DIVISOR CORRELATIONS II

JOSEPH HARRISON

1. REMINDER FROM LAST TIME

Recall that we want to show

(1) /OTC(%~I—Z'L‘>4

dt = TP(logT) + O(T7/3%¢),
where P is a quartic polynomial. Using Heath-Brown’s functional equa-

tion for zeta, this reduces to understanding divisor correlations.

Theorem 2.
(2) Z: d(n)d(n +r) = m(z,r) + E(z,r)
where -
m(z,r) =z (co(r) + e1(r)(log z) + ex(r) (log )?) ,
E(z,r) <. %0t (r < 25/9)

2X
/ E(x,7). do <. X??te  (r < X34
X

The sum (2) is equal to

2 D(x,q,7) = Y D(avV,q,r) + O-(ra® +a'/7*9),

q<Vzx <z
so it suffices to estimate sums
(3) D(z,q,r)= Y _ d(n).

n<x
n=r (mod q)

An asymptotic for D(z,q,r) can be derived using Perron’s formula if
we understand the Dirichlet series

Fis)= Y dn)

ns
n>1
n=r (mod q)

1




2 JOSEPH HARRISON

For ¢ =1+ ¢, Perron gives

1 c+iT F(S)JJS .CL’H_E
D — ds + O, .
(@.q.7) = 27”/ iT S o ( qT )

Draw a picture of the contour!

The function F(s) has just one pole at s = 1. When we shift the
contour from Re(s) = ¢ to Re(s) = —e < 0 we have

(4) D(z,q,r) = R(x q,r

) ‘o (/ L))
©) Lo ().

Heath-Brown proves a general estimate for A(x,q,7) = D(x,q,r) —

R(z,q,r), but we will just restrict attention to the following.
Corollary 1. A(z, q,7) < 23+ for ¢ < 22/3,

In order to estimate the integrals in (4), we will need a pointwise
bound for F(s).
On the way, we also saw the equation

(7) F(s) =2G(s)? (Z u(k,q, —r)k*! — cos(ms) Zu(k, q, T)k51>

k>1 k>1

valid for 0 < 0, where G(s) = I'(1 — 5)(27)* ¢ and

u(k,q,r Z Z eq(ac + bp).

ab=k 1<a,B<q
af=r (modq)

2. BOUNDS ON THE SuMS u(k,q,r)

We will use (7) to bound the integrals that appear when using Per-
ron’s formula. It is thus necessary to bound the sums u(k, g, ).

Focus on the inner sum in u(k, g, ) so a, b are fixed. Let § = («a, q) so
that o = Ad,q¢ = 0Q. If a8 = r (mod q) then r = dR. If A~ denotes
an inverse of A mod ¢ then 3 = A™'R (mod Q). Thus 8 = A"'R+mQ
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for some m (mod ). Therefore

A5+ AR + bmQ
Z eqlac +05) = Z Z Z) (a 5Q = )

af=r (modq) d|(q,r) /é (ond Q) m (mod §

)=1
Yy (aA+AC;5—1bR)51(5|b)

d|(q,r A(mon
(AQ)=

= Y 68(a,67'bR, Q),

6](g;m,b)

where

S(u,v,q) = Z eq(au + bv)

ab=1 (mod q)

is the Kloosterman sum. Now Estermann’s bound
1S (u, v, q)| < d(q)q"*(u,v,q)?
implies
u(k, g,7)| < d(k)d(q)*q"*(k, q)""*.

Then

> (k)| < 2%d(q)*q ) (k. q)'?

k<z k<z

T
< $5d(Q)2q1/2 Z dl/?g

dlq
< $1+5d(q)3q1/2.

By partial summation we have

> lulk, g, )kt < d(q)*q"?

k>1

for o¢ < 0.

3. POINTWISE BOUND FOR F'(s)

We will use the following Phragmén—Lindelof principle.
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Theorem 3.1. | , Theorem 5.53] Let f(s) be analytic on open
neighbourhood of the strip 0y < o < o, such that |f(s)| < exp(|s|?)
on this strip, for some A > 0. Assume that

|f (o0 +it)| < Ci(o0)(1 +[t]),

[f(or +it)] < Calon)(1+[t])7,

for all t € R. Then for all g < o < 07 one has

F(o 4 it)] < Culon)-7 Colon)' =751 (14 [a]) T 20 550).

We will take 0 < 0 and o7 > 1+ ¢, so that the strip o9 < 0 < 04
contains the contour. We actually work with the function

f(s) = F(s) = d(a)a™ = d(b)b",

where a is the smallest positive integer congruent to r (mod ¢) and b is
the closest positive integer to z, other than a, with b = r (mod q).
We consider o = 0y < 0 and apply the functional equation (7). For

o = 09 we have

t
Gl < (14 e exp (7 )

Therefore

[P (s)] < (L [e)720q 727 Y (fulk, ¢, )| + Ju(k, g, —r) )57

k>1
< (1 + ‘t’)17200q1/27200d(q)3_

Since |d(a)a=|,|d(b)b=*| < b=, we have
|f(8)| <K q1/2—200b_00 (bq)g(l + |t|)1_200,

When o = 0; we have

FI< D dmn™ <Y (r+me)™ " < g
n=r (mod q) m>1
n#a,b

We also need to know that |f(s)| < exp(|s|*) on the strip. Heath-
Brown deduces this from the formula for F'(s) in terms of Hurwitz zeta

functions.
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By the Phragmén—Lindel6f principle, this shows that

®)
F)] < (@272 (bg)) oo g = (R0 (1 o 2

4. “PROOF” OF THEOREM 3

From the upper bound on |f(s)| we have a bound for the integrals
along horizontal lines

1+€i2T
‘ / — ds
—e+iT

T 12 , %
<y ( tar ) ’
which follows from (8).

Since |F(s) — f(s)| < b° when o = —e¢, it suffices to estimate the

integral
—e+iT s
/ F(s) s
—e—iT S

with F'in the integrand. We use the functional equation (7) again. We
have

—€+iT :L.s
/ G(s)* > u(k)k*™' = ds < ¢'/**
—e—iT E>1 S

from an estimate G(s)? < e~ !l¢° and our estimate for the sum involving
u(k). The other integral

/__E‘Z g(s) Zu(k)ks_l ds

e—iT E>1

where g(s) = G(s)*r®/s is dealt with by moving the sum out of the

—e+iT
/ g(s)k* ' ds

e—iT

integral and bounding

on various ranges of k.
Eventually this leads to

1 200 B B
o [ (s ds =~ /) Vi 2(em) 2 ),

—100
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where Y] is one of the Bessel functions. An asymptotic
Yi(z) = —(2/72)Y? cos(z — 7/4) + O(z71)

for z > 0 gives the main term in the following.
Recall that

D(x,q,7) = R(z,q,7) + Az, q,7).

Theorem 3. For £ > 0, we have

1/4
R Z u(n, q,m)n"** cos (
7r\/§ N

+0 ((Nx)a <q1/2 + x1/2N—1/2)) '

—1/2

Az, q,r) =

=0

uniformly for ¢ > 1,2 > 1, N > ¢z~ L.

This is perhaps a generalisation of a classical statement about the
divisor function.

To prove Theorem 2, it suffices to show that the terms R(z,q,r)
substituted into the formula for the divisor convolutions in terms of

D(z,q,r) give the right contribution m(x,r) with a small error.
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