
DIVISOR CORRELATIONS II

JOSEPH HARRISON

1. Reminder from last time

Recall that we want to show∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣4 dt = TP (log T ) +Oε(T
7/8+ε),(1)

where P is a quartic polynomial. Using Heath-Brown’s functional equa-

tion for zeta, this reduces to understanding divisor correlations.

Theorem 2. ∑
n≤x

d(n)d(n+ r) = m(x, r) + E(x, r)(2)

where

m(x, r) = x
(
c0(r) + c1(r)(log x) + c2(r)(log x)

2
)
,

E(x, r) ≪ε x
5/6+ε, (r ≤ x5/6)∫ 2X

X

E(x, r). dx ≪ε X
5/2+ε (r ≤ X3/4)

The sum (2) is equal to

2
∑
q≤

√
x

D(x, q, r)−
∑
q≤

√
x

D(q
√
x, q, r) +Oε(rx

ε + x1/2+ε),

so it suffices to estimate sums

D(x, q, r) =
∑
n≤x

n≡r (mod q)

d(n).(3)

An asymptotic for D(x, q, r) can be derived using Perron’s formula if

we understand the Dirichlet series

F (s) =
∑
n≥1

n≡r (mod q)

d(n)

ns
.
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For c = 1 + ε, Perron gives

D(x, q, r) =
1

2πi

∫ c+iT

c−iT

F (s)xs

s
ds+Oε

(
x1+ε

qT

)
.

Draw a picture of the contour!

The function F (s) has just one pole at s = 1. When we shift the

contour from Re(s) = c to Re(s) = −ε < 0 we have

D(x, q, r) = R(x, q, r)(4)

+
1

2πi

(∫
γ1

+

∫
γ2

+

∫ −ε+iT

−ε−iT

)
F (s)xs

s
ds.(5)

+O

(
x1+ε

qT

)
.(6)

Heath-Brown proves a general estimate for ∆(x, q, r) = D(x, q, r) −
R(x, q, r), but we will just restrict attention to the following.

Corollary 1. ∆(x, q, r) ≪ x1/3+ε for q ≤ x2/3.

In order to estimate the integrals in (4), we will need a pointwise

bound for F (s).

On the way, we also saw the equation

F (s) = 2G(s)2

(∑
k≥1

u(k, q,−r)ks−1 − cos(πs)
∑
k≥1

u(k, q, r)ks−1

)
(7)

valid for σ < 0, where G(s) = Γ(1− s)(2π)s−1q−s and

u(k, q, r) =
∑
ab=k

∑
1≤α,β≤q

αβ≡r (mod q)

eq(aα + bβ).

2. Bounds on the sums u(k, q, r)

We will use (7) to bound the integrals that appear when using Per-

ron’s formula. It is thus necessary to bound the sums u(k, q, r).

Focus on the inner sum in u(k, q, r) so a, b are fixed. Let δ = (α, q) so

that α = Aδ, q = δQ. If αβ ≡ r (mod q) then r = δR. If A−1 denotes

an inverse of A mod q then β ≡ A−1R (modQ). Thus β = A−1R+mQ
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for some m (mod δ). Therefore∑
αβ≡r (mod q)

eq(aα + bβ) =
∑
δ|(q,r)

∑
A (modQ)
(A,Q)=1

∑
m (mod δ)

e

(
aAδ + A−1bR + bmQ

δQ

)

=
∑
δ|(q,r)

∑
A (modQ)
(A,Q)=1

e

(
aA+ A−1δ−1bR

Q

)
δ1(δ | b)

=
∑

δ|(q,r,b)

δS(a, δ−1bR,Q),

where

S(u, v, q) =
∑

ab≡1 (mod q)

eq(au+ bv)

is the Kloosterman sum. Now Estermann’s bound

|S(u, v, q)| ≤ d(q)q1/2(u, v, q)1/2

implies

|u(k, q, r)| ≤ d(k)d(q)2q1/2(k, q)1/2.

Then ∑
k≤x

|u(k)| ≪ε x
εd(q)2q1/2

∑
k≤x

(k, q)1/2

≤ xεd(q)2q1/2
∑
d|q

d1/2
x

d

≤ x1+εd(q)3q1/2.

By partial summation we have∑
k≥1

|u(k, q, r)|kσ0−1 ≪ d(q)3q1/2

for σ0 < 0.

3. Pointwise bound for F (s)

We will use the following Phragmén–Lindelöf principle.
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Theorem 3.1. [IK04, Theorem 5.53] Let f(s) be analytic on open

neighbourhood of the strip σ0 ≤ σ ≤ σ1 such that |f(s)| ≤ exp(|s|A)
on this strip, for some A ≥ 0. Assume that

|f(σ0 + it)| ≤ C1(σ0)(1 + |t|)α,

|f(σ1 + it)| ≤ C2(σ1)(1 + |t|)β,

for all t ∈ R. Then for all σ0 ≤ σ ≤ σ1 one has

|f(σ + it)| ≤ C1(σ0)
σ−σ1
σ0−σ1C2(σ1)

1− σ−σ1
σ0−σ1 (1 + |t|)α

σ−σ1
σ0−σ1

+β
(
1− σ−σ1

σ0−σ1

)
.

We will take σ0 < 0 and σ1 > 1 + ε, so that the strip σ0 ≤ σ ≤ σ1

contains the contour. We actually work with the function

f(s) = F (s)− d(a)a−s − d(b)b−s,

where a is the smallest positive integer congruent to r (mod q) and b is

the closest positive integer to x, other than a, with b ≡ r (mod q).

We consider σ = σ0 < 0 and apply the functional equation (7). For

σ = σ0 we have

|G(s)| ≪ (1 + |t|)1/2−σ0 exp

(
−|t|π

2

)
q−σ0 .

Therefore

|F (s)| ≪ (1 + |t|)1−2σ0q−2σ0

∑
k≥1

(|u(k, q, r)|+ |u(k, q,−r)|)kσ0−1

≪ (1 + |t|)1−2σ0q1/2−2σ0d(q)3.

Since |d(a)a−s|, |d(b)b−s| ≪ bε−σ0 , we have

|f(s)| ≪ q1/2−2σ0b−σ0(bq)ε(1 + |t|)1−2σ0 .

When σ = σ1 we have

|f(s)| ≤
∑

n≡r (mod q)
n̸=a,b

d(n)n−σ1 ≪
∑
m≥1

(r +mq)ε−σ1 ≪ qε−σ1 .

We also need to know that |f(s)| ≤ exp(|s|A) on the strip. Heath-

Brown deduces this from the formula for F (s) in terms of Hurwitz zeta

functions.



DIVISOR CORRELATIONS II 5

By the Phragmén–Lindelöf principle, this shows that

|f(s)| ≤ (q1/2−2σ0b−σ0(bq)ε)
σ−σ1
σ0−σ1 q

(ε−σ1)
(
1− σ−σ1

σ0−σ1

)
(1 + |t|)(1−2σ0)

σ−σ1
σ0−σ1

(8)

4. “Proof” of Theorem 3

From the upper bound on |f(s)| we have a bound for the integrals

along horizontal lines∣∣∣∣∫ 1+ε±iT

−ε±iT

f(s)
xs

s
ds

∣∣∣∣≪ (xbT )ε
(
q1/2 +

x

qT

)
,

which follows from (8).

Since |F (s) − f(s)| ≪ bε when σ = −ε, it suffices to estimate the

integral ∫ −ε+iT

−ε−iT

F (s)
xs

s
ds

with F in the integrand. We use the functional equation (7) again. We

have ∫ −ε+iT

−ε−iT

G(s)2
∑
k≥1

u(k)ks−1x
s

s
ds ≪ q1/2+ε

from an estimateG(s)2 ≪ e−|t|qε and our estimate for the sum involving

u(k). The other integral∫ −ε+iT

−ε−iT

g(s)
∑
k≥1

u(k)ks−1 ds

where g(s) = G(s)2xs/s is dealt with by moving the sum out of the

integral and bounding ∫ −ε+iT

−ε−iT

g(s)ks−1 ds

on various ranges of k.

Eventually this leads to

1

2πi

∫ i∞

−i∞
g(s)ns−1 ds = −q−1(x/n)1/2Y1(2π(xn)

1/2/q),
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where Y1 is one of the Bessel functions. An asymptotic

Y1(z) = −(2/πz)1/2 cos(z − π/4) +O(z−1)

for z > 0 gives the main term in the following.

Recall that

D(x, q, r) = R(x, q, r) + ∆(x, q, r).

Theorem 3. For ε > 0, we have

∆(x, q, r) =
x1/4q−1/2

π
√
2

∑
n≤N

u(n, q, r)n−3/4 cos

(
4π

√
nx

q − π/4

)
+O

(
(Nx)ε

(
q1/2 + x1/2N−1/2

))
.

uniformly for q ≥ 1, x ≥ 1, N ≥ q2x−1.

This is perhaps a generalisation of a classical statement about the

divisor function.

To prove Theorem 2, it suffices to show that the terms R(x, q, r)

substituted into the formula for the divisor convolutions in terms of

D(x, q, r) give the right contribution m(x, r) with a small error.
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