euclidean space V = R?, let us rotate the standard basis by the

angle 0: vi = (Z?rsl g) ,Vy = <—Cs(1)r;g) is an orthonormal basis. If v = <;> , then

vev] xcosf + ysinf cosfl sin®
V= = ) = . V.
- vev, —xsin® + ycos0 —sinf cos®
It is instructive to check that

, cos 6 . —sin®
(viev)vi+ (vaev)vy = (xcosf + ysinf) <sin0> + (—xsinf +ycoso) < c059> -
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3 From Linear Transformations to Matrices

_ ((xcosf +ysinf)cos® + (xsinf —ycosf)sinf\ [ x(cos?6 + sin®0) _
~ \(xcosf +ysinf)sin® — (xsinf —ycosf) cosf/) ~ \y(sin®6 +cos?6)) ~ -

2. On the standard euclidean space V = IR*, the vector sequence

1 1 1 1
BN ) BV D IR N BT Y
ViTol1| T2 T2 T2
1 1 -1 -1
is an orthonormal basis. Hence,
w vev wH+x+y+z 1/2 1/2 1/2 1/2
1] x vev, llw—x—y+z 1/2 -1/2 -1/2  1/2
V== = v= = — = v
2|y - vevs 2 lw+x—y—2z 1/2 1/2 —-1/2 -1/2
z vev, w—x+y—z 1/2 -1/2  1/2 -1/2

3.2.4 Existence of orthonormal basis

Theorem 3.2.6 (Gram-Schmidt process). Let V' be a euclidean space of dimension n. Suppose that,

for some r with0 <r < mn, f,...,f, is an orthonormal sequence. Then fi,. .., £, can be extended to an
orthonormal basis £y, ...,£, of V.

Proof. The proof of the theorem will be by induction on n — r. We can start the induction with
the case n — r = 0, when r = n, and there is nothing to prove.

Assume that n —r > 0. Then r < n. By Theorem 1.4.14, we can extend the sequence to a basis
fi,..., £, 841,...,8n of V, containing the f;. The Gram-Schmidt process trick is to define

r
£ =g1— ) T(fi, gr1)fi.
i=1
Apply the scalar product of 7(f;, ) to this equation for some 1 < j < r and use orthogonality:

r

(f]/ fr+1) =T f]/ gH—l ZT fz; gr+1 f f ) (f]/ gr+1) - T(fjrgr-i—l) =0.
i=1

The vector f;, is non-zero by linear independence of the basis, and if we define f,;; =

£, /|f, 1], then we still have 7(f;,f,;1) = 0 for 1 < j < r, and we also have ||f, ;1] = 1.

Hence fy, ..., f, ;1 is an orthonrmal sequence. The result follows by inductive hypothesis. [

3.3 Correspondence between linear transformations and matrices

We shall see in this section that, for fixed choice of bases, there is a very natural one-one
correspondence between linear maps and matrices, such that the operations on linear maps and
matrices defined in Chapters 2 and 2.3 also correspond to each other. This is perhaps the most
important idea in linear algebra, because it enables us to use matrices to compute with linear
maps.

30
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3 From Linear Transformations to Matrices

3.3.1 Setting up the correspondence

Let T : U — V be a linear map, where dim(U) = n, dim(V) = m. Choose a basis ey, ..., e, of
U and a basis fy, ..., f, of V. Foreach 1 <j <n, T(ej) € V, so T(e;) can be written uniquely
as a linear combination of fy, ..., f,,. Let

T(e1) = anfi+anfr+--+amfy
T(ex) = wappfi+amfy+ -+ appfy

T(en) = wayf; Faonfr + -+ apnfy

where the coefficients ajj € F (for1 <i < m, 1 <j < n)are uniquely determined. In other
words,

m
T(ej) =) wjf; for1 <j<n.
i=1

The coefficients a;; form an m x n matrix

11 K12 ... A1

14 14 cee K
A= 21 22 2n

aml (Xm2 “ e amn

over F. Then A is called the matrix of the linear map T with respect to the chosen bases of U
and V. In general, different choice of bases gives different matrices.

Proposition 3.3.1. Let T : U — V be a linear map with matrix A = (a;;). Then T(u) = v if and only
if Au=v.

Proof. We have
n n n m m n m
T(u) =T()_Ajep) = ) AT(ej) = Y A(Y eifi) = ) () aijrp)fi = ) i,
=1 =1 j=1 i1 i=1 j=1 i=1

where y; = 2}7:1 a;jA; is the entry in the i-th row of the column vector Au. This proves the
result. O

In particular, notice the role of the individual columns in A. The j-th column of A is T(e;) (in
the basis fy, .. ., f;).

3.3.2 Examples

Once again, we consider our examples from Section 2.
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3 From Linear Transformations to Matrices

o
1.T:RP—>RLT ( ﬁ) = (g) Usually, we choose the standard bases of F"* and F”, which in

this case are

10 0
A‘(o 1 o)‘

But suppose we choose a different basis, say

Then we have

and the matrix of T in these basis is
01 -1
b= < 10 1 ) '
2. T:R? — R?, T is a rotation by 6 anti-clockwise about the origin. We saw that in the standard
bases
cost —sin6 cost) —sinf
T(er) = <sin0)  T(e2) = < COSG) and A = ( sinf  cos6 ) ’

3. T:R?> = R?, T is a reflection through the line through the origin making an angle 6/2 with
the x-axis. We saw that in the standard bases

Tler) = <Cos(9), (e :< sine> N ( cosd  sino )

sin 6 —cos @ sinf —cos@

Let us do something unusual and change the basis in the range to f; = T(e1), f2 = T(e1). Then
the matrix of T in the basis ey, e; and £q, f5 is

A:<(1)‘1)>

See Section 3.3.3 for more.
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3 From Linear Transformations to Matrices

4. This time we take the differentiation map T from R[x]|<, to R[x]<,_1. Then, with respect to
the bases 1,x,x2,...,x"and 1,x,x%,...,x" ! of R[x]<, and R[x]<,_1, respectively, the matrix
of T'is

010 0
0 0 2 0
000 3. 0
0 0O n—1 0
000 n

5. Let S, : F[x]<;, — F[x]<y, be the shift. With respect to the basis 1, x, x2, ..., x" of F[x]<,, we
calculate S, (x") = (x — «)". The binomial formula gives the matrix of S,

1 —a a2 (=1)"a”
0 1 —2u (—=1)" nat
0 1 3 ... (—1r2ndyn-2
0 O 0 | —nu
0 O 0 e 1
In the same basis of IF|x|<, and the basis 1 of IF, E,(x") = a". The matrix of E, is
1
It
22
an'—l
06”

6. T : V — V is the identity map. Notice that U = V in this example, and in that case we can
(but we do not have to — See Section 3.3.3) choose the same basis for U and V. The matrix of T
is the n x n identity matrix I,.

7. T : U — V is the zero map. The matrix of T is the m x n zero matrix 0,,,.

3.3.3 Maps, operators and four key problems

Given a linear map T : U — V between finite dimensional vector spaces, can we choose the
bases, where the matrix of T looks “the best”? A more scientific term for “the best” is “the
normal form”. This problem has 4 different variations and “the normal form” will be different
in each of them.

LT: Linear Transformation Problem: Choose bases of U and V such that the matrix of T looks
“the best”.

If U = V, the linear map T is also called a linear operator on the space U. In this case, we have
good reasons just to choose one basis (see examples 3 an 6 in Section 3.3.2).
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3 From Linear Transformations to Matrices

LO: Linear Operator Problem: Suppose U = V. Choose a basis of U such that the matrix of
T looks “the best”.

If U is a euclidean space, then not all bases are “equal”. As we saw already, the orthonormal
bases are special. We often insist on using orthonormal bases.

ET: Euclidean Transformation Problem. Suppose U and V are euclidean spaces. Choose
orthonormal bases of U and V such that the matrix of T looks “the best”.

EO: Euclidean Operator Problem. Suppose U = V is a euclidean space. Choose an orthonor-
mal basis of U such that the matrix of T looks “the best”.

3.4 Properties of the correspondence

Let U, V and W be vector spaces over the same field F, let dim(U) = n, dim(V) = m,
dim(W) = I, and choose fixed bases ey, ..., e, of Uand f;,...,f, of V,and g1, ..., g of W. All
matrices of linear maps between these spaces will be written with respect to these bases.

Bijection.

Theorem 3.4.1. There is a one-one correspondence between the set Homg (U, V) of linear maps U — V
and the set ™" of m x n matrices over IF.

Proof. As we saw above, any linear map T : U — V determines an m x n matrix A over F.

Conversely, let A = (le']‘> be an m x n matrix over IF. Then, by Proposition 2.1.3, there is
just one linear T : U — V with T(e;) = Y%, a;f; for 1 < j < n, so we have a one-one
correspondence. O

Addition. Let Ty, T, : U — V be linear maps with m x n matrices A, B respectively. Then it is
routine to check that the matrix of T; + T» is A + B.

Scalar multiplication. Let T : U — V be a linear map with m x n matrices A and let A € IF be
a scalar. Then again it is routine to check that the matrix of AT is A A.

Note that the above two properties imply that the correspondence between linear maps and
matrices in Theorem 3.4.1 is actually itself a linear map from Homg (U, V) to F™".

Composition of linear maps and matrix multiplication. This time the correspondence is less
obvious, and we state it as a theorem.
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3 From Linear Transformations to Matrices

Theorem 3.4.2. Let Ty : V. — W be a linear map with | x m matrix A = («;;) and let T, : U — V be

a linear map with m x n matrix B = (B;;). Then the matrix of the composite map TiT : U — W is
AB.

Proof. Let AB be the I x n matrix (7;;). Then by the definition of matrix multiplication, we have
Yik = Z;”lexijﬁjk for1l S i S 1,1 S k S mn.

Let us calculate the matrix of T1T>. We have
m m m 1 1 m 1
TiTa(er) = To(Y) Bifj) = Y B Ti(f) = ) Bix Y ijgi = Y (Y «iiBix)gi = ) Vik&is
j=1 j=1 =1 i=1 i=1 j=1 i=1

so the matrix of Ty T» is (7yjx) = AB as claimed. O

Examples.
1. Let Ry : R> — R? be a rotation through an angle 0 anti-clockwise about the origin. We have

cosf) —sinf
sind  cosd ) . Now clearly Ry
followed by Ry is equal to Ry . In other words, RyRg = Rg 4. This can be checked by a matrix

calculation:

<cos¢ —sinc]))(cos@ —sin@)_(coscpcos@—simpsin@ —cos¢sin9—sincpcos€>

singg  cos¢ sinf  cosf )\ singcosf+ cos¢sinfd —sin¢gsind + cos ¢ cosf

seen that the matrix of Ry (using the standard basis) is (

B ( cos(¢p+0) —sin(¢p+0) )
~ \Usin(¢+6) cos(¢p+06) )

2. Let Ry be as in Example 1, and let My : R?> — IR? be a reflection through a line through the
cosf  sinf )

origin at an angle 0/2 to the x-axis. We have seen that the matrix of My is .
sinf —cosf

What is the effect of doing first Ry and then My? In this case, it might be easier (for some people)
to work it out using the matrix multiplication! We have

(cosq) simp)(cos@ —sin@) _ (Cos¢cos(9+sin¢sin9 —cos¢sin6+sinq§cos€>

sing —cos¢ sinf  cosf sin¢gcos® — cos¢Psinf —sin¢gsind — cos ¢ cos O

[ cos(¢—0) sin(¢ — 0)
~ \ sin(¢—0) —cos(p—0) )’
which is the matrix of My_g. Thus, MyRg = My_¢.

We get a different result if we do first My and then Ry. Check yourself that RyMy = My and
M(ng - R9+¢.
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4 Change of Bases
4 Change of Bases

Let T : U — V be a linear map represented by two matrices A and B in the two possibly
different pairs of bases.

u Vv

Matrix A

P I, 1Q

Matrix B

The goal of this chapter is to learn how to handle this situation.

4.1 General theory
4.1.1 Change of bases matrix, revisited

This is a slight generalisation of Section 3.1.1. We consider a vector space V with two bases: the
“old” basis hy, ..., h, and the “new” basis fj, . . ., f,. Recall the Theorem 1.4.7 ensures that they
have the same number of elements.

Definition 4.1.1. Write each element of the old basis hy, ..., h, in the new basis. The change of
basis matrix is the matrix P = (hy, ..., h,) € F"".

The following fact is really Proposition 3.1.2, extended to this situation.

Proposition 4.1.2. Let v € V, v € [F" its coordinate vector in the old basis, v € F" its coordinate
vector in the new basis. Then Pv = v.

Proof. The proof is verbatim to the proof of Proposition 3.1.2. We have

)\1 151

P=(cij), v= : and v= : ,

An Xn
so that v = Y3, Ah; = Y1ty af;. By definition of P, h; = YL, 0yf; for 1 < j < n. Using this,
we get

n n n n o n
v=Y Ahi=Y A ) oifi =) ) oA
j=1 j=1 i=1 i=1j=1

and then comparing coefficients of f; in the expansions for v gives a; = } /' ; 0;A; for 1 <i < n.
That is, v = Pv. ]



4 Change of Bases

Corollary 4.1.3. The change of basis matrix is invertible. More precisely, if P is the change of basis
matrix from the basis of h;-s to the basis of f;-s and Q is the change of basis matrix from the basis of f;-s
to the basis of h;-s then P = Q1.

Proof. By Proposition 4.1.2, Pv = vand Qv = v for allv € V. It follows that PQu = u and
QPu = u forall u € F*. Hence, I,, = QP = PQ. O

Example. Let U = R3, e, e5, e3 be the standard basis and

0 1 1
fi = (2) , o= (1) L3 = (0) so thate; = f3, ep = f, — f3, e3 = 1 — 2f, + 2f3.
1 0 0

The latter calculation gives Q, while the matrix P is formed by the vectors f;. Check yourself
that PQ = I3 where
0 0 1 011
P=10 1 =2 and Q=12 1 0 |.
1 -1 2 100

Let us set up all notation to state the main theorem. Let T : U — V be a linear map, where
dim(U) = n, dim(V) = m. Choose an “old” basis hy, ..., h, of U and an “old” basis fy, ..., f,
of V. Let A be the matrix of T in these bases.

4.1.2 Main theorem

Now choose new bases h’, ..., h) of Uand f},...,f], of V. Let B be the matrix of T in these
bases.

Finally, let the n x n matrix P be the basis change matrix from {h;} to {h!}, and let the m x m
matrix Q be the basis change matrix from {f;} to {f}}.
Theorem 4.1.4. With the above notation, we have QA = BP, or equivalently B = QAP

Proof. Fixu € U. Let, v.= T(u). By Proposition 3.3.1, we have Au = v and Bu = v. By
Proposition 4.1.2, Pu = u and Qv = v. Hence,

QAu = Qv =v = Bu = BPu.

Since this is true for all column vectors u € F!, this implies that QA = BP. We know that P is
invertible from Corollary 4.1.3, so multiplying on the right by P~! gives B = QAP O

Example. Let us re-examine Example 1 in Section 3.3.2. To compute Q, we need to express the
old basis in the new one:

fi— —f +£) f—f sothat Q — < ! é)
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4 Change of Bases

The matrix P! is formed by the h;:

10 1
Pl=1110
11 1

_ -1 1 100 -1 1 10
o= (o) (ova) (o) =05 o)
1 0 010 111 1 0 11
4.1.3 Commutative squares

A commutative square is a collection of 4 vector spaces and 4 linear maps forming a diagram

U1 L)Vl

sl lQ

UQ L)Vg

such that QT = PS. This may seem like a gimmick at this point but it is a rather deep, useful
notion. We use it visualise all the change of basis phenomena. Notice that a basis hy,...h;

of a vector space U determines a linear map R = R(hy,...h,) : U — F" via R(u) = u. Now
Proposition 3.3.1 is saying that

u—— v
the square Rl l R 1s commutative.

U
Similarly Theorem 3.4.2 can be interpreted as a row concatenation of such squares for T; and T
to obtain the square for T; T,.

Tz T] T2 Tl

u V W u w
Rl JR lR ~ Rl lR
Fro 2 A, Fr A

This is not merely an interpretation: it is a complete proof!

The two bases determine two linear maps R, = R(hy,...hy,), Ryew = R(h),... h}) : U — F".
Employing the language of commutative squares, Proposition 3.1.2 is saying that the following
is a commutative square.

I
u —s u v 2 v
the squares l Ruew l R,s and J Ry l R., Aarecommutative.
n P! n m _Q m
F" —— F F" —— F
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4 Change of Bases

In this language, Theorem 3.4.2 can be proved (or just interpreted) by observing that the
concatenation of the three commutative squares is still a commutative square

u 2, u 7L M,y u —"-» v
J/ Rnew J/ Rold l Rold Rnew l ~ J{ Rﬂew l R"E’w
lFi’l P71 ]Fi’l A ]Fi’l Q ]Fn ]FH QAP?l) IFWI

4.2 Orthogonal change of basis
4.2.1 Orthogonal operator

If we’re working with a euclidean space V, we know what the “length” of a vector in V means,
and what the “angle” between vectors is; so we might want to consider transformations from V
to itself that preserve lengths and angles — they preserve the geometry of the space.

Definition 4.2.1. A linear operator T:V — V is said to be orthogonal if it preserves the scalar
product on V. Thatis, if T(T(v), T(w)) = t(v,w) forallv,w € V.

Since length and angle can be defined in terms of the scalar product, an orthogonal linear
map preserves distance and angle, so geometrically it is a rigid map. In R?, for example, an
orthogonal map is either rotation about the origin, or a reflection about a line through the origin.
Let us prove the following two easy statements.

Proposition 4.2.2. An orthogonal linear operator T is invertible.

Proof. By Corollary 2.2.8, it suffices to show that ker(T) = 0. Pick v € ker(T). Then |v| =
IT(v)|| =0l =0and v = 0. O

Proposition 4.2.3. Let hy, ..., h, be an orthonormal basis of V. A linear operator T is orthogonal if
and only if T(hy), ..., T(hy) is an orthonormal basis of V.

Proof. 1f T is orthogonal, then T(T'(h;), T(h;)) = t(h;, h;) = §;; foralliand j. Thus, T'(hy),..., T(h,)
is an orthonormal sequence of length dim(V'). Thus, it must be a basis.

Assume that T(hy),..., T(h,) is an orthonormal basis of V. Pick v,w € V. Write them v =
Y aihjand w =Y, B;h;. Then T(v, w) = Y ;a;8;t(h;, hj) = Y i and so is T(T(v), T(w))
YijaifT(T(hy), T(hy)) = XL, aipi.

Ol

4.2.2 Orthogonal matrix

The next definition makes sense over any field IF but we will use it only over R.
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Definition 4.2.4. A matrix A € F"" is called orthogonal if ATA = I,.

cosf —sinf
sin 6 cosf
angle 6. It is easily checked that ATA = AAT = L.

Example. Forany 6 € R, let A = ( > represent a counterclockwise rotation by an

Proposition 4.2.5. A linear operator T : V' — V on a euclidean space is orthogonal if and only if its
matrix A (with respect to an orthonormal basis of V') is orthogonal.

Proof. Let c1,¢y,..., ¢, be the columns of the matrix A. Then clT, ... ,c,{ are the rows of AT.
Hence, the (i,j)-th entry of ATAis ¢/ ¢; = ¢ e c;.

Let hy, hy, ..., h, be an orthonormal basis. The ¢; = T(h;) and everything follows from Propo-
sition 4.2.3: T is orthogonal if and only if T'(h;), ..., T(h,) is an orthonormal sequence if and
only if ¢y, ..., ¢, is an orthonormal sequence if and only if A is orthogonal. O

Let hy, ..., h, be an orthonormal basis of V, f4, . . ., f, another basis.

Proposition 4.2.6. The following conditions are equivalent.
1. The basis 4, ..., £, is orthonormal.
2. The change of basis matrix P from f1,. .., £, tohy, ..., hy is orthogonal.
3. The change of basis matrix Q fromhy, ... h, tofy,..., £, is orthogonal.

Proof. The first and the third statements are equivalent because the columns of Q are f;, written
in the orthonormal basis h;. Indeed, since the basis h;-s is orthonormal, in this basis we have

T(x,y) =xey forall x,y €V.

Thus, the basis f;-s is orthonormal if and only if the basis f;-s of the standard euclidean space
R" is orthonormal if and only if the matrix Q is orthogonal.

Note that (P~1)T = (PT)~!. Thus, PTP = I if and only if P~}(P~1)T = (PTP)~! = I. Thus,
P is orthogonal if and only if P! is orthogonal. Since Q = P!, the last two statements are
equivalent. m

4.2.3 Four key problems, revisited

It is time to revisit Section 3.3.3. Let us represent a linear map T : U — V by a matrix A. We can
make the following observations.

LT: Linear Transformation Problem: A, B € " represent the same linear map (written in
different bases) if and only if there exist invertible Q € F"" and P € FCk such that B = QAP 1.
We call such A and B equivalent.
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LO: Linear Operator Problem: A,B c F"" represent the same linear operator (written in
different bases) if and only if there exists invertible P € IF"*" such that B = PAP~!. We call such
A and B similar.

ET: Euclidean Transformation Problem. A,B € Rk represent the same linear map between
euclidean spaces (written in different orthonormal bases) if and only if there exist orthogonal
Q € R™ and P € R such that B = QAP (note that B = QAPT since P~! = PT). We call
such A and B orthogonally equivalent.

EO: Euclidean Operator Problem. A,B € R™" represent the same linear operator on a
euclidean space (written in different orthonormal bases) if and only if there exists orthogonal
P € R™" such that B = PAP~! (or B = PAPT). We call such A and B orthogonally similar.

4.3 Elementary change of basis

Let hy, ..., h, be a basis of V. The following three bases changes are your friends! Our goal

is to observe their effect on the matrix A of a linear map, which we represent using columns
r

A= (c,¢c...)androws A = | I2

4.3.1 Basis multipication

Picki € {1,...,n} and « € F\ {0}. The new basis is
Since h; = a~!f;, the change of basis matrix P and its inverse are
P=E(n)3.,, P'=E(n)3;

a1,
where E(n)3 ; is the n x n identity matrix with its (i,i) entry replaced by A, so called the
elementary matrix of the third kind. The effect of this on the matrix A depends on whether V' is a

domain (then the operation is the elementary column operation C3) or a range (the elementary
row operation R3). In both cases we only show what changes in the matrix A:

) ri—m’lr,v -1
s

C3: A AP 1= (... ,ac;,...), R3:A2 T pA=|aly

Example. Let n = 3 and f3 = 2h3. Then

10 0 100
P=E@)j,,;=[01 0 andP"'=E(3)3;={0 1 0
00 1/2 002
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4 Change of Bases

and the corresponding row and column operations are

135 , 1 3 10 135Y 1 3
c3: 1678|267 16|, R3:| 6 78| 22567
0 2 4 02 8 0 2 4 0 1

4.3.2 Basis swap

5
8 |.
2

Pick i # j. The new basis is
fr =hyifk & {i,j}, fi=h;, f;=h;.
Since h; = f; and h; = {;, the change of basis matrix P and its inverse are

P =P =E(n)

where E (”)12 jis the n x n identity matrix with its i-th and j-th rows interchanged, so called the
elementary matrix of the second kind. The effect of this on the matrix A depends on whether V is a
domain (then the operation is the elementary column operation C2) or a range (the elementary
row operation R2). In both cases we assume i < j and only show what changes in the matrix A:

Ci<—>C]' -1 rI'Hr]' rj
C2: A —— AP = (...,¢,...,¢,...), R2:A——PA=

r;

Example. Let n = 3 and f3 = hy, f; = h3. Then

4.3.3 Basis addition

Pick i # jand a € F. The new basis is

fk:hk lfk#l, fi:hi+uch]-.
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4 Change of Bases

Since h; = f; — af;, the change of basis matrix P and its inverse are

pP= E(”)lfa,j,i , Pl = E(”)}c,j,i
where E(n)} ; ; (Where i 7 j) is the an n X n matrix equal to the identity, but with an additional
non-zero entry A in the (i, j) position, so called the elementary matrix of the first kind. The effect of
this on the matrix A depends on whether V' is a domain (then the operation is the elementary

column operation C1) or a range (the elementary row operation R1). In both cases we only
show what changes in the matrix A:

¢j—rcitac; Ij—Qr;

1 ]Tj*)
Cl:A AP =(...,¢i+acj,...), R1:A——

PA = |r1j—ar

Example. Let n = 3 and f, = hy — 4h3. Then

0 1 0 0
0 |andP '=E@B) ;=0 1 0
1 0 —4 1

and the corresponding row and column operations are

1 5 \ 1 -17 5 135 \ 1 3 5
c1:| 6 g | ezes | 6 25 8|, R1:| 6 7 8 | B2 ¢ 7 8
0 4 0 —14 4 02 4 24 30 36

S O =
= = O

P = E(3)411,3,2 = (

N N W
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5 Elementary Transformations and Their Applications
5 Elementary Transformations and Their Applications

We have introduced the elementary row and column transformations in the last section. It is
time to put them into good use.

5.1 Solving LT

Now we solve the first key problem LT from Section 3.3.3

5.1.1 Smith’s normal form

Theorem 5.1.1. By applying elementary row and column operations, a matrix A € F"™*" can be
brought into the block form
< Is ‘ Os,n—s )
Om—s,s ‘ Om—s,n—s ’

where, as in Section 2.3, I; denotes the s X s identity matrix, and Oy the k X | zero matrix.

Proof. The proof is an algorithm whose steps contain elementary row and column operations.
For a completely formal proof, we have to show that

1. after termination the resulting matrix has the required form,
2. the algorithm terminates after finitely many steps.

Both these statements are clear from the nature of the algorithm. Make sure that you understand
why they are clear!

At any stage of the procedure, we are looking at the entry «;; in a particular position (i, i) of the
matrix. (i,1) is called the pivot position, and w;; the pivot entry. We start with (i,i) = (1,1) and
proceed as follows.

1. If a;; = 1 and all entries below it (in its column) and to the right (in its row) are zero (i.e. if
ay; = aj = 0 for all k > i), then move the pivot one place to (i +1,i + 1) and go to Step 1.
Terminate if out of the matrix (i + 1 > min(m, n)). Go to Step 2.

2. If a;; = O but ay; # 0 for some k > iand k > j then apply R2 and C2 to move the non-zero
entry into the pivot position. Go to Step 3.

3. At this stage a;; # 0. If a;; # 1, then apply R3 or C3 to make «;; = 1. Go to Step 4.

4. At this stage a;; = 1. Kill all entries below it (in its column) and to the right (in its row):
for any k # i, ay; # 0 or aj # 0, apply R1 or C1. Go to Step 1.

O

Definition 5.1.2. The matrix in Theorem 5.1.1 is said to be in Smith normal form (sometimes it is
called row and column echelon form).
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001 21
. . 2 4 2 —4 2 .
Example. Let us run it on the matrix A = 363 6 3 keeping track of bases. To
123 33

avoid propagation of unnecessary notation, we use hy, hy, h3, hy, hs for the basis of the domain
and fy, f5, f3, f4 for the basis of the range at each step. It starts with h; = e; and f; = e;-, the
standard bases of both spaces. The last column records only the basis elements that changed.

Matrix Pivot Step Operation Basis Update
A (1,1) 2 ] < C3 h; =e3,h; =¢;
100 21 8 0
2 4 2 —4 2 cy —> ¢ —2¢q _ | _ | _
363 63 L1 4 c5 — C5 — €1 hy = % hs = (1)
321 33 0 1
100 00 o 1
2 42 -80 R 2
36 3 00 (1,1) 4 13 — 13 — 311 f, = 3
321 -3 0 4= 1y =30 3
100 00 0
042 -80 (T) 13 o 6 |4
063 00 2.2) ’ 277 412 2= 1o
021 -30 ’ 0
10 0 00 _1/; g
01 1/2 =2 0 G — 3 — 30 _ _
06 3 00 (2.2) 4 o — o +20 hs = 8'}‘4* f
02 1 -30 0 0
100 00 0
010 00 I'3—>1‘3—61‘2 _ 4
060 12 0 22) 4 f2=1¢
020 10 2
0 1
é (1) 8 8 8 (2,2) e 2 -1/2 8
000120 ’ 123 r3—> li hs =1 =21, hy = 01/ =11,
000 10 (3,3) Py 1 0 0
0
10000 0
01000 0
00100 (3,3) 4 Iy — Ty — I3 f; = 12
00100 1
10000 (3’;’)
01000
00100 (4,4) 1
00000 t
stop

Let us get together all the information about new bases we have accumulated, by wrting the
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inverses of the change of bases matrices:

00 0 1 0
01 2 -1/2 0 ; 2 8 8
(hy,...,hs)=] 1 0 -2 0 =1 |, (f,...,6) =
36 12 0
00 1 0 0 20 11
00 0 0 1

Check Ah; = f; for i < 3 to be sure!

Notice that the proposed algorithm is optimised for clarity. If you need to do it by hand, use the
greedy algorithm instead. This means killing as many entries as possible and then rearranging
the results. For instance, you could start on the same matrix A by utilising ¢3 = ¢5 and ¢, = 2¢;:

Matrix Operation
001 21 e D
a_|242 42 coeT)
1363 63 GTeTe
123 33 GTreTe
0 01 00 Ip < 1 —2r
2 02 -8 0 r3 — r3 — 311
303 00 ry — 14 — 311
1 03 -3 0 C1 <> C3
1 00 00 Cy <> C3
002 -80 = in
003 00 13 — 13 — 312
0 01 =320 Iy —>T4—1)
1 00 00 ) — 1) +4ry
010 —4 0 r3 — r3 — 12ry
0 00 120 C3 <> C4
0 00 1 0 I3 ¢ 1y
1 00 0O
01000
001 0O
0 00 0O

5.1.2 The rank of a matrix

Now we would like to discuss the number s that appears in Theorem 5.1.1. Does the initial
matrix uniquely determine this number?

Let T : U — V be a linear map, where dim(U) = n, dim(V) = m. Let ey, ..., e, be a basis of U
and let fy, ..., f,, be a basis of V. Recall from Section 2.2.3 that rank(T) = dim(im(T)).

Lemma 5.1.3. rank(T) is the size of the largest linearly independent subset of T(e1),..., T(e,).
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Proof. im(T) is spanned by the vectors T(e1), ..., T(e,), and by Theorem 1.4.11, some subset of
these vectors forms a basis of im(T'). By definition of basis, this subset has size dim(im(T)) =
rank(T), and by Corollary 1.4.15 no larger subset of T(e1), ..., T(e,) can be linearly indepen-
dent. O

I
Now let A = il =(c1 ... ¢4)beanm x nmatrix over F withrows 11,15, ..., 1,y € F"

Ym
and columns ¢y, ¢y, ..., ¢, € F". Left and right multiplications by A are linear maps

La=A:F" - F" Ls(x) = Ax, Ry = A: F"" = F" R,(y) = yA. 2)

Definition 5.1.4. (i) The row-space of A is the image of R 4: it is the subspace of Fln spanned by
the rows ry, ..., 1, of A. The row rank of A is equal to

e the dimension of the row-space of A,
e or the rank of R4
e or, by Lemma 5.1.3, the size of the largest linearly independent subset of ry, .. ., 1y,.

(ii) The column-space of A is the image of L,: it is the subspace of IF" spanned by the columns
c1,...,¢; of A. The column rank of A is equal to

e the dimension of the column-space of A,
e or the rank of L4
e or, by Lemma 5.1.3, the size of the largest linearly independent subset of ¢y, . .., ¢;.

There is no obvious reason why there should be any particular relationship between the row
and column ranks, but in fact it will turn out that they are always equal.

Example.
1 2 0 1 1 I
A= 2 4 1 3 0 153
4 8 0 4 4 r3

¢ € ¢ ¢ G5

We can calculate the row and column ranks by applying the sifting process (described in
Section 1.4) to the row and column vectors, respectively.

Doing rows first, r; and r; are linearly independent, but r3 = 4r;, so the row rank is 2.

Now doing columns, ¢ = 2¢y, ¢4 = ¢ + ¢z and ¢5 = ¢; — 2¢3, so the column rank is also 2.

Theorem 5.1.5. Applying R1, R2 or R3 to a matrix A does not change the row or column rank of A.
The same is true for C1, C2 and C3.

Proof. The matrix A represents the linear map L 4, defined in (2), in the standard basis. Applying
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one of the operations yields a matrix A’, representing the same linear map L4 in another basis.
The column ranks of A and A’ are both equal to the rank of L.

The row ranks of A and A’ are equal to the column ranks of the transposed matrices AT and
A’T. These matrices represent R4 in the standard and the slightly changed bases. Thus, the row
ranks of A and A’ are both equal to the rank of R4. O

Corollary 5.1.6. Let s be the number of non-zero rows in the Smith normal form of a matrix A (see
Theorem 5.1.1). Then both row rank of A and column rank of A are equal to s.

Proof. Since elementary operations preserve ranks, it suffices to find both ranks of a matrix in
the Smith form. Obviously, it is s. O

In particular, Corollary 5.1.6 establishes that the row rank is always equal to the column rank.
This allows us to forget this artificial distinction and always talk about the rank of a matrix.

The most efficient way of computing the rank of a matrix by hand is to perform just enough
transformations to make it obvious. For instance, let us look at the following matrix:

Matrix Operation
12011 e o
B=(24130]) 27270
48152 SR
1 2 01 1
0011 -2
0011 -2

Since the resulting matrix has r, = r3, Rank(B) < 2. Since ¢; and ¢; are linearly independent,
Rank(B) = 2.

5.1.3 The answer to LT
Recall that two m x n matrices A and B are said to be equivalent if there exist invertible P and Q
with B = QAP; that is, if they represent the same linear map, cf. Section 4.2.3.
It is easy to check that it is an equivalence relation on the set F"" of m X n matrices over IF. We
shall show now that the equivalence of matrices has effective characterisations.
Theorem 5.1.7. Let A, B € [F™". The following conditions on A and B are equivalent.

(i) A and B are equivalent.

(ii) A and B represent the same linear map with respect to different bases.

(iii) A and B have the same rank.

48



5 Elementary Transformations and Their Applications

(iv) B can be obtained from A by application of elementary row and column operations.

Proof. (i) < (ii): This is true by Theorem 4.1.4.

(ii) = (iii): Since A and B both represent the same linear map T, we have rank(A) = rank(B) =
rank(T).

(iif) = (iv): By Theorem 5.1.1, if A and B both have rank s, then they can both be brought into

the form ‘
IS OS n—s >
E, = ’
° ( Omfs,s ‘ Omfs,nfs

by elementary row and column operations. Since these operations are invertible, we can first
transform A to E; and then transform E; to B.

(iv) = (i): We saw in Section 4.3 that applying an elementary row operation to A can be
achieved by multiplying A on the left by an elementary row matrix, and similarly applying
an elementary column operation can be done by multiplying A on the right by an elementary
column matrix. Hence (iv) implies that there exist elementary row matrices Rj, ..., R, and
elementary column matrices Cy, ..., Cs with B = R, ... R1AC; ... C;. Since elementary matrices
are invertible, Q = R, ... Ry and P = C; ... C; are invertible and B = QAP. O

In the above proof, we also showed the following;:
Proposition 5.1.8. Any m X n matrix is equivalent to the matrix Es defined above, where s = rank(A).

The matrices E; are canonical forms for the linear maps in the LT problem. This means that they
are easily recognizable representatives of equivalence classes of matrices.

5.2 Solving systems of linear equations

Row transformations solve systems of linear equations. But don’t ever try column transforma-
tions: it is faux pas.

5.2.1 Linear equations and the inverse image problem

The study and solution of systems of simultaneous linear equations is the main motivation
behind the development of the theory of linear algebra and of matrix operations. Let us consider
a system of m equations in n unknowns x1,x2 ... x,, m,n > 1.

a11x1 + appXa + o+ apx, = P
X1+ apXa + -+ Xy, = P

) 3)
Mp1X1 + Ap2X2 A+ ApXy = ,Bm
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All coefficients a;; and B; belong to F. Solving this system means finding all collections
X1,X2 ... Xy € IF such that (3) holds true.

Let A = (w;;) € F™" be the m x n matrix of coefficients. Consider the column vectors
X1 p1
X = : €F" and b= : € F".
Xn ;Bm
This allows us to rewrite system (3) as a single equation

Ax=b or Lo(x)=b 4)

where the coefficient A is a matrix, the right-hand side b is a given vector in [F", the unknown x
is a vector in [F" and L 4 is the linear map from (2).

Using the new terms of linear maps, we have just reduced solving a system of linear equations
to the inverse image problem. That is, given a linear map T : U — V, and a fixed vectorb € V,
find T~'(b) := {x € U| T(x) = b}.

In fact, these two problems are equivalent! In the opposite direction, just choose bases in U and
V and denote a matrix of T in these bases by A. Proposition 3.3.1 says that T(x) = b if and only
if Ax = b. This reduces the inverse image problem to solving a system of linear equations.

Let us make several observations that follow from the properties of the linear maps.

The case when b = 0, or equivalently when B; = 0 for 1 <i < m, is called the homogeneous case.
Here the set of solutions is

ker(Ly) = {x € F"|La(x) =0} = {x € F" | Ax = 0},
which is sometimes called the nullspace of the matrix A.

In general, it is easy to see that if xg is one solution to a system of equations, then the complete
set of solutions is equal to

xo+ker(La) ={xo+yl|y € ker(La)}.

It is possible that there are no solutions at all; this occurs when b ¢ im(L,). If there are
solutions, then there is a unique solution precisely when ker(L4) = {0}. If the field F is infinite
and there are solutions but ker(L,) # {0}, then there are infinitely many solutions.

5.2.2 Gauss method and elementary row transformations

There are two standard high school methods for solving linear systems: substitution method
(where you consequently express variables through other variables and substitute the result
in remaining equations) and elimination method (sometimes called Gauss method). The latter is
usually more effective, so we would like to contemplate its nature.
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In fact, Gauss method are exactly elementary row transformations! We saw in Section 4.3 that
a row transformation changes A to PA where P is one of the elementary matrices. Since P is
invertible,

Ax=b < PAx=Pb

that allows us to improve the equation until we can see the solution. Notice that the column
transformation changes A to AP and it is just destroying the equation.

Example. Consider the following three systems.

2x+y =1 2x+y = 1 2x+y = 1
dx+2y = 1 dx+y = 1 4x+2y = 2
The Gauss method solves them by subtracting twice the first equation from the second equation:
2x+y = 1 2x+y = 1 2x+y = 1
0 = -1 -y = -1 0 =0

The first equation has no solutions. The second equation has a single solution (x,y) = (0,1).
The third equation has infinitely many solutions (x,y) = (¢,1 — 2t).

In terms of the elementary row transformations, we write the systems in matrix form:

G200 G)E-0  G)0-0)

Then we perform 1, < r, — 2r; on all three of them. Equivalently, we multiply by P =

E@0n = (4 1)
o) -()  CDE-) G0

5.2.3 Augmented matrix

We would like to make the process of solving more mechanical by forgetting about the variable
names w, x, Y, z, etc. and doing the whole operation as a matrix calculation. For this, we use the
augmented matrix of the system of equations, which for the system Ax = b of m equations in n
unknowns, where A is the m x n matrix (a;;) is defined to be the m x (n + 1) matrix

X1 K12 ... Q1 | P1
_ Qo1 A ... Aoy | B2
A=(Alb)=| :
&ml Km2 ... &mn 5111

The vertical line in the matrix is put there just to remind us that the rightmost column is different
from the others, and arises from the constants on the right-hand side of the equations.

Let us look at the following system of linear equations over R, that is, we want to find all
x,Y,z,w € R satisfying the equations.
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2w — x + 4y - z = 1
w + 2x + y + z = 2

w — 3x + 3y — 2z = -1
—Bw — x — by = =3

Elementary row operations on A are precisely Gauss transformations of the corresponding
linear system. Thus, the solution can be carried out mechanically as follows:

Matrix Operation

2 -1 4 -1 1
1 2 1 1| 2

1 -3 3 —2|-1 T 11/2

-3 -1 -5 0|-3

1 -1/2 2 —1/2|1/2

1 2 1 1 2 e e s
1 -3 3 —2|-1 T T Iy, T3 I3, g Iy t0n
-3 -1 -5 0| -3

1 -1/2 2 —1/2| 1/2

0 5/2 -1 3/2| 3/2

0 -5/2 1 -3/2|-3/2 3 > r3+1, Iy > 14+12

0 -5/2 1 -3/2|-3/2

1 -1/2 2 -1/2|1/2

0 5/2 -1 3/2|3/2

0 0 0 0| 0 £ = 2n/5

0 0 0 0| o

1 -1/2 2 —-1/2|1/2

0 1 -2/5 3/5|3/5

0 0 0 0| 0 1 — 11 +12/2

0 0 0 0] o

10 9/5 —1/5]4/5

01 -2/5 3/5|3/5

00 0 0| o

00 0 0] o

The original system has been transformed to the following equivalent system, that is, both
systems have the same solutions.

w + 9/5y — 1/5z = 4/5
x — 2/5y + 3/5z = 3/5

In the latter system, variables y and z can take arbitrary values in IR in the solution set; say
y = s,z = t. Then equations tell us that x = 2s/5—-3t/5+3/5and w = —9s/5+t/5+4/5
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(be careful to get the signs right!), and so the complete set of solutions is

w —9s/5+t/5+4/5 4/5 -9/5 1/5
x| _ | 2s/5-3t/5+3/5| _ | 3/5 iy 2/5 n -3/5 StER
y s 0 1 0
z t 0 0 1

5.2.4 Row echelonisation a matrix

Let A = (;j) be an m x n matrix over the field IF. For i-th row let «; .(;) be the first (leftmost)
non-zero entry in this row. In other words, &; ;) # 0 while a;; = O forall j < c(i). By convention,
c(i) = oo if a;; = 0 for all j.

After applying this procedure, the resulting matrix A = (a;;) has the following properties.
(i) All zero rows are below all non-zero rows.

(ii) Letrq,...,rs be the non-zero rows. Then each r; with 1 < i < s has 1 as its first non-zero
entry. (In other words, «; ;) = 1.)

(iii) ¢(1) <c(2) < --- <c(s).
(iv) () = O forallk > i.

Definition 5.2.1. A matrix satisfying these properties is said to be in row echelon form.

There is a stronger version of the last property
(V) gy = 0forallk # i.
Definition 5.2.2. A matrix satisfying properties (i), (ii), (iii), and (v) is said to be in row reduced
echelon form.
Here is the intuition behind these forms:

e The number of non-zero rows in a row echelon form of A is the rank of A (prove it
yourself).

e The row reduced echelon form of A (it is not just my misuse of articles: this form is,
indeed, unique) solves the system of linear equations.

In this light, the following theorem says that every system of linear equations can be solved by

Gauss method.

Theorem 5.2.3. Every matrix can be brought to the row reduced echelon form by elementary row
transformations.

Proof. This proof is similar to the proof of Theorem 5.1.1, yet somewhat more technically
complex. Again we describe an algorithm whose steps contain elementary row operations. We
have to show that
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1. after termination the resulting matrix has the row reduced echelon form,
2. the algorithm terminates after finitely many steps.

Both these statements are clear from the nature of the algorithm. Make sure that you understand
why they are clear!

At any stage of the procedure, we are looking at the entry «;; in a particular position (i, j) of the
matrix. (7,j) is called the pivot position, and &;; the pivot entry. We start with (i,j) = (1,1) and
proceed as follows.

1. If a;; and all entries below it in its columns are zero (i.e. if agj =0 for all k > i), then move
the pivot one place to the right, to (i, j 4+ 1) and repeat Step 1, or terminate if j = n.

2. If a;j = O but ay; # 0 for some k > j then apply R2 and interchange r; and ry.
3. At this stage a;; # 0. If a;; # 1, then apply R3 and multiply r; by oci;l.
4. At this stage a;; = 1. If, for any k # 1, O # 0, then apply R1, and subtract ayj times r;

from ry.

5. At this stage, ay; = 0 for all k # i. If i = m or j = n then terminate. Otherwise, move the
pivot diagonally down to the right to (i + 1,7+ 1), and go back to Step 1.

O]

If one needs only a row echelon form, this can done faster by replacing steps 4 and 5 with
weaker and faster steps as follows.

4a. At this stage a;; = 1. If, for any k > i, ay; # 0, then apply R1, and subtract ayj times r;
from ry.

5a. At this stage, agj =0 forall k > i. If i = m or j = n then terminate. Otherwise, move the
pivot diagonally down to the right to (i +1,j + 1), and go back to Step 1.

In the example below, we find a row echelon form of a matrix by applying the faster algorithm.
The number in the ‘Step” column refers to the number of the step applied in the description of
the procedure above.

0
2
Example. A = 3
1

N OO
W W IN =
|
(@)
W W=
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Matrix Pivot Step Operation
0 01 21
; 2 é :Lé é (1,1) 2 I <
1 2 3 3 3
2 4 2 —4 2
g (6) :1% _ﬁ ;, (L1) 3 r —11/2
123 33
1 21 -2 1
363 6 3 1) s mono
1 2 3 3 3
1 21 -2 1
8 8 (1) é é (1,1) = (2,2) = (23) 51
0 0 2 5 2
1 21 -2 1
8 8 (1) g (1) (2,3) 4 Iy — T — 21
0 0 2 5 2
1 21 -2 1
8 8 (1) 5 é (2,3) = (3,4) 5,2 I3 6 14
0 0O 10
1 21 -2 1
8 8 (1) i (1) (3,4) — (4,5) > stop 5,1
0 00 00

Note that the row reduced echelon form of A can be obtained from a row echelon form. In this
example, three further row transformations are needed:

1 2000
r; — r + 2r3 0010 1
I‘2—>I‘2—21‘3 00010
non-n 00000

5.2.5 Rank criterion

The following criterion has mostly theoretical value. The proof may appear in your example
sheets. If not try proving it on your own.
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Proposition 5.2.4. Let A be the n x m matrix of a linear system, A its augmented n x (m + 1) matrix.

The system of linear equations has a solution if and only if rank(A) = rank(A).

5.3 The inverse of a matrix

The row reduction is an efficient practical method for finding the inverse matrix

5.3.1 Definition and basic properties

Let A € F™". Recall (cf. Section 2.3.2) that A is called invertible, if there exists the inverse
matrix A~1 € F"™" such that AA™' = [, and A~1A = I,,.

1 -2
Example. Let A = < ; é (1) ) and B = 0 1 |. Then AB = I, but BA # I3,s0a
-2 5

non-square matrix can have “a right inverse” which is not “a left inverse”. Such misfortunes do
not happen with square matrices.

Lemma 5.3.1. If A and B are n X n matrices such that AB = I,,, then A and B are invertible, and
Al=B B 1=A.

Proof. If Bx = 0 then x = I,x = A(Bx) = 0. Thus, Lg : F" — F" is injective. By Theorem 2.2.7,
rank(Lg) = n —nullity(Lg) = n — 0 = n so that Lp is surjective and bijective. The inverse

is a linear map. Thus, B is invertible and B! exists. Finally, A= ABB™! = B~ land A™! =
(B-H~1=B. O

Lemma 5.3.2. If A and B are invertible n x n matrices, then AB is invertible, and (AB)~! = B~1A~L.

Proof. This is clear, because ABB A1 =B 1A-1AB=1,. O

5.3.2 Row reduced form of an invertible matrix

Proposition 5.3.3. The row reduced echelon form of an invertible n x n matrix A is I,.

Proof. First note that if an n x n matrix A is invertible, then it has rank n. Consider the row
reduced echelon form B = (B;j) of A. As we saw in Section 5.1.2, we have B, ;; = 1 for
1 <i < n (since rank(A) = rank(B) = n), where ¢(1) < ¢(2) < --- < ¢(n), and clearly this is
only possible if ¢(i) =i for 1 <i < n. Then, since all other entries in column c(i) are zero, we

have B = I,,. O

Corollary 5.3.4. An invertible matrix is a product of elementary matrices.
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Proof. The sequence of row operations in the proof of Proposition 5.3.3 can be written as
A +— E1A < EE1A < ... < EE,4...EiA=1,.
Since elementary matrices are invertible and their inverses are also elementary,

A= (EE_1...E0) ' =E'E;'...E; .

r

5.3.3 Algorithm for matrix inversion

Corollary 5.3.4 yields an explicit formula for the inverse matrix
AY=EE, 1...Ei=EE,_:...El,

that can be turned into an algorithm. Just reduce A to its row reduced echelon form I,,, using
elementary row operations, while simultaneously applying the same row operations to the
identity matrix I,,. These operations transform I, to AL

In practice, we might not know whether or not A is invertible before we start, but we will find
out while carrying out this procedure because, if A is not invertible, then its rank will be less
than n, and it will not row reduce to I,,.
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5 Elementary Transformations and Their Applications

Example.
3 21 1 00
A=| 4 1 3 010
2 1 6 0 01
1‘1—)1‘1/3
1 2/3 1/3 1/3 0 0
4 1 3 010
2 1 6 0 01
rp — 1 —4n
r3 — r3 —2r;
1 2/3 1/3 1/3 0 0
(O —-5/3 5/3) (4/3 1 0)
0 —-1/3 16/3 -2/3 0 1
1'2—>—31'2/5
1 2/3 1/3 1/3 00
(0 1 —1) ( 4/5 -3/5 0)
0 —-1/3 16/3 -2/3 01
rn —r —2r/3
r3 —r3+12/3
1 0 1 —-1/5 2/5 0
01 -1 ( 4/5 -3/5 0)
00 5 -2/5 =-1/5 1
I‘3—>1‘3/5
1 0 1 -1/5 2/5 0
01 -1 ( 4/5 —-3/5 O)
00 1 —2/25 —-1/25 1/5
r — 1 —13
I — I + 13
1 00 —-3/25 11/25 —-1/5
(0 1 0) ( 18/25 —16/25 1/5)
0 01 -2/25 —-1/25 1/5
So

—3/25  11/25 -1/5
A7l = 18/25 —16/25 1/5 |.
—2/25 —1/25 1/5

It is always a good idea to check the result afterwards. This is easier if we remove the common
denominator 25, and we can then easily check that
25 0 0
= 0 25 0
0 0 25

3 21 -3 11 -5 -3 11 -5
4 1 3 18 —-16 5 | = 18 —-16 5
216 -2 -1 5 -2 -1 5

which confirms the result!

21
1 3
1 6
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6 The Determinant: Methods of Calculation

This is a breather chapter, roughly in line with the breather week. The only goal of this chapter
is to introduce the determinant and to learn how to compute it.

6.1 From first principles

Let A be an n X n matrix over the field IF. The determinant of A, which is written as det(A) or
sometimes as |A|, is a certain scalar that is defined from A in a rather complicated way.

6.1.1 Definition of the determinant

The definition for n < 3 is already familiar to you:

i b a1 a2 413 11422033 — 111423032 —
det(a) =a, det (c d> =ad —bc, det | ay; ax ax | = —apanass + ajpaxpaz+
az1 aspy 4ass +a13a21432 — A13422031

Now we turn to the general definition for n x n matrices. Suppose that we take the product of
n entries from the matrix, where we take exactly one entry from each row and one from each
column. Such a product is called an elementary product.

Recall the symmetric group S, for Algebra-1 (or Sets and Numbers) last term. The elements of
S, are permutations of the set X,, = {1,2,3,...,n}, is simply a bijection from X, to itself. There
are n! permutations altogether, so |S,| = n!.

An elementary product contains one entry from each row of A, so let the entry in the product
from the ith row be a;4;), where ¢ is some as-yet unknown function from X, to X,,. Since the
product also contains exactly one entry from each column, each integer j € X, must occur
exactly once as ¢(i). But this is just saying that ¢: X,, — X, is a bijection; thatis ¢ € S,. So an
elementary product has the general form ay4(1)424(2) - - - A¢(n) fOr some ¢ € S, and there are n!
elementary products altogether. We want to define

det(A) = Z j:a1¢(1)a2¢(2) . aw(n)
$EeS,

but we still have to decide which of the elementary products has a plus sign and which has a
minus sign. In fact this depends on the sign of the permutation ¢, which we must now define.

Recall that a transposition is a permutation of X,, that interchanges two numbers i and j in X,
and leaves all other numbers fixed. It is written as (i, j). The two key facts are

e every ¢ € S, is a product of permutations,

e for each fixed ¢ the number of permutations in this product is always odd or always even.
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6 The Determinant: Methods of Calculation

Definition 6.1.1. A permutation ¢ € S, is said to be even, and to have sign +1, if ¢ is a
composition of an even number of transpositions; and ¢ is said to be odd, and to have sign —1,
if ¢ is a composition of an odd number of transpositions.

Example. The permutation ¢ € S5 defined by

p(1) =4, $(2) =5, $(3) =3, §(4) = 2, 9(5) = 1

is equal to (1,4) - (2,4) - (2,5) (Remember that permutations are functions X,, — X,,. Their
product is the composition starting from the right, so this means first apply the function (2,5)
(which interchanges 2 and 5) then apply (2,4) and finally apply (1,4).) or (2,3) - (3,4) - (2,5)) -
(3,5) - (1,5). Hence, sign(¢) = —1.

Now we can give the general definition of the determinant. It is optimal for calculation only if
n < 2. Already for n = 3, you should use other methods.

Definition 6.1.2. The determinant of a n x n matrix A = (a;;) is the scalar quantity

det(A) = ) sign (¢)a15(1)82¢(2) - - - Ang(n)-
$ES,

6.1.2 Characteristic polynomial

Definition 6.1.3. For an n X n matrix A, the determinant det(A — x) := det(A — xI,,) is called
the characteristic polynomial of A.

Note that x is an indeterminant variable so that A — xI,, is a matrix with coefficients in the field
of rational functions IF(x). Its elements are f(x)/h(x) where f(x),h(x) € F[x] and h # 0 under
the usual addition and multiplications rules. All the theorems and computation methods for
the determinants apply equally to characteristic functions.

Example. Let A = 12 . Then
5 4
1—x 2 2
det(A—x):‘ 54—y =(1-x)4—x)—10=x"—-5x—6=(x—6)(x+1).

6.1.3 Staircase matrices

An upper staircase matrix (or lower staircase) is a matrix of the form

[Bl] * * [31} 0 0
By |... * * By |...
Aupper = 0 [ 2 ] (OI‘ Alower = [ 2 ] 0 )
0 0 ... [By] * * ... [ By]

60



6 The Determinant: Methods of Calculation

with n square blocks on the diagonal. Their determinant is

det(Aypper) = det(Ajyer) = det(By) - det(By) - - - det(B,) . (5)

Example. The following matrix is un an upper staircase with three 2 x 2 blocks.

301230
115203
001113 3001113
detipg 0123 2 _‘1 1H1 2H1 1‘_3'(2_1)'(1_3)__6'
000013
000011

Triangular and diagonal matrices are subsets of the set of staircase matrices. An upper staircase
matrix is called upper triangular if all the diagonal blocks have size 1. Equivalently, all of its
entries below the main diagonal are zero, that is, (a;;) is upper triangular if 2;; = 0 for all i > j.

The matrix is called diagonal if all entries not on the main diagonal are zero; that is, a;; =0 for
i # j. The following is a partial case of Equation(5) but we give an independent simpler proof

Proposition 6.1.4. If A = (a;;) is upper (or lower) triangular, then det(A) = ai1a - - - auy is the
product of the entries on the main diagonal of A.

Proof. If ¢ € S, is not the identity permutation, there exists i such that ¢(i) < i. The cor-
responding elementary product contain a;4(;) but 4;; = 0 when i > j. So the only non-
zero elementary product in the sum occurs when ¢ is the identity permutation. Hence

det(A) = a11a22 ...0yp = 1. ]
3 0 -1 0 0 O

Example. A = |0 —1 —11 | isupper triangular,and B = [0 17 0 | is diagonal. By
0o 0 2 0 0 -3

Proposition 6.1.4, det(A — x) = (3 — x)(—1—x)(3 — x) and det(B — x) = —x(17 — x)(—3 — x).

6.2 Gaussian transformations

An efficient way to compute the determinants is to use row and column transformations, at
least for n > 3. For n = 2, it is easiest to do it straight from the definition.

6.2.1 The effect of matrix operations on the determinant

We will prove this theorem in the next section:

Theorem 6.2.1. Elementary row and column operations affect the determinant of a matrix as follows.
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6 The Determinant: Methods of Calculation

(i) det(l,) = 1.
(ii) Let B result from A by applying R2 or C2 (swap). Then det(B) = — det(A).
(iii) If A has two equal rows or columns, then det(A) = 0.
(iv) Let B result from A by applying R1 or C1 (addition). Then det(B) = det(A).
(v) Let B result from A by applying R3 or C3 (multiplication). Then det(B) = A det(A).

6.2.2 Algorithm
Let us turn Theorem 6.2.1 into an algorithm for a rational matrix A € Q"". Over more general
tields, just skip the first step.

1. Use R3 and C3 to make all the coefficients integer.

2. Use R1,C1, R2 and C2 to reduce A to upper or lower staircase form with blocks of size at
most 2.

3. Apply Formula (5)

Example. We just proceed with the algorithm.

011 2 0112 wown [0 11 2
121 1roog1(1 2 1 1] 59620 11 2 1 1| nonen
2131 ~ 22131 ~ 20 -31 -1
121 2 1 12 4 2 0 03 1
011 2
1121 1@G) 10 1] 4 5 1 1
_20045_2‘1 2"’3 1‘ ; (P () =75
0031

Notice that the algorithm would not work so nicely for the characteristic polynomial det(A — x)
because we will be getting higher and higher powers of x with each transformation.

6.3 Cofactor expansion

That is the final method, optimal for computing characteristic polynomials. It may be also
useful for matrices of large size. Occasionally, combining different methods could optimal.

6.3.1 Minors and cofactors
Let A = (a;;) be an n x n matrix. Let A;; be the (n — 1) x (n — 1) matrix obtained from A by

deleting the i-th row and the j-th column of A. Now let M;; = det(Aij). Then M;; is called the
(1, j)-th minor of A.
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6 The Determinant: Methods of Calculation

2 10 3 2 10
Example. If A = 3 —1 2 |, then A;p = and Asz; = , and so
5 -2 0 50 -1 2

M12 = —10 and M31 =2
We define the (i, j)-th cofactor of A as
Cij = (_1)i+le,]_ = (—1)i+j det(Aij).

In other words, ¢;; is equal to M;; if i + j is even, and to —M;; if i + j is odd. In the example
above,

-1 2 32 3 -1

11 = o0l = 4, cp = — 50| = 10, c13 = 5 _o| = -1
10 20 2 1
10 20 2 1

31 = 19| T2 =g, =4 wm= |5 | =5

Theorem 6.3.1. Let A be an n X n matrix.

(i) (Expansion of a determinant by the i-th row.) For any i with 1 < i < n, we have

n
det(A) = ajcin + apcin + - + @inCin = Y _ @4iCij-
j=1

(ii) (Expansion of a determinant by the j-th column.) For any j with 1 < j < n, we have

n
det(A) = a1jC1j + AjCoj + - - - ApjCnj = Zai]-ci]-.
i=1

For example, expanding the determinant of the matrix A above by the first row, the third row,
and the second column give respectively:

det(A) =  2-4+41-1040-(-1) = 18
det(A) = 5:2+(=2)-(—4)+0-(-5) = 18
det(A) = 1-10+(=1)-0+(=2)-(—4) = 18

6.3.2 Algorithm

Just expand by a row or a column to reduce to smaller size matrices. This is very quick if the
matrix contains a lot of zeroes.
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6 The Determinant: Methods of Calculation

Example. The following matrix is custom-made for the method:

90 2 6
12 9 -3
A= 00 -2 0
-1 0 -5 2
9 0 6
Expanding by the third row, we get det(A) = —=2| 1 2 -3 |, and then expanding by the
-1 0 2
9 6
second column, det(A) = —2- 2' 19 ‘ =—4-(1846) = —9%6.

Example. Let us compute the characteristic polynomial of

0112
1 211
A= 2131
32 4 2
by combining both methods. We use ¢; because the (1,1)-entry looks the simplest but we avoid

clearing up ¢, to avoid higher powers of x:

—Xx 1 1 2] €4 — ¢ —C |—x 1 1+x 2+ x
1 2—x 1 1] €@ =G —C 1 2—x 0 0
det(A=x)=| , " 7 3.y 1 = 2 1 1-x -1
3 2 4 2—x 3 2 1 —-1—x
Now we expand by the second row:
1 14+« 2+ x —x 14+«x 2+ x
=—11 1—x —11+2—-x)| 2 1—x —1| =
2 1 —-1—x 3 1 —1—x
Now apply 13 — r3 — 2r1, r; — 1, — 11 on the first matrix and ¢; — ¢; — 3¢, on the second:
1 1+x 24 x —3—4x 1+x 24 x
=—10 —2x -3—-x|+(2—-x)|-1+3x 1—x -1
0 —-1-2x —-5-—3x 0 1 —1—x

Now expand by the first columns in both matrices

—2x —-3—x 1—x -1
—-1—-2x —-5-—-3x 1 —-1—x

1+ x 24+ x

+(2—x)(—3—4x) —(2—x)(—1+3x)

and compute each 2 x 2 determinant separately in larger brackets
= —(—2x(-5-31) — (-1-20)(-3 - %)) + (@ —5x = 6)((1 — ¥) (-1 - x) + 1)) +
+<(3x2—7x+2)((1+x)(—1 —x) — (2+x))) = (—4x2+3x+3>+

+(4x4—5x3—6x2) + (—3x4—2x3+10x2+15x—6) — 7% 1 12x — 3,
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6 The Determinant: Methods of Calculation

6.3.3 Vandermonde matrix and its determinant

Letaq,an,...,a, be elements of the field F. The Vandermonde matrix

1 a a* ... aj!
1 a, a2 a1
5 ... a5
V=1 ) | e B
1 a, a2 ... a1

is an important matrix for many applications. Let us compute its determinant:

det(V) = H (El] — Eli) . (6)

1<i<j<n

We proceed by induction. For n = 1 the formula is trivial and for n = 2 we have

‘1611

=qa,—ay.
1 2— @M

Suppose we know the formula for n — 1. Let us do the elementary column operations on V
Cp — Cp — aA1€y—1, Cy—1 — Cy—1 —A1Cy—2, ... €2 —> C2 —A1C]

in that particular order. Thus,

1 0 0 0 ... 0
det(V) = 1 ay—ar m(a—m) as(aa—m) ... af (a2 —m)
1 ay,—ay ay(a, —ay) 61,21 (ay —ay) ... aZ’2(an —ay)

Finally expanding by the first row (or using the lower staircase formula)

1 a aé ag_i
2_

det(V) = (@ —m)...(ap—ap)| T @ % - &
1 a, a2 a2

and the result follows by the inductive hypothesis.

6.3.4 The inverse of a matrix using determinants

Let A € IF"" be an n x n matrix. We define the adjoint matrix adj(A) of A to be the n x n matrix
of which the (i, j)-th element is the cofactor c;;. In other words, it is the transpose of the matrix
of cofactors. For instance, in the example at the start of Section 6.3.1,

2 10 40 2
A=|3 -1 2|, adj(A)=| 10 0 —4
5 -2 0 -1 9 -5

We will not prove the next theorem but check that Aadj(A) = adj(A)A = 1813 in the last
example.
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6 The Determinant: Methods of Calculation
Theorem 6.3.2. Aadj(A) = det(A)I, = adj(A)A
Corollary 6.3.3. Ifdet(A) # 0, then A~ = 1~ adj(A).

= Jdet(A)

This formula for finding inverses should be used for 2 x 2 matrices and sometimes for 3 x 3
matrices. For larger matrices, the row reduction method described in Section 5.3 is quicker.

210*11 40 2
3 -1 2 = | 0o -4,
5 -2 0 19 -5

In the example above,

and in the example in Section 5.3.3,

3 21 3 -11 5 _1
A= 41 3 |, adj(A)=| —18 16 —5 |, det(A) = -25, A‘lzgadj(fl)-
2 16 2 1 -5
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7 The Determinant: Algebraic and Geometric Properties

We will catch up with some of the algebraic proofs, missing in the last chapter. Then we will
give the geometric meaning of the determinant over R.

7.1 Algebraic Properties
7.1.1 Determinant of transposed matrix

Recall that the transposed matrix AT of A = (a;j) is defined in Section 2.3.2. For example,
135" (L 72
20 6) = 3 0].
5 6

Theorem 7.1.1. Let A = (a;;) be an n x n matrix. Then det(AT) = det(A).
Proof. Let AT = (bi;) where b;; = aj;. Then

det(AT) = Z sign(¢)b1¢(1)b2¢(z) . bn(p(n)
PES,

= ) sign(9)ag1)18(2)2 - - p(myn-
(PGSn

Now, by rearranging the terms in the elementary product, we have

Ap(1)1%¢(2)2 - - - Ap(n)n = H19-1(1)A2971(2) - - - Dngp= (n)/

where ¢~ is the inverse permutation to ¢. Notice also that if ¢ is a composition 7y o o+ -0 T,
of transpositions T;, then ¢! = 7, 0 - - - 0 T, 0 Ty (because each T; o T; is the identity permutation).
Hence sign(¢) = sign(¢~!). Also, summing over all ¢ € S, is the same as summing over all
4)*1 € S, so we have

det(AT) = ) Sign(P)arp-1(1)829-1(2) - - - Angp1 ()
$ES,

= Z Sign(gbfl)1114,71(1)612(]571(2) Ce anqﬁ*(n) = det(A).
p1eSs,

O]

If you find proofs like the above, where we manipulate sums of products, hard to follow, then it
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7 The Determinant: Algebraic and Geometric Properties

might be helpful to write it out in full in a small case, such as n = 3. Then

det(AT) = by1bxnbss — bi1basbsy — biabaibss
+ bi2basbsy + bi3ba1bzy — bizbaobsy

= 11422433 — 411432423 — A21412433
+ 21432013 + A31412423 — 431422013

= 11422433 — 11423432 — 412421433

+ a12a23a31 + A13421a32 — 413422431
= det(A).

7.1.2 Proof of Theorem 6.2.1

Proof. (i) This is Proposition 6.1.4.

(ii)

(iii)

In the rest of the proof, we can supply only proofs for the rows. Indeed, by Theorem 7.1.1,
we can apply column operations to A by transposing it, applying the corresponding row
operations, and then re-transposing it. Thus, the proofs for columns follow from the proofs
for rows.

To keep the notation simple, we shall suppose that we interchange the first two rows, but
the same argument works for interchanging any pair of rows. Then if B = (b;;), we have
bij = ayj and by; = ay; for all j. Hence

det(B) = Z SIgn((f))b1¢(1)b2¢(2) e bﬂ(])(ﬂ)
PES,

= ) sign(9)a1(2)929(1)8393) - - - Anp(n)-
PES,
For¢ € S, letp = ¢po(1,2),s0 ¢(1) = ¢(2) and ¢(2) = ¢(1), and sign(y) = — sign(¢).
Now, as ¢ runs through all permutations in S;, so does ¢ (but in a different order), so
summing over all ¢ € S, is the same as summing over all € S,,. Hence

det(B) = 2 — sign(gb)aw(l)azlp@) e amp(n)
$ES,

= Z — Sign(l[])[lhp(l)ﬂzlp(z) . ﬂmp(n) = — det(A)
PpeS,

Again to keep notation simple, assume that the equal rows are the first two. Using the
same notation as in (ii), namely ¢ = ¢ o (1,2), the two elementary products:

1p(1)A2p(2) - - Anp(n) AN B1g(1)B2p(2) - - - Bng(n)

are equal. This is because ayy,(1) = a1 (first two rows equal) and a,,,(1) = dap(2) (because
$(2) = ¥(1)); hence ayy(1) = ayy(2)- Similarly ayy0) = a14(1) and the two products differ
by interchanging their first two terms. But sign(y) = — sign(¢) so the two corresponding
signed products cancel each other out. Thus each signed product in det(A) cancels with
another and the sum is zero.
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(iv) Again, to simplify notation, suppose that we replace the second row r; by r, + Ar; for
some A € K. Then

det(B) = ) sign(@)arp(1)(a2p(2) + Ad1g(2))39(3) - - - Ang(n)

$ES,
= ) sign($)aip)Aap(2) - - - Ang(n)
$ES,
+A ) sign(@)agn)aipe) - - - Ang(n)-

$ES,

Now the first term in this sum is det(A), and the second is A det(C), where C is a matrix
in which the first two rows are equal. Hence det(C) = 0 by (iii), and det(B) = det(A).

(v) Easy. Note that this holds even when the scalar A = 0.

7.1.3 The determinant of a product

Let us start with an example:

1 2 -1 -1
A—<32>andB—< ’ 0).
Note that det(A) = —4, det(B) = 2 and

AB — < S > and det(AB) — —8 — det(A) det(B).

Bingo! Let us prove that this simple relationship holds in general.

Remember that there is no simple relationship between det(A + B) and det(A), det(B). In our
example,
01

A+B:<5 5

> and det(A+ B) = —5 # det(A) + det(B).

Lemma 7.1.2. If E is an n x n elementary matrix, and B is any n x n matrix, then det(EB) =
det(E) det(B).

Proof. E is one of the three types E (n)i,ij, E (n)lzj or E(n)3 ;, and multiplying B on the left
by E has the effect of applying R1, R2 or R3 to B, respectively. Hence, by Theorem 6.2.1,
det(EB) = det(B), — det(B), or Adet(B), respectively. But by considering the special case
B = I,, we see that det(E) = 1, —1 or A, respectively, and so det(EB) = det(E) det(B) in all

three cases. O

Recall Definition 2.2.9 of the singular map. An n x n matrix A is called singular if the map
La : x — Axis singular. By Corollary 2.2.8, this is equivalent to rank(A) < n.
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Theorem 7.1.3. For an n x n matrix A, det(A) = 0 if and only if A is singular.

Proof. A can be reduced to Smith normal form by using elementary row and column operations.
By Theorem 5.1.5, none of these operations affect the rank of A, and so they do not affect
whether A is singular or not singluar. By Theorem 6.2.1, they do not affect whether det(A) =0
or det(A) # 0. So we can assume that A is in Smith normal form.

Then rank(A) is the number of non-zero rows of A and, by Proposition 6.1.4, det(A) =
a11a22 - - - Ayy. Thus, det(A) = 0 if and only if a,, = 0 if and only if rank(A) < n. O
Theorem 7.1.4. For any two n x n matrices A and B, we have det(AB) = det(A) det(B).

Proof. Suppose first that det(A) = 0. Then we have rank(A) < n by Theorem 7.1.3. Let
T1,T» : V — V be linear maps corresponding to A and B, where dim(V) = n. Then AB
corresponds to T1 T, (by Theorem 3.4.2). By Corollary 2.2.8, rank(A) = rank(T;) < n implies
that T; is not surjective. But then T T, cannot be surjective, so rank(T;T>) = rank(AB) < n.
Hence det(AB) = 0so det(AB) = det(A) det(B).

On the other hand, if det(A) # 0, then A is nonsingular, and hence invertible, so by Theo-
rem 5.3.4, Aisaproduct E1E; . .. E, of elementary matrices E;. Hence det(AB) = det(E1E; ... E,B).
Now the result follows from the above lemma, because

det(AB) = det(E;) det(Ey...E,B) = det(E;) det(E,) det(Es...E,B) =
det(E;) det(Ep) ...det(E,) det(B) = det(E E; ... E,) det(B) = det(A) det(B). O
Let us derive some immediate consequences.

Corollary 7.1.5. If A € """ is invertible, then det(A~!) = det(A)~L.
Proof. AA~! = I, implies that 1 = det(I,) = det(AA~!) = det(A) det(A~1). O
Corollary 7.1.6. If A € R™" is orthogonal, then det(A) = +1.

Proof. Since det(A) = det(AT) and AT = A~!, det(A) = det(A™!) = det(A)~!. Hence,
det(A)? = 1and det(A) = £1. O

Corollary 7.1.7. If A, B € IF"" are similar, then det(A) = det(B) and, furthermore, det(A — x) =
det(B — x).

Proof. As in Section 4.2.3, there exists an invertible matrix P with B = PAP~L. Then

det(B — xI,,) = det(PApfl ~ xI,) = det(A — xIn)Pfl) Th.7.13

= det(P) det(A — xI,,) det(P!) = det(P) det(P) ' det(A — xI,) = det(A — xI,,).
The proof for det is verbatim. O
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7.1.4 Trace

An alternative proof of the first statement of Corollary 7.1.7 follows from the fact that det(A) is
the free term of det(A — x). Indeed, since det(A — x) = det(B — x), their free term are equal.

But there is another significant coefficient: the trace of the matrix A is the sum of its diagonal
coefficients:
TI‘(LZZ']‘) = Zaii .
i
For example,

1 2

Tr(7) =7, Tr( 3 _3

123
>:11+(—3):8, Tr(4 5 6| =1+5+9=15.
7 89

Proposition 7.1.8. If A € [F""" then
det(A — x) = det(A)+2x + ... 420" 2 + (= 1)" T Tr(A)x" 1 + (—1)"x".

Proof. Note that we use ? for the remaining coefficient, about which we make no statement.

To understand the two highest terms, observe that any off-diagonal elementary product for
computing det(A — x) has at most n — 2 terms from the main diagonal: thus, it can contribute
only to the coefficients of xF with k < n — 2. Hence, the top two coefficients come from the
diagonal elementary product:

(a11 — %) (a2 — %) - (@py — %) =2+ ... 42X"2 + (ap + ...+ ap) (—x)" 4+ (—x)" =
=24 AT (D) T (A) " 4 (—1)

Finally, one gets the free term by setting x = 0 and det(A — 0) = det(A). O

Corollary 7.1.9. If A, B € F"" are similar, then Tr(A) = Tr(B).

7.2 Geometric Properties

You will find the proofs in this section slightly different. We have to be less precise and more
intuitive discussing the n-dimensional volume Vol,,. Given n vectors vy,...v, € R", let us
consider the parallelepiped spanned by them

P(vy,...,vy) = {iﬁivilﬁi € [0,1]}.

Our goal is to understand and to sketch a proof for the key formula for its volume

Vol, (P(vy,...,v,)) = |det(vy,...,v,)]. (7)
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7 The Determinant: Algebraic and Geometric Properties

7.2.1 Volume in small dimensions

Let us use our intuitive understand of the volume in the dimensions n < 3 to prove Equation(7).
By A we denote the matrix (vy,...,v,) with columns vy, ... v,.

If n = 1, then v; = (a) for some real number. Depending on whether 4 is positive or not,
P(v1) = [0,a] or P(v1) = [—a,0]. Since A = (a), Vol1(P(v1)) = |a| = | det(A)|.

For n = 2, change the order of vy, v if necessary, so that det(A) > 0. Now consider the
positions of the vectors V; = vy, V, = v; in the plane. Then, in the diagram below, P(vy, v2) is
the parallelogram OV;CV5. Its area is

X1 X2

n

rirasin(6, — 61) = rira(sin 6, cos 61 — sin 6y cos 02) = x1y» — X2y =

72

n
92 V1 =V = <X])
6 n

a1 a4z M3
Finally, consider n = 3. Let A = (vq vp v3) = ay axp a3 |. Letus expand by the first
az1 asz 4ass
column
C11
det(A) = aj1c11 + axico +azic31 = vi e | o
€31

where we are using the dot product. Note that the vector (c;;) is the cross product v, X vj:

day a3 a2 413
c11 = = dppd33 — A3p023, Cp1 = — = 32413 — 412433,
azy 4ass asz 4ass
a a
C31 = 12 P8 12423 — 2013 .
az a3

Thus, the determinant can be written as
det(A) = vy e (vp X v3),

a well-known (in either MMM-2 or Differential Equations) formula for the 3D-volume.
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7.2.2 Arbitrary dimension

To prove Equation (7), we must define Vol, first. Instead, we can just use Equation (7) to define
Vol,,. Why does it make sense?

Consider the case det A = 0. Then v; ... v, span a proper subspace of R". Thus, P(v;...vy)
collapses to a parallelepiped of smaller dimension. We can agree that Vol,,(P(vy...v,)) = 0.

Consider the case det A # 0. In this case we can use only column operations in Theorem 6.2.1
to compute the determinant. Let us just make certain that all the rules will be agreeable in terms
of the nD volume:

(i) det(I,) = 1 means that the unit cube has volume 1.

(ii) If B results from A by applying C2, then det(B) = —det(A). This means swapping
v; <+ v; does not change P(v; ...v,): its volume does not change.

(iv) If B results from A by applying C1, then det(B) = det(A). This means v; — v; + Av;
slides P(vy ...v,) in one direction: its volume does not change.

(v) If B results from A by applying C3, then det(B) = Adet(A). This means v; — Av;
stretches P(vy ... vy) in one direction: its volume gets multiplied by [A|.

(iii) If A has two equal columns, then det(A) = 0. This means that P(v; ... v,) has dimension
less than n, then its volume is zero: indeed, column reduce; the last column is zero; add
the first column to the last column; observe a parallelepiped of the same volume and this
volume must be zero.

7.2.3 Orientation

Does Equation (7) work without the absolute value signs? Yes, but you need to make sense of
the negative volume!

Consider the change of basis matrix P from a basis v; to f; in a vector space V over R. We
say that the bases have the same orientation if det(P) > 0 and have the opposite orientations if
det(P) < 0.

Having the same orientation is the equivalence relation on the set of all bases in V. It has two
equivalence classes. An orientation of V is the choice of one of these two orientation classes. The
standard vector space IR" has a standard basis, hence comes with a standard orientation. The
bases with the standard orientation are called positively oriented. The bases with the opposite to
the standard orientation are called negatively oriented.

Now by an oriented nD parallelepiped, we understand a pair (P(vy,...,vy,),€) where vy,..., v,
is a basis and € = +1 depending on whether vy, ..., v, is positively or negatively oriented. This
allows us to define the oriented volume and have the following version of Equation (7):

det(vy,...,vy) = Vol (P(vy,...,vy),€) = eVol,(P(vy,...,vy)). (8)
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8 Eigenvalues and Eigenvectors

We are ready to make some progress on LO, cf. Section 4.2.3. Unlike LT, we are not going to
solve it. In Multilinear Algebra next year, you will see a solution for the case IF = C: cf. Jordan
Normal Form on internet.

In this course, we shall settle the question which matrices are similar to a diagonal matrix. Such
matrices are called diagonalisable.

8.1 Eigenvectors and eigenvalues
8.1.1 The definition of an eigenvector and an eigenvalue

In some books, eigenvectors and eigenvalues are called characteristic vectors and characteristic
roots. We will not use these terms.

Definition 8.1.1. Let T : V — V be a linear operator, where V' is a vector space over IF. Suppose
that for some non-zero vector v € V and some scalar A € F, we have T(v) = Av. Then v is
called an eigenvector of T, and A is called the eigenvalue of T corresponding to v.

Note that the zero vector is not an eigenvector. (This would not be a good idea, because T0 = A0
for all A.) However, the zero scalar O may sometimes be an eigenvalue.

Example. Let T : R> — R? be defined by

ary 2111
()= (%)
Then T(e;) = 2ej, so 2 is an eigenvalue and e; is an eigenvector. Also T(ep) = 0 = Oey, so 0 is

an eigenvalue and e; is an eigenvector.

In this example, notice that in fact e, and «xe; are eigenvectors for any a # 0. In fact, in general,
it is easy to see that if v is an eigenvector of T, then so is av for any non-zero scalar «.

Leteq,...,e, beabasisof V,and let A = (ai]-) be the matrix of T with respect to this basis.
As in Section 3.3.1, to each vector v € V, we associate the column vector v € F” such that by
Proposition 3.3.1, for u,v € V, we have T(u) = v if and only if Au = v. In particular,

T(v) = Av <= Av = Av
that leads to the next definition:
Definition 8.1.2. Let A be an n x n matrix over F. Suppose that, for some non-zero column

vector x € F" and some scalar A € [F, we have Ax = Ax. Then x is called an eigenvector of A,
and A is called the eigenvalue of A corresponding to x.

It follows from Proposition 3.3.1 that if the matrix A corresponds to the linear map T, then A is
an eigenvalue of T if and only if it is an eigenvalue of A.
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8.1.2 Role of characteristic polynomial

Theorem 8.1.3. Let A be an n x n matrix. Then A is an eigenvalue of A if and only if A is a root of the
characteristic polynomial det(A — x).

Proof. Suppose that A is an eigenvalue of A. Then Ax = Ax for some non-zero x € [F". This is
equivalent to Ax = AL,x, or (A — AL,)x = 0. But this says exactly that x is in the kernel of L.
By Corollary 2.2.8, the matrix A — A, is singular. By Theorem 7.1.3,

0 =det(A—AL,) = det(A — x)|x=x .
Conversely, if A is a root of det(A — x) then det(A — AL,) = 0 and A — Al is singular. By

Corollary 2.2.8, there exists a non-zero x € F"” with (A — AIL,)x = 0, which is equivalent to
Ax = Al,x = Ax, and so A is an eigenvalue of A. O

The above theorem gives us a method of calculating eigenvalues of a matrix. Once the eigenval-
ues are known, it is then straightforward to compute the corresponding eigenvectors.

Example 1. Let A = <é i).Then
1—x 2 2
det(A —x) = 5 4y =(1-x)4—x)—10=x"—-5x—6=(x—6)(x+1).

Hence the eigenvalues of A are the roots of (x —6)(x 4+ 1) = 0; thatis 6 and —1.
Let us now find the eigenvectors corresponding to the eigenvalue 6. We seek a non-zero column

vector ( X1 ) such that
X2

(s 4) ()=o) (75 2) (2) = (0),

We can take ( il ) = < é > to be our eigenvector; or indeed any non-zero multiple of ( ; ) .
2

.. . X
Similarly, for the eigenvalue —1, we want a non-zero column vector ( xl > such that
2

12 X1 _ X1 . . 2 2 X1 . 0
() ()= (G)r e (55)(5)=(0)
and we can take < ;Cl ) = < 1 > to be our eigenvector.
) —

Example 2. This example shows that the eigenvalues can depend on the field [F. Let

=x241,

1 0

A:<O _1>. Then det(A—x):’ —1x :ch'
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so the characteristic equation is x> +1 = 0. If F = R (the real numbers) then this equation
has no solutions, so there are no eigenvalues or eigenvectors. However, if IF = C (the complex
numbers), then there are two eigenvalues i and —i. By a calculation similar to the last example,

-1 1 . . ) . .
; and ;| are eigenvectors corresponding to i and —i respectively.
By Corollary 7.1.7, similar matrices have the same characteristic equation. There are two
important consequences of this. First, similar matrices have the same eigenvalues. Second, since
different matrices corresponding to a linear operator T are all similar, they all have the same

characteristic equation, so we can unambiguously refer to det(T), Tr(T) and det(T — x): they
can be computed in any basis.

8.1.3 Diagonalisation
The linear operators and the matrices satisfying the next theorem are called diagonalisable.

Theorem 8.1.4. Let T : V — V be a linear map. Then the matrix of T is diagonal with respect to some
basis of V if and only if V has a basis consisting of eigenvectors of T.

Equivalently, let A be an n x n matrix over IF. Then A is similar to a diagonal matrix if and only if the
space IF" has a basis of eigenvectors of A.

Proof. The equivalence of the two statements follows directly from the correspondence between
linear maps and matrices, and the corresponding definitions of eigenvectors and eigenvalues.

Suppose that the matrix B = (a;;) of T is diagonal with respect to the basis fy, . .., f, of V. Recall
from Section 3.3.1 that the images of the i-th basis vector of V' is represented by the i-th column
of B. But since B is diagonal, this column has the single non-zero entry a;;. Hence T(f;) = a;;f;,
and so each basis vector f; is an eigenvector of B.

Conversely, suppose that fy, .. ., f, is a basis of V consisting entirely of eigenvectors of T. Then,
for each i, we have T(f;) = Af; for some A; € [F. But then the matrix of T with respect to this
basis is the diagonal matrix B = (a;;) with a;; = A; for each i. O]

There is one case where the eigenvalues can be written down immediately.

Proposition 8.1.5. Suppose that the matrix A is upper (or lower) triangular. Then the eigenvalues of A
are just the diagonal entries a;; of A.

Proof. In this case, A — x is also upper triangular. By Corollary 6.1.4,

det(A —x) = ﬁ(a,'i —x)

i=1

so the eigenvalues are the a;;. O
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11
01
see that A is not diagonalisable. Otherwise, we would have a basis of eigenvectors. Let P be
the change of basis matrix. Since both eigenvalues are 1, PAP'=land A =P (PAPil)P =
PP = I,, a contradiction.

Example. Let A = ( > . Then A is upper triangular, so its only eigenvalue is 1. We can now

8.1.4 The case of distinct eigenvalues
This is the case where we can solve LO at this point.

Theorem 8.1.6. Let Ay, ..., A, be distinct eigenvalues of T : V. — V, and let v, ..., v, be correspond-
ing eigenvectors. (So T(v;) = Ajv; for1 <i <r.) Thenvy,...,v, are linearly independent.

Proof. Suppose that for some ay,...,a, € IF we have
avy +ayvo + ... +a,v, = 0.
Then, applying T to this equation gives
aiAvi+arvo + ...+ a A v, = 0.
Furthermore, applying T repeatedly to this equation gives
al)xlfvl + az/\'§v2 +...+ ar)xlr‘vr =0
for all k. Organising the first  such equations together into a matrix form yields

1 1 1 ... 1

@i 0 MooA As A

A- | =1 :]| where A=
frvr 0 T e BT

is the transpose of the Vandermonde matrix from Section 6.3.3. By Equation (6), it admits an
inverse A~!. Multiply by it to get

avi a;vi 0 0
= AilA . ' = Ail . E =
a,vy a,vy 0 0
It follows that all 4; are equal to zero. O

Notice that the columns in the last proof are unusual: their entries are elements of V. It does
not cause any issues with the proof!

Corollary 8.1.7. If the linear map T : V. — V (or equivalently the n x n matrix A) has n distinct
eigenvalues, where n = dim(V'), then T (or A) is diagonalisable.
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Proof. Under the hypothesis, there are n linearly independent eigenvectors, which form a basis
of V by Corollary 1.4.15. The result follows from Theorem 8.1.4. O

Corollary 8.1.8. Let A, B € F"" and A has n distinct eigenvalues. Then A and B are similar if and
only if they have the same eigenvalues.

Example. Let

4 5 2 4—x 5 2
A= -6 -9 —4 sothat |[A—x|=|] -6 —-9—-x —4
6 9 4 6 9 4 —x

To help evaluate this determinant, apply first the row operation r3 — r3 + r, and then the
column operation ¢; — ¢, — ¢3, giving

4 —x 5 2 4—x 3 2
|JA—x|=| -6 —-9—x —4|=| -6 —-5—-x —4],
0 —X —X 0 0 —X

and then expanding by the third row we get
—x((4—x)(-5—x) +18) = —x(x* + x —2) = —x(x +2)(x — 1)

so the eigenvalues are 0, 1 and —2. Since these are distinct, we know from the above corollary
that A can be diagonalised. In fact, the eigenvectors will be the new basis for the diagonal
matrix, so we will calculate these.
X1
In the following calculations, we will denote eigenvectors vy, etc. by | x2 |, where x1, x2, x3
X3
need to be calculated by solving simultaneous equations.

For the eigenvalue A = 0, an eigenvector v; satisfies Av; = 0, which gives the three equations:
4x1 4+ 5xp +2x3 = 0; —6x1 —9x2 —4x3 = 0; 6x1 4+ 9x2 +4x3 = 0.

The third is clearly redundant, and adding twice the first to the second gives 2x; + x» = 0 and
1

then we see that one solutionisv; = | —2
3

For A =1, we want an eigenvector v, with Av, = vy, which gives the equations
4x1 + 5xp + 2x3 = xq; —6x1 — 9xy — 4x3 = X3, 6x1 +9x0 +4x3 = x3;, —

3x1 4+ 5x0 +2x3 = 0; —6x1 — 10x, —4x3 = 0; 6x1 4+ 9x2 + 3x3 = 0.

Adding the second and third equations gives x> + x3 = 0 and then we see that a solution is
1

Vp = —1
1
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Finally, for A = =2, Avz = —2v3 gives the equations
6x1 +5x0 +2x3 =0; —6x1 — 7%y —4x3 = 0; 6x1 4+ 9x2 + 6x3 =0,

1
of which one solutionis vy = | —2
2

Now, if we change basis to v1, v, v3, we should get the diagonal matrix with the eigenvalues
0,1, —2 on the diagonal. We can check this by direct calculation. Since the inverse of the basis
change matrix P has the new basis vectors as its columns,

1 1 1 0 1 1 00 0
pl=| -2 -1 -2 =rP= 2 1 o0|,rAP'=(01 o0
3 1 2 -1 -2 -1 00 =2

The last equality follows from Theorem 4.1.4. Check it directly by hand!

Warning. The converse of Corollary 8.1.7 is not true. If it turns out that there do not exist n
distinct eigenvalues, then you cannot conclude from this that the matrix is not be diagonalisable.
This is rather obvious, because the identity matrix has only a single eigenvalue, but it is diagonal
already. Even so, this is one of the most common mistakes that students make.

If there are fewer than n distinct eigenvalues, then the matrix may or may not be diagonalisable.
See the repeated real eigenvalue case in Section 8.2.3.

8.2 Applications

Applications of the eigenvalues are numerous. We only consider two.

8.2.1 Fibonacci and Lucas numbers

The famous Fibonacci numbers 0,1,1,2,3,5,8,13,21, ... are defined as
Fo=0FK=1 Fy=Fy1+Fn2 m2=>2.

The Lucas numbers 2,1,3,4,7,11,18, ... have the same recursive formula but a different start:
Ly=2L1=1,Ly=Ly1+Lyuo m=>2.

It helps to write both recursions in the vector form, using the vectors and the matrix
_ F n+1 _ Ln—i—l . 11
f”_( Fn>’s”_< L) 4= o)

fo = (3) , 41 = Af, and sg = @ Sni1 = Asa.

The definitions become
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This gives us semi-useful answers such as f, = A"f; and a method to prove some of the
identities. For instance,

Ln+1 _ __An 2 __aAn __aAn ng _ Fn+l+Fﬂ+2
< Ln)—sn—A <1>—A(f0—|—f1)—A fo+ A =1, +£,11 = Fy+ Fyiy

proves that L, = F, + F, 1. Yet we can do much better by diagonalising the matrix A. Note that

1—x 1

det(A—x)z( 1 _x>:x2—x—1:(x—)t)(x—/\b)

where the roots are the golden ratio and its companion

1++5 1-+5

AM=A= > s A=A=01-A)=

Solving two linear systems (A — A;)x = 0 gives eigenvectors

(7)o (1)

Now express the starting vectors in the basis of eigenvalues

1
fo = ——=(w1 —wp), sp = =(wy1+wp)

24/5 T2

and we get the general formulas

—_

1 n n 1 n n 1 n n 1
= — — = — — = — = — /\n Ai’l .
fn 2\/5(14 W1 A Wz) 2\/5()\ W1 )LbWZ), So 2(A W1+A Wz) 2( W1+ bWz)
Looking at the lower entry of the vectors, we arrive at Binet’s formula:
1 A= AR 1
F,= —=(2\" —2A)) = >, Ly =52\ +2A)) = A"+ A

8.2.2 Cayley-Hamilton theorem
This theorem will be proved for general n in Multilinear Algebra next year.
Theorem 8.2.1. If A € F??, then A2 = Tr(A)A — det(A) L.

Proof. Let us write A = (a;;) and compute the right-hand side:

(a11 + a2) (a“ alZ) — <det(A) 0) _ (( at, +anan (an +a22)a12> _ 2

a1 ax 0 det(A) ap +am)ay a3, +anan
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This gives the following way to solve the LO for the 2 x 2 over any field IF.

Corollary 8.2.2. If A € F*? and A # alp, then A is similar to B = ((1) - d;;giD

Proof. Since A # al,, we can find a nonzero vector x € IF> which is not an eigenvector. Then
Ax and x are linearly independent. Consider the basis f; = x, f, = Ax. In this basis,

Afl = Ax = fz
and, by Theorem 8.2.1,
Afy = A(AX) = A’x = (Tr(A)A — det(A)r)x = Tr(A) Ax — det(A)x = tr(A)f, — det(A)f; .

Thus, the matrix of L 4 in this basis is B. O

8.2.3 All 2x2 real matrices

Let us solve LO in R??, using Corollary 8.2.2. Write det(A — x) = (A; — x)(A2 — x). The
polynomial det(A — x) is real, so we have the following three possibilities.

Repeated real eigenvalue A = A; = Ay € R. By Corollary 8.2.2, we have two similarity
classes: scalar and non-scalar matrices. Again by Corollary 8.2.2, we can choose any matrix
with the same trace and determinant as a representative. Good representatives are

(02) = (5.2)

A= <_1 _;L) so that det(A —x) = x> +2x +1 = (x +1)?

For instance, let

so there is a single eigenvalue —1 with multiplicity 2. Since A is not scalar, A is similar to

B = <_(1) _}) . To find the change of basis explicitly, observe that Theorem 8.2.1 tells us that

(A + L)? = 0. It follows that any vector (A + I)x will be either zero, or an eigenvector. Since
the first column of A + I, is non-zero, we can choose

1 ) 21
vy = <0>, vii=(A+DL)vy = <—1> sothat P~! = (v1v2) = <—1 0> '

By Theorem 4.1.4, PAP~! = B. Check it by hand!
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Two distinct real eigenvalues A; # Ay € R, By Corollary 8.2.2, we have a single similarity
class and we can choose any matrix with the same trace and determinant as a representative.

The good representative is
A0
0 X))~

A= <1 ;L) so that det(A —x) = x> —2x —3 = (x —3)(x +1)

For instance, let

so there are two distinct eigenvalues, 3 and —1. Associated eigenvectors are <§> and <_§> ,
3 0
0 -1

soweput P~! = (2 B

-1 _
1 1) and get PAP™" = (

) from Theorem 4.1.4. Check it by hand!

Two complex, nonreal eigenvalues A; = ae?’ and Ay = ae ? witha,¢ € R, a2 > 0 and
¢ ¢ 2ntZ. By Corollary 8.2.2, we have a single similarity class and we can choose any matrix
with the same trace and determinant as a representative. The good representative is

(aCOS(P —a sin(p> . <cos¢) —sin(p)

asing acos¢p) ~ \sing  cos¢

For instance, let

A= (; :1> so that det(A — x) = x2 +2x+4 = (x _ 282711’/3)(x - 26—2711’/3)

_1\/5
V3 -1

corresponding change of basis, we choose any vy, say vi = (

so that A is similar to B = (_ > (we choose ¢ = —27t/3 for this). To choose the

(1)> . The first column of B forces

our hand for the second vector

avi= v~ Vav = va= arnm= 2 (7 3) ()= 5 (9)

1 —2/3

It follows that P~ = <0 73

) and PAP~! = B. Check it by hand!
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9 Spectral Theorem and Singular Value Decomposition

In the final section we consider ET and EO, cf. Section 4.2.3. First we will solve EO for
self-adjoint operators. Then we will solve ET in general.

9.1 Spectral theorem

We will study EO now. Hence, we will work with a euclidean space V = (V, T) throughout.

9.1.1 Adjoint map

Proposition 9.1.1. Let T : V — V be a linear operator. There exists a unique linear operator S such
that for all v,w € V
©(T(v), w) = (v, S(w)). )

Proof. Let fy,...,f, be an orthonormal basis. Equation (9) implies that

S(w) = Y16, S(w))fi = Y 7(T(£), w)f;. (10)

This implies that S, if exists, is unique.

The existence of S is clear too: equation (10) defines S. O

Definition 9.1.2. The unique linear map S in Proposition 9.1.1 is called the adjoint of T. We
write this as T*. We say T is self-adjoint it T* = T.

Orthonormal bases are handy for computing adjoint maps, as clear from the next fact.

Proposition 9.1.3. Fix an orthonormal basis £y, ...,£, of V. Let A be the matrix of a linear operator T
in this basis. Then A" is the matrix of the adjoint operator T* in the same basis.

Proof. Let A = (aj;;). Then T(f;) = Y axify. Equation (10) implies that
T*(f]) = ZT(T(fZ),f]>fZ = Zr(akifk, f])fl = Eaﬁfl-
i ik i
which proves that AT is the matrix of T*. O

Example. Consider the standard euclidean space R? and the linear map T given by A =

< é i > in the standard basis. By Proposition 9.1.3, T* given by AT. Let us change the basis to
(0 1 1 (01 o1 (101
v () e=()r= (i) == (V)
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9 Spectral Theorem and Singular Value Decomposition

In the new basis T and T* are given by

12\, (26 15,41 (-10
P(53)r=(as) mer(a)r=(750)
The matrices are no longer easily relatable because the basis is not orthonormal.

Corollary 9.1.4. In an orthonormal basis, symmetric matrices correspond to self-adjoint operators.

9.1.2 Eigenvalues and eigenvectors of self-adjoint operators
First, we’ll warm up by proving a proposition which we’ll need in the main proof.

Proposition 9.1.5. Let A be an n x n real symmetric matrix. Then A has an eigenvalue in R, and all
complex eigenvalues of A lie in R.

Proof. The characteristic equation det(A — x) = 0 is a polynomial equation of degree n in x.
Since C is an algebraically closed field, it certainly has a root A € C, which is an eigenvalue for
A if we regard A as a matrix over C. It remains to prove that any such A lies in R.

For a column vector v or matrix B over C, we denote by ¥ or B the result of replacing all entries
of v or B by their complex conjugates. Since the entries of A lie in R, we have A = A.

Let v € C! be a complex eigenvector associated with A. Then

Av = Av (11)
so, taking complex conjugates and using A = A, we get

AV = AV. (12)
Transposing (11) and using AT = A gives

vIA = AV, (13)
so by equations (12) and (13), we have
WT =viAv = Aviv

Note that v = (a1, az,...,a,)"

is non-zero, since eigenvectors are non-zero. Hence,
To = = 2 2
VV=ma+...+ana, = |m|"+ ...+ |an]

is a positive real number. Thus, A = Aand A € R. ]

We are ready to prove the spectral theorem. It solves both LO and EO for self-adjoint operators
and symmetric real matrices.
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9 Spectral Theorem and Singular Value Decomposition

Theorem 9.1.6. Let V be a euclidean space of dimension n. If T : V. — V is a selfadjoint linear operator,
there is an orthonormal basis f1, . .., £, of V consisting of eigenvectors of T.

An n x n real symmetric matrix is orthogonally similar to a diagonal matrix.

Proof. By Corollary 9.1.4, the statements are equivalent. Let us prove the first statement.

We proceed by induction on n = dim V. If n = 0 there is nothing to prove, so let us assume the
proposition holds for n — 1.

By proposition 9.1.5, T has an eigenvalue in A1 € R. Let v € V be a corresponding eigenvector
in V. Then f; = v/|v| is also an eigenvector, and |f;| = 1.

We consider the space W = v := {w € V| 7(w, f;) = 0}. Since W is the kernel of a surjective
linear map
V— TR, x— 1(x,V),

it is a subspace of V of dimension n — 1. We claim that T maps W into itself. Indeed, suppose
w € W; we want to show that T(w) € W also. This follows from T being self-adjoint:

T(T(w),v) =1(w,T(v)) = t(W,a1v) = ay7(w,v) = 0.

Now we know that T maps W into itself. Moreover, W is a euclidean space of dimension
n — 1, so we may apply the induction hypothesis to the restriction of T to W. This gives us an
orthonormal basis f», ..., f,;, of W consisting of eigenvectors of T. Then the set fy, ..., f,; isan
orthonormal basis of V, which also consists of eigenvectors of T. O

9.1.3 Orthogonality of eigenvectors

The next property, implicit in the proof of the spectral theorem 9.1.6, is useful when calculating
examples. It helps us to write down more vectors in the final orthonormal basis immediately.

Proposition 9.1.7. Let A be a real symmetric matrix, and let A1, Ao be two distinct eigenvalues of A,
with corresponding eigenvectors vy, vo. Then vy @ vo = 0.

Proof. We will use the equality v; @ vo = v{v,. We have
Avi = AMvy, Avy = Apvo. (14)
The trick is now to look at the expression v?sz. On the one hand, by (14) we have
V{sz =vie(Avy) = vy e (Avy) = Ax(vievy). (15)
On the other hand, AT = A, so v] A = v{ AT = (Av;)T, so using (14) again we have
viAvy, = (Avi) vy = (Mv])va = (Avq) e v) = A (vieva). (16)

Comparing (15) with (16), we have (A, — A1)(v; @ vp) = 0. Since A — A1 # 0 by assumption,
we have v; e v, = 0. O
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9 Spectral Theorem and Singular Value Decomposition

Corollary 9.1.8. Let A1, Ay be two distinct eigenvalues of a self-adjoint linear operator T, with corre-
sponding eigenvectors v, vo. Then T(v1,vy) = 0.

Example. Let n = 2 and let

A= G i’) = det(A—x)=(1-x)?-9=x>-2x—8=(x—4)(x +2).

Hence, the eigenvalues of A are 4 and —2. Solving Av = Av for A = 4 and —2, we find
corresponding eigenvectors } and <_i> . Proposition 9.1.7 tells us that these vectors are

orthogonal to each other (which we can of course check directly), so if we divide them by their
lengths to give vectors of length 1, giving

1 =1 1 =1 11
0= (2) 0= (F). r = (2 F) rmwr- (3 ),
V2 V2 V2 V2 V2 V2
an orthonormal basis consisting of eigenvectors of A, which is what we want. We could compute

the inverse by transposition because P is orthogonal. Check that PAP~1 = <4 0) .

0 -2
3 -2 1
A=1|-2 6 -2].
1 -2 3

Then, expanding by the first row,
det(A—x)=(3B3—-x)(6—x)3—x)—4(3—x)—4(3—x)+4+4—(6—x)
= —x%+12x% —36x +32 = (2—x)(x —8)(x —2),

Example. Let n = 3 and

so the eigenvalues are 2 (repeated) and 8. For the eigenvalue 8, if we solve Av = 8v then
1

we find a solution x = | —2 |. Since 2 is a repeated eigenvalue, we need two corresponding
1

eigenvectors, which must be orthogonal to each other. By Proposition 9.1.7, they are orthogonal

to x, which allows us to write an acceptable solution:

(-0

Check by hand that these are eigenvectors with eigenvalues 2! To get an orthonormal basis, we
just need to divide by their lengths:

1 1 1 1 1 1

PRUNE D ) PR DU N PO EV (G JR B S
V6 e V2 -1 V3 b *oaw
NG V2 V3 Ve V2 V3

Orthogonality gives us P = (P~!)T and we know that PA~!P is the diagonal matrix with entries
8, 2, 2. Check it by hand!
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9 Spectral Theorem and Singular Value Decomposition

9.2 Singular value decomposition

To address ET, consider a linear map T : V — W between euclidean spaces. We already know
that we can choose bases in V and W such that the matrix of T is in the Smith normal form

< 18 8 where n = rank(T). Its refinement is known as the singular value decomposition.

9.2.1 Motivational example

We want to solve ET for a linear operator

— I -1 . TR2 2
T_<O 2).1{{ — R%.

Its eigenvalues are 1 and 2. Let us call the corresponding eigenvectors f; and f,. We will also

need its inverse:
(1 (-1 4 (1 1/2
n=(o) 5= (1) = (0 473)-

We start by computing the image T(S;) of the unit sphere Sy:

. 2 -1 . i X 2 1 1/2 ) X .
T(s) = (xe® Tl =1k = {(3) e® 11 (5 175 ) (5)1=1-
The length of the vector in the last expression is
Lo, (Lo 2 1,
(xt5y)°+ Gy =x"+xy+ 5y
so that T(S,) is an ellipse given by the equation x* + xy + y? = 1. Let us parametrise it, using

polar coordinates:

cos 6 cosf —sin
T(Sz):{T<Sin9>elR2|9€1R}:{< 281n9>em2|96111}.

Its semiaxes are directions of the largest and the smallest vectors on the ellipse. We can find
them by elementary trigonometry, using a = arcsin(1/+/5) (and cosa = 2/+/5):

(cos@ — sin0)? + (2sin0)* = cos®f — 2 cosfsinf + 5sin’f =

=1—sin(20) +4sin®6 = 1 —sin(20) +2(1 — cos(20)) =
1 2
=3 — (sin(20) +2cos(26)) = 3 — V5(—= sin(26) + —= cos(26)) =
(sin(26) (26)) (75 5in(26) + % cos(20))
— 3 — /5(sinasin(26) + cosa cos(26)) = 3 — v/5cos(20 — «) .

Thus, we get the largest vector when cos(26 — a) = —1 and it has length v/3 + /5. We can pick
20 — a = 71, which means 6 = (71 + «) /2. The key vectors are

T+ . o J— @
vi = cos fpE\ _ (—singy) _ NG
sin 734 cos § [24+/5

25
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9 Spectral Theorem and Singular Value Decomposition
and

T+a

1 1 _ Qi Tte %
u; = 7T(V1) = 7\/} (COS 2 St n%ra) =...Good Luck!
5

T(vq) 3+ 2sin 5%

Similarly, we get the smallest vector when sin(26 + a) = 1 and it has length /3 — /5. We can
repeat this calculation but we know for certain that the corresponding vectors v, and u; are
obtained by rotating vi and u; by 77/2 clockwise:

245

(0 -1 _ [~V 2 - 1 (0 —1

Vy) = <1 O) V] = ( \/5\[2) and up = T\/gT(Vz) = 1 0 Vo.
2v5

The upshot of all this is not that the precise final forms of the vectors look hard (this tend to
happen with SVD) but that vy, v, is a good orthonormal basis of the domain of T and uj, u; is a
good orthonormal basis of the range of T. In these bases, the matrix of T is

3++5 0
0 3—v5 )

9.2.2 Main theorem

Theorem 9.2.1. (SVD for linear maps) Suppose T : (V,tv) — (W, Tw) is a linear map of rank n
between euclidean spaces. Then there exist unique positive numbers yy > yp > ... > v, > 0, called
the singular values of T, and orthonormal bases of V and W such that the matrix of T with respect to

these bases is
D|0
(T‘T) where D =

Proof. Choose orthonormal bases of V and W. Write T as a matrix A in these bases. Consider
an operator S : V — V given by the matrix ATA in the same basis:

T

n

v+ S(v) where S(v) = ATAv.

Since (ATA)T = AT(AT)T = ATA, the matrix AT A is symmetric and the operator S is selfadjoint.
By Theorem 9.1.6, we can choose an orthonormal basis £y, . .., f; of V, consisting of eigenvectors
of S. Then S(f;) = a;f; where a; are the eigenvalues of A.

Observe that the eigenvalues are non-negative:
m = (£, S5) = £7(ATAL) = (A£)"(Af) = w(TH, TF) > 0.

In fact, we have computed the length of the image vectors: |Tf;| = |/a;. A similar trick shows
that T(f;) is orthogonal to T(f;) for i # j:

ww(TE;, TE)) = (Af)"(Af) = £T(ATAf)) = (£, S§) = ajwv (£, £;) = 0.
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9 Spectral Theorem and Singular Value Decomposition

Now reorder the orthonormal basis fy, .. ., f; so that
a>...2a>0,a44q=...=a,=0,

define ; = /a; for i < t and define an orthonormal basis hy, ..., h;, of W by

hi =

l'T(fi) forall i <t

and picking some h;,4,..., hy, which can be done by the Gram-Schmidt process (Theo-
rem 3.2.6).

Since T(f;) = ;h; fori < tand T(f;) = 0 for j > t. Thus, t = rank(T) = n and the matrix of T
with respect to these bases has the required form.

It remains to prove uniqueness of the singular values. Suppose we have orthonormal bases
fi,...,fpof Vand hi,... h), of W, in which T is represented by a matrix

B1

<§8>/whereB: N

Pt

First, t = rank(T) = n. Then f? is an eigenvalue of S (we write in the original basis in the next
calculation):

ZTV ZTV Zf’T ATAE)f; =
=) (Af)) ' (Af))f; = ZTW ZTW Bih, Bih))f; = B3f;.
j
By the uniqueness of e1genvalues, i = Bi- O

Before we proceed with some examples, all on the standard euclidean spaces IR", let us restate
the SVD for matrices:

Corollary 9.2.2. (SVD for matrices) Given any real k x m matrix A, there exist unique singular values
Y1 > Y2 > ... > Yn > 0and (non-unique) orthogonal matrices P and Q such that

PAQ™' = PAQ" =D where D = (%‘%) and D =

Note that terminologically SVD needs to decompose A. Thus, by the SVD people often under-
stand the presentation of A as

T

n

A=P'DQ.

This solves EO: D is orthogonally equivalent to A. Furthermore, matrices of the form like D are
normal forms of the orthogonal equivalence classes.
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9 Spectral Theorem and Singular Value Decomposition

Example. Consider the linear map R? — R?, given by the symmetric matrix A = <é E;) ,in

the example after Corollary 9.1.8. There we found the orthogonal matrix
11
p= (% ) win parr= (3 9).
V2 V2 B

This is not the SVD of A because the diagonal matrix contains a negative entry. To get to the
SVD we just need to pick different bases for the domain and the range: the columns f;, f; of
P! can still be a basis of the domain, while the basis of the range could become f;, —f;. This is

the SVD:
1 1 1 1 4 0
(G ) e (1Y) mer- 09
V2 V2 V2 V2

N

The same method works for any symmetric matrix: the SVD is just orthogonal diagonalisation
with additional care needed for signs. If the matrix is not symmetric, we need to follow the
proof of Theorem 9.2.1 during the calculation.

4 11 14

Example. Consider a linear map T : R® — R?, givenby A = (8 7 -2

> . The matrix of S in

the standard basis is

4 8 80 100 40
ATA= (11 7 <§ 1; _1‘21> = [ 100 170 140 | .
14 -2 40 140 200
The eigenvalues of this matrix are 360, 90 and 0. Hence the singular values of A are

71 = V360 = 610 > 7, = V90 = 31/10 .

At this stage we are assured of the existence of orthogonal matrices P and Q such that

1 T (6V10 00
PAQ _PAQ_< 03m0>.

To find the orthogonal matrices we need to find eigenvectors of AT A:

1/3 —2/3 2/3
e = 2/3 , € = —1/3 , €3 = —2/3
2/3 2/3 1/3

and then their images under A:

1 <3/\/ﬁ>’f2: 1 Ae2:< 1/\/ﬁ>‘
3

fi=—Ae; = -
L= evao v \1y/vio /10 _3/y/10

Hence, the orthogonal matrices are

i (3/@ 1/\@)’ - (1/3 ~2/3 2/3)‘

2/3 —1/3 —2/3
1/V10 =3/V10 2/3 2/3 1/3
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9 Spectral Theorem and Singular Value Decomposition

9.2.3 Geometric intuition

Let us summarize the geometric intuition about linear maps on euclidean spaces. First, in a
euclidean space we always choose an orthonormal basis. Then we write all the matrices in an
orthonormal basis or two orthonormal bases.

The first type of useful matrices are orthogonal matrices P € IR™". They are cool algebraically
because calculation of their inverses: P~! = PT. They have two geometric meanings:

e they represent orthogonal linear operators, those operators that preserve distances and
angles,

e they represent the basis changes between orthonormal bases, the only bases changes that
we allow ourselves.

The second type of useful matrices are symmetric matrices S € IR™". They are easy to recognize:
S = ST. They have two geometric meanings as well:

e they represent self-adjoint linear operators,

e they represent the operators that can be written as diagonal operators in an orthonormal
basis.

Finally, to understand SVD, we need two figures in IR”: the unit sphere S and an ellipsoid £
Sp={(x) |3+ +x2=1}, & ={(x) | a3 + ... +ax2 =1}

where we require all 4; to be positive. We always write these equations in coordinates in some
orthonormal basis. There is only one sphere: any basis will produce the same sphere. There are
infinitely many ellipsoids: we can choose different bases and different constants a;.

Let us now consider the geometric meaning of SVD of a linear operator T : V — W:
e T takes the unit sphere S, to an ellipsoid & where n = dim V and k = rank(T).

o If y1 > 72 > ... > 79 > 0 are the singular values of T, the ellipsoid & can be given by the

equation
'Y% 1 'Y% 2 : 'Y]% k

inside the image of T.

e The largest singular value 7, is the half-girth of the ellipsoid &, the length of its major
semi-axis.

e The largest singular value 7y; can be thought of a measure of how “large” T is. More
precisely, it is the operator norm of T, which you will study next year.

e The last statement can be expressed as the following useful formula:

T :sup{|T|(x)|()| | x € V\{O}} =max{|T(x)| | xS, C V}.
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