GEOMETRY OF CHARACTER SUMS

JOSEPH HARRISON

1. HASSE-WEIL BOUND

In analytic number theory, one often encounters sums involving Dirich-
let characters or the additive characters a +— e,(a). Such sums can be
related to IF,-points on certain algebraic varieties, or more complicated
geometric objects.

To fix ideas, we consider the sums

-z,

a (mod p)

for a polynomial f of degree d > 2. This sum arises when counting
F,-points on the curve

Indeed, one has

a (mod p) p
a

S (f( )>
a (mod p) p

It is clear that “square-root cancellation” bounds for Sy are implied by
the following.
Theorem Let C/F, be a smooth, projective, connected curve of

genus g. Then

|IC(Fy)| —p—1] < 29v/p
Remarks
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(1) If we lift the curve to Z, then we can consider the set C'(C)
of complex points, which is a complex manifold. Draw picture
to describe the genus. Here we already see topological features
present in point counting over finite fields.

(2) When g = 1, this was proved by Hasse (1930s). In general it
was proved by Weil (1940s).

Recall that over F, we have the Frobenius automorphism, defined
by x +— 2P, and that F, is exactly the fixed field of this automorphism.
In particular, this induces a Frobenius morphism ¢ : C' — C. If C
is embedded into projective space, then the Frobenius morphism of C

acts by the Frobenius automorphism on the homogeneous coordinates

dlag: - ray) = (xh - 2k).

Like the Frobenius automorphism, ¢ has degree p, i.e., a generic point
has p preimages.

Our approach to proving the Hasse-Weil bound is the following.
Consider C' x C', which is an algebraic surface. On C' x C, we have two

curves, both isomorphic to C: the graph of the Frobenius
[={(P,¢(P)): PeC},
and the diagonal
A={(P,P): PeC}.
It is now clear that
|C(Fy)| = TN A

The intersections of I' and A with various other curves on C' x C will
constrain what I' N A can be. Much of this will use the fact that the
surface C' x C' has a very special geometry.

2. INTERSECTION THEORY

Let X be a (smooth, projective, irreducible) surface over a field k,
i.e., an algebraic variety of dimension two. A divisor on X is a Z-linear

combination of curves on X

D:(I101+"'—|—an0n.
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The divisors form a group Div(X). The start of intersection theory
is the intersection pairing D, - Dy of two divisors, which satisfies the
following properties.

(1) The pairing Z-bilinear and Z-valued.

(2) If Cy, Cy are transverse curves on X then
Cy-Cy =|C1NCy.

(3) If Dy, Dy are divisors, and Dy “deforms” to Dj in a 1-parameter
family !, then

D,-Dy=D, - Ds.

We will write Dy ~ D3 if Dy deforms to D3 in a family.

To calculate Dy - Dy when Dy, Dy have non-transverse components,
we need to “move” the components using property (3), and then use (2).
Draw a picture showing “moving” the z-axis to compute its intersection
with y = 22.

Bézout’s theorem Let C, 05 be curves in P? of degrees d;,ds. It
can be shown that

for lines Ly, Ly C IP2. If the lines are distinct then
01 . CQ = dldQ(Ll . LQ) = dldg.

This is a special property of P2. Bézout will not be true for other
surfaces.

Adjunction formula There is a divisor Kx on X with the following
property. Let D be a smooth, irreducible curve on X. Then

2g(D) —2=D*+D - Kx.
The class of Kx up to “deformation” is called the canonical class of X.

IThis is actually only true for effective divisors, i.e., divisors with non-negative
coefficients. One can extend the 1-parameter deformation notion to non-effective
divisors, and this is called linear equivalence.
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3. WEIL’S GEOMETRIC PROOF

We work on the surface C'x C'. The curves I' and A meet transversely

(consider their tangent spaces), so
T'NAl=T"A.
Let A, B be integers, and let
D = Al + BA € Div(C x C).
We will use the following consequence of the Hodge index theorem
D?* <2(D-ay)(D - ay),

where aq, ag are C' X { Py} and {Fy} x C' (changing the point amounts
to deforming the divisors).
We first consider the left hand side. We have

D? = AT? + 2AB(T - A) + B*A”.

The self-intersections can be computed with the adjunction formula.
First,

? =29 —2—-T- Kexe
We have the Kunneth formula

Kexe =C x Ko+ Ko x C.
The canonical of C' can be written

Ke=abPr+--+a, b,

for some points P, ..., P, on C. Then

n

[ (CxKe)=)Y al (Cx{P}).

i=1
Since the Frobenius morphism has degree p, we have I'- (C'x { P;}) = p.
This is because the intersection simply counts those points () such that
#(Q) = P;. By the Riemann—Roch theorem for C', we know the degree

of canonical divisor

I'-(C'x Ke) = Zaip: (29 — 2)p.
i=1
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Similarly, we have
I' (KexC)=2g—2.
Thus T'? = —(2g — 2)p. Similarly
A?=29(A) =2 - A X Ko =29—-2—2(29—2)=—(29 —2).
Thus the left hand side is
2AB(T - A) — (29 — 2)(A%p + B?).

We now consider the right hand side. The computations here are

easier. We have
IN'ag=p, 'as=A a1 =47 ay=1.
Thus the right hand side is
2(Ap+ B)(A+ B).

Rearranging the inequality gives

Ap B
F-A§p+1+g(§p+z).

Since we can change the sign of A or B, we have

B

Ap
' A—p—1|<g|=£L4+2).
| p |_g<B+A)

Now choose sequence A, B, such that B,/A, — v/P- Recalling the
fact that

A =|C(E,)

proves the theorem.

4. BEYOND THE HASSE-WEIL BOUND

Let now X/Z be a surface, so we can consider X/F, and X/C.
Choose a prime ¢ different from p. Grothendieck proved the trace

formula

(X (Fp)| =1 —te(¢| Vi) + tr( | Va) — te(o | Va) + p7,
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where the V; are finite-dimensional Q-vector spaces, and tr(¢|V;)
means the trace of an operator on V; induced by the Frobenius ¢ :
X = X.

Artin proved (more or less) that the V; are isomorphic to the vector
spaces

H'(X(C),Qy).
Let b; = dim(V;). Poincaré duality says that by = bs.
Deligne (1970s) proved the so-called “Riemann hypothesis” for vari-
eties over [F,. In our case, this says that every eigenvalue of ¢ acting
on V; has absolute value p”/2. Thus

“X |—p —1|<b1p1/2+b2p+b3p/2 (b1+b2+b3)p3/2.

Now suppose that X (C) is simply-connected, i.e., every continuous
curve on X (C) can be contracted to a point. Then H,(X(C),Z) =
71(X(C))*" is trivial. By Poincaré duality, H*(X(C),Z) is trivial, so
by = b3 = 0. Thus

X (Fy)] = p* = 1| < bap.
Example Let fi(z) = 2 + 'z 4+ % 4+ 1, and let X be the surface
y* = filz)

in coordinates (x,y,t). Then X (C) is simply-connected. We also have

XE) =p+1+ 3 1+(fb( ))

a,b (mod p) p
a
=p’+p+1+ Z (—fb( )>.
b (mod p
a,b (mod p)

It is known that by = 22 in this case, so that

3 4 6 1
Z (a + ab* + 0% + ) < 21p.

a,b (mod p) p

This is the intended meaning of “going beyond the Weil bound”. Is it
possible to prove this bound without the algebro-geometric machinery?



