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Problem

(1) c real, S = {1c, 2c, . . . , N c}.

(2) How many elements are in the sumset

S + S = {s1 + s2 : s1, s2 ∈ S}?

(3) Distinct sums upper bound: #(S + S) ≤ N(N + 1)/2.

(4) Cauchy–Schwartz inequality:

#(S + S) · E(S) ≥ N4

with E(S) the additive energy

E(S) = #{x ∈ [N ]4 : xc
1 + xc

2 = xc
3 + xc

4}.

(5) An upper bound on the additive energy gives a lower bound on

the sumset. Can we match the distinct sums upper bound?
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Additive energy

(1) xc
1 + xc

2 = xc
3 + xc

4 has many trivial solutions with x1 ∈ {x3, x4}.

(2) Let B(c,N) denote the number of non-trivial solutions, so

E(S) = (2N2 −N) +B(c,N).

(3) If B(c,N) = o(N2), then E(S) ∼ 2N2 and

#(S + S) ∼ N(N + 1)/2 as N → ∞.

(4) When c ∈ Q \ {0, 1, 2} this follows from e.g., Salberger (2023),

Carr–O’Sullivan (2007).

(5) We focus on c irrational.



4/12

Notation

(1) H(a/q) = max{|a| , |q|} if gcd(a, q) = 1.

(2) If x ∈ Qn let H(x) = maxi{H(xi)}.

(3) The set {x ∈ Qn : H(x) ≤ T} is finite.

(4) If X ⊆ Rn and T > 0, let

X(Q, T ) = {x ∈ X ∩Qn : H(x) ≤ T}.

(5) The quantity #X(Q, T ) as a function of T captures a notion of

distribution or sparseness of rational points.
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Reduction to counting rational points

(1) We return to the problem of estimating B(c,N).

(2) Define the dehomogenised set

X = {x ∈ R3
>0 : 1 + xc

1 = xc
2 + xc

3}.

(3) Let Xnt = {x ∈ X : x1 ̸∈ {x2, x3}}.

(4) Crude bound: B(c,N) ≤ N ·#Xnt(Q, N).

(5) Suffices to show that Xnt contains few rational points of bounded

height.
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O-minimal point counting

(1) Pila–Wilkie (2006): suppose Y is definable in an o-minimal

structure. Let

Y alg =
⋃

Z⊆Y

Z semi-algebraic

dim(Z)>0

Z, Y trans = Y \ Y alg.

Then #Y trans(Q, N) ≪ε N
ε for all ε > 0.

(2) Binyamini–Novikov–Zak (2024): for Rexp-definable Y one has

#Y trans(Q, N) ≪ (logN)α.

(3) The set X is definable in the o-minimal structures Rexp as

xc = exp(c log x).

(4) If Xtrans = Xnt, then B(c,N) ≪ N(logN)α.
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The algebraic part of X (I)

(1) Xtrans = Xnt if and only if

Xalg = {x ∈ R3
>0 : x1 = x2, x3 = 1} ∪ {x ∈ R4

>0 : x1 = x3, x2 = 1}.

(2) Z ⊆ X a smooth, connected semi-algebraic curve, let

fc : x 7→ (xc
1, x

c
2, x

c
3).

(3) fc(Z) ⊆ {x ∈ R3
>0 : 1 + x1 = x2 + x3}.

(4) Take Zariski closure in (R×)3:

fc(Z) ⊆ {x ∈ (R×)3 : 1 + x1 = x2 + x3}.

(5) Can we prove some structural statement about fc(Z)?
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Functional transcendence lemma

Lemma

Let Z be a smooth, connected semi-algebraic subset of Rn
>0, let c be an

irrational number, and let

fc : Rn
>0 → Rn

>0

(x1, . . . , xn) 7→ (xc
1, . . . , x

c
n).

The Zariski closure of fc(Z) in (R×)n is a translate of an algebraic

subgroup.
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Sketch proof of the lemma (I)

(1) Let d = dim(Z).

(2) Let (u1, . . . , un) : Rd → U be a real-analytic parameterisation of

an open of exp−1(Z).

(3) Ax–Schanuel for u1, . . . , un, cu1, . . . , cun: either

trdegC(ui, cui, exp(ui), exp(cui)) ≥ 2n+ d

or there are ai, bi ∈ Z, t ∈ R with a non-trivial relation

(a1 + cb1)u1 + · · ·+ (an + cbn)un = t.

(4) The first case implies dim(fc(Z)) = n, i.e., fc(Z) = (R×)n.
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Sketch proof of the lemma (II)

(1) Then we assume the second case: there is ai, bi ∈ Z, t ∈ R with a

non-trivial relation

(a1 + cb1)u1 + · · ·+ (an + cbn)un = t.

(2) Since c is irrational, this relation is non-trivial and

trdegC(u1, . . . , un) < n.

(3) Ax–Schanuel for u1, . . . , un: trdeg(u1, . . . , un) ≥ n (impossible)

or there are ci ∈ Z, u ∈ R with

c1u1 + · · ·+ cnun = u.

(4) Then Z lies in a torus of smaller dimension, and we can apply

induction.
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The algebraic part of X (II)

(1) fc(Z) is a translate of an algebraic subgroup of (R×)3.

(2) We must have dim(fc(Z)) ≤ 1 and hence an isomorphism

s 7→ (αsa, βsb, γsc).

(3) For all s ∈ R× we have the equation

1 + αsa = βsb + γsc.

(4) Combinatorial arguments show that

fc(Z) ⊆ {x ∈ (R×)3 : x1 ∈ {x2, x3}}.

(5) The same is true of Z. This finishes the proof that Xnt = Xtrans.



12/12

Results

Theorem

Let c be a real irrational number and let N be a positive integer. Then

#{x ∈ [N ]4 : xc
1 + xc

2 = xc
3 + xc

4} = 2N2 +O(N(logN)α).

Effective big-O constant: Binyamini–Jones–Schmidt–Thomas (2023).

Theorem

If c ∈ R \ {0, 1, 2}, then #(S + S) ∼ N(N + 1)/2.

This is false if c ∈ {0, 1, 2}; when c = 2 it follows from a theorem of

Landau that #(S + S) ≪ N2(logN)−1/2.

Thank you for listening!


