
ELLENBERG–VENKATESH NOTES

JOSEPH HARRISON

We continue discussing bounds for class group torsion in quadratic

fields F . From the work of Pierce, we have

|ClF [3]| ≪ε |∆F |1/2−1/28+ε ≤ |∆F |0.4643....

From the work of Helfgott–Venkatesh, we have

|ClF [3]| ≪ |∆F |0.4417....

Ellenberg and Venkatesh leverage a new idea to show

|ClF [3]| ≪ε |∆F |1/3+ε.

They also prove conditional results for higher torsion, and conditional

and unconditional results for higher degree number fields.

1. Preliminaries

Let F = Q(
√
d) be a quadratic number field, with d a square-free

integer. Then F/Q is Galois, with one non-trivial automorphism α 7→ α,

sending
√
d to −

√
d. If α ∈ F then its norm is

N(α) = αα ∈ Q.

Note that this can be negative.

Recall that α ∈ F is an algebraic integer if it satisfies a monic poly-

nomial equation with integer coefficients. The ring of algebraic integers

OF contained in F is Z+ ηdZ, where

ηd =

(1 +
√
d)/2 d ≡ 1 (mod 4),

√
d d = 2, d ≡ 3 (mod 4).

The norm of an OF -ideal I is |OF/I|. If I = αOF is a principal ideal,

then N(I) = |N(α)|.
1
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Suppose α = x+ yηd ∈ OF . Then

N(α) =

x2 + xy + ((1− d)/4)y2 d ≡ 1 (mod 4),

x2 − dy2 d = 2, d ≡ 3 (mod 4).

For a prime ideal P ⊆ OF , we have three options.

(1) (P inert) P = pOF for a rational prime p. Then N(P ) = p2.

(2) (P ramified) N(P ) = p for a rational prime p, and P = P .

(3) (P split) N(P ) = p for a rational prime p, and P ̸= P .

The Kronecker symbol determines the type of prime: if P lies above

p,

(
∆F

p

)
=


1 P split,

0 P ramified,

−1 P inert.

The Kronecker symbol is a Dirichlet character χF modulo |∆F | of order
2.

2. Ellenberg–Venkatesh lemma

Let us recall the argument from the introductory talk. Suppose F =

Q(
√
d) where d is negative. Before we assumed d ≡ 3 (mod 4), so let us

now assume d ≡ 1 (mod 4).

(1) Let P1, . . . , PM be split prime ideals lying above distinct primes

p1, . . . , pM ≤ |d|1/2ℓ/4.
(2) Suppose I = αOF is a principal OF -ideal satisfying N(I) < |d|/4.

Let α = x+ yηd. Then

N(I) = N(α) = x2 + xy +
1− d

4
y2 < |d|/4

so that if we multiply both sides by 4

(2x+ y)2 − dy2 < |d|.

Thus y = 0 so I is generated by an integer.

(3) Let |a|, |b| ≤ ℓ be integers. Then

N
(
P a
i P

b
j

)
= p

|b|
i p

|b|
j < d.
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Therefore if P a
i P

b
j is principal, it must be generated by an integer by

(2).

(4) If P a
i P

b
j is generated by an integer, then Galois acts on this prime

factorisation. In other words, Pi = Pi or Pi = Pj. Either Pi is

ramified or pi = pj, and both cases are impossible.

(5) Then P1, . . . , PM lie in distinct cosets of ClF [ℓ]: if Pi, Pj lie in the

same coset then PiP
−1
j ∈ ClF [ℓ], so P ℓ

i P
−ℓ
j is principal, which is

impossible by (4).

(6) Finally, this proves that |ClF /ClF [ℓ]| ≥ M so that

|ClF [ℓ]| ≤ |ClF |M−1.

The same argument becomes even easier when d ≡ 3 (mod 4), and

proves the following Ellenberg–Venkatesh lemma for imaginary quadratic

fields. We include the case of real quadratic fields in the statement, to

be handled later.

Lemma 2.1. [EV07, Lemma 3] Let F/Q be a quadratic extension, let

ℓ be a positive integer and let δ < 1/2ℓ. Suppose p1, . . . , pM are split

prime OF -ideals satisfying N(pi) ≤ |∆F |δ. Then

|ClF [ℓ]| ≪ε,ℓ |∆F |1/2+εM−1.

Remarks 2.2. (1) The only problem with extending the previous ar-

gument to real quadratic fields is the indefiniteness of the norm in

that case. Ellenberg–Venkatesh prove a version of this for arbitrary

relative extensions K/K0, but we just focus on the quadratic case.

(2) Having P and P is allowed. This doesn’t really change the effect that

M has on the size of ClF [ℓ].

(3) At best we have M ≫ |∆F |1/2ℓ(log |∆F |)−1, and so we cannot expect

to use the Ellenberg–Venkatesh lemma to obtain savings that don’t

decay with ℓ.

(4) Then number of split primes of norm N(P ) ≤ |∆F |δ is∑
p≤|∆F |δ

1 + χF (p)− ω(∆F ) =

(1 + o(1))
|∆F |δ

log |∆F |δ
+

∑
p≤|∆F |δ

χF (p) +O(log |∆|).
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To generate enough split primes in a quadratic field, we would need

something like ∑
p≤|∆F |δ

χF (p) = o

(
|∆F |δ

log |∆F |δ

)
for various fixed δ ∈ (0, 1).

3. Small non-inert primes

3.1. Conditional results and effective Chebotarev density. Let

MF (x) denote the number of split primes P in OF with N(P ) ≤ x. We

state the effective Chebotarev density theorem of Lagarias–Odlyzko for

split primes in quadratic fields.

Theorem 3.1. [LO77, Theorem 1.1] Suppose GRH holds for ζF and

x > 2. Then∣∣∣∣MF (x)−
1

2
Li(x)

∣∣∣∣ ≪ x1/2 log(|∆F |x2) + log |∆F |.

Suppose x = |∆F |δ > 2. Then if GRH holds for ζF then

MF (|∆F |δ) =
1

2

|∆F |δ

log |∆F |δ
+O

(
|∆F |δ

(log |∆F |)2
+ |∆F |δ/2 log |∆F |

)
.

Then we can take M = MF (|∆F |δ) ≫ε,ℓ |∆F |1/2ℓ−ε in the Ellenberg–

Venkatesh lemma. This gives the following.

Theorem 3.2. [EV07, Proposition 1] Assume GRH holds for ζF . Then

|ClF [ℓ]| ≪ε,ℓ |∆F |1/2−1/2ℓ+ε.

Ellenberg–Venkatesh obtain the saving 1/2ℓ(d− 1) for a number field

of degree d, again under the assumption of GRH for ζF .

3.2. Unconditional results and reflection principles. The case ℓ =

3 can be proved without GRH.

For convenience, let

h3(d) = dimF3 ClQ(
√
d)[3]

denote the 3-rank of the class group. We need a version of the Scholz

reflection principle.
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Lemma 3.3 (Scholz reflection principle). [EV07, Lemma 5] Let d ̸= −3

be a square-free integer. Then

|h3(d)− h3(−3d)| ≪ 1.

We show how the reflection principle can be used to obtain bounds on

the 3-torsion in class groups of quadratic fields.

Theorem 3.4. [EV07, Propostion 2] Let F be a quadratic field. Then

|ClF [3]| ≪ε |∆F |1/3+ε.

Proof. Suppose F = Q(
√
d) and let K = Q(

√
−3d). If p ∤ 6d and

p ≡ 2 (mod 3) then (−3 | p) = −1. Then (d | p) = 1 or (d | p) = −1. In

the first case p splits in F , and in the second case(
∆K

p

)
=

(
−3d

p

)
= 1,

so p splits in K. Thus either F or K admits ≫ d1/6 split primes

p ≤ d1/6. Applying the Ellenberg–Venkatesh lemma with whichever field

contains many split primes, we show that either h3(d) or h3(−3d) is

≪ε d
1/2−1/6+ε = d1/3+ε. By the Scholz reflection principle, we obtain the

result for F and K.

Q.E.D.

Proof of the Scholz reflection principle. Let L = Q(
√
d,
√
−3d),

which is the same as Q(
√
d,
√
−3).

We have the Kummer sequence of étale sheaves

1 → µ3 → Gm → Gm → 1

over OL. This gives rise to a long exact sequence in étale cohomology,

which in turn gives the short exact sequence

1 → O×
L/(O

×
L )

3 → H1
ét(OL, µ3) → ClL[3] → 1.

Let A be H1
ét(OL, µ3), whose elements can be regarded as elements of L×

with valuations at all primes divisible by 3.

Let L′ be the extension of L obtained by adjoining all cube roots of

elements of A. The map

A → Hom(Gal(L′/L), µ3(L
′))

x 7→
(
σ 7→ σ(x1/3)x−1/3

)
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is an isomorphism of Gal(L/K)-modules.

Let G be the Galois group of the maximal abelian extension of L′,

unramified away from 3. Then the kernel of G → B is a finite group

with uniformly bounded order.

4. Arakelov class groups

Let F = Q(
√
d) be a real quadratic field. Let F∞ = F ⊗R = R⊕

√
dR.

Then the two real places extend to ring homomorphisms F∞ → R. Since
we can extend the real places, we can also extend the norm to F∞.

Let F×
∞

∼= R× × R× be the unit group, and let F
(1)
∞ be the subgroup

of elements of norm 1. Under the isomorphism of F×
∞ with R× ×R×, the

group F
(1)
∞ is identified with the subgroup of pairs (x, y) ∈ (R×)2 with

xy = 1. In particular F
(1)
∞ ∼= R× ∼= {±1} × R.

We define the group of Arakelov divisors of degree zero

D̃iv
0

F = {(x, I) ∈ F×
∞ × IF : N(x) = N(I)}.

We can call x the archimedean component and I the non-archimedean

component. Then F× embeds diagonally into D̃iv
0

F as (x, (x)). The

image of F× is the subgroup of principal divisors. The quotient

C̃lF = D̃iv
0

F/F
×

of the Arakelov divisors by the principal divisors is the Arakelov class

group.

Consider the projection C̃lF → ClF sending [x, I] to [I]. The kernel

consists of classes of Arakelov divisors of the form [x, (y)] where y ∈ F×.

In this case x and y differ by an element of F
(1)
∞ . We have a short exact

sequence

1 → F (1)
∞ /O×

F → C̃lF → ClF → 1.(1)

In particular, C̃lF is a union of |ClF | copies of the torus F
(1)
∞ /O×

F . Note

that

F (1)
∞ /O×

F
∼= ({±1} × R)/({±1} × Z) ∼= R/Z.

For real quadratic fields, everything is very explicit and we have the

following diagram.
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1 O×
F F

(1)
∞ F

(1)
∞ /O×

F 1

1 ⟨±ε⟩ R R/ log |ε|Z 1

log |·| ∼=

If we put a measure on F
(1)
∞ that is compatible with the diagram, then

we get a measure µ induced on the torus so that

µ(F (1)
∞ /O×

F ) = log |ε| = RegF .

We also get a measure on C̃lF such that

µ(C̃lF ) = hFµ(F
(1)
∞ /O×

F ) = hF RegF

A special case of the Brauer–Siegel theorem says that

log(hF RegF ) ∼ log(|∆F |1/2),

and it follows that

|∆F |1/2−ε ≪ε hF RegF ≪ε |∆F |1/2+ε

since the implicit o(1) in the asymptotic eventually lies in (−ε, ε).

Note: it is conjectured (and claimed to have been proved in a preprint

this week!) that there are infinitely many real quadratic fields with hF =

1. If we had not added the contribution RegF from the place at infinity,

we would not be able to prove the lower bound above.

If the big-O constant in the lower bound were effective, then it would be

possible to prove |∆F | ≤ c1h
100
F for imaginary quadratic fields. Thus gives

an effective procedure to find all imaginary quadratic fields of a given

class number (a problem proposed by Gauss, and solved by Goldfeld,

Gross, Zagier, etc. in the 1980s).

We also have a height H(x, I) of an Arakelov divisor, which is com-

patible with the height on F× in the sense that

D̃iv
0

F R

F× R

H

H

commutes.

We omit the proof of the following lemma.

Lemma 4.1. If α generates F over Q, then H(α) ≫ |∆F |1/2.
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We can now prove the Ellenberg–Venkatesh lemma for real quadratic

fields.

Lemma 4.2. [EV07, Lemma 3] Let F/Q be a quadratic extension and

let ℓ be a positive integer. Suppose p1, . . . , pM are split prime OF -ideals

satisfying N(pi) ≤ |∆F |δ. Then

|ClF [ℓ]| ≪ε,ℓ |∆F |1/2+εM−1.

Proof. Since F
(1)
∞ /O×

F
∼= R/Z, taking ℓ-torsion in the exact sequence (1)

we have

1 → Z/ℓZ → C̃lF [ℓ] → ClF [ℓ] → 1,

so it suffices to bound the size of C̃lF [ℓ] (the exact sequence shows that

it must be a finite group).

If we let G = C̃lF , P = F×, Pℓ = ℓG + P , then we have the exact

sequence

1 → C̃lF [ℓ] → G/P → Pℓ/P → 1.

Thus

|∆F |1/2+ε ≫ε µ(G/P ) = |C̃lF [ℓ]|µ(Pℓ/P ),

and it suffices to bound µ(Pℓ/P ) from below by M .

Let

T =

{
(x, I) ∈ D̃iv

0

F :
I ∈ {P1, . . . , PM},

∀v1, v2, 2−1/ℓ ≤ |x|v1/|x|v2 ≤ 21/ℓ

}
and T ℓ = {(xℓ, Iℓ) : (x, I) ∈ T}. Since T ℓ ⊆ Pℓ, we have

µ(Pℓ/P ) ≥ µ(T ℓ/P ).

Showing that µ(T ℓ/P ) is large amounts to showing that the map

T ℓ → C̃lF

sending an Arakelov divisor to its class has small fibres.

Let tℓ1, t
ℓ
2 lie in the same fibre. Then tℓ1 = (u, uOF )t

ℓ
2 for some u ∈ F×.

From the definition of the height, it can be shown that

H(u) ≪ |∆F |ℓδ.
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This is where we need the extra conditions on the archimedean parts of

elements of T .

By our choice of δ, Lemma 4.1 shows that u ∈ Q. Without loss of

generality, we can assume that the non-archimedean components of t1, t2
are P1, P2, respectively. Then

P ℓ
1P

−ℓ
2 = uOF .

Since P1, P2 are split primes we must have u = ±1 and P1 = P2. It

follows that the map T ℓ → C̃lF has at most two points in each fibre.

From this we have

µ(Pℓ/P ) ≥ µ(T ℓ/P ) ≥ 1

2
µ(T ℓ) ≫ Mµ

({
(x, P ℓ

1) ∈ T ℓ
})

≫ℓ M.

In the last step, we have used the unproven fact that volume of the set

cut out by the archimedean conditions depends only on ℓ.

Q.E.D.
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