
Mean value estimates II

Joseph Harrison

These are notes for the week 4 talk in the “Dirichlet polynomials”

reading group at the University of Warwick, which took place in term 2

of 2024/25. The material is based on chapter 7 of Montgomery’s book

“Ten Lectures on the Interface Between Analytic Number Theory and

Harmonic Analysis” [Mon94] and chapter. We let e(t) = exp(2πit) for

real t. If a ∈ CN then

D(s) =
∑
n≤N

ann
−s

is the corresponding Dirichlet polynomial. If a ∈ CN and λ ∈ CN

then the function

f(t) =
∑
n≤N

ane(λnt)

for real t is called a generalised Dirichlet polynomial. Since

D(s) =
∑
n≤N

ann
−σe

(
− log(n)t

2π

)
,

it is clear that Dirichlet polynomials are indeed examples of generalised

Dirichlet polynomials.

1 Review from last week

Last time Horatio used Selberg functions to control L2-norm of a gener-

alised Dirichlet polynomial. In the context of Dirichlet polynomials the

estimate is the following.

Theorem 1.1. [Mon94, §7.2, Theorem 1] Let D be a Dirichlet polyno-

mial of length N with coefficients a ∈ CN . Then

(T − 2πN) ∥a∥22 ≤ ∥D(it)∥2L2[0,T ] ≤ (T + 2πN) ∥a∥22 .



1 Review from last week

Since ∥D(s)∥2kL2k =
∥∥D(s)k

∥∥2

L2 , we can use this result to also control

the L2k-norms as long as we can understand D(s)k. This is again a

Dirichlet polynomial with length Nk and coefficients

bn =
∑

n1...nk=n
ni≤N

an1 . . . ank
.

Using the fact that ∑
n≤x

σ0(n)
p ∼ x log(x)2

p−1

we can show that

∥b∥22 ≤ (1 + o(1))Nk log(Nk)2
2k−1 ∥a∥2k2 .

We can now obtain an upper bound.

Corollary 1.2. Let D be a Dirichlet polynomial as above. Then

∥D(it)∥2kL2k ≤ (1 + oN,k(1))(T +Nk)Nk log(Nk)2
2k−1 ∥a∥2k2

where the o(1) tends to zero as N → ∞.

Using Chebyshev’s inequality, we could bound the measure of the set

where the Dirichlet polynomial takes large values from knowledge of the

L2k-norms. We saw how the following conjecture of Montgomery could

be used to obtain better estimates in this direction.

Conjecture. [Mon94, §7.2, Conjecture 1] Suppose for convenience that

∥a∥∞ ≤ 1. Then

∥D(it)∥pLp ≪ε (T +Np/2)Np/2+ε

uniformly for p ∈ [2, 4].

We finished by showing how to prove this conjecture for the Dirichlet

polynomial with coefficients a = (1, . . . , 1), i.e., the partial sums of the

Riemann zeta function on the line σ = 0.
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2 Discrete mean value estimates

2 Discrete mean value estimates

This is based on [IK04, Section 9.3].

We have already obtained estimates on the number of large values of

Dirichlet polynomials with respect to Lebesgue measure. We would now

like to replace the Lebesgue measure with a counting measure supported

on a subset S of [0, T ]. We can therefore bound the number of elements

of our fixed subset for which a Dirichlet polynomial takes a large value

using Chebyshev’s inequality.

For the moment we replace the Dirichlet polynomial with an arbitrary

f ∈ C1[0, T ]. We would like to bound

∥f∥2L2(µ) =
∑
s∈S

|f(s)|2

in terms of ∥f∥2L2 . There are two potential problems with this.

(1) The measure µ could be concentrated around points where f is large

so that the L2([0, T ], µ)-norm overwhelms the L2-norm. This can be

fixed by asking that µ is “well-spaced”, e.g., if t, s ∈ supp(µ) and

|t− s| < 1 then t = s.

(2) If f oscillates with a high frequency, then µ can be supported on the

peaks of f , even if it is well-spaced. To control the oscillation, we

should expect some term corresponding to the derivative of f .

Lemma 2.1 (Gallagher). Let

1

2
< t1 < · · · < tn < T − 1

2

be well-spaced points and let f ∈ C1[0, T ] then

n∑
i=1

|f(ti)|2 ≤
∫ T

0

|f(t)|2 + |f(t)f ′(t)| dt.

Proof. If f ∈ C1[0, 1] then

f(x) =

∫ 1

0

f(t) dt+

∫ x

0

tf ′(t) dt+

∫ 1

x

(t− 1)f ′(t) dt
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2 Discrete mean value estimates

so

|f(1/2)| ≤
∫ 1

0

|f(t)|+ 1

2
|f ′(t)| dt.

If we replace f with f 2 we get

|f(1/2)|2 ≤
∫ 1

0

|f(t)|2 + |f(t)f ′(t)| dt.

Now apply this to each interval [ti− 1/2, ti+1/2] so that ti replaces 1/2.

Q.E.D.

Remarks 2.2. (1) The conditions on the sample points in the lemma

imply n ≤ T − 1.

(2) Up to a constant, the right hand side bound is a Sobolev W 1,1-norm

of f 2.

(3) We have∫ T

0

|f(t)|2 + |f(t)f ′(t)| dt = ∥f∥2L2 + ∥ff ′∥L1 ≤ ∥f∥2L2 + ∥f∥L2 ∥f ′∥L2

so we can state this as

∥f∥2L2(µ) ≤ ∥f∥L2 (∥f∥L2 + ∥f ′∥L2).

Corollary 2.3. [IK04, Theorem 9.4] Let D be a Dirichlet polynomial of

length N with coefficients a ∈ CN . If µ is a counting measure supported

on [0, T ] then

∥D(it)∥2L2(µ) ≤ (T + 2πN) log(2N) ∥a∥22 .

Proof. The derivative D′ is a Dirichlet polynomial of length N having

coefficients of ℓ2-norm at most log(N) ∥a∥2. Thus

∥D(it)∥2L2 ≤ (T + 2πN) ∥a∥22
∥D′(it)∥2L2 ≤ (T + 2πN) log(N)2 ∥a∥22 .

From these estimates the result follows.

Q.E.D.

As before, we can use this to obtain L2k(µ)-norm estimates. If we are

a bit more careful, we can replace the N ε with powers of logs or exact

terms depending on the coefficients.
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2 Discrete mean value estimates 2.1 Montgomery’s bound

Corollary 2.4. Let D and µ be as above.

∥D(it)∥2kL2k([0,T ],µ) ≪ε (T +Nk)Nk+ε ∥a∥2k2 .

Proof. This follows upon noting that ∥D(it)∥2kL2k([0,T ],µ) =
∥∥D(it)k

∥∥2

L2([0,T ],µ)
,

that D(it)k is a Dirichlet polynomial of length Nk and coefficients b sat-

isfying ∥b∥22 ≪ε ∥a∥2k2 Nk+ε, and by using the L2([0, T ], µ)-norm estimate

above.

Q.E.D.

Example 2.5. The corresponding large values estimate is

#{t ∈ S | |D(it)| ≥ V } ≪ε
(T +Nk)Nk+ε ∥a∥2k2

V 2k
.

The N ε can be replaced with a power of log(N) if we are more careful.

2.1 Montgomery’s bound

Let S be a finite subset of [0, T ] which is well-spaced, let µ be the cor-

responding counting measure and let R = #S. When R ≤ T 1/2, Mont-

gomery gives an improvement on the mean values bound. We will need

some preliminaries.

We recall the duality idea which stems from the fact that ∥A∥op =

∥A∗∥op for a complex matrix A, where ∥A∥op = sup∥x∥2≤1 ∥Ax∥2 denotes

the operator norm of A and

(A∗)ij = Aji

is the adjoint matrix. In particular, ∥A∥op ≤ c if and only if ∥A∗∥op ≤ c,

or in other words

∑
m≤M

∣∣∣∣∣∑
n≤N

Amnxn

∣∣∣∣∣
2

= ∥Ax∥2 ≤ ∥A∥op ∥x∥2 ≤ c ∥x∥2

for all x ∈ CN if and only if

∑
n≤N

∣∣∣∣∣∑
m≤M

Amnym

∣∣∣∣∣
2

= ∥Ay∥2 ≤ ∥A∗∥op ∥y∥2 ≤ c ∥y∥2
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2 Discrete mean value estimates 2.1 Montgomery’s bound

for all y ∈ CM . We will also need the following inequality

∣∣xTAy
∣∣ = ∣∣∣∣∣∑

m≤M

∑
n≤N

xmynAmn

∣∣∣∣∣ ≤ c1 ∥x∥2 ∥y∥2

where

c21 =

(
sup
n≤N

∑
m≤M

|Amn|
)(

sup
m≤M

∑
n≤N

|Amn|
)
.

This follows from an application of Cauchy–Schwartz.

Finally, we will need a pointwise bound on the partial sums of the

Riemann zeta function.

Lemma 2.6. Let

Z(s) =
∑
n≤N

n−s

for s ∈ C. Then

Z(it) ≪ N

t
+ t1/2 log t

for t ≥ 2.

Proof. Splitting into dyadic intervals, we have

Z(it) =

⌊log(N)/ log(2)⌋∑
j=1

⌊N/2j−1⌋∑
n=⌊N/2j⌋+1

n−it.

To compare this exponential sum to an integral we can use [Mon94,

Theorem 3.8] and to bound those integrals we can use [Mon94, Lemma

3.1]. The result is

∑
U<n≤2U

n−it ≪


U/t t < U,

t1/2 t1/2 < U ≤ t,

U U ≤ t1/2,

where the third bound is trivial. When t < ⌊N/2j⌋ we get

⌊log(N/t)/ log(2)⌋∑
j=1

⌊N/2j−1⌋∑
n=⌊N/2j⌋+1

n−it ≪
⌊log(N/t)/ log(2)⌋∑

j=1

N

2jt
≪ N

t
.
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2 Discrete mean value estimates 2.1 Montgomery’s bound

When t1/2 < ⌊N/2j⌋ ≤ t we get

⌊log(Nt−1/2)/ log(2)⌋∑
j=⌊log(Nt−1)/ log(2)⌋+1

⌊N/2j−1⌋∑
n=⌊N/2j⌋+1

n−it ≪ t1/2
(
log(Nt−1/2)

log(2)
− log(Nt−1)

log(2)

)
≪ t1/2 log t.

When ⌊N/2j⌋ ≤ t1/2 we get

⌊log(N)/ log(2)⌋∑
j=⌊log(Nt−1/2)/ log(2)⌋+1

⌊N/2j−1⌋∑
n=⌊N/2j⌋+1

n−it ≪
⌊log(N)/ log(2)⌋∑

j=⌊log(Nt−1/2)/ log(2)⌋+1

N

2j

≪ t1/2
(
log(N)

log(2)
− log(Nt−1/2)

log(2)

)
≪ t1/2 log t.

Q.E.D.

Theorem 2.7. Let D be a Dirichlet polynomial of length N with coef-

ficients a.

∥D(it)∥2L2(µ) ≪ (N +RT 1/2) log(2T ) ∥a∥22 .

Proof. Let S = {t1, . . . , tR} so that

∥D(it)∥2L2(µ) =
∑
r≤R

∣∣∣∣∣∑
n≤N

ann
−itr

∣∣∣∣∣
2

and the theorem will follow if we can establish the dual inequality∑
n≤N

∣∣∣∣∣∑
r≤R

ymn
−itr

∣∣∣∣∣
2

≪ (N +RT 1/2) log(2T ) ∥y∥22

for any y ∈ CR. Now∑
n≤N

∣∣∣∣∣∑
r≤R

yrn
−itr

∣∣∣∣∣
2

=
∑
n≤N

∑
r1,r2≤R

yr1yr2n
−i(tr1−tr2 )

= N ∥y∥22 +
∑

r1,r2≤M
r1 ̸=r2

yr1yr2
∑
n≤N

n−i(tr1−tr2 )

= N ∥y∥22 +
∑

r1,r2≤R
r1 ̸=r2

yr1yr2Z(i(tr1 − tr2)).
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2 Discrete mean value estimates 2.1 Montgomery’s bound

Now by the inequality stated before this result∣∣∣∣∣∣∣∣
∑

r1,r2≤R
r1 ̸=r2

yr1yr2Z(i(tr1 − tr2))

∣∣∣∣∣∣∣∣ =
(

sup
r1≤M

∑
r2≤M
r2 ̸=r1

|Z(i(tr1 − tr2))|
)
∥y∥22

To prove the theorem it suffices to show that c1 ≪ (N +RT 1/2) log(2T ).

This can be done with a pointwise estimate

Z(it) ≪ N

t
+ t1/2 log t

for t ≥ 2, which gives

sup
r1≤M

∑
r2≤M
r2 ̸=r1

|Z(i(tr1 − tr2))| ≪ max
r1≤R

∑
r2≤R
r2 ̸=r1

N

tr1 − tr2
+ T 1/2 log T

≪ 2N +N logR +MT 1/2 log T

≪ (N +RT 1/2) log(2T ).

Q.E.D.

Example 2.8. Let D be as in Montgomery’s result and suppose N ≪
RT 1/2. Then we obtain a bound on the density of large values of D in

S, namely

#{t ∈ S : |D(it)| ≥ V }
#S

≪ T 1/2 log(2T ) ∥a∥22
V 2

.
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